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Abstract 

This paper studies invariant control sets for cl-dim'ensional hiliurar rnntrol 
systems on the Stiefel manifolds St2(d) of two orthonormal frarn es in m". 
lt is shown that under an accessibility assumption tlic only 11011 trivial ca._<;e 
which remains to be analyzed is the case where the system 's semigronp is a 
semigroup with non void interior in Sl(d,IR). For this case the quantily of 
invariant control sets on St2(d) is computed with the aid of the rcsults of 
[7) about invariant contrai sets on the flag ma11ifolds. Also. it is givl'n an 
answer to the question of the existence or not, in a11 i11\'aría11t co11trol sd 
on St2(d), of frames which span the sarne two di111cnsio11al subspacc aml are 
positively oriented inside this subspace. This question is s11 gg1--s tcJ l>y tl1e 
rotation nurnbers in higher dimensions as cliscnsscd in 12]. 

1 Introduction 
Let 

"' E : x = J\:r + L 11, H, .r 
i=I 

be a bilinear contrai system on JR:1, d 2: 3. Denote by -"~ (or j11s l hy S ) lhe sys lcm 
semigroup and by GE (or G) lhe system gro11p (sc<' 1• .g. \Gl) .\t. is k11mrn Lhal S~ is a 
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sernigroup wilh 11 011 void iulcrior in Gr; . Thc system induccs ,L right i11vari a11L syslclll 
on Gl(d, D0 and so it iml11ccs also control systems on Lhe homogeneous spaces of 
G/(d, IR). Thcir orbit.s , conlrol scts, ele ... are given by Lhe action of Gr; anel Sr, as 
a subgro11p anel suhscmigroup of Gl(d, IR) respecl ivcly. 

Of inleresl herc are Lhe invarianl coutrol sels for Lhe system in<luced on Lhe Stiefel 
manifolds St 2(d) of two-orthonormal frames of ll?.'1, LhaL is the inva.ri anl conlrol sels 
for lhe aclio11 of S 011 S1 2(d) . ln particular, it will be disc11ssed whether a.n invarianL 
conlrol scL contain frames which are of Lhe sarne orienla.tion within a lwo-plane. 
This queslion is relcvanL for rotalion n11mbers (c.f. [2, Tlim . ,t.] ii]) . 

IL will be assumccl th aL Gi: C Sl(d, R.) . This assumption amounls to Lakc A 
aud D, with zero trace, aud can be clone witho11L loss of generality beca use Gl(d, IR) 
dccu111posc8 as Sl(d, [[l) Z wit.h Z Lhe cenler which is the s11bgro11p of t.hc nrnltipl es 
of Lh e idcntiLy aud acls Lrivially on Lhe Stiefel ma.nifolds. 

IL will be ass11rnc<l al so tl, al Lhe syslem on St 2(d) has the accessibility properly, 
Lhat is 

A : int(Sx)c/0 

Tliis assumplion, allhough nalurnl from the poinLs of view of e.g conlrol Llieory; 
uniqueness of invariant probability inside lhe invariant control sels , etc .... (see[l]) 
il is highly restriclive from the point of view of group theory. ln fact, A implies 
lrivially Lhat G is transitive on St 2(d) . On the other hand, there is the following 

Fact: Except in climenslons 7 anel 8 tl,e only subgroups of Sl(d, R.) which are 
transitive on Sli(d) (with tl, e act ion in<luced by the S/(cl, IR)-action) are SO(d, R.) 
anel Sl(rl , lll) itsdf. Tlie ot.her groups transitive in dimensions 7 anel 8 are compacl. 
This fa ct was slalc<l witl1out proof in [6, Example 3,page 58]. lts proof is baseei 
011 Bootl1by[3] an<l Boothby anel Wilson [4] classification of the groups which are 
transitive 011 lfld. 

TI,is facl will be provecl in section 2 below. From iL, the accessibility assumption 
A re<luccs lhe possibilities only to those semigroups which are either with non void 
interior in Sl(cl, D?.) or willi non voicl interior in a compac t group. ln Lhe latter case, 
tlie scllligronp is a gro11p so Lhere is no furLh er analysis to be clone. ln Lhe case of 
a scmigroup with 11011 voi<l interior in Sl(d, R.), the analysis of its invariant control 
sets in ll1e Sliefel manifold is provided in section 3. The main technique use<l comes 
from Lhe resulls of [7] about lhe action of subsemigroups wilh non empty interior in 
Sl(d, IR) on lhe ílc1g manifolds . 
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2 Groups Transitive on St2( d) 
The iclea for classifying the linear groups (subgroups of Sl(cl, lll)), which are tran-
sitive on St 2(d) is to look al those groups which are f.rnnsilive 011 lhe splicre Sd-l 

anel then use the fibration 

71' : St2(d) _. sd-l 

which maps lhe orthonormal two-frame {11,11} inlo ils firsl cknicni 11 E s·1- 1. 
The action of Sl(d, IR) on St2(d) is given by orthonor111aliz;i. t, io11 of /gu , _g ll },g E 
Sl(d, IR), {u, v} E St2 (d) . This implies, among othcr ll1i11 gs , Lh;, t t lw abovc fibra-
tion is equivariant w .r .t the Sl(d, In)-actions, wlii ch in t.urn implirs t.li .it. r1 ncc<'ssary 
condition for a subgroup G E Sl(d, IR) to be transitive on Sl 2(d) is th at it i~ tran-
sitive on sd-l _ On the other hand, fixing ii E S"- 1 , th c filwr ;r - 1( r,) ovrr it is tlic 
set of frames { u, v } with v E sd-l orthogonal to u , so Lhat it is horneomorpliic Lo 
5d-7 _ Also, in order that G ís transitive on St 2(d) it is necessary Lh a!. it is trnnsilivc 
on the fiber over u ali u, where transitivity on the fiber mc,1.11s Lliat '1p, f/ E rr- 1(u) 
there exists g E G such that gp = q. Now, due to thc equi\·ariaucc of :i. gp = q 
implies that g u = u, so that G is transitive on the fiber O \"Cr 1t if a11d 011ly if lhe 
isotropy 

Gu. = {g E G : gu = 11} 
is transitive in this fiber. 

