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Resumo

Esta tese centra-se na investigagao analitica e numérica de um par de equacoes de transporte
bidimensionais nao-lineares e nao-locais. Uma delas é bem conhecida, a equacao quase-
geostréfica de superficie. A outra é uma tentativa de generalizar uma lei de conservagao
unidimensional adicionando uma dimensao espacial, que chamamos uma lei de conservagao
com velocidade parcialmente nao local. No estudo analitico, obtemos a boa colocagao da
equagao quase-geostrofica de superficie inviscida e dessa lei de conservacao com velocidade
parcialmente nao local dentro da estrutura dos espacos Besov-fracos-Morrey modificado
e dos espagos de Besov classico, respectivamente. Por outro lado, para a investigacao
numérica, empregamos aproximagoes para os operadores nao-locais presentes em cada uma
dessas equacoes de transporte e formulamos o método Lagrangiano-Euleriano 2D totalmente
discreto para leis de conservacao nao local. Portanto, do ponto de vista computacional,
fornecemos evidéncias numéricas para os aspectos tedricos e conduzimos uma investigacao
numérica sobre os critérios que regem a explosao do tipo de concentragao em termos de
concentracdo de massa, atenuacao do tipo de regularizacao, a formacao de singularidades
e a emergéncia de gradientes abruptos em solugoes para a equacgao quase-geostrofica de

superficie e dessa lei de conservacao com velocidade parcialmente nao local.

Palavras-chave: Lei de conservacao nao local; Potencial de Riesz; Transformada de
Hilbert; Transformada de Riesz; Superficie quase-geostréfica; Espagos de Besov; Espagos
Besov-fracos-Morrey modificados; Estudo analitico-computacional; Superficies nao locais

sem fluxo; Método Lagrangiano-Euleriano 2D nao local totalmente discreto;



Abstract

This thesis focuses on the analytical and numerical investigation of a pair of nonlinear and
nonlocal two-dimensional transport equations. One of them is well-known, the surface quasi-
geostrophic equation. The other is an attempt to generalize a one-dimensional conservation
law by adding a spatial dimension, which we call a conservation law with partially nonlocal
velocity. In the analytical study, we obtain the well-posedness of the inviscid surface
quasi-geostrophic equation and this conservation law with partially nonlocal velocity
within the framework of modified Besov-weak-Morrey spaces and classical Besov spaces,
respectively. On the other hand, for the numerical investigation, we employ approximations
for the nonlocal operators present in each of these transport equations and formulate
the 2D fully-discrete Lagrangian-Eulerian method. Therefore, from a computational
standpoint, we provide numerical evidence for the theoretical aspects and conduct a
numerical investigation into the criteria governing t attenuation of regularization type,
the formation of singularities, and the emergence of abrupt gradients in solutions for
the surface quasi-geostrophic equation and this conservation law with partially nonlocal

velocity.

Keywords: Nonlocal conservation law; Riesz potential; Hilbert transform; Riesz transform;
Surface quasi-geostrophic; Besov spaces; Modified Besov-weak-Morrey spaces; Analytical-
computational study; Nonlocal no-flow surfaces; Nonlocal 2D fully-discrete Lagrangian-

Eulerian method.
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1 Introduction

The present thesis aims to conduct an analytical-numerical study of two
hyperbolic-type conservation laws; these are nonlinear nonlocal two-dimensional transport
equations. One of them is the inviscid surface quasi-geostrophic equation, SQG (1.1). The
other is an attempt to generalize a one-dimensional conservation law by adding a spatial
dimension and addressing it dimension by dimension through spatial domain decomposition
(in the spirit of an operator splitting methodology), which we call a conservation law with

partially nonlocal velocity (1.3). These nonlocal transport equations are presented below.

The SQG in conservative form is given by

20+ V- (v) =0

(1.1)
0(x,0) = by(x),

where 0 = 60(z,t) is a scalar function, § : R? x [0,00) — R, which represents the
temperature potential of the fluid, v = (v, v5) denote a velocity field such that V -v =0

and the relationship between v and 6 is through the Riesz transform R,
v =R = (=Rab, Ra6) = (=02(=A) 26,81(=A) 20).

Here, the operator A is the Laplacian. We can also write the Riesz transform in classical

form, that is, the integral singular operator [65],

R;(6)(x,1) = 217Tp.v. JRQ me(y,t)dy. (1.2)

where z = (21, 25) and y = (y1,%2) be elements in R?, > 0 and j = 1,2.

On the other hand, a conservation law with partially nonlocal velocity is given
by

8,0 + V- (6v) = 0, with v = (A% 1,0, AS H,0)

(1.3)
0(x,0) = by(x),

where 6 : R? x [0,00) —> R is a scalar function, the initial data, y(z), is not necessarily
regular, moreover H; and A% ' with i = 1,2 are the nonlocal operators, the partial Hilbert

transform and the partial Riesz potential respectively, which will be defined later.

In the analytical study, we obtain the well-posedness of the SQG and of a
conservation law with partially nonlocal velocity model within the framework of modified
Besov-weak-Morrey spaces and classical Besov spaces, respectively. For the numerical

study, we have devised an enhanced, fully-discrete Lagrangian-Eulerian scheme to obtain
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the numerical solution of these transport equations. Furthermore, we present potential
theoretical insights based on numerical observations of the SQG and of a conservation law

with partially nonlocal velocity.

1.1 State of the Art

This research introduces a novel approach to studying a two-dimensional
nonlinear and nonlocal transport equation. To achieve this, we define partial nonlocal
operators associated with the velocity field of this transport equation. This involves fixing
one of the variable’s coordinates and applying the nonlocal operator to the total variable,
with one of them fixed. Consequently, we obtain an operator acting solely in one direction.
It is important to note that this technique needs to be applied in both directions to cover
the entire variable space. Subsequently, we apply this approach to the transport equation
across the defined domain. We utilize this novel approach to analyze the SQG, giving rise
to the emergence of a conservation law with partially nonlocal velocity. Additionally, we
obtain the well-posedness of these nonlocal transport equations within the framework of

Besov-type spaces.

The SQG comes from atmospheric science and describes the evolution of the
potential temperature on the surface. Therefore, this equation describes the evolution
of cold and warm air fronts in a thin layer in the atmosphere. For this reason, the SQG
has applications in meteorology and oceanography, playing an important role in weather
forecasting and improving the understanding of the temperature evolution of geophysical

flows and, in particular, frontogenesis in the case of atmospheric flows [27, 31].

Constantin, Majda, and Tabak introduced the SQG to the mathematical
community in [31], conducting numerical and analytical studies. Additionally, the SQG
exhibits an analogy with the 3D Euler equations. So far, the mathematical study of the
surface quasi-geostrophic equation has been divided into two significant cases: the inviscid

case and the dissipative case.

The first inviscid case (1.1) is probably the most straightforward dynamical
scalar equation. However, the global regularity problem remains open. In [31], it was
established the local well-posedness and blow-up criterion of (4.1) in Sobolev spaces. The
exciting fact about [31] is that the authors also make a numerical study of the problem
besides being the first analytical study. Subsequently, there are various results available
in different function spaces. For instance, on the Triebel-Lizorkin spaces in [26], on the
Besov spaces in [67], on the Triebel-Lizorkin-Lorentz spaces in [71], on the Besov-Lorentz
spaces in [73]. Recently, [72] demonstrated the well-posedness and blow-up criterion for

the generalized surface quasi-geostrophic equation in Sobolev spaces.
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The second case considers the dissipative term x(—A)76 in the equation (1.1),
0,0 +V - (6v) = k(—=A)"6.

In this case, it was studied the global well-posedness problem. More precisely, the study
on the dissipative surface quasi-geostrophic equation unfolds in three directions: the sub-
critical case v > 1/2, the critical case v = 1/2, and the super-critical case v < 1/2. For
more details of the sub-critical case, the reader should consult [33] and [62]. In [30], it
addressed the global regularity issue for the critical case; in particular, it obtained a global
existence result of the solution under a smallness condition on the initial data. Since then,
global existence results for small initial data have been obtained in various functional
settings, e.g., in Sobolev spaces in [34, 57], Besov spaces in [29, 1, 28, 70]. Two papers
exist that resolve entirely the global regularity problem without a smallness condition.
One is in [52] and the other in [24].

As noted earlier, the well-posedness theory of the surface quasi-geostrophic
equation in the dissipative case has undergone thorough investigation in previous years.
Numerous authors have successfully addressed global well-posedness, particularly for critical
cases, as documented in the references [52, 24, 32, 1]. Nevertheless, limited attention has
been given to the super-critical case, with only a handful of papers, such as [37, 51, 64],

delving into the discussion of eventual regularity.

Recently, the dissipative case has been examined in various types of spaces, with

intermittent regularities discussed in the following papers [53, 55, 68, 21, 66, 20, 15, 18].

In this research, we prove the well-posedness of the SQG in modified Besov-
weak-Morrey spaces; this space was defined in [42] and in that work, the authors prove

the well-posedness of the n-dimensional Euler Equation.

On the other hand, considering that a conservation law with partially nonlocal
velocity is our proposed model that has a new structure, as a first study, we show the

well-posedness this model in classical Besov spaces.

Furthermore, this research presents new advances in numerical schemes designed
to solve two-dimensional nonlocal transport equations numerically. The proposed method
is based on the concept of Lagrangian-Eulerian No-Flow curves. This approach has been
previously employed in fully-discrete Lagrangian-Eulerian schemes, as evidenced by existing
literature [9, 6]. The schemes presented in this thesis are suitable for numerically studying
nonlocal transport equations with initial data that are not necessarily regular. In this
context, the frontal advance and novelty in terms of the Lagrangian-Eulerian approach
is the generalization of the underlying concept of local no-flow curves to nonlocal no-
flow curves linked to both a conservation law with partially nonlocal velocity (hereafter,

1D+1/2) and the inviscid surface quasi-geostrophic equation.
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1.2 Motivation Examples

The motivation for this thesis initially arises from the study of [38] and [2]. In
these works, the authors study the global well-posedness and finite-time blowing-up of

solutions for a nonlinear one-dimensional transport equation with nonlocal velocity
up — (UH(u))p = Vigy,

with v > 0 and measure initial data. Such a model arises in fluid mechanics and vortex-
sheet problems, among other situations. Its nonlocal feature comes from the presence of a
singular integral operator Hilbert transform A in the velocity field. For the viscous case
v > 0, the authors obtain an explicit condition on the size of the initial data, which implies
the global well-posedness in the framework of pseudo-measure spaces. Furthermore, they
numerically study the blow-up of concentration type and global diffusion-smooth behavior
of solutions. In the inviscid case (v = 0), simulations of the model u; — (uH(u)), = 0
provide evidence that the solution exhibits a blow-up of concentration type with mass
preservation. Conversely, an attenuation effect is observed for the model with the opposite
sign in the flux u; + (uH(u)), = 0, initialized with any non-trivial positive measure as
initial data. The solution manifests the behavior already described in both cases; this

numerical solutions were obtained by the Lagrangian-Eulerian method.

In the same line, in the work [47], the study of the numerical solution of the
same one-dimensional nonlinear and nonlocal transport equation was continued, but with
the addition of the operator Riesz potential in the velocity field. In fact, the author
considers the model

uy + (uA“ 7 Hu), = 0,

with 0 < a < 1, getting similar results to the previous one.

The two presented one-dimensional nonlinear and nonlocal equations can be
interpreted as the 1D quasi-geostrophic equation. In concrete, [38] and [47] study one-
dimensional versions of the SQG that involve the Hilbert transform and Riesz potential
operators from both numerical and analytical perspectives, initially motivated by the
numerical part and giving interesting and novel results in the analytical part. From a
computational point of view, a natural way to transit to the two-dimensional case is
to consider an intermediate model, which we call the a conservation law with partially
nonlocal velocity. This model is defined by a conservation law that contains a vector
velocity field with components defined by partial nonlocal operators, i.e., one-dimensional

operators acting on each axis separately.
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1.3 Aims and Objectives

The general objectives are to study two nonlocal transport equations analytically
and numerically, namely the SQG and a conservation law with partially nonlocal velocity.
Additionally, leveraging numerical observations, we aim to propose new theoretical insights

that enhance our understanding of these two transport equations.

1.3.1 Specific objectives for a conservation law with partially nonlocal velocity

Analytical:

e Study the well-posedness of the solution of a conservation law with partially nonlocal
velocity and a conservation law with partially nonlocal velocity with rotation in

classical Besov spaces.
» Study the Berntein’s inequality for the nonlocal partial operators.

o Study the estimates of commutator operator in classical Besov spaces for a conserva-

tion law with partially nonlocal velocity.
Numerical:

o Study the implementation of fully-discrete Lagrangian—Eulerian method for a con-

servation law with partially nonlocal velocity.

e Study the numerical approximations from the partial Riesz potential and the partial

transform of Hilbert.

o Study the numerical solution of a conservation law with partially nonlocal velocity
and positive flux: 6,0 + V - (A H 10, 0A5 " H,0) = 0.

o Study the numerical solution of a conservation law with partially nonlocal velocity

and negative flux: 6,0 — V - (OAYH 10, 0A5 1 Ho0) = 0.
Numerical for a conservation law with partially nonlocal velocity with rotation:

o Study the numerical solution of a conservation law with partially nonlocal velocity
with rotation
00 + V - (NS "Ho0, 0A " H,0) = 0.

1.3.2 Specific objectives for the SQG

Analytical:
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Study the well-posedness of the SQG in the modified Besov-weak-Morrey spaces.

Numerical:

Study the implementation of fully-discrete Lagrangian—Eulerian method for the

SQG.

Study the numerical approximations and validation of the Riesz transform.

Study the numerical solution of the SQG: 0 + V - (—0R30,0R,0) = 0.

1.4 Meaningful Contributions of the Thesis

We summarize the main contributions of this work in the following bullet

points:

e One of the principal contributions of this thesis is a novel approach to studying
a two-dimensional nonlocal transport equation. This involves defining nonlocal
operators connected to the velocity field in the form of partial nonlocal operators.
Consequently, this leads to a new conservation law with partially nonlocal velocity
and a novel structure and introduces new mathematical properties. Furthermore,
the computational cost in numerical simulations is significantly lower compared to

the original equation.

o This new approach was employed to conduct numerical and analytical investigations
of the SQG, resulting in the formulation of a new equation referred to as a conservation
law with partially nonlocal velocity. In the analytical part, as an initial exploration of
this model, we successfully established its well-posedness in the classical Besov spaces.
A noteworthy contribution in this context was the demonstration of the Bernstein
inequality, considering nonlocal partial operators (the partial Hilbert transform and
the partial Riesz potential), and the estimates of two commutator operators were also
made considering these nonlocal partial operators. The contribution in the numerical
part, in turn, was that we successfully implemented the fully-discrete Lagrangian-
Eulerian method for this model and the numerical approximation of the partial
nonlocal operators involved in the model. Furthermore, the numerical simulations of
a conservation law with partially nonlocal velocity show similar qualitative behaviors
to the 1D case of SQG that were studied in [2] and [47]. The other outstanding
contribution is that by rotating the coordinates of the velocity field, a conservation
law with partially nonlocal velocity with rotation is obtained; we observed that the
numerical simulations for this model closely resemble those obtained for the SQG in
(31, 46, 25]. We might be dealing with a prototype for SQG.
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o Another significant contribution in the analytical part is the demonstration of the
well-posedness of the SQG in a novel space requiring less regularity, namely, the
modified Besov weak-Morrey space. This broadens the set of initial data for which
SQG possesses a unique solution. In the numerical aspect, our contribution involves
successfully implementing the 2D fully-discrete Lagrangian-Eulerian method for the
SQG. Additionally, we approximated and validated the Riesz Transform numerically.
Furthermore, we conducted the first numerical simulations for the SQG, considering

three different types of initial data.

1.5 Organization

The remaining content of this work is structured as follows: Chapter 2, is
intended for the preliminaries and basic results; here we will introduce the classical Besov
spaces and the modified Besov-weak-Morrey spaces along with the elemental properties
that will be used in the following chapters. In Chapter 3, is intended for the numerical and
analytical study of a conservation law with partially nonlocal velocity and a conservation
law with partially nonlocal velocity with rotation. For the analytical study, we furnish
the proof of the well-posedness of the solution for this model within the framework of
classical Besov spaces. On the numerical study, we develop the fully-discrete Lagrangian-
Eulerian numerical scheme for a conservation law with partially nonlocal velocity, as
well as the numerical approximations arising from nonlinear and nonlocal operators, the
partial Riesz potential and the partial Riesz transform and we present the numerical
simulations considering both measured initial data and measured initial data of weak
Morrey type. In Chapter 4, we embark on a study analogous to the preceding chapter, by
focusing on the SQG equation. Here, we aim to prove the well-posedness of the solution
for this equation within the modified Besov weak-Morrey spaces framework. Furthermore,
we present a numerical approximation with validation of the Riesz transform, and the
numerical simulations measured initial data. Finally, in Chapter 5, we present conclusions

and future perspectives.
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2 Preliminaries and Basic Facts

In this chapter, we define the Besov and the modified Besov-weak-Morrey
spaces and present some of their fundamental properties. These properties serve as the
foundation for the proofs of a conservation law with partially nonlocal velocity and the

SQG, which will be discussed in the following chapters.

2.1 Littewood-Paley Decomposition

The Littlewood-Paley decomposition is a fundamental concept in Harmonic
analysis, especially in exploring Fourier analysis and its diverse applications. This decompo-
sition involves expressing a single function as a sum of functions with distinct frequencies.
It is an indispensable tool for deciphering the local behavior of functions based on their
frequency content. For more details, see [19], [45], [42], [70]. Widely applied across various
mathematical domains, including partial differential equations, probability theory, and
number theory, the Littlewood-Paley decomposition allows a comprehensive analysis of

the functions.

In order to introduce the Littlewood-Paley decomposition, we write for each
JEL
3

. . 4 .
Dy={EeR": 32/ < |6 <527} and By = (€€ R":|¢ < 32}

Moreover, we consider a non-negative radial function ¢ € C°(R") satisfying supp(y) < Dy

and

2, 03(6) = 1LVE e R"{0} where (€)== p(27€) or @;(6) = 2Y¢(2¢),

JEZ
note that, suppy; < D; for all j € Z.
Furthermore, define ¢ as (§) = Z ©; (&), if € # 0, and ¥(0) := 1. So,

j<—1

¥ e CF(R™0), supp(v)) < By and

YO+ ), @i(€) =1, VEeR™

§=0

For simplicity in the calculations, we also define the functions @, := Z Ok,
|k—j|<1
Y = ¢ + ¢ and the set D; = D;_y U D; U D;y. Then, in D;, we have that ¢; = 1,

w; = Pjp;, for all j € Z, and ¢ = Jw. The localization operators A, Aj and S; are
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defined as

A8if = pi(D)f = F 7 (@if) =2 (Fp(21) « f, Wiel,
A;f=Af, ifj=0,
Af=w(D)f =F ' (6f) = F w)+ f,
A;f=0,ifj<—2,
Sif =us(D)f = F~ (s f) = 2 (F'0(21)) « f, VjeZ

where 1;(£) = 1¥(277¢). From the relations of supports ¢; and 1; we will get the orthogo-

nality of localization operators

AAGf =0, i |[j — k| = 2, (2.1)
Aj(Sk—29Arf) =0, if |[j — k| = 3. (2.2)

The Littlewood-Paley decomposition of f is obtained through the operators Sy

and A;, thisis, f = Spf+ Z A;f, forall f e S'(R") and k € Z. Moreover, if klim Spf=0
——0
j=k
in &' (as in the case for f € L™\{constants}), then the equality f = Z A;f is called the
JEZ

homogeneous Littlewood-Paley decomposition of f [54]. On the other hand, using Bony’s
paraproduct [22], it follows that for f,g € S’ we can define the product f - g as

fa=Tig+T,f + R(f,9), (2.3)
where Tyg = Z S; ofA;g and R(f,g) = Z Aif Z Ajig.
j=2 j=-1 li—3'|<2

2.2 Generalized Besov Spaces

This section is dedicated to collecting basic notations, definitions, tools, and

properties about some operators and functional spaces that will be useful for our ends.

The following definitions and results were obtained from [42].

Definition 1. Let E < S'(R") be a Banach space, 1 <r < o0 and s € R. The inhomoge-

neous Besov-E space BE, is defined as

BE; = {f € S ®"):|fll 55 <}

where

1/r
Aﬁ%) <o

(3o

j=—1
A;f|

1l ps =

if r = oo.

sup 27° ,
j=—1 E
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Similarly, the homogeneous Besov-FE space BEﬁ is defined as
BE; = {f e S®R")/PR"); | flp5; < o0} ,

where P(R") denotes the space of polynomials in R", and

1/r
(2 2js’"||Aij§5> if r < oo
1l gy =

JEZ
sup 27°[|1 A, | s if r = oo.
JEZ

2.2.1 Classical Besov spaces

The classical Besov space is a particular case when F = L” with 1 < p < oo,
we will define it as BE; := B, . and BE?® := B°__ this is

p7/r7

Definition 2. Let 1 <r < o0 and s € R. The classical inhomogeneous Besov space B, . is
defined as

By, = {1 e S®Y | flyy, <0},
where
1/r
( D 2|Af ;p) ifr < oo
Hf“B;,T = j=—1 i
sup 27¢ Afll if r = oo.
j=-1 Lp
Similarly, the classical homogeneous Besov space B’;’T is defined as
B;,r = {f e S'(R™)/P(R"™); || f] By, < oo},

where

1/r
(Z 2js”||Aij2p> Jif r < oo
Bfm = JEZ

/]

sup 27%(| A || frv JAf r = o0,
JEZ
The fundamental properties of classical Besov spaces are outlined in [74].

Basics proprieties of classical Besov spaces

Proposition 1. Let se R, 1<p< o and 1<qg< w0,
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(D) If s> 0, then By, = By, L, and || fll g, = I fllg;, + £ 150
(I) If 1 < s, then Bi2 < Bl If 1 <1y <71y < oo, then B, < B, and B, < B, ;

n n n
(I111) If s > p then By, — L*. If p1 < pa,s1 — P > 89 — p_ then B! — B2 ;

(IV) If s > 0,p 2 1, then [Juv|[ gy =< Cllull e [0l gy, + Cllulips [0l

2.2.2 The modified Besov-weak-Morrey space

The following definitions and results were obtained from [42]. In what follows,
we will define the modified weak-Morrey space and the modified Besov-weak-Morrey space.

We denote by |A| the measure of a Lebesgue set A < R" for notational convenience.

Definition 3. For f a Lebesgue measurable functions in R", the distribution function of
f is the function dy defined on [0,0[ as follows:

df : [0,00[—>R+
a—dg(a) = {z e R" : |f(2)| > aj].

Definition 4. For 0 < p < oo the space weak—LP(R"™) = LP'™ | is defined as the set of all

measurable functions f such that the quantity

|| fllLee = inf{c >0:dp(a) = s;,Va > O}
= sup {yds(y)"? : v > 0},
is finite.
Definition 5. For 1 < p <[ < oo the weak Morrey space, WM;,(R”) = W/\/li), is defined
as the set of all tempered distribution functions f € S'(R"™) such that

||f||WMé = Ssup {RT*EIHf : 1B(xo,R)||me},
zoeR™ , R>0

is finite, where 1p(y, gy denotes the indicator function of the open ball B(xy, R). Note that,

n n
- ——<0.

[ p
Definition 6. Let 1 < p <[ < o0. The modified weak-Morrey space W/\;l; = WM;(R”)

is defined as the set of all measurable functions such that

< 0. (2.4)

Hf”wMé i= sup supRi 77| f - 1B(z0,R)

zo€R™ R=1 Lp-*(D(xo,R))
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Definition 7. Let 1 < p <l < 0,1 <r < o and s € R. The inhomogeneous modified

Besov- Weak-Morrey space BW M (R") = BW MY is defined as

l,s
p7T p?r

BWMZ,ST _ {f c S’(Rn) : Hf”BWM;)S’V‘ < OO}’

where

1/r
y -~ T
Z2JST Aij ~ ;T <0
Hf”BWMlp*fr = <j>_1 WM, ’ ’
At

YE] .
sup 2 . X
j=—1 WM,

Basics proprieties of Besov-weak-Morrey spaces

Below, we present some lemmas taken from [42] that we will use in the proof

of the well-posedness; see Theorem 3.

Lemma 1. (Convolution in modified Morrey spaces) Let 1 < p <1 < o0 and

ne L'(R™). Then, there exists C > 0 (independent of n) such that

I+ Flwseg < Cllnll sl ey Jor all f € WAL

Lemma 2. Let 1 < p < owo. The Riesz transform is bounded in V[//\;li7

(2.5)

Lemma 3 (Bernstein-type inequalities in modified Morrey spaces). Let 1 < p <1 < 0.

1. Given Cy > 0, there exists C' > 0 such that
1D flly i, < C20 1 Fllyy s
for all j € Z and f € WM such that supp (f) c D(0,C127).
2. For j = —1, we have that

||f||L”/ < 02j5||f||W/\}t§,>

(2.6)

(2.7)

for all f e W/\;lé such that supp (f) < D(0,C,27). Moreover, if j < —2, we have

11l < CPF Il it

for all f € W/\;li, such that supp (f) c D(0,C12%).

