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RESUMO

Estruturas e mecanismos de tensegridade têm atraído a atenção da comunidade científica devido

ao seu potencial em associado a transformação de forma e eficiência estrutural em termos de re-

sistência por peso. Sistemas de tensegridade podem ser projetados para empacotar, desenvolver

e transformar em uma geometria de interesse. Essas características fazem das tensegridades

alternativas promissoras para substituir braços manipuladores sólidos, que geralmente são pesa-

dos, longos e inconvenientes para transportar. Adicionalmente, antenas de satélites necessitam

de uma superfície contínua para reflexão, o que motiva a pesquisa de sistemas tensegridade-

membrana. Este estudo apresenta o objetivo geral de contribuir para a consolidação de sistemas

tensegridade através da produção de um trabalho abrangente entre temas fundamentais da en-

genharia mecânica, fornecendo análises de estática e dinâmica, em duas e três dimensões do

espaço, e por vias analíticas, numéricas e experimentais. Quatro projetos são apresentados:

uma membrana triangular pré-tensionada, uma viga tensegridade plana puxada por um cabo

na extremidade livre, definições analíticas de conectividade e incidências para prismas tenseg-

ridade e um braço 3D tensegridade que se expande e move conforme os comprimentos dos

cabos variam. Os códigos fundamentais implementados em MATLAB estão disponíveis no

repositório GitHub público <https://github.com/FictorP/Tensegrity/tree/main/formfinding>.

É razoável desenvolver um modelo de membrana antes de avançar para sistemas de tensegridade-

membrana. Esta parte do estudo é dedicada à construção de um modelo numérico confiável de

membrana. A membrana pré-tensionada é modelada num programa comercial e validada com

um protótipo. O protótipo de borracha é cortado em um formato triangular, montado sobre um

quadro e tensionado sob diversos níveis de carga. As frequências naturais são extraídas por

processamento de imagem em cada configuração. A estrutura é reproduzida em um programa

comercial e o modelo numérico é validado com os resultados experimentais.

A viga plana é submetida a grandes deslocamentos e vibração, os modelos numéricos para as

análises estática não linear e modal são validados com um protótipo fabricado por manufatura

aditiva. A metodologia para resolver a análise estática não linear é baseada no procedimento

de cálculo de rigidez de elemento de barra pré-tensionado e no método de cargas incrementais

de Euler. O protótipo é sujeito a diversos níveis de carga, o que gera diversas configurações

deformadas. As frequências naturais são extraídas em cada configuração por processamento

de imagem e testes com martelo de impacto e acelerômetro. O modelo numérico é calibrado



com os resultados experimentais e uma análise de vibração completa é executada para todas as

posições deformadas intermediárias.

Pesquisadores aplicam prismas tensegridade regulares para montar torres e grades, mas não há

uma definição analítica para a matriz de conectividade dos membros. A metodologia apresen-

tada nesta tese traz expressões genéricas para as matrizes de coordenadas dos nós, incidência e

conectividade válidas para qualquer prisma tensegridade regular. Em seguida, essas expressões

são aplicadas no método de determinação de forma do projeto do braço de tensegridade, que é

um empilhamento de prismas.

O projeto do braço pode ser dividido em três estágios: expansão de uma configuração plana

em uma torre de alta razão de aspecto, encurvamento da estrutura desenvolvida para gerar um

movimento de manipulador, e cinemática inversa. A determinação de forma é obtida através de

métodos cinemáticos, minimizando os comprimentos dos cabos para encontrar configurações

estáveis, e a cinemática inversa é resolvida por redes neurais. Seis módulos quadruplex são

combinados para montar o mecanismo deste estudo, mas a metodologia apresentada é válida

para qualquer combinação de tensegridades cilíndricas.

Palavras–chave: tensegridade, determinação de forma, estática não linear, membrana, vi-

brações, conectividade



ABSTRACT

Tensegrity structures and mechanisms have drawn the attention of the scientific and engineering

communities due to their potential related to shape shifting attributes and structural efficiency

in terms of resistance per weight. Tensegrity systems can be designed to pack, deploy and

transform their shape into a desired geometry. These characteristics make tensegrities promis-

ing alternatives to replace solid manipulator arms, which are usually heavy, long and inconve-

nient to transport. Additionally, satellite antennas require a continuous surface to reflect, which

motivates the research of tensegrity-membrane systems. This study presents a global aim of

contributing to the advancement of tensegrity systems by producing a comprehensive work that

integrates fundamental topics in mechanical engineering, providing static and dynamic anal-

yses in two and three dimensions in space through analytical, numerical, and experimental

approaches. Four projects are presented: a prestressed triangular shaped membrane, a planar

tensegrity beam guyed by a cable on its free end, analytical definitions for connectivity and

incidence for tensegrity prisms and a 3D tensegrity arm that expands and moves as the ca-

ble lengths vary. The essential MATLAB scripts are posted in the public GitHub repository

<https://github.com/FictorP/Tensegrity/>.

It is reasonable to develop a membrane model before advancing to tensegrity-membrane sys-

tems. This part of the study is dedicated to building a reliable numerical membrane model. The

prestressed membrane is modeled in commercial software and validated with a prototype. The

rubber prototype is cut into a triangular shape, mounted on a frame, and stressed under vari-

ous load levels. Natural frequencies are extracted by image processing in each configuration.

The structure is reproduced in commercial software, and the numerical model is validated with

experimental results.

The planar beam is subjected to large displacements and vibration. The numerical models for

nonlinear static and vibration analyses are validated with a 3D printed prototype. The method-

ology to perform the nonlinear static analysis is based on a procedure to calculate prestressed

bar element stiffness and Euler’s incremental loads method. The prototype is subjected to vari-

ous load levels, generating multiple deformed configurations. Natural frequencies are extracted

in those configurations by image processing and impact hammer tests with an accelerometer.

The numerical model is calibrated with the experimental results, and a full vibration analysis is

performed for all intermediate deformed configurations.



Researchers apply regular tensegrity prisms to assemble towers and grids, but an analytical

definition for the member connectivity matrix is missing. The methodology presented in this

thesis provides general expressions for node coordinates, incidence, and connectivity matrices,

valid for any regular tensegrity prism. Subsequently, these expressions are applied in the form-

finding method for the design of the tensegrity arm, which is a stack of prisms.

The arm design study can be divided into three stages: deployment of a flat configuration into

a high aspect ratio tower, bowing the deployed structure to generate manipulator movement,

and inverse kinematics. Form-finding is achieved through kinematical methods, by minimizing

cable lengths to find stable configurations, and inverse kinematics is solved by neural networks.

Six quadruplex modules are combined to assemble the mechanism of this study, but the pre-

sented methodology covers any stacking of cylindrical tensegrities.

Keywords: tensegrity, form-finding, nonlinear statics, membrane, vibration, connectivity
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1 INTRODUCTION

Tensegrity structures gained popularity in 1948 for their artistic value. Later, their

potential for engineering applications was recognized by Buckminster Fuller, who coined the

term tensegrity by merging the words ‘tensional’ and ‘integrity’ (Fuller; Applewhite, 1975).

Tensegrity structures are composed of discontinuous bars or struts under compression and con-

tinuous tensile elements (cables) connected by torqueless joints (Zhang; Ohsaki, 2015b). The

stressed state of the structure provides stability and affects the system stiffness (Motro, 1992),

and a tensegrity structure must be stable without external forces. Furthermore, the maximum

number of bars in contact determines the class of a tensegrity. In a class 1 tensegrity, the bars

do not touch each other (Skelton; Oliveira, 2009).

The advantages of tensegrities over traditional structures have drawn the attention

of researchers from various fields, such as architecture (Jáuregui, 2020), robotics (Paul et al.,

2006), material sciences (Fraternali et al., 2012) and even biology (Ingber, 2003) and DNA

related research (Liedl et al., 2010). Three of the main advantages of tensegrity systems are

highlighted in this work: uniaxial stress, stiffness control and shape transformation.

The uniaxial stress condition guarantees that the bars remain under compression

while the cables remain under traction (Ashwear; Eriksson, 2014). In terms of applications in

engineering, this property contributes to an optimized material selection and to well defined

boundary conditions in kinematical studies. The designer can select a traction resistant material

to build the cables and a compression (and buckling) resistant material to manufacture the struts

(Motro, 1992). In terms of modelling, the uniaxial stress property is advantageous to know

which elements are potentially subject to compression or traction in advance. This information

creates opportunities to optimize the numerical methodologies developed in this study.

Cables are usually selected as the tensile components in tensegrity systems, but

membranes can also act as tensile elements and replace the cables in a few designs. These

assemblies are called tensegrity-membrane systems and can be useful, for example, in satellite

antennas. They combine the advantages of tensegrity systems with the possibility of using a

membrane to act as a reflective surface. However, implementing a membrane finite element

model can be challenging. Numerous researchers have addressed this problem, but much of the

published literature skips steps when defining these models. In this work, a numerical model of
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a prestressed membrane is developed in commercial software (ANSYS) to assess its vibration

behavior. Various stress levels are analyzed, and a triangular membrane prototype (Figure 1.1)

is experimented with and compared to the numerical model.

Figure 1.1 – Prestressed membrane.

Traditional structures, such as beams and trusses, would have to be rebuilt in order

to adjust their stiffness or geometry. However, a tensegrity system can have its stiffness and

geometry adjusted by varying the prestress in its cables. Furthermore, if the stresses are propor-

tionally changed, the geometry remains. This property is assessed in this study with a planar

tensegrity beam under large displacements (Figure 1.2). The nonlinear changes in geometry

cause significant variation in the cable stresses and natural frequencies, which are extracted by

an accelerometer and image processing. The community has developed several strategies for

solving nonlinear static analyses using the finite element method (FEM) and has applied FEM

methodologies to tensegrity systems. However, studies involving nonlinear statics on tenseg-

rity structures are rare or rely on lengthy strategies. Additionally, while many works address

tensegrity beams, few develop models for their control. This work aims to fill these gaps with a

straightforward methodology validated by experiments.