The job thus is to look al those groups which are lransili vc 011 .5-1-i and cl1eC'k 
whether their isotropies are transitive on the fibcr S"-2. Tl,c li1 war gro11ps lransiliw· 
on s"-1 where cla.ssified by Boothby [3] anel Doothhy and \Vilsou [·1] . 

The idea to cbeck the transitivity of the isotropy 011 thc fi bcr is lo use- Uoo thby 's 
cla.ssificalion in dimcnsion one less. Therc is l10wc\'cr a prolilc111 ;,J.0 11 l l11is wl, i,·h 
comes from the fact that this cla.ssification is ex clusive for li11 ear groups wilh actio11 
coming from the Sl(d, IR)-aclion. So in order that that d a..ssificatio11 lx-comcs 
available it is necessary to ensure first that the action of G,. on Lllf' fiber is linear, 
tlial is, comes from a linear represcntalion of G,. 011 Ul·1- 1 .This is a.-,smrtl 1,y tlw 

Proposition 1 St2(d) is the sphere bu11dle S(S''- 1 ) of th c sphcrc.~ of lhe tai19eut 
bund/e of sd-t, and the action of Sl(d, IR) 0 11 it isj11st th r diJJcrl'll l i,tl 11clio11 (lifli119} 
of elements of Sl(d, IR) viewed as diffeomo rphism.- of s-1- •. 



S(sd-1) 5<1-1 E T 5c1 - 1 Proof. ln íacl, the ma.pping { 11, v} E St,(d) ----1 , u E , v " 
defines a Lijection bclwecn S(SJ-1) and St2(d). 

Dc11olc for a momcnt. by g * 11 lhe action of g E Sl(d, m} in 11 E 5,1-i; 

911 
9•t1 = -

lgul 

wlicre 911 is nw1.rix mullipliciltion(aclion on /Rd) . Supposc g * ti = u anel ta.ke 
V f Tusd-l; V f fRd and is orthogonal to ti. Let u, be a curve in sd-l with tio= 11 

anel whose Jcrivativc al O is v. Then 

( ..2!!.L)' 
19,., J t=o 

_!/.E_, - l ·11 
Jguo I Jgu 0 ll 9 U 

= ..i!'... - ~91! lgul lgul 
beca use gu = jgu ju and 11 0 = 11. Therefore lhe dilTerenlial of y ----1 g * y at tt is 

gv < gv, u > 
V --+ -- - ----u 

lgul IY 11 I 

which has lhe same dircction as the second veclor of the orlhonorrnalization of 
{gu,gt>} . Tl1erefore lhe aclion of lhe isotropy is linear. D 

Now il is possible lo start. 
Lel G bc a linear Lie grOlÍp transitive on 5d-J and g ils Lie algebra. Transitivity 

o[ G implies ils irrc<lucibility and therefore g <lecornposes as 

g=go©z 

with g0 scrni -sirnple an<l z lhe center ( compare with [3]) . Lel G0 be the connected 
subgroup of G wbosc Lie algebra is g0 . It is known tbat G0 is also transitive on 5d-J 

(sec [3J and [4, page 216] ). 
The <liscussion lo follow is to cnsure lhat the analysis of the transitivity on lhe 

Sticfcl manifol<l St 2(il) can be red11ccd to the action of G0 , so that it is enough lo 
look al semi-simple Lie groups . This facilitates the cornputations . 

Let JI be the isotropy (at some point of 5d-1) and denote by h its Lie algebra. 
Assume lhat it is transitive on the fiber. Then , as to g, it acls irreducible on m_d-i _ 

By lhe discussion ahove this action comes from a represenlation, say p, of H. 
Denoling also by p the representation of h, irreducibility implies that 

p(h)=IEBc 
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with I semi-simple and e the ccnter. The derive<l 11lgclm1.s are 
1 g = go and p(h)' = 1 

so that 
1 = p(h)' = p(h') e p(h n g,,) 

because h' e g' = g0 . Now, h n go is the Lic algebra oí H n G'() . Sincc thc conncctc<l 
subgroup whose Lie algebra is I is transitive (if H is trnnsit.i vc ), this i111pli es that 
II n G0 , which is the isotropy of the G0 -aclion is al s<J transiti ve . Thcrcforc, a 
linear group G is transitive on St 2(d) if anel only ií ils sc111i-"irnplr· cor11po11 e11t is 
also transiti ve. ' 

The table below is extracted from 14] an<l shows lhe lirlf•ar Lic al~cl, rn$ l r11nsilivc 
on sd-i_ Transitivity of the Lie algebra g means tlrat tlw gro11p G of>lain,:d hy ex• 
ponentiating a faithful representation of g is transitive on tir e correspo11d i11g sphere. 
Dueto the discussion above, it is reprodu ced lierc only t.l1 c "Crni -s in,ple cornpo11enls 
of lhe Lie algebras . 

Notation d is the dimension of the reprcsent11tio11 ;in N is lhe dimc11 sio11 of l he 
Lie algebra. 

Type d N Algebrn 
J.l m m(m - 1)/2 so(m) 
J.2 2m m2 -1 su( 111) 
J.3 4m 2m2 + m sp( m) 
1.4 4m 2m2 + m + 3 sp(m) ,p UI 
/ .5 8 22 spin(,) 
J.6 16 36 spin(9) 
1.7 7 14 g 2!-t-1! 
Il.l 111 m2 - 1 sl(111 , 07) 
I/.2 2m 2(m2 - 1) si( m ,([) 
Il.3 4m 41112 - 1 sl(m , ll/) 
1/.4 2m 2m2 +m sp( m, lll) 
1/.5 4m 4m2 +2m sp(m ,<T) 
III 4m 4m 2 + 2 si( 111, ll l) 'fl su(2) 

The algebras of class / are compa.cl and Lh ose of cla,;sc;; / / ;\fld l l l a.r•· 111rn 
compacl. 