(2.8)

3. Let Cy > Cy >0,5€Z and f € I/V/\;li7 be such that supp (f) c {EeR" 012 <
€| < Cy27}. Then, there exists a constant C > 0 depending on v, n, Cy, Cy such

that

| llw, < C2 MDY Ly

(2.9)
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Lemma 4. Let 1 < p,l < oo and assume that X : R" — R" is a volume-preserving

diffeomorphism such that
| X (z0) — X(yo)| < vlzo — yol, Vo, yo € R”, (2.10)

for some fized v = 1, where || stands for the Euclidean norm in R". Then, there exists a

positive constant C' = C(n,p,l,7) such that
M s, < 17 0 Xl < Ol s 2.11)

For further reference, we recall that if v : R" x [0,T] — R" is a continuous
vector field that is Lipschitzian in the first variable for each fixed ¢ € [0,7T], and X :
R™ x [0, T] — R™ is the flow defined by

8X(:c0,t)
——— = u(X(xg, 1),
ot (X (o, 1), 1) (2.12)
X(._'L'(),O) = Zo,
then
|X(ZL‘0,t> - X(y07t)| < 650 b(tl)dt,|$0 - y0|7 (213)

where b(t') is the Lipschitz constant.
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3 A Conservation Law with Partially Nonlocal

Velocity

This chapter aims to show the existence, uniqueness and continued dependence
of the solution of a conservation law with partially nonlocal velocity (1.3) in the Besov

spaces. This conservation law is,

00+ V - (v) = 0, with v = (A2 H,6, A1 H,0)
0(1‘7 Y, O) = HO(Ia y)7

where 0 : R? x [0,00) — R is a scalar function, the initial data 6y(x, %) is not necessarily
regular; moreover H; and A® ', with ¢ = 1,2, are the nonlinear and nonlocal operators, the
partial Hilbert transform and the partial Riesz potential, respectively, which are defined

as follows.

Definition 8 (The partial Hilbert transform). Given a function f : R*> — R, we can

define the partial Hilbert transform on the X -axis and on the Y -axis as

Half(x,y)] = 711 P.. _OO J;(u_’i)du, (3.1)
Hlfe] = 1 pa [ 1204, (52)

Definition 9 (The partial Riesz potential). Given a function f : R*> — R such that
f e LP(R?), for a € (0,1) we can define the partial Riesz potential on the X -azis and on

the Y -azis as

Aal

(3.3)

|w—u!

ASTHf (2, )] = caf dv (3.4)

ly —v|
I'(3)

e/l (550)

In order to tackle the SQG transport equation differently, we use a new

where, ¢, =

dimension-by-dimension approach via spatial domain decomposition. Specifically, about
the two-dimensional nonlocal operator of the velocity field in the SQG, namely the Riesz
transform, this operator will now be given by the composition of the partials nonlocal
operators: the partial Hilbert transform and the partial Riesz potential; hence, we obtain
a new transport equation doubly nonlocal where the velocity field is obtained by the

composition of the partial Hilbert transform and the partial Riesz potential, this new
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equation transport we call as a conservation law with partially nonlocal velocity. This
can permit the interpretation of a conservation law with partially nonlocal velocity as an

intermediary framework between the 1D quasi-geostrophic equation and the SQG.

In [45], we find an equivalent form of the Hilbert transform defined through a
distribution function on §'(R). The significance of defining the Hilbert transform in an
equivalent manner lies in its application to regularize the velocity field in the proof of
Theorem 2.

We begin by defining a distribution Wy in S'(R) as follows:

1. ¢(z) 1 J ¢(2)
Wy, ¢) = - ll_r)I(l] .£<|;c<1 ; dr + o dx, (3.5)
for ¢ € S(R).
Thence, the truncated Hilbert transform of f € S(R) (at height €) is defined by
1 T — 1
R e (36)
TJylze Y T Jjz—ylze T =Y
Then, the Hilbert transform of f € S(R) is defined by
H()(x) = (Wo = f)(2) = lim HO(f)(x). (3.7)

The following theorem will prove the Bernstein inequality in Besov spaces
subject to partial nonlocal operators: the partial Riesz potential and the partial Hilbert
transform. Unlike the article [69] or similar works, in our demonstration, we will use the

partial Fourier transform several times, defined for instance in [43].

3.1 Bernstein-type Inequality to Nonlocal Partials Operators in

Besov spaces

Theorem 1 (Bernstein inequality). Let a € R, f € S(R*) and 1 < p < q < 0.

(1) If f satisfies
supp f < {£ € R? : [¢] < 27},

for some integer j, then

1_1

AT fllpaggay < O 5D F]| Ly gay- (3.8)
IATH f [l ageay < C2 570 £l Loaay. (3.9)

(I1) If f satisfies
supp f < {€ e R? : K127 < €] < Ky}, (3.10)
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for some integer j and constants 0 < K; < K>, then

Cr2| Il ey < AT Fllpagezy < Co2 670 £ aay. (3.11)

2O Fl gy < AT < Co2OIHCDY f e (312)

La(R2)

where Cy, Cy, Cy and Cy are constants depending on o, p and q only.

Proof. We will start by proving (I); it is enough to prove that

1£1l e < C29G7| £ s (3.13)
and
IAS fll o < C2Y £ - (3.14)

As f is supported in B; and ¢; = 1 on By, since if £ € suppf so [¢] < 27
then for all 7 = 0 we will have ’2_]{‘ < 27, follow that ¢;(277¢) = 0, hence ;(¢) =
)+ Z ©;(2 ~J¢) = 1. It follows that f Y f or, in an equivalent form, f = wj # f.

J=0
Thus, Young’s inequality implies that
[flze < [9illo [ f] v, (3.15)
1 1 1 . . : . o
where — =1+ — — —. Direct computations by using a change of variables implies that
P1 qg p

[yllom = 268
By replacing this last fact into (3.15), we get (3.13).

Throughout the work, we will use the notations £ = (£, &) and z = (21, x2),

with x # 0. Fourier transform of the partial Riesz potential,
(21 (€)= | et fa)a
= Jf e tmimbi e 2minab NO f (1) @y day diy
- Je‘m“@ {fe‘%m&/&?f(-,xz) dasl} dx,
_ J 28 B N F (- 10)) ds.

The previous calculations are correct as long as f € S (Rz); for the general case, consider

f € S,(Rg)' Since? Jrl {A?f(al?)} = |£1|af1 {f('v‘TQ)}? S0
(A2 )" (€) = f =2 ¢ [0 F, (f(-y20)) s
— e f e F (- 1)) diry

=&l f(©)
= ;(©)|&]"F(€). (3.16)
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Therefore,
ATf = M; « f, (3.17)

where, M; = F~'{1;(€)|&]%}, from the fact that ¥;(¢) = ¥(277¢) and by changing

variables, we get

Mj — 2ja22jf e?ﬂix~2j§¢(€)|£l|ad€

R2
= 2/2% N,

Notice that, N(2/z) = F~* {)(-)]-1|*} (2z), as ¢ € S and |-1|” is a polynomial,
so Y(+)]-1]* € S. Thus N(2/x) € S, then there is C' > 0, in particular C' = C(m) with
m > 0, such that ‘N(Zja:)‘ < C‘ij’im. So we have

|M;(x)| = 27°2% |N (2z)|
< (2102 \2%’””,
i.e., M, is bounded. Moreover, thinking B as a ball with center at the origin and m > 2,

we have
1M1, = f M, ()| de
RZ
= | Pp@de [ e
B R2\B
<j 02j0221’2jg;]_1dx+f O2fa22j\2jx\_mdx
B R2\B

< 029927 f 2| dx + Czja2j<1—m>f |lz| ™ dx
B R2\B

< 029927 + Creit=m)
< 02,

Then, applying Young’s inequality to (3.17), we get

IATFll o < MG 11| e
< C2°|fll,r,

with this, we are proving (3.14), consequently we demonstrated (3.8). To prove (3.9) it will
suffice to consider g = H; f, continue the accounts with g and, at the end apply Young’s

inequality in g.

Now will prove (I7), for this case also is it suffices to show

(1 1
1f 1120 < C2%2 £ 0, (3.18)
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and
C2 fll o < NATFll o < C2|f1] - (3.19)

As the supp f is in an annulus, then from the Littlewood—Paley decomposition,

there is a ; that is supported in D; such that suppf C suppy;j, so

f=wf, (3.20)

that is f = ¢ = f. Thus, Young’s inequality implies that

1l za = &l o 171 2o (3.21)
1 1 1 _. . . . L
where — =1+ — — —. Direct computations by using a change of variables implies that
P1 qg p
L1y,
12501 o0 = 2572l o

By replacing this last fact into (3.21), we get (3.18).

On other hand, proceeding as in (3.16), we get

(ATH" (&) = ()& F(©), (3.22)

even more,
AT =K« f, (3.23)

where, K; = F ' {1;(€)|&|"} and a direct computations by using a change of variables
implies that

Iy =27 | gyl e

R2
1= 2092%].

Notice that, by integration by parts, we have

N R G
o X
= i | (e e) Wi
RQ

27Ti2j1'1 651

N 2m’x-2igi o
T omidin, fﬂp € 2, (Y(&)[&") dg
-1

N i Tz jgi o
~ (2mi2iz)? L@ 55162 ’ 2, (W(€)1€:1]") d€

1 mix-27 62 a
= Gy | g Welal) e
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the previous integrals are well-defined since the support of ¢/ does not have any neighbor-

hood of the origin. Even more,

. 1 i 02 o
@l = s | W@kl ds

similarly, we get

‘ 1 waie O a
@l = s | Wkl de

adding the previous results, we get

2

(@) + @) RQe%”?ff{a&( Ol + 25 WOl

el A @©)lal”)
So,
“29’93‘21‘ < (271r)2 JR2 2T VE | A ((€)[&1|*)|dE
B (2(7/:)2 JR2 A (W (€)1&]")]dE
) <2§> INCIGIYDI
<cC,
that is,
1] < C’ij’ﬂ?

in general using the maximum norm in R* we can obtain an m € N such that
. —m
1< Cl2z| ",
then, applying absolute value to K, we have

K| = 27°2% |1
< C99% ]QJx]_m

i.e. K is bounded, and note that thinking B as a ball with center at the origin and m > 2,
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34

we have

15 e =

.
|Kj(w)|de

JR2

:
- [ IK@lds+ | K@)l
B R2\B

N

[ . . . —1 . . . —m
C23a223’2jx‘ dr + 0230‘22]‘2356‘ dz
JB R2\B

< OQjO‘QjJ 2| dx + O2J’a2f<1m>f 2| " dx
B R2\B

< 29997 4 Ciegit=m)
< 029

Then, applying Young’s inequality to (3.23), we get

IAYFll o < G a1l
< C2%|flle,

this proves the right half of (3.19). To prove the left half of (3.19), we have that
supp{(ATf)" (&)} = supp{|fl\a f (f)} is in an annulus since suppf is in an annulus, then
the right half of (3.19), we have

that is,

£l = [AreAss]
< C2||AS £l o,

2%\ fll o < IATF Il -

To prove (3.12), it will suffice to consider g = H; f continue with computations

with ¢ and, at the end apply Young’s inequality in g. This completes the proof of this

theorem.

3.2 Commutator Estimates in Besov Spaces

]

This section contains estimates for the commutator estimates in the context of

Besov spaces. Such estimates are essential to prove the well-posedness of a conservation

law with partially nonlocal velocity (1.3).

Proposition 2. Let A > 0,a € (0,1), p € [1,0] be given. Assume r > 2/p. Then there

exist constant C' > 0 such that

22|12y, vlAgull,, < € (llo]

'r+1||u|| Ata—1 + ||U| T+
BP »90 BPy ke BP s 0

UHBI))\,T) 9

(3.24)
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where the brackets represent the commutator operator given by
(4. flg == A(f9) — fAg, (3.25)

for suitable functions f and g.

Proof. By using Bony’s decomposition (2.41) and the orthogonality relations of the

localization operator from [19], the commutator can be written as

[A AT = >0 Aj(SeovAp(Afu) + >0 Aj(Smi (Afu)Agw)

lj—k|<4 li—k|<4
+ > AAALASY) — D SivAr(AjATw)
|k—k|<1 li—k|<1
— D Sea(AATu)Aw — D AwAL(AAT )
kzj+1 |k—k|<1
= 1 Ai(SkvA(ATu) = D SivAg(AjATw)
li—k[<4 li—k|<4
+ ) A(Sa(Mu)Aw) + DT A (AwAL(Afw))
lj—kl<4 |k—F|<1
— > Sea(MATu)Aw = YT AwAL(A ATw)
kzj+1 |k—k|<1
= D0 DSk 0AASY)) — SvA(AATW) + > AG(Sia(Afu)Ago)
lj—k|<4 li—k|<4
+ Y A(AAASY) — DT S (AjATu) Ay
k—=31<3 |k—Fk|<1 kzj+1

— DD AwA(AALw)

|k—k|<1|k—j|<1

2=]1—|—]2+[3+I4+]5.

We commence by independently estimating the terms above. To initiate, let us

observe
he= 3 2 [ W@ = ) Sl - Sl AdTul)dy
k—jl<4 R?
=S o [ w@e -y = [ VIS v+l — )} - (@ g)dr L AATu(y)dy
) -l }
= — 227 | h(z) VS, 1v(x —27727)} - 2 7 zdr } ApASu(e —2772) (2 #)dz
DESREH) }

-y o JRQ hz) { L VS oz — 2 T2)) sz} ApASu(e —292)dz,

Jk—jl<4
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applying absolute value, we get

i< Y 2 JRZ Ih(2), Uol VS v —2 7z} z\dT} AeASu(z —2792)|dz

Ikl <4

1
< zﬂf \h(z)\{f Hvsk1v|yL.,,\|zudT}\AkAgu(x—2Jz)\dz
R2 0

Ikl <4

= ¥ 2VSiwtly | Il — 2702
R2

|[k—j|<4

So after applying the norm ||-||;,, Young’s inequality, from (3.11) of Theorem 1 and the

third item of Proposition 1, we have

il < X 209wl [ IHGIEAL vl

k—j|<4
< > QjHVSkwHLxHA?AkuHLpJ |h(2)]]|2[|d=
- R2
|k—jl<4
= Y 28 Vol A A, C
|k—j|<4
j+4 A
< Y 2| Vul| . C2F| Al
k=j—4
' j+4
<C27]”VUHB;W Z QQkHAk“HM
" k=j—4
' j+4
<C27|oll g >, 2% Agull o,
" k=j—4

the last inequality is due to immersion is due to immersion; for more details, see the first

item of Theorem 2.2 of [63]. In addition, we must have that r > 2/p.
Then,

Jj+4
ALl < C20 Vol grs 3 22 Al
k—j—4
Jj+4
Byt Z 2()\—1)(J—k)2(>\—1+o¢)kHAkuHLP
k=j—4

e

4
< Cllollg lull gy 25 2070
o R —

< Clollgrer l[ull paso-r

We also have the following estimate through the Holder and Young inequalities,
in addition to the third item of Proposition 1
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ol < D) 1A (S Afuldeo) | 1,

lk—j|<4
< D ClSimAudw| g,
|k—j|<4
< Yy ClSk-aAull Akl
|k—j|<4
jt+4
< D) ClASull 1 Akv]
k=j—4
jt4
<C ) IATullg 1Ak
k=j—4
jt4
<C ) ullgse | Axoll o
k=j—4

The last inequality was derived from the following auxiliary argument, wherein
the inequalities (3.11) and (3.8) of Bernstein’s Theorem are employed

IAFull gy, = sup 2 A;87ull, + [1SoATull,
1=

= sup 27| AT Ay, + A7 Soull,
1=

< S'lllo) 2jTCQ2ja"AjU‘|LP + CIHSOUHLP
Jj=

<C (Sup Qj(r+a>||AjuHLp + \|Sou||Lp)
j=0
= [lull gyt

then

j+4
DLl < C2M ullppee > [AR0]
k=j—4
itd
= Cllull gy >, 2979222 A,
k=j—4
4

reellollgy, >) 2%
k=—4

< Clul

< Cllull greellvlipy -

Analogously, we estimate I3 using the Young and Hoélder inequalities, in addition
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to (3.11) of Theorem 1 and from first item of Proposition 1
alle < D0 D0 1A (AwwAATw)]
k=31<3 |k—k|<1

< ) D ClAwlLlAT Azl

k—il<3 |k—k|<1

< DX ClawlL ozt Aul,.

|k—j]<3 ‘k—ff‘él

AL VDY 2<j"“>*{§€ug2“|mw||m}{supz’éaua,;unm}
=

Ik—31<3 |k—k| <1 F=0

=c2 Y Y 29l llullp

k—=il<3 |k—k|<1
= C’2_j/\0||v||3;,[ ||U||B§@m

= 02 joll gy [l g5
then

2l < Cllollgy, e

Similarly, we estimate I

all e < )5 ISk 18A ul ]|,

k=j+1

< D ISk AUl e | Arvll o

k=j-+1

<2 Y 2O ATl 2 A,

k=j+1
= 27C| AT ul o 2 Aol
< O ASull, {igg 2| Agoll L + ||So(v)||Lp}
< C27P|ullgrsallvll 5y -

then

Pl < Cllullgrsellollzy -
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Finally,

sl < >0 D0 I1Aw0AAATull,

l7"=5'|<1 | =jl<1

> 2 Al Ay ATl .

l7"=3'|<1 |5 —jl<1

< Y D ClagllAtul,.

l7"=3'|<1 |5 —jl<1

=ClAfull. Dy X 1A,

l7"=5'I<1 |5 —jl<1

<Ollullgra >3 2 1A,

|77 —5'|<1 |5 —j]<1

proceeding analogously to the previous estimates, we have
2Bl < Cllullggselloll gy
and collecting the estimates above, we obtain
2[A vlAT Ul < Cllullgase s Nollgps + ol gy lulgyse).
O

Proposition 3. Let A > 0, € (0,1),p € [1,0] be given. Assume r > 2/p. Then there
exist constant C' > 0 such that

2|14y, AF Hauldw ||, < Clllullgreellvll s, + [0l goallel prsa), (3.26)

where the brackets [,] denote the commutator operator.

Proof. By using Bony’s decomposition (2.41) and the orthogonality relations of the

localization operator from [19], the commutator can be written as

[Aj,A?_lHlu]ale Z Aj(Sk_lA‘f_l'HluAk@lv)—i— Z Aj(Sk_lélvAkA‘f—lHlu)

li—k|<4 li—k|<4
+ 0 A AT HuA ) — Y Sk AT HiuAA Oy
|k—k|<1 lj—k|<4
= > Sk 1800 A AT Hyu — > A AN;OA AT H
kzj 7/ =3"1<1, |j—5"]<2
D0 {2k AT H A0 ) — S AT HuA Aoy}
lj—k|<4
+ > NS QoA Haw) + >0 DT A (AT HiudA o)
li—k|<4 k=31<3 |k—k|<1
= Y Sk 0NN = YT Y A AjowA AT Hy
kzj [7”—=5"1<1 |j"—j|<1

Z=L1+L2+L3+L4+L5.
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The estimates for each term will be obtained similarly to those in the previous

proposition.
L, = 2% JR? h(2(z —y {Sk WA Hu(y) — Sk,lA?*l’Hlu(x)}Akalv(y)dy
li— k|<4
- 22ﬂf B2 (@ — {J VI[Se AT Hu(z + 7(y — 2))] - (& — y)dr} Ardro(y)dy
lj—kl<4
Z 22 J {L VIS i AY Hou(z —2772)] - 2_jzdr} Aporv(z —2772)(279)2dz
lj—kl<4

1
= % 27 [ n@ [ VIS e — 27020 2| (e — 2429
li— k\<4 R 0

applying absolute value, we get

|L1] < 277 J 2)| {Jl ‘V[Sk_lA‘f‘_lHlu(x —2772)]- Z’dT} ’Akﬁlv(gj = 2_jz)‘dz
lj— k|<4 R? 0
< 277 J 2)| {Jl HVSk_lAf‘_lHluHLI |z|d7’} ‘Aké’lv(x — Q_jz)’dz
I k|<4 R? 0
< 2 JHVSk 1AYT ’HluH J z)]|z|‘Akﬁlv(x—2’jz)‘dz,
li— k‘|<4

then, after applying the norm ||.||,,, Young’s inequality, the classic Bernstein’s inequality,

see item (b) of Proposition 2.3 from [54], we have

Ll < 3 27]SeaVAT Haal , [ el Adrol s

|j—k|<4

S 2| VAT Hiu LT||Aka1U\|Lpf Ih(2)||2|d=
lj—k|<4 R

D1 27| VAY My olloAwl,C
lj—k|<4
D, C27||\ VAT Hau| 28| Al
li—k|<4

< 02—jHA§“—1H1u\

e S 2],

7 lj—kl<4

<02_j”“||13;j;a Z Qk”AkUHLzJ'

li—kl<4

Notice that r > 2/p and the last inequality was derived from the following auxiliary
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argument, wherein the inequalities (3.12) and (3.9) of Bernstein’s Theorem are employed.

A~ Hyul . V| AN H |+ ||SoAt T Hau|
= sup 2V A s, + AT Hasou,
< sup 2D 27D A, + Chl Soul|

j=

<C (sup 2+ Al + ||50“||LP>
720
= [lull gr+e,
then

2 Lall e < C20 V[l gyoe Y 281Ak0] s

l7—k|<4

= Cllullgrsn >, 29790792 Ao,
" h<a
< Olullgrsalivligy, > 207"

k<4

< Cllullgpsallvligy -

We also have the following estimate through the Holder and Young inequalities,
in addition to the third item of Propositionl and from (3.12) of Theorem 1,

HLQHLP < Z Hskflan“Lm

AN Myl

j—kl<4

< Y Cllawl . AkA‘f"l’HluHLp
lj—k|<4

<C ) \|Vv||B;7_LHA?‘l?-LlAkuHLP
l7—k|<4

<C ) HvIIB;gC“Z’“(C“‘”IIAkuHLP,
l7—k|<4 ’

S0,

2 Lol < C2M 0l g Y5 257V | Agull
j—k|<4
= Cl|v|| gr+2 Z 2(j_k)/\2()\+a_1)k||Aku||Lp
D,0

lj—k| <4

pre [l para- > 28
o m Ik|<4

< Clol

< Ol gro llull gaso-r
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We have also,

sl < > ) c\AkA$—1H1u]Lp||A,;alv||m

k=31<3 |k—k|<1

<C YD It A llawll
k—il<3 |k—k|<1
<C DD I A Vel

|k—j]<3 ]k—lé|<1

<C Q2 2V Al

k=313 |k—k|<1

<0270 Y 1 20N ol R A L o] e

k—il<3 |k—k|<1

< OQ_jAH“”B;;S’—l||U||B;j;}7
S0,

2 Lall < Cllull ases ol gy

By proceeding similarly, we will obtain the estimates for Ly and Ls:

1Lall, < 3 Cllavell, A5~ HaAea

k>j
< ) IVoll . C25 D) Al
k=j

< C2 Y 2T PO A,

k=j

< C2_j/\||v| By} ||u||B;j;j¥—17

SO

2 Lal» < Cllv]

r4+1 ||u|| Aa—1.
Bp % By

Finally,

HL5HLP< Z Z ||51UHLm

VASVEESEVESIES

< Y 3 vl

VASVEESEVESIES|

< Y3 Vel XA,

7" =3'I<1 5" =jl<1

<C Y Y Jellgs 2 Al

7" =3' <1 |5" —jl<1

A?ilHlA]‘/u

"

A?_lHlAJ‘/U

"
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S0,

P Lslle < Cllvllggr D, D) 297720 A,

7" =3'I<1 5" —jl<1

< Oflvll gyl s
By collecting the estimates above, we obtain
2|14, AST Hadow |, < Clllull gy 0l gyse + Nl gysas 0]l ).
]

Without loss of generality, Proposition 2 and Proposition 3 remain valid for

nonlinear and nonlocal operators in the other direction, i.e., in A and Ha.

3.3 On the Well-Posedeness of a Conservation Law with Partially

Nonlocal Velocity in Besov Spaces

The Theorem 2 is one of the main theoretical results of our research. This
theorem guarantees the existence, uniqueness, and continuous dependence of the solution
of a conservation law with partially nonlocal velocity in classical Besov spaces. Before
commencing the proof of Theorem 2, we present some results that will be used throughout

the proof of this theorem.

In order to regularize the velocity field, let us consider a symmetric and

nonnegative smooth function p € C°(R) such that J p(s) ds=1. Now, for a small ¢ > 0
R

define, p(s) = eflp(ﬁ). Also, given a function 6(z,y) defined in R?, we denote by #; and
€

9 the partial convolutions:

(0 o1 0)(xy) = pr@c — 9)8(s,y) ds, (3.27)
(9 +26) (2. y) = f oy — )8z, s) ds, (3.28)
respectively.
We defined,

Pref = co(lz] ™ * pe) = (H10)
= ca(|z]™" * pe) » (Wo = 0,)
= calx|™" + (Wo * (pe = 0))
= Calx[™" = (Wo * (pe #1 0))
= calz[™" = Hi(pe +1 0)
=AY H 01,
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where
0176 = Pe *1 0. (329)

Notice that 6, € S(R) and p. *; § € S(R). Similarly we can get P, 0 = Ay ' Hy0, ., where

9276 = P *9 0. (330)

Thus, the regularized velocity field is given by (Ai‘*l”HlQLE, Ag"l’nggﬁ).

Furthermore, for fixed j, the functions 6; . and A;0; . with i = 1,2 are bounded
by 6 and A;0 respectively in L'(R?).

