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Resumo

Esta tese investiga as propriedades ergddicas de fluxos que exibem diversas formas
de comportamento hiperbdlico, com enfoque em dindmica parcialmente hiperbdlica e nao
uniformemente hiperbdlica. Uma classe central de exemplos considerados é a de fluxos
geodésicos. Neste contexto, a tese apresenta a construcao de diversos exemplos de fluxos
geodésicos parcialmente hiperbdlicos, mas nao Anosov, com propriedades geométricas e
ergddicas ricas, bem como propriedade misturadora, unicidade de medidas de maxima en-
tropia e expansividade. Além disso, estuda como a variagdo da dinamica do fluxo geodésico
se relaciona com deformacoes da métrica riemanniana. Além de fluxos geodésicos, a tese
também explora fluxos mais gerais analizando a relagdo entre classes homoclinicas, ergod-

icidade e unicidade de medidas de Sinai-Ruelle-Bowen (SRB).

Keywords: Fluxos geodésicos, dinamica parcialmente hiperbodlica, Teoria de Pesin,

Deformacao de métricas riemannianas.



Abstract

This dissertation investigates the ergodic properties of flows exhibiting various forms
of hyperbolic behavior, with a focus on partially hyperbolic and non-uniformly hyper-
bolic dynamics. A central class of examples considered is that of geodesic flows. In
this context, the dissertation presents the construction of several non-Anosov, partially
hyperbolic geodesic flows exhibiting rich ergodic and geometric features, including mix-
ing, uniqueness of the measure of maximal entropy, and expansivity. Furthermore, it
examines how the dynamics of geodesic flows relates to deformations of the underlying
Riemannian metric. Beyond geodesic flows, the dissertation also explores more general
flows, analyzing the interplay between homoclinic classes, ergodicity, and the uniqueness

of Sinai-Ruelle-Bowen (SRB) measures.

Keywords: Geodesic flows, partial hyperbolicity, Pesin Theory, deformation of Rie-

mannian metrics.
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Introduction 13

Introduction

A dynamical system can be understood as the process of iteration of certain rules on
a fixed phase space. Typically, the study of dynamical systems focus in understanding
the behavior of the possible states of a particle after a large number of iterations of these
rules. As an illustration, let us consider the following fanciful situation: consider that
T is a ghost train traveling along 5 ghost cities with stations named C;, for i = 1, ..., 5,
placed as a circular ghost railway. Our imaginary ghost train never stops, but at the
ghost stations C;. It moves all the way from station C to station Cj stopping at each
station in between and then it goes from C5 to C';. We can think this motion of the ghost
train as a dynamical system for which the "rule of motion" is simply moving to the next
station. In this case, the phase space is the set M = {C4,Cy, C3,Cy, Cs} and if we call
the application of the rule "next station" by f, this dynamical system has a single orbit,
i.e. for each x € M the set of iteration { f"(z)}>2, coincides with M. Of course, this is a
very simple model and we are interested in more general examples of dynamical systems,
but it illustrates well this notion of "movement" and "moving to the next step" associated
to dynamical systems. In fact, during this dissertation we will be mostly interested in
study a particular family of dynamical systems called Geodesic flows.

The Geodesic flow is a dynamical systems naturally associated to any Riemmannian
metric and is a very important model for several properties and techniques known nowa-
days in the class of Smooth Dynamical Systems. Given a Riemannian manifold (M, g),
the Geodesic flow is dynamical system with phase space the tangent bundle of M (or the
unit tangent bundle) that associates for each tangent vector v the velocity of the geodesic
with starting velocity v (check Section 1.2 for the formal definition). The study of the
dynamics of the geodesic flow lead to the understanding of several more general chaotic
systems and their behavior from the statistical point of view, mainly studied as Ergodic

theory.
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The starting point of Ergodic theory is commonly understood as the formulation of
the so-called Boltzmann’s Ergodic Hypothesis and is dated back to the 19th century’s
last decades. In modern language (although it was not exactly formulated like this), if
f M — M is a diffeomorphism, U C M is a measurable set and p a f—invariant

probability measure (f*u = p and pu(M) = 1) then the mean sojourn time
i =0,..,n—1:fI U

n—oo n

should coincide with the measure of the set U for almost every point x (check [VP91]
for a more complete historical exposition of the Boltzmann’s Ergodic Hypothesis). If this
hypothesis holds for every measurable set U, then we say that the dynamical system
(f, ) is Ergodic. Sometimes, in the literature, ergodicity of a dynamical system can be
stated as “f is ergodic with respect to the measure p” or “u is an ergodic measure for
the diffeomorphism f”, thus let us fix it here that all this possible formulations mean the
same definition as above. Beyond several interesting equivalent conditions to the definition
above is the notion that ergodic systems can not be “broken® into subsystems which do not
interact with each other. More precisely, ergodicity is equivalent to the statement "any
measurable set A that is invariant by the dynamics (f~1(A) = A) necessarily satisfies
u(A) € {0,1}".

Given a closed and connected Riemannian manifold (M, g), one of the oldest open
problems in the area of dynamical systems and ergodic theory is determining conditions
that guarantee ergodicity of the geodesic flow with respect to the Liouville measure. A
classical result states that the geodesic flow is of Anosov type when all the sectional cur-
vatures are strictly negative. This connection is indeed the first model of Anosov systems
and the origin of the well-known (and still standard) technique called Hopf Argument,
which is very useful for obtaining ergodicity. It is still not a completely solved question
whether the geodesic flow for a surface of genus ¢ > 2 and non-positive curvature is er-
godic with respect to the Liouville measure. However, Pesin obtained great advances in
[Pes77b]. In this work, Pesin proves that if the action of the geodesic flows is restricted
to vectors for which the curvature is negative along its underlying geodesic, then this flow
is conjugated to a Bernoulli flow, and in particular, it is ergodic.

The analogous question in higher dimensions is determining the ergodicity for non-
positively curved Riemannian metrics that are rank one. The rank of a tangent vector

v € T, M is the dimension of the space of parallel orthogonal Jacobi Fields along the
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geodesic () (t) and the rank of the manifold (M, g) is defined as the infimum of the
rank of the unitary tangent vector. Celebrated works from the 80’s, such as [BB82] and
[Bur83], explored the relation between the ergodicity of the geodesic flow and the rank of
the metric. They concluded, for example, that the restriction of the geodesic flow to the
set of rank one vectors is also Bernoulli.

It is natural to ask if non-positivity of the curvature is essential to obtain ergodicity
for the geodesic flow. In [BG89] and [Don06] a negative answer to this question is given.
They obtain examples of ergodic geodesic flows in surfaces with some positive curvature. It
is worth mentioning that, in their case, the presence of negative curvature is still essential
to obtaining ergodicity. It is also not true that the Anosov property for the geodesic
flow must imply negative curvature, indeed in [Ebe73] Eberlein states several equivalent
conditions to the Anosov property. Essentially negative curvature must appear along any
geodesic, but it does not prevent positive curvature from existing. In fact, in [Gul75],
Gulliver constructs examples of Anosov geodesic flows such that the underlying metric
has some positive sectional curvatures.

The time one map (g1) of an Anosov geodesic flow (g;) is one of the most classical
examples of partially hyperbolic systems. By partial hyperbolicity we mean that there is
a continuous splitting of the tangent bundle TM = E* @ E°¢ @ E* into three non-trivial
invariant subbundles, where E* is uniformly contracted for the future, £" is uniformly
contract for the past and E° has an intermediate behavior, i.e. it does not contracts
nor expands as much as the other two. It is a famous conjecture by Pugh and Shub
the genericity of ergodic systems inside this class (check [RHRHTU11a], [BRHRH'08§]
and [BW10]). According to the Pugh and Shub program, this main conjecture may be a
consequence of another two conjectures: accessibility is dense among partially hyperbolic
systems and accessibility implies ergodicity.

It is well known that geodesic flows are examples of contact flows, i.e. the geodesic
vector field is the Reeb flow of the contact form induced by the Riemannian metric. In
[CP14] Carneiro and Pujals constructed the first class of examples of partially hyperbolic
geodesic flows and in [FH22| Fisher and Hasselblatt proved that is possible to perturb
any contact form for which the Reeb flow is partially hyperbolic to make it accessible.
However, there is a lack of examples in this class of systems and one of the consequences of

the present work is to present new examples and the study of new techniques to produce
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them. Besides the genericity of the ergodic property in some classes inside the partially
hyperbolic setting, it is a delicate problem to produce examples of ergodic systems of some
predetermined class that are not of Anosov type. It is even more delicate to produce such
examples in the class of geodesic flows. In the two-dimensional setting, there are simple
constructions one can think of, for example, the surface of revolution obtained by rotating
the graph of f(z) = z* + 1, defined in some interval [—a, a], around the r—axis and then
gluing two negatively curved surfaces to this neck. The obtained surface is non-positively
curved, and moreover it has negative Gaussian curvature besides a central closed geodesic
at x = 0 for which the Gaussian curvature is identically zero. Such an example has a
Bernoulli geodesic flow that is not of Anosov type by the previously mentioned works of
Pesin and Eberlein. This example also presents more interesting dynamical properties,
for example the decay of correlations studied in [LMM?24]. One realizes very fast that
this construction of examples by rotating the graph of a function cannot be generalized to
higher dimensions to obtain non-positively curved manifolds with a single geodesic with
vanishing sectional curvatures, hence different techniques and approaches are needed.

In [Rug91a] Ruggiero proved that the C%?—interior of the set of Riemannian metrics
without conjugate points, say NC(M), coincides with the set of Riemannian metrics for
which the geodesic flow is of Anosov type, say A(M). It is still not well understood the
set of metrics on the boundary of NC(M) nor the relation with the expansivity of the
geodesic flow. We say that a continuous flow is expansive if two different orbits eventually
grow apart. It is known in the two-dimensional setting that expansivity of the geodesic
flow implies the absence of conjugate points (see [Pat93]), however, it is a Conjecture
attributed to Ricardo Mane that this result should be true for higher dimension as well.
Notice that the converse is not true, since we can consider a piece of flat cylinder and glue
two negatively curved surfaces to the boundary of this flat neck. For this construction we
have that for every ¢ > 0, there exist two closed geodesics 71 (t) and ~»(¢) in the cylinder
that are e—close for every ¢ € R. This phenomenon is detected by the Flat Strip Theorem
which states that if the geodesic flow is not expansive, then for every ¢ > 0 there exist two
distinct geodesics y; and 9 such that d(y(t),72(t)) < ¢, for all t € R, thus we can find
a a flat strip on the universal cover, i.e. an isometric copy of an [—d, ] x R"™. Therefore,
to produce expansive geodesic flows that are not of Anosov type it is necessary to have

some control on the amount of zero curvature in the non-positively curved setting. It is
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interesting to remark that in [Rug97] Ruggiero proves that expansive geodesic flows with
no conjugated points have density of periodic points and a local product structure, which
implies they are topologically transitive, that is they admit a dense forward orbit. Hence,
examples of such geodesic flows are rich from the geometric and dynamical point of view.

Just like the ergodicity in the non-Anosov case, there is a shortage of higher dimen-
sional examples of expansive geodesic flows admitting some zero sectional curvatures. A
natural attempt would be starting with two negatively curved manifolds, say (M, g;) and
(Ms, g2), and then considering the Riemannian product manifold (M; x M, g1 + ¢2). In
this case, the product metric admits several vanishing sectional curvatures and it is not
even partially hyperbolic as proved in [CP14]. Therefore it is crucial to develop techniques
of metric deformation. By this, we mean the construction of examples by changing the
curvature of a negatively curved metric in a controllable way. In this dissertation, we
explore the use of conformal deformation in order to produce the above-mentioned exam-
ples. We say that two Riemannian metrics g and ¢g* are C*—conformally related if there
exists a positive function ¢ : M — Ry, of class C* such that ¢* = ¢g. It is clear that
the conformality of Riemannian metrics is an equivalence relation, thus we can consider
the conformal class of a metric. In [Kat82], [Kat88] and [BE21], Katok, Barthelmé, and
Erchenko study rigidity and flexibility on the dynamics inside the conformal class of a
Riemannian metric, namely they study the variation of the entropy and length spectra
for some conformally related metrics. This technique of deformation was also used by
Ruggiero in the previously mentioned paper [Rug9la).

Understanding ergodicity often involves decomposing the system into 'fundamental
pieces" where detailed analysis can be carried out. Identifying these pieces is a challeng-
ing problem but significantly enhances our understanding of ergodicity. While one might
expect a version of the Hopf Argument to apply within these "fundamental pieces," extend-
ing Hopf’s ideas to systems lacking uniform rates of contraction or expansion is neither
straightforward nor trivial. In [RHRHTUI11a], the authors introduced a new notion of
ergodic homoclinic classes in the context of non-uniform diffeomorphisms, providing an el-
egant description of the potential "fundamental pieces". Aiming to explore and developing
tools to understand the ergodic phenomena of the geodesic flow, this dissertation studies
an analogous decomposition for a more general class of flows. The description of ergodic

homoclinic classes is as follows (see Chapter 1 for details): consider the flow ¢, : M — M
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generated by a vector field X and « a closed periodic hyperbolic orbit for ¢y, i.e. there
exists T' > 0 such that ¢ (p) = p for all p € v and a decomposition T, M = E*GRX ¢ E",
with £° contracted by Dy, and E* expanded by Dy;. In this context we can consider the
stable and unstable Pesin’s manifolds of the orbit -, denoted by W7 (v) 7 = s,u. Then,
the stable (resp. unstable) homoclinic class of -, which we are going to denote by A*(7)
(resp. A®(7)), is constitutes by the points = with well defined stable (resp. unstable)
Pesin’s manifold which present transverse intersection to W*(y) (resp. W?*(v)). Finally,
the ergodic homoclinic class is defined by A(vy) = A*(v) N A¥().(see Section 1.4 for fur-
ther details). Notice that apriori there is no reason to believe that this intersection is
non-empty. Our results (Theorems C, D and E) presented below give sufficient conditions
to get non-empty intersection. These sets are the objects we study in Chapter 3.

An essential property of smooth measures for the Hopf Argument is Absolute Con-
tinuity (check Definition 1.4.11). This is a property also satisfied by the so called SRB
measures introduced by Sinai, Ruelle and Bowen in the 70s. SRB measures are known as
the invariant measures that are most compatible with a volume measure for non conserva-
tive systems and play an important role in the general ergodic theory. Such measures had
been studied in several different context and many questions about them remain open,
we mention existence, uniqueness and ergodicity. It is also not well understood which
properties of the systems are beneficial to these questions. Inspired in [RHRHTU11b], we
study how the presence of the previously defined homoclinic classes relates to ergodicity
and uniqueness of SRB measures in the flow setting.

Within the context given by the paragraphs above, the main goals of this dissertation

are the following:

(1) Produce examples of ergodic geodesic flows which are not Anosov in higher dimen-

sion.

(2) Develop a theory of "control of the dynamics" of the geodesic flow via deformations

of Riemannian metrics, in the sense of flexibility of the hyperbolic behavior.

(3) Study rigidity of the dynamics of geodesic flows for metrics in the same conformal

class.
(4) Construction of partially hyperbolic geodesic flows.

(5) Explore the possible dynamical properties of metrics on the boundary of NC(M).
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(6) Construct other examples of partially hyperbolic contact flows.
(7) Study general properties of partially hyperbolic contact flows.
(8) Investigate the existence of partially hyperbolic contact flows in dimension 5.

(9) Develop a new approach to ergodicity of flows that present some kind of hyperbol-
icity.

(10) Understand the relations between homoclinic classes of flows and SRB measures.
The development of the next result encompass the above objectives from (1) to (4):

Theorem A. Let (M, g) be a compact Kéhler manifold of holomorphic curvature —1 or
a compact locally symmetric quaternionic Kéhler manifold of negative curvature. Then
there exists a conformal metric g = ¢g such that the geodesic flow g, is partially hyperbolic

and not Anosov.

The Riemannian manifolds considered in this result are contained in a larger class of
interesting Riemannian manifolds called Locally Symmetric Manifolds (it is also common
to just say locally symmetric metric since it is as metric property). By definition, a metric
is said to be Locally Symmetric if its curvature tensor is parallel with respect to the Levi-
Civita connection, i.e. VR = 0. One of the interesting properties of this class of metrics,
from the geometry point of view, is the fact that the sectional curvatures K are not affected
by parallel transport. This means that given two tangent vectors X, Y, then if X (¢) and
Y (t) denote their parallel transport along a geodesic, then K(X,Y)(t) = K(X,Y)(0) =
K(X,Y). From the dynamical point of view, since we are considering negatively curved
metrics, the correspondent geodesic flow is of Anosov type. However, the action of the
derivative of the geodesic flow on the canonical contact structure also has a partially
hyperbolic structure, i.e. the splitting occurs not only into two invariant subbundles but
in four invariant subbundles in a way that we have stronger and weaker behavior (see
Lemma 2.3.2). Besides this splitting property, the class of locally symmetric Riemannian
metrics also has an interesting behavior with respect to the topological entropy of its
geodesic flow. In [Kat82], Katok proved that for surfaces of genus bigger or equal than
two we have a fascinating comparison between the measure entropy for the Liouville

measure and topological entropy of different Riemannian metrics. More precisely, let g be
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any negatively curved Riemannian metric and ¢g* be a Riemannian metric with constant
negative curvature. Suppose in addition that g and ¢* determine the same area, then
hiiou(9) < hriou(9*) and hop(g) > hiop(g*). The inequalities are strict when g has non-
constant negative curvature. This result led Katok to state the following conjecture for

negatively curved Riemannian metrics

Conjecture 1 ([Kat82]). One has hiop(9) = hriou(g) on a compact manifold if, and only

if, g is a locally symmetric Riemannian metric.

Conjecture 1 was proved by Katok himself in [Kat82] for metrics that are conformal
to a locally symmetric one. In particular, it implies that the result is true for surfaces.
It is known by [KKW91] that locally symmetric metrics are critical points for both Ay
and hr;,, when seen as functions from the space of Riemannian metrics. More about
this conjecture can be found in [BCG95]. We are unable to relate the above conjecture
to the conformal deformation construction in Theorem A since we do not know if the
resulting metric is even non-positively curved, the best we can state is that if some positive
curvature is created, then it can be made as small as we want. However, working in a
slightly different and less rigid kind of deformation, we are able to produce an example
with non-positive curvature and this encompass the above objectives from (1) to (5).

More specifically,

Theorem B. Let (M, g) be a compact Kéhler manifold of holomorphic curvature —1 or
a compact locally symmetric quaternionic Kéhler manifold of negative curvature, then

there exists a C%?—deformation § of the metric g with the following properties
(1) g: is partially hyperbolic.
(2) There exists a closed geodesic v with a parallel Jacobi field along it.
(3) The sectional curvatures K are all negative outside 7.
As a consequence of the construction of Theorem B we get the following corollary:

Corollary B.1. There exists a Riemannian manifold (M, g) with no conjugate points such
that its geodesic flow is partially hyperbolic, non-Anosov, ergodic for Liouville, mixing,

expansive and has a unique measure of maximal entropy.
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We highlight the ergodicity for the Liouville measure, which was a question stated
in [CP14]. It is somehow possible to relate the previous result to the mentioned Katok’s
conjecture in the sense that we obtain a unique measure of maximal entropy. However,
the metrics are non-positively curved and they are not negatively curved. Besides that,
we are unable to say if the measure of maximal entropy is the Liouville measure or not.

In [CP14] the authors do not guarantee the existence nor absence of conjugate points
in their examples, indeed they use a curve (a straight line) of metrics to prove the existence
of a metric with partially hyperbolic geodesic flows and non-conjugate points. We were
unable to find a reference that guarantees that the set of metrics for which the geodesic flow
is partially hyperbolic is convex or at least path-connected. Thus the previous corollary
guarantees by other arguments the absence of conjugate points for the resulting metric.
Furthermore, we also can prove the existence of examples with conjugate points in the
following way: recall that Ruggiero proved in [Rug91la] that the C%—interior of the set
of Riemannian metrics without conjugate points coincides with the set of Riemannian
metrics for which the geodesic flow is of Anosov type. The metrics obtained via Theorem
B are on the boundary of NC(M) and their geodesic flows are partially hyperbolic. Since
partial hyperbolicity is an open condition, it implies that there exist Riemannian metrics
with conjugate points and partially hyperbolic, non-Anosov, geodesic flows. In other

words, we obtain

Corollary B.2. There exists a metric C?-close to ¢ that has conjugate points and a
partially hyperbolic geodesic flow. Moreover, there exists a C?—open set of Riemannian

metrics with conjugate points for which the geodesic flow is partially hyperbolic.

Preliminary results were obtained in the direction of objectives from (6) to (8). They
are presented in Section 2.5.

A few results were obtained about the general class of flows. The results obtained
here are analogous to those obtained in [RHRHTU11a] and [RHRHTU11b|, but in the
flow setting. Although they are interesting by themselves, we believe they are going
to be useful in future works. It is worth mentioning that some new treatments were
needed to adapt some of the proofs and deal with the flow direction, which does not
appear for diffeomorphism. The definitions of the stable and unstable homoclinic classes,
respectively, A®(y) and A%(y), are given more explicitly by (1.4.1) and (1.4.2). Recall

also that we have defined the ergodic homoclinic class of ~ as the intersection A(vy) =
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A*(y) N A%(7). The results stated bellow complete the final objectives (9) and (10) of this

dissertation:

Theorem C. Let ¢, : M — M be a C?-flow on a closed connected Riemannian manifold
M and let m be a smooth ¢;-invariant measure. If m(A*()) - m(A*(y)) > 0 for a certain

hyperbolic periodic orbit v, then:
i) A(y) =A"(y) = A*(7) mod 0,
ii) A(y) is a hyperbolic ergodic component for ¢;.

Theorem D. Let ¢, : M — M be a C?-flow on a closed connected manifold and pu a
SRB measure. If u(A*(7y)) - p(A%(y)) > 0, then A¥(y) C A®(y) mod 0. In addition, u

restricted to A(7) is ergodic, non-uniformly hyperbolic and physical measure.

Theorem E. Let o, : M — M be a C?-flow on a closed connected manifold, m a smooth
measure and g a SRB measure. If m(A®(y)) - u(A*(y)) > 0, then A*(v) C A°(y) mod 0.

Furthermore, u restricted to A(7y) is a hyperbolic ergodic measure.

These results show a close relation between the ergodic phenomena and the existence
of "significant" homoclinic classes from the point of view of the measure itself. Next results
deal with the existence of a homoclinic class related to a SRB measure in some cases and
also provide us a criterion for obtaining uniqueness of SRB measures from homoclinic

classes.

Theorem F. Let ¢; : M — M be a C*-flow on a compact manifold and p a regular,
hyperbolic and SRB invariant measure. Then for every ergodic component v of i there

exist a hyperbolic closed orbit v such that v(A(y)) = 1.

Theorem G. Let ¢, : M — M be a C*flow on a compact manifold and g and v two

ergodic SRB measures. Suppose that there exist a periodic hyperbolic orbit v such that
1(A(y)) = v(A(y)) = 1. Then, p=v.

Notice that because of Theorem D, the ergodicity assumption in the previous theorem
is somehow redundant. We choose to state the theorem in this manner since ergodicity
is a key property for the proof, which is basically showing that the basins of the two

measures must intersect.
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In general, it is highly non-trivial to obtain known results for diffeomorphisms in
the flow setting by two main reasons: perturbations results for diffeomorphisms are not,
in general, applicable for flows and in hyperbolic dynamics there is no contraction nor
expansion in the flow direction, hence many of the arguments which depend on this kind
of structure are not adaptable. In the same direction of our propose we may cite the
recent work by Boris Hasselblatt and Todd Fisher [FH22|, where the authors need to
overcome many difficulties to obtain analogous results from [ACW22] in the flow setting.
The other way around is also tremendously difficult in many cases, as an example we
cite the celebrated work by Artur Avila [Avil0] on the regularization of conservative
diffeomorphisms. It is worth mentioning that flows with some non-uniform hyperbolic
behavior appear naturally in dynamical systems, in particular in the context of geodesic
flows for non-positively curved Riemannian metrics. Therefore, it is extremely important
to develop tools to study such systems and it illustrates well the power of the results
presented by this dissertation.

