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1 Optimal and Suboptimal Stopping times for a Poisson 
Point Process 

1.1 Introduction 

Suppose the following situation: ln the middle of the night, you are awaken by a plane 
dropping leaflets right above you. ln the following moming looking sequentially at regions 
ri you ~ant to estimate which direction the plane flew. 

'1 

Let 8 be the direction of the plane and ,,\ the intensity at which the leaflets were thrown. 
Assume the distance from a leaflet to the line followed by the plane (y = ax, a = tan B) is 
normally distributed with mean zero and variance a 2 , i.e., Ti ~ N (O, a2 ). 

Let N be the point process obtained by the positions of the leaflets. Therefore, N is a 
non-homogeneous Poisson process with mea.n measure determined by ( a2, )., 8). 

Let ô, be the maximum likelihood estimator of 8 based on Lr" where r t is a random 
set chosen sequentially in order to minimize 
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. . . .. 

E(m(ri) + C(B, - 0)2] 

where m(A) = Lebesgue measure of A. 

1.2 Meall' Measure 

(1) 

The ~rocess N is a Poisson process on ( n, -,: , P 9) • wi th parameter mea.sure M 6 defined by 

Ms( A) = ,\ / I .e-<~sin IJ-11cose)2 /2<12 dx dy, 
: ÍA .../2-iu 

J ustification: lt is enough to prove the result for () = O since for IJ. f; O the process can 
be obtained by a rotation of a process generated by () = O. Let A be any bounded set 
and (Xi,~),i = 1,2, ... be any enumeration of the points of N. Define Ax = {x;(x,y) E 
A, for some y E R}. 
Let N x be the random variable N x #{ i; X, E Ax} and J = { i1, i2, ... , ÍNx} be such 
that Xk E Ax if k E /. ln this case, from the properties of the Poisson process, we know 
N x is a Poisson random variable with mean ,\m(Ax)- Then,define A(x) = {y; (x, y) E A}. 
Therefore, 

Nx· 

N(A) = I: I{Yi -EA(Xi -}} . , , 
J=l 

Given Nx, we have Xii,•·•,XiN Li.d. with common distribution U(Ax) and X . 

f (. ) 1 X· X · J- '°'':'x J i -y2/2<12d E N A •1, • • • , 'Nx - L..JJ=l A(Xij) .fi;(T e Y 
Consequently, • • 

E[N(A)J - E[Nx] r 1 l 1 e_Y2/2<12 dydx 
J Ax A(x) m( Ax) ,/2-io 

À (A ) f f l 1 - -y, /2"2 d d . 
- m X ÍAx ÍA(x) m(Ax) ,/2-io e y x 

_ ,\ f 1 e-v212" 2 dy dx 
ÍA ,/2-io 

1.3 Maximum Likelihood Estimation 
Let A be a bounded subset belonging to B(R•1) (Borel o--algebra of R2). Let FA -
o(N(B); BC A) and P: = PolFA - For A bounded , Pf < PC . Moreover, since Mo<: m, 
Pt < pml.rA, where m is the Lebesgue measure and under prn, N is 4 Poisson process 
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with Lebesgue me~n measure. Also, d~note .by µ8(z,y) the density of Mo with_respect to 
the Lebesgue measure. • , \ 1 

•• ·- . .. . , , . ' . 
-

We want to find the likelihood ratio 

L _ dPolj:A 
A - dPml.rA 

Let (Xi,Yã);i - l,2~-. >.,N(A) denote the ·points-of .N,in A.0 ,Then, ·_by Daley and 
Vere-Jones (1988), the likelihood function can be written as · ,.- ' · 1 •. ·, _ 

• N(A) • • · · · · - :· 

LA(II) = exp{ logµ6(X;, Y;) -L(µ9(x,y)- 1) dx dy} 
. • . \ 

ln our case, 

(2) 

Assume q and .À are known 

ôlog LA(O) _ 
ôO 

N(A) (X • O Y.· • 8) • . 
- -:- .L 2 ,sm 2;; 1 cos (X,co~O + }'isinO) 

i=l 

_ f À _!,e-(.i:-ain8~rcoa 8)2 / 2a 2 [-2(x sin 8 :- y cos O)(x cos O+ y sin O)) dx dy 
}A y"iiq 2<7 . , • . · _ -1=' (X;sinll-Y;cosll;~X;cos/1 t Y;sin/1) 
i=l 

+ f À e-Cz•iu 8-rco. 8f' 12ª\z sin 8 - y cos 8)(z cos 8 + y sin 8) dx dy 
}A ~<73 . : 

~> (X? - Y/) . 20 + X,l'i 28 - - L-,, 2 sm ~cos 
~l 2'7 U 
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,., 
(•) 

Letting u = zsinl - Í d • . 
. Y cos an i, = z cos I + '!I sin 6 in the integral above we have: 

Therefore, 

Conseq~ently, if A is a disk of center at origin: and radius r, the ma.ximum Iikelihood 
estimator 8, is the value of 8 that maximizes the expression above. Note that solving 
ôloga~A(I) = O, we have . 