In fact, from Young’s inequality, it follows that

101l = | Iorclo )l dy

()

~ [ 1o +1 0l
R

< f C16,1,.dy
R

~c| | )l drdy
R JR
— ol ey

Analogously, we can obtain [|0z¢[| 11 g2y < Cl0]] 11 gey.

On the other hand, the definition of the partial convolution =, see (3.27), we

have

Ajbre(z,y) = 27[(F(27) = 0. (2, y)

-
_ 92j f F o2 (x —u,y — v))01.(u, v) dudv
Jr Jr

(‘

_ 92j JR[J-z:—lgp(gj(.ﬂ —v)) #1 (pe #1 0)] () dv

=27 | [pes1 (F 102 (y —v)) 21 0)](x) do

JR

= (pe ] AJH) (1', y)a

then, by Young’s inequality, we have

HAjel,GHLl(R?) S CHAJ'9HL1(R2)-

Analogous, it can be demonstrated that A0, (x,y) = (pe *2 A;0) (z,y) and
”AJ’QZEH[A(W) < O||Aj9||L1(R2)'
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Notice that, for A > 0

Hel,eHBi,ﬁ(]}@) = jgg 2)\j’|Aj61,€"L1(R2) + HSOel,EHLl(]W)
< sup 2V CN A0 1 g2y + ClON 11 rey
]z

Analogous, we get ||6276||Bl*’1(R2) < CHHHB?,-D(W)'

Moreover, in the following result nonlocal operators depend only on one variable.

This particular result is cited multiple times in the proof of Theorem 2.

Claim 3.3.1. For a € R, we have

CZ(A“‘IHQ) e (3.32)
In fact, from the definitions, (A“10)" (€) = |£]*7'0(¢) and (HO)" (€) = —ﬁ;é(g)
follow that
Lo} © =i o) (©
= i€ {|¢]" (HO)" (©)}
—iefler (-500)
= [¢]°0(¢)
= (A%0)"(¢)
by taking the inverse Fourier Transform, we obtain the desired.
Lemma 5. Let a € [0,1] and v > 3. Assume that w,u, uz € By, and
ow — V- {w(AS Hiw, AT Houn) } = g, (3.33)

then,

2
f sgn(A;w) oA jwdr dy < Z C27 ||| grva-t||wl] gr  + J sgn(Aj;w)A;gdx dy,
R2 o1 1,0 1,20 ]R2

(3.34)

where, A; is the localization operator and g = g(w, uy, ug).

Proof. Equation (3.33) can be expressed as

2 2
ow = > 0wAd Hau; + ) T wAu; + g,

i=1 i=1
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multiplying by the A, localization operator, we have from the definition of commutators
(3.25) that

2
Ajﬁtw = Z {[A]‘, Af‘_leu,]é’zw + A?_lHiuiAjﬁiw + [A]‘, w]Af‘uZ + wAjAf‘uZ} + A]g

i=1
Now, by multiplying both sides by sgn(A;w) = |i]w| and integrating over R?
we obtain: "
L@ sgn(Ajw)oAjwdr dy == Jy + Jo+ Js + Jy + JR? sgn(Ajw)g de dy. (3.35)
Then, to estimate J;, Proposition 3 is employed; in this case we take r =
y—1>2

sen(Ajw)[A;, A " Hu, (9w‘dxdy

%),

1A, A~ Hu] o)

Ingl ZM

-
I
—

L1(R2)

A
'M“

-
I
—

25 Clesl gy el + Clhwllsa il s §

)
'M“

-
Il
—

27 {Clluilgyrellwllyy, +Cllwly uillgyse-t

<

N

S
Il
—

C2 s | pyomr |l sy -

To estimate .J5, we use integration by parts, and from the third item of Propo-

sition 1 for r =y —1 > 2, we have

Jy = J ZAO‘ "Hu; sgn(Ajw) o Azw dx dy
RZ
— ZJ A Hu, 05| Ajw| da dy
R2
2
= —ZJ Afu; | Ajw|, de dy
RrR2

<

~

’Mw

@
Il
—

IA7uil | 8yl dady
R2

HAaquB’“ HA wHLl

)
»»Mw
i

A
Ingl

s
Il
—

C2 M uill gy {27711 2wl }

n
Ingl

@
Il
—

C27 sl gyser Wl gy -
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To estimate J3, we use Proposition 2, and we take r =y —1> 2

=1
2
< A, wlAL ],
=1
i (n) 1
< ;2 ﬂ{C’||w||B;+11||ui||BIA;q_1 e el P T >‘Bif}

Ajw

W we have to
jw

On the other hand, defining sgns(A;w) =

sgns(Ajw) — sgn(Ajw) when 6 — 0. Furthermore

Oi{sgns (A w)w} = Oi{sgns(Ajw)}w + sgngs(Aj;w)d;w

A [ e ) Ajw)é;
Bop 3 { (Aw)? + T + sgns (Ajw)dw
(i(A;:}i 5 (0w) + sgns(Ajw)diw — sgn(A;w)ow,
jw

s0, 0O;{sgns(Ajw)w} — sgn(A,;w)d;w when § — 0.

Finally, we estimate J4 using integration by parts, from (3.12) of Theorem 1,
from the third item of Proposition 1, the first item of Theorem 2.2 from [63], for r = v — 1,

we have
2
Jux ZJ sgng (A w)wd; (AS ™ H; A jus)da dy
i=1 YR?2
2
- Z J Sgn(Ajw)ai{w}(A?_IHiAjui)dx dy
i=1 YR?

NSV A

<Mool

Ll

s
o
—

=N 02|V . 270D Ajus|

-
I
—

)
Ingl

-
Il
—

2wl gy [t 1-

)
Ingl

-
Il
—

2 | st [
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Notice that, [A;, w]Afu; + wA;Afw; = Aj{fwATu;}, so

2 2
J = J sgn(Ajw) Z A{wAfuydedy = J3 + Jy < Z C27 ||| gr+a-t]jw] v -
R2 1,0 1,0

i=1 =1

Thus, by using the previous estimates in (3.35), we obtain

2
J sgn(Ajw)oAjw de dy < Z 027”“%‘”3;%—1 |lwllgr + J sgn(Ajw)g dx dy.
R2 i1 ,00 1,0 R2

O

Theorem 2. Let a € [0,1] and A > 5. Assume that the initial data 0 € B . Then we can
findT = T(HQOHBI& ), such that a unique solution 6 to (1.3) on [0, T] x R? exists. Moreover,

this solution belongs to C*([0,T); B{\;‘)‘_Q) ﬂL"O([O,T]; Bf:oo), and B e [A+a—2,].

Proof. We begin the proof of Theorem 2 by constructing a sequence {(9(")}, defined

recursively by solving the following equations

o) = Sa2(6p)
atg(n-‘rl) =V - {Q(”"‘l)(A?_lHlegZ), Ag_ngeg?)} (336)
00+ ((2,9),0) = 65" = Ss20.

Since Y solves the linear system, we can always find the sequence. Notice that the

second equation from (3.36) is a particular case of Lemma 5 with w = 1) 572,
Up = 9&}2 and g = 0, where 6, . and 0, are defined in (3.29) and (3.30) respectively, for

7ul:9

v = A, we have

2
p(n+1) gn+1) —jx ]| gn) (n+1)
JRZ sgn(A;00 D) 0,A0 dxdy<;C2 P02 a6 \Bﬁ%
—iA||p(n) (n+1)
< 200 [0,
Furthermore, observe that
(n+1) (n+1) (n+1) d (n+1)
sgn(8,0 A0 dudy = | 6,07 dady = || A0 . (3.37)

R2 R2 dt Lt

then integrating from 0 to ¢ in (3.35), the fact that 0(()”+1) = Sni20p, Young’s inequality,

and applying sup 2/*, we have

j=—1
Js;_pl QJAHA]'H("H) S ]5;1_1% 22C|| Aol + js;_pl A f: HQ(”“)‘ B HQ(”)‘ B{\de
t
o) a, < Clolly, +C L 6+ BhH@(n)‘ g T
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by the Gronwall inequality integral form, it follows that

o] < Clollpy eXp{C' JO t 0] . dT}, (3.38)
with C' independent of n.
Claim 3.3.2. Defining X1 := C([0,T]; B,.), we get
o) < Cltollsy, exp{cT]6] 1}, (3.39)

e [0 = s o)

T 0<t<T

N -
B %

In fact, by taking ¢t < T, we have (3.38)

o+

dr
B},

= Cll6oll 5, eXp{CLt Jo™ . dT}
= C[ollp exp{CHH(")HXTt}
<)ol , exp{CTH9<">H } (3.40)

B < OH@OHBM exp{C’Lt sup HQ(”)‘

0<t<T

Xr
and take the supremum for ¢ € [0, T'], we obtain (3.39).

The following statement asserts that the sequence {#™} is bounded by the

initial data 6y in the space Bf"oo.

Claim 3.3.3. If eXp{QC'ZTOHHOHB? } < 2, then sup HQ(”)’

< QCHQOHB?,-L for all

0<t<Ty Bl
n=1.
In fact, the proof is by induction. Let Ty < T', for n = 1, from Young’s inequality,
we have
sup H9<1>) = Sup 152601 5
0<t<Ty 1,00 0<t<Tp "

< C sup [/follp

0<t<To

<2065 -

A
1,00

Assume it holds for n; we show it also holds for n + 1. From (3.38) and proceeding as in

B?,x}

(3.40), we can obtain

n+1)’

< Cllbol s, eXp{CTO Sup He(n)‘

0<t<Ty

(
o 9],
0<t<Ty 1,

< Clollpy, exo{CT2C 0ol }

<2000l -
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Let Y7 := C([0,T7; B{\;OO“’Q). We will prove that the sequence (8™) is Cauchy
in Y7, for some T} € (0,Tp). Considering the difference 8" — 9™ and to the linearity of
A¥ P and H; for i = 1,2, we get

300+ = 6) = 7 {0 DA 00, A5 H087) |
= v {6l ag 68 ) |
= 7 {00 = ) (A0, AT Ha0) |+
+ VL0 (6 — 00 ), A5 M (05 - 60 |
.= Dy + Dy,
with initial datum (6D — ™) (z,y,0) = A,16o.

Also, note that this is a particular case of Lemma 5 with w = #"1) — g™

= 0", uy = 65 and g = D,, where 6, and 6, are defined in (3.29) and (3.30)

respectlvely, for vy = A+ a — 2, we have

f sgn{A; (0D — 99, A; (0D — 9 dy <
R2

2
Z C27I4 =) ||y || prsracs|[O D — 9<">] oaracs T J sgn{A; (0D — 0INA; D, da dy <
= 1,00 Lo R2
100, e 90,
1,0 R2
(3.41)
from the definition of commutators (3.25), we find that
2 2
5,0 = 3y AT 0 D + 3T AT I — ol V)50
i=1 i=1
2 2
+ [ 0N — 007 7) + S0 AN (O - 017,
i=1 i=1
S0,
J sgn{A; (0D — 90NN Doda dy = J, + Jy + Jy + Jj. (3.42)
R2

We estimate J;, J;, J; and Jj analogously to Ji, J2, Js, and Jy, respectively. For
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Ji of Proposition 3, in this case, we take r = A —2 > 2

J! <ZH L ASTIH (0 — gl D)]g,

< S (el oV, o

Ata—2 Ata—2
Bl,’fg Bl,fL

9(") _ 9(”*1)

%+(1 1

+ OHH

B)d:a72+(afl) }

< 22 i A+a—2) {CHe(n . T: 1) e(n) GZ(Z) — 9@(2*1

+Co™

)
A+a—2
By

Ata—2 A A
Bl,cﬁ Bl,"fg Bl,cﬁ

(n—1)
B, o) — ¢

Ata—2"°
Bl,f[,

For J;, of the integration by parts and from the third item of Proposition 1, we
also take r = X\ — 2 > 2 here

2
-3 f senf A, (00 — 00} a, (AT VA (67 — 07 V) A0 da dy

2 s =0, |,

CHAC“ (0 — i)

N
© 1D EDe | Mw

Bi
_ a— n n—1 n
< Y c2eg) — ol Bits o By
< ZCQ—j()\+a—2)"Q§Z) _ 91(2—1) s o) s
- 1,0 1,0

< 20D g g — gnY

A 1,€
Bl,o@

/

Ata—2"
Bl,o@

For J; of Proposition 2, with » = A — 2 > 2 and from the third item of

Proposition 1

Ty < Z |12y, 6m1A2 (65 — 60|,
< 22 Joras 2){0\\9(”) w07 = 07 rsaseans
+ CH@ E 1) Bi;afg () Bi\:;x72}
< ZQ—J‘(”H) {CHH(") oo 65 = 057 e + €6 =05 e |0 }
i 50 1,0 1,00 1,0

(n) _ gln=1)

B)\+q72
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Finally, for Jj of the integration by parts, from inequality (3.12) of Theorem 1

and from the third item of Proposition 1, in this case r = A — 1

2
Ty=-> JRQ sgn{A; (00D — g} a,0 (AT 1H, A (0 — 6} dar dy
=1

2

<o,

<> vo)
=1

B j O30+ g0
=1

ASTH A (07 — 6 Y)

Lt

Czj(a—l)HAj(gz(Z) _ @(”—1))

i€

Bl Lt

01(72) . ‘g(n—l)’

i€

r+1 Atoa—2+(a—1)
Bl,rf, Bl,o@

< Ci0+0=2) 90|

" Hg(n) _ 9(%—1)‘
1,00

Ada—2)
Bl,o(a

then in (3.42), we get

f sgn{A; (07D =) A Dyda dy < C27/0F 2 g™ 6 — gD (3.43)
R2 1,0

Ata—2"
B S

On the other hand, from the orthogonality of the localization operator A; and

Young’s inequality, we have

=t

Bta=? = ||An+190||31{;f**2

= Sup 2j()\+cx—2) ||AjAn+160 ||L1

j=—1

= sup 2j>\2j(a_2)||An+1Aj00||Ll

n<j<n+2

< 20D gup 2O A,

n<j<n+2

< 0271(04—2) ||00||Bi\+a—2.
Hence, from (3.37), (3.41) and (3.43), we obtain

thAj(Q(”-H) _ g(n))HL1 — fw 5t‘Aj(9(n+1) _ 0(”))‘dx dy <

et {Jo o) i

+ Hg(n) _ g(nfl)‘

B
integrating the extremes from 0 to ¢ and using sup 2/**+*=2

j=—1

sup 2j(>\+a—2)HAj(9(n+1) _ g(n))HL1 < sup 2j(>\+a—2)HAj(0(()n+l) _ 9(()71)) Lt

j=-1 j=-1

t
(n) (n+1) _ p(n) (n) _ pin—1)
sup € | o], {H9 0] s + [0 = 80 Bﬁ“} o
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S0,

Hg(nﬂ) _ g(n)‘

<lo -

By B
t
+C sup HG(”)‘ . sup HG(") —9(”’1)’ a2 AT
0 0<t<Ty Bi o ost<Ty Bi
t
+ CJ sup o™ ot — o™ L Ldr
0 0<t<Ty Bi» Bi %

t
< 02| 0g][ g+ cf 2060l s |6 = 60| dr
» 0 0 » 0 Ty

dr

At+a—2
Bl,f[a

t
+C [ 20180l
0 ,00

‘g(nﬂ) _ g(n)‘

t
< C2 Iyl y +2Coll gy, [0 — 6V L ar
e e 1

dr

Ata—2
Bl,x‘

+2C 6ol 5> f ot +D — g
-,

< C2" |0yl pr + 2CTh|60o] pr [0 — 9<n—1>HYT
T o 1

dr

A+a—2 )
Bl,x‘

t
#2000l | [Jo o)
by the integral version of Gronwall inequality, we get

Hg(nﬂ) _ g(n)‘

< (Czn(QQ)HQOHBf\Y + 20T1H90H3f\7

t
{20100y, [ ar}
E

< (02”('1_2)”90”31*,, + 20T1||00||Bf\‘7

o) g0 )
1

Ata—2
Bl,"fg

o) — =) )
1

exp{20T, 005, }
< ') 4 C'Ty eXp{ClTl}He(n) - e(nil)HY ’
T

where, T} € [0;Tp], and the constant C" = C'(||0p|| 5y ). Thus, if C'Tyexp{C'T1} < 1/2,

we can deduce that 8™ converges to 6 € L*([0; T1]; BYi?) in Yoy

Taking f = (1 — s)(A + a —2) + s\ where 0 < s < 1, we have

1—s s

|6 — 0| o) — 9

-l -

B Ata—2 A
Bl,f/, Bl,w Bl,w

as we have for all n € N and 0 < t < T that ™ is bounded by the initial condition
0o € By, then (0™ — @) is limited in B} .. Hence, by the well-known interpolation
inequality in the Besov spaces, we have 8™ — @ in L*([0; T1]; Bl'@m) forall B e [A+a—2,A].
Let n — oo, we have 0™ — 0. Thus, we find that  is a solution to (1.3) in Bf,oo.

Uniqueness and continuous dependence: Suppose # and ¢ are both elements of

L*([0;11]; Bf’ »); representing two solutions of a conservation law with partially nonlocal
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velocity (1.3) associated with the initial conditions 6y and (. Considering the difference
0,0 — 0,0, we have
/(0 —0) =V -{O(AS " HL10, NS Ho0)} + V - {o(AS " Hyo, NS Ho0 )}
+V Ao (A YH10, AST " H0)) — V- {o (AT H10, AT HL0)}
= V- {(0 — o) (AT H10, A5 T H0)} + V- {o (AT H1(0 — 0), AT Ha(0 — 0))}
= D3 + Dy.

This also is a particular case of Lemma 5 with w = 0 — o, u; = upy = 0 and

g = Dy, for v = 3, we have
f san{ A (6 — o)A (0 — o)da dy <
RQ

€2 )l ygsensl = Tl + | senlay(6~ )}A;Didwdy <
1,0 1,0 R2

C27710) g5 110 —ollge + f sgn{A;(0 — 0)}A; D, dx dy, (3.44)
1,0 1,0 R2
from the definition of commutators (3.25), we find that
2 2 2
AjDy =Y [ALASTH(0 = 0)]0i0 + D AT H(0 — 0) A0 + Y [A;, o]AL(0 — o)
i=1 i=1 i=1

2
+ Z o AN O — o),
i—1
S0,

J sgn{A;(0 — 0)}A;Dydxdy == Ki + K + K5 + K. (3.45)
R2

Then, we have the following estimates:

For K of the Proposition 3 with r = 8 — 1 and Proposition 1

2
K7 = |[2,, A7 Hi(0 = 0)]dio
=1

Ll

22 {C10 = ol ol g, + Cllol 216 = lagem

e 7

<
i=1

2
< 2327408 = lagiellolay, + Cllolag, 16 = ollogse}
<02 ollyy 18- 0llyy -

For K} of the integration by parts and from the third item of Proposition 1,

we also take r = § — a > 2 here

2
Ky < ), 2777010 = ol grrolloll s

i=1
<C27)0 =0l llolly -
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For K} of Proposition 2, with r = 8 — 1 > 2 and from the third item of

Proposition 1

2
K5 < 3327 {Cllo g5 10 = ollagsems + €10 = ol + ol |

2Ll p 18— 0l psecs + CllO = oll sl e |

N'Mw

||
I
[\) =

C2 P ollgs 116 —ollg -

Finally, for K, of the integration by parts, from inequality (3.12) of Theorem 1
and from the third item of Proposition 1. For this case r = § — 1

2
K} < Y IVl C2 V8,60 = o),

=1
< 3102 ol a0 ol oo
=1
<C2 ol 10 =0ollgpsa
<C2ollge 110 =ollg
then in (3.45), we get

|, 1O —oldzdy < Cx 6l 16 -l +C2 ol 160l
R2 »0 ,00 ;00 ,00
t t
f A6 = Ny < [ 2 {8ls + lollug 16—l dr
0 0 % 10 0

t
1850 =)l = 18,00 =0l < €27 | {10l + lllg, }10 =0l dr

through sup 277, we obtain
j=—1

t

16 -0l <1160 —oollsg, +C |

Rt P Y LR

t
<l =anlys, +C [ { s 10, + s ol F10=ollyy ar
" 0 \0<t<Ty 0<t<Ty 1,0
t
<160 = collag, +C | {20080l +2C 80l }16 = ooy
,00 0 ,00 00 ;00
t
<160 —ollsg, +C" [ 18-y ar.
o0 0 0

where C" = C'(||0]| gz ) and by the Grénwall inequality integral form, we have

¢
10 — U”Bf% < |60y — UO”Bf% exp{le dT}

0
< 160 = oollgs exp{C'T1},

if 6y = oy we get the uniqueness of solutions in C'(|0;71]; Bf »)- The proof is complete. [
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3.4 Numerical Study

In this section, we aim to devise an enhanced, fully-discrete nonlocal Lagrangian-
Eulerian method based on the improved concept of space—time No-Flow curve. This scheme
is specifically crafted to adeptly address the complexities arising from the application of
the partial doubly nonlocal operator A®~*H; with i = 1,2 to hyperbolic conservation laws.
Here, A9~! represents the partial Riesz potential transform, and H; represents the partial

Hilbert transform.

The construction of the Lagrangian-Eulerian scheme is rooted in the novel
concept of the No-Flow curve, which was initially introduced in [12] and rigorously analyzed
for fully discrete schemes with a solid mathematical foundation. A significant feature of this
method is the dynamic tracking of the No-Flow curve forward in time, on a per-time-step
basis. This represents a substantial improvement compared to the classical backward
tracking of characteristic curves over each time step interval, which is based on the strong
form of the problem. Furthermore, one notable advantage of this method is that it does
not require the eigenvalues to determine the CFL condition; instead, it can be obtained

from the No-Flow curve.

As described in [11], the one-dimensional dynamic forward tracking Lagrangian-
Eulerian numerical scheme can be integrated into monotone and "Total Variation Di-
minishing" (TVD) schemes. Similar to the one-dimensional approach presented in [49],
it can be verified that this new no-flow finite volume Lagrangian-Eulerian scheme con-
verges to the unique entropy solution for conservation laws that feature a discontinuous
spacetime-dependent flux. The proposed scheme is noteworthy for being free of local
Riemann problem solutions and not requiring adaptive space-time discretizations. This
feature is relevant for real-world, non-trivial applications found in recent literature. These
applications include scenarios with conservation laws featuring a discontinuous flux function
(16, 23, 39, 49, 50, 59], point sources [36, 39, 48, 58|, and resonant models [9, 44, 61].

We introduce a Lagrangian-Eulerian approach based on the principles outlined
in [12]. For the sake of presentation, let us consider a generic 1D (local) scalar hyperbolic
conservation law, denoted as u = u(x,t), with the governing equation dyu + 0, H(u) = 0.
The formulation of the fully-discrete nonlocal Lagrangian-Eulerian scheme represents an
improved and, actually, a substantial novel interpretation of the integral tube concept as
firstly introduced [41, 40] for local parabolic problems and linear transport problems [17]
for flow in porous media. Therefore, in the new context, this integral tube is now subject to

H(u) o Ax

] , which is referred to as the No-Flow curve (as described

the condition O
U At

in [12, 11]). These quantities, v and H(u), are obtained from the local scalar hyperbolic
conservation law, and with the aid of suitable stability estimates, this approach proves

to be highly effective in practical computations. Additionally, it results in a weak CFL
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condition that is not contingent on the derivative of the flux function H(u), but instead

relies solely on the local behavior of the No-Flow curve.

For a more in-depth understanding of these concepts, see [7] and [8].These
two recent works have been examined through weak asymptotic analysis, as detailed in
[10], [4], and [5]. They have provided further insights into the concept of the No-Flow
curve within semi-discrete Lagrangian-Eulerian formulations. It is also noteworthy that
the initial numerical analysis for the fully-discrete Lagrangian-Eulerian scheme for scalar

local hyperbolic problems was presented in [61].

The concept of the No-Flow curve has been extended in various directions
to tackle multidimensional initial value problems for both local scalar models and local
systems of conservation laws. Recently in [2], the authors formally apply, for the first
time, a fully-discrete Lagrangian-Fulerian scheme for study global well-posedness and
finite time blow-up of solutions for a nonlinear 1D transport equation with nonlocal
velocity given as uy + (uH(u)), = vugz, where v > 0, along with measure initial data
in the inviscid case when v = 0. Such models arise in fluid mechanics in vortex-sheet
problems and its nonlocal feature comes from the presence of a singular integral operator
(Hilbert transform H(w)) in the velocity field; see, e.g., [2] for more details on how and
why the nonlocal Hilbert transform arises in the context of fluid dynamics. Additionally,
in [47], a fully-discrete Lagrangian-Eulerian scheme was formally applied for a numerical
investigation to demonstrate evidence of blow-up and explore other qualitative properties
of solutions for a nonlinear 1D transport equation with doubly nonlocal velocity, involving
the interaction between the Riesz potential denoted as A®~! and the Hilbert transform
denoted as H. The equation of interest is given as u; + (uA*"'H(u)), = 0. Therefore,
[2] and [47] were the first to implement the fully-discrete nonlocal Lagrangian-Eulerian

scheme for the 1D case.

Continuing in the same direction, we aim to implement the fully-discrete
nonlocal Lagrangian-Eulerian method to numerically investigate the global well-posedness,
evidence of blow-up, attenuation, and other proprieties geometrics of the solutions of a
conservation law with partially nonlocal velocity (3.46). In this equation, the velocity field

is obtained through the composition of two nonlocal partial operators.