This dissertation is structured as follows: in Chapter 1 we present the necessary
background from Riemannian geometry, partially hyperbolic dynamics, non-uniform hy-
perbolic systems and the dynamics for the geodesic flow. For some elementary compu-
tations within Riemannian geometry, we were unable to find a reference, so we provided
short proofs for completeness. Chapter 2 encompass the content of the preprint [dJPR24].
In Section 2.2, we show how to use conformal deformations in order to destroy the Anosov
property of the geodesic flow. The construction consists of deforming the initial metric
g by multiplying it by a conformal factor supported in a tubular neighborhood of closed
geodesic, which we will mention as central geodesic. We investigate the necessary condi-
tions on the multiplying factor and show how to construct it in general. The construction
can be made with a multiplying function as regular as needed, at least of class C*. It is
also possible to make it smooth, however, with this technique, we can not control how
large is the positive curvature that appears. In section 2.3, we show that the resulting
flow is partially hyperbolic by using the cones criterion (check Section 1.3.2). We begin
by explicitly exhibiting the invariant splitting along the central geodesic, which gives us
the candidates for the invariant cone families. We compute the variation of the cones’
openness along a general orbit of the flow, then the proof splits into some cases: for

geodesics that are parallel to the central geodesic or almost parallel, we show that open-
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ness variation is approximated by a positive quantity and this implies cone invariance.
We then show that we can shrink the deformed region in order to prevent transversal
geodesics of losing hyperbolicity, and then we also obtain invariance of the cone family.
The proof is completed by using the symplectic behavior of the derivative of the geodesic
flow acting on the contact structure (check Lemma 1.3.1). This strategy is also used in
[CP14], however the computations that appear are completely different and allow us to
control better the deformation on the curvature. In Section 2.4, we prove Theorem B and
Corollary B.1. The proof of partial hyperbolicity with a different deformation works in
the same way, thus we are left to analyze the curvature. We show that every sectional
curvature can be bounded by a non-positive function, which vanishes just along the central
geodesic. In Section 2.5, are presented extra properties for the constructed geodesic flows,
partial results on partially hyperbolic contact flows and some derived questions from this
work. Chapter 3 is devoted to present results from the preprint [dJEP25] on Homoclinic
classes for flows. The development of this chapter is essentially straightforward in the
sense that no extra tools are needed, each section is composed by the proof of one of the
above theorems. Theorems C, D and E are proved in Sections 3.2 and 3.3. Section 3.4

consists of the proof of Theorem F and finally we prove Theorem G in Section 3.5.
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Chapter 1

Preliminaries

For this dissertation, we will assume that (M, g) is a compact smooth Riemannian
manifold without boundary and dimension n > 2, and we will denote by T'M the tangent
bundle of M. We will see that, associated with a Riemannian metric g, it is important for

the study of the geodesic flow considering the so-called unit tangent bundle defined by:
T'M :={veTM : g(v,v) =1}.

Remark 1.0.1. Many different notations, such as UM and SM, can appear in the
literature. To avoid some possible confusion of notation with other structures we are

going to define later, we have chosen the above notation for this space.

Remark 1.0.2. It is clear that the unit tangent bundle depends on the fixed Riemannian
metric. However, we are not going to explicitly state its dependence on the notation for
a matter of simplicity. If any confusion can appear when dealing with different metrics,

then we are going to be careful with the notation.
Let us fix some usual ergodic theory definitions:

Definition 1.0.1. we are going to use: a set A C M will be called @-invariant if p,(A) =
A, for every t € R.

Definition 1.0.2. A Borel probability measure p is called p-invariant if pu(p(A)) = p(A),

for every t € R and every Borel set A.

Definition 1.0.3. A g-invariant measure is called ergodic if (A) = 1 or u(A) = 0, for

every invariant measurable set A.
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Definition 1.0.4. Given a C! vector field X on M, an invariant measure y is said to
be regular if u(Sing(X)) = 0, where Sing(X) denotes the set of points in M where X

vanishes.

1.1 Riemannian Geometry

In this section we are going to discuss some of the important concepts of Riemannian
geometry that are necessary to understand the dynamics of the geodesic flow. Although
we tried our best to make this dissertation as self-contained as possible, many interesting
and useful concepts are left out of our exposition on this topic. Therefore, for a more
complete approach of the theory of Riemannian manifolds, we suggest the books [Leel8],
[DCF92] and [Wal04].

Many computations in Riemannian Geometry can become very complicated to read
when summing with different indices, for example, when tensors are expressed in coor-
dinates. For simplicity of notation, and to avoid writing too many summation symbols,
we are going to use the Einstein summation convention: we are going to write 2'E; to
mean Y; ' E; whenever the index ¢ appears once as an upper index and once as a lower
index and the summation is considered among all possible values of 7. It can seem to be
a silly simplification when summing only on one symbol, but the above situation is very

common when making computations with tensors:
n n n k
.7, . £kl
2.2 2 N By = [P B
i=1j=1k=1

We are going to use the summation sign whenever any confusion with indices is possible.

1.1.1 Basic concepts

A classical problem that arises when studying manifolds is defining a notion of deriva-
tive for vector fields; this is solved by the notion of connections. Although this notion can
be studied in general situations such as fiber bundles, we are going to restrict ourselves
to the tangent bundle of a manifold M. Let us denote by X'(M) the set of smooth vector
fields on M and by C*°(M) the set of real-valued smooth functions on M. We make the

following definition:
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Definition 1.1.1. A smooth connection is a map V: X (M) x X(M) — X (M), denoted
by VxY and satisfying the following properties:

(1) Given o, 5 € R, and X,Y and Z € X(M), then

Vy(aY + BX) = aVyY + BV Z.

(2) Given f,g € C*(M) and X,Y and Z € X(M), then

VixygvZ = fVxZ +gVyZ.

(3) Given f € C*®(M), and X and Y € X(M), then

Vx(fY)=Xf-Y+f -VyY.

In particular, a smooth connection gives rise to the notion of derivative of vector
fields along curves: given a smooth curve a: I — M we say that X is a vector filed along
aif X : I — TM and X(t) € ToyM for all t € 1. Of course, o/(t) is a vector field along
a. Given a smooth connection V, it induces a map V: X(«a) x X(a) — X(«), where
X («) is the space of vector fields along «. A vector field X along « will be called parallel
if Vo X (t) =0, for all t € I. For completeness, we are going to state a proposition on the
existence of parallel vector fields along curves given initial conditions. The proof can be

found in [Leel8, Theorem 4.32].

Proposition 1.1.1. Given a smooth curve a: I — M, with tg € I, a smooth connection
V and v € T,uy)M, then there exists an unique parallel vector field V' along o such that
V(to) = .

Last Proposition implies the existence of a well-defined map Py;: Too) M — TopyM
given by
Ptot(v) = V(t)

The map P, is called the Parallel Transport along o from ty to t and it will be important
for setting up the constructions made in the next Chapter.
In this context, we can also define one of the most important concepts for the study

developed by this dissertation, the geodesics:

Definition 1.1.2. A curve « will be called a geodesic for the connection V if o is a

parallel vector field along «, i.e. Vao/(t) =0, for all t € I.
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A smooth connection V: X (M) x X (M) — X (M) is totally determined by its values
on an local frame in the following sense: given a local frame {E;}, we know that for each
pair of indices (,j) Vg, E; € X (M), therefore it can be written in terms of the local
frame {£;}, i.e. there exit smooth functions Ffj (locally defined wherever the local frame
is defined) such that

Vi, E; =} Ey.

Now, suppose that X and Y are any smooth vector fields written locally as X = X'E;
and Y = Y7 E}, then by the properties in Definition 1.1.1 we get

VxY =Vxip,(YE)) = X'Vg,(Y/E;)) = XY (E;Y - E; + Y7 - Vg, Ej)

= XU(EYT - B+ Y7 -TEE) = (X' EYF + X'YT - Th)E.

Thus, the vector field VxY can be determined by the coordinates of X and Y in the given
local frame and the functions Ffj These functions are called the Christoffel Symbols of
the connection V with respect to the local frame {E;}.

So far, we have not assumed any relation between connections and the Riemannian
metric g. Indeed, the theory of connections is general and does not depend on any notion
of metric. For the purpose of this dissertation, it is important to relate both theories, i.e.
we are going to be interested in connections that are defined in terms of the Riemannian
metric. A classical result of Riemannian geometry guarantees the existence of a unique

smooth connection with the following two properties:

(1) Given X,Y and Z € X(M), then

Xg(Y,Z)=g(VxY,Z)+ g(Y,VxZ).

(2) Given X and Y € X(M), then

VxY — Vy X = [X,Y].

The unique smooth connection satisfying 1. and 2. is called the Levi-Civita connection.

Essentially its existence and uniqueness is proved by exhibiting its Christoffel Symbols

for any local charts: let (U, (z")) be a local chart and g¢;; := g (aii’ %). Denote by g%
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the entries of the inverse matrix of (g;;), then the Christoffel Symbols of the Levi-Civita
connection are given by:

kl

g
Iy = 7(@‘% + 091 — 1gi5)-
Although the Levi-Civita connection theory is very rich and interesting, we are not going

to explore it here. The important concept in this context is geodesics:

Definition 1.1.3. We are going to call a curve o a geodesic for the metric g if it is a

geodesic for the Levi-Civita connection.

The theory of Ordinary Differential Equations guarantee that given p € M and

v € T, M there exists a unique geodesic v satisfying

7(0) =p
7' (0)=v

Let us also fix some notation: the geodesic with initial conditions (p,v) will be
denoted by 7v(.). Given a curve a we will use the notation D; := V, if there is no
confusion on the curve we are considering, so « is a geodesic if, and only if, D,/ = 0. We
are also going call the operator D; the "covariant derivative in the direction of o/".

We now introduce an important concept for the study of the dynamics of the Geodesic
Flow: the Riemann curvature tensor.

First, let us define the curvature endomorphism as the map R: X(M) x X(M) x
X (M) — X(M) given by

R(X,Y)Z =VxVyZ -VyVxZ —Vxy|Z,

for X,Y and Z € X(M). It is worth mentioning that there is a sign convention in
the expression above; it can be found in the literature (check [DCF92]), the curvature
endomorphism tensor with opposite sign to ours, so the reader may find some expressions
that we are going to use also with different signs. In general, this convention will not
impact our analysis.

Another very important tool in Riemannian geometry is the exponential map: given

p € M we can define a map exp,: T,M — M by

exp, (V) == Y(pu)(1).
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This map is well-defined in a small neighborhood of 0 € T,M and it is in fact a local
diffeomorphism. Therefore, the collection of exponential maps can also be used to define
a smooth atlas for M. Each chart of this atlas is called Normal Coordinates. A particularly
interesting property of Normal Coordinates is the fact that Christoffel Symbols vanish on
the base point, i.e. if (U, exp,) is a Normal Chart around p, then Ffj (p) =0.

Now, given two tangent vectors X,Y € T,M we can consider the plane spanned by
them II(X,Y) = span{X,Y} and its image under the exponential map S := exp,(II),
which is a 2-dimensional embedded submanifold of M. Therefore, the metric g induces a
metric on S and since it is 2-dimensional, we can consider its Gaussian Curvature at p,
say Kp. It can be proved that with this construction, the Gaussian Curvature coincides

with the following quantity:

g(R(X, Y)Y, X)

1.1.1
XAVE (1.1.1)

K(IT) :== K(X,Y) =

where | X AY| = \/g(X,X)g(Y, Y)—¢(X,Y). This makes clear that the whole
construction does not depend on X and Y in the sense that if X’ and Y’ form another
basis for II, then we get the same quantity in (1.1.1).

To organize this text, we are going to prove two Lemmas, which are just elementary
computations with tensors. It will be useful to have these computations done, so we
can refer to them in future computations. To simplify the notation, we are going to use

Ds o

= 925

Lemma 1.1.1. If g;; are the components of a Riemannian metric in coordinates and g*

of its inverse, then the following expressions hold

(1)

0:9% g = —9"* s gij- (1.1.2)

(2)

OpGms = GnsL & Grim L ps- (1.1.3)

ps
Proof. To prove (1), remember that g gy; = 5;, where
1, ifi=j

0, ifi #j

8 =
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Then, taking the derivative d, on both sides of the above expression, we get from one side

059" gr;) = 0s9™ - grj + g™ - Osgn;.

On the other hand, we have
0505 = 0.

From both equalities we get (1). To prove (2) we apply property (1) of the Levi-Civita

connection:

) o 0 o 0 0 0
Opms = &rpg <E):L‘m’ 8x5> =9 (Vagpﬁxm’ E?xs) t9 (W’vagp 8x5>

o 0 0 0
=g <Fn ) +g ( E ) - gnSF” +gnmrns'

P Agn’ Hxm oxm’~ PSPxn

Similarly, as we have done to define the Christoffel symbols as the components of the
connection in coordinates, let us express the curvature tensor in coordinates. Given any

chart (U, (2%)) we know that R (%Z, d‘Z]) 52 € X(M), so there exists a family of smooth

functions R!., defined on U such that R(

ijk

) 7% = Rl,;5%. In the next Lemma, we

Oxt’ Ox3 ) OzF

express R, i 0 terms of the Christoffel symbols and their partial derivatives.

Lemma 1.1.2. The components of the curvature endomorphism Rjk can be expressed as
R, =0Tt + Th T, — 0T, — 7, Ih

. 0
Proof. Consider a coordinate system (U, (z')) and denote by X; := EreE We know that
xl
the Christoffel Symbols satisfy
Vx,X; =T5X;

Since [X;, X;] (because these are coordinate vectors), it follows that

R(X;, X;) X = Vx,Vx, X, — Vx,Vx, Xk
= Vx, (I X0) = Vi, (I, X5)
=0T X, + T Vx, X, — o1, X, =T, Vx X,
= O,T X, + T X, — 01, X, Frkrl X,
= (0T + TpI, — ol — T T ) X,
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It will also be useful to express the following components of the curvature tensor
g(R(X;, X)Xy, Xs) = Réjkgls =: Rjjis-
in terms of the components of the metric g and its Christoffel symbols:
Lemma 1.1.3. In any coordinates, the curvature tensor can be expressed as
Rijks = Rij.01 = —;(3?3% + 85,955 — 0795k — Orbis) — Grmn (LRl — THT%). (1.1.4)

Proof. To prove the above equality, we expand the expression from the previous lemma.
To be careful, we will analyze each part of the sum we are interested in. From the previous

lemmas, we get

1
9503V, = 5(15039™ (OxGmi + Oighm = Omin) + G1s9™ (T Gmi + OjiGmi = O ik))
1
= 5(_gmlajgls(akgmi + azgmk - aink) + 5;”(3]2kgmz + afzgmk - 8J2mgzk))
1
- _ajglsrlik + *(a?kgsi + ajzigsk - 3]239ik)

2
n n 1
= _(gnstl + gnlrjs)rék + 5(832kgsz + 3]2¢gsk - ajzsgik)
1 n n
= i(afkgsz + afzgsk - afggzk) - gnsrjlrék - gnlrjsrék
By an analogous calculation, we have
1 n n
glsai]-—‘é‘k = 5(812]@953 + 8’52].98/{} - 8125.gjk) - gns]-—‘ilré‘k - gnl]‘—‘zs]‘—‘ékj
Subtracting the last two equations, we get,
1
00T, = 105y, =5 (Tsi + 95k — 059k — 0gsy)
+ gnsrzrék + gnlr?sré‘k - gnsF;LlFlik - gnlr?srék
Finally, R;;,s will be given by
Rijrs = glsajrék - glsairé'k + glsrzkré'r - glsrgkrér
1
= 5(0921@931' + agsgjk - ajzsgik - 8i2kzgsj)
PR+ gl = s P, — gl T
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From the above lemma, we see that in order to change sectional curvatures of a given
metric via deformations, we need to deform the metric at least at order 2, i.e. if two
metrics are C?-close, then their curvatures will also be close to each other. The key point
of our results presented in Chapter 2 is the development of a theory of metric deformations
to control the behavior of the Geodesic Flow. Several deformations can be used to study
how to change and control the dynamics of the Geodesic Flow, but in this work, we have
chosen to study conformal deformations. There are several advantages to this approach,
especially it is not difficult to relate some of the Riemannian objects we have defined for
conformal metrics. In the next subsection, we describe all the relations that are going to
be useful for our purposes.

We introduce now a key object in the study of the dynamics of geodesic flows known
as Jacobi Fields. The intuition is the following: suppose 7 is a geodesic defined on an
interval I containing 0 and consider F': [ x (—e,&) — M a variation of v by geodesics, i.e.
F(t,0) = Fy(t) = v(t) and each curve s, (t) := F(t,so), with sg € (—¢,¢), is a geodesic.
In this context we can also consider the curves oy, (s) := F\(tg,s), with tg € I, then we

have a well-defined vector field along v given by

d
J(t) = £ozt(s)|szo.
A vector field J(t) constructed as above is called a Jacobi Field. It can be shown that a
J(to)
F(t,s)
7(to)
~
Qo (8)

Figure 1.1: Definition of Jacobi Fields by geodesic variation

Jacobi Field defined as above satisfies the following equation:
J"+ R(J,7" )y =0, (1.1.5)

where J” = D2J. In fact, since the curves ~,(t) = F(t, s) is a geodesic, then

d
Dy—s <t>

0.
dt
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d
Therefore, DsDt%'Ys(t) = 0 and by the defintion of R and using the symmetric property

of the connection we get

d

— d — d / /
0= DDy Gn(6) = DD )+ (9,200 401

:mai%@+MM$%@M@

Applying for s = 0, we get a;(0) = J(t) and vy(t) = 7'(¢), which gives us (1.1.5). Again,
the theory of ordinary differential equations guarantees the following result as a direct

application:

Proposition 1.1.2. Let v : I — M be a geodesic and v, w € T M. Then there exists a
unique Jacobi Field J: I — TM such that

The description of Jacobi Fields by Equation (1.1.5) is interesting as it gives us an
idea of how the geodesics behave around each other in the presence of curvature. Indeed,
we are going to see below how the sign of the curvature can interfere on the behavior of
the function f(t) := ||J(¢)||, where J is a Jacobi Field along some geodesic v and as a

consequence it will give us information on the behavior of geodesics.

Lemma 1.1.4. Let v be a unit geodesic with perpendicular Jacobi Field J. Suppose
the sectional curvatures are all uniformly bounded from above by a constant C, that is

K(X,Y) < C, for all X,Y € TM. Then, f"(t) > —Cf(t), for all t € R for which
f@) =1J@) # 0.

Proof. This will be followed by direct computation. First, notice that

g(J',J)

Vo(J.J)

f=
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Then, using the Cauchy-Schwarz inequality

g(J, D) (g(J", )+ g(J', J) = g(J', J)4LD)

9(J,J)
e 9(J.J) o
- M(—Q(R(L VY, T)+ 1)) - W
- HJ1||3(_9(R(J, YNy, J) ||(]||2 + ||J’||2 ||J||2 (D))
_EUAN I
N 171
> —C|J|

This Lemma shows us that if the sectional curvatures are non-positive, then f(t) is a
convex function, indeed, this is true without assuming g(.J,7’) = 0. This fact is interesting

because of the following definition

Definition 1.1.4. Let v: I — M be a unit speed geodesic. We say that two points (a)
and ~y(b) are conjugate if there exists a non-trivial Jacobi Field along ~y satisfying J(a) = 0

and J(b) = 0.

Intuitively, two points are conjugate if there exists a variation of v by geodesics
emanating from -y(a) and meeting again in y(b) (see Figure 1.2 below). A simple example
is given by the sphere S™ in R"*! with the induced metric. It is well known that geodesics
in this case are great circles, then any two distinct geodesics emanating from the north
pole will meet again at the south pole. Therefore, the north and south poles are conjugate
points. The previous Lemma gives us that f(¢) is a convex function; thus, if it vanishes

at two different points, it must be identically zero. Consequently we have

Corollary 1.1.1. If (M, g) is a Riemannian metric with non-positive sectional curvatures,

then it has no conjugate points.

Below, in Figure 1.3, we see an illustration of how the norm of a Jacobi Field van-
ishing at ¢ = 0 behaves when the sectional curvature is constant. Although it is easy to
analyze the norm of Jacobi Fields in constant curvature, in general, it is very difficult

to understand it when the curvature varies. One may wonder if conjugate points should
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Figure 1.2: Illustration of two conjugate points

imply positive curvature. However, it was proved by Robert Gulliver in [Gul75] the exis-
tence of Riemannian metrics admitting planes with both positive and negative sectional
curvatures but not presenting conjugate points. In light of subsections 1.2 and 1.3, it is
interesting to point out that Gulliver also proves that the examples satisfy the Anosov

property for the geodesic flow.

1T @A Koo

K >0

>
t

Figure 1.3: Norm of Jacobi Fields on constant sectional curvature.

The following results will not be directly used, but they are interesting to enrich our

analysis and presentation.

Lemma 1.1.5. Let (M, g) be a compact Riemannian manifold with non-positive sectional
curvatures. Suppose v: R — M is a unit speed geodesic with J a Jacobi Field, then the

following claims are equivalent:
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(1) J is a parallel vector field.

(2) IJ@OI = 17O}, for all t € R.

(3) There exists a constant C > 0 such that ||J(t)|| < C, for allt € R.
Furthermore, (1),(2) or (3) implies g(R(J(t),~'(t))Y'(t), J(t)) = 0, for all t € R.

Proof. To see (1) => (2) just observe that 4 1J)|)? = 29(J' (1), J(t) = 0. (2) =
(3) is obvious. Now, (8) = (2) follows by the convex property of f(t) = |[J(t)].
Finally we prove (2) = (1): since ||.J(t)||* is constant, then

d

0=2
at?

(J(2), J(1)) = 29(J'(t), J (1))-

Therefore, by the Jacobi Equation

0= 229(7'(), J(1))) = 2T (1), T (6) + 9(J"(), ])

=2(g(J'(1), J'(1)) — g(R(J(£), 7' ()7 (1), ))-
Since —g(R(J(t),~'(t))¥'(t),J) > 0, last equation implies J'(t) = 0. |

We end this subsection by presenting, without proving, some results about the com-
parison of Jacobi Fields norms. For the proofs check, respectively, [Bal95, 2.9 Proposition]

and [Leel8, Theorem 11.9].

Proposition 1.1.3. (2.9 Proposition in [Bal95]) Let (M, g) be a compact Riemannian
manifold with non-positive sectional curvatures. Suppose v: R — M is a unit speed
geodesic with J a Jacobi Field satisfying ||J(t)|| < C for some positive constant C € R
and allt > 0. Then the following claims hold:

(1) If there exists a constant a € R such that K,»)(X,Y) < —a* <0, for allt € R and
XY e T yM, then

17O < 17O e™ , 7Ol = allJ@), V=0

there exists a constant b € R such that " , > —=02>0, jorallt € an
2) If th ) beR h th K,Y()XY b? 0, f Il R and
XY e T yM, then

7O = 17O ™, 17O < bSO, V¢ >0
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Define the following family of functions s.(t):

t,ifc=0
se(t) == Rsin &, if c = &
Rsinh%, ifc:—é

Theorem 1.1.5. (Theorem 11.9 in [Leel8)) Let (M, g) be a compact Riemannian mani-
fold, with sectional curvatures K, v: [0,b] — M a unit-speed geodesic segment, and J an

orthogonal Jacobi Field. Then we get

(1) If K < ¢, then
1T = se(®) |7 (O)]]

for all't € [0,b1], where by = b if ¢ <0 and by = min(b,7R) if ¢ = 75.

(2) If K > ¢, then
1@ < se(t) (O)]],

for allt € [0,bs], where by € [0,b] is such that v(by) is a conjugate point to v(0) and
there no conjugate point to v(0) for t € [0,by). Otherwise, if there is no conjugate

point along v, then by =b.

1.1.2 Conformal metrics

In this section we are going to present the main technique of deformation we are
going to use to prove Theorem A. Essentially, two Riemannian metrics are said to be
conformal if one is obtained by multiplying the other by a positive function. It is easy
to see from the definition bellow that conformal deformations preserve angles between
vectors and "being conformal" is an equivalence relation between Riemannian metrics,
therefore it make sense to talk about the conformal class of a Riemannian metric. This
two trivial observations together with relations we can see between geometric quantities
of two conformally related metrics justify our choice for this technique. We are going
to see in the next chapter that some of the computations to produce our examples can
be verified very explicitly and without to much effort. Therefore, the development is
somehow "clean".

Let us start with the formal definition:
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Definition 1.1.6. We say that two Riemannian metrics g and ¢ are conformally related

if there exists a smooth positive function ¢ € C*°(M) such that § = ¢g.

Since ¢ > 0, it will be very useful for our computations to write ¢ = e and write the
formulas in terms of the function h € C*°(M). Let us start by relating their Christoffel

symbols:

Lemma 1.1.6. If § = g are two Riemannian metrics conformally related, then their

Christoffel symbols are related by the following formula:
~ 1
Ll = T + 5 (0:hdy + 0;h57 — dihg™ gy;), (1.1.6)

Proof. First, notice that §¥ = e "¢¥. Then, by the expression of Christoffel symbols in

coordinates, we get
~kl

ff] = %(a@j + 0;g1 — O1Gij)
o—h gkl
= 29 (Ds(e"gi5) + 0;(c"gus) — D(egs5))
o= gkl
= 29 (e"(Dshgy; + Bigij + O;hgii + O;qu — Oihgiy — Dugij))
ki
g 1
= j(aiglj + 0; g1 — 01945) + §<8ihgklglj + 8jhgklgli - alhgklgz‘j)

1
[ |
We can now give a relation between the Levi-Civita connection for conformal metrics.

Remember that the Riemannian Gradient of a smooth function is defined as the only

vector field V h which satisfies the relation

In coordinates, it can be expressed as

0
oxrt

When the metric g is clear by the context or there is no need to be precise, we are going

V,h = g70;h

to use the notation Vh instead of V h to simplify the notation.

Lemma 1.1.7. If § = e"g are two Riemannian metrics conformally related, then their

Levi-Civita connections are related by the following formula:

VW =V, W + ;(V(h)W + V()W — g(V, W)V,h), (1.1.7)
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Proof. We only need to check the above relation locally. So, let us fix a chart (U, (z°))

. . 0 . A
and suppose we can write V' = V'X; and W = WX, with X := et Vi Wi e C(U).
xl

Remember that the connection applied to the pair (V,W) is totally determined by the
functions V', W7 and the Christoffel symbols:

VW = (Vi X WE + VW7 - TE) X,

Using the previous Lemma, we get

1 . . . . . .