~N(A) 
8- l ., • 2 L.Ji-i XiYi = - are an (3) 

. 2 L~\A)(Xl - }:2) 
/ . 

Note that the value of i ~bove does not always give the maximum value; sometimes it 
~ves the minimum value. Using the second derivative to find the maximum we have that 
(J is the maximum likelihood estimator if E(Xl - ~2). > O and it gives the minimum if 
E(Xl - Y?) < O. ln this case Õ ± r/2 gives the maximum likelihood estimator of 8. Note 
that we are only interested in values of 8 in the interval [-,r/2, ,r/2]. Consequently, the 
maximum likelihood estimator of 8 based on observations made in the disk rt oí center at 
the origin and radius t is 
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1.3.1 Consistency of t.,he Maxin1um Likelihood Estimator 
. . 

ln this s~~Úo~·, with~~t -loss ofg·ener~lity ~e can ~sume 8 = O, since for fJ :/ O the process 
can be obtained by a. rotati<?n pf a process generated ~y fJ .= O. 

•. ,•' (, • . ' ' 

We want to prove that ô,·-+ o· as · t· ·-+ oo. • ._. 
ln order to do this we need a continuous version of Kronecker's Lemma 

1 

Kronecker's Lemma: li E1:.(b.,./a1:.) < oo a.nd a1:.-+ oo, as k-+ oo, then 

1 n 
lim- bk = O 

n a L.- . ' 
n k=l' . 

Continuous Version: Let A be an _increasing process, A(t)-+ oo ~ -t - ,~ -:}_( . ,, ... , 
' • • • • • }, • \.,. • • '; • • • • • • a , ,._ , • 

{':,o 1 
Ío A(s-)dB(s) < oo 

then 
lim B(t) = O 
,-oo A(t) • 

• Proof: Lei dH(s) = A(!-)dB(s). Then, 

B(t) _ • f' A(s-) l dB(s) = f1 A(s~ )dH(s) 
Ío A(s-) Jo 

_ . A(t)H(t) - 1t H(s~ )dA(s) - (H, A] (by Ito's Formula) 

_ Á(t)H(t) Lt H(s)dA(s.) 

Con~equently, !f:} = H(t):.... A(i) J~ H(s~_dA{-3). SinteH(t) = J~ A(!-)dB(s) converges 
as t -+ oo, we have 

H(t) - _!__ r_:·H..(s)dA(s)-+ O 
. • . A(t) /º · • . 

as t-+ oo, if A(t)-+ oo as t-+ oo. 
ln fact, let e "and to be such that, IH{t) - CI < t :for t > to, then 

IH(t) - A~t) J.' H(s)dA(s)I = . 

- IH(t)- C - A~t) f (H(s) - C)dA(s) + A~t) hH(s) - C)dA(s)I 
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D 

Theref ore; · 
.. B(t) . 
A(t) - O t-+ oo. 

Consistency o{ the maximum Jikelihood estimator: To prove that 81 - O a.s. 
it is enough to prove that: ' 

1. fs Er, Xãl'i -+ O a:.s. 

2 • . ts Lr,(X; - Y?) - c,·c > O a.s. 

( ~ 2 2 3. I L-r,(Xi - Y; ) < O) - O a.s . . 

Note that 3 follows immediately from 2. 

Note: The normalizing constant was chosen to be t3 because, jf S(t) = {(x,y);-t 
x < t}, then 

N(f,) N(S,l 
• E( L X?)~ E( L X?)= (2/3)>.t3 • 

í=l i=l 

N(r,) N(S,) 
E( L • Y/) < E( L Y?) =· 2,\u1t 

i=l • i=l 

(Xi, X2, ... XN(S,) are iid random variables with common distribution U(-t, t),Yi, Y:2, • • •, Ys. 
a.re iid random variables with tommon distribution N(O,u2). Also, E(N(S,)) = 2,\t.) 

ln order to prove 1. and 2. above note the following fact: for any function /( -, • ), 

M(t) = Í /(x,y)N(dx,dy)- f J(x,y)µ(dx,dy) lr, Jr, 
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is a. martingale. 