1t is not worth to descríbe here ali lh e represe11t aLio11 ~. Excrpl f 10111 / ! ,. 6 a111l 
7 tbey are described by a.lgebras of real. complt·x :111,I 1p1 atn 11 i1111i r 111i\trices. ln 
particular, / .1 anel/ /.1 are Lhe canonical represc11l alio11s of so ;11111 si 1Tsrwdivcl y. 
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Clcarly, l . \ an el / f. \ are transitive on St.l(d) . 
Tlic olhem non compact a.rc no\. lransilive. This can bc easi ly d1eckcd by llie 

climcnsio11 of t\ic isol.ropy. This is a. non compacl. Lic group acl.ing lransitivdy 1n a 
splierc in dimension one kss, so llia.l il is pa.rl of t.h e ahove lisl. Now, lhe only 11 0 11 

compa.t:l case occmring in ocld climcnsion is 11. l. Sincc lhe isolropy rcprcscnls in 
dimensio11 d - 1, the incqualily 

di = N - d + l < els 

wlicre di slan<ls for ll1c dime11sio11 o f t.he isolrnpy anel ds = dimsl(d- l, IR), shows 
that tl1e isolropy is propcrly conlaincd in sl(cl-1, IR) so il cannol be transitive if d 
is cvcn. Tlie followi ng lisl sliow this inequalil.y for lhe non compacl cases di!Tercnl 
fr om / / . I . ln il., d are tlie rools of ds - di which in ali lhe cases is a qu adrnlic 
polyuomial in 111 with positive leader coeíiic icnl so l h,:IL ds - di > O for m bigger 
lhan lhe highest rnol or ali rn if lhe roots are nol real. 

II.2 

II.3 

II.4 

d = 2m 
di 2m2 - 2m - l 
ds = 4m2 -4m 

ds - di 2m2 - 2m + l 
rt complex 

ris - di > O ali 7H 

d = 4m 
di 4m2 -4m 
ds = 16m2 - Sm 

ds - di 12m2 - 4m 
7't o, 1/3 

ds - di > O m 2'. 1 

d 2m 
di = 2m2 - m -1 
ds = 4m2 - 4m 

ds - di 
rt 

ds - di > O 

2m2 - 3m + 1 
1 /2, 1 
m 2'. 2 

when m = 1 lhere is isomorphism wilh Jl .1 with m = 2 
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II.5 
d = 4rn 

di = 4m2 - 2m + 1 
ds = 16m 2 - 8111 

ds - di = 12111 2 - 6m - 1 
rt 6±:fii 

21 
d.s - di > O m 2'. l 

The roots are smaller tha.n 1 

III 
d 1!111 

di = •lm2 - 1111 + 1 
d.s 16m2 - Sm 

ds - di = 12m 2 -1rn -
1·t 1 1 2,-~ 

ds - di > O m 2'. 1 

3 The invariant control sets 
By virlue of the above classifical.ion of the groups transitive on St 2(cl) thr. accessibil-
ity property A reduces everyth ing to two possibilities: cilltcr tlte gro11p is rn111pact 
or it is Sl(d, IR). Since for G compact S = G, the 011 ly ca.sc wliicl, nccds f11rlhc-r 
analysis is the case where 

G,, = Sl(d, IR) 

The counting and other descriptions of lhe i11,·aria11t coulrol scts on St 2(d) lo bc 
clone in lhe sequei is nol reslrictivc íor sc111igro1 q1 s co111in~ fro111 a co11lrol sysle111 . 
So in what follows, 8 will slancl for a.n arhit rary S<'111ip;ro11 p witlt 11011 e111ply i11 tcrior 
in Sl(d, IR). 

The S - i .c.s's on St2(d) are looked through t.l,c iiliralio11 

rr: St 2(d) __. JF"(l, 2) 

where JF'd( l , 2) is the manifold ofílags ( V1 C Vi) with di1111; = i aud \; ;ur snbspaccs 
of m_d_ The a.bove fibration is a four shcet covering ê\11cl il ri\11 bc :sN ' ll i11 cithcr 011c 

of the two wa.ys 
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Geometricaly lcl (u, 11) be a11 orthonormal two-frame in TR" . Then rr(u, v) = (Vi C 
"2) wlierc \li = spcrn { 11} and \ 12 = span { u, v}; \et ç = (\/1 C Vi) E IF"( 1, 2) be 
a flag. Tlien its invcrsc image ,r- 1 { O undcr ,r are tlte fom possihlc orthonorm~.l 
two-frames (tt, v) wilh u E Vi and v E Vi, th at is lhe four orlhonormal bas1s 
(11 1 11) of Vi with 11 E \li. 

As homogeneo11s spaces Lct /3 = {ei, . . . ,eJ} be a basis of IR.d . Thcn 

S't1 (il) = Sl(d, !R.)/ 11 = SO(cl, IR)/ L 

a11d 

ll·'J( 1, 2) = Sl(d, D?.)/ P(l, 2) = SO(cl, JR)/ M 

wl1erc lhe isolropies are lhe groups of malrices which in ba.-;is f3 look likc 

,\\ l1 l2 

o ,\2 
o A 

wilh A E Gl(d - 2, D?.), .À 1 .À 2 del A = 1, and 

• .À1,.À2 > O for 11, 
• .À 1 = >. 1 = 1 , A E SO(d - 2) and l 1 = é2 = O for L, 
• >. 1 and .À2 are ±1, A E SO(d- 2), and é1 = l2 = O for 1\1 . 