=V, W+ 5((V’6ih)(W35§‘)Xk + (WI0;h) (VISR Xy, — (VW gi5) (g™ O1h) X
1

=VyW + i(V(h)W’“Xk +W(h)VEX, — g(V,W)V,h)

=VyW + ;(V(h)W +W(R)V = g(V,W)V,h)
n

It is interesting to observe that if two metrics are conformally related, it does not
imply that they have the same geodesics. Assume for example that v is a geodesic for the

metric g, then D;y' = 0 and by the previous Lemma we get
’D’ "' — D~ / / 1 1112 o A 1 12
o =D+ ()Y = S IV VR = g(Vh A = SV

Thus, v is also a geodesic by the metric g if Vh|, = 0, i.e. ~ is a critical set for the
function h.
Another straightforward computation (but way longer, so it is going to be omitted.

Check [Wal04].) gives us the relation between the curvature endomorphisms:

Lemma 1.1.8. If § = e"g are two Riemannian metrics conformally related, then their

curvature endomorphisms are related by the following formula:

R(X,Y)Z = R(X,Y)Z + ;{g(VXVh, 2)Y — g(Vy'Vh, Z)X
+9(X, 2)VyVh—g(Y,Z)VxVh}
+ L OB)(Z) — oV, 2)VA)X — (XB)(Zh) — (X, Z)|VAY

+ ((Xh)g(Y,Z) — (Yh)g(X,Z))Vh}. (1.1.8)
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We are finally able to relate the sectional curvatures for conformal metrics. This is
the key relation we are going to use to "break" the Anosov property (check Section 1.3)
of some class of Riemannian metrics.

First, observe that |X AY| = §(X, X)§(Y.Y) — §(X,Y)? = e2*|X A Y[2. Then,
using the previous Lemma for any pair of linearly independent vectors X, Y, the sectional

curvature of the plane IT = span{X,Y} is given by

ehK(X7 Y) = K(Xv Y) |{g(vXVh7Y)g(Ya X) - g(vYVh7 Y)g<X’X)

TOXAY

+9(X,Y)g(VyVh, X) — g(Y,Y)g(VxVh, X)}

+ i{((Yh)(Yh) — g(Y.Y)|Vh*)g(X, X)

— (Xh)(Yh) — g(X, Y)[Vh[*)g(Y, X)
+((Xh)g(Y,Y) = (Yh)g(X,Y))g(Vh, X)}.

An interesting property that holds for any two metrics in the same conformal class is
orthogonality of any two tangent vectors, i.e. if Ze’g, then X and Y are orthogonal for

g if, and only if, g. Then we can state the following Lemma

Lemma 1.1.9. If § = e"g are two Riemannian metrics conformally related, then their
sectional curvature of a plane I1 with orthogornal basis { X, Y}, with g(X, X) = g(Y,Y) =
1, are related by the following formula:

dﬁaX;Y):lﬂx;Y)—;QKVXVhHYy+ﬁvyVhJU) (VA = (Xh)? = (Vh)?).

(1.1.9)

1
4

The term ¢(VxVh,Y) in the previous Lemma is called Riemannian Hessian of the

function h and is also typically denoted by Hess(h)(X,Y).

1.1.3 Locally symmetric metrics

Our constructions made in Chapter 2 work for a particular class of Riemannian
manifolds called Locally Symmetric. We are going to introduce the definition and present
a classification of such spaces. We also going to explore some of the interesting properties
we are going to need for our constructions and fix some notation. For further results

about such spaces, we refer to [Mos73] and [Jos08].
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Definition 1.1.7. A Riemannian metric g is called locally symmetric if, and only if,
the curvature endomorphism R is parallel with respect to the Levi-Civita connection, i.e.

VR =0.
Remember that VR: X(M)* — X (M) is defined by

VR(X,Y,Z,W) = (VwR)(X,Y, Z)
= Vi (R(X,Y)Z) — R(VwX,Y)Z — R(X,VwY)Z — R(X,Y)VwZ.

Classical examples of locally symmetric manifolds are Kéhler manifolds [Mor07].
It is known that compact locally symmetric Riemannian manifolds are obtained by

compact quotients of hyperbolic spaces:

Proposition 1.1.4. A Riemannian closed manifold (M, g) is a compact locally symmetric
manifold of negative sectional curvatures if, and only if, it is a compact quotient of the

following hyperbolic spaces:
(1) RH": real hyperbolic space.
(2) CH? : complex hyperbolic space.
(3) HH? : quaternionic hyperbolic space.
(4) OH?: octonionic hyperbolic space.

The sectional curvatures are bounded by an interval depending on the holomorphic
curvature of each space in the following way: let us call the holomorphic curvature by

—H?, then
(1) RH": K = —H?.
(2) CH?>: —4H? < K < —H?,
(3) HHY: —4H?> < K < —H?.
(4) OH?*: —4H? < K < —H?.

From now on, for our computations, we are going to consider H = %, but everything can

be adapted modulo changing some constants in the computations.
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The first interesting property we highlight is the invariance of sectional curvatures
by parallel transport, that is suppose 7(t) is a geodesic and X (t),Y (t) are two parallel
vector fields along v(t) we claim that K (X (¢),Y (t)) = K(X(0),Y(0)). Indeed, suppose
with no lost of generality that {X(¢),Y (¢)} are orthonormal, then

d
Z9(ROXLY)Y,X) = g(DiR(X,Y)Y. X) + g(R(X, Y)Y, D.X)
= g(R(D,X,Y)Y,X) + g(R(X, D,Y)Y, X) + g(R(X,Y)D,Y, X)

=0

Another property that is going to be very useful for us is a characterization of the
sectional curvatures: let y(t) be a geodesic, then there exists an orthonormal parallel
frame along ~, say {eo(t),e1(t),...,e.(t),er11(t),...,en_1(t)} such that for, i # 0, we
have R(e;(t),eo(t))eo(t) = —Ale;(t), where \; = 1,1 depending on i. Therefore, the

1

possible sectional curvatures are K(e;(t),eo(t)) = —A? = —1 or — ;. Here we make a

distinction on the index r above because depending on each case of Proposition 1.1.4 we

consider, there will be a fixed number of directions for which —A? = —1 and —A? = —1,

then let us fix that

N 1, ifi=1,..,r

—i, if i=r+1,...,n—1

For example, for RH" r is equal to n — 1, then we have a manifold of constant curvature
—1. On the other hand, for CH? r is equal to n — 2, that is there is only one direction
i =n — 1 such that K(e,_1(t),eo(t)) = —1.

The examples of compact locally symmetric Riemannian manifolds from Proposition 1.1.4

we are going to consider are the following:
(1) Compact Kéhler manifolds of holomorphic curvature —1 (cf. [Gol99]).

(2) Compact locally symmetric quaternionic Kéhler manifolds of negative curvature (cf.

[Bes07]).

As we observed above, for a fixed tangent vector v € T, M, the tangent space (minus the
direction Ruv) splits into two distinct subspaces for which the sectional curvatures are —1
and —i. We are going to denote these spaces by A(x,v) and B(x,v), respectively, rather

than indicating in the notation the numbers —1 and —i so we can simplify the notation
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(see (1.1.10)) when dealing with the computations. Let us make this notation explicit to

avoid any confusion: for every v € T, M, let us define the following spaces
Alz,v) ={w e T,M: K(v,w) = —1}
1
B(z,v) := {w eT,M: K(v,w) = —}

4
Again, for locally symmetric manifolds (check [Jos08]) we get that

{v}*+ = A(z,v) ® B(z,v).

Denote by Pr¢ the projection to the space C(z,v), with C' = A, B. For any vector field
D
X we will use the following notations: if « is any geodesic and i Ve is the covariant

derivative along «, then

Xo = PrcX
X, = Pre¢ (DX)
8 dt (1.1.10)
(Xe) = 2 (PreX)
Xov = ((ZPT0> X

Since VR = 0, the subbundles C(z,v) are parallel, i.e. the parallel transport of vectors
in C(z,v) along a smooth curve a remain in the correspondent space C(ca, ). Then for

any vector field X along a geodesic a we have

D DX

—(ProX) = Pro (dt) .

Another way to state this is the following: saying that C' is parallel also means that the
covariant derivative of its projection is parallel. Remember that for any endomorphism

F:TM — TM (also (1, 1)-tensor) its covariant derivative is given by
VxF =VxoF —FoVx.
So, if Pr¢ is parallel along every geodesic v, then
(V,Pr¢)=V.,oPrc—PrcoV., =0.

Therefore, the above notation gives us X = 0 and (X¢)" = X{. This remark will
be important when we deform the metric since the deformed metric will not be locally
symmetric, thus, the computations must consider the term "X ". In addition, the parallel

transport of the spaces A and B along a closed prime geodesic also preserves orientation.
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With our notation, the property we mentioned before about the behavior of R(X,v)v

will be written as follows (check [Jos08]):

1
R(X, U)?) = _ZXB(x’U) — XA(x,v)- (1.1.11)

1.2 Geodesic Flow

One of the most natural dynamical systems arising from Riemannian geometry is
the geodesic flow. It describes the motion of a tangent vector to the trajectory of a free
particle traveling along geodesics at constant speed on a Riemannian manifold. More
precisely, the geodesic flow is a smooth flow on the unit tangent bundle of the manifold,
associating to each unit tangent vector the velocity of the unit-speed geodesic determined
by that initial condition. This flow not only encodes the geometry of the manifold but
also exhibits rich dynamical behavior, particularly in the presence of negative curvature.

Beyond its geometric origin, the geodesic flow fits into several broader mathematical
frameworks. It is a special case of a Hamiltonian system, where the dynamics are governed
by the kinetic energy H(z,v) = 3g,(v,v) and the canonical symplectic structure on T*M.
This places a relation between the geodesic flow and symplectic and contact geometry.

Because of this interplay between geometry, dynamics, and analysis, the geodesic flow
serves as a central object in several areas of mathematics, including spectral geometry,
microlocal analysis, and topological dynamics.

In this section, we are going to define and explore the geometric and dynamical
properties of the geodesic flow. In here, we intend to restrict ourselves to the properties
that are going to be useful for the understanding of our results and we have no intention
to completely develop the general theory. For a more complete exposition we refer the
great book by Gabriel Paternain [Pat99].

We are going to denote a general element of TM by 6 = (p,v) or just v when

convenient.
Definition 1.2.1. Given a Riemannian manifold (M, g) we define the Geodesic Flow
gi: TM — TM as the family of diffeomorphisms given by

gt (pv U) = (7(1),1}) (t)v VEp,v) (t))

The image below illustrates some possible behaviors of orbits of the geodesic flow.

Notice that even though the geodesic with 7/(0) = 0 on the image has self-intersection,
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Figure 1.4: The geodesic flow on a surface of genus 3.

it does not represent a closed orbit of the geodesic flow once u # ¢;(u). Differently, we
observe that the geodesic with 7/(0) = x represents a closed orbit for the geodesic flow. It
is known that there are plenty of closed orbits for the geodesic flow in negatively curved
manifolds, and also, there exists at least one dense orbit.

There are many interesting questions about the dynamical system (7'M, g;). How-
ever, we are particularly interested in the Anosov property, and generally the partially
hyperbolic property, which occurs for some classes of geodesic flows (check Section 1.3).
We are going to properly define these properties later, but let us mention that partial
hyperbolicity of a diffeomorphism f: M — M concerns the behavior of its derivative
acting on T'M. Essentially, a diffecomorphism has the partial hyperbolicity property if
T M decomposes into three D f-invariant subbundles ¢, E* and E° such that vectors in
E? are uniformly contracted by the action of D f, vectors in E* are uniformly contracted
by the action of Df~! and vectors in E¢ have an intermediate behavior. For us now it is
important to understand the phase space of Df in the context of the geodesic flow, i.e.
the geodesic flow acts on T'M, thus Dg; acts on the tangent bundle of T'M, say T(T'M).
Initially, it is not clear what the space T(T'M) is and how to study it, but there are some
strategies from Riemannian Geometry which are very useful.

Let us start by introducing special coordinates in T'(T'M): denote by 7 the canonical
projection of the vector bundle 7: TM — M. For 8 € T'M we define the Vertical Space at
0 as the space V(0) := ker Dmy. Intuitively, we can see this space as the space of tangent
vectors to curves inside a single fiber of m: TM — M. Suppose a: (—e,e) — TM is a

curve inside some fiber of w: TM — M, ie. moa(t) = n(a(0)) for all t € (—¢,¢). Taking
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the derivative on ¢, we get

Dﬂ'a(t)a,(t) = 0.

Thus, o/(t) € V(«(t)). Notice that V() is a subspace of TpT'M of dimension n because
7 is a submersion.

For each § € T'M one could chose any complementary space H(0) C T,TM of
dimension n such that TyTM = V(0) & H(#). However, there is no canonical way to
choose such a space H(f) so that it defines a subbundle structure in T7TM from the
bundle structure. Here, the notion of connection plays an important role in defining the
spaces H in a coherent way. The construction is general, but let us assume that V is
the Levi-Civita connection for some Riemannian metric g. Let us show how to use the
connection to define a bundle map K: TTM — TM: let 8 € TM and £ € TyTM and

choose a curve a: (—e,e) — T'M such that

Since a(t) € TM, we can write a(t) = (a(t), W(t)), where a(t) = 7o a(t) and W (t) is a
vector field along a. Therefore, we can define K as
Ko(&) := (VzW)(0).

Since Ky(&) := (V;zW)(0) depends only on the coordinates of &(0), W (0) and Christoffel
symbols, the map I does not depend on the choice of «a, so it is well-defined. By the
properties of smooth connection (remember Definition 1.1.1), it is not difficult to see that

KCo is a linear map. Finally we define the Horizontal Space as H(6) := ker Ky.
Lemma 1.2.1. Given 0 = (p,v), then the following maps are linear isomorphisms:
(1) Dmolm@y: H(O) — T,M.
(2) Kolvey: V(0) = T,M.

Proof. We prove (2) first. Since dim V' (6) = n it is enough to prove that Ky is injective.
In fact, suppose Ky(§) = 0 and € € V(0). Let a: (—¢,e) — T'M such that
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Since £ € V/(0) it implies that m o a(t) = 7o a(0) = p. As before, write a(t) =
(a(t),W(t)) = (@(0), W(t)) and we have Ky(&§) = (V5 W)(0) = 0. Working in a co-
ordinate system we get (a')'(t) = 0 and from the last equality that

(WY (1) = =W (t)(&@") ()7 = 0.

Therefore, W (t) = W(0) = v. We conclude that a(t) = (p,v), so /() = 0. In particular,
a/(0) = £ = 0. To prove (1) it is enough to observe that dim H(0) = dimTyTM —

dim Im/KCy = 2n — n = n and the proof is the same as in (2). |

The previous Lemma gives us that T,7M = V() @ H(#). Moreover, we have that
the map j,: T,TM — T,M x T,M given by

7o) = (Dmy(§), K, (€))

defines a linear isomorphism. For simplicity, we are going to use the following notation

based on the previous result

§n = Dmp(§),

& = Ko(§)
So, an element £ of TyTM will be written as £ = (&, &,).
The first interesting application of this construction we are going to see is a description
of the behavior of the Geodesic Vector Field, i.e, the vector field G: TM — TTM that

generates the geodesic flow g;. In other words, the Geodesic Vector Field is given by

d d ,

G(0) = %Qt(e)hzo = %(V(p,v) (t)s Vi) (£ |i=0

Lemma 1.2.2. Let 6 = (p,v), then the Geodesic Vector Field G satisfies G(0), = v and
G(0), = 0.

Proof. The proof is essentially two elementary computations:

d d
G(O)n = DroG(8) = 270 (Y (1) Vo D)o = T (B0 =

By definition, we have

G(0)y = Ko(G(0)) = (Vor  Vipay)(0) =0
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Our second application of the decomposition TyTM = V(0) & H(0) is the definition
of a symplectic structure on T'M invariant by the geodesic flow: first, notice that we have

naturally a well-defined complex structure on Ty T'M given by

j@(fha gv) = (_&n gh)a

i.e. mcJy is a linear isomorphism satisfying jgz = —Idrp,rm. Now, let us define a Rieman-

nian metric on T'M called Sasaki Metric by

G((&ns &), (s ) = g(Eny ) + 9(Evs M)

Thus, H(f) and V(0) are orthogonal with respect to the Sasaki Metric. Finally,
define the following 2-form on T'M:

QH((&M 5@)7 (77}17 7711)) = ./g\(jﬁ(gha &))7 (77/17 771})) - g(&m nv) - g(&): nh)

Lemma 1.2.3. The 2-form ) defined above satisfies the following properties:
(1) Q is anti-symmetric.
(2) € is non-degenerated.
(8) Q is invariant by the geodesic flow.

Proof. To see (1), we compute Q((&r, &), (M, M) ):

Q@((£h7 51})7 (77h7 771))) = ?(je(fh, Sv)a (nha 7711)) = g(€h7 nv) - g(gm nh)
= _(g(gh, —771;> + g(gva nh)) = _g(je(n}“ 7]”)’ <§h’ g”))
_QQ((nhanv)7 <£h7£v))

To see (2), let (&,,&,) € TyT M and consider (—&,,&,) € TyT M, then

QO((fh,&;)a (_gméh)) = g(&h,éh) + g(éﬂ;&v) Z 0

then Qy((&r, &), (=&, &) = 0 if, and only if, (&,,&,) = (0,0). Finally, let us prove (3) by
showing that G(0) is the Hamiltonian Vector Field of H(v) := 5g(v,v) with respect to Q,
ie. dH(-) = Q(G,-): let £ € TyTM and «: (—e,e) — TM be a curve a(t) = (a(t),v(t)),
with a(0) = 0 = (p,v) and /(0) = &, then

d dl1

dHy(€) = —H o a(t)]y—o = 129

> (0(t), v(t)]i=0 = 9(V50(0),0(0)) = g(&, v)
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On the other hand, by Lemma 1.2.2

Q9(G(0),€) = 9(G(O)n, &) — 9(G(0)v, &) = g(v, &n)
|

The previous Lemma together with the following Proposition gives us that €2 is a

symplectic form for T'M:

Proposition 1.2.1. (Proposition 1.24 in [Pat99]) The 2-form 2 satisfies

where a is the 1-form

Proof. See [Pat99] Proposition 1.24 for the proof. |

The last proposition is a key step to define a structure we will be very interested in

when studying the dynamics of the geodesic flow known as Contact Structure.

Definition 1.2.2. For a compact manifold M?"*! a smooth non-vanishing 1-form « is
called a Contact Form if da|ye o is non-degenerated. Alternatively, « is called a Contact

form if a A (da)™ is a volume form.

Definition 1.2.3. Given a contact form «, we will call the distribution ker o a Contact

Structure.
The following result is elementary from the theory of contact geometry:

Proposition 1.2.2. Given a contact form «, there exists a unique vector field R, called

The Reeb Vector Field of o, determined by a(R,) =0 and da(R,, ") = 0.

Observe that contact forms can only be defined in odd-dimensional manifolds, then
there is no way we can define such a structure on TT'M. However, remember that T'M
is not a compact manifold and we are interested in studying the dynamics in compact

manifolds so we are going to restrict its action to the Unit Tangent bundle

T'M = {(x,v) € TM : g(v,v) = 1},
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which is a compact manifold whenever M is. Since geodesics are curves with constant
speed <§t g,y = 0), then the geodesic flow leaves T* M invariant. Therefore, it makes
sense to study the dynamical systems g;: T*M — T M with the restricted Sasaki metric
g. Next Lemma shows us that a|riy; defines a contact form with contact structure
S(0) := ker a(f). Notice that S(6) consists of the vectors in T*M orthogonal to R - G(6)

with respect to the Sasaki metric.

Lemma 1.2.4. Given 6 = (p,v) the following properties hold
(1) An element & € TyTM is an element of ToT* M if, and only if, g(&,,v) = 0.
(2) Qs is non-degenerate.

Proof. A tangent vector £ € T,T*M if, and only if, it is the tangent vector to a curve
in T'M, say o. It means that g(a(t),a(t)) = 1 and taking the derivative on both sides
and using the definition of &, we get (1). Now, notice that £ € S(0) C TyT'M if, and
only if, g(&,v) = g(&,,v) = 0. Thus, as before, given £ € S(0) C TyT'M consider
(=&u,&n) € S(0) CTyT"M to get Qo((&n, &), (—E€v,En)) > 0. u

Corollary 1.2.1. «a|r1ys defines a contact form with Reeb Vector field G.

Since M is a compact manifold, any contact form induces a probability measure on

T'M.

Definition 1.2.4. Let « be the contact form defined above on T M, then the induced
volume form aA(da)™ induces a probability measure called Liouville Measure and denoted

by Liou.

One of the most remarkable results in the modern theory of dynamical systems is
the ergodicity of the Liouville Measure for the geodesic flow when the metric is nega-
tively curved. This result was proved by Anosov by using the known Hopf’s Argument
(which will be discussed in Chapter 3) by proving that in this case the geodesic flow has
the Uniform Hyperbolic Property or Anosov Property (which will be defined below and
explored more closely in Section 1.3). Remember that we have already introduced this
notion above, and it refers to the behavior of Dg;, so let us explore how to connect the

sign of the curvature with Dg;. We will see that the relation is due the Jacobi Equation

(1.1.5)
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Proposition 1.2.3. The action of the derivative of the geodesic flow (Dgi)g: T,M x
LM =T, ;oM x T, M is given by

(Dgt)e(f}w €’U> = (‘]&(t)a Jé(t))7
where Je is the Jacobi Field along .y with initial conditions J¢(0) = &, and J{(0) = &,.

Proof. Let a: (—e,e) — T'M be a curve of the form a(s) = (7 o a(s), W(s)) such that

Consider the variation of the geodesic 7)) by geodesics given by
F:RXx (—¢,6) > TM
(t,s) — mo gi(a(s))

It implies that J(t) := 25|,_o(¢) is a Jacobi Field along 7, with initial conditions

0
J(0) = 5 mogi(als))ls—o = (D7)og
and
, DOF D 0 D 0
T0) = 55 lusmo = om0 9ia($) om0 = 7557 0 Gu(a(5)) oo
D
= W)l = Kol¢)
On the other hand, we have
oF 0
J(t) = 5 - )lsm0 = 7m0 gi(als))ls=o = (D70 g:)s(§) = D7yy(0)(Dge)o(€)

and the symmetry of the Levi-Civita connection, we get

iy DOF _ Do _ Do
J'(t) = 7 s (t)]s=0 = 95" ° ge(a(s))]s=0 = FRE U ge(a(s))]s=o
D !
= £%(s)(t>|s:o = Ky, 0)((Dgr)o(£))

Last Proposition combined with the comparison results for Jacobi Fields we have
presented in 1.1 indicates that Dg; should exponentially contract and expand vectors
somehow in the presence of negative curvature. Let us define Anosov Geodesic Flows and
explore this property through the lens of the celebrated work by Patrick Eberlein [Ebe73].

We are going to study this property in a more general setting in Section 1.3.
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Remark 1.2.1. We denote the space generated by a vector V' by RV

Definition 1.2.5. The geodesic flow g;: T*M — T'M is called an Anosov flow (with
respect to the Sasaki metric on T*M) if T(T* M) has a splitting T(T* M) = E*®&RG® E*™

such that there exist constants C' > 0 and A < 0 satisfying

(Dgi)e(E*(0)) = E**(g:(0)),
(Dge)o(E“(0)) = E**(g:(0)),
1(Dgo)o] .11 < Ce,

1(Dg-)o|,,,. Il < Ce™,

for all t > 0.

We now give an intuition on the meaning of this property in terms of the dynamics
of g;: the general theory of Anosov systems guarantees that E* and E“" are integrable
distributions by submanifolds W** and W"* satisfying that for n € W?*3(0) (resp. W**(0)),
we have d(g:(0), g:(n)) — 0 as t — oo (resp. t — —o0).

TT'M Ty T'M

W(g:(0))

Figure 1.5: Hlustration of an Anosov geodesic flow

Essentially, a geodesic flow is of Anosov type if there exist complementary directions
to the flow lines such that we have contraction or expansion of distances. Previously, we

mentioned that the Anosov property for the geodesic flow is closely related to the sign of
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the sectional curvatures. This relation is not trivial, but comparing Theorem 1.1.5 and
Proposition 1.2.3 can give us an idea of the behavior of Dg; acting on vectors. To get a

better idea, let us explore some simple examples.

Example 1.2.6. Suppose K = —1 a consider v: R — M an unit-speed geodesic.
To evaluate the Jacobi Fields in this case we can proceed as follows: let {eg(t) :=
Y(t),e1(t),...,e,_1(t)} be an orthonormal parallel frame along ~, i.e. the following prop-

erties are satisfied
(1) glei(t), e;(t)) = di;.
(2) Dye;(t) =0, foralli=0,...,n — 1.
(3) spanfeo(t),...,en—1(t)} = TyuyM.

