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Abstract 
Let G be a Lie group, S C G a subsemigroup and G / ll a homogenrous 

space of G. It is considered here the subsets of G/ li, assoriated to thP ac-
tíon of S, wbich corresponds to the chain control sets for contrai sys t!'ms[-1] . 
Their formal definition requires a family :F oí subsets of S . and when partic-
ularized to a control semigroup recovers its original form. lt is shown. un1lcr 
broad conditions, that a chain control set is the intcrsPction of control scts 
for semigroups generated by the neighborhoods of lhe suhsl•ts ia :F. This fact 
permits to prove, for the chain control sets, rcsults similar to thosc in [121 
about control sets on the flag manifolds of semi-sim pie Lil' ~ruups . 
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1 Introduction 
One of the principal concepts appearing in the control lheories of both conlinuous 
and discrete lime syslcms is the semigroup of transformations define<l by the flow 
of lhe control system, known as the system's semigroup. Many questions about 
Lhe control syslem, specially those related to its controllability depends, in fact, 
only of lhe action o[ the semigroup of the system, so that it can be abstracted to ' 1 

arbilrary semigroup actions and solvecl in a more general setting. This procedure 1 
have provided a fruitful interrelation between the theories of Lie semigroups and , 
contrai systems(as reference sources see [7, 8] ). r 

The prcsent article follows this line of questioning. lt investigates the chain 
contrai sets for semigroup actions on homogeneous spaces. The cha.in control sets as 
well as the contrai sels for contra) systems were extensively sLudied by F.Colonius 
and W.I<liemann [2, 3, 4, 5, 6] in relation to some dynamical properti es rounding 
the long time behavior of t.he trajectories of the contrai system. Jn the analysis of 
these seLs, a particular attention is put on systems evolving on projective spa.ces 
(cf.[4]) beca.use of their interest in the study of the linearized flow and thus in the 
study of lhe slability properties, in the sense of Lyapunov, of the system. This 
bcing so, one is interested in looking at the control sets anel chain control sets for 
lhe a.ction of linear semigroups in projective spaces. As to the control sets, this 
analysis was pursued in [10, 1i] (see also [13]) in a situation which encompasses in a 
natura.! way ihe action of a linear semigroup in projective spaces, namely, the action 
of semigroups in non compact semi-simple Lie groups on the flag manifolds of ihe 
group, that is, its Furstenberg boundaries. The analysis of these contra] sets turned 
out to be an useful tool for the understanding of some properties of the semigroups 
in semi-simple Lie groups. For instance, in [12] a subgroup W(S) of the Weyl group 
W of lhe Lie group G is built from a semigroup S C G with non empty interior 
Ín G. The subgroup H' (S) reflects geometrical properties of the control sets on the 
boundaries of G, a.nd the number of such sets is given by a double coset involving 
W(S). Moreover, W(S) describes exactJy the type of diagonalizable elements that 
can be encountered inside the interior of the semigroup. ln this paper we pursue the 
sarne kind of results for the chain control sets. Our main interest are in the setting 
adopted in [10, 12, 13]. There is however a basic question involving the formal 
definilion of a chain control set. Certainly, a chain control set is a subset such 
that ils points can be linked by chains in the semigroup (see Definition 2.1 below). 
However, it is not realistic to ta.ke arbitrary chains in the semigroup because this 
would, on one hand trivialize the concept, and on the other hand would not cover 
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the chain control sets for control systerns as they requirc ll1 a l t.he cl1ai11s involvc 
la.rge time tra.jectories of the system. We define tl1erefore the notion of F-chain 
control set (Definition 2.2) where F is a family of s11bsets of lhe sem igraup. The 
chain contra] sets are not, therefore, clefined intrinsically from tl1e action of the 
semigroup, depending on the family F. We discuss lf1ese scLs i11 Section 2 bclow 
for a general action of a semigroup ín homogeneous spaces. J\ Ílcr t.hese gencraliti es 
we go into the analysis of the F-chain control sets on the flag manifolds. Our 
main technique is based on the fact that it is possible to gel th e cl1a.i11 conlral sets 
as intersections of control sets for semigraups generated by subsêts oí thr, original 
semigroup. This technique works in a very general situation wl1i cli c0\'crs tlic actio11 
on the flag manifolds (see Theorem 3.7 below). Aíter havi11g rnea 11s of describing 
the :F-chain contrai sets through control sets, we a.pply lhe results of [12] in arder to 
define a semigroup WF(S) of lhe Weyl group which furnishes lhe nurnber of :F-chain 
control sets on the flag manifolds. 

2 :F-Chain control sets 
ln this section we discuss the concept of chain contrai set for actions of subscJ11igroups 
of Lie groups in homogeneous spaces. The notion of drnin control sets for rnnt.rol 
systems was extensively studied by F.Colonius anel W. Kliemann ( cf.[2, 3, ,1, ."), 6]). 
Our purpose here is to extend this notion for semigroups which do not come from 
a control system. Thus, let G be a Lie group and S C C a subsemigroup. lt 
will be assumed throughout that intS f- 0. Although this condition is not nceded 
everywhere, the main results require that S has interior points in G. Ld // bc 
a closed subgroup of G and form the homogeneous space G / }/ . Thcn S acts on 
G/H as a semigroup of diffeomorphisms. We fixa distance d in C/ li anel considc:r 
S-chains in G / H according to a family F of subsets of S. 

Definition 2.1 Let F be a family of subsets of S. Tn.ke .r , !J E G/ li. u rrn/ « > U 
and A E :F. A (S, t:, A)-chain from x to y consisls of .r 0 = 1· . . r., . . .. :r n-1 , .r,. = lJ in 
G/ H anel go, ... ,9n-l in A such that d(gjXj, xi+d < t for j =O, .... 11 - 1. 

A .F-chain control sel is a subset whose points can be linke<l by (S, t, A)-chains. 
Precisely, 

Definition 2.2 A :F-chain control set for S 011 G/ H 1s a s ubs el E C G/ li lha/ 
satisfies 
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~- :~:: :, there exists a (S,,,A)-chain fmm x to y, for ali,> O an,l A E :F -, 
cmd 

3. E is maximal with these properlies. 1 
. 1 

L 
The scmigroup S is sai<l to be F-chain transitive if G/ fl is a .F-chain control 

set, that is, if any two of its points can be linked by (S, t, A)-chains for any e > O 
and A E :F. 1 

Wc note that although the above definition mentions explicitly a distance in r 
G / H, it is easily seen that lhe notion of :F-chain control set does not change if 
an cquiv,ilent clistance is considered . Also, it follows qui ckly from condition 3 tha.t \ 
two .F-chain control sets a.re either disjoint or coinciclent. On the other hand, a 
simple application of Zorn's Lemma shows tha.t any subset satisfying the first two 
conditions is contained in a :F-chain control set. 

The following families of subsets are the ones which will be highlighted in lhe 
sequei. 

1. ( Co11fro/ semigroups)Let X 0 , X 1 , . .. , Xm be right invariant vector fields in G, 
anel consider the control system 

m 

x(t) = X0(x(t)) + L u;(t)X;(x(t)) (1) 
i=I 

where u = (t11, ... , um) EU for some class of admissible controls U. Denote 
by 1r(g, u, t) the solution of the system at time t given by the contrai u and 
starting at g E G. lt is given by 1r(g,u,t) = 1r(l,t1,t)g where 1 stands here for 
the i<lentity in G. The attainable set from the identity at time t, A(t) is given 
by A(t) = {1r(l, u, t): u EU}. Their union 

S = LJ A(t) 
t>O 

is a subsemigraup of G' known as the system's semigroup. 

Let Fcontrol be the family of subsets of 5 defined by 

Fconlrol = { LJ A ( t) : T ?:. Ü} • 
t>T 
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Then the Fcontro1·chain contrai sets on G / Jl are related to the chain control 
sets for control systems as defined by F.Colonius ;ind W.f(Jiema.nn in [2] . ln 
fact, the above right invariant contrai system on G induces on G/ H a contrai 
system whose trajectories are given by 1r(l, 11, 1 ):r. , :r E G / H so that the set of 
attainability from x is given by its S orbit. ln [2] r .Colon ius and W. Kliemann 
defined a chain contrai set for the induced system to be a subset E C G/ lJ 
which satisfies 

(a) For ali x,y E E anel ali E,T > O there are x0 , .. . ,xn E G/H with x0 = 
x, . .. , Xn = y, to , ... , tn-1 > T anel Uo, . .. , u,.._, EU such that 

d(1r(l, u;, t;) x; , x;+t) < t 
for ali i = O, .. . , n - 1. 