The overall shape of tensegrity systems can be organized into categories: prismatic,

spherical, humanoid and bio-inspired (Liu et al., 2022). Tensegrity prisms are formed by two

polygonal bases connected by struts joining their vertexes. For example, the simplest prism

(triplex) is formed by two triangular shapes (three cables each), three bars connecting the bottom
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Figure 1.2 – Tensegrity beam.

and top vertexes, and three cables also connecting the bottom and top vertexes. The number

of bars dictates the number of sides in the polygonal bases and the total number of cables.

Additionally, the rotation of the top base can be clockwise or counterclockwise relative to the

bottom base (Figure 1.3). However, the general definition of node, connectivity and incidence

matrices for prisms with four or more struts are missing in the literature. In this work, analytical

definitions for those matrices are provided using floor and ceiling functions.

The geometry of a tensegrity can also be changed by varying the cable lengths.

However, determining its final form given the member lengths is a relatively complex problem.

This problem category has been defined as form-finding, and numerous techniques have been

developed. Among them, kinematical methods usually fix the length of the bars and minimize

the length of the cable elements. The literature contains several works that apply kinematical

methods, particularly those based on dynamic relaxation. However, a detailed, step-by-step

algorithm for form-finding using nonlinear programming is still lacking. In this study, a 3D arm

(Figure 1.4) is designed and a kinematical form-finding procedure is developed to calculate its

deployment and shape transformation. Additionally, the inverse kinematics is calculated using
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• Develop a methodology to solve nonlinear static analyses of prestressed tensegrity struc-

tures.

• Perform a vibration study on a planar tensegrity beam and validate with experimental

results.

• Develop analytical definitions for node, incidence and connectivity matrices for tensegrity

prisms.

• Develop a form-finding procedure to deploy a transportable packed tensegrity system into

a high structure and afterwards into a bowed arm.

1.2 Thesis structure

This thesis follows the paper-based format: Chapter 2 contains a literature review

related to statics, form-finding and dynamics of tensegrity and tensegrity-membrane systems,

Chapter 3 covers the tensegrity-membrane report presented in the International Congress of

the Aeronautical Sciences 2022, Chapter 4 presents the tensegrity beam study published in the

Journal of Mechanisms and Robotics, Chapter 5 contains the analytical definitions of node,

incidence and connectivity matrices of tensegrity prisms published in the Mechanics Research

Communications journal, and chapter 6 shows the tensegrity arm work published in Meccanica.

Chapter 7 discusses how those studies are connected and brings methodological challenges that

have been omitted in the papers for conciseness. Chapter 8 summarizes the main conclusions,

limitations of the developed procedures and future research directions. Appendix A shows the

definition of the Kronecker product applied in Chapter 4 and appendices B, C and D present the

permission to use content by the publishers that hold copyrights. The MATLAB scripts used

in the form-finding and beam projects are publicly available at <https://github.com/FictorP/

Tensegrity/>.
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2 LITERATURE REVIEW

Tensegrity theory and mechanisms have been applied to robotics recently. Four

main categories of tensegrity robots can be defined (Liu et al., 2022), according to their shapes:

prismatic (Arsenault; Gosselin, 2009), spherical (SunSpiral et al., 2015), humanoid (Lessard

et al., 2016) and bio-inspired (Liu; Yao, 2019). The spherical shape can also be achieved with

curved members (Schorr et al., 2021; Jahn et al., 2024). The 3D arm (Chapter 6) studied

in this thesis can be mostly associated with the prismatic category, as it combines tensegrity

prisms to assemble a tower. However, it performs a manipulator movement in the second stage

of the study. Therefore, it could be combined with a gripper (Sumi et al., 2017) to integrate

a humanoid robot design. The planar beam (Chapter 4) can be equally associated with the

humanoid and bio-inspired categories.

Some characteristics of tensegrity robots are attractive to space engineering projects,

such as low weight and deployment capability. The Super Ball bot (Agogino et al., 2018) is an

icosahedral tensegrity robot with 24 cables and 6 bars and was designed to be used as a space

exploration probe. The high resistance to impact of the probe is useful for landing, and the

system rolls to explore the terrain, as cables are tension-controlled. Also, space exploration ve-

hicles usually contain a camera on top of a solid mast to reach a farther horizon and collect data

of scientific interest. For example, the Mars 2020 Perseverance rover (Maki et al., 2020) has a

mast that carries two cameras (Navcam), tilts to increase its field of view and provides an advan-

tageous position from a higher spot. However, a flexible mast (Holland et al., 2006; Kurka et

al., 2014) could bring more features to the probe by bending to explore cliffs and difficult access

regions. The disadvantage associated with a long and flexible beam is the nonlinear behavior

and vibration. Therefore, sophisticated techniques are required to predict its kinetics. The pla-

nar beam (Chapter 4) is a tip pulled tensegrity version of a space exploration mast, that brings

the advantages of tensegrity structures to a space exploration vehicle. Its nonlinear static be-

havior and vibrations are studied. In addition, a 3D tensegrity arm (Chapter 6) is advantageous

because the movements are driven by the internal cables of the structure, avoiding the necessity

to attach a pulling cable to the tip of the structure to provide bending. Also, the compact shape

is helpful to save volume in the launcher and absorb impact on landing (Sabelhaus et al., 2015).

Many aerospace structures require reflective surfaces, such as satellite antennas and sails. Pure
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tensegrity systems cannot fulfill that requirement, but tensegrity-membrane structures provide

a surface that can be covered with a reflective skin and take advantage of the benefits associated

to tensegrity systems (Teixeira et al., 2018; Kurka et al., 2018). To better predict the behav-

ior of tensegrity-membrane systems, it is reasonable to build a reliable numerical model of a

prestressed membrane (Chapter 3). The natural frequencies obtained numerically are compared

with image processing outputs from a prototype.

2.1 Prestressed membrane

The propulsion efficiency of a spacecraft depends on a low ratio of overall mass to

solar sail and antenna area. Technological solutions for in-orbit deployable, ultralightweight

sail and antenna surfaces are, therefore, in high demand (Leipold et al., 2005).

The modification of space structure may require adding numerous components,

leading to weight increase (Yang; Sultan, 2017). The mechanical properties of tensegrity-

membrane systems make them appealing solutions for lightweight and deployable systems that

the aerospace industry can apply and substitute a pure tensegrity structure (Gebara et al., 2019;

Yang; Sultan, 2019; Leipold et al., 2005). Yang and Sultan (2016) used the total Lagrangian for-

mulation to perform a dynamics study of a tensegrity-membrane structure. Goyal et al. (2017)

designed a growth adaptable artificial gravity space habitat based on a tensegrity-membrane

structure.

The membrane of the tensegrity system performs a structural role as a tensile ele-

ment, and can perform a reflective function if covered by a reflective skin. As membranes are

usually very flexible, their vibration behavior has a direct impact on their geometry and effi-

ciency (Kukathasan; Pellegrino, 2002). Therefore, accurate models to calculate their vibration

behavior are in demand. Sunny et al. (2012) suggests a method that provides an analytical ap-

proximation to the behavior of prestressed membranes. Liu et al. (2021) modeled an umbrella

membrane in ANSYS and analysed its behavior under different sets of rain loads. The numer-

ical results were validated with a prototype. Hu et al. (2017) performed vibration studies of an

inflatable tube and a plane film and compared numerical and experimental results for different

internal pressures of the tube and for wet and dry conditions. Wei et al. (2018) modeled a tri-

angular plane membrane and a long inflatable boom and validated the numerical results with

prototypes. The authors suggest the use of catenary-shaped edges to reduce wrinkling of the tri-

angular membrane and compare the stress analysis with a straight edge model. Catenary edges
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on membranes are implemented experimentally by (Wong; Pellegrino, 2006a), analytically by

(Wong; Pellegrino, 2006b) and numerically by (Wong; Pellegrino, 2006c).

Vibration studies can be used to detect structural damage. Hu et al. (2019) proposed

a methodology to detect local damage in rectangular and circular membranes by combining

Bayesian operational modal analysis and 3D digital image correlation. The damped vibration

response of a membrane under impact loads is studied experimentally (Liu et al., 2019), ana-

lytically (Liu et al., 2019) and numerically (Li et al., 2018). Finally, Liu et al. (2018) suggested

a methodology to use the vibration response to a local impact to find the stress level of a mem-

brane. The triangular membrane studied in this thesis is stressed at different levels, and its

natural frequencies are recorded and extracted by image processing. A numerical model is

created in ANSYS, and the results are compared.

2.2 Tensegrity beam

Tensegrity structures have the particularity to eventually display large nodal dis-

placements even when the deformations of its members are small (Kebiche et al., 1999). Also,

the occurrence of slack cables is problematic in tensegrity mechanisms because it generates

rough movements, especially when those cables constantly change from stressed to slack states

(Kan et al., 2018a; Shi et al., 2020). Numerous researchers have suggested methodologies for

nonlinear analysis of tensegrity systems. Kebiche et al. (1999) proposed a methodology for

tensegrity structures considering geometrical nonlinearities. They applied a total Lagrangian

formulation to calculate the internal stress vector and the tangent matrix of a four struts tenseg-

rity system under compression, traction, bending, and torsion loads. A stressed multi-cell beam

was also investigated, and the outputs present a nonlinear behavior caused by the flexibility.