A Jacobi field along v can be written as J(t) = J*(t)e;(t), with J*: R — R, and it satisfies
J'(t) = (J')'ei(t). Then g(J".e;) = (J))" = —g(R(J.¥) &) = —=J'K(ei,y) = J".
Then, J* = (J%)” and solving this ODE we get

Pt — (Jf<o> - <Ji>'<o>> i (J@'<o> - <J@'>'<o>>

2 2

Since Jacobi Fields are determined by the initial conditions, we can see that if J(0) =
—J'(0), then ||Dg;(J(0),—J(0))|| < Ce™" for some big enough constant C' > 0. In this
case is easy to see that for Dg; exponentially contracts vectors of the form (v, —v) and

t > 0. The same analysis works for vectors of the form (v, v). ¢

Example 1.2.7. Suppose K = 0 and proceeding as in the previous example, we get that
Jacobi Fields have coordinates satisfying (J%)” = 0. Therefore, J'(t) = (J*)'(0)t + J*(0)
and there is no exponential contraction nor expansion of the norm of a Jacobi field along

time. In this case, the geodesic flow does not satisfy the Anosov property. ¢

Example 1.2.8. Suppose K = 1. By the work of Wilhelm Klingenberg [Kl1i74], we know
that if the geodesic flow is of Anosov type, then (M, g) has no conjugate points. It implies
that if K = 1, then the geodesic flow can not present the Anosov property. .

Beyond constant curvature examples, it is nontrivial to determine if the geodesic
flow presents the Anosov property. It is worth remembering that exploring the Anosov

property for the geodesic flow was crucial in the study of ergodicity for the Liouville
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measure. First results on this direction were obtained by Eberhard Hopf in [Hop39] and
[Hop40] for surfaces and constant curvatures. Hopf developed a very beautiful idea to
obtain ergodicity, now known as the Hopf’s Argument. We will extensively explore this
idea in Chapter 3 when proving ergodicity of the restriction of a flow to ergodic homoclinic
classes. Later, Dmitry Anosov and Yakov Sinai generalized the results by Hopf for the
general setting of any dimension and varying negative curvature in [Ano67] and [AS67].
At this point, Anosov formalized the proof of the property geodesic flows satisfy for

negatively curved metrics, the previously defined Anosov property:

Theorem 1.2.9 ([Ano67]). If (M,g) is a compact Riemannian manifold with negative

sectional curvatures, then g; is of Anosov type.

A natural question is whether the only Anosov geodesic flows are those for which the
sectional curvatures are all negative. However, there are also examples of compact mani-
folds with regions of zero and positive curvature whose geodesic flow is Anosov ([Gul75],
[DP03], and [Ebe73]). Nevertheless, the Anosov condition is inherently connected to the
presence of negative curvature as explored in the celebrated paper by Patrick Eberlein
[Ebe73]. The classification made by Eberlein is one of the key points for our work in order
to break the Anosov property of some class of metrics. We are going to present his results
not in full generality since we have not defined many of the objects that appear in his

paper, but we are going to explicitly indicate how we are going to use them in Chapter 2.
Theorem 1.2.10. (Theorem 3.2 in [Ebe73]) The following are equivalent:

(1) The geodesic flow in T'M is of Anosov type.

(2) There exists no nonzero perpendicular Jacobi vector field J(t) along a unit-speed

geodesic y(t) such that ||J(t)|| is bounded for all t € R.
The above theorem has the following consequence:

Proposition 1.2.4. (Corollary 3.4 in [Ebe73]) Let (M,g) be a Riemannian manifold.
If the geodesic flow g; is of Anosov type, the following holds: Let v be any unit speed
geodesic of M, and X (t) be any nonzero perpendicular parallel vector field along a. Then

the sectional curvature K(X,a')(t) <0 for some t € R.

Last proposition can be understood as an obstruction for a Jacobi field J to be

parallel along a geodesic v once a Jacobi field is parallel if, and only if, the planes II(t) =
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span{J(t),~'(t)} all have zero sectional curvature. It also indicates how to break the
Anosov property in the sense that if we start with a metric g for which the geodesic
flow is of Anosov type, then we can obtain a non-Anosov geodesic flow by performing a
C?-deformation (remember Lemma 1.1.3) on g to produce a parallel Jacobi Field. This
is done in Subsection 2.2. This result also makes it trivial to check if some surfaces have

Anosov geodesic flows. Let us consider the following examples (check the Figure below):

Example 1.2.11. Let S be the surface of revolution obtained by rotating the graph of
f(z) = 2* 4+ 1, defined in some interval [—a, a], around the z-axis and then gluing two
negatively curved surfaces to this neck. The obtained surface is non-positively curved,
and moreover, it has negative Gaussian curvature besides a central closed geodesic v at
x = 0 for which the Gaussian curvature is identically zero. Since the dimension is 2, the
Gaussian curvature determines the only possible sectional curvature. Then, any parallel

vector field along v is a Jacobi Field, thus, the geodesic flow is not of Anosov type. ¢

Example 1.2.12. Another easy example is obtained by considering a piece of cylinder
C and then gluing to negatively curved surfaces to this neck. The obtained surface has

a large set of closed geodesics with null Gaussian curvature (the whole C'), thus by the

same arguments, the geodesic flow is not Anosov. .
) Surface of Example 1.2.11 ) Surface of Example 1.2.12

We are not going to prove ergodicity of Anosov geodesic flows in this dissertation but
we refer to the beautiful book by Werner Ballmann [Bal95] where the reader can find many
nice results about the geodesic flow for the general setting of non-positively curved metrics
and an Appendix by Misha Brin about the ergodicity of the geodesic flow. Ergodicity for
the Liouville measure is not exclusive of Anosov geodesic flow. Indeed, our results show the

existence of ergodic geodesic flows with a weaker notion of hyperbolicity called Partial
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Hyperbolicity (check Section 1.3 for the definition). We get ergodicity by using more
general results obtained back in the 80s as [BBES85], [BB82|, and [Bur83|. Their results
concern metrics with rank one: the rank of a tangent vector v € T*M is the dimension of
the vector space of parallel Jacobi fields along the geodesic with initial condition 4/(0) = v
and the rank of the Riemannian metric is rank(M, g) = inf 71, rank(v). The only issue
with their results is the assumption that rank one implies that the set of vectors with
rank bigger than one has measure zero. If this condition holds and the curvature is non-
positive, then the geodesic flow has even more chaotic behavior, such as mixing and the

Bernoulli property. Combining their results we can state the following theoem

Theorem 1.2.13 ([BB82],[BBES5|, [Bur83|). Let (M, g) be a Riemannian metric with
non-positive sectional curvatures and rank one. If the set of vectors with rank bigger
than one has measure zero, then the geodesic flow is a Bernoulli flow. In particular, the

geodesic flow is ergodic for the Liouville measure.

The setting of the theorem above is precisely the setting of our Theorem B and
also Example 1.2.11. Non-positive curvature is also not a necessary condition to get
hyperbolicity, some results by Burns, Gerber, Donnay, and Gulliver in [BG89], [DP03],
[Don06], and [Gul75].

1.3 Partial Hyperbolicity

In this section, we are going to present all the definitions in the particular setting of
the geodesic flow, however, the definitions are the same for the general case of flows and
diffeomorphisms. We are not going to use many of the interesting properties of a partially
hyperbolic system, but the definition and equivalent relations. Therefore, we are going
to make this section concise and direct to the results we need. The classical definition of

partial hyperbolicity is the following:

Definition 1.3.1. A geodesic flow g;: T*M — T M is called Partially Hyperbolic if there
exists a nontrivial Dg;-invariant splitting T(T'M) = E* & E° ® RG & E** such that

I(Dgy)e < CeM,

I(Dge)ol ]| < Ce™,

Ess

Ce' < ||(Dgi)olpe|| < Ce™™,

FEc
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for some A < 4 <0 < C and for all § € T* M.

In other words, it means that the dynamics decomposes in directions for which dis-
tances are exponentially contracting for positive time, exponentially contracting for neg-
ative time, and an intermediate behavior. The action of Dg; on E° may be contracting
or expanding the size of vectors as well as be an isometry on some vectors, the important
property that we should have in mind is that if there are expansion (resp. contraction)
it is not as strong as the contraction (resp. expansion) of E** (resp. E**). It is worth
clarifying the meaning of "nontrivial" in Definition 1.3.1: by "nontrivial' we mean that
E* # {0} and E"™ # {0} so the system always presents some exponential contraction
and expansion. However, we do not require E¢ # {0}. Indeed, it leads us to the first

example:

Example 1.3.2. From Definition 1.2.5 we have that Anosov geodesic flows are examples
of Partially hyperbolic geodesic flows with E¢ = {0}. Then, from the discussion at the
end of the previous Section, we see that negatively curved compact Riemannian manifolds
present partially hyperbolic geodesic flows. Our results, Theorem A and Theorem B, are

precisely the construction of Partially hyperbolic geodesic flows which are not Anosov. ¢

Notice that no surface can present a partially hyperbolic geodesic flow that is not
Anosov. This is just a matter of dimension since dim7%S = 3. So, for our construction,
we must consider higher-dimensional manifolds. Indeed, we can not visualize partially
hyperbolic flows which are not Anosov because this is a phenomenon of dimension at

least 4. However, we can analogously define partial hyperbolicity for diffeomorphisms:

Definition 1.3.3. A diffeomorphism f: M — M is called Partially Hyperbolic if there
exists a nontrivial D f-invariant splitting TM = E** @ E¢ @ E" such that

I(Df™)a| sl < Ce™,
I(Df™)o| puull < Ce™,
Ce' < |[(Df")a

gell < Cve—;m7

for some A < u <0 < C and for all x € M.

Examples in dimension 3 are now possible and not difficult to produce:
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Example 1.3.4. Consider the following matrix

2 10
A=111 0
001
The matrix A induces a partially hyperbolic diffeomorphism f4 on T? = R3/Z3. .

Example 1.3.5. Let ¢;: M? — M? be an Anosov flow (for example, the geodesic flow for
a negatively curved Riemannian metric), then for each 7' > 0 the diffeomorphism f = ¢r
as the time—T map is a partially hyperbolic diffeomorphism. In this case F¢ = RX,

where X is the vector field which generates the flow ¢;. ¢

On the other hand, there is a simple construction to produce a flow example from a

diffeomorphism.

Example 1.3.6. Suppose f: M — M is a partially hyperbolic diffeomorphism, then any

suspension flow ¢, inherits a partially hyperbolic structure. .

Another way to present some kind of partial hyperbolicity appears as the so-called

Dominated Splitting, which we present below

Definition 1.3.7. An Dg;-invariant splitting E® F of T(T*M)/RG is called a dominated
splitting if

(1) E and F are Dgi-invariant: Dg,E(0) = E(¢:,(0)) and Dg,F(6) = F(g.(0)), for all
0cT'Mandi=1,.. k.

(2) The following inequality holds
I(Dge)sle@)ll - 1(Dg-e)guio) | Fanonl < Ce™,
for some C,\ > 0 and for all € T M.
In general, we say that a splitting T(T"M)/RG = E; & - - - ® E} is dominated if
(1) Each E; is Dgs-invariant: Dg;E;(0) = E;(0), for all 0 € T"M and i = 1, ..., k.
(2) The following inequality holds

H(Dgt)@ Ei+l(9t(9))|| < Ce_ktv

ol 1(Dg-t)g.0)

for some C,\ > 0 and for all # € T' M.
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The concepts of splitting domination and partial hyperbolicity are related by the

following result

Proposition 1.3.1. A geodesic flow g;: T*M — T M s partially hyperbolic if, and only
if, there exists a dominated splitting T(T*M)/RG = E* & E¢ @ E** such that vectors in
E?®% are exponentially contracted by Dg; and t > 0 and vectors in E** are exponentially

expanded by Dg; and t > 0.

Dominated splitting and the uniform contraction expansion in £** and E"* in the
definition of partial hyperbolicity are, in general, different. However, in the special case
of symplectic dynamics (as the case of geodesic flows), we have a beautiful connection

from the works [Con02] and [Rug91b] (see also [CP14, Lemma 2.8]).

Lemma 1.3.1. Let (N,w) be a symplectic manifold, w its symplectic 2-form and ¢;: N —
N a flow on N generated by a vector field X such that Lx(w) =0, i.e., the flow preserves
the symplectic structure of N. If there is a dominated splitting TN/RX = E® E‘® F
such that dim(E) = dim(F), then for all x € N there exist C' >0 and A < 0 such that

I(Dge)alell < Ce,  [(Dp—i)olrll < Ce™.

Essentially, the previous lemma says that in symplectic dynamics, if there is a dom-
inated splitting with extremal subbundles of the same dimension, then the dynamics is
partially hyperbolic. This connection will be important in our case because our proof
of partially hyperbolicity in Chapter 2 is based on proving the existence of a dominated
splitting for the constructed geodesic flow, then concluding partial hyperbolicity via this
lemma.

To prove the existence of dominated splitting in the next chapter, we are going to
use a classical result on hyperbolicity and partial hyperbolicity called the Cone Criteria.

Let us start by defining what a cone is in our context:

Definition 1.3.8. Given § € T'M, a subspace E(0) C TyT'M, and ¢ > 0, we define the

cone at # centered around E/(6) with angle § (or opening of the cone) as
C(0,E(0),6) :={£ € T,T'M : Z(¢,E(0)) < 6},

where Z(&, E(0)) is the angle between ¢ and E(#). Alternatively, one may define a cone
by any non-degenerate quadratic form @ on Ty(T'M) as

CY = {€ e Ty(T*M) : Q&) > 0}.



CHAPTER 1. PRELIMINARIES 61

In any of the above cases, a cone field is a continuous choice of cones Cy, for each 6 €
T'M. It is possible to consider variations on the metric which are being considered here
but it can be proved that partial hyperbolicity does not depend on the considered metric.
Therefore, we are going to always assume the results for any previously fixed metric. So,
for example, when considering the angle between two tangent vectors &, &' € Ty(T' M) it
is the number © € [0, 7) such that
9. €)

IEIHI€

where g is the Sasaki metric. Then, a cone as defined above can be written as

cos® =

C(0, E(6),5) = C*(0, E(0),¢) = {€ € Ty(T"M) : cos (&, E(0)) > c}

The next proposition gives us an equivalent definition for partially hyperbolicity by using

cones:

Proposition 1.3.2 (Cone criterion). The geodesic flow g; is partially hyperbolic if there
are § > 0, T > 0, and two continuous families of cones C(0, E1(0),6) and C(0, E5(0), )
such that:

(1) (Dgr)o(C(0. Er(0),6)) & C(0, Er(:(0)), )
(2) (Dg-1)o(C(0, E2(0),0)) & C(0, Ex(9-4(9)), 0)
(3) 1(Dgeo(&1)]| < Ke

(4) 1(Dg-t)o(&)| < KeM
forallt >0, & € C(0,E1(0),0), & € C(0, Es(0),6), and some constants K > 0, A < 0.

We highlight that conditions (1) and (2) guarantee the existence of a dominated
splitting T(T*M)/RG = E; & E° @ E, and conditions (3) and (4) imply exponential
contraction and expansion, then partial hyperbolicity is satisfied as state in Proposition

1.3.1.

Remark 1.3.1. Wrapping everything together, we see that in the case of symplectic
dynamics (see Lemma 1.3.1) it is enough to check the invariance of the cone families, i.e.
conditions (1) and (2). This is indeed the strategy used in Section 2.3.2. We also are
able to prove in Section 2.3.1 the presence of dominated splitting for the initial locally

symmetric Riemannian metrics.
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C(6r, E1(6:),0)

C(0,Er(0),0
(0, £1(6),9) (Dgi)sC (8, Er(6),0)

Figure 1.7: Cone criteria for partial hyperbolicity for 6, = ¢;(0).

In the following, we present a strategy to prove that a family of cones is invariant along
any orbit of the geodesic flow, and also that it is enough to check it for the boundary of the
cone. Let E be a vector bundle over T*M which is a subbundle of 7T'M and ng: E —
T M its canonical projection. Let Prg: TT*M — E be the orthogonal projection to E.
We define the real function ©g: TT'M — R as

B g(PrE(f),PrE(S)).

Op(S) = s (1.3.1)
Lemma 1.3.2. [CP14, Lemma 2.10] For a § > 0, and a fized vector bundle E on T'M,
if

i@Emt(e))((Dgt)e(f)) >0, (1.3.2)

for & € 0C(0,E(0),8) = {& € TyT'M : Z(&, E(0)) = 8}, then the family of cones
C(0, E(0),9) is invariant for he geodesic flow.

1.4 Nonuniform hyperbolicity

In this section, we present another notion that generalizes the Anosov property called
Nonuniform hyperbolicity. The theory of Nonuniform Hyperbolic systems are also known
as Pesin’s Theory due the work of Yakov Pesin, who introduced and formalized this weaker
notion of hyperbolicity in [Pes74], [Pes76], [Pes77a] and [Pes77b]. In the last one, Pesin
proves stronger results about the chaotic behavior of the geodesic flow of surfaces (and
also some cases in higher dimensions). He proves that for a surface of genus bigger than
one and without focal points, the geodesic flow is conjugate to a Bernoulli flow, which

implies ergodicity in particular.
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Here we are not going to restrict ourselves to the case of geodesic flow, although
many of the techniques here were developed in order to understand this kind of dynamical
system, and also this class of systems presents many important examples, such as Example
1.2.11.

Remember that the notion of Anosov systems and, more generally, partially hyper-
bolic systems requires some exponential rate of expansion and contraction. In some sense,
this quantity can be "almost always' calculated as a notion called Lyapunov Exponents
(check definition below). In the nonuniform hyperbolic case, we will see that these quan-
tities are neither constant nor can be continuously bounded away from 0 as in Anosov
systems. We also point out that for the general scenario of Nonuniform hyperbolicity, the
constant C' in Definition 1.3.1 will be substituted by a measurable function,n and this is
one of the important differences of the generalization.

Once again, to make this dissertation as self-contained as possible, but still concise
we chose to present the definitions and results we are going to use and give the appropriate
references for the proofs. Among several nice references available on this topic, we indicate
the books by Yakov Pesin and Luis Barreira [BP02] and [BPO7].

Let us start by defining a key concept to the study of Nonuniform hyperbolic systems
called Lyapunov Fxponents. Indeed, Lyapunov FExponents are fundamental tools in the
study of dynamical systems as they quantify the exponential rates at which nearby tra-
jectories diverge or converge over time. Let us properly define this concept for the general
setting of a flow with no restriction whatsoever to geodesic flows: let p;: M — M be a

C'-flow

Definition 1.4.1. For each z € M and v € T, M we define the Lyapunov Ezponent
associated to (x,v) as
) 1
x(z,v) = limsup — log ||(Dyy) 0|,

tl—o0 ||

when the above limit exists.

For each x € M, it can be proved that x(z,-) attains finitely many distinct values on the

tangent space at x, so we denote them by

X1 (@) <o < X (@)

At any point x € M, the Lyapunov Exponents define a filtration of the tangent space at
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z, i.e. a sequence of subspaces {W;(z)}'"), defined by
Wi(x) ={v e T, M : x(z,v) < xi(z)},

which satisfies {0} = Wy(x) € Wi(z) C -+ C Wy (x) = T, M. The multiplicity of each
Lyapunov Exponent is the number n;(z) = dim Wi, (x) — dim W;(x).

The first natural question that arises about Lyapunov Exponents is why or when the
limit in Definition 1.4.1 exists. This question is answered by one of the most fundamental
theorems in the theory of nonuniform hyperbolic systems, and it is a consequence of the

Multiplicative Ergodic Theorem by Valery Oseledets [Ose68]:

Theorem 1.4.2 (Oseledets’ Decomposition). Let ¢;: M — M be a C*-flow on a closed
Riemannian manifold M. There exists an invariant set R C M of full measure with

respect to any invariant Borel probabilily measure j, such that for every x € R:

(1) The tangent space T, M admits a splitting:

I(z)
T,M = @ Ei(x),
i=1

where E;(x) are called the Oseledets subspaces and l(x) is the number of distinct

Lyapunov exponents at x.

(2) There exist real numbers x1(x) < --- < Xy (@) such that for any v € Ei(x) \ {0}:

) 1
lim ~ log | D (2)e]] = ().

[t|—o0

(3) The subspaces E;(x) are invariant under the derivative of the flow:
Dei(x)(Ei(2)) = Ei(ei(w)).

(4) For any disjoint subsets I,J C {1,...,l(x)}, let Ej(x) = Pic; Ei(z) and E,;(x) =
D,y Ej(x). Then:

lim ~log Z(Dipy(x) Ex(x), Dpi() Es()) = 0.

[t| =00 T

(5) The growth rate of the determinant of the derivative of the flow is given by:

1 I(z)
lim - logdet(Dyy(z)) = Z Xi(z) dim E;(z).

[t|—o0 T =1
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(6) The functions x;(z) and dim F;(x) are pi-invariant. In particular, if u is ergodic,

then x;(x) and dim E;(z) are p-almost everywhere constant.

Definition 1.4.3. The set R is called the set of Regular Points.

We now outline essential results from Pesin’s Theory, focusing on their application
to flows, which is our main interest in this dissertation. All the presented results have
analogous for diffeomorphisms. We are not going to present the proofs here since they
are mostly technical and go beyond the purpose of this dissertation. For the complete

development of the theory, we refer to [BP02] and [BPO7].

Definition 1.4.4. Let p be an ergodic measure. If, there exists a p-full measure set
R C R such that for z € R we have: the subspace Ey(x), generated by the vectors
with zero Lyapunov exponents, satisfies Fy(x) = RX, where X is the vector field that
generates the flow ;. Then the flow is said to be nonuniformly hyperbolic on ﬁ, and p

is called a hyperbolic measure on R.

For the points # € R notice that there exists k € N such that x,(z) < 0 < xgs1(2)

and we can define

E*(z)= @ Eiz) and E'(zx)= @ Ei(x).
xi(z)<0 xi(z)>0
We have the following results that summarize the properties of these spaces
Theorem 1.4.5. [BP02, Theorem 2.1.3] The following properties hold for x € R:
(1) E*(x) and E*(x) depend measurably on x € R.
(2) We have the splitting T,M = E*(x) @ RX @& E"(x).

(3) (Depp)o " (x) = E>"(p4(2)), for all t € R.

There exists g > 0 and Borel functions C(z,e) > 0 and K(x,e) > 0 such that for all

xeﬁand0<z—:§50

(1) For allv € E*(x) and t > 0 it holds that

I(D@0)sv]| < Cla,e)eX+< o]
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(2) For allv € E*(x) and t < 0 it holds that
I(De@r)zv]| < Cla,e)e™ = o]l
(3) The angle between the spaces E*(x) and E*(x) is bounded from below by the function
K(z,e).
(4) The functions C(x,e) and K(x,€) are not p-invariant in general but they satisfy
Clpi(w),€) < O, e)e!

and

K(pi(x),€) > K(z,e)e "

From now on, let us denote R by R, just to simplify our notation. We can provide
a more detailed description of the structure of a nonuniform hyperbolic set R of Regular

Points. Let £ > 0 and [ > 0, we define the Pesin block (of level [) as the following set:

RY = {x ER : Cla,e) <1, K(z,2) > } dim E*(x) = i and dim E*(z) —j}.

Sometime we will simply consider

R' = {xER C(z,e) <, K(x,e) >

~| =

f

This set has the following fundamental properties:
(1) TuM = Do Ex(z) ® E(2) ®)rso Ey, where E¢(x) = Ey(z) & X (x).
(2> R C Rs l+1;

(3) for any t € R, ¢y(RY ) C R™,, where I = Lexp(|t|e);

el

(4) the subspaces E*(z) and E*(x) depend continuously on z € Rﬁ%

(5) There exists 6 := §(¢,7,¢,1) > 0 such that for any = € Rel, We(z) and W*(z)
contain open disks containing x of dimension i and j, respectively, and uniform
diameter 6. They are called, respectively, local stable and unstable manifolds of x

and are denoted, respectively, by Wi (x) and W% (z).

Now we present the Stable Manifold Theorem of Pesin, a fundamental result in the

theory of nonuniformly hyperbolic dynamical systems, particularly in the context of flows.
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Theorem 1.4.6. [BP02, Stable manifold for flows] Let R be a nonuniformly hyperbolic
set for a smooth flow p,. Then, for every x € R, there ezist a local stable manifold W, .(z)

and a local unstable manifold W (x) such that:

(1) v € Wie(x), ToWi (x) = E*(x), and for any y € Wi, (x) and t >0,

d(pe(7), i(y)) < T(w)Xed(z, ),
where T : R — (0,00) is a Borel function satisfying, for all s € R,

T(pu(a)) < T()e ™
(2) x € WE.(x), T,W.(x) = E“(x), and for any y € Wi.(z) and t <0,
d(pi(), o(y)) < T(x)A""ed(, y).

Definition 1.4.7. The manifolds W;>"(z) are called the (un)stable Pesin’s manifolds.

For a regular point = € M, denote its orbit by v := {¢;(z) }er. So we can define its

global (un)stable manifold as
W (@) = | o-eWie(r(2)),  W(2) = U e:(Wige(-e(@)).
>0 >0
We also define for every x € R its global weakly stable manifolds and global weakly unstable
manifolds at x by
W (z) = U Wied(x), W*(x) = J W"(@i(2))
teR teR

For a hyperbolic orbit v = {¢i(x)}icr, we denote also the global weakly stable and
unstable manifolds in « by W?*(v) and W*"(v), respectively.