Tltcrc is Lhe ca11011ica.l fibration 

SO(tl, IR)/ L--+ SO(d, Dt)/ M 

which is lhe sarne as 

Sl(d,IR)/H--+ Sl(d,JR)/P(l,2) 

anel maps coscls i11Lo cosets. Thc fiber is M/ l wl1icl1 is isomorphic to Lhe abelian 
group of ÍOlll' elemcnls 
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The fact that M / L is a group ( lhat is, l is norlllal in i'v! ), irnplics tlrnt ,r : 

St2(d)--+ JF"(l,2) is a principal bundle wiLh structurc group /\f/ L and f.hus it is a 
four sheet covering and there is a right action of M / !, iJe11t.iíyi11g il witlr Lhe fibcrs. 
Geometricaly this right action is given by changing signnls oí 11,c d c111e11t.s oí thc 
two-frame (u,v) according to the signals of lhe first two coordi1rnti:s oí lhe demcnl 
o[ M/L . This is because the right action of an elernent oí M//, is gi vc n by thc 
usual action of any of its represenlatives in M .ind .i. rcprcs<'11 lati\·c oí (rr 1,n 2,n1 ) is 
any diagonal matrix such Lhat lhe signa.ls of the lirsl lwo rlingo11al clc111a11 ts co incide 
wilb lhe signals of the firsl lwo coordinates oí (11 1, r1 2, n3 ). 

ln Fd(l,2) there is just one invarianl conlrol sd, say C' , íor S (c. f.[ .S]). Si11 ce 
rr : St2(d) --1 ffe'd{l, 2) is equivariant wiLh respect to the actio11 oí Sl(d, nn , the 
invariant control sets for S on St 2(d) are contained in ir- 1(C ) and projcc t down onlo 
C. Also, the fact that L is normal in M implies llial for any n E M //,, C1n is an 
invariant control set if C1 is an i.c.s. This fact implies tl,at tlwre .-: xi, ts " s11hgroup 
Ü of M/L such that 

Therefore the number of i.c.s's on St 2(d) is 1, 2 or ,1 .i crnrding llw ordcr of ili is 
4, 2 or I respectively. 

For rotation numbers it is also relevanL to know wlrcl.lwr an i .c. s 011 S t2(d) 
contains or nol in lhe sarne fiber over Fd( 1, 2) írnnws witli difín1·11l orie11lnlio11s 
inside the plane containing them (c.f [2, Tlvl. l]). Tliis ques l.ion i:a a11sweml by a 
quick glance at Ü : taking lhe realization of M /Las abon~, t.li crr ar, · t Ili' possiliilit irs 

• Ü = { l }; four i.c_s's a.nd the four frames over an <'l e11w11t of C arr in diff1·rc11t 
invaria.nt conlrol sets. 

• 1W = {1,(-1,-1,-1)}; two i .c.s's; alonga libcr 1.li c íra11ws i11 lhe s.1111c i .c.s 
have the sarne orientation . 

• JW = {1,(-1, l,-1)} or {1,(1,-1,-1)}; lwoi .c.s's; al<•11~ tlir fih <'r lli<' framcs 
in lhe sarne i.c.s have opposile orienta.Lion. 

• Ü = M / L; just one i.c.s. 

Remark Aclually tlie queslio11 of having fral!lcs with 1.\w S ;\11\C or 1\ilfcr<"nl cni-
enlation should be seen inside a two plane a11tl 11 0 1. " i11 ~i1k " a lbg as !,!,ivc11 hy fl-1 



abovc. Tlie disc:ussio11 aboul lhe mutual oricnlalions oí framcs oí a give11 lwo-plane 
which are in lhe sarne i.c . .s will be poslponcd Lili lhe end. 

ln whal follows, A1 will bc givcn in its dependence lo some slruclmal properlics 
of S which are giveu by its action on lhe ílag manifolds. Recause of this lhe following 
commenls about lhe flag maniíolds will be neede<l . 

Denote by P a parlition in inlervals of { 1, .. . , d}, lhal is a decomposition of lhis . 
sel into non overlapping inlervals defined with respecl to its natural arder. Such a 
parliliou will bc wrillen visually as 

P= [l, . . . ,r.J,[1·1 + I, ... ,r2J, .. . ,h+ l, ... ,d]. 

Associated to lliis P therc is Lhe ílag manifold !Fd(r1,r2 ; ... ,rk) o[ ílags (Vi C 
• • • C Vi) wilh dim Vi = 1·;, i = 1, . .. , k. Hencdort.h this fla.g manifold will be 
denoled by JF(P). lt is a homoge11eous space of Sl(d, JR) a.nd of SO(d, IR) and is 
written <1s 

!F(P) = Sl(d, ln)/ P(P) 
= SO(d,JR)/M(P) 

where P(P) is Lhe (parabolic) subgroup of Sl(d, IR) o[ matrices of the form 

where lhe diagonal blocks decompose tbe diagonal exaclly as P decomposes 
{ l, . . . , d}, and M(P) = Sl(d, m) n SO(d, IR) . Reciprocally, given a flag manifold, 
its isotropy is a subgroup of matrices as above so it defines a partilion of {l, ... ,d} 

in interva]s and the flag is of lhe form JF(P) some P. 
Lel W be the pennutaLion group of {l, ... ,d} . It is Lhe Weyl group oí Sl(d, JH) 

and acls on tl,e set of diagonal malrices by permuting its entries. Given a partition 
P, let Wp bc lhe subgroup of 111 generated by the permutation groups of the intervals 
defined by P. Thal is 

where íl(i,j) is lhe permutation group of {i, ... ,j},i < j, and Pisas above.These 
subgroups will play a role in the sequei. Note that the diagonal matrices which are 
keep fixed by every elemenl of Wp are those which have repeated eigenvalues inside 
lhe diagonal blocks defined by P(P). 
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EXAMPLES 
d = 4 

P = [I ][2][3][-1]; ll'r = { 1); /F(P) = U·"'( 1, :.! , :l) 

P = [1][2]13-I]; ll'p = {1,(:1, ·1)}; IF(P) = /F 1(1 , 2J 

P = [121[3][4]; IVp = {l,(J,:.!)}; IF(P) = U·'1(l ,: I) 

P= [1]123][:1]; ll'p = {l.(:.!,3)j; IF(P) = U·" '(l ,: l) 

P = [12]134]; Wp = {l,(l,2),(3, ,1),(1,2)(3, •J)}; 

P = [123]14]; Wp = íl(I,2,3); /F(P) = O•' '(:I) = G, . .( IJ 

ln general, 

P = [1234]; IVp = IV; U·' (P) rcd11n:s lo 011c po i11l 

JF(P) = !RP,1_,; 

JF(P) = G'r2 (d); 

JF(P) = !Fd(l,2); 

P = [li[:.!, . .. , dj 

P = [12]p, ... , cl] 

p = li l[:.!][:l , . .. ' .!] 
Returning now to tl,e semigro11ps, i11 17], it Wils ilssoci,,1, ·, l 111 ,·,11 li ,..: 111i0r,111p 

Se Sl(d, m), with iulS # 0, a s11bgroup W(S') of IV . Tl,is t1s:.1Kiati,rn i:- rou~lily 
as follows : ln lhe f11II flag manifold thcrc is, for cilcli "' E li', a ( 1>11l r , , I :-,l'l for S 
denoted by Dw . The invariant control set is D1 aud tlw o.., ·,. <11c 111>& 11,·.:,:ssa,ily 
distinct. \tV(S) is a kiud of kcrncl of tlic 111ap 111 {)n, a11,I i" 5 i" ·11 ,._, li ' (:,') = 
{w E lV: Dw = Di}; il is a s11bgro11p of IV. 