They observed that the stiffness of the system increases with the self-stress level and external

loads. However, the behavior is different under compressive loads. Analogously to anisotropic

materials, the orientations of the loads dictate the displacements.

Tran and Lee (2011) proposed a numerical method for large displacements that

considers nonlinearities in geometry and material properties. Total and updated Lagrangian

formulations were applied to assess the geometrical nonlinearity, and the elastoplastic stress-

strain relationship was used to account for the material nonlinearity. The suggested procedure

determines responses of the quadruplex unit module, five-quadruplex module beam and double

layer quadruplex grid. The outputs agree with the work presented by Kebiche et al. (1999)
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and support that stiffness and self-stress increase together. The stretching (instead of bending)

stiffness is dominant in the quadruplex unit module. The self-stress level does not affect the

bending strength capacity of the double layer quadruplex tensegrity grid.

Zhang et al. (2013) developed a numerical methodology that can be applied for

tensegrity systems both externally or internally actuated. The procedure captures mechanical

responses of tensegrities subject to large and nonlinear deformation under different conditions.

The dynamics and control aspects of tensegrity systems are in evidence, but a static analysis

for critical situations is relevant in most engineering projects. Therefore, it is beneficial for the

community to document new methods and validate them with experiments involving statics.

Skelton and Oliveira (2009) show a methodology to determine the stiffness of a

tensegrity for given element stresses and material properties. That stiffness is suitable to per-

form a linear static analysis. But large displacements and internal stresses create nonlinearities

associated to geometry and tension and provide inaccurate results. The study shown in Chapter

4 extends the reach of that methodology by presenting an algorithm that can be applied when

large deformations are involved as well. Faroughi and Lee (2014) and Zhang et al. (2016) used

a co-rotational approach to solve the nonlinear structural problem. Murakami (2001) obtained

the equation of motion of the tensegrity system through Euler method and updated Lagrangian

formulation.

The method presented in this thesis combines the methodology shown in (Skelton;

Oliveira, 2009) for pre-stressed tensegrity structures with Euler (or incremental) loads algorithm

(Crisfield, 1991). A 3D printed prototype of the 3D arm is used to validate the numerical

model. The experiments contemplate five load levels. A vibration study is performed in those

deformed configurations, the natural frequencies are obtained by an acceleromenter and by

image processing and compared to the numerical results.

2.3 Analytical studies

Prismatic or cylindrical tensegrity structures consist of two parallel polygonal bases.

A regular t-strut prism is built from two t-sided polygons, each composed of t cables, connected

by t struts and t vertical cables. These modules are also referred to as triplex, quadruplex, and

so on, depending on the number of struts (Vassart; Motro, 1999). Tensegrity prism modules

have been extensively studied (Micheletti et al., 2019; Xu; Luo, 2010; Amendola et al., 2014;

Ma et al., 2018) and combined to generate masts (Furuya, 1992) or grids (Wendling et al.,
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2003; Tran; Lee, 2010). The specific number of struts in a tensegrity prism determines its

shape and results in associated node and connectivity matrices. Modules with 3-struts (triplex)

(Furuya, 1992; Fraternali et al., 2012), 4-struts (quadruplex) (Feron et al., 2019; Wendling et

al., 2003; Tran; Lee, 2010), 5-struts (pentaplex) (Feron et al., 2019), 6-struts (Feron et al.,

2019), and others have been applied by the community. Although many articles specify their

node and connectivity matrices, few studies have focused on deriving general definitions for

these matrices.

Node positions can be generated using widely-known form-finding techniques, such

as force density (Zhang; Ohsaki, 2015a), dynamic relaxation (Ali et al., 2011), and kinematical

methods (Tibert; Pellegrino, 2011), but most of these techniques require a connectivity matrix

as input. The adapted force density method described in (Yu et al., 2022) can be employed

to model T-4 tensegrity structures, including regular prisms like the quadruplex module refer-

enced in numerous studies. However, this method involves numerical procedures to generate

the connectivity matrix and then identifies whether members are bars or cables. A more efficient

approach could involve deriving the connectivity matrix directly from the geometry.

This issue has been partially addressed; the methodology to obtain the connectivity

of a 3-strut tensegrity prism is covered in (Nagase et al., 2016). Furthermore, they construct a

global connectivity matrix for combinations of 3-strut prisms: stacked to form towers or aligned

to create grids. This work is expanded in (Jiang et al., 2020), where a general definition for

the node matrix of tensegrity plates formed by 3-strut prisms of any complexity is developed.

Additionally, they explore assemblies of reinforced 3-strut prisms, which include extra cables to

enhance stiffness. However, analytical definitions for node and connectivity matrices applicable

to prisms with more than three struts remain undeveloped.

Research groups in materials science (Angelo et al., 2020) and biomechanics (Ban-

sod et al., 2018) may prefer to use the finite element method (FEM). FEM typically requires an

incidence matrix, which conveys the same information as the connectivity matrix, though it is

rarely provided in tensegrity research papers. The study presented in Chapter 5 offers analyt-

ical definitions for node, incidence, and connectivity matrices, applicable to t-strut tensegrity

prisms in both clockwise and counterclockwise rotations with t > 3. These definitions utilize

floor and ceiling operators, which have not been widely applied in tensegrity research but offer

a convenient method for working with indexes and facilitating subsequent implementation.
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2.4 Tensegrity arm

The applications suggested previously are focused on aerospace structures, but civil

engineering projects can benefit from tensegrity systems too. Kitipornchai et al. (2005) com-

bined a Lamella suspen-dome with a tensegrity base to increase its reduce its member stresses

and increase its buckling capacity and stiffness. Also, if properly equipped with actuators,

tensegrity structures applied to civil engineering designs can have their strength-to-mass ra-

tio improved by actively resisting external loads (Wang et al., 2021). Rhode-Barbarigos et

al. (2010) designed a deployable tensegrity footbridge, Veuve et al. (2017) developed control

commands to accommodate the structure in case of element damages, and Sychterz and Smith

(2018) evaluated the impact of ruptured cables on natural frequencies. A deployable tensegrity

grid can be used as a solution for sea accessibility (Hrazmi et al., 2021). Skelton et al. (2014)

and Carpentieri et al. (2015) combined fractals (Michell, 1904) and topology optimization to

suggest methodologies to develop arch shaped minimal mass tensegrity bridges. Carpentieri et

al. (2017) applied their procedures to develop a deployable roof, which aims to harvest solar

energy on water canals while minimising water losses through evaporation. Temporary bridges

are useful to access disaster areas (Yeh et al., 2015), a tensegrity structure that can be con-

veniently packed and transported is convenient. Also, depending on the local topography, the

capacity to generate an arch shape after deployment can be beneficial. The design presented in

Chapter 6 could inspire a transportable bridge project because it addresses packing, deploying

and arching.

Those features are accomplished by shape transformations, which are calculated

through form-finding procedures and can be organized as static and kinematic categories (Tib-

ert; Pellegrino, 2003). Static methodologies seek equilibrium configurations that guarantee a

state of self stress in the structure (subject to a set of requirements). A popular example of static

methodology is the force density method (Zhang; Ohsaki, 2006). Estrada et al. (2006) proposed

a numerical procedure that does not require the element lengths as input. It is based on the force

density matrix rank and generates new configurations. When the lengths of the members are not

initially specified, that procedure is worthy of being considered. Raj and Guest (2006) proposed

a method that utilizes symmetry to reduce computational effort. Zhang et al. (2014) suggested

a form-finding method based on the stiffness matrix (SMFF). Koohestani (2012) converted the

form-finding method in an optimization problem and applied a genetic algorithm to solve it.

The objective function generates the desired rank on the force density matrix, and the technique
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determines the force densities by minimising such function. Analytical solutions (Koohestani,

2017) and an approach using nonlinear programming and LU-decomposition of the force den-

sity matrix (Koohestani, 2020) have been presented.

Kinematic methods work by keeping the bar lengths constant and minimizing the

cable lengths (Tibert; Pellegrino, 2003). The opposite is valid, but it is relatively complex to

increase the length of a bar in a robot. The form-finding of a tensegrity structure can be trans-

formed in a constrained minimization problem (Pellegrino, 1986) and solved by nonlinear pro-

gramming (Ohsaki; Zhang, 2015). When there is a large solution space, nonlinear programming

is disadvantageous. Therefore, stochastic techniques have been selected by some researchers.

Xu and Luo (2010) used a binary coded genetic algorithm to determine the shape of irregular

tensegrity systems. Also, Li et al. (2010) presented a Monte Carlo form-finding method and

demonstrated it on various tensegrity configurations.

Quadruplex modules (tensegrity prisms with four bars) are stacked to form a deploy-

able class 2 tensegrity tower presented in this thesis. The system deploys from a flat configura-

tion into a tower (first stage) and from a tower into an arch (second stage). The cable lengths

are shortened to achieve the shape transformation of the first stage. After fully deployed into a

high aspect ratio tower, the cable lengths are changed to form asymmetric modules and generate

the arch shape of the second stage. As the modules are asymmetric, form-finding methods that

assume symmetry cannot be applied. Also, force density methods may not be advantageous

because all bars and many cables keep their lengths constant in both stages. Therefore, the se-

lected strategy to calculate the tensegrity tower is an adapted kinematic method with nonlinear

programming. This design contributes to the field because it provides advances in the kinematic

methods and suggests a structure that could be applied in engineering projects.