(b) For ali x E E there exists u E U with ;r( 1, u, t ):r. E E for ali poss i ble times 
t 2'. o. 

(c) E is maximal with these two praperties. 

Since, for ti> T, 1r(l, tt, t;) E Ut>TA(t), it is readily sccn that a chain conlrol 
set for the induced system is an Fconlrol•cliain tontrol set if it has non void 
interior, a property which holds under the natural assumpt io11 that S hê1..<-
interior points in C ( cf. [2] ) Reciprocally, a F con,roi- chain control sel is a 
chain contrai set for the contrai system as in the abo,·e <lefinition. For this 
statement, the only thing which needs to be checkcd is that an F,on1roi- chai11 
contrai set satisfies the seconcl conclition, which will be verifi cd below for chain 
control sets containing contrai sets. 

2. Let :F00 be the intersections with S of neighborhoocls of oo in the one-poinl 
compactification of G, that is, 

:F00 = {S - [(: [( C S is compact in G }. 

3. Let .F00,s be the neighborhoods of oo in the one poinl compactificalion of S, 
that is 

Fco ,S = {S - !(; /\' is co111pacl in S ] 

The FcontroI·chain contrai sets are exclusive to lhe contrai scmigroups whilc lhe 
:F00 and the Fco,s·chain contrais sets are mcaningful for general sc rnigroups. Note 
that :F00 ,s C :F00 , and that they coincide if S is closed iu G'. 

Different chain control sets can be related as fol\o\\"s. 
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Proposition 2.3 Let ;:1 and :F2 be two families of sttbsets of 5' and s11p_71ose tlwl 
J or ali D E :F2 there exists A E :F1 such that A C B. Then cvery :F, -cham conlrol 
set is contained in a :F2-chain contml set. ln particular, lhis holds if :F2 C :Fi • 

.L_ -

Proof. Let E be a :F1-chain c011trol set and take B E :F2, t > O and x, Y E E . 
13y assumption, there exists A E :F1 wit.h AC B. Since E is a. :F1-chain control set, 
there exists a (S, t, A)-chain from 1: to y. As AC B, there exits also a (S, t, B)-chain 
from x to y. Since D and t were arbitrary, this shows tha.t E sa.tisfies 2 with F = F2 
so that it is contained in a F2-chain control set.D 

Corollary 2.4 The F 00 -chain contml scts are co11lni11ed in lhe F,x,,5 -chain control 
sei. Tlic samc lrniiprns wil/1 lh e F 01111 ,.0 1-chain cont.rol scls in JJ/acc of F ,:,;., ,::; ,f S is a 
semigroup of conl.rol. 

Proof. The first statement follows from the fact that F oo,S C F 00 . As to the 
Fcontrnl, suppose first that lhe conlrol system (1) has restricted controls, that is, 
each conlrol function u assume values in a compact subset of IR:". ln this case, the 
sct Uo<t<T A(t) of lhe attainable points up to time T is rela.tively compact in G 
(see e.g. -[9, Lemma 4.4]}. Therefore, a.ny B E Fcontrol conta.ins the complement in 
S of a compact subset of G, that is, a subset A E F00 . The general case follows 
by restricting Lhe controls and observing that the sets of attainability for ( 1) with 
lhe controls restricted to a compact subset are contained in the sets of atta.inability 
withoul restriction of lhe controls.D 

As lo the converse inclusion, we have . 
ln ordcr to continue our discussion of the chain control sets, it is convenient 

to recai! some facts aboul control sets for sernigroup actions (see [2, 3, 4, 5, 6] for 
results aboul control sets for control systems and [12, 13] for the control sets for the 
semigroup actions). 

A control set for S on G/H is a subset D C G/H which satisfies 

l. inlD -:/ 0, 

2. Vx E D, D e cl(Sx) and 

3. D is maximal with lhese properties. 

Note that contrary to the chain control sets, the control sets depend only of 
lhe action of lhe semigroup needing no reference to some other object. As statecl 
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in 2 above, the control sets are the subsets whcrc thc scrnigro11p a.re approxÍ~iltely 
transitive. This approximate transitivity can be improveJ to exact. trnnsitivity inside 
a dense subset of D as follows: let 

Do= {x E D: :e E (intS)x} . 

be the set of those points of D which are self accessible by intS. ln general , Do 
may be empty. However, in case it is not empty, it is open an<l dense in D, for 
ali x,y E Do there exists g E intS such that gx = y, and Do= (in.fS')D n D (see 
[12, Proposilion 2.2]). We shall refer to D0 as the sd of trnnsiti vily of S i11 sidc 
D, and D will be said to be an effective control set in case D0 -f- 0. Tlw abo\'f' 
definition of control set for semigoup actions differs slightly for t.Iic one considcred 
in e.g. [2] for control systems. The difference comes l'rom tlie assumpt ion ll1at a 
control set has non empty interior, which is not assurned beforf'hancl in [21, b11t whicl1 
turns out to hold in case the system satisfies the accessibility property(conditioll II 
in [21). For right invariant control systcms ilnd the systems ind11 ce<l by 1.l1f'm ou 
the homogeneous spaces, this property hol<ls in case the control semigroup lir1s 110n 
empty interior, which is our basic assumption about the scmigroup S . \Ve note, 
furthermore, that for right invariant control systems, ,whid, satísfy the accessíl>ility 
property, every control set is effective. In fact, in this case ít is well known that the 
identity 1 E cl(intS) so that (intS) :i: n D-:/ 0 if x E intD. 

ln the sequei we are interested mainly in those chain control wlii ch ro11t.ain 
the control sets. Note that in the full generality we havc bec11 working up Lo 110w. 

it is not clear that the control sets are containe<l in chain coritrol sels. This i • d11e 
to the fact that the elements of S in the chains linking poi11l.s of a .r- chai11 co11lrol 
set are restricted to belong to the subsets A E F. Tlicrcfore, although two poi11ls of 
a control set can be linked, approximately, by lhe 5-act.ion. il is poss il,lc thal t.his 
can not be clone by .:F-chains if the subsets ;\ E F are not largr c11 011!!-h, ílrc-a use of 
this, we consider the following cou<litions on .:F. 

Definition 2.5 The Jamily .:F is said lo satisfy pmperly l'i (n,-11cdirdy f>,) if for 
every g E intS, h E S and A E F , there exisls II positirf i nlr9, r 11 .-11c/1 tlrnl 
gn h E A (respectively hgn E A ) 

Note that by taking h = g, both P1 anel Pr imply tbat. g" E A for some n 2': O. 
These properties are satisfiecl by lhe families 111e11Lio11,•d abo,·!'. 111 case of f ,x, , 

they are satisfiecl except in the trivial case whcrc S = C,' _ ln Í,\C l, {g'' : n O} is 
relatively compact in case g"h or hgn do not bclong to s0 111c :\ E F c-o , h1:11ce g is 
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contained in a compact subgroup so that intS intercepts a cornpacL subgroup in 
case g E intS, which shows that S = G. Sincc :F00,s C :Foo lhe sarne is truc for 
:F00 ,5 . As to lhe family :Fconl.rol of a conlrol scmigro11p, both P, and Pr hold beca11se 
if g E inlS is attainable in time T by means of a control u, then gn is attainable 
in time 11T by means of the control 11n, which is the n times concalcnation of tt by 
ilself (sce e .g. [9, Lcmma 4.51). 

For families sati sfying the P-praperties, it is possib\e to compare their chain 
contrai seis with the S-conlrol sets. ln order lo do that, let us denote, for a subset 
A C S by SA the subsemigroup of S generated by A. ln case A belongs to a farnily 
satisfying the P properlies, Lhe effective S-contral sets are also contrai sets for S.4 : 

Proposition 2.6 Suppose that the fam ily :F satisfies P1 and P,. Takc A E F and 
lel SA denote lhe subsemigroup gencrnted by A. Let D be an e.ffeclive conlrol sel for 
S . Thc1i D C cl(SAx) for any x E D. 