00+ V- (6v) =0, with v = (AS"'H,0, AT H,0)
9(.77, Y, O) = 60($7 y)7

(3.46)

where (7,y,t) € Q x (t,T] = R* x R* and 6, € LP(R?) U {n} with ne W/\;l; (modified

1
weak-Morrey space) which is defined as n(x,y) = ———, that is, 65 : @ x {0} — R is
Yy

% +
a not necessarily regular function, and 7" = t; > 0.
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3.4.1 The nonlocal No-Flow curve and the nonlocal Lagrangian-Eulerian

approach for a conservation law with partially nonlocal velocity

In this subsection, we are going to present the numerical approximations we will

use to solve numerically the underlying conservation law with partially nonlocal velocity.

First, we define the space-time domain, or the no-flow tube, in one spatial

variable, this is

D} ={(t,x) /" <t <", ol (t) <z < oy (D)} (3.47)

To u = u(z,t), a conserved variable in 1D case, we define the approximations

1 (%543 —n 1 (% .
gn =1 f b (e, ")z, and TV = f (et dr jeZ, (348)

J hn+1

j,m=1,2,34,---. The first is in the original grid (homogeneous grid in ¢" time) and the

second one (non-homogeneous grid in "' time).

To u = u(z,y,t), a conserved variable, in 2D case, we use an approximation of

the form
11 (Y1 (%1
U ~ —— ? ? t")dxd 3.49
Y AyAs Ln Ln u(z,y,t")dzdy, (3.49)
img iy
- 11 (T (T
UiJ.rl ~ "_[ : j 2wz, y, " dady. (3.50)
J ﬂAy +1 Ar +1 it Jgnos

i=3 i3

Again, the first is in the original grid (homogeneous grid in " time) and the
second one (non-homogeneous grid in "™ time). The approximations defined before

having a sense when they join with the following definitions for 7,5 = 1,2, ....

In the time level t", we have

Ay

) = i) and (o) = (i 5 sy ),

on the uniform local grid (or primal grid). Here

n_ ,n _n no_ ,n — )] =
Azx" = Tl T L and Ay Yijal ~ Vi1 for i,5=1,2...
where <£L‘?+ 1,541 ) are the corners of the (i, j)-cell. For the nonuniform grid in the time
-2 —2
level t"*1, we have
Aot _pga —nt1 Al nyl —n+1 .
Ax = Tl T TilL and Ay = Yige1 ~Vij1 for 4,5=1,2,..
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The pair (7{,y}) are the centers of the region R}; = [:c’ffé,xﬁ%] X [y{‘fé,yﬁ%] with

i,7 =1,2,..., which we call (7, j)-cell in time ¢". Furthermore, on each (i, j)-cell in time ¢".
The approximate solution of u is U"; in each cell [z} 1 r 1 | > [y L yi 1 ] (see Figure
1) and the approximation of u in the non-uniform grid is U?jl in the non regular cell
[Tfjf,flfj] X [yfjj,yzfj] All these approximations, along with the initial condition

2 2 2 2

U(a?,9,t°) = U

7j.

The control volume of the Lagrangian-Eulerian scheme in 2D will denoted by
D}, see [12] and [9]. This control volume is a solid in R? and is composed of triples (z,y, t)
situated between the regions R}, and FZ;-H, where E:L;H is determined by the No-Flow
curves o, (t) with 4,7 = 1,2, ... and ¢" < ¢t < t"™'. Thus, the border of the control volume

n oo : n __ pn n —n+1
Dp; is given by 0D}, = R}'; v Si'; U R,

i » Where

o R =[xl 1,2 1| x [y 1,y ] R? is the entry of the no-flow surface region,
5J 3 ]+2 3 ]+2

—=n+1 . _ . _ . . .
« R = [x?ﬂl, x?ﬁ] X [y?ﬂl, y?ﬁ] — R? is the exit of the no-flow surface region, and
’ —2 2 —2 2

« S5 R3, is the lateral surface of the no-flow region.

ai,j"l“%(tn) 1

n oi1;(t")
~ i,J T

oi1;(t")
l o;-1(t")

Figure 1 — Two-dimension cell, R; j-cell.

3.4.2 Approximation of the partial Hilbert transform

For a function f : R?> — R the definition of the partial Hilbert transform on

the X axis and on the Y are given by

1 0 u, 1 ) u,
Hilf(z,y)] = — PV J;(_ii)du = - El_lf(%f' | J;(_ii) du,
1 © flz,v 1 . T,
Half(x.y)] = _ p.v. ";(_U)dv L iy Jl ‘ fy(_) "
—® v—y|>e
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For Az > 0,let 7, = {z, = 7o + nAx}Y_, be a uniform grid on the X axis of
N + 1 points that determine the closed interval I, = [z, xy]. Given a fixed y € R and
assuming that the grid must be such that the function f(x,y) can be approximated by

zero outside I, x {y} = |zo,zn]| % [y]. Then, for each interior point (xy,y) € I, x {y}

with k =1,..., N — 1, we can approximate the partial Hilbert transform on the X axis as
D S fluy
Half (e y)] ~ = lim f (wy)
T em0t =0 Ju—zp|>€, zn<u<a,y Tk U

= 1 lim [f% i y)d + Jxkﬂ f(u’y)du]

T e—0t w1 T —U zpte Th—U
anﬂ f u’y) u 1 J‘xm—l f U y (3 51)
L —u n= k+1 LTk — u

Note that, in the previous approximation, the y is fixed, and if the values of
nodes f(xg,y) are known in each interval [z, z, 1] the function f(u,y) is approximated

by linear polynomial interpolation,

f(wnJrlay) B f(xnay)

N (u— x,), (3.52)

flu,y) ~ fan,y) +

using the approximation (3.52) in the approximation of the partial Hilbert transform on
the X axis (3.51) we will get

MG )] =~ (Fxin,y) — P, )
+ Z —(I = (n+ 1)bp) f(Th4n,y) + (1 = nbp) f(Tpsns1,Y)]

+ > [(1=(n+ )b f(xhn,y) — (1 —nby) f(h—n_1,9)]}, (3.53)

1
b, =log<n:; >

The expression on the right-hand side of equation (3.53) defines a linear

3
Il
—

where

operator that approximates the partial Hilbert transform on the X axis for the vector
F = (f(xo,y), f(x1,9), -+, f(xn,y)) at the interior points within the grid I,,. This
operator is de as the discrete partial Hilbert transform on the X axis, represented as Hr,,

and it can be expressed in matrix form as

/HTQCF = AFint + Oand, (354)
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where the vector F' has been split into its projection on internal nodes Fi = (f(z1,9), -,
f(zn_1,y)) and boundary points Fyuq = (f(z0,v), f(zn),y), whereas A is a (N — 1) x

(N — 1) antisymmetric Toeplitz matrix,

Qo a1 . AN-3 AaN-2
—ag Qg ot AN—4 AN-3
A= . . : . .| (3.55)
—any—2 —an-3 -+ —a1 Qo

where the matrix entries are given by

0, for k=0,
1
I == 2by, for k=1, (3.56)
(k + 1)bk — (k‘ — 1)bk,1, for k> 1,

and C is a rectangular (N — 1) x 2 matrix

0 COn-1
—c Cn_
c=1 1 7 (3.57)
—Cnq1 O

where
1
=——(1—kbs).
Cr 7T( k)

Remark: An antisymmetric Toeplitz matrix is completely defined by its first row. Thus

the evaluation of the N — 1 elements (ag, - ,ay_2) is enough to complete determine A.

Analogously, for the discrete partial Hilbert transform on the Y axis, we take
Ay >0, let 7, = {y, = yo + nAy}Y , be a uniform grid on the Y axis of N 4 1 points that
determine the closed interval I, = [yo, yn]. Given a fixed x € R and assuming that the grid
must be such that the function f(z,y) can be approximated by zero outside {z} x I, =
[2] x [0, yn]. Then, for each interior point (x,yx) € {r} x I, with k=1,... N — 1, we

have

N-1
Hal (2, 90)] ~ © lim j @0

v—yk|>€, yn<u<yni1 Yk TV

1 Yr—¢€ Ye+1
= — lim J f(@,v) dv + J f(z,0) dv
T o0t Yo Yk TV ypte Yk — U

k—2 n+1 n+1
. > Jy @) 4, Jy @) g, (3.58)

w YTV nk+ yk_v
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Notice that, in the previous approximation the z is fixed and if the values of
nodes f(x,y;) are known in each interval [y, y,+1] the function f(z,v) is approximated

by linear polynomial interpolation,

f (@, ynsr) = F (2, yn)

Fla o)~ flwum) + A

(v = Yn), (3.59)

using the approximation (3.59) in the approximation of the partial Hilbert transform on
the Y axis (3.58), we will get

Mol (o] = L) = F310)
N-1-k

+ [=(1 = (0 + Dbu) [, Yran) + (1= nb) (2, Yhn11)]

N

+ D [0 = (0 + 1)ba) @, yen) = (1= 1ba) f (2, y4-n-1)]};  (3.60)

=1
1
b, = log<n+ )
n

The expression on the right-hand side of equation (3.60) establishes a linear

3

where

operator that provides an approximation of the partial Hilbert transform on the Y axis
for the vector F' = (f(x,40), f(z,11),- -, f(x,yn)) at the interior points within the grid
{x} x I.,. This operator is defined as the discrete partial Hilbert transform on the Y axis,

denoted as Hrt,, and it can be expressed in matrix form as
H, F = AFy + CFya, (3.61)

where the vector F' has been split into its projection on internal nodes Fie = (f(z, 1), ...,
f(x,yn_1)) and boundary points Finq = (f(x,%0), f(z,yn)), additionally, the matrices A
and C have already been defined.

3.4.3 Approximation of the partial Riesz potential

For a function f : R? — R and a parameter o € (0,1), the definition of the

partial Riesz potential on the X axis and the Y axis is as follows:

O R

a i,
|z — ul

[0 b)
ly — vl

@Hm%m=%£
where,

I

= e (3.62)

Ca
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For Az > 0, let 7, = {r, = z¢ + nAz})_, be a uniform grid on the X axis of
N + 1 points that determine the closed interval I, = [z, xy]. Given a fixed y € R and
assuming that the grid must be such that the function f(x,y) can be approximated by
zero outside I, x {y} = |zo,zn] x [y]. Then, for each interior point (zy,y) € I, x {y}
with k=1,..., N — 1, then we can approximate the partial Riesz potential on the X axis

as

N-1 r2niq
A Hf(2r,y)] ~ ca Z f Mdu

(Z J%H Th — ) ot ZJ%H AT du>. (3.63)

Notice that, in the previous approximation, the variable y remains fixed, and if

Tn

the values of nodes f(xy,y) are known in each interval [x,,, x,,1], we can approximate the

function f(u,y) using linear polynomial interpolation

Fluy) & o) + LIy (3.64)

For calculation purposes, we omit the constant ¢,, and using the approximation (3.64) in

the partial Riesz potential approximation (3.63), we get
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T — u)® Ax (2 —u)®

A f ()] ~ iz_:;f;”“ ((f(xn,y) N f@ns1:9) = flan,y)  (u—a,) ) Ju

Bl  fepten )

3
I

-
8
3

T
L

f(xmy) l(xk_u)a] o 2 ZL’n+17 f(:L’my) J‘In+1 Mdu

11—«

n=0 n=0
N-1 _ U=Tn41 N—-1
(u _ l’k)l «@ n+ f(xn-i—h y) _ f(xm y) Jﬂﬁn+1 (u _ xn)
n —_— —=d

+ 2 f(n,y) l —a ). + ; ~ I

k-1 l—qu=2n+1 k=1

T —U xn s — 'TTH

= —f(@n,y) [(kl—(l] + Z S (@nia y)A:l: CY) X

n=0 u==xn n=0

x N-1

— U=
U — xk)l Oz:| n+1

T — In (
< (zp —u)® (x5 — U)a 1) et n—k Fen) [1_&
S~ flon) [ (Bt )

(zr —w)> (2 —uw)*

U=Tn

ﬁMZ

Tn

Y
L
~
Voun)
]
S
<
S—

D {(on = 001)' 7 = = 7))

—
|

=1
L o

f(anrla y) - f(xnv y) { _(xk — l’n) [(

s - Tk — Tng1) * — (Tp — @) ]

+
hd

Il
=

—_~ S
8
S

{@n = 2)' ™ = (20 — ) 7}

_l’_

xn+1)2_a - (xk - xn)Q_a} + sz f(xm y)

2—« - l—«o

+ Z f Tn+1, Y ) f(xna y) { (xk — In) [(xn—&-l _ .I‘k)l_a _ (xn _ l’k)l_a]

— Azx 11—«

(Zng1 — )" — (2 — xk)%ah

+ 2—«

given that x, = kAz for k =0,--- , N, so

—«

AS(f =Z A

l—«o

+Z{_(l€_n)[(k—n—1)1a—(l{—n)la]-i- (k_n_l) _a_(k_n) —a}x

2—«

f(anrlay) — f(xmy) + NZ_: f(xmy)Axl “ [(n +1— k)lfa _ (TL . k)lfa]

l—«o

X

+§]{fj2ﬁm+1—kyﬂ-mn—mkﬂ+

f(xn-i-la y) B f(xna y)
Agl-a ’

m+1—m%a—m—kﬁﬂ}

2—«
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to simplify the notation, we introduce a change of indices as follows: m = n — k, which

implies n =k —m

AT (2 y)] =

Az’ kzl - {(1 DT me (DT - mTe } f(@hom, y)+

= l—« 2—«

o 22—«

k—1 _ _ 2—a 2—a
807 S e ) {0 (= 17—t ¢ P ZIE T
n=0

Al 2 ((1 — (k —n))(n +1- k)ll_j; (n —k)t= _(n+1- k)z—j;(n _ k)?—a) )
Fewu) + A0 3 S )
(T:Z{(”“—k)”—(n—k)law (n+1_k)2j;(n—k) )

again, changing the indices m = n—k+1 — n = m+k—1, we have that the approximation
is

AT ()] =

+ Azl Y [—f(:ck_m, y) {(1 —m) (ml_a ~m= 1)1—0‘) e }]

m=1 1—-a 2—a«
k—1 2—a _ 1\2—«
+ A.ﬁlflia Z f(mkferla y) (1 - a[mlia . (m . 1)1*&] . m Q(in& 1) )
n=0
N—k l-a _ _1\l-« 2—a _ _1)\2—«
L Agle > [f@mkhy) {m (m l(ina 1) ) m 2<iﬂa 1) }]
Nk B ra o 1v2a
#8017 3 famsoy) ((11 = 1yie] ) ,

Finally, we have that the numerical approximation of the partial Riesz potential

on the X axis that was obtained is:

AT ()] ~ Az Y {f (@, 9)[(1 = m)am + O] + f (e, y) (Mg, — b))}

+ A Y @1, 9) M = b) + F (@) [(1 = m)an + bu]},

m=

—_

(3.65)

where

B mea _ (m _ 1)2704

2—«
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The right-hand side of (3.65) defines a linear operator that computes the partial
Riesz potential of F' = (f(xo,y), f(x1,y), -+, f(xn-1,Yy), f(zNn,y)) on the X axis at the

interior points of I, x {y}. If we denote by

(3.67)

, (3.68)

(3.69)

Ent = (f(xla y)? f(x% y)? e 7f(x$N—17 y)) and Fb”d = (f(l'o), f(xN))’ (366)
then
Aa_lF ~ (A + B)Ent + Dand7
where
ax az Gz Q4 aN-2 GN-1
&2 (~11 dQ &3 &N72
&3 &2 &1 &2 &N—3
Qy dg Qs Qa C~’/N*B
A =
an_9 as a a2
CNLN_l EZN_Q C~l3 d2 dl
with
5 —2&1’ k = 1,
ap =
kak—(k—Q)ak_l,k=2,"',N—17
Bl 62 63 64 5]\],1
bg bl bQ b3 bN—Z
bg b2 b1 bQ bN—3
by by by by by_3
B - ’
Z)N,Q 62 Bl 62
bN_1 b3 b2 bl
with
~ _2b17 k = ]-7
b, =
be—1 — b, K=2,--- N —1,
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8] CN-1
C2 CN—2
C3 CN-3
Cq CN—4
C = : (3.70)
CN-2 C2
CN-1 C1

where

ckz(l—k)ak—i—bk, k=1,---,N—1.

Fixing an x € R and proceeding analogously with the calculations made, we

can approximate the partial Riesz potential operator on the Y axis,

l [}

k
Ag_l[f(l’ yk 1 - Z ZL’ s Yk— m m)am + bm} + f(xa Yk—m+1, y)(ma'm - bm)]
S

(T, Ymsh—1){Mam — b} + F(&, Ymsr) [(1 — M) + bpa]]-

—_

3

(3.71)

The right-hand side of (3.71) defines a linear operator that computes the partial Riesz
potential of ' = (f(x, o), f(z, 1), -, f(x,yn—1,¥), f(z,yn)) on the Y axis at the interior
points of {x} x I . If we denote by

Ent = (f(xayl)a f($7y2), e 7f($7yzN_1)) and and = (f(%?/o), f(xvyN))a (372)
then
AT E ~ (A4 B)Fyy + DFypa, (3.73)

where the matrices A, B, and D have already been defined.

3.4.4 The No-Flow Curve in the Hyperbolic Conservation Law, the Simplest

Case and Some Advantages

The first problem we will consider is the simple conservation law

ou  OH(u)

ot T

=0, u(z,0)=n(z), (3.74)
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which is equivalent to, see [12],

oy _ H(u)
6t U ) 7 ( ) x’L ’
1 e (3.75)
Tivd +1 Ty
u(z, " )de = u(z, t")dx
o

Here, z; is the center of the cell [xi_%, {L'H_%], i =1,2,3.... In the representation

H
(3.75), () is the non-flow curve in the theory sense. And
u

_ 2O
fi= (3.76)

is the non-flow curve in the numeric sense, hereinafter the No-Flow curve. The Lagrangian-
Eulerian method is defined as (see details in [12])
kn

Ut = U = 5 [FUL ULy = FOUZ, U], (3.77)

where the associated Lagrangian—Fulerian numerical fluz function that depends explicitly
on the mesh parameters h, k and the No-Flow curve f;, is defined by

1] h h
FU Uiy ho k) = o [kn (Ur—-up,) + T (fry + ) (U, + Ui")] . (3.78)

This numerical method has a CFL condition, called weak-CFL because it does not depend

on the derivative, which depends only on the No-Flow curve. The CFL condition is

At 1
max|fil} 5 < 5
The No-Flow curve adds some advantages to the numerical method, for example,
the fact of not depending on the derivative. This fact can be noted in the CFL condition,

making the method more versatile and robust.

For example, when we consider the Cauchy problem for the inviscid 1D transport
model with nonlocal flux, like in [2], we rewrite model (3.74) in the computational domain
[a,b] (with v = 0),

u(x,t) — (F(t,z,u)), = 0, (z,t) e Q x (0,T], (3.79)
u(a,t) =0, u(b,t) =0, te]0,T], (3.80)
u(z,0) = f(x), e, (3.81)

where F(t,z,u) := (H (u)u); recall that H is the Hilbert transform, which is given by
the principal value (1.6) from [2]. Then, if we consider U™ as an approximation of u in

all domains, we can use the numerical method (3.77) and (3.78) only replacing f; by
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F(tn, ZTi, Un) n .
—— =H (U™) but now, f; represents a nonlocal operator, not a function. The

Hilbert transform approximation can be done as explained before.
The Lagrangian-Eulerian method for the 2D initial value problem for hyperbolic

of conservation laws is:
ou  0f(u)  dg(u) 0
— + + =0, x,y,t) e Q x (t°,T],
R (w.y.t) € 2 x (7] s

w(z,y, t°) = n(z,y), (x,y) Q.

Assuming that the integration volume is impermeable through its lateral surface

S;;, and that there is only flow through this volume at the inlet R;’; and outlet Rf]“, the

divergence theorem allows us to write the conservation law (3.82) as (see details in [6])

fj u(z,y, ") an+1 Jf u(z,y,t") dR};

n+1

) (3.83)

0pp1 (") = iy

m\»—A

\

In the previous problem, we can identify the non-flow curves in the theoretical sense; these

f) )

are ; they start from the midpoints of the sides of the cell R};, see figure
u
3.4.4. Usmg the approximations Z+1 o Ul.jJrl to w in the midpoints of the cell R}, we
W =9 K

have the approximate problem to (3.83)

[ s s
—n+1 RZ]'
< (3.84)

' f Uzﬁ_r%vj) ' y (Uﬁji%)

0iz1,(t) = U, %1 (t) = UL

T3, hits
0ip1 (") = @11, 31 (") = Yjz1-
2 2 2 :

\

This last problem is the basis for constructing the Lagrangian-Eulerian method in two
spatial dimensions. Let us look at this; take the first equation called the conservation

identity in this context

Jf (z,y, ") d R Jf (z,y,t") dR};. (3.85)

fn+1

The numerical approximations U;"; and UZ;A appearing in (3.49) and (3.50) join with the

conservation identity (3.85) can be used to calculate naturally the following identity,
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1 . A
Ut = f Ly, ) dA = 2= f Ly, ") dA = =2 Ur (3.86
TR, szlu(fc y, t"") By Ry I u(z,y,t") = Uiy (3.86)

[The (4, j)— cell in time ", R}, ]

T+l (tn)T

o1 ;(t")

o;_1;(t")

1 Ui,j—%(tn)

tTH*l.]

[The parameterized curves from time level ¢ to

L/
¥
v
[
¥

tn+1

Figure 2 — The construction of the control volume for the Lagrangian-Eulerian scheme

n
2,]°

We recall that, here the No-Flow curve are defined in the same way as before in

f (UZZ_l ) f (U;L_l ) g (Ug,_l)
the case of one dimension as ———272 = f , X\ T2 - fooa, — T2l =
Ur — Jit3,0 Un — Ji—3 Un - gz,]—§7
i+35.J i—1 ij—2
PR 2 % 2

g (U.". 1)

% = ¢;j+1- Thus, we may approximate curves at t" <t < "t as: i1 (t) ~
i+l

(‘ri—%v yi) +(t— tn)fi—%v gi-i-%,j(t) ~ Tl T+ (t— tn)fi-&-%,j , Ui,j_%(t) ~ Y1+ (t _tn)gi,j—%a

and aiJJr%(t) X Yt (t — t”)gi’j%. The approximation of the volume D}'; gives (see

Figure 2):

D ={t,z,y)/t" <t < " Ui—%,j(t) ST < Uz‘+%,j(t)a O-i,j—%(t) Sy < Ui,j—&-%(t)}'

Finally, the Lagrangian-Eulerian scheme with conservation property is given
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STEP I (Lagrangian Forward Evolution, see Figure 3.4.4)

Un—'ﬂ . A(RZJ)

n . 2 D n n
i A(Ei,j)Ui’jj with A(Rl,]) = h* and A(RZJ) = h,L X hj (387)
where I x I = (h = (fici2,j + fir1/25)A) % (h = (gij—1/2 + gij+1/2) AL).
STEP II (Eulerian Remap, see Figure 3)

1
U= ——— (K1 + Ky + K3), 3.88
1,5 A(R@’])( 1 2 3) ( )

n+1

Fn+1
i—1,7 U

. = n+1
where Kl = CllU 1 + cl?Ui,j—l + C13 i+1,j—13

. Fn+1 Fn+1 n+1
Kz=caU; 4+ 52U, 50 + 33U -

. Tn+1 n+1 F7n+1
KQ = CQlUi—l,j + CQQUi,j + 023Ui+1,j and

o @
Ri1jm Rij T Riy1j+1
C31 C32 C33
O ® Yjt+1/2
Ri—lﬁj Ri,j Ri+1.j
Ca1 €22 Co3
O @ Yj-1/2
c11 C12 €13
Ri 1 R;j i Ri1j1
o
Ti-1/2 Tit1)2

Figure 3 — Location of ¢; ; coefficients.

The construction of the coefficients of the Eulerian remap, c; j, can be obtained
from the definition of f}%, , ; and g;1; > (see Figure 4). For this construction the motivation

is given by
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C11 = (_firil/Q,jAt)(_ngfl/ZAt)
Ci2 = (Ax)(_Qijl/zAt)
C13 = (firjrl/Q,jAt)(_ng—l/QAt)
Co1 = (_fz‘n—l/Q,jAt)(Ay)
22 = (Azr)(Ay)
Co3 = (fi+1/2,jAt)(Ay)
C31 = (—fﬁl/szt)(ngH/zAt)
C32 = (Ax)(ng+l/2At)
C33 = (_fﬁrl/Q,jAt)(ngJrlﬂAt)
an-%—l
o )
)
D S O G
Yj+1/2 @ == @ == R &
] -
(+) (+)
Ayn 0';‘,71/2,j§ §0i+1/2vj ZynJrl
) Q]
() Tij-1/2
Yj-1/2 @==@==
S G 2N S
1 1 .
? Ax" ?
€] €]
Ti-1/2 Lit1/2
Figure 4 — Motivation for the construction of ¢; ; coefficients.
Next, we define the vector
Cx = [lea Cxoa O:m"] (389)
where,
Cor = 0.5(1 + Sign(fin—l/Z,j))fin—l/2,jAt
Cyr = 0.5(1 — Sign(fiyfi-l/Q,j))fZT-Li-l/Q,jAt
Copo = Az — Cyy — Cyy.
Similarly, let us define the vector
Cy = [Cyla Oym Cyr] (3~90)
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where

Cyr = 0.5(1 + sign(g;'; 1/2)91; 122
Cyr = 0.5(1 — sign(g}j11/2)) 9711208
Cyo = Ay - Cyl - Cyr'

Then, the coefficients of the Eulerian remap ¢; ; from (3.87)-(3.88) are defined

as the matrix entries

Cxl Oyl Cxl Cyo Cxl Cyr
C=(cij) =CLCy=|CroCp CryCyy CiyCyr | - (3.91)
er Cyl er Cyo er Cyr

By definition of matrix, step II

F7n+1 Fn+1l e+l
Uz'fl,jfl U Ui+1,j71

1,5—1
F7n+1 Fn+l  F=n+l
Fn+1 n+l  F=n+l
Ui—l,j+1 Ui,j-i—l Ui-‘rl,j-i—l

the Lagrangian forward evolution (Step I) and the Eulerian remap (Step II) over the
original grid may be recast as:
Ut = C,ALCF (3.93)

L)Y

or in the form of a conservative monotone scheme, as,

Un

t+qg+1,5+s+1

U g geser) (3.94)

where \* = At/Az, N = At/Ay, (AL)jk = Ujs1p — U and (A%);x = Uj 41 — Ujg, and
taking h = Az = Ay, we have,

Uptt = U = ATAT (U

i*]?,i*?’” ey

)= NAYG(U?

i—p—rr

F(Uin—l,j—l? ~-->Uz‘n+1,j+1) =

Fr(U?

i,7—1

n n n n n n n n n
Ui—l,j—lﬁ Ui—l,j’ Ui,j’ Ui,j—l) - FL(Ui—l,j+17 ’ Ui—l,j? Ui,j—l’ Uz‘,j’ Uiu’Jrl)7
where

Tn+1 +n+1
7‘7.]