The properties of H' (S') whic:h will bc 11cc<lcd .ir,: gi v,·11 i11 Lli,· f.,11.,"'i,,g :-,l,1l.1·· 

ments: 
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Proposition 2 t1 71 r. rn111lr1tio11 w bclnn9s fo \V (S) if rmrl 011/y 1f lh crr. cxists rt bnsis 
1 / ' 1, ''. 'r,1) of m" 1111rl I, E inl S .~ 1u:h l/1.rtf wi//, 1'CS J1r.d lo fhis IJrtsis 

ll'i//r 

(tli c o,-dcrin9 of thc cigcn va lnes is esscnlial) and tu h = h whcre tu acts !11 h by 
71r.rn111fi11 _q ilrr. r.i9r.111inlur..~. (c .J {1, Comllnsy{ .{)). 

Propositio11 3 11'(5) = \Vp some pn.rfilion 'P . Pn1· n.11y 'P tl1 c1·c c:cisls S wilh 
ll'(S) = ll 'r. /7, 1'/,com11 ,/ .. '1) 

Proposition 4 /f\F(S) = ll'r lhrn lh e inva1·i,111t co11 frol .sct 011. fh c f111/fla9 is given 
by rr -r ( ('p) whr.rr. C r is //, e i11vn.rinnl conlrol scl on RTP) an,l 1r is lhe canonical 
f,l1111tio11 rr : 11-''1( 1 .... , ri - l) _, TF('P) . /7, 7"1co,-cm 4,.'Jj 

111 onl<'r lo stat.e tlw 11ext. properly, lei. /1 = {to 1, ... ,rd} be a l,;isis of In,d anel 
d<'11otc by NfJ tire grnup oí lhose mat.rit-c-s wlri ch i11 basis /3 are lo\\'CI' lria11gular with 
l 's i11 Lh <' diagonal. 011 any flag ma11ifol<l JFd(r1, ... , r·k), N,1 has jusl 011e open anel 
cl,·ns<' orbit. Nfl ffl whcre .f/l is tlic ílag buill írom { c1, • •• , e.,} as 

Tlws1· 11rltits ;1r, : - as N,J - ho111comorphic l.o E11clidía11 sp;iccs. 

Proposi l.io11 5 Su7Jpose IV( S) = \Vp and let {e., ... , e.,} be a basis realizing Pro710-
silio11 2. 7'/,rn C r thr i11 va,·in11l cn11fml sr:f 011 /F(T-') i.~ co11fni11ed in Np ffJ- {1, 
l'm/lnsi /i1111 4,8} 

Tlie f,1cl stat<'d in Proposition 2 shows 011c of thc essential features oí W(S), 
1111.nicly it. I11c'11.smcs l.l1c possiblc rcpctitio11s of Lhe eigenva.lues of lhe diagona]i7,able 
11rntriccs insidc i11IS. For insta11 ce , W(S) = { 1} implies that thcre are in intS only 
diagonal 111 :ürir('s witl I dist.i11cl <"ig<"nvalucs. As anotltcr example, lel d = 4 then 
11' (8) = lllr witlt P = [12]13,J] if and only if tltcre are , in intS, diagonalizable 
11rntrices (re.il rige11va!11C's) wltosc two biggcst cigenva.lucs coi11cide, as well as the 
s111alkst. 01u,s. 

Tltr. ohjeclivc 110w is to determine A1 íront W(S). Tltat tltis is possible is sug-
g<'sl.ell hy Proposil.ion 4: 1\/(S) mcasures, in a ccrlain sensc lrow anel ltow much the 

invarianl control set in tli e f11II ílag t11rn8 ;,ro1111d . Now, wlw11 lif1.í 11g 1 lw i11l';,rí a11I 
conlrol scls from fFd( l, 2) to Sti(d) thí s l.11rning ;,ro11nd c,f tl11: i11w,1 í .. 11l co11t.rol sd 
will cause <lifferc11t 011c.:s to co llapsc ollCI Ll1i s will ínll11 r; 11 c<: :Ú . 011 1 li, : .,1.lwr li;,rrd 
Proposition 5 says Lhat. 1.V(S) rncas11rcs exaclly tli,; l11mír1g ;irw111d c,f t.lw í11v,1ría11t. 
conlrol scl beca.use on Lhe ílag Jf'p intrinsica lly ass<,ciatr:cl Lu S tl1err: is 110 l.11r11i11~ 
around of lhe invarianL co11Lrol sei. as it is contained ín an N,,-,,rl,it .. 

Examples 6 J. d= 2 'f'huc are lwo possibililit:.~: l,V(S) = 11) "' lV 1111rl j11sl 
one flag IRP 1. Wl1e11 1+'(5') == W tire scmigroup is e11crylhing 1rn,l ll1 c i .,· .. i.~ 
also everyllii119, and W(S) is proper if mul only if S i.s /ITO/JI r ,f ,uul ;"il!J if //11· 

invarúmt conlrol scl is 11roptr if anel 011/y if /}11:n- i.; 1w l11r11iu9 111mwrl IUP 1 

ct111l uf cml1'se i/11; i11va1·itml w11lml s, l.s 111T co 11l1ú11 1:,I in N,, - orl,i/., u1l,ii-/1 c,n 

lhe complemcnlurics of onc poi11t scl.s. 