Proof. Takc x, y E D and let us show that y E cl(S.-1x) . Suppose firsL th a t 
y E D0 • Tl1en therc cxists h E S such that y = h:i: because D e (intsri D0 . Also, 
there exists g E inlS such that gy = y. Since g"h E A by Pi, and gnhx = y, we get 
that y E S',1x . Now, for arbitrary y , pick z E D0 . Then z E SAx so it is enougli to 
show thal y E d(S,1 z). For this, take g E intS such that gz = z and a sequence 
h"' E S such llia.t hm z --t y . '.fhen h,,.gn E SA for large enough n, by P,. a.nd since 
hmgnz = h,,.z, lhis shows that there exists a sequence 9k E SA wilh 9kZ -+ Y, 
concluding lhe proof of the proposition.D 

A conscquence of lhis slatement is that tbe effeclive contrai sets for S are con-
lained in :F-chain control sets if F satísfies both P1 and Pr. ln fa.ct, the above prapo-
sition shows immedia.tely that an effective contrai set satisfies 2 for every A E F 
and since il has non empty interior, it is indeed contained in a :F-chain contrai set. 

A .F-cha.in control sel will be said to be effective if it contains an effective contrai 
sel. ln case :F satisfies the properties P1 and P" a :F-chain control set is effective if 

effcctive because in this case the control seis are effective. TJ1is remark slwws that 
the :Fcontrorcl1ain contrai sets which contain control sets are chain conl.rol sets for 
(1) in the sense of [2]. 

We conclude this section by showing that under equi variant fibrations, chain 
contrai sets are projected into chain control sets. This fact. will he needed !ater in 
the analysis of the cha.in control sets on the fl ag manifolds. 

Proposition 2. 7 Let L 1 C L2 be elos e d subgroups of C: anrl do w le by rr : C: / L1 ...... 

G / L2 the canonical equivariant fibration 1r(9 L 1) = g L2. Sup7,ose tl11z l C: /•Li is com-
pacl, anel let E be a :F-chain control sel for S 011 C:/ Li. Th en rr( E ) i., conlrii11 erl in 
a :F-chain contrai set for S in G / L2. 

Proof. Since intE /= 0 and 1r is an open map, we have tha t rr( E) ha.s non empl.y 
interior. 

Take t > O, A E .F anel x', y' E 1r(E). We shall show tlia t t.h ere is a (.S, f, ;\ )- chai11 
from x' to y'. Pick x,y E E so that 1r(x ) = x' anel rr(y) = y'. Since C'/ L, is compac l, 
1r is uniformly cont inuous so th at there exists ó > O s11ch that d(;;-( ::) , rr (z')) < f if 
d( z,z') < ó, z , z' E G/L1 . Let x0 = x, .1:1 , .. -,Xn-1 ,,.:,. = y in C:/L1 toget her with 
g0 , ... ,gn_ 1in A form a (S, ô, A)-chain from x to y. ·As d(g;:r: ;, :r;+i) < ô. we have 
that d(1r(9ixi), 1r(xi+iJJ < l which shows that 1r(xi) , g; form a (S, f , A) -chain from .r' 
to y' . 

Since 1r(E) is F-chain transitive it is contained in a F-chai11 con trol scl. D 
As a converse to this statement, we have. 

Proposition 2.8 Lei :F be a family salisfyi119 P, rmd Pr 111ul 1r: (,'/ l,1 -+ C:/ l,i ri., 
above wit.h G / L 1 compacl . Let also, F be an e.ffccl ivc F-ch ai11 u ml rnl 5cl fo,· _.:..· 0 11 

G / L2 . Then there exists an e.ffeclive F- chain conl rol sei E for S 0 11 G/ L 1 .- 11rh lhnl 
1r(E) e F. 

and only if the subsel E0 = { x E E : x E ( intS)x} is not empty. ln fact, Eo -f:. 0 if Proof. Take x E E0 . Then there is g E intS s ucl1 tlia t g.r = .i:. Tlic fibn 
E conlains an effective control set by the very defioition of the latter. Conversely, f[ over x is compact and invariant under g. Therefore, there cxisls a 111i11imal sd for 
any x E E0 is fixed by some g E intS so that x belongs to some control set, say D, g say M in this fiber. Since each minim<1I set is conlai11cd i11 t hc interior of a 
which is effective (cf. [14]) . By the above proposition, D is contained in a :F-chain r c~ntral se~ (see [14, Praposition 2.51), there exisls a contrai se i. D 011 G' / ~, 1 whi ch 
conlrol set if F salisfies Pi and Pr. Since this chain contral set meets E, it follows contains M. This contrai set is effecti ve because gy E (int 5 )D n D= Do if Y E 1\/ 
that D C E. 50 lhat Do -::J. 0. Therefore, D is contained in a .r-chain control ~el E. B_,· l he lasL 

We note tha.t under our basic assumption lhat the control system satisfies lhe I proposition, 1r(E) e F . 
mess;b;\;ly prnpeoty, lhe F,0 ,," 01-d,a;n c:nlml scls wlúch cont,ún cont,ol sets acel_ 
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3 Chain control sets and control sets 
A chain in lhe semigroup S is given by inlercha.nging lhe action of elcments of_S' , 
with small jumps of lhe elernents of the homogeneous space G/ 11. Because of th1s, 
it is Lo be expectcd Lhat the ch<1in control sets for the S action could be obtained 
as intersections control sets for semigroups generated by neighborhoods of S. This , 
Lurns out to be Lhe case as will be shown in this scction. Such a characterization j 
of Lhe chain contrai sets permits to apply the resulls on control sets in the stu<ly of j 
thc chain control sets. 

Wc shall assume from now on lhat Lhe homogeneous space G / H where S acts is r 
compact. We ilssumc also Lhat Lhe action of G on G/ li is effective, that is, H does 
noL conlilÍn normal s11bgro11ps. Fix, as bcforc a meLri c d in G/ H. Tl1c elemenLs of G 
are vicwe<l as homcomorphisms of G/ H so it is possible to consi<ler in G' Lhe rnelric , 
of uniform convergence in G / H. IL is given by 

cl'(g, h) = sup cl(g :i:, h.i:), 
rEG/ll 

wliich is a right invariant metric on G. We use the nota.tion B(A, t:) for the f-

neighborhood wiLh respect Lo d' of the subset A : 

B(A,t:),= {g E G: 3h E A,d'(h,g) < f}. 

Also, given a subset A e S, we shall denote by S,,A the subsemigroup of G 
generated by the t:-neighborhood of A in G : 

Sc,A =< B(A, t) > . 

\Ve have, 

Proposition 3.1 Let x,y E G/H,A C S. Then 

1. lhe1-c exists a (S, t:, A)-chain from x to y if y E Sc,AX, and 

2. There e.ústs a (S, t:1, A)-chain from x to y for every t' > é i/ y E cl(S,,Ax). 

Proof. 
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1. Since y ~. s, ,A :x' there exists .fJ E s,.,1 !iL1cl 1 th;i L !/ = • g:r. 1 t follow·s r rorn 
the defimt1on of sl,A that g = g,._, .. · !/O with :J; E B( 11. e), i = º· ... k - J. 
Choose ho, . .. , lzk-1 E A such that d'(/1;, g;) < e, i = O . . .. , { - 1. Tlr e11 thc 
sequences Xo = x,xi = gox 0 , ... ,x;. = g1c_, .-c ,,_

1 
= y ;u,d '1

0 
. .. . ,hi. _, E ;\ 

forma (S, t, A)-chain from x to y. ln fact,, 

d(h,_, x;_,, xi) c/(h;_ 1 T;_ 1, g,_ 1.r;_ r) 
< d'(h;_ 1,g;_r) 
< t . 

for any i = 1, ... , k, which shows Lhe existence of a (5. e, 1l )-cl1;iÍ11 from .-e lo 
y. 