We are now finally able to define the main object for our study in Chapter 3, the
FErgodic Homoclinic classes for flows: given a periodic hyperbolic orbit v, we define the

stable and unstable homoclinic class of v as follows:
AN (y) = {x € M : x is a regular point and W*(x) th W*(v) # 0}, (1.4.1)

and

A'(y) ={x € M : x is a regular point and W"(x) h W?(v) # 0}. (1.4.2)
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Definition 1.4.8. Here, the symbol "M" means the following: given two submanifolds of

M, say N, and Ny, then Ny h Ny # 0 if
(1) Ny N Ny #0.
(2) For every z € Ny N Ny, one has T, Ny + T,Ny = T, M.
In this case, we say that N; and N, have a transverse intersection.

For the above definitions, we are not assuming that Sing(X) = () nor that v is not
a singular orbit; it could be that X|, = 0. We also highlight that A®(y) is s-saturated,
A"(7) is u-saturated, i.e. for every z € A®%() we have W*"(z) C A®%(y). We also have
that both sets are p;-invariant. The Ergodic homoclinic class of v is then defined as the

s, u-saturated and ¢;-invariant set:

A(y) = A°(y) N A*(7).

Figure 1.8: Illustration of the local dynamics around a point z € A(7).

A prior, there is no reason to believe that the above set is not empty. Indeed, it is
precisely the result obtained by Theorem C to state conditions that guarantee that A(~)
is nonempty.

We now discuss the main property we are going to use to prove the results in Chapter

3 the Absolute Continuity of the stable and unstable partitions by W* and W*. Essentially,
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it says that we can transfer information from a lamination W"(x) to another W*"(y) by
flowing through W#(z) without losing too much information from the measure theoretical
point of view. Below, we are going to make precise the expression "flowing through W#(z)"

as the holonomy maps. Absolute Continuity is the core property of the Hopf’s Argument.

Definition 1.4.9. A partition & of M is called a Measurable Partition if the quotient

space M /¢ can be generated by a countable collection of measurable sets.

When M is a Lebesgue space, the quotient space M /¢ obtained from a measurable par-
tition ¢ is also a Lebesgue space [Roh52] (see also the chapter 15 of [Coul6]). Measure
partitions are important from the measure-theoretical point of view since they allow us

to decompose a measure into measures along the "pieces" of the partition:

Proposition 1.4.1. For any measurable partition £ of a Lebesgue space (M, B, m), there

exists a canonical system of Conditional Measures mS with the following properties:

(1) The conditional measures mS are defined in &(x), the partition element containing

.
(2) For any A € B, the set ANE(x) is measurable in {(x) for almost all £(x) € M/E.

(3) The mapping x — mS(ANE&(x)) is measurable, and the measure m satisfies:

m(d) = [ mS(ANE(@) dmr,
Mg
where mr denotes the quotient measure in M /&.

This canonical system of conditional measures is unique (mod 0) for any measurable
partition. Conversely, if a canonical system of conditional measures exists for a partition,

the partition must be measurable.
Proof. See the Chapter 5 of [VO16]. |

Definition 1.4.10. A measurable partition £ is said to be subordinate to the unstable

partition W™ if, for m-almost every = € M, the following conditions hold:
(1) &(z) € W(z)

(2) &(z) contains a neighborhood of x that is open in the topology of W*(z).
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Given a Riemannian metric g for M, it induces Riemannian measures on each W7 (x)

which we are going to denote by A7, 7 = s, u.

Definition 1.4.11. We say that a measure v has absolutely continuous conditional mea-
sures with respect to the unstable (resp. stable) manifolds if for any measurable partition

P subordinated to W (resp. W*) we have v> << \“ (resp. A%) for v-a.e. z.

We are now able to make sense to the previously used expression "transfer information
from a lamination W*"(x) to another W*"(y)" which is the notion of Holonomy Map: let
Rijl be a Pesin block. For each point = € Réjl that admits a negative (resp. positive)
Lyapunov exponent, there exists the local Pesin stable (resp. unstable) manifold, denoted
by W () (resp. Wit.(x)), with diameter at least § > 0. For such = € Riz and given two
transversal disks D; and Dy to W% () (resp. W (z)) and close to each other, the stable

(resp. unstable) holonomy map h®*: D] C D; — D5 is defined as:

h**(z) .= W**(2) N Dy,

where

Dy:={z€ DN Réjl Wi (z) M Do # 0}

Essentially, for a point on D; we consider (when it exists) its stable (resp. unstable) Pesin
manifold and its intersection with Dy. Analogously, we can define the weak-stable and

weak-unstable holonomy maps by switching W, by W >*".

loc

Theorem 1.4.12. [BP02, Theorem 4.3.1] The (weak) holonomy maps (h****) h®* are
measurable and absolutely continuous with respect to the Lesbeque measures induced on
D1 and D,, that is they send sets of zero Lesbegue measure into sets of zero Lesbeque

measure.

1.4.1 Sinai-Ruelle-Bowen measures

In this subsection, we will recall a particular class of measures called Sinai-Ruelle-
Bowen measures or only SRB measures. These are the measures treated in Theorems D,
E, F, and G. We do not intend to develop the whole theory about these measures since
we are going to use mostly their definition. For a broader treatment, we refer to [You02].

SRB measures are frequently introduced as "the invariant measures most compatible with
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D, D
Figure 1.9: Representation of the stable holonomy map

volume when volume is not preserved" (see [You02]). The most important property for

us is going to be absolute continuity of conditional measures:

Definition 1.4.13. A measure v is called an SRB (Sinai-Ruelle-Bowen) measure if it
has a positive Lyapunov Exponent at v-almost every point x and absolutely continuous

conditional measures with respect to the unstable manifolds.

Although other equivalent definitions are possible, the above definition presents pre-
cisely the important property that allow us to perform a version of the Hopf Argument in
our context. Remember that our results deal with the relations between SRB measures
and homoclinic classes for flows, and no further directions are considered in this disserta-
tion. The techniques we use to obtain Theorem C are extremely similar to those for SRB
measure because of the absolute continuity property. Besides that, in some cases it is
easier to work with the equivalent definition after the work of Ledrappier-Young [LY85]:
absolute continuity with respect to the unstable manifolds is equivalent to Pesin’s formula,

i.e., it holds that

hy (1) = / (z)j Az)dv.

Recall that Theorem F refers to ergodic components of a metric. This notion is due
the classical result Ergodic decomposition theorem, which we state below for completeness

in the manifold setting. For the proof, we recommend the book of Marcelo Viana and
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Krerley Oliveira [VO16] Chapter 5. Remember that given a partition P of a probability
space (M, p) into measurable sets, then there exists a canonical structure of probability

space (P, [i).

Theorem 1.4.14 (Ergodic decomposition). If M is a compact manifold, f: M — M a
measurable transformation and v a probability measure. Then, there exist a measurable
set My with full measure, a partition P of My into measurable subsets and a collection of

probability measures in M, say {up : P € P}, such that the following hold:
(1) up(P) =1, for i almost every P € P.
(2) For any measurable subset E C M, the map P+ up(FE) is measurable.
(8) For fialmost every P € P, up is f-invariant and ergodic.

(4) For any measurable subset E C M, it holds:
w(E) = | ur(E)AA(P).

For the proof of Theorem F, we are going to use the following flow version of a result

by Katok in [Kat80] whose proof can be found in [LLL24]:

Theorem 1.4.15 ([Kat80, LLL24]). Let u be a regular hyperbolic ergodic measure of a
C? flow ;. Then there exists a hyperbolic periodic orbit vy such that supp(u) C A(y) and
p is homoclinically related with . In particular, for p-almost every point x, @,(W"(x))

accumulates on W¥(v) as t goes to infinity.
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Chapter 2

Partially hyperbolic geodesic flows

This chapter encompasses the content of the preprint [dJPR24|, which is a work in
collaboration with Luis Pineyrua (Udelar - Uruguay) and Sergio Romana (Sun Yat-sen
Univ. - China), about constructions of partially hyperbolic geodesic flows. In particu-
lar, we discuss the use of conformal deformations of Riemannian metrics with Anosov
geodesic flow. As mentioned in the introduction, it is not known whether there exists a
Riemannian metric constructed by standard techniques that presents a non-Anosov par-
tially hyperbolic geodesic flow. As an illustration, we mention the following results by
Fernando Carneiro and Enrique Pujals [CP14], which is the paper that motivates our

work here:

Theorem 2.0.1. (Theorem 3.2 in [CP14]) Let (My, g1) and (Ms, g22) be two Riemannian
manifolds whose geodesic flows are Anosov. Then the geodesic flow of the Riemannian

manifold (My X Ma, g1 + g2) is not Anosov.

Theorem 2.0.2. (Theorem 3.3 in [CP14]) Let (M, g1) and (Ma, g22) be two Riemannian
manifolds whose geodesic flows are Anosov. Then the geodesic flow of the Riemannian

manifold (My X Ma, g1 + g2) is not partially hyperbolic.
Thus, we can state the following general questions:

Question 2.1. How can examples of partially hyperbolic geodesic flows that are not

Anosov be constructed?

Question 2.2. Which dynamic and ergodic properties can partially hyperbolic geodesic

flows satisfy?
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Since geodesic flows are, in particular, contact flows, we may also ask:

Question 2.3. How can examples of partially hyperbolic contact flows that are not Anosov

be constructed? Are there ezamples that are not geodesic flows? (see Section 2.5)

This dissertation aims to give some answers to the above questions, in particular,
Theorems A and B answer the first two questions.

From subsections 1.1 and 1.2, in particular Theorem 1.1.5, Proposition 1.2.3 and
Theorem 1.2.4 one realizes that if the geodesic flow is not of Anosov type, then some zero
or positive curvature must appear. Since the sectional curvature is a function of points
on the manifolds and 2-planes in its tangent bundle, it is highly non-trivial to control its
behavior by changing the metric itself. Furthermore, the curvature must be controlled
specially for planes generated by geodesics’ velocities and Jacobi Fields. Namely, to
obtain a partially hyperbolic geodesic flow the Riemannian metric must present, for each
geodesic 7y, Jacobi Fields fields such that the planes {7/, J} present "only mostly negative
curvature' so that ||J(¢)|| is a function with exponential contraction or expansion. On the
other hand, if this is the only behavior we observe, then the geodesic low may indeed be
Anosov. Thus, for some Jacobi fields directions, we must observe "only mostly nonnegative
curvature'.

Our strategy is based on deformations of Riemannian metrics, which means we start
with a particular Riemannian metric with some nice properties (local symmetry), then
we modify it somehow in order to obtain a new Riemannian metric which is not close to
the initial one in some topology. The technique used to deform the metrics is a conformal
deformation, thus we can make good use of the several formulas presented in Subsection
1.1.2. This kind of technique was also used by Rafael Ruggiero in [Rug91a] to prove the

following interesting result

Theorem 2.0.3. (Theorem A in [Rug9la]) The C?-interior of the set of Riemannian
metrics with no conjugate points coincides with the set or Riemannian metrics for which

the geodesic flow is Anosov.

Besides the result by Ruggiero, there are still several open questions on the topology
of the set of Riemannian metrics with no conjugate points. For example, it is not known
if this set is convex or even path-connected. The metrics obtained by Theorem A are
not known to be inside this set or if it is true that partial hyperbolicity should imply no

conjugate points as the Anosov property. We also state the following question:
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No conjugate points

Figure 2.1: The C?-interior of the metric with no conjugate points

Question 2.4. How are the metrics on the boundary of the set of metrics with no conju-

gate points? What dynamical and ergodic properties do they present?

The metrics obtained via Theorem B lie on the boundary of the set of metrics with
no conjugate points since all the sectional curvatures are non-positive and their geodesic
flows are not Anosov. Corollary B.1 lists several interesting properties for those metrics,
so it would be interesting to know which properties could be generalized for the general
setting. Ergodicity is not known in this context, for example.

Let us describe the steps of the construction:

(1) Start with a locally symmetric Riemannian metric g with spaces A and B as in

Subsection 1.1.3.

(2) Break the Anosov property with conformal deformations. This is done in Section

2.2.

2.1) Consider a closed geodesic v with 7/(0) = ~/(T).

[\
[\

[\
w

2.1)
(2.2) Define a open tubular neighborhood U around « with coordinates (¢, x).
(2.3) Multiply the metric g by a conformal factor e, with h supported on U.
(2.4)

4) Find conditions on h so that § = e"g admits a parallel Jacobi Field. Equiv-

alently, a geodesic with some direction with zero curvature along the whole

geodesic.
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(3) Control the effect on the curvature tensor so that there exist two families of invariant
cones. This is done in Section 2.3 by analyzing the angle variation for different

classes of geodesics.
(4) Use Theorem 1.3.1 to conclude.

This strategy works for Theorem A and B. However, to have more control over the be-
havior of the curvature endomorphism, we need to use a different deformation than a
conformal one. This allows us to show that the new metric is non-positively curved with
a single closed geodesic presenting some zero curvature. Thus, all the interesting ergodic
properties follow directly from the known results by Eberlein, Burns, Brin, Ballman, and

Knieper.

2.1 Setting up the deformation

We are going to perform a perturbation of the metric ¢ in a tubular neighborhood of
a closed geodesic. Let v be a closed geodesic with period T and ~/(0) = +/(T) just as in
[CP14]. For each x € M and v € T, M remember that we have defined

Az, v) ={w e T,M : K(v,w) = —1}

B(z,v) == {w e, M: K(vw)= —le}

We consider an orthonormal frame field along v, say {eo(t) := ~/(t),...,en_1(t)}, such
that {e1(t),...,e.(t)} is a basis for A(v(t),7'(t)) and {e,y1(t),...,e,_1(t)} is basis for
B(~(t),~/(t)). This can be done by choosing such a basis for 7, )M and then considering
its parallel transport, since the metric is locally symmetric, the respective vectors are still
in the respective spaces A and B. Define the Fermi coordinates W : [0, T] x (—&g,&9)" " —
M by

U(t,z) = XD (p) (xre1(t) + ... + Tp_1€n-1(1)),

with ey less than the injective radius of the exponential map. In particular, for Fermi
coordinates we have that g;;(t,0) = d;; and T'};(t,0) = 0. For each € < gy we define the

following sets

o U:=10,T] X (—&g,e0)" "
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e Ule):=[0,T] x (—e,e)" 1.
. B(r,) = W(U(e).

The choice of € small enough will be important to control the deformation of the metric
up to the first derivatives of its component functions.

We consider a conformal deformation of the initial metric given by g = ¢g, with
¢ = e and h a function of class C? supported in B(v,¢) to be determined. We will
construct the function h to maintain v as a geodesic for the new metric, and that g is
Cl-close to g and C?-far. It means that we will make a small perturbation on the norms
and Christoffel symbols of g, but a deformation on the curvature. Notice that if h is
C'-small, then g is C! close to g. Besides that, all pairs of orthogonal vectors for the
metric g are still orthogonal for the metric g. Furthermore, if we set h(¢,0) = 0, then

{eo(t), ....,en—1(t)} is still an orthonormal basis for T, M considering the metric g.

g=49

Figure 2.2: Tubular neighborhoods B(7, ) for € small, where the metric is deformed.

The first property we need to obtain for the new metric is that v is still a g-geodesic.
For any curve o we will denote by D; = V() and Dy = V() the covariant derivative
along « gave by the Levi-Civita connection of the metrics g and g, respectively. By the

equation (1.1.7) we get for ~y
/thy’ = Dy ++'(h)y — Vh|, = g(Vh,v')y — Vh|,

It is sufficient to have that v is a critical set for h, i.e. Vh|, = 0. Furthermore, in this
case, by the same calculation every parallel vector field for the metric g along v is still
parallel for the metric g, in particular for every k = 1,...,n — 1 the vector field ex(t) is

parallel along v for the metric g.
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2.2 For which A the Anosov Property is broken?

We are going to investigate which properties we need for the function h such that
the Anosov property is broken. We list some sufficient conditions to have a non-Anosov
geodesic flow. However, for a general function with those properties, it is not clear for us
whether the geodesic flow should be partially hyperbolic or present any other interesting
dynamical property. We can define explicitly an example of h for which our results hold.
We believe that techniques “from the PDE worl” should be useful for a different proof,
but this goes beyond our expertise.

The key phenomenon that guarantees the breaking of the Anosov property is es-
sentially the creation of a parallel 2-plane along 7 and containing ~’. This is also a
manifestation of 0 sectional curvature. Remember that a parallel vector field X along a
geodesic v is a Jacobi Field if, and only if [A(/(X, 7') = 0. By Proposition 1.2.4, this is
precisely the situation we seek to break the Anosov property.

Remember from the previous section that if Vh|, = 0, then each e (¢) is still a parallel
vector field along 7, thus we must guarantee that some of them can be turned into Jacobi
Fields for the new metric. This is done by making K (ex(t),7'(t)) to vanish. Let us
investigate the new curvature in Fermi coordinates. We are interested in K Ee 04 )

given by the equation (1.1.9). In coordinates, we have

Oh 0
Vh=g" Oxd Oz
and
AN
VX<Vh>:X(9”axj> R )
S Oh o (Oh\\ & . 0n 9
( (9") 5 + 9" (a J>> o 79 ai VX (w)
If X, := ;ak, then
Xz
G Oh o (0RO | . Oh
U0 = (Xla 5+ (55) ) o
o Oh L Oh . Oh
- (X’“(g Vw9 ]3x’“0x9> Xit g7 T
O Oh
- (Xk(gj>8a:3 +g]0$’“8xﬂ> Xi+g” ow a7 MY
G Oh o Oh L Oh
- (Xk(g]>8:vﬂ 9 ko T 8 JFH) o
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Now, using Lemma 1.1.1 we get

G Oh o Oh ok

9%h . oh i
+ gljgik%Fkl

ok
= Xe(9") g~ + 974, .
#(99)9ik 55 + 9795 55

= Ok(9)gir0;h + Oiph + g% g0 AT,

= — g9 0,gi0;h + Opch + g" gin0; AT,

= —g" (Tlugu + Thpgui)0;h + O h + g% gir,0;hT},
= —97 gul},0;h + Oh

= —5§/T%,0;h + Ofh

In particular, since the Christoffel symbols of g vanish along v, we get
g(D;Vh,~') = 02yh — ThyOuh = O3y h(t, 7).

Then the new sectional curvatures along v are given by

OR (X1,7) = K (X1 y) = 308h(t,0) — Lofoh(t,0)
If h does not depend on t, we get

(1) oK (Xy, ') = —1 — 302,h(0), for k=1,...,7.

(2) oK (Xy, ') = =1 = 182, h(0), for k=7 +1,...,n — L.
We summarize our discussion as the following proposition:

Proposition 2.2.1. In the context above, the geodesic flow g; is not Anosov for any

function h supported in B(~,¢€) satisfying the following properties
(1) h is of class at least C?,
(2) h does not depend on t.
(3) h(0) =0
(4) Vil = 0.

(5) There exists s € {r +1,...,n — 1} such that 9*h(0) = —

1
5
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Proof. By properties (8) and (4), 7 is a unit speed geodesic for g and ex(t) is an unitary
parallel vector field along ~ for g, for k = 1,...,n—1. By property (2) and the computations

above, we get for k=r+1,...n—1

1
K ( Xk, ') = i ialzkh(o)'

Thus, for k = s, we get that K (e (t),+'(t)) = 0. By Proposition 1.2.4, the geodesic flow

g; is not Anosov. [ |

Concretely, we have
Dgi(es(0),0) = (es(t),0)

and so, for every t € R,

1Dg:(es(0), 0)]| = [les(®) ]| = lles(0)]] -

The last equality is since e4(t) is parallel. It means that the derivative of the geodesic
flow g; acts as an isometry on the vector (es(t),0).

We will now provide an example of such a function h. We are going to make some
choices for our construction to work, and also to find an example as close as we can to
the set of metrics with no conjugate points. For example, to avoid the creation of planes
with positive curvature along v we are going to choose h such that the property (5) in
Proposition 2.2.1 is satisfied by a unique index s and such that 92,h(0) = 0 for all other
indices. This guarantees that there are no conjugate points along the central geodesic 7,
but we were not able to verify if some geodesics with conjugate points were created in the
process. The best we can expect is that all sectional curvatures are bounded from above
by a small constant depending on the size of the tubular neighborhood ¢.

To construct the function A with the above properties, for each natural number n > 2,

let s, be the following function s, : R — R
1/8(x + 1) (x — 1)*", z€[-1,1]
0, otherwise

Define also the functions r,(z) = z%s,(x). The family {r,}, is smooth in R\ {£1} and
is of class C?" in {£1}. It is easy to see that

e 7,(0)=0.
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It is also not difficult to see that |/ (z)| < ; if z # 0. Now, let f, : R — R be the function
fo(z) = 2°s, (%) which is smooth in R \ {:|:52} and of class C?" in {£e?}. The family

{fn}n satisfies the same properties as r,, we just changed the support of it to be [—&?, &2

and we also have f,(z) < e*. The graphs of 7, and r for n = 2 are shown below in
Figure 2.3.
a) Graph of ro b) Graph of 7, (c) Graph of 4

Figure 2.3: Behavior of 7

Finally, for a fixed s € {r + 1, ...,n — 1} we define hy, as the following product

T (0, 1, oo En 1) = (‘?) (=2 fu(2s) - (m"—l) ,

3

where ¢(x) are bump functions such that ¢(0) = 1 and supported in [—1, 1]. For simplicity,
let us denote by ®(z) = ¢ (ﬂ) R (x” 1) the product of bump functions. Notice that

£

hy, is smooth outside the region x, = 2, where it is of class C?*. Constructing hy, like

this, we get:
Lemma 2.2.1. h; satisfies the following properties
(1) hi(0) = 0.
(2) hy does not depend on t = xy.
(3) 0;hi(0) =0, for all j.
(4) Ohi(0) =0, if i £ j ori=j #s.

(5) 02hi(0) = —3.
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Proof. (1) and (2) are clear by definition. For (%), see that —2f,(0) = 0 and ¢/(0) = 0.
For (i,7) # (s, s), each derivative 9};hy(z) contains some term x, multiplying it, thus

92he(0) = 0. Finally, 92,ht(0) = —2f/(0) = —2-25,(0) = —4- 5 = —3,so we get (5). W

1
8
Observe that hy, is C! close to zero, since

2
= 2fe@)] < 24 (5)] < 1ot < <
g

|~ 2f(x)] =2

1 4
<42 - g2 % 2
=% 700 "¢ 100 <°

We also have (¢ (g))’ < 2 and (¢ <£>)” < 4. Once |¢(x)| < 1, it follows that

€

Lemma 2.2.2. The following inequalities hold
(1) [hi(x)] < €.
(2) |0jhg] < 2e* =223 if j # 5.
(3) |0shy| < &2,
(4) 07 hi| < 22c4 = 42, if i # j and non of them are equal to s.
(5) |0%hi] < €2 =2, ifi#s.
(6) |0khy| < et = Me?, if i # s.
(%)

Now fix some ko > 2 and call h = hy,. This will imply that we work with a function

(7) |03 he| < 2| fi/(2s)] < 2

1
<3.
of class C™ outside z, = +x, and of class C?* in {£x,}. Since our construction works

for any ko > 2, the resulting Riemannian metric can be made as regular as needed, but

not globally smooth.

2.3 The new geodesic flow is partially hyperbolic

We start this section by illustrating the behavior of the new flow. In the next Lemma,
we see that the orbit {g;(7/(0))} is not hyperbolic, but it is still partially hyperbolic. Our
construction allows us to verify precisely what the invariant splitting for the deformed

flow is. It will lead to the analysis of other trajectories g;.
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Lemma 2.3.1. The orbit {g:(7'(0))} is partially hyperbolic.

Proof. We will analyze the Jacobi equation for the new metric along . Define by J(7v)
the space of Jacobi fields orthogonal to +'. Since {e;(?),...,e,—1(f)} is an orthonormal
parallel frame along v we can write J € J(7) as J = Ji(t)e;(t), then denoting D2.J = J”

(the second covariant derivative) we get
J" = (JY'e; = —J'R(e;, v ).
Then, we get
g(J" eg) = (J)'Gyy = = J' Ky,
with Eij = ﬁ(}?(ei,v’)v/,ej) =: }é(ei,y’,v’,ej). From the computations above, we have

the following relation

1
R(€i77/77/7 ej) - R<€i77/77/7 6]) - iafjh

We get

(1) R(eia’}/?’y[a ej) = R<€i7’7/a7/7 ej)a fOI‘ 2 7&] and Z :] 7& S.
(2) Rles, .7 es) = Rles, 7,7, es) + +=0.
Since the metric g is locally symmetric of nonconstant negative curvature, we can
apply the relation (1.1.11). Notice that, e; = (e;)a and (e;)p = 0 if i = 1,...,r and if
i=r+1,...,n—1, then ¢; = (¢;)p and (e;)4 = 0 . Hence if i # j

R(eiufy/’fyluej) = /\g(ei76j) - 07

where \ € {i, 1} depending on ¢ and j. Fori=j € {1,...,r}

R(eia7,7’7/a 6,‘) = R(ei>7/”7,7€i) =—1L
Fori=j5e{r+1,...,n—1}\{s}

D, / / / ! 1

Rlei ', i) = Rlewy's v er) = =

We conclude that the matrix K = (R(e;,7',7',¢;))ij is

0 Infrfl
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with 7,,_,_1 the diagonal matrix with entries —i but the entry ([,—,_1)ss« = 0, with
s* = s —r. This implies that
(JOY'=Ji, fori=1,..r

(JO)'=3J, fori=r+1,..,n—landi#s

(JS)// — 0

it implies that the ODE solutions are

Ji = (w) et + (W) et fori=1,...,r
Ji:(wygfé_k(W)e%, fori=r+1,...,n—1and i # s
J* = (J°)(0)t + J*(0)

From this, we can see that the splitting along ' is given by

ES(y) ={(J,J): J€ T(v),J(0) = —(J)(0),for i = 1,....,7
and J*(0) = (J')'(0) = 0 otherwise},

By ={(J,J): J € T(v),J(0) = (J)(0),fori=1,..r

and J%(0) = (J%)'(0) = 0 otherwise},

EXy) ={(J,J):J € T®),J0)=-2(JY)(0),fori=7r+1,..n—1i#s
and J(0) = (J')'(0) = 0 otherwise},

EU(y) ={(J,J):J€ T(),J(0)=2(J)(0),fori=r+1,..,n—1,i#s
and J%(0) = (J%)'(0) = 0 otherwise},

E“(y) = span{(e’(t),0)}
This means that we have strong stable and unstable bundles E** and E**, weak stable
and weak unstable bundles £ and E" with weaker but still exponential contraction and

expansion, and finally a center bundle £ with no exponential contraction nor expansion.