2.5 Tensegrity systems in other fields

Aside from evident applications of tensegrity and tensegrity-membrane systems in

physics, architecture and engineering, the features explored in this thesis can be availed in

other fields. Double helix DNA structures can be used as struts and single stranded DNA can

be used as cables in nanoscale tensegrity prisms. The work developed in (Liedl et al., 2010)

shows a three-strut tensegrity prism that deploys by shortening one of their vertical cables,

similar to the form-finding procedure suggested in Chapter 6. Also, they assemble a planar

tensegrity in the same configuration of a single level of the tensegrity beam studied in Chaper 4.
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An equivalent self-assembly property is explored in human anatomy. Collagen is an abundant

structural protein, forms the extracellular matrix around most cells, and provides a tensegrity-

based structural framework that is continuous with the fascia (Scarr, 2011). Even though its

shape is mostly helical, the methodology presented in Chapters 6 and 7 can be adapted to model

its packing and deployment steps. Also, tensegrity systems can be integrated with origami

structures (Ma et al., 2023; Fonseca et al., 2022). This combines the reach of tensegrity research

to the reach of origami systems in studies covering RNA (Poppleton et al., 2023), biomedical

(Ahmed et al., 2020) and battery (Song et al., 2014) research.

Apart from the evident applications of tensegrity and tensegrity-membrane systems

in physics, architecture, and engineering, the features explored in this thesis can be applied to

other fields. Double-helix DNA structures can act as struts, while single-stranded DNA can

serve as cables in nanoscale tensegrity prisms. The work in (Liedl et al., 2010) demonstrates a

three-strut tensegrity prism that deploys by shortening one of its vertical cables, similar to the

form-finding procedure proposed in Chapter 6. They also assemble a planar tensegrity in the

same configuration as a single level of the tensegrity beam studied in Chapter 4. An equivalent

self-assembly property is explored in human anatomy: collagen, an abundant structural protein,

forms the extracellular matrix around most cells and provides a tensegrity-based framework

continuous with the fascia (Scarr, 2011). Although its shape is primarily helical, the method-

ology in Chapters 6 and 7 can be adapted to model its packing and deployment. Additionally,

tensegrity systems can be integrated with origami structures (Ma et al., 2023; Fonseca et al.,

2022), combining tensegrity research with the potential of origami in studies involving RNA

(Poppleton et al., 2023), biomedical applications (Ahmed et al., 2020), and battery (Song et al.,

2014) research.
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3 PRESTRESSED MEMBRANE

The article entitled “Experimental and numerical analysis of a pre-stressed tenseg-

rity membrane” is presented in this chapter. It is authored by Victor A. S. M. Paiva, Luis H.

Silva-Teixeira, Jaime H. Izuka, Paola G. Ramos and Paulo R. G. Kurka and was presented by

Prof. Kurka at the 33rd congress of the International Council of the Aeronautical Sciences

(ICAS) held in Stockholm (Sweeden) in September 2022. The congress does not hold a copy-

right on the published papers.

This paper explores the potential of tensegrity-membrane structures in the context

of aerospace engineering, where their structural efficiency and shape-shifting capabilities are

highly valued. The study focuses on the integration of a stressed membrane within a tensegrity

system, which presents challenges in modeling and construction. A triangular-shaped mem-

brane is numerically modeled and experimentally tested under four distinct sets of stresses.

The study includes the calculation of natural frequencies, which are validated through image

processing of membrane vibration records. These results provide critical insights into the be-

havior of tensegrity-membrane systems, contributing to the broader understanding and potential

applications of these structures.

Chapter 7 contains comments on how this paper relates to the overall objective of

this thesis. Additionally, it discusses the potential of the image processing methods in assisting

physics and engineering educators.
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4 TENSEGRITY BEAM

The article entitled “A dynamical model for the control of a guyed tensegrity beam

under large displacements” (Kurka et al., 2024) is presented in this chapter. It is authored by

Victor A. S. M. Paiva, Luis H. Silva-Teixeira, Jaime H. Izuka, Paola G. Ramos and Paulo R. G.

Kurka and is presented with permission from the American Society of Mechanical Engineering

ASME (Appendix C). The paper has been published in the Journal of Mechanisms and Robotics,

vol. 16, issue 9, 2024. DOI: 10.1115/1.4064259.

This paper addresses a gap in the existing literature on tensegrity systems, where

most studies either overlook the possibility of large static deformations or rely on complex and

lengthy methods to determine system dynamics. In contrast, this work introduces a straightfor-

ward methodology to identify the dynamic characteristics of a guyed tensegrity beam structure,

specifically under conditions of large deformations. The method, based on a low-order, adap-

tive, nonlinear finite element model with pre-stressed components, is applied to both numerical

and experimental models of a planar tensegrity beam. The study combines image processing

and accelerometer data to extract the experimental natural frequencies of the structure, which

are then compared to numerical results. Additionally, Prony’s method is employed to estimate

damping, and a numerical control strategy is developed using the dynamical model of the struc-

ture.

Chapter 7 contains comments on the results presented in this paper that relate to the

overall objective of this thesis. It also reaffirms the application of image processing techniques

in educational environments for engineering and physics. Appendix presents the definition of

the Kronecker product operator ⊗ shown in sections 2.1 Static Analysis of Tensegrity Structures

and 3.4 Relevance of the Force Density Term.

The MATLAB scripts used in the nonlinear static analysis are publicly available

at <https://github.com/FictorP/Tensegrity/tree/main/beam/static>, and in the modal analysis at

<https://github.com/FictorP/Tensegrity/tree/main/beam/modal>.
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5 ANALYTICAL DEFINITIONS FOR TENSEGRITY PRISMS

The article entitled “Analytical definitions of connectivity, incidence and node ma-

trices for t-struts tensegrity prisms” (Paiva et al., 2024b) is presented in this chapter. It is au-

thored by Victor A. S. M. Paiva, Jaime H. Izuka and Paulo R. G. Kurka and is presented with per-

mission from Elsevier (Appendix B). The paper has been published in the Mechanics Research

Communications journal, vol. 137, p. 104271, 2024. DOI: 10.1016/j.mechrescom.2024.104271.

This paper addresses a common gap in the literature regarding the structural analy-

sis of regular tensegrity prism modules. While numerous research articles have explored these

modules, particularly in forming grids and towers, they often define connectivity and node ma-

trices specific to their entire structures. However, a general definition applicable to the basic

modules themselves has not been formally established. This paper formalizes sets of defini-

tions for the connectivity, incidence, and node matrices that are valid for any tensegrity prism

formed by four or more struts. The definitions are grounded in geometry and offer simple, gen-

eral formulations by applying floor and ceiling operators. Additionally, the paper covers both

clockwise and counterclockwise rotated modules, providing a comprehensive framework for

these structures.

Chapter 7 includes a discussion that integrates this paper with the rest of the thesis

and its importance to complete the development of the paper discussed in Chapter 6.
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6 FORM-FINDING

The article entitled “A form-finding method for deployable tensegrity arms and in-

verse kinematics” (Paiva et al., 2024a) is presented in this chapter. It is authored by Victor A. S.

M. Paiva, Luis H. Silva-Teixeira, Jaime H. Izuka, Eduardo P. Okabe and Paulo R. G. Kurka and

is presented with permission from Springer Nature (Appendix D). The paper has been published

in Meccanica, 2024. DOI: 10.1007/s11012-024-01880-5.

This paper explores the development of a form-finding methodology for deployable

tensegrity mechanisms composed of cylindrical modules. Using nonlinear programming, the

study designs a structure capable of complex shape transformations, such as expanding from a

theoretically flat configuration into a tower and bowing into an arch. The work also includes

workspace approximation and inverse kinematics using neural networks and optimization algo-

rithms. The methodology is applicable to any stacking of cylindrical tensegrity structures, as

demonstrated with a six-quadruplex module example.

Chapter 7 delves deeper into the discussion on the initial guess for the nonlinear

programming routine, highlights the importance of alternating the rotation at each level, and

presents equations that were omitted in the paper for conciseness.

The MATLAB scripts used in the form-finding method and inverse kinematics are

publicly available at <https://github.com/FictorP/Tensegrity/tree/main/formfinding>, including

the trained neural network.
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7 DISCUSSION

This chapter synthesizes the findings from the preceding studies, highlighting the in-

terconnections between them and their broader implications. By examining the methodologies,

results, and potential applications, this discussion aims to provide a cohesive understanding of

how each chapter contributes to the overall research objectives. The chapter is divided into sub-

sections to address key themes, including educational purposes of the research, relevant reports

not available in the papers, and the relevance of tensegrity structures across different fields.

7.1 Education in physics and engineering

Accelerometers have been widely used by the engineering community due to their

high accuracy and frequency range. However, they can be expensive, introduce load errors in

light structures, and may require wired connections to transfer data.

The membrane (Chapter 4) and tensegrity beam (Chapter 5) works applied image

processing and presented equivalent accuracy. Recently, the use of image processing has been

increasing in popularity because cameras have become more accessible as their technology

and manufacturing have advanced. Nowadays, most people have access to cameras in their

smartphones, therefore, the experiments reported in this thesis may also serve as inspiration

for educational experiments by teachers in school laboratories, which were only possible at

universities with a dedicated set of sensors. The limited frames per second (FPS) is the main

drawback of using image processing to acquire vibration data compared to accelerometer-based

instruments. Still, cameras with higher FPS rates have been developed by many industries,

followed by a decrease in their prices, which favors image processing as a promising method

for acquiring low vibration frequencies in light structures. Additionally, tensegrity systems offer

challenges in the manufacturing process and material selection, which generates the possibility

to integrate units of study in a multidisciplinary project.

7.2 Relevant reports

The tensegrity beam paper presents a static analysis addressing large displacements.