2. Pick y E cl(Sc,A·-X). Then there exists a sequcnce Yn E S, . .-1 s 11cl1 that g,..-c 
converges to y. Take f:. 1 > é, anel let 11 0 be such t.h;it ,l(g,.q.r , y) < e' - e 
As in the proof of 1, there are h0 , . .. , /,.n-l E A, wl1icl1 t0get lwr wil Ir y0 = 
x,yl,···,Yn = 9n0 X becomes a (S,é,A)- chain from :r to !f,"' .r. C'h,rngi11g i11 
this sequence 9n0 X by y, a (S, (1, J\)-cl1ai11 is obl.:1i11 c·cl. 111 fa <:t . 

d(hn-lYn-1 , Y) :S d(hn-lY11-1 , g,.0 .r) + rl(g,,0 .r , y) 
< é + ( (' - e) = e'. 

and d(li,_ 1y;_ 1 ,y;) <é< é' for i = l, ... ,n- 1. o 
The above statement shows that t.he poiuts rcaclrnble througlt the ~rn1 igro11p 

generated by a perturbation of A are also re,,chable by (5, e rl)-chain.·. \Vc lt all 
now get the converse of this sta.tement by showing tliat the poi11t s rcad1able by 
chains can be reached by the action of the pcrturbed sC11 1igro11p. for t liis il will lw 
neede<l the following assumption about Lhe adiem of C,' 011 G/ li . 
Hipothesis H : There are constants e > O a.llll 17 > O suei, tlial t llC: aclion of C: 

on G/H sa.tisfies V:r E G/H,'<:/y E 8,1(:i:) therc cxi~t.s J.- E(; willi Cr = y a11d 
d(kx, x) 2:: cd'(k, 1). 

For actions which satisfy H, it is possible link poi11ts wlii r li an· r lo:-<· n1011gli 
in G/H by elements of G' whose distauce to th c idc11Lit\· are 11 0! too l,i 11••n lha11 • ~o 
the distance between the points. Note thaL as d'(k, l) = ~llP yEG/II d(ky, y) aml 
d(kx, x) 2:: cd'(k, 1), we have that e :S 1, an<l for a given .r il is po,-sihl r· to li1ke e= \ 
if and only if x is a point for which the sup in d'(k , 1) i~ atlnitl(' r\. 

Proposition 3.2 Assume H holds and lei < bc such lh11t O < t < 11 . 1\l.:-0, 1d 
Xo, ... , Xn E G / li and ho, . .. , h,._ 1 E G' be sequFncc., fr,rn1i11y 11 (S, 1, ,- \ )-duri 11 fmm 
Xo to Xn, Then lhere exists g E S,, ... 1 willt g.r0 = .r,, 1clit1 ·f t' = e / e. 
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Proof. 
that 

Since d(hi:i:i, Xi+d < e < 1/, we have, by H, Lha.L there are ki E G such 

d(xi+i, h.i .1\) = d(J.)1.i:1:i, hi:i:;) 2: cd'(k;, 1) 

i = O, ... ,n -1, so Lha.t d'(l.:;,l) < i/c = t' . Lct g; = J.)i; . Thcn d'(g;,h;) = 
d'(".:;/1;, hi) = d'(k;, 1) < t' because of lhe right invariance oi' d' . Hence, 9i E B(!\, e') . 
Howcver, 9iXi = k;li;x; = Xi +i, so that x,, = g,._ 1 . . . g0 x0 which shows Lhe desire<l 
rcsult . D 

This statcment togelher with Proposition 3.1 show that Lhe chain contrai sets 
in homogencous spaces satisfying H can be studicd througli the control seLs of lhe 
semigronps S,,,1. Bcíore embarking on the cliscussion of Lhis relation, we will ensure 
that hypothcsis H holds íor a. largc class of homogcncous spaces, namely Lhosc for 
wliich tl1crc is a compact subgroup l< C G which acts Lrn.nsitivdy i11 G/ 11. T lti s 
class of homogeneous spaces includes lhe f\ag manifolds, which will be considerecl 
la.Ler. 

LeL ]\ bc a compact group anel 1\· /L a homogeneous space of J( . lt is well known 
thaL in ]{ / L lhere is a J{-invari ant Riemannian rnetric < •, • > . This rnetric is built 
ru; follows. Lct k bc Lhe Lie algebra of Í\ anel choose in it an inner producl wh ich 
is Ad(l<)-invariant, Lhat is, < Ad(k)X, Ad(k)Y >=< X, Y > for ali X, Y E k anel 
k E f( . Fixing x E G/ H let kr be the isotropy algebra at x, anel denote by Px the 
orlhogonal projection onto k; with respect to < •, • >, where k; stands for the 
orthogonal comrlement to k,,, Then the desired Riemannian rnetric is defineel as 

< X(x), f-·(x) >=< PrX, PrY > 
where ){(x) = d/dt (exp(tX}i:),=0 stands for Lhe vector field induceel by .\· 011 /{/ L. 
Of course, t.his expression defines an inner product in Tx(I( / L) as every v E Tx(l(/ L) 
is given as v = X(x) for sorne X E k. Moreover, this Riemannian rnetric is J{-
invariant, that is, < k. u, 1.:. v >=< u, v > for ali k E J{ anel 11, u E Tr(/( / L ),where 
k. denotes Lhe differential of lhe mapping /.:: K/ L-+ K/ L. 

We take in K/ l lhe distance d given by this Riemannian metric. Since for 
X E k, IX( x)/ =< PxX,Pr:X >1/ 2 , we have that IX(x)I IXI. This inequality 
implies that the length of tbe curve t -+ exp(tX), l E [O, 1], which is given by 
f~ i){(exp(tX)x)lclt is bounded above by IXI. Since the distance between two points 
is given by the infimum of the lengths of the curves joining them, we get, therefore, 
tl1at d(exp(X)x, x) IXI. The inequality required in H is a kind of loca.l equivalence 
belween d a.nd the norm in k. We state 

Proposition 3.3 The homogeneous space J{ / L with f( compact and lhe dislance d 
given by a Riemannain metric satisfies H. 
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Proof. Fix :i:0 E J{/ l. We cl1cck firsl tl,at il Í!> e 11 011gh to s l1 ow tlwl H ho l<ls at 
x 0 . So suppose Lhat there are e > O and 77 > O s11ch that for cvery z E 8~(,x0 ) there 
exists k E J( with ho = z anel d(kx0 , :z:0 ) cd'(k , I ). Take .r E h'/ L anel 11 E I( 
such Lhat x = ux0 , anel let k' = 11/..:11- 1. We have k'x = y a.mi sincc Lhe flic111a1111iê1J1 
metric is /(-invariant the sarne holds for lhe cli stance d, so llrnt d' is bot.h lcft and 
right invariant in !(. Therefore, cl(k'x,x} = cl(k:r0 ,:i·0 ) cd'(k , l) = cd'(k' , 1) and H 
holcls at x as well with the sarne constants e anel T/· 

ln order to verify H at x0 , let J : k -+ l\'/ L IJe ddine<l 1,y J( X) = cxp( X). 
Its differential at the origin is (df} 0 (X) = i( .x0 ) whi ch s l1ows thal ke r(d/)o = kxo · 
Therefore, df0 is one-to-one in k; so that f is a diffc:omorpl1isnt írc,m a ncighborl,ood 

o • 
of Lhe origin of k;-0 onto an ope n bnll 8,1,( .ro) l'or so 111 r: 17 1 > O. Now. tlic dist.111n· d 
comes from a Hi e111,11111ia11 11wtric so iLs sq11,Hc.: is dill'c :n·11l.i,d,l,·. Si111 ·c· X -> l.\"1 1 is 
also clifferentiable, we have tha t 

). . f d(ex Xo, ,xo) 0 1m ,n , > 
1x1-o IXI 

for X E kro· lt follows that d((expX)x0 , x0 )/ IXI i:; bounded bdow in some ncigl,bor-
hoo<l U of the origin so that there exists a constante > O such t!tat d(( ex p X ).c 0 , :i: 0 ) 

clXI for ali X EU. However, d'(expX,l) IXI , so that t!(( ex p.\'):ru,.ru) 
cd'(exp X, 1), and since f is onto a neighborhoocl of .1·0 , this shows t!tat /\) L satisfics 
H at x0 anel hence Lhe prorosition.D 

This proposition implies immecliatcly that a homogc11eo11s space C,'/ li s;ll isfics 
H if G has a compact subgroup which acts transitivdy on C: /li . 