We w~l to prove that MJI} - O a..s. as t - oo ( equivalently, (~!WJ - O a.s as t - oo ). 
By the continuou.s versión of the Kronecker's Jemm~ it is enoug.h to prove • 

f ( I )'ldM(3) < oo u. o ., + 1 
which íollows from 

E[(j (s: l)3 dM(~))2) = ~[j (~: l)3 d{MJ~] < oo 

But 

However, 

• [M), = { / 1(z, g)N(dz, dy) lr, 

(AI}, - / / 1(z,y)µ(dz,dy) lr, 
ia .a martingale and we have to pro\.-.oe 

f ( l )6 dA(.1) < oo o ., + 1 
where 

Therefore, 

ln this case, 
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Particülar Case 2: /( z, y) = z2 - y2 
Let 

G( t) = { ( z 2 - y2)µ( dz, à11) :-- À f. z 2e-•2 I•"' dz dy - À f ,l ,-,; 1262 dz dy lr. . : v'2rt1 lr, ,/2;<1 lr, 
Note that, 

as t -+- oo 

Also, Jet 

But, 

=O 
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Therefore, 

H we prove that, 

Then 

ln this case take 

We proved before·'th~ 

Note that 

Analogously, 

Í ( l )6 dA3(s) 
o ., + 1 

M(t) = Er.(X? - Y?) - G(t) -+ 0 
(t + 1 )3 ( t + 1 )3 

.• : i " . ; 

.. 
• , . l ,.. . 

1: • ' 

· Ai(•) • 

JO 



Conclusion: The ma.ximum Iikelihood estimator Ôi is strongly consi_stent. 

1.3.2 Central Limit Theorem for the Maximum Likelihood Estimator 

We have that 
ô X~ Y.2 • • X;Y; ao log Lr,(8) = - L[ 1 2 1 sin 20 - - 2- cos 28] r, 2u • u 

if ft = {(z,y); z 2 + y2 < t2 }. 

Then, 
• • X~ - Y 2 X;Yi 

Me(t) Er 1 2 1 sin 28 - -2- cos 28] 
r, 2u . u 

is á. martingale with_ respect to {.F,} when 8 is the true .pa.ra.meter value. Let 

8 1 . 
. M" (t) = _ n3 / 2 Me( nt) 

Claim 1: For each T > O, limn E[supi<T IM!(t) - M!(t-)12) = O. 
Proof: Let Ui = Xi sin 8 - Yi cos 8 and ½ - Xi cos 8 + Yi sin 8. Denote by N0 the process 
formed by the points ( U;, J1i). Then No is a rotation of the original process and it is a 
Poisson process with mean rneasure 

Mo(A)= { e-·Y1 l 2',-Jdxdy 
)A ./'iiu 

And, since f nt is inva.riant under rotation, 

Consequently, if there is a point in the circle of radius ilt, 

IMº(t) _ Mº(t-)l2 = _!_ IUi ¼1 2 < _!_n2T2 IUil2 
n n n3 a4 n3 u4 

Let Si = {(x,y);lxl < t}, then No(fnt) 5 No(Snt)- Also, No(Snc) a.nd {Ui} are 
independent. Therefore, 
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then 

r2 
< a-t 

T2 

a-t 

r2 
< u4 

1 E{ sup 2 Ui4] 
i~No(SnT) n 

No(SnT) 
_!_U:t] E{ í: 

i=l n2 ' 

A~(t)' = ._!_" utv/ 
n3 f;: . cr' . 

Therefore, claim 2 is equivalent to claim 1. • 

Claim 3: M!(t) 2 - An(t) is martingale with respect to {-1';1}. 
Proof: By Proposition 2.6.1 (Ethier & Kurtz (1986)), it is enough to prove that M~(t) is 
square integrable martingale. ln fact, 

E[M!(t)~ · = ••. 13 E[(L (X;2-/?) sin 29 - xi;i cos 29)2) 
n r <1 <1 

nt 

_ _!_E[(°" UiYi)2l 
n3 i....J <12 r nt 

- .13 E[( f f(u,v)No(du,dv))21 where /(u,v) = uv 
n lrnt 

by Campbell's equa.tions - f / 2(u,v)µo(du,dv) 
n lr"ª 

+-; f f f(u,v)f(z,w)µo(du,dv)µo(dz,dw) 
n lr "' lr "' 

< .,\x2o2 dx = --o2 = 2.,\t3 lnt 2..\n3t3 
- nt n3 
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Since, 

l 2 2 À -v2/2u2 d d uv rr.=e uv 
S,11 y2,ra 

L 2 joo 2 À -v2/2u2d d - U V -----=--e V U nt -oo v"i:iu 
And, 

13 / ./ uvzw( • À )2e-v2 /2à2 e-w:i /2u2 du dv dz dw = 
n lr "' lr "' ./iia 

= ""i( uv--e-u /lu2 dudv}2 = O 1 Ir À 2 • 

n lnt ..,/iiu 

Claim 4: An(t) ~; a.s. as n -+ oo. 
Proof: Let 

therefore, M(t) is a martingale and we want to prove that 

a.st-+oo 

Let 

It is enough to prove that foo l . • 
lo ( s + 1 )6 dA( s) < oo. 

ln our case, 

fr, u2v2JJ,o(du,dv) 
t3 

DCT 
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Also, 

Consequen tly, _.: . i-

1 • u/~2. 2Ãt3 
n3 L u4 -~ 3u2 a.s. 

r nt 

-.-- , :• • . •·. 

Theorem: • ! Ãt3 n3l 2( Bnt - 8) => B 
where Bis a process with independent Gaussian jncrements and 

2Ãt3u2 
B2- ---

3 
is a. martingale. 