2. d= 3. The possibililit:s are: 

{ 1 } 
(W(S), IF(P)) = {!, (2,3)} 

{1,(1,2)} 

U•'3( 1, 2J 
lfl.p2 
Gr1(:J) 

An example of the second iype is lhe semiyrouz1 Sl(d, Ul)+ of 11111/ricv, wl,icl, 
have positive elltries, tfwl is of malríccs whic!t map lhe Jir.;l ortl,,wl i11lo ilsdf: 
if { vi, v2 , v3 } is a basis such tlwl v 1 is in lhe interior of lhe Jir.,l ortl,mll 1111d 

s71an{<,2, u3} mccls it 011/y i11 lhe origin lh en rmy linwr 1111111 h wlur!t i11 lhi., 
basis wriles as diag{), ,..\ - 1f\,\-t/l},..\ > 1 is in i11tSl(d,ff{)+. 'f'lrt i11oarir111l 
contrai set on JRP 2 is lhe subsel correspo11cli119 lo l/, e Jirsl nrillfwl . !Is l,ftíny 
to lhe sphere splits out into two invariant contrnl .;els 11rw1t ly ti,, · 1wsilioc a11d 
the negative orthants. 

On lhe olher ltand, S = Sl(d, fR)+-t is of tia: lfúnl ly111.. bw1r1~, if I, i., tts 
above, lhe lwo higltest eige1111alues of 1i- 1 coincide. !Is i1w11l'iu11/ 1·011/n,[ stl 011 

Gr2(3) does nol "t11n1 arowul" but 011 projectiue spaa, il urn b,: "''°'"11 tlrnl 
the invarianl contrai sei is lh e closure of lhe <:OmJJIC111t11l of IIH jirsl ort/,rrnl. 
This invariant co11lrul sct lift3 Lo jusl ont im•11riu11l co11/rol ::-ti on S2 . 

Consider tlte followíng cases 

a) P = [1,2,3, ... ] ... [ . .. ] 

b) P = [1][2]13, ... ] .. . [ ... ] 
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e) P=[1][2,:1, ... J ... [ ... J 

d) P = [1,2Jl:1, ... J ... [ ... J 

()[ coursc Lhcsc fom types oí parlilions cover ali lhe possibi_lities. 
ln c.ise a.) holds, /11 = M/1, rcgardless any íurthcr a.ssumption about S, so that 

tlwrc is jus1. on inv:irianl cont.rol sei. on 512(d). ln facl, in lhis case il is possible 
to pcrmule llic first thrce eigcnva.lucs wit.h elemenls in IV(S) so thal lhere exists a 
lrn$is { c1, ... , c,t} and h E intS s.l wilh rcspecl Lo this b.i.sis 

Sincc h E i11IS it is possiblc to pcrlurb il ,rnd gel i11 intS malrices whose upper 
ldt. 1 x '.I rnrucr is 011e oí the íollowing 

Thcsc are expo11c11lials of malriccs of lhe form 

a 
a 

D 1 

1 

D a 

Choosi11g !, lo be ralio1Ftl a11d laking powers of the perlurbed matrices if needed, 
1.hr:rc are i11 inlS cli.i.go1111I 111.itrices wliost> firsl three eigenvalues .ire of the type 

{-11,-11,11} {11,-11,-11} {-11,11,-11} 

1111<l these are reprcsenlalives in 111 of the elcments {-l,-l,l),(J,-1,-I) and 
(-1, 1,-l) of JÜ respectively. Therefore A1. = M/L. (Note that this case cover 
thc cc111l.1·01la.l,le Ci\Sf', th;i.l is, tl1e Ci!Sf' wlien _e; = Sl(d, m) and W(S) = W anel 
P = [l ... ili). 

For t.llf' otlwr cases il will bc 11ccclr.d to ass11111e tlrnt S is connecled what happens 
l.o control scmigroups . 

Ld P = [1]12][:3 ... J ... [ ... ] bc a parl,itio11 as in case b) a.11<l lel T-'o = [1][2][3 ••• d] 
bc lhe parlition associalc<l to Fd(l, 2). Since P is a sub parlition of Po it follows 
t.h;il. Wr C ll-'r0 an<l that /F(P) fibers ovrr F,1(1, 2), tl1a.L is tire flags in IF(P) 

11 

conlain one anel Lwo dimensiorrill :,11hspar.c:;. 1,,: 1. { 1' 1, ... , 1,1 J lw ;i l,;,.,i~ ;,s :; I ;,tcd i11 
Proposition 2 and denote by ffl the flag on !FCP) ;,s w, ·11 as 011 /l-"'1( 1, 1) l,11ilt. f.-11111 
it. Since lhe projection of U;,(P) onlo g;•d( 1, 2) is c,p1iv,1ria11I , llic N,, - c,rl,it.s «11d 
the invarianl control scl on D·'(P) proj<.:cl rn1lo llir N0 - o rl,its ,1 11rl i11vMia11f rn11trol 
set on JFd(J, 2) respectively. Tltis arrd Proposilion 5 i111ply tliat Ll1e i11l'aria11t. co11lrul 
set on JFd(l, 2) , say C:1,2 is conta.ined in NfJ f11, Now , tltcn: is Lli,: 

Lemma 7 lei -;r : 5'12( d) --+ IF'1( 1, 2) ue lh e Cll/WILÍCIII 1irojtt'/tl)ll. 'tfnr, if- 1 ( N,, f,1) 
is open dense and has four co1111ecte,l componenls . Mon:ouc r, i\1/ L, rir-Is s i11111ly 
transitively on the connected componenls 

Proof. Choose an inner prod11cl < ·, · > on lll'1 :; 11 r li Lli;,1 /1 is "ri l11,111,r111,,I. 
NfJ ÍfJ is the set of flag:; ( spm1 {vi} C .s7,mi{ 1>1 , ri2}) s11r li tli,Ll 

that is 

!1 + nd·i + · · · + º ,J.i 
h + 13h + · · · + -,ú.f,, 

The set of orthonormal frames wliicl1 salisíy tlr csc two rn1"litiu11., li,,. f,,,ir ,·1111 -
nected components. The fact that íH/ l acts simply transili\·cly 011 1l1e n11 111cdcd 
components comes from Lhe transitive right actio11 of li/ 011 tli<.: lila:r. O 

To conclude the analysis for case b) for connectcd S il. is 1'. 110111;11 Lo 11l);,n1t· Jlll\\" 

that the i.c.s's are connected and co11tained in rr- 1(C1,i) so c,1d1 011t; is rnnl,1in,·d i11 
a connected component of 1r- 1(Nµ .f/1), so thcre is at lcasl fu11r i.c." 's 011 Sti(tl), a11d 
there is exactly four because of thc lrnnsitivity uf ,1/ / L 011 lhe filwr .a11d ti 11 : foct 
that elements of M/ l maps i.c.s's i11lo i.c.,;':;. 