Corollary 3.4 Let G / H be a homogeneons space 1111d suppo;; t tlwl Lht.rt e:risls a 
compact subgmup J{ C G such tlwt [{ a els lransilively on C: /li . T!,rn C,'//1 salisfics 
H with the distance d given by a Riemrmnirm mtlric i11vari1111/ by /\' . 

• Recalling now Propositions 3.1 anel 3.2 we gct lhe follo\\'i11g; rdatio11.,ltip lic twcen 
the ( S, €, A )-chains anel the action of S',.A. 

Proposition 3.5 let G be a Lie 9rot1p anel C,'/ fJ a lwmogu1t·ous ;;p11cf whic/1 sal-
isfies the condition of the above corollai-y. Let S C G be a s ubsem i9ruup r111rl lake a 
subset AC S. Let also, x,y E G/H. Then there er-isls u (S,1. , ..-\)-ch11i11 Jro111 x lo y 
ify E s,,Ax, Conversely, Y E s</c,AX if there exisls a (S,t , A)-ch11i11 fro111 ,1: lo y . 

This last statement relating chain attainaLility \\'ilh the aclion oi' a sc rnigroup, 
permits to characterize the F-chain control sets as intcrsec tions of control scts for lhe 
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scmigroups S,,,1. For lhis cbaraclerization, we shall need lhal lhe fa.mily :F saLisGes 
thc properlics I'1 and P, of Seclion 2. When thcse propertics hold, we have ai. our 
disposal ProposiLion 2.6 so t.h;il lhe fact lhat S,1 e S,,,1 for any e> O, implies lliat 
lhe effcclive conlrol sels for Sare contained in lhe conlrol sets for Sc ,A• Note lhal 
un<lcr lhcsc cirrnmslances, Lhe S,,A-control set. cont.aining lhe effectivc S-control set 
is a.lso effcctive. lndeed, if g E intS fixes a point y then Lhe sarne holds for g", n 2: O, 
and clearly, 9 71 E intS,,A · for lhe pc1turbed scmigroup S,.A Proposition 2.6 can be 
ma<lc more precise. ln fact, wc l1;ivc 

Proposition 3.6 Assume thal :F satisfies P1 anrl Pr, n.nd suppose Jurlhennore thal 
lhe homogencous spncc imrlcr cons idcmlion sn.tisf,.cs H . Then U e S, ,_.1:i· for any 
x E D, A E :F arul e srnall cno1tgh . 

Proof. Lcl .1:,y E D. Lel us show tl1at y E S,,Ax. íly Proposilion 2.6, there 
exists, .'J E SA such that gx is near y. Since SA is generate<l by A, g is of the form 
g = 91 .• ·.?n with g; E A . Using H, lhere is k E G' wilh d'(k , I) < e anel kgx = y so 
lhal kg E s,,A and y E 

Wc can 110w sl,it.e thc main result of this sectio11 which characlerizes lhe :F-d1ain 
control seis as inlcrseclions of control sets for the semigroups S,,_. 1. 

Theorem 3. 7 Suz111osc lhal G / JJ satisfies H and lei :F be a family of subsels of S 
salisf yin_q P1 nnrl P, . Lei D be an effective co11frol sei J 01· S on G'/ H and f 01' e > O 
nnd A E :F, denote by Dc,A lhe Sc,A -contrnl sei containing D . Then 

E= íl D,,A 
< ... , 

is lhe 011/y :F-chain co11trnl sei containíng D. 

Proof. Cl<'arly, iuLE /: 0 as lJ C E. Also, for any :r, y E E, y E cl(S,,,_.1:t) for 
ali e' > O and A E :F. Tberefore, there exists a (S, e, A)-chain from x to y for a.li 
e > O a.nd A E :F, wliich sl1ows LhaL E is clmin trnnsitive. lt Ja-5ls 011ly to verify 
lhe nrnxima.lity of E. Por this, t.ake .1: (/. E and y E E anel suppose tha.t for every 
e> O and A E :F lherc ;ne (S, e, A)-cha.ins from :r to y an<l from y to .1: . Since G/ H 
satisíies H, Proposition 3.5 shows that .1: E Sc,AY anel y E Sc,AX for ai] f. > O and 
A E :F. llowever, y E Dc,/t, so that x E De.A for ali e, A contradicting the a.ssumption 
tha.t. x <1- E. Hcncc, t.hcre is no clrnin eithcr from .1: to y or from y to .1:, which shows 
tha.t EU {:r) is not co11tai11ecl in any cl1a.i11 control set an<l so lhe nrnximality of E 
foHows.O 

14 

As to the :F-chain control scts containing lhe i11varia11t cor1trol sds , ti1c:rc is the 
following result which improves ll1e abovc thcorem when i.l1erc is j11st 011c invariant 
control set. 

Proposition 3.8 lei lhe assumplions be rzs in lhe prc viow; L!t eore. 111 111t1l suppose 
moreover thal there is jusl one invai·ianl conlrol sei for S in C,'/ li . Denote it by D 
and keep Lhe. nolalions as óefore . Then Dc,A is lhe. 011ly S ,. ,1-i111111rirwl coHLml scl so 
thal Dc,A and E are closed subsels . /l'Íoreover, 

E = íl ( Dc,,do · 
c,A 

Proof. A wcll known facl abo11t i11vari,111l nml.rol sds is t.l1al Llwrc· is 011ly 111w 
invariant control set for S if anel only if 

íl cl(S' .r)-/ 0 
r EG/ li 

(c.f. [1, Lemma 3.11). ln t.l1is case, lhe invariant co11trol sc:L Í.,; gi1·p11 hy tliis i11tcr-
scction. Of course, a similar statement l1olcb abo for S , .,1 :m tli;,L í11 ,,rd•T to prov,· 
the proposition it is enough to show that 

D,.A n íl cl(S,.,1 ;c)-:/- 0. 
:rEG/J/ 

This being so, pick x E G / H anel choose g E i n l S such tliat g:r E Do Ili is is po:.;si blc 
because D C (intS)- 1 x for every x E D0 . Since F salisfies Pi.g" E A for some 
integer n. We have that g"x E D beca.use D is invarianl. .-\s D e D, ... 1, anel D,.,1 
is a control set for s,,.-1 it follows that D, ,A C c/(S, ... ,:r) sl1owing lhat D, . .-l is i11<lcecl 
an invariant control set. As to the last staternent, take !/ E E and 1· E D0 . Thcn 
x E (Dc,A)o for every e, A, and by Propositio11 :3,2, y E S, ... 1.c for all , , A. The 
invariance of Dc,A implies then tliat y E (Dc,.-do for arbitrary t, ..t. O 

4 Chain contrai sets on flag manifolds 
We specialize now the prece<ling resulls on chain co11trol scts tu .irlio11s of s11hscmi-
groups of semi-simple Lie groups on their ílag 1wrnifokb(F11rslc11hcrg l,011ntlarics) . 
T!rns, we let, in this section, O be a serni-sin1ple Lie gro11p .tnd Se (; ,. scn1igro11p 
w1th 11011 empty interior in G. Also, wc con:sidn thc h,>t11ui; ·11t·o11s span: (:/li to l>c 
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onc of thc (fi11itc in numbcr) flag nrnnifolds of G', tlrnt is, li is a paraboli c subgroup 
of G. We refer Llie readcr to [15, 16] for thc dcta.ilcd theory of pa.rnboli c subgro11ps 
anel flag ma.nifolds. Wc rcfer also lo [10, 12, 13] for a.11 account according lo Lhe nccds 
of this paper. ln [12] lhe control seLs on Lhe íl ag manifolds were studied. There, 
their scts of transitivily were cliara.clerized a.s scls of fixcd poinLs of cerlain elements 
in intS. That characleriza.tion providecl a. mea ns for cou11ti11g a.nd disting11ish the 
contrai sets . 111 thc sequei , we shall recall Lhose results 011 co11trol sets anel then use 
thcm togetltcr with Thcorem3.7 i11 ordcr lo havc a proced me for counting the chai11 
control set.s 011 Lhe flag manifolds . 