Proof: By claims 1, 2, 3 .and 4 proved a.bove, we càn a.pply the Central Limit Theorem 
for martingales( Ethier & Kurtz (1986), Theorem 7.1.4). ~ -t 

.( 9·) 1 (X; - l'?) . fJ Mn t,_ = nJ/2 L- 2 sm 2 - XiY; cos 26 
· fn1 . 

Then, 

M* => X n 
'· r : 

where X is a process with independent Gaussia.n increments, 

X2(t) - 2Ãt3u2 
3 

is a. martingale with respect to {.1/ }. . 
Note that by the definition of M;, we have M;(t, 8) = O. Therefore, when (} is the true 

para.meter value, we ha.ve 

. 
By Ta.ylor's expansion, for some ! between fJ a.nd 9 we ha.ve, 

M;(t, 8) - M;(t, Ô) = (:~:) [«>& 28 ~)Xl - Y;1) + 2 sin 28 L X;Y;) + R.(9) 
r nC r nl 
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where 
2 2) • A 

Rn(IJ) = .[-4 sin 2{ L (Xi ; l'i + 4 cos 2e L X;Yã] c:~3:;2 
· r,., r ... 

and Rn( IJ) -+ O a.s. as n -+ oo'~ ln fact, 

and (8 - Ô) -+ O a.s as n -+ oo. Using the process{(Ui, ¼)}, with true parameter value 
equals to zero, we have 

M,:(t, 9) - M,:(t, tin,) = (9: 37' 9\ }JU;' - V;2) + Rn(9) 
. . . r nt 

and we have • proved tha.t 
1 ·. • • 2l 
- · ~(U~ - V?) -+ - as .s -+ oo s3L- ' 1 3 r, . . 

Then, 

Therefore, 

1.4 Optimal Stopping Time 

Let X(t) = (t,I:r, X;l'i,I:r, Xl,Lr, Y/). Then, X(t) is a Markov process and also ª 
pjecewise deterministic Markov process·. Looking a.t the expression for the likelihood func-
tjon (see ( 2)) we can see that the distribution of the process N depends only on the 
following four functions of the data when a disc of radius t is searched, this means thªt 
X(t) is the vector of sufficient statistics for the para.meter 8. 

We want to find the optimal stopping time in order to minimize the expected coSt 

(,X( )) . .{ 2 [/2 1 2 I:r, XiYi g t - mm 1rt + e ( - arctan 2 I: y2 
-w/2 2 I:r. xi - r, i 

+ 7r2(sgn í:X;Y.)Ic~ x2-~ y _:i<O) - 8) 2g(BIFt)dO,A} r, L..,r, 1 L..,r, 1 
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wbere 
A = maximum cost allowed; 
g(BIF,) = conditional clistribution of the parameter fJ given the knowledge of the point 
process over the circle r 1 given by 

1.4.1 Piecewise Deterministic Processes Method 

Let X( t) he the vector of sufficient statistics, i.e. 

(5) 

Then (X(t), Ft, P x)t:50, x E (O, oo) X R X [O, oo) X [O, oo) is a piecewise-deterministic process 
(PDP) (see Davis(l984) and Guger1i(1986)). 

Let the ini tial state Z0 = x = ( r, a, /3, 1 ) ànd set To = O. The process follows a 
deterministic trajectory except at randorn times O < T1 < T2, . .. when it jumps off the 
trajectory and immediately starts anew ata randomly chosen state Z1, Z2, .. . respectively 

Let N•(t) be the inhomogeneous Poisson process with mean 

. • 4.À 1t 2/2 l . / M(t) = --( e-u e, v t2 - u2du). 
,/f.i<1 o 

Then Tk = inf{t: N*(t) = k} is the time of the k-th jump. 

The probability law P r of the PDP X(t) is determined by: (i) a deterministic drift 
(/>; (ii) a jump rate .À; (iii) a transition measure Q. 

Driít: <J>: R x E- E <J>(t,(r,a,/3,7)) = (r+ t,a,/1,1) 
Intensity. .À : E - (O, oo) 

-\(t,a,/J,1) = ,\(t) = :i M(t) 
,\ 1w • = -- r te_,l C06l ,p/2<r d<J, 

/fi<1 lo 
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A: [O, oo] x E - [0,_oo) 

A(t,(r,o,P,1)) = A(t,r) 
. ' 

_ f' .\(s + r,o_,{J,-y))ds = f' .\(s + r)ds 
la • lo 

; : 

- M(t + r) ·_ M(t) = .M9(f 1+r \ r,) 

Also, 

F(t,(r,o,P,~)) = 1 - exp(- 1t ,\(s + r)ds) 

For any initial state x E E,F(.,x) is the pdf of T1 , i.e., Pr(T1 ::Ç t) = F(t,x) and 
F( ., x) has density 