F7n+1 FFn+1 Fn+1 N 1 n n n
CuCyr <U¢j1,j+1 - Uij_l,j - (Ui,;;rl - U, )) +i(f(Uzel,j)+2f(Ui,j)+f(Ui+1,j))7

—n+1 —n+1)

Fr, = thlel (Ui—l,j - Uivj

—n+1 —n+1 —n+1 —n+1 1 n n n
CuCy (Uij—l,jfl - Ui,;il - (Uijl,j - U’L;_ ))+§(f(Uifl,j)+2f(Ui,j)+f(Ui+1,j))'
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and

G(U'nfl,jfla ) Uﬁrl,jJrl) =

)

n n n n n n n n n n
GR(Uifl,iji,ﬁ i+1,j+17Ui,j+17 i+1,j)_GL( i+1,j77Ui,j7 i,j—1 Yit1,5 i,j+1)7

i?j

Gr=hCy (U7} =T -
—n+1 —n+1 —n+1 F7n+1 n n n
Cor# Cyi (Ui+1,j—1 U, — WU = U )) + S (9(U21) +29(U) + 9(U 1)),

Gy =nCy (U1 =T -

ij—1 7" Vi

+n+1 F7n+1 —n+1 F=n+1 1 n n n
Cor * Cyr (Ui+1,j+1 - Ui+1,j - (Ui,jJrl - Um )) + §(Q(Ui,j71) + 29(Ui,j)g(Ui,j+l))'
We can note that F' and G satisfy condition (3.26) from [6]; this implies that
the equation is consistent with (3.82), and thus, the numerical method to 2D-hyperbolic

equations is monotone.

The CFL condition based on the No-Flow curves, which is called weak-CFL

condition in this context, is given by

1

" " At
) |gi,j71/2|7 |gi,j+1/2|}ﬂ < 9 (3.95)

Hzl%x{|f£1/2,j|7| Zrl/lj

To Improve numerically the solution of the generalized ODE system

/
t N 7
Uzi%,g( ) Uli%,] ’ z,]J_r% Uiyji% ) (396)
Uzi%,j(tn) = ‘xzi%? Uz‘,ji%(tn) = yji%?

with conservation and robustness solutions, for example, to 0;" ;5 ;(t) of the differential

system
/(v 1)
() = N = 2Y/
7i-14t) U 1, (3.97)

we may use the approximations

n n n

L5 1 mi,l’j Zij
Uz’—%,j = E Jn L(ZE, t)d(l} = E Jn 2 Li—Lj(x’ t)dl’ + fn L@j(ZE, t)dl’
o 4 (3.98)

i—1,7

[N

1
= g Wimr + Uiy) +
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.. . . . dU?—1/2 (t) f(u) .
Distinct and high-order approximations are also acceptable for = as in

dt u
(3.83). As in [6], the piecewise constant numerical data is reconstructed into a piecewise

linear approximation through the use of MUSCL-type interpolants:

1

LZ‘J(J),t) = Ui,j(t) + (l’ - xj)?xug’j.

(3.99)

1
For the numerical derivative —u/ ., there are several choices of slope limiters for scalar

N A
case [6, 8.
Finally, to show the reconstruction’s flexibility, we use the nonlinear Lagrange
polynomial in U}, ;, Uy, U, Uty and U ;. So, equation (3.87) reads
F+n+1 1 S;LJr%
Ui,j = hn-ﬁ-l . P2(£7y)d3’ (3100)
J 5"

where s = x,y and

Py(z,y) = Uy ; Loa(w —2) + Uy Loa(y —y;) + U Lo(x — i) + U Lo(y — v)
+ Uz‘Z—Lj Ly(x — xj) + Uﬁjﬂ Li(y — yj)

=[G ] e

3.4.5 Numerical Experiments with the Lagrangian-Eulerian with Conservation

7j

and

Properties

We present a benchmark comprehensive set of numerical tests that explore
the role of the accuracy of our new 2D Lagrangian-Eulerian scheme with conservation

properties.

3.4.6 A Lagrangian—Eulerian scheme for a conservation law with partially

nonlocal velocity

In this subsection, our objective is to develop a fully-discrete nonlocal Lagrangian
Eulerian scheme, utilizing the concept of the space-time No-Flow curve. This scheme is
crafted to tackle a conservation law featuring partially nonlocal velocity, specifically of
a conservation law with partially nonlocal velocity. In this model, the velocity field is
obtained by composing nonlocal partial operators: the partial Riesz potential A¢ ' and
the partial Hilbert transform H; for i = 1,2. Notice that, in equation (3.49), the vari-

able u(x,y,t) represents 6(x,y,t) and is the solution to a conservation law with partially
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nonlocal velocity:

00 £V - (OAS™ H,10,0A5 H0) = 0, V(z,y,t) € Q x RT
0(377 Y, 0) = 00-

Furthermore, we know from Subsection 3.4.1 that the border of the volume control D}’ is
given by oD}, = R!'; v SI'; U FZ;l. At first, we do not know exactly what the non-flow
surface 5;'; looks like, we only know that the edge of the ingress coincides with 0R}'; in
the ¢" plane, and the outlet end of surface S;'; which intersects the t"*1 plane. Assuming
that the surface S'; is defined by a family of No-Flow curves represented as () for the
time interval t" < t < t"™!, we will proceed to establish a representative parametrized
curve 7}y ;(t) and 471 (t) at the midpoint of each side on the boundary 0R}';. These
parametrized curves will be determined using scalar functions, denoted as 07y, ;(t) and
ol i1 /Q(t), over the time interval t" < ¢t < t"*!. These scalar functions are designed in
such a way that, at the initial time ¢ = ¢", they satisfy the conditions o7 ;5 ;(t") = Ti+1/
and 07’1 5(t") = yj+1/2. Furthermore, it should be noted that these four functions will
intersect the t"™! plane at the time instant "™, as depicted in Figure 2. Then to build
Ry
Vg2, (t) = [O-znil/Z,j(t)ayj?t]T s Vigarye(t) = [mivo.?il/Z,j(t)at]T with ¢ <t <"
(3.101)

we define the four parametric curves as follows

So, we have to Yo ;(t), Vi'a10(t) € 7 for " <t <t™F,

According to [6] the construction of No-Flow side curves is not unique. Notice
that, for t" <t < t""! we have that Vit1/2,;(t) is in plane-y;, ;.15 ;(t) is in plane-z;,
furthermore

d T

%%ilﬂ,j(t) = |:dto-z'+1/2,j(t)707 1] and %%,jil/z(t) = [0, Eo-z‘,jil/Q(t)a 1]

In this manner, we obtain the following initial value problems for a conservation

law with partially nonlocal velocity

d n a—1 n
@Uz‘il/zj(t) = AT HO(0025(8), 950 ) (3.102)
i (") =ik

and
d n a—1 n
%gi’jilﬂ(t) = £AST HoO(wi, 075110(0), 1) (3.103)
Tiger2(t") =Yg

where approximating of AY"'H; and AS 'H, are made using an approximation of the

partial Riesz potential and the partial Hilbert transform, respectively, as defined in the
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previous sections. Approximating the o7, ;(t) and 074, (t) curves by Taylor’s series,

we obtain
n n n d n n n
Uz‘ﬂ/m(t) = 0ii1/2,j(t )+ %Uiilﬂ,j(t )t —1t")
n n n d n n n
0i,ji1/2(t) = Ui,jil/Q(t )+ aaz‘,jilﬂ(t )t —1").
Thus, from (3.102) we obtain, an approximation for o7, 2. (1)
Ofi1jo(t) = afiryp + (E—1") fily)p,; for 1" <t < s (3.104)
where, finﬂ/z,j = i/\i"_l’fil@(a?ﬂ/z,j(t),y§‘7t)~
Similarly, from (3.103), we obtain an approximation for crgj +1 /Q(t)
where, QZjJ_rl/2 = iAgilHQG(x?’UZjil/Z(t)at)'

So, a significant finding emerges: the No-Flow curves f,; and g;';, 1/ ap-
proximate the velocity nonlocal A?’l’Hl@(a?ﬂ/QJ (t),yy,t) and AS"H0(a, 0iiz12(t), 1),

respectively, for this type of conservation law.

Moreover, the approximation to the control volume D}, is given by

D} = {(x,y,1)] 0?21/2,3'@) <T< U;L+1/2,j(t)7 Uz??jfl/Z(t) <y< U?,jﬂ/z(t)a " <t <"
(3.106)

The conservative fully-discrete nonlocal Lagrangian-Eulerian scheme fora con-

servation law with partially nonlocal velocity, is presented in the following steps.

1. The Lagrangian forward evolution is given by

~n+l A(RZ]‘)

= Wl or with ARY;) = Az x Ay and AR} ") = Azt x Ay

A(R; ;)
(3.107)
where, Azr = Ay, Az""' = Ax + (12 — fit125) A, and
Ay™t = Ay + (92j+1/2 - 9;1,]‘_1/2)A7f
2. The Eulerian remap is given by
1
62;1 = ——— (K1 + Ky + K3) (3.108)
A(R;
where
—n+1 —n+1 —n+1
Kl = Cll@ij_l,j—l + 012(—)1‘7;__1 + Clg@i-:_l,j—l
—n+1 —n+1 —n+1
Ky = 021@i_+17j + 02261‘; + 023@@:1,]'

—n+1 =n+1 —n+1
K3 =310, 11 + 0320, 5,1 + 330,01 14
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3. The construction of the coefficients of the Eulerian remap, c;;, can be obtained
from the definition of f}%, ; and g;;., , analogous to the 2D Lagrangian-Eulerian

method presented in subsection 3.4.4

Next, we proceed to define the vector
Cy = [Cam, Cay, Copl (3.109)

where

Cup = 0.5(1 + sign(fi1 ;) fis 10,00
Com = 0.5(1 — Sign(firilﬂ,j)) z‘il/Q,j)At
Cry = Az + sign(fi1)2,;)Cup — sign(fi"1/2,;) Ciem-

Similarly, let us define the vector
Cy = [CymCyoa Cyp] (3.110)
where

Cyp = 0.5(1 + sign(gr;,1/2))97; 412
Com = 0.5(1 — sign(glqu/z) 92;‘—1/2‘&

Cy, = Ay + Sign(ngH/Q)Cyp — sign(gfjfl/Q)C’ym.

Then, the coefficients of the Eulerian remap ¢; ; form (3.107)-(3.108) are defined as

the matrix entries

o CrCyp | - (3.111)
The CFL condition based on the No-Flow curves, is also called weak is given

H%%X{|fi—1/2,j|7 |fi+1/2,j|> |gi,j—1/2|’ |gi,j+1/2|}A7x < 9 (3.112)

3.5 Numerical Simulations for a Conservation Law with Partially

Nonlocal Velocity

Similar to the findings in the paper by [2], we will understand in our results that
the term blow-up means solutions assuming singular measures concerning the Lebesgue

measure in R? but preserving the initial total mass, e.g., giving mass to lines (singular
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lines with mass concentration but preserving the initial total mass, for this, we take the
initial non-negative data and check that the solution remains non-negative). For simplicity
in writing, we name it as blow-up of concentration type with mass preserving or simply

blow-up of concentration type, when there is no chance of misunderstanding.

This section presents the numerical solutions to a conservation law with partially
nonlocal velocity (1.3). In this model, the velocity field is obtained through the composition
of the partial Riesz potential and the partial Hilbert transform. For the numerical solution,
we employ the novel full-discrete nonlocal Lagrangian-Eulerian numerical scheme developed
in Subsection 3.4.6, see [12] and [6], together with the numerical approximation of nonlocal
operators of the partial Riesz potential (3.65) and (3.71), as well as of the partial Hilbert
transform (3.53) and (3.60). We performed numerical simulations considering initial data
that belong to the Schwartz spaces S(R?) as well as the weak-Morrey spaces WM (R?)
and we provide new insights into the conservation law at hand such as blow-up and

attenuation behaviors.

The idea is to investigate numerically how the initial data influences the
existence of the global smooth diffusion, the formation of abrupt gradients, and the
formation of blow-up in finite time of solution for a conservation law with partially
nonlocal velocity. Thus, possible natural questions are: solution’s blow-up or attenuation
behaviors depend on the measure data, the sign of flux from a conservation law with
partially nonlocal velocity, or other factors. Do solutions evolve as a singular measure?
Or do they regularize (a diffusion mechanism along with mass-preserving) for ¢ > 07 As
we had already anticipated, we chose two initial datas we choose two types of initial data
f(z,y). The first is to measure initial data belonging to the Schwartz spaces S(R?) and the
other is to measure initial data which was obtained through an adaptation of an element
from the weak-Morrey space WM;(RQ) and will be detailed later. Suppose we gather
qualitative information about the solutions, such as attenuation of regularization type or
blow-up of concentration type. In that case, it enables us to gain insights into the required
characteristics of the initial mass for a global-in-time flow for the conservation law under

consideration.

To perform a numerical study of a conservation law with partially nonlocal
velocity (1.3) and deepen our comprehension of the nonlinear and nonlocal interactions
within Besov spaces type, we have developed a robust and coherent methodology for
addressing model (1.3) within a finite computational domain Q = [a, b] x [c, d] based on
our previously rigorous findings, we can discern the most straightforward and mathemati-
cally accurate approach for addressing boundary conditions: expanding the domain to a
sufficient extent to prevent any disruptive spurious reflections from affecting the numerical
simulations. We describe our numerical experiments concerning two possibilities depending

on the sign of flux from a conservation law with partially nonlocal velocity; the first is
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when the flux has a positive signal, this is, 6,0 + V - (OAS'H,0,0AS  H,60) = 0, which
we will a conservation law with partially nonlocal velocity and positive flux; the other
possibility is when the flux has negative signal, i. e., 0,0 — V - (OAS 'H,0,0A5 ' Ho0) = 0,

which we will a conservation law with partially nonlocal velocity and negative flux.

So, we proceed to reformulation the (1.3) model within the computational
domain Q = [a, b] x [c, d]

00 £V - (AT H10,0A5 " Ha0) = 0, (z,y,t) € 2 x (0,77,

0(z,y,0) = Oo(z,y), (z,y)€,

(3.113)

where AY™' and AS™! are the partial Riesz potential, which are given by (3.3) and (3.4),
respectively, H; and H, are the partial Hilbert transform, which are given by (3.1) and
(3.2) respectively. Furthermore y(z,y) will be a

_ @%+y?)
e 8
(I) the 2D Gaussian pulse with compact support initial condition, 6y(x,y) =

™

(1) the 2D weak-Morrey type initial condition, fy(z,y) = (||=* + HyHQ)f1 14, , where

14, 1 the characteristic function from As g, this is,
Asr = {(z,y) e R% 6 < (22 + y*)Y? < R},

here § = §(m) and R = R(m), where m is the mesh size.

Notice that we have a uniform estimate for the W/\;l; space norm:

H(x2 + yz)’llA&RH < H(x2 + y2)71HWM§, Vo, R > 0.

WM,
To simplify notation, we will henceforth refer to the initial data mentioned above as

“Gaussian” and “weak-Morrey”, respectively.

We describe our numerical experiments related on to two approaches for
formulating from a conservation law with partially nonlocal velocity for different data
types f. Furthermore, for simulations throughout the thesis we use computers with the
following characteristics: Intel(R) Xeon(R) CPU E5-2643 v2 @ 3.50GHz, 128GB Ram,
and Intel(R) Xeon(R) Silver 4216 CPU @ 2.10GHz, 32GB Ram. Our simulations for a
conservation law with partially nonlocal velocity and negative fluxz provide evidence that the
blow-up state is a two-dimensional Dirac measure with the same mass of f and supported
at (2o, 10) € R?; the position of (z9,y) depends on f. However, for a conservation law
with partially nonlocal velocity and negative positive, we were able to compute qualitatively
correct approximations by showing strong evidence of attenuation of regularization type
with mass-preserving. Furthermore, the gradient in the positive flux exhibits a decreasing

trend, as depicted in Figure 5, Figure 6, Figure 8, and Figure 9. However, the gradient in
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the negative flux exhibits an increasing trend, as depicted in the images in Figure 7, and

Figure 10.

In summary, the numerical studies conducted from Figure 5 to Figure 7 (Section
3.5.1) and from Figure 8 to Figure 10 (Section 3.5.2), computational results reveal that
even with a relatively coarse mesh grid, the full-discrete nonlocal Lagrangian-Fulerian
scheme is effective in solving numerically the underlying a conservation law with partially
nonlocal velocity (1.1). For concreteness, if we consider the negative flux with measure
initial data or measure initial data weak-Morrey type, we found numerical evidence of
blow-up of concentration type for the solution. On the other hand, if we consider the
positive flux with measure initial data or measure initial data weak-Morrey type, we found

a kind of attenuation type regularization for the solution.

We will present simulations in two distinct sections for a more comprehensive
numerical exploration of a conservation law with partially nonlocal velocity qualitative
behavior. Section 3.5.1 will examine simulations with measure initial data, while Section
3.5.2 will focus on simulations with initial data of the weak Morrey type. Within each
subsection, there will be further division into two sub-subsections, one dedicated to a
conservation law with partially nonlocal velocity with positive flur and the other to a

conservation law with partially nonlocal velocity model with negative flux.

3.5.1 Simulations for measure initial data

In this subsection, we will numerically present evidence of regularization of
attenuation type and evidence of blow-up of concentration type for the solution ¢ from
a conservation law with partially nonlocal velocity (1.3). Our analysis will specifically

consider measure initial data focusing on the Gaussian.

Positive flux

We determined a numerical solution using mesh grid cells m = 512 and refined
mesh grid cells m = 1024 for a conservation law with partially nonlocal velocity and positive
fluz (3.113). These results are shown in Figure 5 and Figure 6, with Gaussian initial data.
The machine simulation time was 32 days and 50 days, respectively. At the top of Figure
5 (from left to right), it is evident that as time progresses, the numerical solution height
diminishes noticeably along the gradient and the first signs of the diffusive process are
seen. At the bottom, a similar pattern is observed, albeit with a less pronounced decrease
in height; nevertheless, the gradient continues decreasing, and now the diffusive process is
more. Consequently, we have observed compelling evidence of attenuation of regularization
type for the solution 6 of a conservation law with partially nonlocal velocity and positive
flux. Tt is worth noting that the numerical solution is identical for a mesh grid refinement,

this is shown in Figure 6.
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Computational time 0.00000e+00, 0 time steps with 512 cells
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Figure 5 — Numerical simulation for ¢,0 + V - (OAY " H10, 0N ' Ho0) = 0 with a Gaussian
initial data, o = 0.5 and mesh m = 512 for a sequence of times 7' = 0, 1, 3, 10.
On the top, you can observe a decrease in height and the initiation of diffusion
in the numerical solution as time evolves, while on the bottom the numerical
solution a shown diffusion-smooth and reduction in height as time evolves.
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Evidence of attenuation of regularization type.
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Figure 6 — Numerical simulation for ¢,0 + V - (OAY " H10, 0N ' Ho0) = 0 with a Gaussian
initial data, a = 0.5 and mesh m = 1024 for a sequence of times T' = 0.2, 1, 3, 5.
On the top, you can observe a decrease in height and the initiation of a diffusion
in the numerical solution as time evolves, while on the bottom the numerical
solution a shows a diffusion-smooth and minimal reduction in height as time
evolves. Evidence of attenuation of regularization type.
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Negative flux

We determined a numerical solution with mesh grid cells m = 512 for a
conservation law with partially nonlocal velocity and negative flux (3.113) with Gaussian
initial data. These results are illustrated in Figure 7, and the machine simulation time

was 9 days.

At the top of Figure 7 (from left to right), it is evident that the height of
the solution increases along the gradient as time progresses and the first signs of the
concentration process are seen. In the middle, we observe both an increase in height and
gradient, and the concentration process continues. Moving to the bottom, a similar pattern
is observed, but the height increases even more dramatically, the gradient continues
to increase significantly. Furthermore, the concentration is given at the origin of the
coordinates. Consequently, we find compelling evidence of blow-up of concentration type
for the solution 6 of a conservation law with partially nonlocal velocity with negative
flux. Notice that in this simulation, the concentration near the origin exhibits a square
shape. This arises from the definition of the nonlocal operators, namely the partial Hilbert
transform and the partial Riesz potential. These operators generate attraction nuclei,
one along the X-axis and the other along the Y-axis. When they act simultaneously, a

concentration is obtained near the origin of the coordinates, forming a square around it.
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Computational time 0.00000e+00, 0 time steps with 512 cells Computational time 4.02730e-01, 44 time steps with 512 cells
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Figure 7 — Numerical simulation for 6,0 — V - (OAS 'H,0,0A5 ' H0) = 0 with a Gaus-
sian initial data, @ = 0.5 and mesh m = 512 for a sequence of times
T =0,04,15,1.9,,2,2.1. On the top, you can observe an increase in height
and the initiation of concentration in the numerical solution as time progresses.
In the middle, the numerical solution shows both concentration and an increas-
ing height as time evolves. At the bottom, the approximate solution exhibits
concentration and a rapid increase in height as time progresses. Evidence of
blow-up of concentration type.
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3.5.2 Simulations for measured data of weak-Morrey type

In this subsection, we will present evidence of regularization of attenuation
type and evidence of blow-up of concentration type for the solution € of a conservation
law with partially nonlocal velocity. Our analysis will consider both measure initial data

and measure initial data of weak-Morrey type.

Positive flux

We determined a numerical solution with a mesh grid cells m = 100 and a
mesh grid refinement m = 250 for a conservation law with partially nonlocal velocity
and positive flux. These results are shown in Figure 8 and Figure 9, respectively, with
weak-Morrey initial data. The machine simulation time was approximately 2 days and 15

days, respectively.

To better visualize the qualitative behavior in Figure 8, we have kept the Z
axis fixed. In the top row of Figure 8 (from left to right), it can be observed that as time
progresses, the height of the weak-Morrey profile decreases along the gradient and the
first signs of the diffusive process are seen. At the bottom, a similar pattern is observed.
While the Z axis remains fixed, we cannot precisely discern the height of the profile of
the solution. However, referencing the color bar in each image makes it apparent that the
height of the weak-Morrey profile diminishes, displaying diffusive behavior. As a result,
we have obtained evidence of regularization of attenuation type for the solution 6 of a
conservation law with partially nonlocal velocity and positive flux. In Figure 6, we have an

identical numerical solution for the same model with a mesh grid refinement.

On the other hand, in the upper part of Figure 9 (from left to right), it is clear
that as time progresses, the height of the solution profile decreases along the gradient
and the first signs of the diffusive process are seen. In the lower part, we observe a
similar pattern; although the height decreases to a lesser extent, the gradient continues to
decrease and now the diffusive process is more. Consequently, we have obtained evidence
of regularization of attenuation-type for the solution @ of a conservation law with partially

nonlocal velocity and positive fluz.
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Figure 8 — Numerical simulation for 6,0 + V - (OAS 'H,0,0AS '"Hy0) = 0 with a weak

Morrey initial data, o = 0.5 and mesh m = 100 for a sequence of times
T = 0.0001,0.1,1,4. To better visualize the qualitative behavior, we keep the Z
axis fixed. On the top, you can observe a decrease in height and the initiation
of diffusion in the numerical solution as time evolves, while on the bottom the
numerical solution shows a diffusion-smooth and minimal reduction in height
as time evolves. Evidence of attenuation of regularization type.
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Figure 9 — Numerical simulation for 0 + V - (OAY " H10, 0N ' Ho0) = 0 with a Gaussian

initial data, a = 0.5 and mesh m = 250 for a sequence of times T = 0,0.1, 2, 8.
On the top, you can observe a decrease in height and the initiation of diffusion
in the numerical solution as time evolves, while on the bottom, the numerical
solution shows a diffusion-smooth and minimal reduction in height as time
evolves. Evidence of attenuation of regularization type.
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Negative flux

We determined a numerical solution with mesh grid cells m = 512 for a
conservation law with partially nonlocal velocity and negative flux (3.113) with weak-
Morrey initial data. This result is illustrated in Figure 10 and the machine simulation
time was 32 days. Examining the early times, we can observe a subtle numerical diffusion.
At the bottom, we can see that the height of the numerical solution increases along the
gradient and the concentration process as time passes. As a result, we have evidence of
blow-up type concentration for the solution 6 of a conservation law with partially nonlocal

velocity and negative fluz.