Turn now to case e) also with lhe ass11mptio11 tlwl S' is ..: u11111:rt,·,l. 1-'ir,.,l 11Í i,II, 
the form of W(S) = Wp anel Proposition 2 ensurcs Lhe cxisle11n: of 

,\ 1 >A : > li . 

Perturbing this matrix as in case a), iL is sl1ow11 tlic cxistc11<"1.: 11f 

/11,/l; > U, 
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.. J'(l 2)of(l,-l,-l)sothisclc111ent.of M/Lb 1 . . scnlal1vc 111 , li I e ongs Lo whirh 1s a rrpici_ • . four clrments. Jt actua y lilS two clemcnts T 1 fti. Thcrdore M has l wo o1 • o s 10w 

li •. i t i~ uccdccl 1.hc 
11 s • • ll'(S) bc as in e} and de110/e by C1 lhe tnvariant confrol set on 

Lemnia 8, /,c/C _ -l(C ) w/irrf ir is lhe 7irojeclion of f onto JR.pd-t 
ff7/'.t-l , 7 !,rn ' l.2 - lf 1 

,,., • . r.iwuir·nl. of Pu = II ]12, 3, .. . . d] whicl1 is associat.e<l to m_pd-t Proof ,. is a ic • . 
and is .11ol a rrlim•11w11l of [ll[2![:l, ... ,dJ w~1icl1 is as~oc1a.~ed Lo F"(_L, 2). Therefore 

-("') ll·' ''(J . 1-) wilh 1·2 > 3 (,·2 1111ghl be cl 111 wl11cl1 case/[, (P) == Jppd-1) D· ,.. = . '2, •• • ' J - l . 
LcL Cr br the i.c .. 011 R;,\P). Thrn ll1e invaria.nl._ r.onlrol ~el ~n the full 0ag 

nrn.nifol<l, say C is t.he invcrsc 1111age of Cp . J\lso, C1,2 IS lhe ))l'OJCd1on of e. Since 
1-2 '.l lltis r11smcs t.hal C1.2 = ir- 1 (C1 ). ln fact., pick a íl<1g 

fº = (V.º e \I,~ e .. . e \!,~) E lF(P) . 
fls inl'crsc i111;igr is lhr scl of all ílags in JFcl(l, ... , d - 1.) which completes 

Jº. Sinre di11t \~., > 2, evcry lwo-dimcnsional suhspace appear in a full flag which 
projecls i11to Jº. This means lha.l lhe projection inlo JFd(l, 2) of lhe inverse image 
of .f° is t.hc s11bs<'l 

dim\li = 2 
Tl1c lcmma follows now by varying Jº a.long C1. D 

Now, lel { e1, ... , ed} be a basis like in Proposition 2. Since P is a refinement 
of tlie partition associated to lhe m_pd-l, IF(P) fibers over the projective space so 
ll1al C1 C NoffJ wherc C'1 is Lhe i.c.s on J!1.pd-l and ÍfJ = s71an{ei}. But NfJf(J in 
projcclivc spacc is llw scL of lines spa11ned by u Em" sucl1 Lhat < e1 , v >f. O there-
forr. i Ls i 11 \'1·rsc i111;igr'. in 9:-d ( 1, 2) is Lhe sei. of flags ( .SJJCL11. { v1 } C s7ian { vi, v2}) such 
t.liat. < ,·,. 1·1 >:/ O. Tlw sl'I. oi' ort.l1011ornrnl fr,1111c 's { 1·1. 112 } ;ida.pt.C'd lo lliese ílags 
is ll1us t.liose whid1 saLisfy t.ic i11cq11;ilil.y. llenrc iL li;is Lwo connected components, 
a11d ;u1 ,1rr;u111e11l like i11 h) togeLhcr with the abovc lemma ensurcs that S has at 
lc;ist lwo i.c..~'s 011 St 2(rl) if iL is connecled . Since it wa.s sbown before that Ü has 
11t lea.~t lwo clcmenls, it follows that JÜ = {1, (l, -1, -1)} in case e) . 

T11rn 110w to c,1sc d). An arg11mr-11I. a.s i11 e) shows t.hal (-1,-1,1) E /Í1. 1t 
tnusl hc cli<'dm.l that lhe order of /11 is at mosl t.wo, that is, that there is at least 
lwo i.c.s's. Thc proof of lhis is similar lo case e), only that i11stead of m,pd-l it is ' 
ncc<l<':<l to_ t.akc: llic: parlition P0 = lt 21[:3, . .. , d] which is associaled to Gr2( d) . The 
flilgs 111 Ir· (T-') :ti'(' oí ll1c for111 

dim\li = 2 

ir, 
·- ----- ---- -

so similar to e) il follows lhat C\2 is tl1c i11vi:r~ • i11i;,gc of C-2 wlwr, : (·.!is t lw i111·;ni;,11l 
control set on G,·2(d). Thr. s;irne way, C.1 C Nu -:l f''111{ 1: 1,e1} wl1i.-l1 j,, tlw s11l,:wt. of 
planes in Gr2(d) spanncd by {r>1, ",} wilh 

±u1 f 1 + C"rif1 + ... + r, ,tf.1 

±u2 h + ~,J!J .. . + ~,,1J.1 

that is which 

< "1 'fz > ) r J t f ==<v,/\1•1 ,. 1/\ ! > ,IJ < 112, 2 > 

Therefore lhe ortho11or111al fra111c:; ad ,q,lc:d lo ll1is sd li., s t. w .. ,·,,111 1,·• 1 .. d , ·.,111 -

ponents so ft = { 1, (-1, -1, 1)} . 
Summarizing, Lhere is tlie 

Theorem 9 S1q1pose IV(S) = W.,, wilh P cliuicled i11 tl1L J0Uu11 i11y rn , ... 