, f(t,(r,o,{3,-y)} = f(t,r) = .\(r + t)exp{- 1' .X(r + s)ds} 

Transition Probability: Q : Ê x 8 - (O, 1], where B is the Borel u-algebra. of E. 
For_ any ·:bounded, measura.ble function w : E - R 

· 'dw(r,'á,:ÍJ,7) • 

• ' ••• r.· . 12 [.. J>lW(r, - y2 + a, r 2 - ,y2 + {3, y2 + ,)Ils( r2, dy)g(Olr, a,,B, 7 )d8 
11'/2 -T 

+ [,12 [. P2W(r, - y2 + o, r2 - y2 + /3, y2 + 1' )Ils( r 2, dy)g(Olr, a, ,B, 1 )dO 
11'/2 -r . 

where 
p1 = ·p1 ( 8;-y, r) conditional probability of getting the point ( - y2 , y) given that the 
point (X,Y) lies in the circle {(x,y): x 2 + y2 = r2 } and Y=y, given by ( 8); 
P2 = P2(8, y, r) =· l - P1(0, y, r); 
Ilo(r2 ,dy) = conditional density of Y given that there is a point in the circle {(x,y): 
x2 + y2 = r 2}, given by ( 7); 
g(Olr,a,,B,r) = conditional distribution of the para.meter O given the knowledge that the 
vector of sufficient stàtistics x ·( r) at time r has the value ( r, a, {3, --y ), given by 

g(Olr,a,P,;) ex exp{-_!__2 (,cos2 8 + Psin2 8- 2asin8cos8)} (6) · 2u 

Conditional distribution of Yi given X; + ~ 2 = z2 • Note that, in order to find 
the conditional distribution of }'í given Xf + ~ 2 = z2 , we want Ile such that 

j f(y)Ils(ylz)dy = E[/(Y)IR2 = z2) 

17 



We have, 

E[/ /(y)II(ylR)g(R2) dy] E[/(Y)g(X2 "+ Y 2)) 

/ / J(y)g(x2 + y2) À e-(rsin8-ycoe8)2 /2"2 dydx 
Í-oo Í-oo ../iio . 

Let J(x,y) = (x 2 + y2 ,y), f is nota 1-1 ·function from R 2 to [O,oo) x R. Let Ít : 
[0,oo) X R-+ {(u,v);v E R,u v2 }, defined by fi(x,y) = (x 2 +y2,y) and h: (-oo,O) X 

R-+ {(u,v);v E R,u > v2}, defined by h(x,y) = (x2 + y2,y). Then,_/i and h are 1-1 
functions and 

/; l ( U, V) = ( U - v2, tJ) 

/21(u, v) = (-Ju - v2, v) 

Then, 

and 
--21 (u--..2)-½ 0 1 2 l IJh(u,v)I= v- • =-(u-etr)-, 
v(u - v2-½ 1 2 

Thus, the joint density of Y and R2 is 

fw,v(u,v) = 
½tu - v2i-1l2µe(/J1( u, v)) + ½< u - v2)-112µe(/21( u, 11 )) 

1 ( 2)·-1/2 À e-(~ siri8-vcoefJ)/2u2 
- - U- V 

2 ./2-in 
+!( u _ v2)-l/2 À e-<-~ sin8-vcosll)/2u2 

2 ./iin _ 
!( U _ 02)-1/2 À ( sin8-vcos6)/.2r + sin9-vcos8)/2u2) 

2 vf2io 
Consequen tly, 

Il9(ylz) = 
l(z2 _ y2)-1/2-L(e-(Jz2 -y2 sin8-ycoslJ)/2u2 + e-(-Jz2 -y2 sinlJ-y cos8)/2u2) 
2 ffeu 
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Also, 

• e-(~ sin8-ycos8)2 /2<T2 

Pi(D, y,z) = ( sin6-ye<M8)2/2fT2 + e-(-~ sin8-ycos6)2/2t72 ) . (8) 

Using the notation from Gugerli (1986), define J: B00(E) X B;;,(E) - ([O,oo) X E) as 
J(w,h)(t,(r,o,,B,7)) := lw(t,(ra,,B,,)) + Hh(t,(ro.,,B,;)) 

where :· • - ' 
Iw(t,(r,a,,B,y)) =.16 Qw(r + s,a,,B, 1 ),\(r + s) exp{- J; ..\(r + u) du}ds 
Hh(t,(r,o:~·,B,1')) = h(t + r;a,/3,,)exp{- J~ ..\(s + r)ds} 

Define also, K : B00.(E) - B00 (E) as 
Kw(r,a, ,B, 1 ) = Jo Qw( r + s; a,/3,;),\(r + s) exp{ Jt ,\( + u)du }ds 

The operator L :.B 00(E) x·_ B~(E)-+ B00(E) is defined as: 
L(w ,h)(r,a,,8, 7) := min{ Jo( tp;h )( r, a,/3, 1 ), K w( r, a, /3,,)} 
where 