An important observation is that for all simulations in this chapter, we used
CFL = 0.5. However, in the simulation shown in Figure 10, we used C'F'L = 0.125. This
adjustment was necessary because, for a value close to C'F'L = 0.5, there was instability

in the numerical solution.
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Figure 10 — Numerical simulation for 6,0 + V - (A H,0, 0AS ™ H,0) = 0 with a Gaus-
sian initial data, o = 0.5 and mesh m = 512 for a sequence of times
T = 0.0001,0.001,0.02,0.024. This simulation is divided into two columns,
with simulations in the right column being a zoom of the simulations in the
left column close to the origin,aiming to see the evolution in the singularity of
the numerical solution. We have evidence of blow-up of concentration-type.
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3.6 The Model of a Conservation Law with Partially Nonlocal
Velocity with Rotation

The work by [38] and [47] can be interpreted as addressing the one-dimensional
SQG. Our primary question is whether we can derive the SQG or gather meaningful
information by extending these prior works to two dimensions. This extension involves
working with nonlocal partial operators in the velocity field, precisely the partial Hilbert
transform and the partial Riesz potential. This gives rise to the inception of a conservation
law with partially nonlocal velocity, and, as observed in the previous section, the numerical
and theoretical outcomes of the 1D case are maintained. As observed, for the velocity field
of a conservation law with partially nonlocal velocity to exhibit some similarity with the
velocity field of the SQG equation, a rotation is absent in the coordinates of our model’s
velocity field; doing this rotation, we obtain a new model which we will call the model of a
conservation law with partially nonlocal velocity 3.114. Our current inquiry is whether this
model can provide theoretical and numerical insights into the well-known SQG equation.

The answers to these questions will be elucidated in this section.

00+ V - (—OASHo0, 0N H0) = 0, (2,y,1) e R2 x R,

(3.114)
‘9(‘7;7 Y, 0) = 007

where AY ! and A§! are the partial Riesz potential, which are given by (3.3) and (3.4)
respectively, H; and H, are the partial Hilbert transform, which are given by (3.1) and

(3.2) respectively. Furthermore, the initial data 6 is in L”.

The well-posedness of the model of a conservation law with partially nonlocal
velocity with rotation is assured by the well-posedness of a conservation law with partially
nonlocal velocity, as established in Theorem 2. This guarantee arises from the fact that we
are merely altering the order of the coordinates in the velocity field. Consequently, the

calculations in the proof of the theorem will remain equivalent to a constant factor.

3.6.1 Numerical simulations for the model a conservation law with partially

nonlocal velocity with rotation

To perform a numerical study of the model of a conservation law with partially
nonlocal velocity with rotation (3.115) and deepen our comprehension of the nonlinear
and nonlocal interactions within the Besov spaces type, we have developed a robust
and coherent methodology for addressing model (3.115) within a finite computational
domain Q = [a,b] x [¢, d] analogous to a conservation law with partially nonlocal velocity.
We describe our numerical experiments concerning the model of a conservation law with
partially nonlocal velocity with rotation : 0,0 + V - (—OAS "Ho0, 0N 'H,0) = 0.
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So, we proceed to rephrase model (1.3) within the computational domain
Q = [a,b] x [¢,d]

00 + V - (—OAST H0, 0A°TIH0) = 0, (2,y,t) € Q x (0,T],
0(x,y,0) = f(z,y), (x,y)€Q,

(3.115)

where f(x,y) will be a

(I) the 2D Gaussian pulse with compact support initial condition
1 2 2
flz,y) =~ exp{_w}
s 8

(IT) the 2D positive negative initial condition,

g(z,y) = 3xy exp{_W}’

(ITT) h(z,y) = w(z — 3,y) + w(z + 3,y), where

1
Zexp{—} iyt <1
w(,y) = 1—2%—y? ,
0 R T |
(IV) k(z,y) = ¢(z — 3,y) — ¢(z + 3,y), where
2, .2
exp{—(x +y )} c 2yt < (2.8)
((z,y) = 5
0 ca? 4y = (2.8)

Simulations

In this subsection, we present numerical simulations for the model a conservation
law with partially nonlocal velocity with rotation considering various types of initial data.
The simulations conducted here were performed with mesh grid cells of m = 128 and
m = 256, and the simulation time on the machine ranged from approximately 1 to 2 days.

We expect that for a mesh grid refinement to obtain the same qualitative behavior.

The novelty of the simulations in this subsection is that, along with illustrating
the qualitative behavior of the numerical solution as time progresses, we also provide
the level curves at each stage. This facilitates a deeper understanding of the numerical
solution’s behavior. In Figure 11, Figure 12 and Figure 13, we observe that the height of
the numerical solution decreases decreases, rotating counterclockwise and forming steeper
gradients as time progresses. However, in Figure 14, the height of the numerical solution

increases slightly, still rotating counterclockwise and forming steeper gradients over time.
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i

Computational time 0.00000e+00, 0 time steps with 128 cells

Computational time 0.00000e+00, 0 time steps with 128 cells

Figure 11 — Numerical simulation for 0,0+ V-(—0AS™ "H,0, A H,0) = 0 with a Gaussian
initial data, o = 0.5 and mesh m = 128 for a sequence of times T" = 0, 10, 50, 70.
In the left column, initially, the height of the numerical solution begins to
grow, rotating counterclockwise and forming steeper gradients. In the following
times, the height decreases and continues, forming steeper gradients as time
evolves. Meanwhile, the pictures in the right column, represent the level sets
of the surfaces found at the top. Evidence of attenuation with formation of
abrupt gradients.
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Computational time 0.00000e+00, 0 time steps with 128 cells Computational time 0.00000e+00, 0 time steps with 128 cells

1

-0.2

0.4

0.6

0.8

Computational time 4.00383e+00, 1081 time steps with 128 cells

0.3 e

0.4 <04

Figure 12 — Numerical simulation for 0,0 + V - (=AY ' Ho0, OAS 1 H,0) = 0 with a g(x, y)
initial data, a = 0.5 and mesh m = 128 for a sequence of times T' = 0, 1, 4.
In the left column, the height of four peaks decreases forming two abrupt
gradients in the opposite peaks as time evolves. Meanwhile, the pictures in
right column, represent the level sets of the surfaces found at the top. Evidence
of attenuation with formation of abrupt gradients.
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Computational time 0.00000e+00, 0 time steps with 128 cells

Computational time 1.00012e+01, 343 time steps with 128 cells

Computational time 1.00000e+02, 1820 time steps with 128 cells

Figure 13 — Numerical simulation for 6,6 + V - (—0AS ' H,0, A ' H,10) = 0 with a h(x,y)

Computational time 0.00000e+00, 0 time steps with 128 cells

=]

=]

ge

&

Computational time 1.00012e+01, 343 time steps with 128 cells

8 i

& i
4

5 :
-2
-8

-8 ] -4 -2 0 g 4 ] B
X

initial data, o = 0.5 and mesh m = 128 for a sequence of times 7" = 0, 10, 100.
In the left column, the height of the two peaks decreases, forming steeper

gradients and coming together as time evolves. Meanwhile, the pictures in

the right column, represent the level sets of the surfaces found at the top.
Evidence of attenuation with formation of abrupt gradients.
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Computational time 0.00000e+00, 0 time steps with 256 cells Computational time 0.00000e+00, 0 time steps with 256 cells
8

X

Computational time 1.20306e+00, 388 time steps with 256 cells

1

0.5

5 .
0 5
5 P 0 = 15
Y X k

'
=

Figure 14 — Numerical simulation for 0,0 + V - (—0AS ' Ho0, 0AS 1 H,0) = 0 with a g(x, y)
initial data, a = 0.5 and mesh m = 128 for a sequence of times 7' = 0, 1.2, 3.
In the left column, initially, the height of the two peaks decreases and forms
steeper gradients. In the following times, the height increases and forms an
abrupt gradient in each peak as time evolves. In this case, the peaks do not
join. Meanwhile, the pictures in the right column represent the level sets of
the surfaces found at the top. Evidence of the formation of an abrupt gradient

without attenuation.
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3.7 Geometric Properties of Level Sets in the Model a conservation

law with partially nonlocal velocity with Rotation

In [25], the authors investigate various geometric properties of the SQG sharp
fronts and a-patches. To achieve this, they characterize the interface region (i.e., the area
where discontinuity arises due to rapid transitions between different air masses) using a
closed curve with a period of 27. The objective is to study the evolution at the border
of this interface and, in turn, determine the qualitative behavior of the problem. In this
study, guided by numerical simulations, the authors provide proof for two results regarding
the behavior of SQG sharp fronts and a-patches. Furthermore, they establish that ellipses
are not rotational solutions and demonstrate that initially, convex interfaces may lose this

property in finite time.

Inspired by this work, we attempted to track some level sets for the numerical
solution, and obtain geometric information from these level sets, for this case considering
the Gaussian as the initial data, see Figure 15. As we can see in our simulations, we also

obtained a similar result to [25], see Figure 16.
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Computational time 0.00000e+00, 0 time steps with 128 cells Computational time 0.00000e+00, 0 time steps with 128 cells
8 8
6

4

> 0 >0
-2 -2
-4 -4
L] £
-8 -8
8 6 4 2 0 2 4 6 8 8 6 4 2 0 2 4 6 8
X X
Computational time 1.00242e+01, 255 time steps with 128 cells Computational time 1.00242e+01, 255 time steps with 128 cells
8 8
0.35 0.35
6 6
03 03
4 4
2 025 2 025
>0 02 >0 0.2
2 0.15 2 0.15
+ 01 # 04
-5 5
0.05 0.05
8 8
o 0
8 6 4 2 0 2 4 6 8 8 6 4 2 (] 2 4 [ 8
X X
Computational time 5.00028e+01, 1156 time steps with 128 cells Computational time 5.00028e+01, 1156 time steps with 128 cells
02 2
8 8
0.18 0.18
6 018 6 0.18
# 014 * .14
2 012 2 0.12
>0 01 >0 01
2 0.08 2 0.08
4 0.06 2 0.08
0.04 0.04
5 g
0.02 0.02
8 8
o 0
8 6 4 2 0 z 4 6 8 8 6 4 2 0 2 4 [ 8
X X
Computational time 7.00395e+01, 1522 time steps with 128 cells Computational time 7.00395e+01, 1522 time steps with 128 cells
8 0.16 8 0.16
6 0.14 6 0.14
4 0.12 4 042

n

P
&’

>0 >0

008 0.08
2 2

006 0.06
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Figure 15 — Tracking some level sets of the numerical solution of

00+ V - (—OAS™ "H,0, 0AY " H,0) = 0 with Gaussian initial data, o = 0.5 and
mesh m = 128 for a sequence of times T' = 0, 10, 50, 70. In the left column,
we attempt to trace a level curve at half the initial data is height. As time
progresses, this level curve loses convexity and separates into two different
level curves. Meanwhile, in the pictures in the right column, the level curves
are positioned at the top of the initial data. Here, the level curves also lose
convexity and split into two distinct groups of level curves.
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Computational time 7.00395e+01, 1522 time steps with 128 cells Computational time 7.00395e+01, 1522 time steps with 128 cells
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Figure 16 — The two figures at the top represent the last two simulations described in Figure

15. In [25] the authors study the geometric properties of SQG sharp fronts and
a-patches; in this paper the SQG is given by 0,0(x, y, t)+u(z,y,t)-VO(z,y,t) =
0 with u = (—R20, R10). The four figures at the bottom were taken from [25]
and are simulations of the evolution of the ellipses with, the patch with initial
data z(x) = (cos(x);3sin(x)) displays a combination of a rotating motion
with a smaller scale oscillation which leads to loss of convexity. As we can
see, both simulations start with a regular and convex geometric figure; as
time passes, these simulations lose convexity and form two types of deformed
ellipses.
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4 The Surface Quasi-Geostrophic Equation

In this chapter, the aim is to establish the local well-posedness for the invis-
cid surface quasi-geostrophic equation SQG (4.1) in the framework of modified Besov
weak—Morrey spaces, which are modeled in Besov spaces and the underlying norm is of

weak-Morrey modified space rather than the usual weak-L? space.

The SQG in non-conservative form is given by

615‘9 +v- V@ =0
0(x,0) = Oy(x)

(4.1)

where 6 = 0(x,t) is a scalar function, # : R? x [0,0) —> R, represents the temperature
potential of the fluid, and v = (v, v2) denotes a velocity field such that Vo = 0. The
relationship between v and 6 is through the Riesz transforms, R; and R, using the

following expression:
v =RY = (R0, R10) = (—02(—A) 20, 8,(—A) 20)

here the operator A is the Laplacian.

The geostrophic theory describes the dynamics of large atmospheric and oceanic
currents through the balance between the Coriolis force and pressure gradient within
a rotating fluid. In [60] it delves into this theory, explaining how it can be applied to
understand large-scale atmospheric and oceanic circulation. However, it may not capture all
aspects of fluid motion at smaller scales or in more complex systems. The quasi-geostrophic
theory is an extension of the geostrophic theory, which acknowledges that at smaller scales

or in situations where factors other than the Earth’s rotation may be significant.

The SQG comes from atmospheric science and describes the evolution of the
potential temperature on the surface. Therefore, this equation describes the evolution
of cold and warm air fronts in a thin layer in the atmosphere. For this reason, the SQG
has applications in meteorology and oceanography, playing an important role in weather
forecasting and improving understanding of the temperature evolution of geophysical flows

and, particularly frontogenesis in atmospheric flows [27, 31].

Constantin, Majda, and Tabak introduced the SQG equation to the mathe-
matical community in [31], conducting numerical and analytical studies. Additionally,
the SQG exhibits an analogy with the 3D Euler equations. So far, the mathematical
study of the SQG has been divided into two significant cases. The first is the inviscid
case (4.1), probably the most straightforward dynamical scalar equation. However, the

global regularity problem remains open. In [31], it was established the local well-posedness
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and blow-up criterion of (4.1) in Sobolev spaces. The exciting fact about [31], is that the
authors also make a numerical study of the problem besides being the first theoretical
study. Subsequently, there are various results available in different function spaces. For
instance, on the Morrey spaces in [69], on the Triebel-Lizorkin spaces in [26], on the Besov
spaces in [67], on the Triebel-Lizorkin-Lorentz spaces in [71], on the Besov-Lorentz spaces

in [73], and recently it has been found in generalized spaces by [72].

The second case considers the dissipative term x(—A)%# in the equation (4.1).
In this case, it was studied the global well-posedness problem. More precisely, the study on
the dissipative SQG unfolds in three directions: the sub-critical case o > 1/2, the critical
case a = 1/2, and the super-critical case az < 1/2. For more details of the sub-critical case,
the reader should consult [33] and [62]. In [30] it addressed the global regularity issue for
the critical case; in particular, it obtained a global existence result of the solution under a
smallness condition on the initial data. Since then, global existence results for small initial
data have been obtained in various functional settings, e.g., in Sobolev spaces in [34, 57,
Besov spaces in [29, 1, 26, 70]. Two papers exist that resolve entirely the global regularity

problem without a smallness condition. One is in [52] and the other in [24].

As noted earlier, the well-posedness theory of SQG in the dissipative case has
undergone thorough investigation in previous years. Numerous authors have successfully
addressed global well-posedness, particularly for critical cases, as documented in references
[52, 24, 32, 1]. Nevertheless, limited attention has been given to the super-critical case,
with only a handful of papers, such as [37, 51, 64], delving into the discussion of eventual

regularity.

Recently, the dissipative case has been examined in various types of spaces, with
intermittent regularities discussed in the following papers [53, 55, 68, 21, 66, 20, 15, 18, 35].

In this chapter, the aim is to establish the local well-posedness and blow-up
criterion for (4.1)within the framework of modified Besov—weak-Morrey spaces. These
spaces are based on Besov spaces, and the associated norm is derived from the weak-Morrey

Modified space, as opposed to the conventional weak-L? space.

4.1 Commutator Estimates in Modified Besov-weak-Morrey Spaces

In this section, we present the commutator estimates in modified Besov-weak-
Morrey spaces defined in [42]. In addition, such commutator estimates are linked to the
bilinear term u - Vv, considering V - u = V - v = 0. In this work, we verify that for these
preliminary results and lemmas, it will suffice that only one of them has null divergence;

in this case, V - u = 0. Let us define the commutator term

R;(u,v) = Aj(u-Vv) — S; ou-VAjv, (4.2)
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for u = (uy,--- ,u,), such that V-u = 0 and v is a function. It follows that R;(u,v) can

be decomposed as

4
Rj(“? U) = Z R;(ua U), (43)
i=1
where
R}(u,v) = Z AjTakak:»
k=1
R?(u, v) = — Z[Tukaka Ajlv,
k=1
R?(u, ’U) = Z TUk*Sj72uk:akAj(U7
k=1
Ri(u,v) = > {A;R(ug, o) — R(Sjaup, A;opv)}

B
Il

1
with [T, Ok, Aj]v = Tukakﬁjv — AjTu,ﬁkv and R(u,v) is the rest of the paraproduct of u
and v. Let us to check equation (4.3).

By using Bonny’s decomposition (2.3), we can write

Aj (U : VU) = Aj Z ukﬁkv = 2 [A]Tukak'l} + AJ’Takvuk + AjR(uk, 6kv)]
k=1

k=1

and
ijgu-VAjU = 2 ijgukakﬁjv = Z [TsHuka,cAjv + TakAjijﬂUk + R(ijguk, akA]U)] .
k=1 k=1

Subtracting the last two identities and introducing the term T, 8;@Ajv, we get

Aj(u : VU) - Sj,QU : VA]‘U = Z{— [Tu,ﬁk, AJ:I U+ Tuk,‘gjizukak&j?} + AjTakvuk

k=1

— TakAjij,QUk + AjR(’LLk, 8kv) — R(ijguk, akAﬂ))}

The result follows from the fact that T;, 5 ,Sj2ur = 0. In fact, by the definition

of operator T,

Takﬁjvsj—Wk = 2 (Sj’—2AjU)(Aj' j-2Uk).

=2

The operator S '/,QA]- vanishes when j > 5, the last assertion holds true.
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We start estimating R]l (u,v): using Young’s inequality and Holder type inequal-

ity for modified weak-Morrey spaces, we can estimate as

HRl v HWMl = Z Z HA 20k, 'uk)HW/\hg,

k=11]j—j'l<4

<03 ¥ [satinbsm], g
k=11j—j'|<4

2 2 ISratieiluel[ Byl g
k=1 |<4 p

By using the definition of R?(u,v) and the orthogonality relations (2.1) and
(2.2), we have

R?(u, U) = — Z [ijfgukak( _j/AjU) — Aj (Sj/,QUkAj/akU)]

Thus, rewritten the previous equality in terms of their kernels, we get

R3(u,v) = — Zn: > J ) G2 (x = ) [Sy—our(r) — Sy—aur(y)] Al jv(y)dy

=113
=31 % 20 [ A= o) S aus(e) — Syan) Byo(o)dy
k=11j-j'|<3

(4.4)

where in the last identity, we have used by parts integration together with the fact that u
is free divergence. Now, notice that the fundamental Theorem of calculus allows us to get
the identity

Sy _gup () — Sy_auk(y f V(Sj—auk)(z +7(y — x)) - (y — z)dr,

this implies, via the Cauchy-Schwartz inequality, the estimate

|Sjr—2ur(x) — Sy—2ur(y JIV —oup)(@ + 7(y — 2))|ly — 2ldT < [|VSj_su]| o]z — yl-
(4.5)

Inserting (4.4) into (4.5), it follows the direct estimate,

Buol<Y 3 20 [ 16s@ 6 )2l - vl V.

k=11j—j'|<3
Now, by taking the norm and using Young’s inequality for modified weak-Morrey spaces,
we arrive to

| B3|, < CIVE@) - 2l Vall o [0l g - (4.6)

WM,
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By the definition of R;’ (u,v), the orthogonality relation (2.1) and the homoge-
neous Littlewood-Paley decomposition, we get

n

Rj’(u, U) Z Z S'/,Q(Uk — ijguk)akAj/AjU

=1j22,|5—-j5'|<1

= Z Z Sj/_z ( Z A k> akA Ajv
b= 2l 1< m=j-2
n j—1

= Z Z 5kA]/AjU Z AmS]’—Quk

T
s
3
<
|
[\

So, by taking the norm and using Hoélder’s and Young’s inequality, as well as

Bernstein-type inequalities for modified weak-Morrey spaces, we obtain

HR?(U,U)HWMZ \CZ > Z [CENZN UHWM A Sy ou|
k=1j4>25— ]|<1m j—2
CZ Z Z QJHA UHW/\/N A m -2k |
k=1422,|j—j|<1m=j—2
Similarly, the R? can be estimated as
71
| 0]y Z 2 [Araiael, X |Ansi s, g,
=1j5'>2,|j-j'|<1 m=j—2 !
j—1
<CZ Vel D HAmsl,,QukHWl. (4.7)
k=1'>2,|j—j'|<1 m=j—2 '

Finally, by the definition of R?(u, v), the derivative of the product with the

fact that u is free divergence, and adding and subtracting the term
n — — —
Z Aj Z AZSj_Quk Z Allﬁk?},
k= =1 li—|<2

we have

R?(U,U) i A Z A uk— Quk ( Z AyU)
k=1 I=—

li-'|<2

i Z AJ,AlSJ 2’U,k ( Z Ay@;ﬂ))

lI—-|<2

—11
= R} (u,v) + R (u,v).
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In the R?’l(u, v) from the homogeneous Littlewood-Paley decomposition, the

=Z 2 Z Ao Z Apv
>

orthogonality relation (2.1)

li—1|<2

akA] A(uk— j_guk> Z Al/U.

k=1 1=j-3 l—U|<2

Now, by taking the norm and using Young’s and Holder’s inequality for modified weak-

Morrey spaces we arrive to

| gy < 23 3 €

5k {Al(uk - Sj_QUk) Z AZI’U}

k=11=2j-3 [1-V)<2 W/\;llp
n
C Z lﬁkAl U — ] guk Z Al/’U
k=11=j— [1—U'|<2 W/\;li,
+ C Z Z HA[ Uk — j 2Uf H 5‘k Z Al/’U
=11z5-3 [l=V)<2 L~
n —_
Z HAlakukHLw + 1S 2]l )| Y, Avw
ke=11>i— [1-1'|<2 W./\;lé
n —
+CZ (HAlukHWMé + ||SJ_2AZU’]€||WM§,) Z HAl/akU'LZ‘
k=11=j5-3 [1-V)<2
B n
<COIVull 35 || >, Awe +CIVolle D5 D) 1Akl v
IZj-3 |||I-l'|<2 k=11z=j5-3

WM,

In R?’Q from the definition of commutator operator, we have

R?’Q(U,U) = Z {A] (AlSj_guk Z Ayﬁ]ﬂ)) - AlSj_QukAj Z Alﬁkv} .
-1

l—1'|<2 lI—1'|<2
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Notice that,

supp {Aj (AlSjguk Z Ap&]ﬂ))}
li—U|<2
zsupp{goj (AlSj_QUk Z Al/é’kv> }
11| <2

C suppg; N supp <Al5j_2uk Z Al/é‘kv>

lI—1|<2
C {

3 3 8

:72l+2 < < 721-&-3

< <grlafe g <ig <]
3 8
{s S <l <

the last equality is because j =,1 4+ 2,1 4 3,- - -. Furthermore,

supp (AZSjQUk Z Ay&;ﬂ))

i—-]<2
= Supp (@l%’ﬂfbk * Z (Az'ﬁkU)A>
l—r|<2

< supp(@ityj—2) +supp Y| @r(dv)”
-r|<2

< supp(1) N supp(¥j2) +supp Y. gp
= z'\<2

S R SR I AR
c{£:i2l<|£r< 2’}+{£:i2’2 6l < 2”2}

3 8
. 72l+2 < < 72l+3 ]
c{edem <<

w

3
Sl < el <
={e: 32 <1

w| oo
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On the other hand,

supp {AlSjQUk . Aj Z Ayﬁkv}

li—1|<2

ZSUPP{(AZSJ 2Uk) *( Z Al@ﬂ) }
=<2

< supp(prhj—atix) +supp > @y (Ov)”
lI—r|<1

= supp(py) N supp(j—2) +supp | @jor (v)"
i—1|<1

3 8 3 8
. 72[ < < 72[ . 72[—1 < < 72l+1
={edrcia<iz) el <ia <]

So,

U) = i Z [Aj,AlSj_guk] ( Z Ayﬁ]ﬂ])
k=1j>1+1

=1/ <2

Thus, rewriting the B in terms of their kernels, we get, by using the integration

of the parts, together with the fact that u is free divergence

B= 2]’"J¢<2j(x —)AS2ur()de D, Avv(y)dy

I—1'|<2

— AlSjguk(')anf (2j T — 5k Z AIIU
-] <2
=2 [(6(2/@ ~ ) (EiS)-2u) - BiSan@)a Y, Brely
i~ <2
—2itm+1) J5k¢(2j (2 = PHAS; 2ur(y) — AS;aun(x)} Y, Avv(y)dy
-] <2
— _9i(nt1) Jakg5(29 (x — 1)) {f Z NS 20mup(x + 7(y — ) (Ym — xm)dr} X
0 m=1
D Avu(y)dy
—]<2
n el
— _9i(n+1) f&kgb(? (x —y)) { Z J A1S;_20mur(x + 7(y — 2)) (Ym — xm)dr} X
m=1v0
Z Apv(y)dy
—1']<2

— Z J&kgb(z)zm{J AZSJ 2Oty (x — 277 27)d } 2 AZ/U r—272)dz
—1

li—1|<2
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in the last equality, we used the variables change with z = 2/(z — y).