This introduces nonlinearity of a geometric nature, as member stiffness varies with their orien-

tations, and of a force-density nature, since stiffness increases with internal stresses. However,
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it is important to clarify that the modal analysis performed on the deformed configurations is

linear. Additionally, the occurrence of slack cables is an important topic in the research commu-

nity (Kan et al., 2018b). Since cables can only withstand tensile forces, they slack if subjected

to compressive forces, introducing another form of nonlinearity that must be addressed. In the

nonlinear static analysis presented in the tensegrity beam study (Chapter 4), cable stiffness is set

to zero whenever their length becomes shorter than their natural length. To delay the occurrence

of slack cables in this study, the elastic bands are pre-stressed at the start of the experiment. This

is an improvement of the methodology in (Paiva, 2019), where elastic tendons were initially re-

laxed. In that earlier work, the tendons alternated between slack and stressed states as the guying

load increased, leading to nonlinearities in the load versus natural frequency plots. The camera

used in the static and vibration experiments has a resolution of 4160x3120 pixels, 13 MP, f/2.0

aperture, 30 fps and was placed 2.5 meters away from the structure to minimize perspective

errors.

Section 6.3.2 Relevant comments in the form-finding paper (Chapter 6) highlights

an issue regarding the method related to the initial guess for the nonlinear programming routine.

Since there are two possible solutions, an inconvenient initial guess might not converge or lead

to an upside down module (Figure 7.1), which compromises the whole mechanism. The normal

vector suggested to provide an educated initial guess can be graphically represented in Figure

7.2. Also, section 5.2 Form-finding of the six quadruplex case mentions it is convenient to

alternate clockwise and counterclockwise modules to avoid a spiral shape. Figure 7.3 shows

that scenario, which may be useful in other applications, but is undesirable in this arm design.

The expansion equations that define the height h and vertical cable v generated by the direct

application of t = 4 (four struts) lead to equations 7.1 and 7.2, respectively, and the form-finding

functions f are described in equations 7.3 and 7.4 for clockwise and counterclockwise modules,

respectively. Where, x, y and z represent the node coordinates associated to an n position

vector, and b and l are the bar and horizontal cable, respectively. These three figures, expansion

equations and form-finding functions have been removed from the paper for conciseness, but fit

the scope of this thesis.

b2 = ‖n2 − n8‖
2 −→ h2 = b2 − (x2 − x8)

2 − (y2 − y8)
2 (7.1)

v2 = ‖n2 − n5‖
2 −→ v2 = h2 + (x2 − x5)

2 + (x2 − x5)
2 (7.2)
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The neural network applied in the paper is described in terms of size and train-

ing parameters, but is not thoroughly explained. The model was developed using MATLAB’s

neural network toolbox, with training based on the Bayesian regularization algorithm. The se-

lection of these parameters was achieved through an iterative process of trial and error. Various

configurations and training algorithms available within the MATLAB toolbox were evaluated

to find a model that best balanced performance accuracy with computational effort. Bayesian

regularization minimizes a combination of squared errors and weights, adjusting the network’s

configuration throughout training to enhance generalization (Foresee; Hagan, 1997; MacKay,

1992). This regularization operates within the Levenberg-Marquardt algorithm, where back-

propagation calculates the Jacobian of performance with respect to network weights and biases.

f1 = (x3 − x5)
2 + (y3 − y5)

2 + (z3 − z5)
2 − b2

f2 = (x4 − x6)
2 + (y4 − y6)

2 + (z4 − z6)
2 − b2

f3 = (x1 − x7)
2 + (y1 − y7)

2 + (z1 − z7)
2 − b2

f4 = (x2 − x8)
2 + (y2 − y8)

2 + (z2 − z8)
2 − b2

f5 = (x5 − x6)
2 + (y5 − y6)

2 + (z5 − z6)
2 − l2

f6 = (x6 − x7)
2 + (y6 − y7)

2 + (z6 − z7)
2 − l2

f7 = (x7 − x8)
2 + (y7 − y8)

2 + (z7 − z8)
2 − l2

f8 = (x8 − x5)
2 + (y8 − y5)

2 + (z8 − z5)
2 − l2

f9 = (x2 − x5)
2 + (y2 − y5)

2 + (z2 − z5)
2 − v2

1

f10 = (x3 − x6)
2 + (y3 − y6)

2 + (z3 − z6)
2 − v2

2

f11 = (x4 − x7)
2 + (y4 − y7)

2 + (z4 − z7)
2 − v2

3

f12 = (x1 − x8)
2 + (y1 − y8)

2 + (z1 − z8)
2 − v2

4

(7.3)
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the model with significantly less effort. As an example, the first vibration mode in configura-

tion 4 is analyzed in Ansys (Figure 7.4). The deformed configuration and natural frequency

validate the numerical model. These Ansys analyzes are omitted in the paper as the results

are redundant, but the code associated with this simulation in the Ansys Mechanical APDL

platform is available in the public repository <https://github.com/FictorP/Tensegrity/blob/main/

beam/modal/torreModalImpressa.txt>. Additionally, the natural frequencies obtained from im-

age processing in both papers were determined using Kinovea as the tracking software, with the

same 30 fps camera. All experimental vibration frequencies were extracted by observing the

amplitude peaks in the frequency domain spectra.

Figure 7.4 – First vibration mode in configuration 4 of the tensegrity beam analyzed in Ansys.

The form-finding work in Chapter 6 was initially developed to solve the four-strut

prism only, but it became evident that a general definition for the incidence matrix could ex-

tend the method to cover any tensegrity prism stacking. This realization prompted the analytical

study in Chapter 6, which required a pause in the form-finding analysis to develop the incidence

matrices using floor and ceiling functions. The connectivity matrix contains the same informa-
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tion in a different format, allowing for straightforward formalization of connectivity definitions

and making the paper self-sufficient. Even though the paper in Chapter 5 is essential for ad-

vancing the form-finding study, its analytical scope points in a different direction, justifying its

publication as a separate manuscript.

In Section 4.2 Polynomial Interpolation of Nodal Positions of the tensegrity beam

paper (Chapter 4), a polynomial approximation is adjusted to the nonlinear static results. A

similar technique is employed to approximate the workspace of the tensegrity arm in Sections

4. Inverse kinematics and 5.4. Inverse kinematics of the six quadruplex case in the form-finding

paper (Chapter 6). While both models perform relatively quickly, they are not fully optimized

to meet real-time requirements for typical controller strategies. However, these straightforward

polynomial approximations do offer a real-time solution with an acceptable level of relative

error. This metric extends to the execution time based comparisons in section 5.3 Comparison

to other form-finding techniques.

Providing a general guide on solid mechanics of tensegrity systems is an overall

objective of this thesis. Chapters 4, 5 and 6 contribute to this goal because they complement

each other when covering statics, kinematics, vibrations and control of tensegrity and membrane

mechanisms from analytical, numerical and experimental sources in two and three dimensions.
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8 CONCLUSIONS

When properly optimized, tensegrity structures can be ahead of trusses and beams

in terms of structural efficiency. Tensegrity systems are also useful to develop mechanisms

because of their versatility in terms of shape transformation. These advantages are convenient

for space engineering applications, such as arms and towers for exploration probes and satellites.

Satellite antennas usually require a reflector surface, which can be replaced by a membrane and

combined with a tensegrity to assemble a tensegrity-membrane system. This work presents

three separate studies to assess those possibilities: a vibration study of a prestressed membrane,

a statics and vibration study of a bi-dimensional tensegrity beam that is pulled by its tip and

shows large displacements, and a kinematics study of a three-dimensional tensegrity arm that

expands from a compact shape and bows into an arch. Additionally, a theoretical contribution

covering analytical expressions to model tensegrity prisms is presented.

The membrane prototype is made of thin rubber and cut in a triangular shape. This

shape is beneficial because only one load cell is required to find the traction forces in all three

vertexes. The membrane is mounted on an aluminium frame and hung by cables attached to

its vertexes. Four load levels are applied to generate four stressed configurations. The first vi-

bration frequency is extracted by image processing in each configuration. In this experiment,

the image processing technique is convenient because the weight of the accelerometer would

significantly impact the behavior of the structure, as its mass is greater than the prototype’s.

A numerical model is implemented in ANSYS Mechanical APDL for both static and vibration

analyses. The cable and membrane are modelled by LINK180 and SHELL281 elements, re-

spectively. The stresses from the static analysis are saved and applied to the vibration analysis

with the INISTATE command. The density of the membrane is increased by a factor of 2.6

to account for the air displacement. The relative error between numerical and experimental

results remains within 5.02%, which suggests that the numerical model is accurate and can be

combined with a tensegrity to assemble a tensegrity-membrane system.

The tensegrity beam is formed by six pairs of crossed bars connected by pin joints

to assemble a class 2 tensegrity structure. The design of the bars forces the experiment to re-

main bi-dimensional. Rubber bands perform the function of the cables and are prestressed from

the start. The prototype is hung upside down and loaded by a pulling cable attached to the tip
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of the beam. The structure is subject to self weight only (configuration 0) and four load levels

(configurations 1 to 4). The vibration frequencies are extracted through image processing and

accelerometer data in each configuration. An algorithm for nonlinear static analysis is imple-

mented to model the structure and validated with the experimental results. The methodology

combines a standard finite element procedure for prestressed tensegrity systems with Euler’s in-

cremental loads technique for nonlinear analysis. The numerical modal analysis compares the

first and second vibration frequencies of each configuration with both experimental techniques

and remains within a relative error of 7%. The numerical model then calculates all intermediate

configurations from 1 to 4 and extracts their first ten natural frequencies. Higher loads cause

slackness in a few cables, which contributes to a lower stiffness and higher natural frequencies.