Ji( w, h )( r, o:, /3, 1 ) = inf s~t J( w, h )( s, ( r, à,,,8, 1 )) 

ln our case, the cost fq.nction 

. 2 11r/2 1 . ·20. 7r 
g(_r,o,fi,,) = nun{,rr + e •. (-2 arctan /3 ·+ -2(sgna)J(.8--y<O) - 8)2g(IJITr)d8,A} 

-1r/2 . - i 

belongs to B~ ( E) and to find the pay-off' function s( r, a, /3,;) for the optimal stopping 
problem, let 

and 

so ·= g 

Sn+l = L(sn,g) 

s = limsn 
n 

and the optimal stopping time is given by 

r = inf{t > O;g(X(t)) = s(X(t))} 

1.4.2 Shyriayev's Approach 

Let 

X(t) = (t, E X,Yã, E Xl l E Y/) 
r, r, r, · 
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We Apply the the approach described in Shyriayev (1981) with cost functjon ~iven by 

· g(t,o:,P,1)= .. . 
. 2 1,r l 2 1 2a ,r 2 = Dlln { 1rt + C ( -2 arctan ,B + -( sgna )/(/J--r<O) - O) g( Bit, a, /3,, )dlJ, -01) 

,r/2 - 1 2 

where g( Olt, a, ,8,,) is given by (6). 

Let Q N be the operator: 
QNg(t,a,/3,,) = min{g(t;a,,8,,),S(2-N)g(t,'a,/3,,)} 

where 
S(.s)g(t,a,,B,;) = E(t,o,,B,-,)[X(.,)] 

ln thls case, the pay-off ·function s(t,a,,8,;) is given by 

s(t,a,fJ,"'i) = JimlimQNg(t,a,,B,;) 
. n N 

where Q'j/1g =•QN(QNg). And the optimal stopping time is given by • 

T = inf{t O;g(X(t)) = s(X(t))} 
Determination of S(s) h(t,a,,B, ;) 

(12) 

(13) 

Given a function h E B~(E), where E= [O, oo) X R X R+ X R +, we want to compute 
S(s)h(t,a,,8, 1 ) = E(t,o,,0,-,)Íh(X(s))] = E[h(X(t + s))IX(t) = (t,a,,8,-y)]. ln order to 
compute this, define the event: • • 
A(t,s) = there is some point in the ringTt+_,\ft = .{(x,y);t2 < x2 + y2 (t + .s) 2}. 

We have that, 

where 

( 11Sing polar coordinates) 
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Cónsequently, as ., - O, 

(14) ., 

Therefore, we can write S(s)h(t-,a,fJ,1) as 

S(s)h(t,o:,/J,y) = E(h(-X(t + s))IX(t) = (t;o:,,8, 1 ),A(t,s)JP(A(t,s)) 
+E[h(X(t + s))IX(t) = (t,a,,8,1),Ac(t,s)]P(Ac(t,s)) (15) 

Let s be small enough so that, there is at most one point in the ring r t+.s \f1 and its 
distance ·to the origin is ( t + s )2, theri, ·we há.ve 

where 

h1(s,t,a,fJ,,,y) = h(t + + s)2• - y2 + o:,(t + s)2 - y2 + f3,y 2 + 1) 

h2(s,t, o:,fJ,1,Y) = h(t + .,, -vl(t + s)2 - y2 + o:, (t + s)2 :.... y2 + f3,y1 + 1) 

and Ilg(yjz) is given by ( 7), p1(fl,y,t) is given by ( 8), 1>2(8,y,t) = 1 - ·]>1(8,y,t) ªnd 
g( Bit, a, ,8, 1 ) is given by ( 6). • • • 

1.4.3 Generalized Steían P roblem 
Th • G'ven a stan· e approa.ch used in the subsection(l.4.2) can essentially be described as: 1 1 s. 
da.rd Markov process X(t) and a reward function g(t a {J 1 ), tind the SneH enve opet to 
Thl • ' ' ' We wan 8 a.pproa.ch Js equivalent to solving the Generalized Stefan Problem. 
find a. function ., that satisfies 

s$;g 

A.,(t,a,{J,,) > O 
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. · As(t,a;,8,;) = O, jf s(t,a,,8,1) < g(t,a,,8,1) 
where A is the generator of the process X(t). 

ln our case • 
X(t) = (t,í:XiYi,LXl,í:Y?) 

r, r, r, 
and 
• . • • • .2 • • .• •, /'1 • 1 . • 2a . ,r ,: . '_ '. e ·--

g( t, a, .8, 1) = mm { irt +e [ /2 ( 2 a.rctan .8 _ 1 + 2 ( sgna )J(ll-...,<•l-11)2 g( /JJ!, a, .8 ,..,, )dO, A) 
• . , . .: : : .. 