Now, by taking the norm and using Hoélder’s inequality for modified weak-

Morrey spaces in R? (u,v), we arrive at

HR?’Q(U,U)HWA%< i D f||6k¢(z)zm|]“ Ll |A18) 20z = 2772 rdrx

keym=1j>1+1
Z AZIU(I—2_jZ) dz
1-U')<2 -
= WML,
n 1 _ B
<C Z Z JJ HAZS]‘_QﬁmukHL%TdT Z Apv(x —2772) dz
km=1j>l+1 0 [I—V|<2 WML
P
n — —
<C Y Y | At || D) Aw
kom=1j>1+1 1-U']<2 -
J | | WM,

Lemma 6. (Commutator estimates) Let 1 < p < oo, 1 <l,r < oo, p <l and let
V.-u=0.

1. Assume that p > 0. Then, there exists a universal constant C > 0 such that

27| Ry (u, v)

sy, <€ (19l oy + IVl 0l gy ) (48)

where we consider the usual modification for r = co.

n n
2. Assume that s = — + 1 and that r =1 in the case s = — + 1. Then, there exists a

p p
universal constant C > 0 such that
2js||Rj(UaU)||wMé - < O”UHBWM;’; UHBMMQ; (4.9)
2j(8_1)||Rj(UaU)||WMIID o < C”“”BWMQ;‘IHUHBMML’? (4.10)

217D R; (u, v) (4.11)

HWM; I < HuHBW/\?li;fTHUHBMMlpﬁ—l
where we consider the usual modification for r = co.

Lemma 7 (Product estimates). Let 1 <p <l <o, 1 <r <o and p > 0. Then,

ool oy sz < CQlll o 10l g+ 1l 0. (4.12)

forallu,v e BW./\;li,’ﬁ N L*. Moreover, considering p < o0 and assuming either s > n/p+1

with 1 <r <o ors=n/p+ 1 with r =1, we have that

Hu ) Vv||]3wj\}1gf;1 < CHUHBW/\Zé;fflHUHBW/\}zi;fT? (4'13)

for all u € BWM;;ffl and v € BWM;‘;
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Proof. Proof of inequality (4.12) is given in [42]. We will prove inequality (4.13). From
inequality (4.12) and the homogeneous Littlewood-Paley decomposition of u and Vv, we
have
Hu : VUHBW/\X;;ffl < O(HUHL@HVUHBWMfol + ||u||BW/\}1§;f;1HVUHL‘1)
”VUHBWM;;ffl + ”uHBWMﬁ;ffl

(g, )

j>—1
<O X 35, s 3 [8,50],.)
j=—1

Z AjVU

j=>—1

i1
I
< O(HVU“BWM’p’fr‘l Z o2 AjuHWM;
jz—1
+ ||UHBWM§;,5;1 Z c2'r AjVUHWMl)’
i>—1 '

in the last inequality, we have used inequality (2.7). Now, by using Holder inequality for

sequences, it follows that

I VU”BWM;;;Tl <C (HVUHBWMi;fflHuHBWMi;ffl + ||U||BWM§;§51HVUHBWMi;,Tl)
< OH““BWM;;’ST,—l HUHBW/&@;’

in the cases asserted above. The last estimate follows from the Bernstein inequality
(2.6). O

42 On the Well-Posedness of the SQG in the Modified Besov-
Morrey Spaces

In this section, we present our research’s other fundamental theoretical result,
which is the well-posedness of the SQG in modified Besov-weak-Morrey. Theorem 3
guarantees the existence, uniqueness, and continuous dependence of the solution of the

SQG equation in this space.

We start with a generic result that will be useful in the rest of this section.

Lemma 8. Let us consider 1 < p <1< o0 and u = u(x,t) for (x,t) € R" x [0,00). Assume
that ug = u(x,0) € W/\;li, and

o+ v-Vu=g(v,u
t g9(v,u) (4.14)
v ="TRu
where, R*u = (—Rou, Riu) and V -v = 0. Then there is C > 0 such that

a6l e < Cltoll s

t
+CLQMmgmmmmmwmwmmwvmwwgm.Mﬁ)
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Proof. Applying the operator Aj in the first equation of (4.14), adding and subtracting

the term S;_ov - Vﬁju, we obtain

P _ _
%Aju + S;_0v - VAju = —Rj(v,u) + Ajg(v, u).

Since V - v = 0, we immediately conclude that V - Ajv = 0, leading the system:

g - _

A Cv-VAu = —R. A

étgu—i—S; 2v - VAu Ri(v,u) + Ajg(v,u) (4.16)
. j'U: .

Let us consider the flow X : R" x [0,00) — R" associated with the initial

value problem

d
%XJ(I‘O?t) = Sj,Q’U(Xj(IOJt)7t) (417)
X (x0,0) = o

From chain rule, and considering (4.17) and (4.16), we have

d - _ _ _
%Aju (Xj(zo,t),t) = VAju - S;_90v — Sj_ov - VAju — Rj(v,u) + Ajg(v,u)
= —R;(v,u) (X;(wo, 1), ) + Ajg(v, u) (X;(zo, 1), 1) .
Integrating from 0 to ¢ and applying the norm ||-||,;, v, We obtain the estimate
B B t
| 850 (X(@o, 1)), o) < [[A5u (X5(20,0),0) o, + f (1B (0, 1) (X0, 7))y e
p P 0

+ 4900, w) (X0, 7), 7)), 0 )T (4.18)

WM,
Since V-S;_ov = 0, we know that X (-, ¢) is a volume-preserving diffeomorphism

for each t > 0 with Lipschitz constant v > 1. From Lemma 4, there exists a positive
constant C; = Cy(n,p,l,v) and Cy = Cy(n,p,l,~) such that

[35u)],, g, < C1)Asu (Xa‘(f‘fmt)vt)HwM; < OfHAju(t)HwM’p

G5 [Rs9 )My g, < |Bi, ) Kio, 1)) < CoBig o))y

Then, multiplying by C; in (4.18) and using the last result, we obtain

800, = ], [ 1R 00 (5207

+ G| Ay, u)(7)|| o )T

WM,
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So, we multiply by 2’° on both sides of the inequality,and on the right side way, apply the
sequence norm [” (recall that Aj = 0 for all j < —2), from Lemma 6 and again by Lemma
4, we get

t

(

||u(t)||BWM§;; < OleUOHBWMﬁ;,‘i + le

) 27| Rj(v, u) (Xj(20, 7), T) gy,

[r
+ Callg (v, u) (T)HBW/\}(i;;)dT

t
< Cllunlanss, + € [ (10060, e 1 (X .7 s,
: ,

g, ) (1) s

t
< Cllwll i, + € | (1O v,

() oy s, + 1900, ) () s, ) I
]

Now, we define the sequence (6™),,>1 as the solution of the following iterative

scheme

9 gm+1) 4 m)  wgm+D) _
ot
o) — RLym) (4.19)
e(m-i-l)(l,’ 0) = S(m+1)907

with %) = S,6,. The following lemma guarantees that the sequence (0™)m=0 is bounded

in the Besov-modified-weak Morrey framework.

Lemma 9. There are T > 0 and a constant C > 0 such that

o]

.. <C; forallm=1.
LE(BWM)
Proof. Notice that, system (4.19) is a particular case of Lemma 8 with u = o+ 4 = (™)
and g = 0. Then, it follows that

dr.

t
He(mﬂ)(t)HBWM’pﬁ S OOHHOHBWM?? + CHU(m)‘ LE (BW M) L Hemﬂ (T)HBWML’ST

By applying Gronwall’s inequality (integral version), we have

0" D) e < Clollgwae 20 (Cl™ e sy T (4.20)
BW Mgy, P, T ( P, )

where 0 < t < T. Notice that so far (4.20) was obtained from the application of the
Lemma 4, which in this case can only be used if X" for all m is the volume-preserving
diffeomorphism associated and Lipschitz continuous function with the constant of Lipschtiz
v = 1 (see the proof of Lemma 8). To prove the general case, first note that S; 0™ is a
Lipschitz vector field provided that Vo™ € LF(L*(R™)) and taking L’ as the Lipschitz
constant of S;_»v™, we have that, in general, the function (ij)i is Lipschitz continuous

on the second variable, this will be shown with the help of the following affirmation.
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Claim 4.2.1. HVS]-,QUT”HL% < CvamHBW/\Xé’S._l? where Ly = L7 (L*(R"))

In fact, from the homogeneous Littlewood-Paley decomposition, Young’s in-

equality and Lemma 3, equation (2.7), we get

HVSJ;QUmHL% < Z HijZ(Ajvvm)’

j=z—1

S Z CHAjvvaL;@

jz—1

<C ) 27

j=—1

Lf

Ajwmuww (4.21)
and by hypothesis, we have the following cases:

1. Ifr=1thens=ﬁ+1,thatis,s—1=ﬁ.Hence,wehave

D D
¢ X 2 An| o, =€ 3 Pe A v
j=—1 P j=—1 P

= OV | gy ot

n n
2. If r > 1, then s > — + 1, that is, — — s + 1 < 0. Hence, from Hoélder’s inequality
p p

AvamH <

WM,
r—1 %
<(ZRer) " (B

j=—1 j=—1

j/Z L [N

3, 2

j=—1

< OvamHBWMé;Sfl‘

Hence, from (2.13), Claim 4.2.1 and Young’s inequality, we have

t

!
xm +1 —(Xxm +1 < J;)LdT —
(X2 (o, 1) = (X2 (o, 1)] < e 20 = yo

t
_ efo ||VSj—2Um||L3§‘(L‘7~‘(R2))d7—

|zo — yol
< I
< e WV g o 2o — Yol
< eCTHU"L”L%(BWMﬁ;j) 2o — Yo
that is, for 0 <t < 7', we have
G ) = G o )] < e D g — . (4.22)
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Now, we show that for a T' = T, the sequence (™) is bounded in the space
L (BWMES).
So, from Young’s inequality and choosing a suitable L for our 6y, we get

el(t) ~ls HSleOHBW/\}HvST
BW My P,

< L6 (4.23)

||BWM§;§

Claim 4.2.2. llvaLT;(BwM;;;) < HRLH 19l (o st where HRLH — max{||R4|[, || Rz}

In fact, as A_y f = F' (¢ f), Aj = ]-"_l(gojf) V;>0 and R =F""! (TZ@),
then follows that

ARHO™ = RTA0™.

On the other hand, in [42], it was shown that the Riesz transform is bounded
in the framework of modified Morrey spaces W/\;lfp (see Lemma 2.3); with this fact, we
show that the sequence of variables (0™) limits the sequence of the speed field (v™) in the

framework of modified Besov-weak-Morrey spaces B W/\;lésr

i
10" | gy s = || R emHwa;ﬁ«

= ||27°| A;R-O™

WM |

= ||27¢

REA0™|

WM.,

AjemH

r
n .
<=2

WM |

_ L
= [ R0 -

Let C >0, T, > 0 and + such that

C
L6015, < 777 (4.24)
L exp{LC’Tg} <C (4.25)
2[R
eXp{CTQC’} <y (4.26)

_ C
~l,s .
(BWMg5) = HRLH

Claim 4.2.3. For T' =T, and m = 1 we have ||0™,
Ty

In fact, for m = 1 de (4.23) and (4.24), we have

|0t < Lll6oll sy s

BWMYS
C
2[R
C
IR

<

<
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Assuming it holds for m, we now show that it holds for m+ 1. So, from equation
(4.22) and (4.26),

Ta|[v™] -
C 2Hv ||L’1/"2 (BWMi;,ST)

(X7 (0, 1) = (X7 (o, )| < e

CTz||R*|| o™
€

‘330 —yo‘

A

1 c
< 6CTQH’R H TRL]] |$0 . y0|

< v|xo — Yol

for j = —1 et € [0,T,]. Hence (4.20) is true, from the Claim 4.2.2 and (4.25), we have

HH’”“@)HBWWi < L0l gy s eXp{L o™, (BWM?ST)B}

< Ll60l s, D { EIRNO g (i) o)

oY

<

&
2R QXP{LHRLHHRLHTQ} <

O

Theorem 3. Let 1 <p <o, 1 <l <o and p<I. Assume either s > n + 1 with
p

n
l1<r<wors=—+1withr =1.
p

1. (Existence and uniqueness) For 0y € BW./\;li;fr there exists an existence-time T > 0
such that IVP (4.1) has a unique solution

fe L® ((0, T); BW./\;li;;) nC ([07T]; BW/\;li;f’,fl) '

Moreover, 0 € C ([O, T|; BWM;ST) provided that r < 0.

Proof. On the other hand, from (2.9) and (2.6) of Lemma 3 and Young’s inequality, we
get

T B e LA

WM,

< C27 | A A 160,
< 02V Atu, g,

then,

Ly

AN H = )
H MmO gy ot WAL (],

< |27 207D | A6

WMl

< 02—(m+1) 2js

a0

WM [l

< C2 ™ olly s -
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Claim 4.2.4. The sequence (™) is Cauchy in the space L}‘%(BWM;;), for some T3 €
(07 TQ] :

In fact, for any m > 2, subtracting (4.19),, and (4.19),,,1, and adding in both

sides of the term v™ - VO™, we have

;(eerl em) L™ V(eerl _ em) — (,Umfl _ ,Um) VA

V(o™ — o™ = REO™ — 0 ) (4.27)
9814_1 - 06” = (Sm+1 - Sm)eo

Notice that system (4. 27) is a particular case of Lemma 8 with u = ™! —

0" v = v™ and g = (v ' — ™) - VO™ For simplicity of notation, we write 2"
Qm-i—l —_gm

m

and w™ =v™ —v™"!. So, we get from the Lemma 7 (equation (4.13))

Cllm )

dr
BWMS™!

t
<C HA 6 H +C5 | lom - zm“H
HBW/\AZP’;‘1 =Tl pw s R 10" L aess

t
+ CQJ ||wm : VGmHBWMé’S_ldT
0 T
< C27™|6,

+ CgT”’UmHL% V4

m+1
It H

+ C2T||wm||L;»‘(BWM§;j—1) 6™

l,s—1 5
(BWM;; ) LE(BWMS)

||L;»‘(BWM§;3)

< O2 " boll gy ase + CTIRNNE™ | v aats |2

pr)

m+1‘

L (BWMg)

+ C2T||R||H@m||L;(BWM§;§) |Zm||L;(BWMéSr Y
< C2 ™6y

+ C3Té”2’m+l‘

I BWMS,

+ CZTCHZmHL%‘(BWMé’ﬁTI)a

o0 l,s—1
LE(BWMg )

then,

i

< C27™|6, + C5TC|zm |

L 5 _
LEBWMS™) H BW My LE(BWMS)

+ CTC2" | e pwaatay-

—_

Consider 0 < T' < T such that C57C < =, and we get

\)

H m+1 ’

pwasy S €2 M0l pwangs + IO g pwagyry:

~ 1
By restringing a little more, if necessary, to 2C,TC' < —, we obtain the estimate

[\)

m+1 < —(m—1)
HZ L (BWAMGSTY) ¢ H%”sz;;f;

*IIZmHLv (BWA)
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for all m > 2. By an induction argument, it is easy to get that

HzmHH < C||6o m—1)27(m=Y 4 2_(’”_1)“22’

I, . —
L (BWMGST) ”BWMp,Sr ( L, (BWMGSTY

for all m = 2.

It is a standard argument to show that sequence (6™),,>; is Cauchy. In fact,

for m > n > 2, we can compute

m
7 =g i <

[ay

z

i+1’

LF, (BW M5

m—1
S yo—(—1) | o—(i—1)|[.2
< Z; <CH90HBWM;;;(Z 1)27071 4 27615 \L,T[S(wasrl)) .
The convergence of the numerical series on the right-hand side implies that the right-hand

side is small as desired.

So, there is an o € L%(BWM;j’l) such that 0™ — o in L7, (BWM;;;S,,”).
Furthermore, from Claim 4.2.3, we have that (6™) is bounded in L7, (B W./\;lésr) and from
[42, Lemma 3.6 | the B W/\;lif; has a predual, i. e., there is a vector space whose dual space

(set of all continuous linear transformations on this vector space) is BWM;D";, in this case is

the modified Besov-block spaces, so by the Banach-Alaoglu Theorem there is a subsequence
(0™*) and 6 € L;%(BWM;;) such that 6™ —* 6 in L%(BWM;;;); but that implies that
g™k —* 0 in Ly, (BW./\;léffl), since the parameter s indicates the degree of regularity, then
since L, (BWM;ST) c Ly, (BW/\;li;jfl). On the other hand, as strong convergence implies
weak convergence and from the fact that every subsequence of a convergent sequence
converges to the same element, we have that 6™ — o in L7, (BW./\;li;fr_l) that 0™ —* o
in L7, (BWM;’ffl), then then, by the uniqueness of the weak limit %, we conclude that
0=o.

Then we prove that 6 is a solution of the SQG equation; for each m € N, of
(4.19), we have to

aeerl
— _,m, Qm—i-l
n "V
integrating from 0 to ¢
t
0B, t) = 0MTH(B,0) — f u™ - VO dr (4.28)
0

Since (™) = C ([0, T3], BW./\;li;f;fl) and 0™ converges to  em Ly, (BWMZ:TI),
we have to 6 € C ([0, T3], BW/\;liffl). Taking m — oo em (4.28), we have that 6 satisfies

0(t) = 6, — f Vs (4.29)
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just as wanted.

It remains to show that 6 is continuous in time with values in BW./\;lé”Sr for

r < oo. Considering wy, = Skt with k € N,we have w; converge to fin space Ly, (BWM;ST,)

and
oo () — wr ()l pwrrss. = H2js ASi(6(1) - 9(5))HW/(A; -
= ||127%|1 S, A, (0(t) — 9(5))HW/% .
<C <.Z 2| A;(6(t) — 6(s)) ’M) T

k+1 T
< 02 (Z 21(=r|| A (6(¢) — 6(s)) WM;)

J==

< C2°|0(t) = 0(5)ll g st

Since 0§ € C ([O,Tg];BW/\;lé;ffl), we have wy € C([O,Tg];BW/\;li;j) for each k, and
consequently, 6 € C' ([O, Ts]; BWM;ST) O

4.3 Numerical Study

In this section, our objective is to numerically study the SQG and obtain
computational information, such as global well-posedness, blowing-up, formation of sin-
gularities or formation of abrupt gradients in the numerical solution of the SQG. For
this study, we began in the first subsection by constructing the 2D fully-discrete nonlocal
Lagrangian—FEulerian scheme based on the concept of No-Flow curves to handle the two-
dimensional nonlocal operator Riesz transform R acting on the hyperbolic conservation
laws. The construction of the 2D nonlocal fully-discrete Lagrangian-Eulerian scheme for
this case is similar to Section 3.4.6 based on the new concept of No-Flow curves, which
was first introduced in [12] and has been presented and analyzed successfully for fully
discrete schemes in a solid mathematical foundation. The second subsection will focus
on approximating and numerically validating the two-dimensional nonlocal operator, the
Riesz Transform. In the final subsection, we present numerical simulations considering

different types of initial data.

Let us recall that the SQG in conservative form is given by
00+ V- (OR9) =0
‘9(1‘7 Y, O) = QO(ZEa y)

where 6 = 0(z,y,t) is a scalar function, # : R* x [0,00) — R, which represents the

temperature potential of the fluid, v = (vq, v2) denotes a velocity field such that V - v = 0.
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And the relationship between v and 6 is through the Riesz transform R

v =R = (~Rofl, R1b) = (~02(~L)720,01(=1)730).

4.3.1 A Lagrangian—Eulerian scheme for the SQG

In this subsection, we discuss the new Lagrangian-Eulerian technique with
conservation properties for approximating the two-dimensional initial value problem for

hyperbolic conservation laws, where the flow is nonlocal. This hyperbolic conservation
laws is the SQG,

010 + 0, (—O0R20) + 0,(0R10) =0, (z,y,t) € Q x (to, 1]

(4.30)
9(;1:,y,0) = Qo(x,y), (.Clﬁ,y) € Q’

where, Q c R?, ¢, >0, T =t §>0,and 6y e L (R?) is a not necessarily regular function.

To develop the 2D fully-discrete nonlocal Lagrangian—Eulerian scheme for
solving the nonlocal IVP model (4.30), we first follow an analogous approach to that used
for the Lagrangian-Eulerian scheme in the 1D + 1/2 model, as outlined in [6] and [7].
So, we incorporate the concepts described in [6] and [3] to approximate the solution to
problem (4.30)

11 (Yl (s
y;l x?,l
CE"+1

1
= nily _ mntl 1 1 Yird [Tird n+l
O, y;, 1" ) =0,; =~ Fyfnﬂﬁ L”+12 _n+12 O(z,y, t"")dxdy (4.32)

with the initial condition © (7, 7, 1) = 67, in the cells

0 0 0 0 -
[371_%737“%] X [yj_%,yj_%] for i,j € Z.

It is worth mentioning that the approximation value O(z;, y;, t"*1) is performed over the
region EZ;A.

To build the 2D scheme, we need to define the control volume of the Lagrangian-
i
region R}, and the region FZ;H where the region EZ:I is obtained by the No-Flow curves,

of(t) with 4, j € Z and " <t <t"*'. Then 0D}, = R}'; U S, U F?jl,

Eulerian scheme, D!"., which is a solid in R® formed by the triples (x,y,t) between the

where

« R}, = o} 1 T, 1 ] > [yl 1 i, 1 ] = R? is the entry of the non-flow surface region,
—n-+1 - _ - _ . . .
« R = [ ;Lj; :p’fié] X [y?f%, yﬁé] c R? is the exit of the non-flow surface region,

and
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¢ S R3, is the lateral surface of the non-flow region.

Remark that in the equation (4.31) the 6(z,y,t) is the solution of

00 + (0. (—0R20) + 9,(0R10)) =0, V(x,y,t) € Q x R™.

We assume there is non-flow through the surface S5;’; (that is, Si'; is impervious;
that is natural in many applications [12], [9], [14], [13]). As a consequence, the surface

integral of SZ’»:”]- is zero; that is,

H O(x,y, ") dR; ' = j 0(z,y,t") dRY, (4.33)

f'n+1

referred to as the conservation identity in [6] and [3]. This can be written as

JHMJ‘ ey 0z, g, ") e dy = j J+1/2J' J+1/2 0(x,y, t")dx dy (4.34)

n+1 Zn
Yj—12 Y¥—-1/2 Yi—1/2 j—1/2

At first, we do not know exactly what the no-flow surface S}’; looks like; we only know that
the edge of the ingress coincides with dR}'; in the " plane, and the outlet end of surface
St
family of No-Flow curves, y(t) with ¢* < ¢ < ¢"!, then we will take a 7}, ;(t),%7"1/2(t)

which intersects the "' plane. Let us suppose that the surface S;.; is given by a

representative curve at the midpoint of each side of the edge JR}; and it will be defined

< " such

with the help of the scalar functions, o7, ;(t) and o7, ,(t) Wlth "<t
that for t = t" we have 07y ;(t") = Tit12, 07j110(t") = Yjz172 and these four functions

in time t"*! intersect the plane "™ see Figura 2 . Then to build R, we define the four

1,5
parametric curves,

’Y?J_rl/zj(t) = [Uznil/lj(t)ayjat]T ’ ”YZjil/Q(t) = [be?J_rl/Z,j(t)at]T with ¢ <t <"
(4.35)

So, we have to Vi ;(t), Vi jc12(t) € S}y for ¢" <t < L

By [6], the construction of No-Flow side curves is not unique.

Notice that, for t" <t < t""!, we have that Vit12,;(t) 1s in plane-y;, 71450 ;(t)

is in plane-z;, furthermore

%%‘il/zj(t) = @Uiﬂ/zj(t))oal and @%‘,jﬂp(t) = 07&%;‘4;1/2(75)’1

Similar to a conservation law with partially nonlocal velocity, we obtain the following

initial value problems. It’s clear that the No-Flow curve depends directly on the approach
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of the operator.

_9(0&1/273‘ (), vj t)R29(Uini1/2,j (), 5, t)

02t = AP ORTR) (4.36)
U?ﬂ/zj(tn) - x?ﬂﬂ
and
4 on () = 0(i,07511/0(), )R1O(@i, 0741 5(1), 1)
PTREEE: 0(i,075110(1), 1) (4.37)
oiivipt") =Yl

approximating the o7, 5 ;(¢) and 0}, ,(t) curves by Taylor’s series, we obtain

n n n d n n n
Jii1/2,j(t) = Jii1/2,j(t )+ jtaiil/z,j(t )t —1")

n n n d , . .
Olie1s (V) = Olipp (") + 2001 (8) (E = 7).
Thus, from (3.102), we get an approximation for o7, 12,j (t)

Ofarjaj(t) = Tiyyp + (E = ") fiy oy for " <t <t (4.38)

1

Where, fir—le/Q,j = —R29(Uzni1/27j(t)7y?a t)-
Similarly, from (4.37), we get an approximation for o', (?)

where, ngil/Z = R19($?702jj1/2(t)’t)'

So, a significant finding emerges: the No-Flow curves f, 5 ; and g’} ;o approx-
imate the velocity nonlocal Raf(07y ;s ;(t),yj',t) and R10(z}', 07,1 5(t), ), respectively,

for this conservation law.