However, higher loads also reduce the effective length of the structure and increase the stresses

in the taut cables, which contributes to a higher stiffness and, therefore, higher natural frequen-

cies. The combination of those phenomena is verified by this study to cause higher natural

frequencies. Even though the algorithm is efficient, a real time application would require faster

evaluation of the static configurations, therefore a polynomial approximation is employed to

predict the trajectories of all nodes, and the coefficients are presented in matrix form. Propor-

tional damping parameters are estimated and a H∞ control is applied as an example that the

model is valid. The MATLAB scripts associated with the static and vibration analyses can be

publicly retrieved at <https://github.com/FictorP/Tensegrity/tree/main/beam>.

Most works involving tensegrity prisms apply triplex or quadruplex modules, which

are formed by three or four struts, respectively. Prisms with more than four struts should be

explored by the scientific community, especially in multidisciplinary studies, but their node

and connectivity matrices may offer higher complexity to derive. The analytical definitions

of connectivity, incidence and node matrices provided in this thesis cover prisms with four or

more struts and might be useful to insipire more research involving prisms with five or more

bars. Also, these definitions may be key to adapt methods that are functional only for prisms

with a fixed number of struts, and generalize them for a larger scope. They are originated from

geometry and pattern recognition. Examples for four to seven struts prisms are provided.

The tensegrity arm is formed by six quadruplex modules, but the presented method-

ology is valid for any stacking of cylindrical tensegrity modules because it applies the definitions

that use floor and ceiling functions described in the analytical study. The modules are capable

of shrinking into a flat configuration and expanding into a three-dimensional shape. They are
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stacked bar to bar to assemble a high aspect ratio class 2 tensegrity tower. This transforma-

tion from a flat system to a high tower is addressed as the first stage, while the second stage is

associated with transforming the tower into a bowed structure.

The modules remain regular in the first stage, which leads to a simplified kinematics

methodology. The bowing movement created in the second stage of the study relies on irregular

modules, therefore, requiring more sophisticated kinematics methodologies. A form-finding

using the incidence definitions with floor and ceiling functions is adjusted and implemented to

calculate this mechanism. Most member lengths are provided, and the algorithm finds the length

of the missing element. This technique can be understood as an optimization problem because

the structure reaches stability when the cables cannot be shortened anymore. Therefore, the

length of the last cable must be minimized. The Newton-Raphson method is used to solve the

nonlinear system of equations and nonlinear programming is applied to minimize the error. This

form-finding method is compared to the dynamic relaxation algorithm and the Newton-Raphson

procedure is compared to the MATLAB inbuilt Levenberg-Marquardt routine. The Levenberg-

Marquardt based form-finding method has shown to be more efficient for a large number of

iterations, because it reuses cached data, while the Newton-Raphson version outperforms it for

a small number of iterations due to the pre calculated Jacobian matrix.

Regardless of the minimization method, the form-finding procedure calculates the

node positions (and by extension, the end-effector position) for a given set of cables, but most

applications have a target position and require the associated cables set in real time to feed

their actuators. A large collection of cable sets is used to calculate an equally large collection

of points within the workspace of the mechanism end-effector. The workspace surface is ap-

proximated by a polynomial fit that contains all the possible positions the arm can reach. This

inverse kinematics problem is solved by a previously trained neural network, and by minimiz-

ing the squared error using the genetic algorithm and sequential quadratic programming. The

results indicate that the genetic algorithm based inverse kinematics function provides results

with a maximum error of 4.78%, but the result is not obtained in real time. The MATLAB

scripts associated with the form-finding method and inverse kinematics are publicly available

at <https://github.com/FictorP/Tensegrity/tree/main/formfinding>. For applications that require

fast responses, the neural networks provide outputs with a maximum error of 1.48% with the

drawback of requiring a previously calculated data set of end-effector positions associated with

their respective cable lengths and training sessions. This design can be applied as a transportable
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bridge to aid accessing disaster areas or as a manipulator to carry a camera on top of a space

exploration probe.

The studies presented in this thesis are advances of the research developed in (Paiva,

2019). The prestressed membrane study fills the gap between the previously suggested applica-

tion of a tensegrity-membrane system to assemble a satellite reflector antenna. The tensegrity

beam prototype is a substantial improvement of the previous manipulator, which did not have

any feature to avoid the occurrence of slack cables or in depth motion. The tensegrity arm

design builds upon the expansion study of a single module and develops a full kinematical

form-finding method. These improvements are relevant for achieving the individual objectives

of the four presented projects and, by extension, the overall goal of demonstrating the viability

of tensegrity and membrane systems. This is accomplished by subjecting them to a broad set of

solid mechanics studies, including two- and three-dimensional statics and dynamics through an-

alytical, numerical and experimental approaches. The advantages of tensegrity systems justify

their application in engineering structures and mechanisms. However, the industry is relatively

conservative regarding novel designs and solutions. This thesis contributes to the collection of

methodologies and experiments, which is a necessary step to build the acceptance of tensegrities

among the community.

Based on the literature review and the concluding remarks, the following topics are

relevant future work directions:

• The membrane prototype does not feature catenary edges, which causes wrinkling in high

stresses. In an advanced iteration, the prototype and model should present catenary edges.

• Both numerical models of membrane and tensegrity have been validated with experi-

ments. These models should be combined to assemble a tensegrity-membrane system.

• Analytical definitions of node, incidence and connectivity matrices for prisms assemblies

are still missing. Finding general formulae for prism assemblies using the definitions

provided for single modules is a natural sequence of this work and an open challenge for

the community.

• The experimental work with the beam is planar, but the methodology can be applied to

three-dimensional systems. The 3D tensegrity arm design should be built and experi-

mented under the same methodologies of the planar tensegrity beam.
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• The tensegrity arm suggested is grounded and would require a moving base to travel, this

feature limits its range of applications. Therefore, the methodologies proposed should be

applied to design a tensegrity robot that can crawl or roll.

• Tensegrity systems frequently feature in biological studies, and the methodologies devel-

oped in this thesis should be applied to support multidisciplinary research.



87

BIBLIOGRAPHY

Agogino, A. K.; SunSpiral, V.; Atkinson, D. Super Ball Bot-structures for planetary landing
and exploration. [S.l.], 2018.

Ahmed, A. R.; Gauntlett, O. C.; Camci-Unal, G. Origami-inspired approaches for biomedical
applications. ACS omega, v. 6, n. 1, p. 46–54, 2020.

Ali, N. B. H.; Rhode-Barbarigos, L.; Smith, I. F. Analysis of clustered tensegrity structures
using a modified dynamic relaxation algorithm. International Journal of Solids and
Structures, v. 48, n. 5, p. 637–647, 2011.

Amendola, A.; Carpentieri, G.; De Oliveira, M.; Skelton, R.; Fraternali, F. Experimental
investigation of the softening–stiffening response of tensegrity prisms under compressive
loading. Composite Structures, v. 117, p. 234–243, 2014.

De Angelo, M.; Placidi, L.; Nejadsadeghi, N.; Misra, A. Non-standard timoshenko beam
model for chiral metamaterial: identification of stiffness parameters. Mechanics Research
Communications, v. 103, p. 103462, 2020.

Arsenault, M.; Gosselin, C. M. Kinematic and static analysis of a 3-pups spatial tensegrity
mechanism. Mechanism and Machine Theory, v. 44, n. 1, p. 162–179, 2009.

Ashwear, N.; Eriksson, A. Natural frequencies describe the pre-stress in tensegrity structures.
Computers & structures, v. 136, p. 162–171, 2014.

Bansod, Y. D.; Matsumoto, T.; Nagayama, K.; Bursa, J. A finite element bendo-tensegrity
model of eukaryotic cell. Journal of biomechanical engineering, v. 140, n. 10, p. 101001,
2018.

Carpentieri, G.; Skelton, R. E.; Fraternali, F. Minimum mass and optimal complexity of planar
tensegrity bridges. International Journal of Space Structures, v. 30, n. 3-4, p. 221–243,
2015.

Carpentieri, G.; Skelton, R. E.; Fraternali, F. A minimal mass deployable structure for solar
energy harvesting on water canals. Structural and Multidisciplinary Optimization, v. 55,
n. 2, p. 449–458, 2017.

Crisfield, M. A. Non-linear finite element analysis of solids and structures. [S.l.]: John
Wiley & Sons, 1991.

Estrada, G. G.; Bungartz, H.-J.; Mohrdieck, C. Numerical form-finding of tensegrity structures.
International Journal of Solids and Structures, v. 43, n. 22-23, p. 6855–6868, 2006.

Faroughi, S.; Lee, J. Geometrical nonlinear analysis of tensegrity based on a co-rotational
method. Advances in Structural Engineering, v. 17, n. 1, p. 41–51, 2014.

Feron, J.; Boucher, L.; Denoël, V.; Latteur, P. Optimization of footbridges composed of
prismatic tensegrity modules. Journal of Bridge Engineering, v. 24, n. 12, p. 04019112, 2019.



88

Fonseca, L. M.; Rodrigues, G. V.; Savi, M. A. An overview of the mechanical description
of origami-inspired systems and structures. International Journal of Mechanical Sciences,
v. 223, p. 107316, 2022.

Foresee, F. D.; Hagan, M. T. Gauss-newton approximation to bayesian learning. In: IEEE.
Proceedings of international conference on neural networks (ICNN’97). [S.l.], 1997. v. 3,
p. 1930–1935.