Of course we also can consider E*(v") @ E°(7') @ E*(7') as a center bundle. [

2.3.1 Cone invariance for the initial metric

In this section, we will analyze the behavior of other obits of the geodesic flow g,.

The strategy is similar to the one used by Carneiro and Pujals in [CP14]. For the sake
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of completeness and to build intuition, we first see that the contact structure for the
initial metric splits in four Dgi-invariant subbundles. From this analysis and Lemma
2.3.1, it will be made clear what the real effect of our deformation is in terms of the
dynamics. Remember that in Lemma 2.3.1 we have identified explicitly the strong stable
and unstable bundles. The key property for that was given by equation (1.1.11), which
works for the initial metric, and the relations found in Subsection 2.2. What we will see
is that the strong stable and unstable bundles for the initial metric coincide (or at least
they are arbitrarily close) to the candidates for strong stable and unstable bundles for g;.

Remember from Section 1.2 that the contact structure S(T*M) — T'M, given by
S(0) = kerpa, has naturally the following identification: S(6) = (A(0) & B(6))*. As
mentioned before, the locally symmetric property implies that the spaces A(6) and B(6)
are parallel, i.e. if Vj € A(0) and V (¢) is the vector field obtained by parallel transport
along a smooth curve v, then V(t) € A(y(t),~'(t)). Analogously for B(6). (Proposition
1.24 in [Pat99])

Lemma 2.3.2. (Lemma 4.1 in [CP14]) The geodesic flow of the locally symmetric spaces
of mon-constant negative curvature induces a hyperbolic splitting of the contact structure
defined on T*M :

S(T'M) = E* ¢ E*® E* @ E"™.

Proof. Define the invariant subbundles
Pi(0) = {(w,w) € S(0) : w € A(0)},
P(0) = { (w.5w) € 50) w e @)}
Pi(0) = {(w, —w) € S(0) : w € A(0)},
P3(6) = {(w —;w> €S(0):we B(e)} |
Proceeding as in Lemma 2.3.1 one can conclude that
E*(0) = Py(0), E*(0) = Pi(0),
E*(0) = Pg(0), E°(0) = P5(0).
[ |

Previous Lemma together with Lemma 2.3.1 give us the candidates to spaces E; and

E5 in Proposition 1.3.2.
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We are now going to define the family of cones that are invariant under the geodesic
flow g;. In essence, the cones we are considering are cones around the strong stable and
strong unstable spaces given by Lemma 2.3.2. In the next section, we show that the
same family of cones is invariant under the geodesic flow of the deformed metric, which
means that our deformation is not changing the dynamics in these directions. Although
our deformation does not make a big change on the spaces with smaller curvature, the
computations to show the cone invariance are much more complicated, and it will be
useful to have some of the computations done for the initial metric.

Remark 2.3.1. Remember that if £ C TM is subbundle, if we denote by Prg the

9(Pr(v),P(v))

projection to the subspace E, then we can define the quantity Og(v) = Sw.0)

which is equal to the square of the cosine of the angle between the vector v and the space

E.

The family of invariant cone fields we are going to consider is the following

G(Prpus gy (E,1), Prpuws g (€,
Clv, Py*(0),¢) = {(5,77) € ST'M : ©5°(&,m) = A (géé Z; (57“;3)(9)(5 & = C}’

here § is the Sasaki metric and P}°(6) are the spaces given in Lemma 2.3.2. It is enough

to see that this amount is increasing to guarantee the invariance. For the geodesic flow

gy we want to compute

d

a@TZ’S((DQt)e(ﬂ n))-

By Proposition 1.2.3, it holds that

(Dge)e(&:m) = (J (1), J' (1),
where J is the Jacobi Field along the geodesic v := 7(g;(6)) with initial conditions J(0) =
¢ and J'(0) = n. For simplicity of notation, let us denote J(t) = & and J'(t) = 1, so they
are related by the equations (see also Proposition 1.2.3)
& =,

W= —REA)

Hence, we can write
_g(€a£tna,EaEna)

O Em) =0 + glmm)

d
We calculate only a@% (&,m), because for @% (£, n) it is analogous. The next Lemma is also

proved in Section 4.1.1 of [CP14]. We present the proof here because the computations

will be used in the next sections.
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Lemma 2.3.3. With the notation above,

d

%@A(£7 77) > 0.

Proof. The straightforward computation of the derivative gives us the following equality

i@“ € _29((€a)" + (na)', €a +1a)(9(&,€) + 9(n, 1))
dt A (9(€,€) +g(n,n))?
(9(€,8) +9(n',m)g(Ea +na,Ea +14)

(9(&,€) + g(n,m))?
A priori (£4) = &a + &4, but 4 = 0 since A is parallel. Then we write

aroAem = 9(&,€) + g(n,m)
(9(&,8) +g(n',n)g(Ea +na,€a+na)

(9(£,6) +g(n,m))?

Because £ and 7 satisfies the following equations (remember that £ is a Jacobi field)

g =

§h = Pra(&) = Pra(n) =na

n  =-R(EY)

My = Pra(n’) = Pra(=R(§,7')Y) = —(R(&,7)Y)a

then

i u - 9(77A - (R(éa 7,)’7/)147 SA + 77A)
gt 24E: ) 9(&,€) +g(n,n)
9(Ea+1n4,8a +14)

7 (9(&,€) + g(n,m))? (9(n. &) + 9(=R(&,7)7.m) (2.3.1)

Because of the properties R(X,v)v = —%XB — X4 and A orthogonal to B, we have that

(R(&,7))a =~

and
g(=R(EA ) m) = ig(nB,fB) +9(na,€a)
So we get
d gma +&a, a4 +14)

9(&,€) +g(n,n)

- 29((95(272)77—?587;7)7;) <g (n.6) + ig (n5,€8) + 9(na; éA))

ﬁi@”{é}f_ﬁ’jfnfn?;) (9(6:)+ o(0.1) = 9(1.) = 900,€5) — g(01,))

(2.3.2)
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. 99(mat€a.éatna)
Define M =2 GED et 0. Then,

Z(@Z(f, n) =M (g(f, §) +g(m,m) —gn, &) — ig(ma, £B) — g(na, SA)>

=M (g(fA, §a) +9(Es,EB) + 9(na,na) + 9(ns,nB)
—9(&a,ma) — 9(&B.1B) — ig(fB, ne) — 9(&a, 77A))
=M (Q(an £a) —29(6a,ma) + 9(Ma,na) + 9(€s,EB)

- ig(fa,ns) + g(nB,nB))

5 5 39
=M (g(fA —na,§a—1na) +g (53 - gnB:fB - 8773) + 649(773,773))

The last expression is trivially positive. [ |

2.3.2 Cone invariance for the deformed metric

To prove that the geodesic flow g, is partially hyperbolic, we follow the same idea as
in [CP14]. We prove that there is a family of invariant cones around the candidates for
strong stable and unstable bundles. The strategy is to prove the invariance of the cones
for geodesics that are parallel to the central geodesic v and geodesics that are “s-almost
parallel]” by computing the angle variation. If a geodesic a enters the deformed region,

0 n—l)

we can write it in coordinates as o/ = (o’ -+ |« . Then « will be called a parallel

=l = 0 and a® # 0. The geodesic o with controlled s-component,

geodesic if o' = - -«
that is |o®°| < 6, for some small value of 0, will be called a s-almost parallel geodesic. For
transversal geodesics, we prove that by shrinking the deformed region, we can guarantee
that these geodesics spend just a small time in the deformed region in comparison to the
time they spend outside, thus we can conclude the cone invariance for those geodesics
too. Here we just need to do the computations for parallel and almost parallel geodesics
with controlled components in the s-direction once their arguments for the transversal
geodesics do not depend on the type of deformation made, so it automatically works in
our case.

As before, we are interested in the angle variation between the orbit of the derivative

of the geodesic flow and a subbundle of the contact structure for the new metric. Again,

it is given by the angle of the corresponding Jacobi field and the subbundle. For this
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subsection, we will use the same notation for the Jacobi Fields of the new metric, but we
need to keep in mind that it is not a Jacobi Field for the initial metric.

Let us again fix some notation. Remember that the angle we are interested in is
given by ©4u.s((Dge)s(€,7))- Write a(t) = m 0 §(0) and (Dgr)e(&, 1) = (£(1), 1(t)), where
&(t) and n(t) satisfy

Once again, we write
(§a 14,64 £ 1a)

9(&,6) +g(n,n)

Remark 2.3.2. We need to be careful with the differences in the metric phenomena. For

o4 () =

instance, we will deal with a geodesic « for the deformed metric. Then, from equation

(1.1.7) we get .
D, D 1
0 — %O.// _ aa’ + O/(h)Oé, — 59(0_//, CM/)Vh.

So, if the geodesic « lies outside the deformed region, then it is a geodesic for the initial
metric, but inside this region, it may not be a geodesic for the initial metric. The same

remark can be made about Jacobi Fields. For simplicity and to differentiate the operators

D

7 and a we will use the notation D, := 7 and D, := a With this notation
Dt€ =1,
Dmn = —R(é,a’)a’.

Of course, if the geodesic v does not cross the deformed region, then the angle
variation is the same as before.

The Figure 2.4 represents the region we are interested in, that is the region of the
unit tangent bundle over the deformed region, say T M|p(, ). In the figure, v is the
central geodesic, and the small strip around it represents B(7, ), where we are deforming
the metric. The green small block represents the region of T'M|p(, .), where the vectors
have small components in the s-direction. For example, « represents a geodesic inside
B(v,¢) which is s-transversal to the deformed region. Notice that on the fiber 7=1((0)),
we have that o/(0) is a point outside the green region. On the other side, 3 represents
a geodesic s-almost parallel to v, then §'(0) lies inside the green region. Our argument

is basically proving that for geodesics with velocity vectors inside the green region, the



CHAPTER 2. PARTIALLY HYPERBOLIC GEODESIC FLOWS 90

Ty
B ) L N
50y 7t
8
3 e
B(v,¢€)

Figure 2.4: Region of interest in T'M over the deformed region.

angle variation can be approximated by an expression close to that obtained in Lemma
2.3.3 for the initial metric plus a controlled term, thus invariance of the cone fields holds
for the new metric in this case. We proceed to observe that if a geodesic has velocity
outside the green region, then it must cross the region B(7,¢) with time comparable to
e and it does not enter again the deformed region for a while due to negative curvature

outside. Thus, the new cone fields inherit the contraction from the initial metric.
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2.3.2.1 Cone invariance for parallel geodesics

First, we will evaluate the variation of the angle for geodesics that point in the same

direction as the central geodesic, i.e. o/ = (a,0,...,0). In general, we can write

d~, 9((§a)" + (n4)', €4 + na)
A =2 e+ )
o G(€,8) + 91, m)g(Ea + 14, €4 +114)
(9(&,6) + g(n,m))?
g(€ar + &4 +na + €4+ na)
9(&.€) +3g(n.n)
(9(€',6) +9(n',m)g(Ea + ma,Ea + 1)
(9(&,6) +3(n.m))?
:2§(5'A + 1, 6a+ma) | G(€ar +na,€a +na)
9(&,8) +3g(n,m) 9(&,) +g(n,m)
o G(€,8) + 91, m)g(Ea + 14, €4 +114)
(9(&,8) +g(n,m))?

Write N := g(§,€) + g(n,n) to make our notation simpler.

=2

-2

d =, L9+, 6a+na) | G(6a +nar, §a +1a)
%@A(fﬂl) =2 N + 2 N
. 2(5(5/7 5) + 5(77/, 77))@(514 + na, §A + T]A)
N2
_,9(na — (R(&,0')a') 4, €4 + 1) L o9& s Ea F14)
N
(G0, &) + G(—R(, o), 0)G(€a + 14, €4 + 0a)

-2

N2

The strategy to show that this quantity is positive is to approximate it by (2.3.1) plus
terms that can be made small or do not change its sign. Since h does not depend on z,
we have that o/(h) = 0. We first deal with the term §(na — (R(€,a/)a/)a, €4 +14): from
the equation (1.1.8) and by the definition of the space A we get the following:

~(R(E o)) 2 = = (R(& ') ) 4 + 3 Hess(W)(o, )

1 1
+3 I/ (VeVh).a + 1 o/ [I* I VR* €4 = (€R) @'1* (VD) a
Notice that by the estimates in Lemma 2.2.2

e There exists C; > 0 such that |Hess(h)(a/,a’)| < C1e?.
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o There exists Cy > 0 such that § [o/|| VA < Cye?.
« There exists C5 > 0 such that |(€h) ||/||* [|(VR) ]| < Cs ||€]] €2.

It implies that there exists C' > 0 such that we can write
- 1
—(R(g, a")a)a = —(RE&a))a+ 5 o/ (TeTh)s + 04+ wa, (23.3)

with va,ws € A such that ||va|| < Ce? and ||wa| < C||€]|e%. We claim that we can
also control the norm of (V¢Vh),4. First, remember that since A is parallel to the initial

metric, we can write

(VeVh) 4 = Ve(Vh) 4.

Now,

Ve(Vh)a = Ve <8Z-h <£ﬂ> ) _ £(0ih) (ai) + OV <£ji> |
A A A

Because the Christoffel symbols vanish at = = 0, there exists a constant D; > 0 such
that the second term has norm less than or equal to Dy ||| €2. For the first term also by

Lemma 2.2.2 we get that there exists Dy > 0 such that for all ¢ # s

0
. il < )
om (%) | < Datele
Fori:=s
0 0 0 0
dsh = 02.h < 2 h | =— sO%h :
Hf( ) <a$S>A ;53 ” <a$5>,4 - gf‘fj a (axs>,4 0% Qs A
(2.3.4)
Then, there exists D3 > 0 such that
9 0
S &0 (o) | < Dsléle
J#s A
: 0 . .
For the last term of (2.3.4) notice that g = 0, then, since « is parallel, by
:ES A(y,7")
continuity of the subbundle A, there exists D, > 0 such that
9 0
EOLh | =— < Dylésle.
ox* ) ,

We conclude that there exists D > 0 such that

I(VeVh)al < DlE]le.
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Back to equality (2.3.3), there exists a constant C' > 0 such that
—(R(& a)a")a = —=(R(&, a')a") 4 + va + wa, (2.3.5)

with v, wy € A such that |Jua]| < Ce? and |wa|| < C ||€]|e. Finally, using the equality

(R(&, o)) 4 = —€a, we can write

G(na — (R(&, a)a)a, €4 +1a) = G(€a + 14, Ea +1a) + G(va, Ea +14) + Gwa, Ea + 14).

We have shown that QE(WA_(R@’Q;\),“,) 484414) can be made arbitrarily close to QW,

which is similar to the first term that appears in (2.3.2). We now deal with §(—R(&, &/ )a/, n):
from the relation (1.1.8) and the fact that 7 is orthogonal to o/ we get

§(—R(& ')l n) =5(~R(&. ')l n) + 5 Hess(h) o, a)g(,)
1 1
b ) Hess(h)(€.m) + ¢ o' [ VR (6.

+ 1 (En) o' (ah) (2336)

Proceeding similarly as before and applying the estimates from Lemma 2.2.2, we have the

following:
« There exists C > 0 such that $|Hess(h)(o/, )| < Cie.
e There exists Cy > 0 such that 1 |jo/[||[Vh]]> < Cae?.
« There exists C5 > 0 such that ; 1|? [(€R) (nh)| < Cs ||€]] || €2

We also can have some control on Hess(h)(§,n): there exists Cy such that
|[Hess(h)(§,n) = &m0kl < > |e'105h — T0kh] < Callg] [Inlle.
(1.5)#(s,9)
Putting everything together, we guarantee that there exists C' > 0 such that we can

rewrite equation (2.3.6) as
P - 1
g(=R(& a')a’sn) = g(=R(& a)a’sn) — 5 lo’|I* EmsO%h + Ko + Ko, (2.3.7)

with |K;| < Ce? and |Ky| < C||€]|||n]le. The last term we need to deal with is §(£ar +
nar,Ea+1na), but record that from our notation 4 = (EtPrA)n and D; is e-close to D; for

which we had D;Pr, = 0 by the locally symmetric assumption. It implies that there exists
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E > 0 such that g(§ar +nar,€a +na) < E|€a + nalle. All the above estimates imply, by
mimicking what we have done in equation (2.3.2) and using [CP14, Lemma 2.10], that

there exist constants K > 0 and K’ > 0 such that we can write the angle variation as

1

(366 + 3w = 50,6 = J3(15,€5) — Gna,Ea)

gna+E&a,6a +na)
(9(&,€) +g(n,m)?

d ~
_ u = 2
dt@A(fa 77)

1
— Sl Endih) + U+ U+ U+ Uy (239

with

\Uﬂ < KH&A"]\;’?A”(E.Q < K’52,

U] < K leatnalliel . < fere,

2
|U3| < KHSAJJ\;ZA“ 2 < K’52,

|U4| < KHEAHI]@QHfHH??Hg < K'e.

Thus, it is sufficient to prove that the quantity inside the parentheses is positive and then
choose £ > 0 sufficiently small such that the expression (2.3.8) is positive. To see that,
notice that since o is a unit geodesic for the metric g, then ||o/||* = g(e/, o) = e™" does
not exceed e2". It follows from the construction of the function A that

4
625

4

1
—5 PO < =<5

N | —

If £&ms > 0, then by the same computations for the initial metric, we can conclude that

the expression (2.3.8) is positive. If £y < 0 then we must have
1 1 2
a6slls < —= ! 82 h slls-
J6m < = /P9 hén

So, it is sufficient to show that the following function is positive

£(2) = 56 + 0, m) — 500.) ~ 13005.E5) — T0a.E0) = 6

Notice that f does not depend on ¢, so we prove that f(0) > 0, and by shrinking the

deformed neighborhood if necessary, we guarantee that f(x) > 0.
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f0) =g(& &) +9n,n) —gn§) — *g(nB, £B) — g(na,&a) — 55775
i 5 + 771 Z §imi — Z §ini — Z §ini — ;58775
i=1 i=1

z r+1

- §<f? Sagnet)+ S (€ Semnt) + (€ Tentn?)

1=r+1

i£S
4 5 2 39 iy TN 15
=1 ZZ;—;—l zl;—gl

>0

We have proven the following proposition:

Proposition 2.3.1. There exists € > 0 such that the family of cones C(v, Py*(x,v),¢) is

invariant along parallel geodesics that cross U(g).

2.3.2.2 Cone invariance for s-almost parallel geodesics

Suppose that o/ = Oziaaxi is such that |a®| < 6. We will prove that the cone family
is invariant along such geodesics if # is small enough. The proof follows the same lines
as the proof for parallel geodesics, the difference here is that for some estimates we can
not assume that o’ has no components in other directions, but it is possible to obtain
essentially the same estimates for the first derivatives of h in the o direction and # small
will control the Hessian of A applied to o/. Indeed, for a s-almost parallel geodesic, the
same analysis holds but for terms that are controlled by 6: by equation (1.1.8) we can see

that
D AN AN 1
—(R(& a')a')a = —(R(E a')a’)a +va +wa — (' (h )*€a+ < (Sh)( "(h))(Vh) a
—iHessm)(a', o) (R,
With v, and w4 as before. However, there exists C; > 0 and Cy > 0 such that

|- @06 = e @ )T < el

and

|Hess(h)(a, )| < Oy ||of||* € + Co62.
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So, without losing generality, there exists a constant C' > 0 such that we still can write

the relation (2.3.5) for s-almost parallel geodesics plus a term that is controlled by 6, i.e.
—(ﬁ(f, a)a’)a = —(R(§,a')a’)a +va+wa + ua, (2.3.9)

where |lual| < C||€]]6?. Analogously, there exists a constant D > 0 such that we can

rewrite the equation (2.3.7) for s-almost parallel geodesics as follows:

- 5 _ 1
g(—R(f, O/)O‘,v 77) :g(_R(€’ a’)a’, 77) - 5 ||CE/||2 fsﬂsafsh + Ky + Ky + K3
1 . 1
— (@ () m) + () () rh).
Again, the extra terms satisfy the same properties as K; and Ky and |K3| < D ||€]| ||n]| 0*.
Then we can write, without losing generality, the equation (2.3.8) for s-almost parallel
geodesics plus a term controlled by #2. Since we already proved that this expression is

positive, next Proposition follows:

Proposition 2.3.2. There exist numbers € > 0 and 0 > 0 such that the family of cones

C(v, Py*(z,v),¢) is invariant along any geodesic a with |a®| < 0 that crosses Ule).

Notice that the above proposition works for any £* < ¢ and 6* < 6.

2.3.2.3 Cone invariance for s-transversal geodesics

Here we show how to control the time that a s-transversal geodesic spends inside the
deformed region.

Fix e1 > 0 and 6; > 0 given by Proposition 2.3.1 and Proposition 2.3.2. Since
I%(t,0) = 0, then by relation (1.1.6) we get that f‘fj(t,O) = 0 and also by the same

relation we can find a constant C' > 0 such that ]f‘fj(t, z)| < Cey. Then, denoting by G

the geodesic vector field for the metric g we can find a constant D > 0 such that
H@(v) — (v1, vry Uy, 0, ,O)H < De;y.

Therefore, we have that any geodesic o/(0) = (vo,...,v,—1) in U(ey) is e1-close to the
curve f(s) = (svg, ..., svp—1). If |vg] > 6y, then for s > %f—ll the curve f(s) escapes the
neighborhood U(2¢1), so the geodesic «v escapes the neighborhood U(ey). Since 6; is fixed,

let e9 < €1 such that we have 2(% < 1.
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2.3.3 Proof of Theorem A

From Sections 2.3.1 2.3.2.1, 2.3.2.2, 2.3.2.3 the same arguments in [CP14] Section
5.3.6. imply the following proposition:

Proposition 2.3.3. There exists € > 0 and b > 0 such that if h is supported in U(e), the
family of cones C(v, Py*(x,v),b) is invariant by the action of dg;.

For completeness we explain here the main idea. Let g;(v) be an orbit of the new
geodesic flow. If the geodesic 7(g;(v)) never crosses the deformed region, then the compu-
tations for the initial metric shows that there is invariance of the cone field. Now, suppose
it crosses the region. Then it could be a parallel, s-almost parallel or s-transverse geodesic.
In the first two cases we have shown that once a geodesic points in the parallel or s-almost
parallel direction, then the family of cone fields is invariant. The last case to deal with
is the s-transverse one. In this case, the last section shows that the time a s-transverse
geodesic can spend in the deformed region is bounded from above by the size of the de-
formed region. The time a s-transversal geodesic spends outside is bounded from below
by a positive constant, therefore it must spend enough time outside the deformed region
to get invariance by the cone field. Therefore, we can shrink once again the deformed
region if necessary to get invariance of the cone field. Hence, we obtain the following

Corollary:

Corollary 2.3.1. The geodesic flow g, : T*M — T'M admits a dominated splitting of
the form ST'M = E"* & E¢ @ E*.

To conclude the proof of Theorem A, see that we have proved in Corollary 2.3.1 that
the geodesic flow Dg, : ST*M — ST'M is a symplectic flow with dominated splitting of
the form ST'M = E* @ E°® E*. Now Lemma 1.3.1 implies that the vectors in E* and
E? are uniformly expanding and contracting, respectively, thus g; is partially hyperbolic
by the cone criterion.

We finish this section with some remarks:

Remark 2.3.3. The key property of h to guarantee the invariance of the cone fields is

—1 < 9?h < % and it attains its minimum at x = 0. No other property is needed,

[\

hence with Proposition 2.2 we can summarize the properties on h so that g has a partially

hyperbolic and non-Anosov geodesic flow:
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(1) h is supported on B(,¢), for sufficiently small e > 0.
(2) his of class at least C?.

(3) h does not depend on ¢.

(4) h(0) =0

(5) Vh|,=0.

(6) There exists s € {r + 1,...,n — 1} such that 92,h(0) = —3.

N[

(7) — and it attains its minimum at x = 0.