Furthermore, the approximation to the control volume D}, is given by

D} = {(z,y,1)] 0?71/2,1'(75) <T< ‘7?+1/2,j(t)7 03j71/2(t) <Y< UZjﬂ/z(t)a " <t <"
(4.40)

The conservative Lagrangian-Eulerian scheme for this case is given for the steps

next.

1. The Lagrangian evolution is given by

e AR o
@Z;r = A(anl)@i’j with A(Rm) = Az x Ay and A(Ri;r ) = Az" x Ay +1
i7j

(4.41)

where

Az™ = Az + (fz‘n+1/2,j - f'nfl/Z,j)At and  Ay"t! = Ay + (92j+1/2 - 92j71/2)At

)
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2. The Fulerian remap is given by

n 1
@ijrl — A(iﬂr‘rl (Kl + Ky + Kg) (442)
]

where K, Ky and K3 are defined as the 1D + 1/2 model along with the CFL

restriction.

4.3.2 Approximation of the Riesz transform

Let be 6 a scalar function, # : R? x [0,00) — R. We know that the Riesz

transform is defined as the integral singular operator,

1 i —Yj

Ry0)w.0) = 5= v [ D Bay (1.3
2 R |7 =yl

where o = (21, 25) and y = (y1, %) belong to R*, t > 0 and j = 1,2.

For h > 0, let be
T = {:B(m’”) 2™ — (g™ 22), where 27 = 20 + mh and 2} = 25 + nh}N
= - =21, 73), 1= 2 = Ty —

a uniform grid on the plane of the (N + 1) cells that determine the closed region

Cr = [2%, 2] x [23, 2)]. Given a fixed z € R? and assuming that the grid must be such

that the function 6(x,t) can be approximated by zero outside C.. Then, for each interior

point z*Y € 7 with k,l =1,--- , N — 1, then we can approximate the Riesz transform on
the plane,

1 ~1 N 1 oy
Ry(0)(@®D, 1) ~ - lim f 0y, 1)y

2 6_)0+ n=0 m=0 ‘I(k D — y“ =€ ||x(kl ||max

B 22 %53 ¥ s

n=0m=0 n=l+1m=0 n=l—-1m=0 n=I—-1m=k+1

1'2 xl yl

max
mQ—e l2+1 :c;f x2+5 :cl—e z2+e xlerl
o) J 10 P P O I W P
27 E_’O+{ zh+e x’f_ zh—e zh—e Jzlte

331 1
H:L‘W)—yll 9( )dyldyQ.

max

As the values of 6(z*" t) are known in each cell [27", 271 x [z, 23%!], then

we can approximate the 0(y, t) := 6,(y) by the zero-degree Taylor polynomial

0:(y) = O(x)", v5) + 010:(&1,§2) (Y1 — &1) + 020:(&1,§2) (2 — &2)
~ O (z7, xh)
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where & € [#7",y1] and & € [z, ys].

On the other hand, note that
=y

_ k .om m+1 n n+1
max—max{‘xl—yl,%—yg‘.xl<y1<x1 and x5 < Yy < x4 }

Then, we have the following approximations

m+1

I‘l _ yl
f J ™ 0y, t)dyrdy,
H:E - y”max
$n+1
~ ||t _ ’ _
~ y n et(% 7x2)dy1dy2
maXyeQ, e
mg+1 m+1
= |2®) —y| t(2)", 5 f J — y1)dy1dys
maxyeQO e
-3
= [0 =y o) [ = ) — = e - )
YyeQ
h _3 m n m m
= §H$(M) - y’ O (27", 3) [(a:]f —a7")? = (2} — af +1)2]
maxyeQO

where Qo = [z, 27" x [25, 251,

LL‘ e k+1 k}

lim | f By, t)dydys

0% vt Hx(k l) _y”max

3 $2 € z§+1
. uw S O e
maxyeq, e—0+
=0
where Qy = [z} ", 2} ™) x [25 ", 2} — €.
$l2+1 k+1

lim f o O(y, t)dydys

SN S Hx% R
l+1 x’f+1
A Hx(k’l) lim f J — Qt( ,xé + €)dy1dys
maxyeQ2 e—0+ l+

=0

where Qy = 2771, 27"1] x [}, 2571].

x2+€ _
. Y1
1 O(y, t)dy d
eg(])qr J Hx(kl ?JHmaX (y; t)dy1dys

=0

3 ZTo+€ Ty—€
- : k k—1 .1

lim (27 — y1)0(x), vy — €)dy1dy,
maxyEQB e—0t xl276 1_}1671
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where Q5 = [277", 2] x [25, 23]

x2+e k+1 l‘ Y
li L Ay, t)dy,d
k+1
_3 ac2+e Tq
~ Hx(k’l) — y‘ lim J —y))0y (2% + €, 2} — €)dy,dys
maxyeqQ, e—0+

=0

where () = [xlf7xlf+l] X [xl27x12]

Therefore,
1 [l2nr NN I k2 I N-1
Ry(0)(x 0, 1) ~ [23 EDNDIEDHDITD) ] 2l =l
TlnZom=0 nSl41m=0 n=l-1m=0 n=l-1m—Ftl v=Qo
Ou(x, ) [(a} — a7")? = (af — 27" 71)?] (4.44)

(k1) 1 SN rh — s
Ra(0)(x'™V 1) ~ o El_l,r(% RZOmZ J”x(k Doy e [F) _y“ilaxe(y,t)dy
1 —2 N— —1 N-—1 [ k—2 [ N-—-1

2 ! — Y2
f o 0y, t)dyrdys
Ty zi" ||ZE - y”max

mz—e $2+e ml—e x2+e :z:lf"'l
+ — lim X
27 -0+ xh+e xh—e zb—e Jrkte
2 2 2 1

— Y2
wa,m P 0(y, t)dy:dys.

Each parcel can be approximated by

:c71"+1
( 7t)dy1dy2
f J Hx (k ” Y Hmax
m{n"'l
H (k‘ l) _ S f f y2 Qt(xl ,$2)dy1dy2
YEL)
H“”—w O0(a 23) [(h — a8)? — (b — a5 *]

maXyep,

where Py = [z]' ,xTH] X [%amgﬂ]'
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k+1

lim xzef by, t)dyidys
0t ket H:ckl) yHmaX

H (kd) y‘ lim — Y2 Qt( lale_l)dyldgh

maXyep; e—0t
1

|z U&&{—z(?—ﬂ )

R Nty
maxXye p;

where P, = [2871, 281 x [2571, b — €].

+1 k+1
. — Y2
J_lgﬁf Jk ) H:E’”) Hz 0(y, t)dy1dy»

max

I+1 k+1
k,0) -3 : N !
~ Hx( B y‘ lim — y9)0 (271 2l + €)dyrdy,
maXyepy e—07t
-3 _ 1
= a0 et i {—((—hf - een|
maxygp2 e—0+ 2
thx (kD) _ O, (281, 2l)
maxye p,
where Py = [2871, 281 x [2} + €, 25,

R A R S S
im t
e—0+ Jk 1 ||x(k:l) _yH (y, t)dyrdy,

_3 x2+e :tl —€
~ Hx(’“’l) — y‘ lim J — )0, (2571 2l — €)dyrdy,
maxyep; ¢—>0t
-3 1
= Hx(k’l) = y‘ Qt(xlffl zh) lim {—((—6)2 —)(h — e)}
maXye Py e—0t 2
=0

where Py = [251 2] x [z} — €, 2} + €].

mote Th — 4o
li 0(y,t)dy,d
ot . jk+€ kD — g (y, t)dyrdys

k+1

_3 :1:2+e Ty
lim J — Y Qt(xl +e€ :1:2 €)dy1dys

maxyep, e—>0t

~ [+ =]

=0

where Py = [2%, 28] x [}, 2})].
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Therefore,

1 | = l N-1 h
Rz(e)(iﬂ(k’l)at) ~ o [Z + + + Z ] 5”:17(“) - y’

-3

X
maXye P,

R

o= Ht(x’fl,a:l)}-

maXyeP,
(4.45)

B (B

maXyepy

To test our numerical approximation of the Riesz transform, we study R4 (4.44)
and Ry (4.45), separately to the 2D Gaussian function u and validate our approximation
using the following identity

o*u

B 5I151L'] '

It is worth noting that the machine simulation time for the Figure 20 was
approximately 18 days. This simulation is a fundamental part of validating the numerical

approximation of the Riesz Transform that we are proposing.

Laplacian of Gaussian

]_ z2+z2
Figure 17 — The laplacian of Gaussian 2D Aw, where u(zq,x9) = —e~ 5
T
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Riesz R1 Riesz R1

0.015 0.04

0.02

-0.02

0.04
20 .

0.1 4

0.05 o

sl -10

Riesz R1

Figure 18 — Numerical approximation of the Riesz transform R, for Laplacian of Gaussian,
considering a sequence of meshes m = 16, 32, 64, 128, 256.

m  Error
16 1.0027
32 0.9680
64 0.7765
128 0.4593
256 0.1855

Table 1 — Error table for the numerical approximation of the Riesz transform to equation
(4.46).
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Riesz R2 Riesz R2

Riesz R2

0.2 4

Figure 19 — Numerical approximation of the Riesz transform R, for Laplacian of Gaussian,
considering a sequence of meshes m = 16, 32, 64, 128, 256.



Chapter 4. The Surface Quasi-Geostrophic Equation 128

10 Riesz R2R1 x 10 Riesz R2R1 %1072
3 2 %1073

N
20 20

10 20 2
20 4, A0 0
Riesz R2R1 x10% Riesz R2R1
%103 5
& 0.015 .,
u 0.01 0.01
0.005
0.005
B 0
8 -0.005 h
0.0
= 0.015 -0.005
N B
20
= -0.01
0 0
.
5 10 2 -6 10 20
]
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Riesz R2R1 Real Solution
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0.02 0.02
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0.01
0
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-0.01
-0.02 0.01
-0.03 4|
20 0.02

Figure 20 — Numerical approximation simulation of the Riesz transform for a sequence of

o*u

meshes m = 16, 32, 64, 128, 256. In the last picture we plot R However,
L0

in the other pictures, we have a numerical approximation of the Riesz transform

1 oi+sd
8

RiR;j(Au), where u(zy,z2) = —€~
7r
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Error graph

11

0.8r » =

08 ! 1

06} 3 1
0.5 o 1
0.4 ~ o .
0.3 - 1
0.2 a 1
0.1 : : : : :

0 a0 100 150 200 250 300
m

Figure 21 — Plot of the numerical error for the approximation of the Riesz transform to
equation (4.46).
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4.3.3 Numerical Simulations for the SQG

In this section, we study numerically through simulations the issue of global
well-posedness, finite time blow-up, the formation of singularities or the formation of
abrupt gradients in solutions for the SQG considering measuring initial data, belonging to
the Schwartz spaces S(IR?).

We first focus on describing the “big picture” of the analysis of numerical results
by showing coherency between the theoretical arguments and numerical approximation.
The key idea is to investigate the characteristics of the measurable initial datum, which
might lead to a blow-up, global discussion, or formation of singularities in the numerical
solution of SQG. The blow-up can be viewed as a singular point with mass-preserving

accumulation.

Then our attention to a numerical experimental study of the nonlinear trans-
port equation characterized with a nonlocal flux function, the Riesz transform (1.1). As
mentioned before, we will use the Lagrangian-Eulerian method for solving this nonlinear
transport equation (1.1). This scheme were able to compute qualitatively correct approxi-
mations by showing strong evidence of blow-up of concentration type with mass-preserving
of the measure initial datum and measure initial datum measure weak-Morrey type with
respect to the underlying nonlinear transport equation with doubly nonlocal flux; also
this scheme were able to compute qualitatively correct approximations by showing strong
evidence of attenuation of regularization type with mass-preserving of the measure ini-
tial datum and measure initial datum measure weak-Morrey type with respect to the

underlying nonlinear transport equation with doubly nonlocal flux.

In order to perform the numerical study of the SQG equation nonlinear at
hand to get additional insights on the nonlinear interplay among nonlocal equations,
critical functional spaces, and singular measures, we also proposed a robust and consistent
way to treat the model (1.1) in a finite computational domain Q = [a,b] x [¢,d]. Our
prior rigorous results allow us to identify the most simple and mathematically correct
treatment of boundary conditions, namely, enlarge the domain far enough that these
spurious reflections cannot interfere with the numerical simulations. We rewrite model

(1.1) in the computational domain Q = [a,b] x [c, d],

00 + V- (—0R0,0R.0) =0, (z,y,t) € Q x (0,71,

(4.47)
0(z,y,0) = f(z,y), (v,y)€,

where R; with j = 1,2 is the Riesz transform, which is given by (4.43). Furthermore,
_@Pey?)
f(z,y) can be the Gaussian, f(z,y) = !7 or other initial data as long as it is
T

measurable.
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As already pointed out in our results, the term blow-up of concentration type
means solutions assuming singular measures, e.g., giving mass to points (singular points
with mass concentration but preserving the initial total mass). Indeed, our analysis enables
us to shed light on the effects of the initial data f(z,y) as singular measures. Thus, possible
natural questions are: What is the maximum mass of Dirac measure (or any other singular
measure) so that we have the existence of a global-in-time flow in our framework? Do
solutions evolve as a singular measure? Or do they regularise (a diffusion mechanism and

mass-preserving) for ¢ > 07

To better understand the qualitative behavior numerically of the SQG equation,
we will present the simulations in two subsections: Section 4.3.3 will look at simulations

with measurement data as initial data.

Simulations for measured data

In this subsection, we will show evidence of regularization of the attenuation
type for the solution # of the SQG equation considering measured data, one of them being

the Gaussian. The machine simulation time was approximately 20 days.
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Computational time 0.00000e+00, 0 time steps with 64 cells Computational time 1.07632e+00, 11 time steps with 64 cells

0.3

0.25

0.2

3 015

0.1

0.05

i}

Computational time 1.01870e+01, 71 time steps with 64 cells Computational time 1.00311e+02, 317 time steps with 64 cells

0.035

&
0.03 o=ty
0.08 — 0.025
——)|
0.0z { 0.02
008 =
0.01 4 0015
0.04
o 0.01
0.02
0.005
a -10 0

Figure 22 — Numerical simulations for 0,0 + V - (—0R20,0R,6) = 0 with a Gaussian initial

data, a = 0.5 and mesh m = 64 for a sequence of times 7' = 0, 1, 10, 100. On
the top, you can observe a decrease in height of the approximate solution
as time evolves, while on the bottom the approximate solution a shown
diffusion and reduction in height as time evolves. Evidence of attenuation of
regularization type.
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Computational time 0.00000e+00, 0 time steps with 128 cells Computational time 1.33356e-01, 4 time steps with 128 cells
i 0.3
0.3 0.25 0.3 hes
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0.25 = 0.25 &
] —
0.2 4 &= 0.2 0.2 & 02
- 0156 4 o 0.15
015 0.15
0.1 0.1
0.05 0.05
0.1 0.1
0
0.05 0.05
0
Computational time 1.03040e+00, 29 time steps with 128 cells SQG-Gaussian
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0.25
0.12
0.15
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0 0.04
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Figure 23 — Numerical simulations for 0,0 + V - (—0R20,0R,6) = 0 with a Gaussian initial

data, a = 0.5 and mesh m = 128 for a sequence of times 7" = 0,0.1, 1, 10. At
the top, you can observe a decrease in height of the approximate solution as
time evolves, while at the bottom, the approximate solution exhibits diffusion
and a reduction in height over time. This provides evidence of an attenuation
of a regularization type.
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Computational time 0.00000e+00, 0 time steps with 128 cells
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y 45 -0 5
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5 0
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Figure 24 — Numerical simulations for 6,0 + V - (—0R20,0R,0) = 0 with the initial data
3
flz,y) = % exp{—(2” + y*)/5}, @ = 0.5 and mesh m = 128 for a sequence
™
of times T" = 0.0001,0.1,1,10. At the top, you can observe a decrease in

height of the approximate solution as time evolves, while at the bottom, the
approximate solution exhibits diffusion and a reduction in height over time.

This provides evidence of an attenuation of a regularization type.
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5 Conclusions and Perspectives

This thesis aims to conduct an analytical-numerical study of two nonlinear
transport equations with nonlocal or doubly nonlocal flux. One of them is the well-known
SQG equation, and the other is a model we are proposing for studying this type of transport
equation, which we call a conservation law with partially nonlocal velocity. The nonlocal
flux and the nonlinear transport equation model the evolution of relevant flow problems in
pure and applied sciences. They appear in connection with dynamics models in continuous
fluid mechanics and dynamics of fluids in porous media; for instance, vortex sheet evolution,
the incompressible porous medium equation, interface models between incompressible
fluids, magnetostrophic flow equation, patch problems in meteorology, to name a few of
the significant interest on the subject matter of nonlocal models. The starting point is to
motivate the problem and to establish several bases and existence of “regular” solutions
for all time leading to important questions such as well-posedness, blow-up, asymptotic
behavior, self-similarity, among other. For concreteness, in the mathematical part, we
study the issue of well-posedness for these two nonlinear transport equations with nonlocal
or doubly nonloal flux with initial data belonging to in the framework of Besov spaces. In
order to obtain this part, new mathematical results were developed and demonstrated. On
the numerical part, the numerical solutions were obtained by using the novel Lagrangian-
Eulerian method, for this we develop and validate the numerical approximations of
nonlocal operators concerning those two transport equation; this numerical solutions were
discussed and compared with the mathematical results achieved. Indeed, the underlying
two transport equation problem analyzes in the framework of Besov spaces allows us to
consider measure initial data and measured data of weak-Morrey type. Therefore, in the
numerical approximations of the two aforementioned transport equations, under distinct
initial conditions, evidence of either blow-up or attenuation of solutions was observed.
This qualitative behavior depends on the sign of the flux and the conditions imposed on
the initial data.

There is much to learn from the current work of well-posedness and evidence
of blow-up or attenuation of solutions for SQG equation, a conservation law with partially
nonlocal velocity model and a conservation law with partially nonlocal velocity with rotation

with initial data in the framework of Besov spaces, from both viewpoints: theoretical

s

and numerical. For instance, the BWM;;W

-space has been considered to study important
issues as a local-in-time well-posedness and blow-up criterion for the incompressible Euler
equations, covering critical and supercritical cases of the regularity. The Euler equations
can be seen as a particular case of the Navier-Stokes equations when viscosity is neglected.

On the other hand, less work appears in the literature concerning numerical convergence
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analysis for approximation methods to model nonlinear transport equations with nonlocal
flux and related equations. The functional space for numerical analysis convergence proofs
linked to the numerical schemes we consider in this thesis is of particular interest in this

subject matter.

In this chapter, we recapitulate the primary outcomes of the whole thesis and

give a glimpse of possible future extensions of the present work.

5.1 Concluding Remarks
Concerning a conservation law with partially nonlocal velocity,

0,0 + V - (OASH,0, 005 H,0) = 0
Q(CE7 Y, 0) = 60

we were able to prove theoretical and numerical results such as:

o In the mathematical part, we studied the issues of well-posedness with initial data
belonging to the Besov space Bi\,oo with A > 5. The well-posedness for the solution
was established through analytical study, and the novelty lies in the definition of
two nonlocal partial operators, namely the partial Hilbert transform and the partial
Riesz potential. This fact prompted us to establish the Bernstein inequality for these
partial nonlocal operators, with one of the new tools employed being the partial
Fourier Transform. Furthermore, another novelty is that two commuting operators
depend on the two nonlocal partial operators already mentioned. The estimates for
these commutator operators were derived by means of Bernstein’s inequality, which

was established in this work.

o In the numerical part, we have successfully implemented the fully discrete 2D
Lagrangian-Fulerian numerical scheme, and the novelty lies in its application to
the doubly nonlocal case. In this approach, we consider the velocity field to be a
composition of two nonlocal operators, the partial Hilbert transform and the partial
Riesz potential. These two nonlocal operators have previously been approximated
numerically. This marks the first instance of such an application in this context.
For this numerical study, we are considering two cases. In the first case, we analyze
a conservation law with partially nonlocal velocity and positive flur 0,60 + V -
(OAS H,0,0A5 " H,0) = 0 and obtain evidence of attenuation of regularization-
type. In the second case, we analyze a conservation law with partially nonlocal
velocity and negative flur 0,0 — V - (OAS ' H,0,0A5 " H,0) = 0 and obtain evidence
of blow-up of concentration-type; for both cases we consider measure initial data and

measure initial data weak Morrey type. The observations of the numerical solution
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of the transport equation (1.3) indicate both global well-posedness and finite time
blow-up of solutions. These results maintain the same qualitative behavior as the
one-dimensional case of the nonlinear transport equation (1.3) with doubly nonlocal
velocity. Furthermore, we study a conservation law with partially nonlocal velocity
with rotation 0,0 + ¥V - (—OAS ™ H,0, A9 H,10) = 0 we have obtained similar results
of SQG equation as rotating counterclockwise and losing regularity or formation of

abrupt gradients.

Hence, the proof of well-posedness and numerical evidence of blow-up or
attenuation from a conservation law with partially nonlocal velocity forces us to review
some results obtained for a nonlinear one-dimensional transport equation with nonlocal
velocity u; — (WHu), = Vige, v > 0 in the pseudomeasure space PM (see [2]), as the
global well-posedness and finite time blow-up of solutions for this one-dimensional nonlocal

transport equation.

On the other hand, concerning the nonlinear transport equations with nonlocal
flux, the SQG,

00 +V-(0RY9) =0
0(x,0) = by(x)

we were able to prove theoretical and numerical results such as:

o In the mathematical part, we studied the issues of well-posedness with initial data
belonging to the modified Besov-weak-Morrey spaces B W/\;li,sr The well-posedness
of a solution was established through an analytical study using some of the tools
described in [42].

e In the numerical part, we successfully fully implemented the fully discrete 2D
Lagrangian-Eulerian numerical scheme, and its novelty lies in its application to
the nonlocal case. In this approach, by its very definition, the velocity is a non-
local operator, the Riesz transform. This nonlocal operator has previously been
approximated numerically and validated with a well-known identity. This marks
the first instance of such an application in this context. For this numerical study
we are considering measure initial data and obtaining evidence of attenuation of
regularization-type. The observations of the numerical solution of the SQG equation
give us some indications of the global well-posedness of solutions. These results
maintain the same qualitative behavior as the nonlinear transport equation (1.3)

with doubly nonlocal velocity.
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5.2 OQutlook for Future Work

Tracking the advancements in the state-of-the-art regarding the surface quasi-
geostrophic equation framework, we want to continue studying analytically and theoretically
to more understand this transport equation. Futhermore, We aim to persist in the analytical
and numerical exploration of a conservation law with partially nonlocal velocity, as it
represents a novel approach to studying nonlocal transport equations by defining partial
nonlocal operators in the velocity field. This approach has yielded mathematical insights,
including Bernstein’s inequality and estimates for the commutator operators associated
with the partial nonlocal operators. Therefore, we anticipate developing the following

research topics:

Analytical:

o As a conservation law with partially nonlocal velocity and negative flux offers
numerical evidence of blow-up of concentration type (similar to the 1D case), we
have more than one motive to prove the blow-up of solution this model in classical
Besov spaces. Additionally, would like to demonstrate the blow-up of solutions for

the in the modified Besov-weak-Morrey spaces.

o As a conservation law with partially nonlocal velocity and positive flux offers nu-
merical evidence of attenuation of regularization type (similar to the 1D case), we
have one motivation to prove the global well-posedness of solution for this model
in classical Besov spaces. Additionally, would like to demonstrate the blow-up of

solutions for the in the modified Besov-weak-Morrey spaces.

o As a first study, we proved the well-posedness of a conservation law with partially
nonlocal velocity in classical Besov spaces. Now, we would like to demonstrate the

well-posedness for this model in the modified Besov-weak-Morrey spaces.

o We would like to demonstrate the well-posedness of the SQG this time by obtaining
the velocity field through a composition of the Riesz transform with the Riesz

potential.

o As the numerical simulations of a conservation law with partially nonlocal velocity
with rotation exhibit similarities with the findings in the study of the geometric
properties of the SQG in [25]. So, we would like to investigate the geometric features
of the level curves of a conservation law with partially nonlocal velocity with rotation,

including loss of convexity and formation of sinks or sources or saddles.

Numerical:
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e Only a few numerical simulations have been presented for the SQG. Therefore, we
would like to conduct additional numerical simulations, incorporating diverse types

of initial data. Furthermore, we plan to enhance our study by refining the mesh.

o We observed that the numerical simulations for a conservation law with partially
nonlocal velocity with rotation closely resemble those obtained for the SQG in [31, 46]
and [25]. This new model could be considered a prototype for SQG. Consequently,
we aim to conduct additional numerical simulations to explore further and validate

this resemblance.

« We would like to prove of the convergence of the Lagrangian-Eulerian method of a

conservation law with partially nonlocal velocity and the SQG.
Theoretical-Numerical

o We would like to study the interplay between computation and analysis, which leads
to further theoretical insights based in numerical observations of the SQG and a
conservation law with partially nonlocal velocity with rotation.

For example, we would like to investigate global well-posedness, finite-time blowing-
up, the formation of singularities, and the emergence of abrupt gradients in solutions
for both the SQG and a conservation law with partially nonlocal velocity with

rotation.
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