Lcl. g bc Lhe Lic algebra. of G and sclccl a. Ca.rtan deco111posit.io11 g = k + s of 
g, wiLh CarLan involution O, whcre k is a compactly embedded suba.lgebra. a.nd s 
is its orLhogonal complement with respect the Ca.rtiln-Killing form . Ld a e s be 
a maximnl abclian subalgcbrn, which in the sequei will be refcrred to as a. split 
subalgcbra. Wc havc tha.t a decomposes i11 Wey l chambers. Select one of them, 
say a+. Associate<l with Lhis chamber there is a system of positive roots, denoted 
by 6. +. Thc sim pie sysLcm of roots generating 6. + is <lenotecl by TI, anel the set of 
ali roots is de11otc<l by 6., whi ch is givcn by 6 = ti_+ U (-ti.+) . For a. root a E 6., 
we let g0 = {X E g : ad(H)X = a(H)X} be its root space. The subalgebra 
n+ = L oE6+ gª is nilpoteni. It provides the lwasawa decomposition of g 

witlt corresponding global decomposition G = K AN+, where A = ex p k, A = exp a 
and JV+ = exp n+ . The subgroup A is a split subgroup of G'. We use the notation 
A+= <'Xpa+ and rcf<'r lo tl1is s11bsel as a. Weyl cl1a.mber in G. f or as11bsct 0 C íl we 
denote IJy 1'8 l!IC' para.l1oli c s11bgroup <lefi11cd by 0. lts Lic algcbra is Lhe subalgebra 
Pe genera.ted by 110 = L aE ±e go-, and Pe is the norma.li zer of Pe - The associated 
fla.g ma.nifold is B0 = G'/ P0 . When 0 is Lhe empty set the subscript is omitted so 
lhnL /' is a 111i11i111 ,il parnbolic s11IJgro11p and /J = C,'/ P tlie 111axi11rnl ílag rnanifold 
of G. We denote by bu tlte origi n in G / P. 

Of intcrcst lwrc is th e actio11 of tli e clcments of A+ in B . Given h E A+, it ha.s a. 
finitc number of fixecl points in B. They are {wb0 : w E W} where W is the Weyl 
group W = M" /M where M• is the normalizcr anel M is tlie cenLralizer of A in 
K. These fixe<l points are hyperbolic with unstab]e and stab]e manifolds given by 
N+wbo and N-wb0 respectively where N- = 0(N+) is thc nilpotent group opposed 
Lo N+ • The orbit N-b0 is open anel dense so that b0 is the only attractor for h, the 
othcr slable manifolds a.re lower dimensional ln t.he seq11el we sliall refer to wbo 
as the fixed point of lype tu for the elcmcnts oi' 1\+ . Tlie clioi ces of th ese objects 
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is no unique. ln fac!., givcn !J E G, a co11j11 gaLio11 IJy !J lc:ad lu ,111otl1~~r cl1oicc. ln 
particular, lhe C-conjuga.tes of li , 9/19- 1 are t l1 e split s11 l,gro 11ps of G. Tlie sarne 
way, the subsels gA+9- 1 are Llie Wcyl cl1<,111l,crs i11 r:. 1\ s 1.11 tlw clr:111c11 ls of ;1+, 
the elemenls of 9A+g- 1 also have a fi 11 ilc 1111111 bcr of fi xcrl pni 11t.s i11 tlif:ir actio11 011 
B . They are given by gwbo = (gw9- 1 )9bo, w E W wlricl1 ,ue t ir e t r,11 1slalcs hy lhe 
Weyl group gvVg- 1 conjuga.te of W o[ Llie attractor g/,11. ln tl 1c T<p1d wc cl1 00,;e a 
basic chamber ;1+ in Lhe split subgroup A and refer lo a fi xe,! po i11t. gwb11 , w E W of 
an element of gA+g- 1 as Lhe fixed point of typc w. Tl1csc fi xr·,I points play a cc11trnl 
role in the descr iption of the con trol sets of a sc111igro11p i11 B.' 

We recall now the res ults of [12] (see also [J :J]) about co 11 lrol sds 011 li . As 1,dorc , 
we let S be a semigroup wilh non em pty interior in C: . 

Proposition 4.1 For eac/1 w E 11' th en: e:ci.;;ls 1111 ,:j[t cli c, nn,lml " d U, ,. for S 
on B. lls sel of lransilivily ( Dw )o co11sisls of llie fixeil pornl:, uf l!JJJC' w for tl1t 

e/ements of lhe Wey/ chambers in G meel ing in lS . Then: ui.,/., j11 ., I rmt· i111•llri1111l 
conlrol set D1 whose sel of lransilivity is lh e sd of 111/ml'/1,r ·.:; f•JI' t/11 ., ,1/i/ dl'll1111/s 

in intS. Moreover, any effective conlrol stl 011 B i.s D," for :;olft t w E W ( cf. ( 12, 
Theorems 3.2,3.Sj) 

Proposition 4.2 The subsel 

W(S) = {w E IV: 0 11 • = V1} 

is a subgro11p of W and W(S)w 1 = W(S)w2 if u/ll/ 011Í!J if V ., = V,. ·o llwl 
w E W--+ Dw fibers lhrough W(S)\W defini11g" bijecl iou bdrr< r 11 thr .,ti of ro11lrol 
sets and W(S)\W. (cf. (1 2, Seclio11 4}) 

Proposition 4.3 Suppose lhe basic clw111ber :1+ is cho:;rn .,.., tlwi _.\+ n i ,tl ...,. f. 0. 
Then there e;i:isls a subsel 0 of lhe simple syslem of roo/.,; li ,, uc/i tlw t ll'( S ) = W0. 
ln this case, the invarianl contro/ sel is gi vrn as D1 = ;:-- 1(C"ei) u·/,cn C0 i., t!Lt 011/y 
invarianl control set on B0 . Moreo·uer, tl1 ert e.úsb h i11 clo::-tirr of : \+ n,11! n E N+ 
s11ch that h is fixed by We and hn E in lS.O(l]. {!:!, Corollury .f. f}} 

These results are about lhe control sels on tltc 111<1:--:ima l bo1111dMy. Tltc co11lrol 
sets on the other boundaries are obtained frorn tltc con lrol sds cm lhe 111axi111al 011c 
as follows. 

Proposition 4.4 Lel 1r : B --+ Be be lh e n111011irn/ fibrntio11 o,ilo llll bo11111lary 
Be. Then 1r((Dw)o) is lhe sel of lrn11:úli1•ily of n ru ,llml .,r/ 1111 U,,.,. íl<·/' iprncully, 
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r , 

l l" D salisfics 1r( (/J w )o) == Eo .for an y w E IV sue/,. lhai .rr t • co11 lrnl se , 011 0 ' • ' • B · t • • an e11ec ive • d I ·l oJ such conlrol sets on 18 no . em.pty. On [3 
(D ) n - l(E ) :f 0 an l 1e se . [ p . . 0 

w o 1f O . '. . 1 . ! sei as (cf. 12, roposzlwn 5.1 }) 
ll1.e1·e is _jusl oir c 1.111,arinnl co 11 .10 • 

1 li I ote by De the control set on Be whose set of tran-
F ·om now on, we s in <Cll '" . • • f 1 1 D 1 . , . f Lhe ~ct of trans1t1v1ty o t 1e contro se t w on B As 

siLivity is the proJ CCclOll 0 • 1 f 11 · 1· 1 · 1 • 
1 • 1 t statement we have t 1e o owmg íl c t w IIC 1, a.ltliough a rnmplement to t ,1s cts 

impliciL wcrc not provcd in [12]. 