Note that the process X(t) has one deterministic component plus a jump j,rocess and 
the genérator of.the process will consist of the deriva.tive with respect to the deterministic 
variable plns thejump component. , 

• To find the gene;ator ofthe process X(t) we want an opera.tor A such that 

/(xU)}- J.' Af(X(s))ds 

is a martingale for all J E Dom(A) (see Ethier . 8? Kurtz (1986)). That is, .we want a 
process Z(t), {.1',}-adapted such that, 

J(X(t)).- lt Z(s)ds 

is a. martingale. 

ln our case, for each O we can find Z( 8, t) a {.F, V a( 8)}-ada.pted process such that 

fg ( X ( t)) - 1' Z (O, s )ds 
. . 

is a. martingale with respect to :Ft Va(O), where f(X(t)) = E[/o(X(t))l:Ft]- Then we take 

Z(s) = E[Z(8,s)l.rs] 

Tha.t is, for each fixéd O we find the generator Ao o{ the process X(t) and 

• Af(X(t)) = E(Aofs(X(t))I.Ft] 

By definition of generator we can find As/o by 

Ao/o(t,o:,{),-,) = Jim !E[/o(X(t + s))-/o(X(t))IX(t) = (t,o:,,B,At)] ,,o s 
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e Definin_g ·the event .A(t,s)"as there .is some point in the ring f,+,\fi, note that ·ven 

(~ J~s w/Je ha):veT1( t 8 ) = ( 8 , O, O, O)+ X( t), that is, if X( t) = (t, a, /J, "/) then X( t +~) = 
, , , 1 . ere,ore, • • • 

A,/,(t;a,/l,1) = 
, ,,, ,- , R_°1, ;E[f,(X(t + •))- /,(X(t})IX(t) = (t,a,,8,1)] 

. . . . . . '1 . . , . - . . . • :, • 

. " , .. , _ :~ ;E[f,(X(t + s))- /,(X(t))ÍX(Í-) = (t,a,,8,7),A(f,s)]P(A(t,s)) 

-< ·: ;E(/,(X(t + sH- J,(X(t))IXÚ} = (t,a,,8, 1),A;(t, s))P(Ac(t, s)) 
1 . - . . . . • 

- :~ ;E(/,(X(t + s))- /,(X(t))IX(t) = (t,a,,8,1),A(t,s)]P(A(l,s)) 
. . ' ~ . 1 . ., . . .· • ; _· ; • 
+ ~{1à 8 (/,(~·+ s,a,/J,_7)- fo~t_,a,_/J,1)P(Ac(~,s)) 

ºTherefore,-if Jí(t,a,-{J,1) = ft(t}+ /2(0,P-,1) 

A,J,(t,a,/J~1) = 
{} 

- ãif,(t,a,/J,1) 

+ P( A( t))[ 1>• (!,( t, yjt• - y2 + a, r 2 - y2 + /J, y2 + 1) - J,(I, a, /J, _..,)) Jrr,(ylt )dy 
. • . '. t . 

t • 

-

+ L p,(/1( t, -y,/i2 - y2 + a, r 2 - Y~ + /J, y2 + "/) - /,(t, a, ,8, "f ))]Il,(ylt)dy] ( 17) 

where P(A(t)) = lim,,oP(A(t,s)),P(A(t,&)) is given by (14), P2 = P2(8,y,t) = 1-
Pl (ti, y, t ), PI = PI (ti, y, t) and n,(ylt) are given by ( 8) and ( 7), respectively. Consequently, • 

A/(t,a,/J,1) = 111/'l A,J,(r,a,/J,1)g(8lt,a,/J,1)d8 
-~/2 _, 

where g(8lr,a,J1, 1) is given by ( 6). 

1.5 Numerical Resulta 
Tbe ;1'DP method and Shyriaycv's approach give us that the optimal stopping time exi•l5 

a.nd m both cases we have mathematicaJ expressions that theoretically give. us a method 
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ori how to find the • optimal stopping time . through functional interaction. However, these 
expressions a.re not of practica.1 value and implementing a procedure that utilizes either 
formulas ( 9) and ( 10) or .equations ( 12) and ( 13) is not feasible, since it would require 
huge amount of computer time and computer. memory to run it. 

One option is to work with some suboj,timal stopping time. One method is suggested 
by the corresponding Generalized Stefan Problem (Section 1.4.3). Use as a suboptimal 
stopping time 

T1 = inf {t: Ag(X(t)) O} 

. Note that Ti < T a:nd since the cost is ~he silm of the cost due to sampling pias the 
cost due to estimation érror1 we hav~ that r1 is the first time that the gain obtained by 
finding one more observation in an infinitesimal ring after time t does not compensate for 
the cost of sampJing for one more observation. Several examp]es were carried out and the 
suboptimal stopping time based on the generator is not very good, osually it stops after 
just one or two observations, even when the first observations are not taken into account 
the su boptimal time still does not have a good performance. 