a) P = [I,2,3, ... J .. . [ ... J 

b) 'P=[ll[2][3, ... J .. . [ .. . J 

e) P = [11[2,3, . .. J . .. [ ... ] 

d) 'P=[l,21[3, ... J . . . [ . .. ] 

Assume for cases b),c) ,md d) llwl S i.s w1111t-clr:1l . 
Then 

ln case a) A;I = AI/ L nnrl lliere i.s ju.sl 01u: i1111r1ri1111l m11lrnl ,, d f, ,,· ,; ,,,, StA d) . 

ln case b) ft = {I} a11rl lhue ,11 ·t fuar i.c-. .s '.; 

ln case e) /11 == {1,(1,-1,-1)} .so 11,en: 11n l1110 i.c. '.; 011 St;(,I) ,1111 I 1/.,. f 111111 c., 

belonging lo an i.c.s and wlaJilttl to " yi11e 11 jlr,y ( Vi e t:) /, ,m oppos itc 
orientation insicle Vi . 

ln case d) Af = {1,(-1,-l,l)} .so 1/ien: rm; lwo i .c. •• 011 S l;\,Í) u 111I //11 f,-111111 ., 

belo119i119 to a giuen i.c.s a11d atfoJJlt-d to II gi1>c 11 .Jluy ( \ '1 e \ ! ) 1111 po. itivcly 
oriented insidt Vi. 
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n c111:irks 
ti ,rroup{l,(-1,1,-l)}appcnrs. Tl1isisduetoth 

1 )11 11011c of t.hc cases JC h r { } 1 { e way • . . 1· 1 anrl mcans that thc rnmcs ti, v a11< -u, v J belo11 l 
;is M / J, IS I f'él 17,C( ' • • 1 L • • r { } . g o . 1 if lhcrc is p1st. onc t.C.8 . , 1. ia is, 1 -v., li is atlair1 61 tl1c sarne 1.c.s. 011 Y • . a e 

J 1 { _ 11 -v} r111d { u, - v } .ire .il so ;'tl.L1111rnblc. 
fro1 li { 11, V l ICll , 

,1.1 .. b) r. ) anel d) cio 1101. hold for 11011 co11nccled S. /\s an exampl 2. IC C,lSC , 1 e . . e, 
l11kc d Lo l,c cvcn a11d p11l S' = { - ~} S ,~• icr; : .J is a g1vcn_ semigroup and 
_ 1 E SI(,/, ll7) is tlic oppo,ite oí Lhe 1de11L1ty. l lw cha.rnctcnzat.ion of W(S) 
l,y di;igon,1.liza~lc clc111c11ts i11 i11IS shO\'.'s that W(~') = W(S). llowevcr, for 
S' in c;i,c /,) , M = {1 , (-1,-1 , !)} anel 111 rnsc e), M = M//., . 

'.l . ln c.1 1-c n) anel e) tl1c i.r. s 's co11t;ii11 fr,1111es élCl;ipt.cd to a flag which are in 
opposilf' oricntation while positive oricntaLion holJs in b) a11d d). This is 
rcicl·,111 L for rot.;i.tio11 11u111bers (c. í.[2 , scction ,!]). c11usi11g Lhem Lo be zero or 
110t. Tltc gcomctric <liffcre11 cc írom cases a) and e) to cases b) a.11<l d) is that 
in a) anel e) tlic ~cmigroup f1m1s nmund Lhe Grassmannian Gr2(d) while this 
Lurnin,c; <lor s 1101. happe11 in casps b) a11d d) . Hcre Lmning aroun<l means, as 
abol'c, llial the invariant co11trol 1-C'L on G,·2 (d) is 11ol contained in a nilpoLent 
orbil. of t.lir typc- Nafa - • 

Proposition 10 Let C2 be lhe i .c.s. on Gr2(d). Tlien in cases b) and d) , C2 1s 
ro11fni11crf in n N/3 -orbil for some (J . 

Prnof. 111 case- b), P is a. l'f'fincmenl o[ !Jl[2]1:l, .. . , d) which is associated to 
f'J(l,2) a11d i11 case d) Pisa rcfinement of [l,2]13, ... ) so in boll1 cases JF(P) fibers 
(ll'rr r,,-2(,/) a11d I.lw sl.;.tl.<·111<·11I. follows fro111 Proposit.io11 !í. D 

Proposition 11 ln rnse.~ a) 1111d r: ), C2 is nof ronlnin ed in Ni3-orbils . 

Prooí. 111 fac:t, rcalizing lhe oric11t.ed Grn.~s111111111ia11 as a subsct of the sphere 
in2 Lhe lwo fold exterior procluct., an N/J-orbiL bccomcs a sel of Lhe type {ç E 
/\ llZd :< f., 1/ >:> O} . Since in St2(d) there are frames with opposile orientation 
in Lhe sarne i.c.s, t.hc sarne happens in lhe oriente<l Grassma.nnia.n , showing that in 
t.hr Gra~s111a.1111ia11 it.se l[ C:2 is 110 1. conlaine<l in an N /J -orbit.D 

_Finally, in cases h) .in<l d), the i .c.$ 's can uot conlai11 frames of Lhe same plane 
wl11rh arr of ºPf>osit -' , L t· ( { } • b I t • ·" 0111 11 a 1011 c.g. H, 11 .iml { 11 , u} wl11ch cio not e ong 0 
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thc sarne clc111c11t ,,r F"(I ,:! ) ). ' l l1ís i:, l,,:(il lJ ~•: (' , is n, 11 L,1Í1wd ÍII d ll N,, - .. rl, it 
and these orbils 011 tltc oricnlcd Grn:ss111a1J11i ;,n d<, 11 0 I. r:w1t;i i11 l'l.1111: :; wil 11 dilf,:n:•Jl 
orientation . 
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