·t· 4 5 f el D be a bou.n<Íary a11d denote by 7r : fl -+ Be lh e canonical Propos1 ion • , • 0 . . ( • • 
. . 1. Th e11 De = De if an<Í only if W(.) )w, 1-1'0 = TV S')w2W0. Hencc the 

P' 01 cc 701! . • w, w, r w( '·,.)\ w; w numl,ei· of conftof scls 011. Be equn/., lhe arderº· ,_ • ' 0· 

Proof. Suppose D~1 = D~2 • Then (D.,,, )o and ( ~ 1112 )o proj ect onto the set of 
trnnsitivity of tlie sarne control sct. Therefore, Lhere 1s, on the same fiber as wibo, 
a fixed point which belongs to Dwi · Since w1 maps fiber into flbers éllld fixed points 
into fixed poinls, that flx ed poi11L is of the form w1w'bo with w'bo 011 the sarne fiber 
as b0 so tlrnl w' E 11'0 . Now Du-, = D.,,, w' so tliat W(S)w2 = W(S)w1w' showing 
thctt the condiLion is necessary. 

íleciproca.lly, suppose that W2 = w"wiw' with w" E 1-V(S) , w' E J,V0 . Then 
1 • De De • 1 ti t D0 - D0 o Duri == D,,,J 111', "11 ( sI11ce W J = 1L'J w ' \\·e 1a.ve 1a 1U 1 - W 2. 

Tl1csc rcs ults ;ipply, i11 particular to lhe se migroups Sul whosc co11lrol se Ls con-
ta.in lhe J"-chain control sets of S. Because of lhis, lhe above statements on tlie 
number of conlrol sels on Lhe flag manifolds ca.n be carried out to the chain control 
sei.~. 111 ordcr to do Ll1is fel, for I' > O ctllCI a subsel A E J", Hl, ,A be the subgroup 
W( s, ... i) ctssoci;li,ecl to Lhe semigroup s,,A · Consider a] so the subgroup 

W.r(S) = íl W,,A· 
, ,,1 

We assume from now on that the family :F sati s fi es both P1 and P,. . Since the 
llag manifolds satisfy H, because a compact subgroup is transitive on it, we are 
under lhe situalion covered by Theorem 3. 7. 

For lhe J"-cl1ai11 control scls, the subgroup 1.-V,r(S) works the sarne way as W(S) 
for the conlrol scls. lndeed, for eacl1 w E W, lel Ew stand for the only effective 
J"-chain coutrol set on B which conlain s Dw, arnl for a subse l. 0 of the simple system 
of rools, lel E~ bc Lhe J"-chain conLrol scl wl1icl1 contains D0 . With thcse nota.tions, 
thc abovc slatcments for conlrol scls cxtcnd to cl1ain contr;I se ls as follows. 

Proposition 4.6 Wilh lhe rwfolions a.~ afmue , we lun•e 

1. W.r(S) = {w E W: E,,, = Ei}. 

Proof. 

l. Jí'or f. > O, A E .F,a.nd w E iv, lc t D',;/' be t.h c corri~s po wlin g control sct for 
S,,A in B . By definition , w E W:F(S') if and only if w E W .. ,, fo r a ll (, l i , and 
this holds if a.nd only if D~"= D;·" . Therefore, w E WF( S) if ;,11cl unl y if 

íl V'.,; '= íl Ut' . 
, . .-1 c,A 

Which shows Lhe first statement, bernuse by Theorem'.3.7 lhe ldt l, a ncl sidc oí 
this equa.lity is Ew wliilc lhe rigltt one is E1. 

2. W.r(S)w1 = W.r(S)w2 if a nel only if w-iw11 E IVF(.5') = n. ... , IV, ., , for ,,li t. A, 
which holds if an<l only if w,,.-1W1 = J,-V, ,..iW:z, whicli in t11rn Í:- C'<jllÍ\',d e 11t l <> 

D',A = D' •A for ali f. A. Theorem3.7 shows then that E,,, , = E.,,., . D 
WJ W2 ' .. 

I I l +• /·.·t> f l Proposition 4.7 /{eeping the no/11/ions as a.bouc, tl' f uwr I mi ~'"' = ov: 1 ruu 
only if J,-V .r( S)w1 We = W .r( S)w2 l,\/ 0 . 

Proof. Is analogous to lhe above proposilion .D 
These statements have as consequenccs ll1al t lw 1111111bcr of t"ÍÍeclive .T-d1,1i11 

control sets is given by W.F(S) . 

Corollary 4.8 On lhe maximal bo1mrlary B lhe 1111111btr uf J"- chuw w,drol :;d,i 

equals lhe number of elements iri the cosel spaa W.,.(S)\lr u·hi/, ll1t mw,b r of 
J"-chain contrai sets on the bouncfory Be eq,wls lhe onler of 11,r- loubl~ ,o.,,cJ ,,p,:cf 

Apart from the information provided about Lh e n11111i>e r ~>f d1.1i 11 l·ú11lrnl :-d.-, 
the subgroup iV.r(S) has al so something to say abo11t t.he g,~0 111dry >f lhe drni11 
contrnl set which contains the i11v,ui,L11t co11trol sd. v~ e li :1\·c fr u111 l' ru po.,ili1111 -1.:1 
that W(S) is the subgroup gcn eratcd by a su bsel 0 o í Lh e sin q,l, · ,-y,-t rn, of roo!.:- ií 
the basic chamber ;t+ is cl1ose11 so that. it 1111.:cts i11IS. l( ,·,·pi11 ~ fi,,·.\ tlii ,- d,a111l,cr, 
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. J . P. implies tha.t it mects a.lso intS,,A for every A 
ti ' -r sn.t1sfies J I o1 r • f b t· 0 f, • thc fact. lél.• .r . t d by the reflex1ons o a. su se., sa.y - ,,.-1, o[ lhe • 

11, • also gene1a. e s11np!e 
Therefore, , e.A ,s . t d to A+, tha.t is, W,,A = IV0, . ..i · Now, we have the followin 
syslem of rools associa. el . t ·sections of the subgroups IV0. g b ul t 1e 1n e1, technical lenuna a o 

Lemma 4.9 
have that 

. r '[y {0 ·} ·er of subscls of lhe simple system of ,·oot Given a11y 1mm ' • .s, We 

I f t bclongs to a subgroup 1-Ve if a.nd only if wl! = IJ for ever JJ Proof. n a.e ' w . . . . y I 
. 1 0.1 of a anmh1lated by 0 (cl. [16, Tl11n.l.l.2.S]) . Srncc the 0 -'s . 
lll thc s11 Jspacc e .L .L , a.1 e 

1 , 5 of a simiilc svstem of roots , we ha.vc lhat (n;0;) = L; 0; . Therefore tv 
S\l )SC1,, J 1 \1 TI ' 1 1 ' r. , 1 1 ments ·111 (n0·).Lifit.belongstoni , 0;· 11ss1owsl1atn;W0 e W 
JIXCS 1, IC C C I I , , o n,e, • 
Sincc t.hc reverse inclusion is immedlé\te, Lhe equality follows. O . 

Applying Lhis lenuna to thc subgroups W,<t, we get that W,r(S) is generatcd by 
lhe reílcctions dcfined by some subset of the snnple system of roots as well. 

Proposition 4. 10 Suppose F salisfies P1 and P, and take a basic chamber A+ such 
that A+ n inlS f:. 0. Lei. 0,,A be lhe subset of the simple system of mots associated 
lo ;t+ such that w,,A = We,.A and pttl 0,r = n, ... 18,,11- Then 

Moreover, let Ber be lhe .flag manifold co1Tesponding to 0.r, and denote by Eer lhe 
:F-chain conlrol sei 011 Ber which c01dai11s lli e invarianl control set. Then 

w/1crc E is lhe F-chain contml scl on B containing lhe invariant control set and 
7í : B-+ Ber is lhe canonical fibration. 

Proof. It is needed to prove only the last statement. We have from Proposition ~-1 tliat. n,, ,t = ir- 1(D~_'.(1) wl1cr<' D,,,1 is tlie S,,.-1-invari,,nt. contrai set 011 B anel 
D <,A • ti s . . 