Another option is suggested by the • comment abo-ve. l.et ~r be the time alter r until 
finding another poipt of the process. Then, an· suboptimal stopping time could be 

T2 = inf {r :·Eg(X(r + Ã~)) > g(X(r))} 

Note that, 
P(Ãr > t) = P(N(f r+t \ fr) =O)= e-M,(fr-tt\fr) 

From section 1.4.2, we have, 

M (f \ r ') = ~(7 121( 1 . [t-r2 0082 - e-(r+t)l ~, )dq, 
1 r+i r ./2i Ío cos2 t/, · 

Then, the density of Âr is given by 

Therefore, 

E(l'(r + Ãr)2 - rr1} E(2rrÂr + râ~) (18) 

- 2rr f t/Ar(t)dt + r f t2 /Ar(t)dt (19) 

AJso. 
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Therefore, 

Ef(Ôr+~r ··.:.. 8)2j'X(r)'=' (r,à,,8;1)] = . -·r.1,2 Ido 1C•+r) ((b1 (·r, y; z; - 8)2p1 ( 11; Y, r + z) + ( IÍ:I( r,y, z) ..:. 8)2 P2( 9, y; r + z)] )( 
-,r 2 /0 -(z+r) 

. : ,..: Ile'(yjz,+. r)f~r(z)g(8lr,o.,,B,1)dydzdO (20) 
. : ., ·. . .- (21) 

where 

and 

1 . . 2(o. + + z)2 - y_2) - arctan ---'-----'--.a.....;., _ ___;. _ __.:,......a.. 

. 2 - ·,8+(r+z)2-,-y2 

• + ; .sgn(o +·· y/(r + z)2 - .y 2)I(,8 + (r + z)2 - 1 - y2 < O) 

, ... . 
1 2(a - r + z )2 -:- y2} - arctan ----'------~ 
2 • ,8 + ( r + z )2 - 1 - y2 

;sgn(?- y/(r + z)2 - y_2 )1(,8 + (r + z:) 2 -1- y2 < O) 

The idea above could be pursued further, that is, instead of looking at the expected cost 
for one observation ahead, we could look . at the expected cost function for 2 observations 
ahead. Let ~r be the time after r until finding another point of the process and ~F) be 
the time after ~r until finding another point of the process: Then, an suboptima1 stopping 
time could be 

However, this would be comptiter intensive to calculate and that is not the idea. behind 
finding suboptimal stopping times. 

\ 

Looking at the cost function we can see that basically it is the posterior risk for the 
maximum likelihood estimator plus a sampling cost, if our intention is to minimize the 
cost, maybe it would be a better idea to use the conditional expectation as an e5tima.to; 
instead of the maximum likelihood estimator. However, in all our examples we foun 
that the conditional expectation and the maximum likelihood estimator are very clot 
after a few observations are sampled, and the resulting cost is almost the sarne. Since_t e 

d. . aJ . 1 . h h • al • ntegrat1on, con 1t1on expectat1on can on y be calculated numerically t roug numenc 1 d . 
the use of tbe conditional expectation would increase the computer time to be use ~: 
the computation of the suboptimal stopping times. This addition.al computa.tion can 
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avoided by using the maximum likelihood estimator that can be calculated explicitly. 

Due to the computer intensive routines being used, instead of working with simo)a-
tions, we are going to present some examp)es comparing the suboptimal stopping time r1 
with the true minimum vaJue of the reward function. Note that this is not the optimal 
stopping value since it is found on the ground that we can seé ai] the history of the process 
(past and future). • 

À (1 8 Time Cost MLE 
Minimum 1.0 1.0 o.o 13.0906 1176.408 0.00986 

Suhoptimal 20.6156 1541.286 -0.00491 
Minimum 1.0 1.0 1r /4 15.4490 1071.205 0.78717 

Suboptimal 20.3512 1450.404 0.77943 
Minimum 1.0 1.0 -1r/4 · 16.0464 1208.367 -0. 79591 

Suboptimal 22;9431 1794.118 -0.79758 
Minimum 1.0 3.0 o.o 25.8631 3045.464 -0.03740 

Suboptimal 44.1161 6324.750 -0.01969 
Minimum 1.0 3.0 ,r/4 23.7833 2741.874 0.73949 

Suboptimal 32.9034 3863.179 · 0.752'24 
Minimum 1.0 3.0 -1r /4 23.7363· 2696.709 -0.75290 

Suboptimal 39.5677 5113.177 -0.77810 
Minimum 2.0 1.0 o.o 13.6945 877.254 0.00725 

Suboptimal 20.9030 1349.634 0.00075 
Minimum 2.0 1.0 . 7r /4 13.4085 . 822.934 0.81418 

Suboptimal 13.4085 822.934 0.81418 
Minimum 2.0 1.0 -r/4 11.7957 821.304 -0.81113 

Suhoptimal 16.1311 964.445 :-0.80369 

Table 1: • Time of minimum cost and suboptimal stopping time 

By Tablel and Figure 1 we can note that the suboptimal time estimates the true time 
quite well, in these examples it is always bigger than the true value, but not very much. 
AB expected as <1 grows the stopping time increases and also the suboptimal stopping time 
diverges from the minimizing value. 
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