<Ph<i

N[

Remark 2.3.4. We do not know a priori if the new metric has conjugate points. The best
we can expect to answer in this direction is the following: since —%5525h < %, K(X,Y) <
—%, the Lemma 2.2.2 and the estimates on the Christoffel Symbols for the initial metric, it
follows that K (X,Y) < Me. So, the resultant sectional curvatures could be positive, but
it is still controlled by € and can be made as small as we want. If we have uniform control
over the amount of time a geodesic can spend in a region of possible positive curvature,

then we can conclude the non-existence of conjugate points by the arguments in [Gul75].

Remark 2.3.5. For our construction, we fixed the s-direction for which we perform the
largest curvature deformation. However, under small adaptations to the arguments, it is
possible to produce partially hyperbolic examples by deforming the curvature in several
directions. To do this, consider some subcollection of indices Z C {r +1,...,n — 1} and

let h be given by

hw) = Y (),

seT

where h® is the function constructed in Section 2.2 for the s-direction. However, by doing
so, we certainly create planes of positive curvature. More precisely, in the Kahler setting

we have that A(x,v) = span{Jv} and for some s,! € Z we may get

Rea(t), at)) = K(ea(t), eit) — 5081°(0) — S0H(0) =~ 3 + 5 + 1 = 5.

Although some positive curvature does not imply immediately the existence of conjugate

points, this was something we wanted to avoid in this work.
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2.4 Proof of Theorem B

The proof of Theorem B is similar to Theorem A. We work in the same context and
with the same tubular neighborhood of a closed geodesic. The difference lies in the dif-
ferent deformations we make to have better control of the resulting sectional curvatures.
Here we present only the estimates on the curvature once the proof of partial hyperbolic-
ity is the same as presented in the previous section, since the curvature tensor estimates
needed still hold. The deformation goes as follows: let g;;(¢, z) and g“ (¢, z) be the compo-
nents of the initial locally symmetric metric and its inverse in Fermi coordinates defined
in the previous section. Considering i as the same function as before, the new metric g
is given by

goo(t, z) = €"goo(t, )
9ii(t, ) = gi5(t, ), (i,5) # (0,0).

The new deformation is almost a conformal deformation of the initial metric, however,
we only multiply by a conformal factor the components of the metric in the geodesic
direction. By doing so, we prevent not only the curvature from becoming positive but
also we do not create other planes with zero curvature as before (remember that the
planes {es(t),e;(t)}, with i = r +1,...,n — 1 also have zero curvature). So, suppose some
sectional curvature is slightly growing when we move apart from v, then we can prevent
it from becoming non-negative by pushing it to be negative along ~.

For this deformation we have ¢ = g% for (i,7) # (0,0) and §°° = e "ggo. Remember
that from the formula given by Lemma 1.1.3, the deformation we made is not changing
many of the components R;j;, and it has just a small effect on a few of them, as we are
going to see.

Differently from a "complete" conformal deformation, the relation between some geo-
metric quantities is less clear. For instance, we do not have an explicitly formula relating
the covariant derivatives of the two metrics, however we are still able to show that v is
still a geodesic by calculating the new Christoffel symbols (indeed any unitary parallel

vector field along + is still unitary parallel with respect to the new metric).

Remark 2.4.1. The following identities for the derivatives of the new metric will be

useful in our calculations:

(1) 0i(goo) = Gihgoo + e"0;go0-
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(2) 8%@00) = Q-zjhﬁoo + 0;h0;hgoo + €"0;h0;goo + €"9;h0;goo + €ha¢2j900

We will first evaluate the Christoffel Symbols of the new metric. A straightforward

computation proves:

Lemma 2.4.1. The Christoffel symbols for g satisfy the following relations in B(~,€):

(1) i,j #0
(1.1) k=0
o glO
Iy, = 7(3@'1 + 0;Gi — 1Gij)
glO gOO
= 7(@5]‘1 + 059a — 019i5) + 7(@'%’0 + 9;Gio — OoGij)
10
gl el g0
= 7(@'9;‘1 + 0594 — 0195) + T(@gjo + 959i0 — D0Gij)-
10
(1.2) k#0
Tk _ Tk
Tk =T%.
(2)i=0,j#0
(2.1) k=0
_ o g0 o0
ng => 7(30931 + 0901 — Oigoj) + 6_h7(809j0 + €9 go0 — ogos) + 79008jh'
10
(2.2) k0
N gkl gko gkO
Fléj =) 7(3093'1 + 05900 — O1g0;) + 7(8091'0 +€"0;900 — Gogo;) + 79006h3jh-
10
(3)i=j=0
(3.1) k=0
_ o o g0
Too =Y. <2(8ogoz + Dogor — €"91900) — €h290081h> + 780900-
10
(3.2) k0

B gHl gt ko
Tho=>_ (2(30901 + Aogor — €"Og00) — €h290031h> + 730900-
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The properties of h and the computations above prove that f‘fj(t, 0) = Ffj (t,0) =0,
so 7 is still a geodesic for the metric g. Furthermore, we also have by the properties of h
that the contribution of the new Christoffel symbols to the curvature Rsoos that appears
in the equation (2.4.1) below is close to the contribution of the initial Christoffel symbols
and with the same sign inside the deformed region. These terms are slightly smaller and
grow slightly slower. To see this, consider for instance the functions fo,(z) = TRT2,
and fom(x) = Iilg,. A straightforward computation shows that at = 0 we get that
fam and fy,, are equal up to the second derivative. Indeed we have I\, < T[T, by
computing higher order derivatives of the same functions for some indices (m,n), using

the properties of h and shrinking the deformed region if necessary. By doing the same

kind of comparison with the terms T[T, we get that —I'""T, < —I"I'% .

2.4.1 Curvature over the central geodesic

In this Subsection, we show how to deal with the new geometric quantities since we
have no "nice" formula relating them to the previous one. We are still able to relate them
with some more work, especially along v. Let us start by showing that the new geodesic
flow is not Anosov. We use the same type of argument with Proposition 1.2.4. Remember

that from Lemma 1.1.3 we can write

nl = 1 ~ ~ ~ ~ ~ TmTn Tmn
Rijir = Réjkgh’ = i(ajzr‘gik + aingjT - 8i2rgjk - a?kgir) + ngL(FkiFjr -1 jk)’ (2.4.1)

In particular, for j = k and i = r we get
D _1 82 . 32~ ,_62~ _82 ~ ~ fm~n _f\mfm
Rigpi = 2( widik + O Gri — O Gkk — OprFii) + Gmn (Ll i The)

For k=0 at x = 0, we get by Remark 2.4.1

1 _ _ _ _
Ripoi = 5(6’3,»%0 + 31*20901' - a1-21-900 — 3§ogii)

1
= 5(331»91-0 + 32'209&' - ehai-goo — 330%)

1 1
- iaz%hehgoo - 5(3ih)2€h900 — €"9;h0; 900

1
= Riooi — §3ih
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Then, for i = s we get R5005<t,0) = 0 and for ¢ # s éiOOi(t; 0) = Rioo:i(t,0) < 0. For
Y = Y'X, a vector field orthonormal to X, at = 0 such that Y # X, we get

1

R(X,,Y,Y,X,) =Y YRy == Y. Y'Y/(2gy + 0%0is — 02,915 — 0% 9ss)
2 (i.5)70.0)
1 N
+ Y5 (95,950 + 000 = 5,00 — oGss)
1
= R(X,,Y,Y, X,) — 5agshyg
S
= 4 40
<0

The inequality above shows that every sectional curvature is negative over the central

geodesic, but the sectional curvature of the plane II = span{~’, e;}, which is zero.

2.4.2 Curvature outside the central geodesic

Notice that outside the central geodesic, we can write
~ . 1 1
RsOOs - s00s §a§sh6hgoo - i(ash)thgoo - €hashasgo()7

where

" 1 ~ m1n mTn
s00s — i(agsgs() + 8520905 - €has25900 - agogss) + gmn(FOSFOS - FssF00)7

which is similar to the expression for R,ys but for the terms —ehafsgoo and the small
perturbation of the Christoffel Symbols, which does not change the sign of the contribution
of this part as mentioned before. In Fermi coordinates we have that g5y # 0 and gss # 1
for x # 0, therefore we can write
K(X,, Xo) = K <X Y)
Jss
where Y is the orthonormal (to X;) vector field we obtain by applying Gram-Schmidt
process for the metric g:
Y = <th> Xy — <hg°2) X, = aXo + BX,.

€7gooYss — Js0 €79o09ss — 950

Notice that since Y is a normal vector, we get & < 1 (for x # 0). Besides that, since

h < 0 an easy computation shows that & > «, where « is the component we would obtain
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by the Gram-Schmidt process for the metric g, namely o = gss(googss — 9%) - Then, we

can write

ku;xwzk<&3jzﬁ<&ﬂnf&>

Jss Gss Jss
a? - a o,
= — R(X, Xo, Xo, Xs) = — Rio0s
a1 1
+ oy <—za§sh€h900 — 5(5sh)2€h900 — €hashasgoo> -

By the observations above and since Ry, < Rs0s < 0, we get

&2 * CYZ 1
g2, 00 < — Rooos = K (X, Xo) < 4

On the other hand, one has

1 1 1
—iﬁgshehgoo — 5(85h)26hg()0 — ehﬁshasgoo S —§8§sh — ehﬁshasg()o,

and for the above inequality, we used the Taylor expansion of ggo in Fermi coordinates

(check [MM63] and adjust the indices), in our case, is given by
goo =1 — 2> Rigok|yah + O(2?),
k

so, for € > 0 small enough we guarantee that e"gyy < 1. This expansion also gives us that
dsgoo = 325 + O(x2), thus the term of order 1 determines the sign of d,g00. Hence, we

need to study the sign of the function
1
g(fL‘) = _iagsh - ehashangO = (f”(xs) + xsf,(xs)eh) (I)(ZL‘)

In fact, it is enough to analyze the behavior of p(zs) = f”(xs) +xsf'(xs), once the delicate
part is analyzing for x, around 0 where z,f'(x,) > 0, so since e" < 1 the worst scenario

is given by p. Notice that

(3) p'(0)=-8+1<o0.

We conclude that x = 0 is a point of maximum value for p, indeed, it is a global maximum

by checking other critical points. See its graph in Figure 2.5 below.
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~_ /N~

-1 1

Figure 2.5: Graph of the function p for e =1

We conclude that |g(z)| < ; and equality holds if, and only if, 2 = 0. Finally,
9572|g(x)| < 3. Then, K (X, Xo) < 0 with equality if, and only if, z = 0.
More generally, for any other orthonormal (to X;) vector field Y not equal to X, we write

for x # 0
— (X, 1 -
K (7 Y) = TR<XS7 }/7 va Xs)
Gss Yss
1 1 1
= R Y X))+ YE (=508 et oo — 5(0uh)€" goo — €0k

Yss
2

Y
< K(X,Y)+

<0

We have proved the following proposition:

Proposition 2.4.1. All sectional curvatures for g are negative but the sectional curvature

K+, es) =0.

From this proposition, we conclude that (M, g) has non-positive sectional curvatures and
just one plane with zero curvature along a single closed geodesic. We prove the following

corollaries that imply Corollary B.1:

Corollary 2.4.1. The metric g has no conjugate points.

Proof. This is immediate from non-positive curvature. |
Corollary 2.4.2. The geodesic flow g; is expansive.

Proof. 1f the geodesic flow was not expansive, then by the well-known Flat Strip Theorem
[EO73] there would exist flat strips on the universal cover of (M, g), which is impossible
since (M, g) has only one closed geodesic with zero curvature and negative curvature

elsewhere. [ |
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—_~—

Corollary 2.4.3. The dynamical system (S(T'M), g, Liou) is ergodic.

Proof. The set of vectors with a rank bigger than one has measure zero, so it follows from
the arguments in [BB82] and [Bur83] that the geodesic flow is a Bernoulli flow; thus, it is

ergodic and also mixing. [ |
Corollary 2.4.4. The geodesic flow §; has a unique measure of mazximal entropy.

Proof. By Theorem 7.2 of [CP14], we know that the metric § is rank 1 (indeed, this is
immediate in our case). Now, since K <0, then the main theorem from [Kni98] implies

that §; admits a unique measure of maximal entropy. [ |

2.5 Further results and questions

Previously, we have mentioned that the Anosov property implies the non-existence of
conjugate points, and indeed by Theorem 2.0.3 the C?-interior of the set of metrics with
no conjugate points coincides with the set of metrics with Anosov geodesic flows. One

may naturally ask:

Question 2.5. What about partially hyperbolic geodesic flows? Does partial hyperbolicity

imply the nonexistence of conjugate points?

We were unable to check if the examples given by Theorem A present any geodesic
with conjugate points, even though our construction "tries to avoid" such phenomena. On
the other side, examples given by Theorem B do not present conjugate points and are
not Anosov, thus they must lie on the topological boundary of the set of metrics with no

conjugate points. As a consequence of our construction,n we prove the following:

Theorem H. There exists a C?-open set I of Riemannian metrics such that if ¢ € U,

then g; is partially hyperbolic, non-Anosov, and g has conjugate points.

Proof. Since partial hyperbolicity is a C'-open property, there exists a C?-open set U; of
Riemannian metrics containing the metric g obtained via Theorem B. Since g lies on the
boundary of the set of Riemannian metrics with no conjugate points, we can find U C U,

with the desired property. [ |
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In [CP14], the authors have a different approach to produce an example on the
boundary of the metrics with no conjugate points. Their strategy is to consider a straight
line of Riemannian metrics from the initial metric g to a metric with partially hyperbolic
geodesic flow non-Anosov with conjugate points, then the line of metrics must cross the
boundary, producing the existence of such an example. The issue with this argument is
due to the fact that it is unknown if the set of metrics with partially hyperbolic geodesic

flow is convex or even path-connected. Hence, our approach overcomes this difficulty.
Question 2.6. Do the metrics obtained via Theorem A have conjugate points?

If they do not, then their geodesic flows are topologically transitive, i.e., there exists
a dense orbit. It follows from [Ebe72] once the manifold admits a background metric for
which its geodesic flow is of Anosov type.

On the other side, Corollary B.1 states that g; are mixing and, in particular, they
are all topologically transitive. We can ask whether this property persists under a small

perturbation of the metric g. In other words:
Question 2.7. Is the geodesic flow g; robustly transitive inside the class of geodesic flows?

Although we do not have the necessary technology to approach this question yet,
we have made some advances by showing our examples present the so-called “SH-saddle”
property that can be helpful to approach this problem. SH is a short abbreviation to
“Some Hyperbolicity”. Essentially, it says that given a sufficiently large piece of unsta-
ble leaf, there is some point in it for which Dy, presents some expansion in the center
direction. Let us properly define this property and prove that our examples satisfy it:

Let f be a partially hyperbolic diffeomorphism with a splitting of the form T M =
E* & E° @& E*" and invariant foliations W and W"*. We are going to denote by
k = dimE*. Then a d-center cone in x € M is simply a cone C(z) in E°(x) of dimension
d < k. Recall that

Wi(z,e) = {y € Wi(x) : dwr(z,y) <e}

is the e-ball in W7 of center x and radius ¢ for 7 = ss, uu.

Definition 2.5.1. Given a partially hyperbolic diffeomorphism f, we say that the strong
unstable foliation W** has the SH-Saddle property of index d < k if there are constants
L>0,0>0, A\ >1and C > 0 such that the following holds for every point z € M:
there exists a point 2" € W§"(z, L) such that:
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(1) There is a d-center cone field of opening 6 along the forward orbit of z* which is
D f-invariant, i.e. there exist Cy(f'(z*)) C E§(f!(z")) such that Df(Cy(f'(«*))) C
Cy(fH1(xv)) for every [ > 0.

(2) HDfJ’Z‘l(xu)(v)H > CA ||v]| for every v € C¥(f'(z%)) and every I,n > 0.
Analogously, we define it for the stable foliation by considering f~!.

Definition 2.5.2. Given [ a partially hyperbolic diffeomorphism, it has (d;,ds) SH-

Saddle property if the following conditions hold:
(1) W** has the SH-Saddle property of index d;.
(2) W"* has the SH-Saddle property of index d.

Definition 2.5.3. Given a partially hyperbolic flow ¢; : M — M, we say that the strong
unstable foliation W"* has SH-Saddle property of index d < c¢ if there exist T' € R
such that the induced partially hyperbolic diffeomorphism f := ¢ has strong unstable
foliation W** with SH-Saddle property of index d. Analogously, for the strong stable

foliation.

It is possible to prove that this property is open in the C'-topology (check [Pifi23]
and [PS06] for more information).

Before proceeding, let us fix some notation to simplify our development. Fix ¢ > 0
such that our construction works for a closed geodesic, and consider that we have done
the construction for . Remember that we have defined the e-tubular-neighborhood by
B(7,¢). It means that the dynamics outside Ve = n1 (B (7, %)) is hyperbolic. We will
use the notation V. g for the subset of V. of #-parallel vectors. Remember that for the
initial geodesic flow g;, the splitting is of the form E* & E** & RG(0) ® E¥" @ E"*. Call
E° = E* @ E" and E* = E** & E™ and denote by W* and W" the stable and unstable

foliations tangent to these bundles, respectively.

Proposition 2.5.1. For every point § € T'M, there exist points 6 € W(0) and
6° € Wes(0) such that {3:(0") }+>0 and {§:(6°) }1<o never intersects V. g.

Proof. For each § € T*M we have two possibilities: either § € V. or not. Suppose first
that 6 € V° and denote by W*(0) its local strong unstable manifold with 8 = sup;{d >
0: W (@) N V. = (0}. The set V. is “e-thin” in the direction transversal to the vertical
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fibers of 7 : TYM — M, and the strong foliations are never tangent to the vertical fibers.
So, if £ is bigger than 2¢ and the orbit of 6 enters the region V. sometime in the future,
say gr(f), then we always have a disk D inside W**(g7(0)) N gr(W**(0)) of diameter
bigger or equal to € outside V.. The points in this disk can not enter the region for
some short time, because they are growing apart from gr(f) exponentially fast, so they
spend enough time outside to grow the diameter of §,(D) up to 2¢. So we have found
a small disk D inside Wg*(0) and outside V. such that its orbit does not enter V. until
it has a diameter bigger or equal to 2. By repeating the argument inductively we find
a sequence of compact disks --- C D, C D,y C --- C Dy = Wg*(0) and an increasing
sequence of real numbers converging to infinity (¢,), such that ¢;(D,) N V. = () for all
t < t,. We conclude that there exists 6 € N, D, which never enters the region V.
for the future iterates. If § < 2¢ and the orbit of 6 spend enough time outside V. to
have fr = sups{d > 0 : Wi(pr(0)) N V. = 0} > 2¢ we apply the previous argument.
Otherwise, the situation in which the orbit of 6 enters the region in a shorter time happens
when the underlying geodesic of g;(6) is a transversal one. In this case, it will stay in
the region for a very short time and then it will spend a longer time outside, which is
enough to make S > 2¢, so we repeat the argument again. The argument for the stable

foliations is analogous. |
Corollary 2.5.1. g; satisfies the SH-property.

Proof. Given § € T*M, then 0% given by the previous Proposition has the desired property
since it is hyperbolic. [

Now, let us turn our attention towards some possible generalizations of our study.
We have seen that geodesic flows are particular examples of a more general class called
Contact flows, that is, the flow generated by the Reeb Vector field of some contact form.

The results presented here raise several questions in this general setting:

Question 2.8. What kind of dynamical properties partially hyperbolic contact flows can

present?
Question 2.9. What kind of dynamical properties are general in this setting?

Question 2.10. What are other constructions of examples of partially hyperbolic contact

flows?
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From the best of our knowledge, the only known examples are given by our results

and by [CP14]. Indeed, in [CP14] the author prove the following result

Theorem 2.5.4. (Theorem 7.4 in [CP14]) If the geodesic flow is partially hyperbolic, then

the compact manifold M has even dimension.

Remember that if dim M = n, then dim T*M = 2n — 1. Since for surfaces dim 7*S =
3, then the previous Theorem implies that partially hyperbolic geodesic flows acting on
T'M may exist only for dim 7'M > 7. Therefore, the following question is open in the

general setting of contact flows:

Question 2.11. Is there any example of a contact partially hyperbolic flow acting on a

manifold of dimension 57

We can give a partial answer to this question in the non-compact case via the product
of manifolds. To that end, let M = M; x My x - - - X M), be a product manifold and denote

by m; : M — M; the smooth projection. The following elementary result holds:

Lemma 2.5.1. If M; is an orientable manifold for everyi = 1, ..., k, with orientation form
wi, then M is an orientable manifold with orientation form w = wj(wi) A -+ A 7 (wg),

where 7} denotes the pullback by ;.

The construction goes as follow: let & := S? \ {N} denote the 2-sphere minus the
north pole in R3. It is known that S is orientable with orientation form in spherical
coordinates (6, ¢) given by

ws = sin#df A de.

Let (N, «) be a contact manifold with contact form « and suppose that its Reeb flow
is an Anosov flow with splitting TN = E° & RR, & E" (e.g. let N be the unit tangent
bundle of a negatively curved Riemannian manifold with canonical contact form).

Consider the product manifold M = N x &, with the product Riemannian metric,

and define the 1-form in M by

p = m () + 75 (— cos 0do).
Notice that d(— cosfd¢) = ws.

Lemma 2.5.2. 3 is a contact form for M.
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Proof. Suppose dim N = 2n + 1, thus dim M = 2n + 3. Therefore we want to check that
B A (dB)"T #£ 0. To see that, first notice that by the properties of pullback, we have
df = 7] (da) + 73 (sin 0dO A do) = 75 (dar) + 75 (ws).

Since 7j(da) and 7 (ws) are 2-forms of M, then 7(da) A 75(ws) = w5 (ws) A 71 (da).

Moreover, dim N = 2n + 1 and dim S = 2 imply that (da)"™ = 0 and w? = 0. We get

@ = 3 () mitaa) s+ n e

k=0

= m(da)™™ + (n+ D)7 (da)" A m3(ws)

= (n+ )nj(da)” A 75 (ws)
Finally,

BA(AB)" = (n+ Dmi(a A (da)") Ay (ws).

By the previous Lemma, we get 8 A (d3)"™ # 0. Therefore, 38 is a contact form for
M. |
Lemma 2.5.3. ker 8 = (E* & E*,0) ®R(0,05) ® R (X, :1;0,).
Proof. We know that dim ker 8 = 2n + 2, because it is a contact form. It is clear that the
space on the right-hand side also has a dimension equal to 2n + 2. We are left to prove

that it is indeed contained in ker /3.
e S(E*® E“0)=a(E*®E")=0.
o 5(0,0y) = — cos Odg(dy) = 0.
.« (Xa, ﬁ%) = a(X,) — cosfd¢ (ﬁ%) =1-1=0
[

Lemma 2.5.4. The Reeb vector field of (5 is given by Rs(p,q) = (Ra(p),0) € T,N x TS,
where R, is the Reeb vector field of a.
Proof. We only need to check that S(Rg) = 1 and dS(Rgs,-) = 0.
B(Rs) =3 () (Rs) + 3 (— cos 06 (Ry)
= a(DmRg) — cos Odp(DmaRg)
= a(R,) — cos0dp(0)

1.



CHAPTER 2. PARTIALLY HYPERBOLIC GEODESIC FLOWS 111

Moreover,

dB(Rs, ) = 7i(da)(Rg, -) + m3(ws) (R, -)
= (dOA)(D?TlRﬁ, ) + CUS(D?TQRﬁ, )

= (da)(Ra, ) +ws(0,-)

= 0.

[ |
Lemma 2.5.5. The Reeb flow is partially hyperbolic for the product Riemannian metric.

Proof. Let ¢f be the contact Anosov flow generated by R, and gof be the flow generated
by Rgs. It is not difficult to see that ¢} (p,q) = (¢%(p), q), hence

Dy 0
0 Id

Dyy =

Therefore, there exists a Dyp-invariant splitting TM = (E* & E*,0) @ RRz & E°,
where E* and E" are the subbundles of TN given by the Anosov splitting for ¢f and
Ec = R(0,09) ® R (Xa, ﬁ%). Since D¢ acts by isometry on the last space. We

conclude that gof is a partially hyperbolic contact flow. [ |

Consequently, we can construct examples of partially hyperbolic contact flows in di-
mension 5 by taking N to be the unit tangent bundle of a surface of negative curvature
with a canonical contact structure given by the Riemannian metric. We can also pro-
duce several examples by iterating this construction. Starting with a partially hyperbolic

contact flow, we can obtain:

Corollary 2.5.2. For any n,k € N, with k < n — 1, there exists a partially hyperbolic
contact flow in dimension 2n + 1 with 2k-dimensional center acting on a non-compact

manifold.

Remark 2.5.1. We must highlight once more that this construction does not work in
the compact case because of Stokes’ theorem. Also, this type of construction would work

by switching S* \ { N} by R? and ws by dz A dy.

From the best of our knowledge, the only work that deals with dynamical properties

of partially hyperbolic contact flows is [FH22|, where the authors prove that a partially
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hyperbolic contact flow can be perturbed inside this class to obtain Accessibility. By
Accessibility we mean that any two points can be joined by a concatenation (called su-
path) of a finite number of paths tangent to either E* or E*. On the other hand, for the

above construction we get:
Lemma 2.5.6. The Reeb flow is not accessible.