_,,A 15 1e ,,A-lllvanant control set on the boundary B0 corresponding to 0,,A· 
~mce OF C 0,,A, il follows that Ber fibers over B0 so tl;:t D, A is also the inverse 
image ~f lhe S,,A-invariant control set on Be whi:i; is denotecl .by De11· Now, D,,A 
and D contain ti S • • .r '· I E_ ,,A • _:e -mvana.nt control sets 011 B anel on BeF respectively. t ence 

- n,,AD,,A = 71' (n,.AD~A) = 71'-l(Eerl- o 
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We finish this section witl1 the following rcmilrks abo11I. cliain transitivit.y on Lhe 
flag manifolds. • 

lt was shown in [10, Thm.'l .2] that. tlw only se migroup wit.h 11011 empty interior 
of G which satisíles W(S') = W is C: ilself in case C has fi11ile center. Since, in any 
case, the action of G kills off Lh e center, lhis fact impli t:s t l1c1t S is transitive on 
any boundary if W(S) = W. Since W,r(S) = nW,.,1, it follows tliaL the se migroups 
S, A are transitive on the Aag manifolcls providccl W,r(.5' ) = W so tl1at tl1is cq11ality 
implies tbat S is F-chain transitive on any flag manifold éls thc chili11 control sets «re 
intersections of S,,A-control sets. fleciprocally, suppose th,lt S is F-chain transit.ivc 
on some boundary. Then S, ,A is transitive on this boundílry for a11y t > O étnd 
A E F. Now, is was proved in [12, Thrn .6. 2] that thf' onl y scmigroup whi ch is 
transitive on some bounclary is C: ilsclf if (; is si111pk a11d lias li11il c c<'11fn. J\gi1i11. 
tbe fact thal lhe center _of G is finite is 11ol relev,rnl as ll1c a<:Lio11 o[ tl1l' cc11ler 
on the flag manifolcls is trivial . Therefore, 11nder the conditio11 tlir1t (,' is simple, 
S,,A = G,S,,A is transitive on every bo1111dary for all l,A, anti H".F(.5) = W if S i.s 
.F-chain transitive on some flag manifold . S11m111arizi11g, wc h;i.ve 

Proposition 4.11 Assuming lhe above condilions on F , S i.-; F-cl111 i 11 lrrw~ilii1e 011 

any fiag manifold pro·vided W,r(S) = W. Reciprocally, IV.r( S) = W if S ü :F-clwin 
transitive on some fiag manifo/d and G is 

It is interesling to have conditions ensuring tlrnt a semigro11p is chain tran sitive on 
the boun<laries. Regarcling this, il was sbown in [10, Lemrna -1.1] thaL a scm igroup 
is transitive on the flag manifolds (and is in fact lhe whole gro11p if it ha . .s fi11ite 
center) in case it contains in its interior a nilpolent clemmt. Si11 n · tl1c clrni11 conlrol 
sets are intersections of control sets of a semigroup gcnerated oy 11cighborhoods of 
subsets, it can be seen that a. semigroup is chain transiti ve pro\·idl'd il co ntains , not 
necessarily in its interior, nilpotent elements. 

Proposition 4.12 Lel F be a Jamily of substts of S and .,;upp,ht /hui for cvtry 
A E F, there exisls n E A such tlrnl n = cxp .Y a11tl <1d( .\") i" nilpo/1 11/ i11 g . Tht-11 
S is F-chain transitive on any fiag manifolrl. 

Proof. The semigroups S,, .. 1 are generate<l by a 11cigliourhuod of :\. Th11s ri E 
intS,,A if n is as in the statemcnl. ll follows lhcu f.- 0 111 [ 10, l.t ·111111a ,1.1 j thal 
S,,A is transitive on the boundaries. Proposition 3.1 implics thcn tha.L S is chain 
transitive.D 
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1. . Josition is the case when :F = F oo a11d the sen,jg 
A ovcrcd by t. 115 Jl'ºI I l( ") • ·1 • roup case e I ti t n == expX ;:u1c a< ./\ is m po~cnt in g. Sin ti • lcmcnt 71 sue 1 1a . ce le 

conta.111s an e } . t nfJact and 12 k is ;i)so the exponentia.J of a. nilp t 
1 t {nk . k > 1 1s no co1 • , o ent 

su ,se • • - . 1 ld for ali A E Foo- As a.n exa.mple of a. sem· . 1 t the assu111ptwn 10 5 . 1g1oup 
e eme~' 1•1• lct 5/+(n IR) be the sem1group of ma.triccs in Sl(i m t"sÍ)'lllg tl,csc roJI( 1 .ions, ' . i, 11t) 
sa . . t ·ies This semigroup has 11011 empty mtcrior anel cont . wluch havc pos1t.1vc cn 1 • . ,. . li . . a.111 8 

. 1 . iatri ccs whose d1a.gonal ent11es a.te a. equa.ls to l. Smce su 1 upper tnangu ar n . ,. . , . I d(\' ) .1 . • c 1 
. • ti . · )onenLtal of a ma.t11x X w1t.1 a , Ili potent, 1t follows ti t a nrnlrrx 1s 1e ex1 . . 1a 

Sf+(n, IR) is .roo•clmi n transitive ~n any íl;ig nrnrnfold . Note tliat tl11s holds despite 
Lhe llOJl tra.nsitivity of s1+(n, IR) rt.sel í. 

ln order to present another tcchnique for checking cha.in tra.nsitivity, we consider 
thc following cxarnplc of scmigrou ps of S1(11, Dl) . 

Example 4.13 Lct IV bc a JJointcd cone with nou void inlerfor in IR". This means 
thal W is a closcd c011i,e.r cone which does nol conlain subspaces of 71osi:tive dimen-
sion. Sei 

Sw = {g E S/(n,JR): gW e W}. 

Take v E IVv -f O and complemcni it lo a basis /3 ={ v, e2, ... , e" } such that the 
subspace s;urnncd by { e2, ... , fn} has zern inlerscclion with IV. Let Hu be lhe linear 
mnv whicl1 in basis fJ is diag{ 11 - 1, -1, . .. , -1}. We claún that cxp( lllv) E W for 
ai! t 2'. O. ln f11cl , lake w E W and wrilc w = a 1v + · · · + a"e,. . Th e choice of fJ 
implies lhaf a1 > O. But 

whiclz shows ihal exp(illv)w E W . ln case v E úiif,f/ lhis equa.lity shows moreover 
lhai .cxp(lllu)w E inllV . Til.is Jacl logelher with a súnple argumenl involving lhe 
coulznwly of lh e Sl(n, Dl)-acUon ensures ihat exp(lHv) E Sw if v E intW, so thal 
Sw l'.ns non empty inlerio1·. Now, exp(tH) belongs to a splil subgrnup of Sl(n, IR) 
ª11d zls allmc_lor in lhe prnjeclive space is lh e fin e spanned by v. Frnm this it follows 
lltal Sw has Jusl two conlrol seis in its aclion on lhe pmjeclive space. The invarianl 
conlrol sei C is lhe l f 1· 1 • I . . . 'e O mes w iic 1 are contamed in IV U - TV, while the olher 
confro/ sei I S lhe complemen t of e i11 nu~ll- 1 ( f {1 º '1'Z 6 Jljj' . l l ·1-J TI r e . ~, 1m. . 01 < e az . 

tese Jacts about S ai·e l t I I . . pn 1 d h . IV enoug 1 os ww l ial zt zs :F 00 -chain transitive 011 IR -
an ence zn any Jlag m ·r /d I r • • t f S anz1o • n Jact, for any A E .r 00 and poszlwe e lhe control 
se s O w are conlained in co t · l t r ( 5· ) · · d of W 1'1 r n 10 se 8 J01' , 111 ,, ,l · Now, p1ck v zn lhe boun ary 

• ien JOr i > O large l ( H · l in any com t b cnoug 1 exp I v) E A beca use exp( t Hv) is nol contam e< 
1>ac su set. Th ere 'ore (t}'J ) • ( , . 1' , exp 1 u E znt Sw ), ,A and since its atlraclo1· 11! 
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lflpn-l is lh e lin e spanw:J by v , il follo ws i/111/ llti.s line i.s i11. lhe int erior of (Sw ),,A-
invariant contrai sei, which lhercfore meels lh e complemenl of C. This shows that 
(Sw),,A !tas j ust one invuri,rnl contro f sei 1wrl hrnce is lrnn~i/iut on a ~e projcc~~~~ 
space. Since t:, A were arbilrary, il follo ws llrnl Sw is .r,x, -cl11ur1 lrrws1ltv1: 011 IRP 
and thus on any flag manifold. 
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