Fraternali, F.; Senatore, L.; Daraio, C. Solitary waves on tensegrity lattices. Journal of the
Mechanics and Physics of Solids, v. 60, n. 6, p. 1137–1144, 2012.

Fuller, R. B.; Applewhite, E. J. Synergetics: Explorations in the Geometry of Thinking.
[S.l.]: Macmillan, 1975.

Furuya, H. Concept of deployable tensegrity structures in space application. International
Journal of Space Structures, v. 7, n. 2, p. 143–151, 1992.

Gebara, C. A.; Carpenter, K. C.; Woodmansee, A. Tensegrity ocean world landers. In: AIAA
Scitech 2019 Forum. [S.l.: s.n.], 2019. p. 0868.

Goyal, R.; Bryant, T.; Majji, M.; Skelton, R. E.; Longman, A. Design and control of growth
adaptable artificial gravity space habitat. In: AIAA SPACE and Astronautics Forum and
Exposition. [S.l.: s.n.], 2017. p. 5141.

Holland, D. B.; Stanciulescu, I.; Virgin, L. N.; Plaut, R. H. Vibration and large deflection of
cantilevered elastica compressed by angled cable. AIAA journal, v. 44, n. 7, p. 1468–1476,
2006.

Hrazmi, I.; Averseng, J.; Quirant, J.; Jamin, F. Deployable double layer tensegrity grid
platforms for sea accessibility. Engineering Structures, v. 231, p. 111706, 2021.

Hu, Y.; Chen, W.; Chen, Y.; Zhang, D.; Qiu, Z. Modal behaviors and influencing factors
analysis of inflated membrane structures. Engineering Structures, v. 132, p. 413–427, 2017.

Hu, Y.; Guo, W.; Zhu, W.; Xu, Y. Local damage detection of membranes based on bayesian
operational modal analysis and three-dimensional digital image correlation. Mechanical
Systems and Signal Processing, v. 131, p. 633–648, 2019.

Ingber, D. E. Tensegrity i. cell structure and hierarchical systems biology. Journal of Cell
Science, v. 116, n. 7, p. 1157–1173, 2003.

Jahn, H.; Böhm, V.; Zentner, L. Analysis of deformation in tensegrity structures with curved
compressed members. Meccanica, p. 1–12, 2024.

Jáuregui, V. G. Tensegrity structures and their application to architecture. Cantabria: Ed.
Universidad de Cantabria, 2020. v. 2.

Jiang, S.; Skelton, R. E.; Peraza Hernandez, E. A. Analytical equations for the connectivity
matrices and node positions of minimal and extended tensegrity plates. International Journal
of Space Structures, v. 35, n. 3, p. 47–68, 2020.

Kan, Z.; Peng, H.; Chen, B. Complementarity framework for nonlinear analysis of tensegrity
structures with slack cables. AIAA Journal, v. 56, n. 12, p. 5013–5027, 2018.



89

Kan, Z.; Peng, H.; Chen, B. Complementarity framework for nonlinear analysis of tensegrity
structures with slack cables. AIAA Journal, v. 56, n. 12, p. 5013–5027, 2018.

Kebiche, K.; Kazi-Aoual, M.; Motro, R. Geometrical non-linear analysis of tensegrity systems.
Engineering structures, v. 21, n. 9, p. 864–876, 1999.

Kitipornchai, S.; Kang, W.; Lam, H.-F.; Albermani, F. Factors affecting the design and
construction of lamella suspen-dome systems. Journal of Constructional Steel Research,
v. 61, n. 6, p. 764–785, 2005.

Koohestani, K. Form-finding of tensegrity structures via genetic algorithm. International
Journal of Solids and Structures, v. 49, n. 5, p. 739–747, 2012.

Koohestani, K. On the analytical form-finding of tensegrities. Composite Structures, v. 166,
p. 114–119, 2017.

Koohestani, K. Innovative numerical form-finding of tensegrity structures. International
Journal of Solids and Structures, v. 206, p. 304–313, 2020.

Kukathasan, S.; Pellegrino, S. Vibration of prestressed membrane structures in air. In: 43RD
AIAA/ASME/ASCE/AHS/ASC STRUCTURES, STRUCTURAL DYNAMICS, AND
MATERIALS CONFERENCE. [S.l.: s.n.], 2002.

Kurka, P.; Paiva, V.; Teixeira, L.; Izuka, J.; Gonzalez, P. Dynamic behavior and vibration
analysis of tensegrity-membrane structures. In: Proceedings of ISMA. [S.l.: s.n.], 2018.

Kurka, P. R.; Izuka, J. H.; Gonzalez, P.; Burdick, J.; Elfes, A. Vibration of a long, tip pulled
deflected beam. AIAA journal, v. 52, n. 7, p. 1559–1563, 2014.

Kurka, P. R.; Paiva, V. A.; Silva-Teixeira, L. H.; Ramos, P. G.; Izuka, J. H. A dynamical model
for the control of a guyed tensegrity beam under large displacements. Journal of Mechanisms
and Robotics, v. 16, n. 9, 2024.

Leipold, M.; Runge, H.; Sickinger, C. Large sar membrane antennas with lightweight
deployable booms. In: 28th ESA Antenna Workshop on Space Antenna Systems and
Technologies, ESA/ESTEC. [S.l.: s.n.], 2005.

Lessard, S.; Castro, D.; Asper, W.; Chopra, S. D.; Baltaxe-Admony, L. B.; Teodorescu, M.;
SunSpiral, V.; Agogino, A. A bio-inspired tensegrity manipulator with multi-dof, structurally
compliant joints. In: IEEE. 2016 IEEE/RSJ International Conference on Intelligent Robots
and Systems (IROS). [S.l.], 2016. p. 5515–5520.

Li, D.; Zheng, Z.-L.; Yang, R.; Zhang, P. Analytical solutions for stochastic vibration of
orthotropic membrane under random impact load. Materials, v. 11, n. 7, p. 1231, 2018.

Li, Y.; Feng, X.-Q.; Cao, Y.-P.; Gao, H. A monte carlo form-finding method for large scale
regular and irregular tensegrity structures. International Journal of Solids and Structures,
v. 47, n. 14-15, p. 1888–1898, 2010.

Liedl, T.; Högberg, B.; Tytell, J.; Ingber, D. E.; Shih, W. M. Self-assembly of three-dimensional
prestressed tensegrity structures from dna. Nature nanotechnology, v. 5, n. 7, p. 520–524,
2010.



90

Liu, C.; Deng, X.; Liu, J.; Zheng, Z. Impact-induced nonlinear damped vibration of fabric
membrane structure: theory, analysis, experiment and parametric study. Composites Part B:
Engineering, v. 159, p. 389–404, 2019.

Liu, C.; Wang, F.; He, L.; Deng, X.; Liu, J.; Wu, Y. Experimental and numerical investigation
on dynamic responses of the umbrella membrane structure excited by heavy rainfall. Journal
of Vibration and Control, v. 27, n. 5-6, p. 675–684, 2021.

Liu, C.; Wang, F.; Liu, J.; Deng, X.; Zhang, Z.; Xie, H. Theoretical and numerical studies on
damped nonlinear vibration of orthotropic saddle membrane structures excited by hailstone
impact load. Shock and Vibration, v. 2019, 2019.

Liu, C.-J.; Todd, M. D.; Zheng, Z.-L.; Wu, Y.-Y. A nondestructive method for the pretension
detection in membrane structures based on nonlinear vibration response to impact. Structural
Health Monitoring, v. 17, n. 1, p. 67–79, 2018.

Liu, R.; Yao, Y.-a. A novel serial–parallel hybrid worm-like robot with multi-mode undulatory
locomotion. Mechanism and Machine Theory, v. 137, p. 404–431, 2019.

Liu, Y.; Bi, Q.; Yue, X.; Wu, J.; Yang, B.; Li, Y. A review on tensegrity structures-based robots.
Mechanism and Machine Theory, v. 168, p. 104571, 2022.

Ma, S.; Chen, M.; Zhang, H.; Skelton, R. E. Statics of integrated origami and tensegrity
systems. International Journal of Solids and Structures, v. 279, p. 112361, 2023.

Ma, Y.; Zhang, Q.; Dobah, Y.; Scarpa, F.; Fraternali, F.; Skelton, R. E.; Zhang, D.; Hong,
J. Meta-tensegrity: Design of a tensegrity prism with metal rubber. Composite Structures,
v. 206, p. 644–657, 2018.

MacKay, D. J. Bayesian interpolation. Neural computation, v. 4, n. 3, p. 415–447, 1992.

Maki, J.; Gruel, D.; McKinney, C.; Ravine, M.; Morales, M.; Lee, D.; Willson, R.;
Copley-Woods, D.; Valvo, M.; Goodsall, T. et al. The mars 2020 engineering cameras and
microphone on the perseverance rover: A next-generation imaging system for mars exploration.
Space Science Reviews, v. 216, n. 8, p. 1–48, 2020.

Micheletti, A.; Ruscica, G.; Fraternali, F. On the compact wave dynamics of tensegrity beams
in multiple dimensions. Nonlinear Dynamics, v. 98, n. 4, p. 2737–2753, 2019.

Michell, A. G. M. Lviii. the limits of economy of material in frame-structures. The London,
Edinburgh, and Dublin Philosophical Magazine and Journal of Science, v. 8, n. 47, p.
589–597, 1904.

Motro, R. Tensegrity systems: The state of the art. International Journal of Space Structures,
v. 7, n. 2, p. 75–83, 1992.

Murakami, H. Static and dynamics analysis of tensegrity structures. part 1. nonlinear equations
of motion. International Journal of Solid and Structures, v. 38, p. 3599 – 3613, 2001.