Proof. The flow is not accessible since every path tangent to £* or E* remains inside N,

therefore, there is no way to go from a point (p, q) to a point (p,¢*) for ¢ # ¢*. [ |

Remark 2.5.2. Notice that we can explicitly verify that the center bundle is not inte-
grable: [(0,0s), (Xa, =2505)] = ([0, Xa], (06, —50s]) = (0, 5220,) which does not belong

@3 cos b ’ cos 6
to E°.

The property verified in the previous remark is general in the compact case: let
wr : M — M be a C" partially hyperbolic flow contact flow on a compact manifold, then

we obtain:

Proposition 2.5.2. If TM = E°* ® RX, @& E°® E" is the partially hyperbolic splitting,

then the distributions E* & E* and E°¢ are not integrable at any point.

Proof. First, notice that keraw = E* @ E°¢ @ E" since dimkera = 2n and TM = E* ®
RR, ® E°® E", with R, the Reeb vector field. Now, since R, is the Reeb vector field,
then its flow ¢, preserves a. Hence it also preserves da and o A (dov)™.

Since E* and E* are integrable, then da(X7,Y7") = 0, where X7, Y™ € E7 and

da(X7,Y7) = X7(a(Y7)) = Y7 (a(X7)) = a([X7,YT]) = —a([X",YT]) = 0

Since M is compact, then da is bounded, i.e. there exist a constant C' > 0 such that
|da(X,Y)| < C || X ||Y]| for any vectors X,Y € T'M. Then, we have for X* € E® and
X¢e Fk©

[da(X*, X°)| = [da( D, X*, Dy X°)| < C|| Dy X*|| | Dy X || = 0,

because the action of Dy; on E® dominates the action of Dy; on E°. Analogously,

da(X", X¢) = 0.
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Now, let {Ra, X¢, ..., XS, X7, ..., X5 X, ..., X¥} (check Lemma 2.5.7) be a local
frame for T'M defined on an open set U such that X7 € E7, for 7 = ¢, s,u. Since «
is a contact form, then aw A (da)” is a volume form. On one side we have by the definition

of wedge product and using that keraw = E* & K¢ @ E*

a A (do)"(X, X7, ..., X5

2m»

X5 X5 X XY

= (X)) (X, ooy Xom, X5,y X2, XV, X5 £ 0

On the other side, (da)™(XY, ..., Xom, X7, ..., X7, X}, ..., X*) is composed by sums of n
products of terms of the forms da(Xy, X¥) and da (X7, X}'), once da(Xy7, X7*) = 0 for all
i,j and E° and E* are integrable. Notice that we cannot have da(Xf, X§) = 0 for all i, j
(for instance, when E€ is integrable) because this would contradict the inequality above.
Then for at least one pair (7, j) we must have da (X7, X5) # 0. Then, if E* @ E* were
jointly integrable we would get da (X7, X') = —a([X], X}]) = 0, thus

(da)™( XY, ..y Xom, X3, X2, X0, X)) =0
which is a contradiction. We conclude that £°@® E" is not jointly integrable, nor is £¢. W

This property is interesting since the most standard obstruction to accessibility is
joint integrability of E* @& E". It is also known that if dim E¢ = 1, then if E* @& E* is
not jointly integrable at some point p, then its accessibility class (the set of points su-
attainable from p) is open. Therefore, if E* @ E* is not jointly integrable at any point,
dim £¢ = 1 and the manifold is connected, then accessibility holds. On the other hand,
in the case of partially hyperbolic contact flows with splitting TM = E°*® E*PRR, & B

we have by the above computations
Lemma 2.5.7. dim E° is even and dim £° = dim E*

Proof. Since « is a contact form, then da|ie o is non-degenerate, that is given X € ker «

there must exist X’ € ker o such that
da(X, X') # 0.

By the previous computation, it must happen that if X € E¢, then X' € E° and if
X € E?, then X' € E*. [ |
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There are still several interesting open questions about partially hyperbolic contact
flows. Since contact flows are naturally volume-preserving, accessibility would imply
transitivity by the classical Brin’s argument. What is known so far by [FH22] is that

topological transitivity is dense among these systems.
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Chapter 3

Ergodic Homoclinic Classes for

Flows

The present chapter corresponds to the results obtained in the preprint [dJEP25],
which is a work in collaboration with Marcielis Espitia (UCC - Colombia) and Gabriel
Ponce (UNICAMP - Brazil), about the study of homoclinic classes for flows and its rela-
tionship to ergodicity and SRB measures. As mentioned in the introduction, this work is
a flow version of the results obtained by Federico Rodriguez-Hertz, Jana Rodriguez-Hertz,
Raul Ures and Ali Tahzibi in [RHRHTU11a] and [RHRHTU11b]. An important class of
systems given by flows that we intend to obtain a better understanding with the tech-
niques developed here is the class of geodesic flows. We have shown in the previous chapter
that determining which conditions may imply or prevent the ergodicity of the Liouville
measure for geodesic flows is far from been a completely solved problem. Therefore, we
believe that our results can be a starting point of new directions to be explored.

As mentioned in the introduction, the strategy of the proofs of Theorems C, D
and E follows the line of Hopf’s Argument. This is the standard argument to obtain
ergodicity (other than case-by-case studies) to obtain ergodicity of systems that present
many forms of hyperbolicity. The argument was first developed by Eberhard Hopf in
[Hop39] and [Hop40] to obtain ergodicity of the geodesic flow for metrics with constant
negative curvature and for negatively curved surfaces; later this argument was extend to
more general settings by Anosov, Sinai and Pesin (see [Ano67], [AS67], [Pes77a]). The
main difference between our setting and the one considered by Hopf, Anosov and Sinai is

that some important sets (which we will make precise) are not uniformly distributed along
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Pesin’s manifolds. Instead we will see that they are well distributed from the measure
point of view, but, in general, they are not fully su—saturated.

To make precise our statements, let us recall some important notions such as Birkhoff
average: for each function f € L! (M;R) the Birkhoff Ergodic Theorem assures that
m—almost everywhere the following limits are well-defined

fH(z) = lim ;/OT fpe(x))dt.

T—+o00

We also have that f(z) = f~(x) for m—almost every x € M and f* are yp;—invariant.
The functions f* are called The Birkhoff’s average. Remember that ergodicity is equiva-
lent to fT being constant almost everywhere and the key point of the technique developed
by Hopf is the use of transversality and absolute continuity of stable and unstable lami-
nations to show that the image of two points by f* coincide (mod 0).

In the next section, we will see a description of the behavior of Birkhoff averages along
Pesin’s manifolds. Essentially, we will see that almost every point in the same (un)stable
Pesin’s manifold has the same Birkhoff average, in which case we say that the subset of
Pesin’s manifolds with constant Birkhoff average is well distributed along such manifolds
from the measure theoretical point of view.

Remember that, given a hyperbolic closed orbit v of a C?—flow, we have defined its

stable and unstable homoclinic classes as
A(y) ={z € M : z is a regular point and W*(x) th W*(v) # 0},

and

A'(v) ={x € M : x is a regular point and W*(z) h W?(y) # 0}.

Therefore, we have defined the Ergodic homoclinic classes as

A(y) == A () N A" (v).

Remark 3.0.1. For the purpose of this chapter m will always denote a smooth measure.

We will also denote by m®* its conditional measures with respect to the partitions W, ().

As stated in Chapter 1, these conditional measures are absolutely continuous with respect

to the Riemannian measures on each W7 (z).
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3.1 Typical points for smooth and SRB measures

The results of this section are completely analogous to those obtained in Section 4 of
[RHRHTU11a] for diffeomorphisms; few changes are needed to adapt to the flow setting,
but we are going to present the proofs for completeness. We remark that essentially no

extra difficults are found here nor new techniques are needed.

Lemma 3.1.1 (Typical points for continuous functions). There ezists a p,—invariant
set My, with m(My) = 1, such that for any f € C°(M) we have: if x € My, then

fH(x) = fH(w), for any w € W*(x) and m¥—almost every w € W"(x).

Proof. The conclusion for the stable manifold is a consequence of continuity. Let w &€
W#(z), in particular d(p(x), ¢:(y)) — 0 as t — oo. Let us fix any f € C°(M), then
compactness of M implies that f is uniformly continuous. Therefore, let ¢ > 0 and chose
d > 0 such that for all z,y € M, with d(z,y) < 6, it holds that |f(z) — f(y)| < 5. Now,
let Ty > 0 be such that d(p(z), pi(w)) < 6, for t > Ty. We get,

‘; [ (o) - f(sot<w>>dt‘ < 2 [7 15 tuda)) = )l
47 [ 1l = Tl
_ I (T-Ty)e
=T T 2

where
r= ["15oda)) - flatw)ldr < oo

It implies that for T' > 0 sufficiently large, we get

Y NCEIE T

Therefore, we conclude that f(z) = fT(w), for every f € C°(M).
Now, the conclusion for the unstable manifold is a little bit more delicate. We proceed

as follows: define the following full-measured set
So={r € M: ft(z) = f (z) are well-defined, for all f € C°(M)}.

We will prove that m—almost every point x of Sy is such that m%—almost every £ € W} (x)
also lies inside Sy. In fact, suppose this is not the case. Thus there exists a subset A C S,

with m(A) > 0, such that for any = € A there exists a set B, C W.(z) \ Sy, with
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m¥(B,) > 0. Without losing generality, we can switch A by ANR!, where R! is a Pesin
block such that this intersection has positive measure. Let y € A be a Lesbegue density

point (in fact we only need it to be in supp(m)), that is

i P2AN B(y)

M TnB)

So, for € > 0 small enough we can consider a small disk 7" inside A N B.(y) that is

transverse to its points unstable manifolds and the set

B=J B,
xeT
where
B, ={w e B, :w € B.(y)}
satisfies

m(B) = /T m*(B,)dmr(z) > 0.

This is a contradiction because B is a positive measure set outside Sy.

Define the full measure set
S1 ={xz € Sy :m} — almost every & € Wi (z) lies inside Sy }.

If ¢ € Wi (), then for any x € M, we have that f(£) = f*(z). In addition if z € Sy and
¢ € We.(x) NSy, then by continuity f*(&) = f~(§) = f~(z) = fH(x). We conclude that
S} consist of points in Sy such that m—almost every & € W} () satisfies f7(¢) = f*(z).
Since f is continuous, then f7* is constant on W*(z). Thus, by the invariance of f* we

can find a full measure set M, with the desired property. [ |
Remark 3.1.1. Notice that by continuity the set M, is s—saturated.

Lemma 3.1.2 (Typical set for L' functions). For any f € L'(M;R) there exists a
pr—invariant set Ty, with m(Ty) = 1, that satisfies: for all v € Ty we have f*(z) = fT(x)

for mi—almost every z € W*(x) and m¥—almost every z € W"(x).

Proof. Let f € L'(M;R) and consider a sequence (f,),, C C°(M) that converges to f in
the L' — norm. Then, we have that (f;), converges, in the L' — norm, to f*. It implies

that there is a subsequence, say (f,] )r, that converges almost everywhere to f*. Set

To={zeM: f (x) = f"(2)}
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and define T := ToNM, where M, is the set of typical points given by the previous lemma.
Of course m(Ty) = 1. If v € Ty, then f (x) — f*(x) and, by the previous Lemma, we

also have f,f (w) = f (x), for all w € W*(x) and mj—almost every w € W"(z). Since

— £+
= fn,

to fT(w) and f*(z). The result follows. |

m;,—almost every w € W?(x) lies inside Ty, we see that f, (w) () converges both

If 11 is an SRB measure, then its conditional measures are absolutely continuous along sta-
ble and unstable manifolds. Hence, the following two Lemmas can be proved analogously

by using a point in the support of u instead of using a Lesbegue density point.

Lemma 3.1.3. Let p be a SRB-measure, then there exists a @—invariant set My, with
w(My) = 1, such that for any f € C°(M) we have: if x € My, then f*(z) = fT(w), for

any w € W*(x) and m¥—almost every w € W*(x).

Lemma 3.1.4. For any f € L*(M;R) there exists a p;—invariant set Ty, with u(T;) = 1,
that satisfies: for all x € Ty we have f*(z) = fT(x) for m$—almost every z € W*(x) and

mi—almost every z € W*(z).

3.2 Proof of Theorem C

We are going to split the proof of Theorem C into two parts: first we prove that
¢|a(y) is an ergodic flow. The proof of ergodicity is simpler and illustrates well the idea
to prove the first statement A%(y) = A*(y) mod 0.

The general idea is the following: for the second statement, we need to prove that
Birkhoff averages of continuous functions are almost everywhere constant on the ergodic
homoclinic classes. To this end, given two points x and y homoclinically related to v, we
are going to use this relation to transfer the set of typical points from W*"(y) and W*(z)
to W*(p), with p € v, via stable holonomy. The idea behind the first statement is similar,
but slightly more delicate since we will need to deal with Birkhoff averages of measurable

functions.

3.2.1 Proof of the second statement

For the sake of simplicity, let us fix some reference point p € v. We are going to consider

the case where v is not a singular orbit, otherwise the proof is exactly the same as
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for diffeomorphism. The difficulty for the flow setting is precisely considering the flow
direction.

Define A = A(y) N My, where My is given by Lemma 3.1.1 and R is the set of regular
points. Let f € C°(M) and let us prove that f* is constant on A. For each Pesin block

R.J intersecting A in a positive measure set, denote by AL} = R27

el T Vel

NA. For points inside a
fixed Pesin Block the local stable and unstable Pesin manifolds have diameter uniformly
bounded away from 0, so let us by d > 0 this uniform lower bound. By the Poincaré

1,5

Recurrence Theorem almost every points x,y € Affl return infinitely many times to Ay,

i.e. there exist sequences (x), and (s;); such that

(1) ty — —00, T = @y, (z) € A

gl

(2) 51— 00, Y = s, (y) € AL,
For all ¢ € My we can define the my—full measure sets

Ag={EeW"(q): fH(&) = (@)} € Mo

Since W*(y;) M W"(y), we can find [ >> 1 big enough such that d(y, W*(v)) < 2.
Because y; € A(7), then y; is a hyperbolic point with dimensions of stable and unstable
equal to those of p € v and W™*(y,) h W*(er(p)) (in a single point), where p7(p) is the
point in v for which we have W*(y,) " W"(p7(p)). Therefore, since y; is in a Pesin Block,
we can define the weak-stable holonomy in a positive m,, —measure set which intersects
Ay, N Wik (yr) is a positive mj —measure set. Since f* is constant along weak-stable
manifolds and by absolute continuity, then the image of this intersection by the weak-
stable holonomy is a set of m,,(, —positive measure with the same Birkhoff average as y;.

Call this set B, () and notice that by s—saturation and invariance, we get B,y C Mp.

Proceeding analogously with z; we produce a set B, C My N W"(or(p)) with

u

mQOT/ (p)

—positive measure and same Birkhoff average as x.

Now, since v is periodic we take 7' > 0 such that O (p) = @1 (p), then (B ) is a
set with same Birkhoff average as 1; of mg, ., —Positive measure. Finally, B, ) C Mo
and then there exist points in ¢;(By,(p) With the same Birkhoff average as z,. We
conclude that fT(x) = f*(xx) = fT(y) = fT(y). Thus the restriction of f* to A is

constant.
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Ayz N VVIZC(?JI E BsaT(p) W (y)
Y, Wws (!//)

:

w (Zl/z)

pr(p p W (v)

Figure 3.1: Construction of the set By,

3.2.2 Proof of the first Statement

Consider the integrable function f = 1,s(,y and the full-measure set of typical points 7y
given by Lemma 3.1.2. Define the ¢,—invariant set A" = A%(y) N T;. We will see that
A" C A (7).

Let € A" then W"(x) h W#(y) # (. The strategy is to use an auxiliary point to
construct a subset of W*"(x) intersecting A®(7y) with m»“—positive measure.

Let R;Jl be a Pesin Block for which the set A® := A®*(y) N T; N R;jl has positive measure
and consider a point y € A® such that there is a sequence of times (s;); converging to
infinity satisfying y; := @5, (y) € A® and all y; are Lesbegue density points (indeed we
only need them to be in supp(m)). Choose a point z in W?*(y) h W*"(v) and consider
2= g, (2) € W*(y) M W*(v). Inside R;Jl the Pesin’s manifolds admit an uniform lower
bound for the diameter, say diam(W;.(¢)) > § > 0, for all ¢ € R’EJI . By definition we

have that d(z,y;) — 0, as | — oo so we can choose 29 = ¢, (2) such that d(zo,yo) < g

where yo = @5, ().

Since 1, is a Lesbegue density point of A® we can find a small ball B centered in yq
satisfying the condition m(A®* N B) > 0 and we can assume its diameter is at least 0. Let
F be a smooth foliation of B with dimension n — dim(W?*(y)) such that each leaf F(§)

is transverse to W (o). By the Fubini property

I (FE) N A%, (),

loc(yO)

O<m(AsﬂB):/

we have that mZ (F(£) N A®) > 0 on a subset of W (yo) of mj—positive measure. Fix &
such that mZ (F(&) N A*) > 0.



CHAPTER 3. ERGODIC HOMOCLINIC CLASSES FOR FLOWS 122

We now prove that for some iterate of © we get a transversal intersection between
W (or(x)) and WE _(yo). To do that, we want to see that we can approximate W*(y) by
iterating W*(z). In fact, since W*(z) i W#(y), we may divide the reasoning in two cases.
First, if dimW*(z) + dimW?*(y) = n, we can call {w} = W*(z) N W*(y) and consider a
small saturation along the flow direction

D:= | W"(p())

te(—e,e)
Now, D is a small disk transverse to W?*(q), for some ¢ € v and we can apply the A—lemma,
for the diffeomorphism ¢z, where T is the period of 4. This implies that ¢, (D) converges
in the C*'—topology to
D'= J W%qg).

te(—ee)

By taking big enough iterates we can make ¢, (D) close enough to D’ such that after
flowing by ¢, for some 0 < t < T it enters B and since W _(yo) M W*(y) it must intersect
W .(yo) transversally. The case where dimW"(x) + dimW?*(y) > n is easier to deal with
because we already have that W*(xz) M W*(q) for some ¢ € 7, so we just apply the
A—lemma for ¢, and W"(x) directly to get that W _(yo) M W*(p(z)). So, let us fix
that x; := () satisfies W (yo) M W**(x;) or Wi (yo) h W¥(zy)

To proceed we need to split each case into two more cases, but the analysis is very
similar. First, if dim(W?*(yo)) + dim(W"*"(z;)) = n (see Figure 3.2) we consider the
holonomy map h between a subset of positive measure in F(&) and W™%(z;), then h
sends the positive measure set F(&§) N A® into a set of m}“—positive measure. Since
A*(v) is s—saturated, the last set lies inside A*(7). The second case we need to consider
occurs when dim(W*(yo))+dim(W**(x;)) > n. In this case, we can assume without losing
any generality that we had choose the foliation F to be such that each leaf containing a
point of W™*(z;) is contained in W"*(z;). Consider S to be an open submanifold inside
W*(yo) N W™ (x;). Integrating over S and using the holonomy maps from F (&) to F(q),
for each ¢ € S, we construct a set A intersecting A®(7) with my"*—positive measure.
In any of those cases, using that A*(7) is ¢y—invariant, we found a set of m{ —positive
measure inside A®(y). It means that W*(z;) contains a set of positive measure with
Birkhoff average f* = 1, but a; is a typical point, so f*(z) = fT(zq) = 1. We conclude
that © € A®(7). The analysis for the case Wj_.(yo) M W*(z;) is exactly the same.

The proof of the reverse inclusion is analogous, so we conclude the proof of the theorem.
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[ W (z)
Wiy :
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L we(v)
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Figure 3.2: Case with dimW*(yo) + dimW*"(v) = n and dimW*(x) + dimW?*(y) = n.

3.3 Proof of Theorems D and E

The proof will be analogous to the proof of the first statement of Theorem C. Consider
[ = 1as(y) and let Ty be as in Lemma 3.1.4 and define A" := A%(y) N T;. We are
going to show that A* C A®(y). To do that, let us prove that for every z € A" we get
ft(z) = 1. For now on fix x € A*. The strategy is the same as before, we will consider
an auxiliary point y to construct some local foliation of a small ball such that we find a
leaf with intersection of positive measure with A®(7y), then we transfer this information
to the unstable manifold of x also via holonomy. The only difference here is the choice of
the point y. Insted of a Lesbegue density point we choose y to be a point in the support
of the measure. The rest of the argument follows identically.

Let Rgl be a Pesin block such that A® := Ri{l NA*(v) has positive measure and y € A® be
such that there exists a sequence (t;)x converging to infinity such that v = ¢y, (y) € A®
and v, belongs to the support of p restricted to A*(v) N Rgl. Again, for points in Rgl
their Pesin manifolds have a diameter bigger than a uniform constant 6 > 0. As before,
let yo =y, (y) be such that d(yo, W*(7)) < g. Since g is the support of u, we can find
a small ball B centered in yq satisfying the condition u(A° N B) > 0. Let F be a smooth
foliation of B with dimension n — dim(W*(y,)) such that each leaf F(&) is transverse to
Wi (o). By the Fubini’s property

0<pdNB) = [ pE(FE)N AV,

s

loc(yo)
we have that pZ (F(£) N A®) > 0 on a subset of W, (yo) of puf—positive measure. Fix

& such that pf (F(&) N A®) > 0. Since y is a hyperbolic measure and has absolutely
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continuous conditional measures, the proof follows from the same arguments.

3.4 Proof of Theorem F

The proof will be a consequence of Theorem 1.4.15 and the next Lemma:

Lemma 3.4.1. If p is a reqular, hyperbolic and SRB measure, then almost every one of

its ergodic components is reqular, hyperbolic and SRB.

Proof. By the Ergodic Decomposition Theorem, there exist a partition P of M, a system
of ergodic probability measures {up : P € P}, which form a decomposition for p, and a

measure ji over P. Since p is regular, then

u(Sing(X)) = [ up(Sing(X))d(P)

It follows that ji—almost every up is regular. Now, we just need to check that fi—almost
every pp satisfies Pesin’s formula. Indeed, by the Margulis-Ruelle inequality and ergod-

icity we have

h“P</ZA Jpp(r) = 3 Apr).

A(z)>0 App)>0

On the other side, by Jacobs Theorem (check [VO16] Theorem 9.6.2) we get

h, = / hy., dii(P

and since p is an SRB measure,
= [ ¥ Awdn= ( B> A<x>dup) ap(P) = [ 30 Mup)d(P).
A(z)>0 A(z)>0 App)>0

It follows that

/( > Aup) a(P) =0,

np)>0

<0

hence ji—almost every pp satisfies Pesin’s formula. |

By the previous Lemma, we can assume that p is an ergodic measure. Now Theorem
1.4.15 implies that there exists a periodic hyperbolic orbit v such that supp(u) € A(y)
and, in particular, for p—almost every x satisfies ¢,(WW*(x)) acumulates on W*(~y) when
t goes to infinity and ¢, (W?*(x)) acumulates on W¥(y) as ¢ goes to minus infinity. The
invariance of A(v) implies that u(A(vy)) = 1.
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3.5 Proof of Theorem G

The strategy here is to prove that in this situation, we must have intersection of the basins
of p and v, thus ergodicity will imply that they must coincide.

Let B(p) and B(v) be the basins of p and v, respectively. Since both measures are
ergodic, it implies that u(B(p)) = 1 and v(B(v)) = 1. By Birkhoff Ergodic Theorem we
can define the following u—full measure and v—full measure sets, respectively,

B, = {x e M: lim ;‘F/OT Floi(@))dt = /fdu,Vf c CO(M)}

T—+o00

B, = {x e M: lim ;/OT Flos(x))dt = /fdu,Vf c CO(M)}.

TS 400
By hypothesis we get p(B, NA(v)) =1 and v(B, N A(y)) = 1. Apply Lemma 3.1.4 for p
and the function f = 1g,~a¢y) to find x € Ty N B, N A(y) such that p(B, N A(y)) = 1.
Since p is SRB, the conditionals g are absolutly continuous with respect to the leaf
volume measure thus m%(B, N A(y)) = 1. Analogously, we find y € T N B, N A(y) such
that my (B, N A(y)) = 1, where f’ = 1p,na(,). The strategy now is to transfer these sets
to the unstable manifold of the orbit . More precisely, define

D, =B, NA(y)nW*x),

Dy = B, N A(y) N W*(y).

Fix the points p,q € 7 such that p and ¢ are the points satisfying W#(z) N W"(p) # 0
and W*(z) N W*"(p) # (). By the definition of A(y) and using the absolute continuity of
weak-stable holonomies, for every point z € D, we find a unique point w € W*"(p) such
that {w} = W"*(z) h W*(p). Since B, NA(7) is an invariant and s—saturated set, we
get that my (B, N A(y)) = 1. Now, take T" € R such that ¢r(q) = p and use the same
argument to Dy« to get my(B, N A(y)) = 1. This implies that B(u) N B(v) # 0, hence

Ww=v.

3.5.1 Further questions

In this dissertation we have not discussed the applicability of the results presented

in this chapter. This would be a very natural next step of our work.

Question 3.1. Can we apply Theorem C' to get ergodicity of some generic class of flows?
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The previous question is wide open, but it is worth mentioning that we look forward to
understand homoclinic classes in the context of the geodesic flow, in special for manifolds
with rank(M) = 1.

Another very natural question, now in the context of SRB measures is:

Question 3.2. Can we apply Theorem G to get uniqueness of SRB measures in some

general setting of flows?
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