Nagase, K.; Yamashita, T.; Kawabata, N. On a connectivity matrix formula for tensegrity prism
plates. Mechanics Research Communications, v. 77, p. 29–43, 2016.



91

Ohsaki, M.; Zhang, J. Nonlinear programming approach to form-finding and folding analysis
of tensegrity structures using fictitious material properties. International Journal of Solids
and Structures, v. 69, p. 1–10, 2015.

Paiva, V. Static, dynamic and modal analysis of tensegrity structures and mechanisms.
Tese (Doutorado) — State University of Campinas, 2019.

Paiva, V.; Silva-Teixeira, L.; Izuka, J.; Okabe, E.; Kurka, P. A form-finding method for
deployable tensegrity arms and inverse kinematics. Meccanica, p. 1–16, 2024.

Paiva, V. A.; Kurka, P. R.; Izuka, J. H. Analytical definitions of connectivity, incidence and
node matrices for t-struts tensegrity prisms. Mechanics Research Communications, v. 137,
p. 104271, 2024.

Paul, C.; Valero-Cuevas, F. J.; Lipson, H. Design and control of tensegrity robots for
locomotion. IEEE Transactions on Robotics, v. 22, n. 5, p. 944–957, 2006.

Pellegrino, S. Mechanics of kinematically indeterminate structures. Tese (Doutorado) —
University of Cambridge, 1986.

Poppleton, E.; Urbanek, N.; Chakraborty, T.; Griffo, A.; Monari, L.; Göpfrich, K. Rna origami:
design, simulation and application. RNA biology, v. 20, n. 1, p. 510–524, 2023.

Raj, R. P.; Guest, S. Using symmetry for tensegrity form-finding. Journal of the International
Association for Shell and Spatial Structures, v. 47, n. 3, p. 245–252, 2006.

Rhode-Barbarigos, L.; Ali, N. B. H.; Motro, R.; Smith, I. F. Designing tensegrity modules for
pedestrian bridges. Engineering Structures, v. 32, n. 4, p. 1158–1167, 2010.

Sabelhaus, A. P.; Bruce, J.; Caluwaerts, K.; Manovi, P.; Firoozi, R. F.; Dobi, S.; Agogino,
A. M.; SunSpiral, V. System design and locomotion of superball, an untethered tensegrity
robot. In: IEEE. 2015 IEEE international conference on robotics and automation (ICRA).
[S.l.], 2015. p. 2867–2873.

Scarr, G. Helical tensegrity as a structural mechanism in human anatomy. International
Journal of Osteopathic Medicine, v. 14, n. 1, p. 24–32, 2011.

Schorr, P.; Li, E. R. C.; Kaufhold, T.; Hernández, J. A. R.; Zentner, L.; Zimmermann, K.;
Böhm, V. Kinematic analysis of a rolling tensegrity structure with spatially curved members.
Meccanica, v. 56, p. 953–961, 2021.

Shi, C.; Guo, H.; Cheng, Y.; Liu, R.; Deng, Z. Design and multi-objective comprehensive
optimization of cable-strut tensioned antenna mechanism. Acta Astronautica, v. 1, n. 178, p.
406–422, 2020.

Skelton, R.; Fraternali, F.; Carpentieri, G.; Micheletti, A. Minimum mass design of tensegrity
bridges with parametric architecture and multiscale complexity. Mechanics Research
Communications, v. 58, p. 124–132, 2014.

Skelton, R. E.; De Oliveira, M. C. Tensegrity systems. New York: Springer, 2009. v. 1.

Song, Z.; Ma, T.; Tang, R.; Cheng, Q.; Wang, X.; Krishnaraju, D.; Panat, R.; Chan, C. K.; Yu,
H.; Jiang, H. Origami lithium-ion batteries. Nature communications, v. 5, n. 1, p. 3140, 2014.



92

Sumi, S.; Boehm, V.; Zimmermann, K. A multistable tensegrity structure with a gripper
application. Mechanism and Machine Theory, v. 114, p. 204–217, 2017.

Sunny, M. R.; Kapania, R. K.; Sultan, C. Solution of nonlinear vibration problem of a
prestressed membrane by adomian decomposition. AIAA journal, v. 50, n. 8, p. 1796–1800,
2012.

SunSpiral, V.; Agogino, A.; Atkinson, D. Super ball bot-structures for planetary landing and
exploration, niac phase 2 final report. 2015.

Sychterz, A. C.; Smith, I. F. Using dynamic measurements to detect and locate ruptured cables
on a tensegrity structure. Engineering Structures, v. 173, p. 631–642, 2018.

Teixeira, L.; Izuka, J.; Gonzalez, P.; Kurka, P. A numerical analysis of the dynamics of
a tensegrity-membrane structure. In: 31st Congress of the International Council of the
Aeronautical Sciences. [S.l.: s.n.], 2018.

Tibert, A.; Pellegrino, S. Review of form-finding methods for tensegrity structures.
International Journal of Space Structures, v. 18, n. 4, p. 209–223, 2003.

Tibert, A.; Pellegrino, S. Review of form-finding methods for tensegrity structures.
International Journal of Space Structures, v. 26, n. 3, p. 241–255, 2011.

Tran, H. C.; Lee, J. Initial self-stress design of tensegrity grid structures. Computers &
structures, v. 88, n. 9-10, p. 558–566, 2010.

Tran, H. C.; Lee, J. Geometric and material nonlinear analysis of tensegrity structures. Acta
Mechanica Sinica, v. 27, n. 6, p. 938–949, 2011.

Vassart, N.; Motro, R. Multiparametered formfinding method: application to tensegrity
systems. International journal of space structures, v. 14, n. 2, p. 147–154, 1999.

Veuve, N.; Sychterz, A. C.; Smith, I. F. Adaptive control of a deployable tensegrity structure.
Engineering Structures, v. 152, p. 14–23, 2017.

Wang, Y.; Xu, X.; Luo, Y. Minimal mass design of active tensegrity structures. Engineering
Structures, v. 234, p. 111965, 2021.

Wei, J.; Ma, R.; Liu, Y.; Yu, J.; Eriksson, A.; Tan, H. Modal analysis and identification of
deployable membrane structures. Acta Astronautica, v. 152, p. 811–822, 2018.

Wendling, S.; Cañadas, P.; Chabrand, P. Toward a generalised tensegrity model describing the
mechanical behaviour of the cytoskeleton structure. Computer Methods in Biomechanics &
Biomedical Engineering, v. 6, n. 1, p. 45–52, 2003.

Wong, W.; Pellegrino, S. Wrinkled membranes i: experiments. Journal of Mechanics of
Materials and Structures, v. 1, n. 1, p. 3–25, 2006.

Wong, W.; Pellegrino, S. Wrinkled membranes ii: analytical models. Journal of Mechanics of
Materials and Structures, v. 1, n. 1, p. 27–61, 2006.

Wong, W.; Pellegrino, S. Wrinkled membranes iii: numerical simulations. Journal of
Mechanics of Materials and Structures, v. 1, n. 1, p. 63–95, 2006.



93

Xu, X.; Luo, Y. Form-finding of nonregular tensegrities using a genetic algorithm. Mechanics
Research Communications, v. 37, n. 1, p. 85–91, 2010.

Yang, S.; Sultan, C. Modeling of tensegrity-membrane systems. International Journal of
Solids and Structures, v. 82, p. 125 – 143, 2016.

Yang, S.; Sultan, C. A comparative study on the dynamics of tensegrity-membrane systems
based on multiple models. International Journal of Solids and Structures, v. 113, p. 47–69,
2017.

Yang, S.; Sultan, C. Deployment of foldable tensegrity-membrane systems via transition
between tensegrity configurations and tensegrity-membrane configurations. International
Journal of Solids and Structures, v. 160, p. 103–119, 2019.

Yeh, F.-Y.; Chang, K.-C.; Sung, Y.-C.; Hung, H.-H.; Chou, C.-C. A novel composite bridge
for emergency disaster relief: Concept and verification. Composite Structures, v. 127, p.
199–210, 2015.

Yu, X.; Yang, Y.; Ji, Y. Automatic form-finding of n-4 type tensegrity structures. Latin
American Journal of Solids and Structures, v. 19, 2022.

Zhang, J.; Ohsaki, M. Adaptive force density method for form-finding problem of tensegrity
structures. International Journal of Solids and Structures, v. 43, n. 18-19, p. 5658–5673,
2006.

Zhang, J.; Ohsaki, M. Tensegrity structures. [S.l.]: Springer, 2015. v. 7.

Zhang, J. Y.; Ohsaki, M. Tensegrity structures - form, stability and symmetry. [S.l.]:
Springer, 2015.

Zhang, L.; Gao, Q.; Liu, Y.; Zhang, H. An efficient finite element formulation for nonlinear
analysis of clustered tensegrity. Engineering Computations, v. 33, p. 252–273, 2016.

Zhang, L.-Y.; Li, Y.; Cao, Y.-P.; Feng, X.-Q.; Gao, H. A numerical method for simulating
nonlinear mechanical responses of tensegrity structures under large deformations. Journal of
Applied Mechanics, v. 80, n. 6, p. 061018, 2013.

Zhang, L.-Y.; Li, Y.; Cao, Y.-P.; Feng, X.-Q. Stiffness matrix based form-finding method of
tensegrity structures. Engineering Structures, v. 58, p. 36–48, 2014.



94

Appendix



95

APPENDIX A – KRONECKER PRODUCT

If H is a i × j matrix and G is a α × β matrix, the Kronecker product H ⊗ G of

dimensions iα× jβ is defined in equation A.1.

H⊗G =
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