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CHEMICAL ACTIVE FLUID I: UNIQUENESS AND 

EXISTENCE OF THE LOCAL SOLUTIONS 

Af_A . ROJAS-AIEDAR and S. A. LORCA 

UNlCAMP - IMECC1 C.P. 6065 

1:1081-970, Ca.mpio~, SP, Brazil 

Abstract 

By using lhe speclra.J Ga.lNkin melliod, we prove lhe exi lcmce and uniquc-
Des!i oí sl.rong loca.l solulions Cor Ll•e molion or a chcrnic;J aclive HuícJ . \Ve 
also derive eslim.aLes oi Llie solution lhal are useíuJ íor obta.iuing error hounds 
for tlie approxirna.le s.olutions. 

AMS Classifications: 35Q30, 76D05,. 

Key Words: Chemical aclive fiwd, local st1ong solulions, Galcrkin method, Na.vier-
St.okes equations. 

1 Jntroduction 

lo this work we sL.udy lhe inilial value problem for lhe equalion! Lhat 
describe tbe motion oí a viscous•chcmically-aA:live fluid m a. boundcd domain 
íl Ç F, n = 2 or 3t in lhe time intcn-a.1 {O, TJ, O < T < +oo. 

lo tbe Oberbeck- Boussi.n.esq approximation, lhe stale of such a system is 

described by the equalions (sce Joseph (141). 

•Short tille: d,e:mic.aJ ~clive: Doid ; 
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8u • - -- + u • Vu - tlu + Vp = 1 +(O+ ,/J)g , a, 
ôÕ - -- + u • V(J - 6.0 = f ôt 

a~ - -8t + u • Vt/J - tl,J, = h 

div u =O. 

(1.1) 

Here u(t, x) E JR:1 , B(t, x) E R , ,P(t, x) E IR and p(t, x) E IR denote 
respectively lhe unknowns velocity, temperalure, concentration oí material in the 
liquid and lhe pressure ata point x E n at time t E [0,T}; g(t,x), j(t,z), J(t,x) 

and h(t, x) are given source íunctions. 
On lhe boundary r, we assume tha.t 

u(t, x) = O ; Õ(t, x) = 81 ; tb(t, x) = 'Pi (1.2) 

where 81 and 1/J1 are known functions, and the initiaJ conditions are expresse<l by 

~(O, x) = ~o(x) (1.3) 

where u0 , Ô0 and ~o are given functions on the variable x E n. 
The expression V,~ and div, as usual, denote lhe gradient, Laplacian and 

divergence operalors, respectively; -the ith component of u. V ·u is given by [u. v'u]i = 
n âui n â<j) - -L Uj-a _ j (u.v')</> = L u;-a. 1 for</>=() or 1/J. 

• 1 x, . 1 x, ,= ;= 
The main goaJ in this paper is lo show existence and uniqueness of strong 

solutions. Our strategy for setting this question consists of transforming problem 
{l.1)-(1.3) into another initial-value problem with bomogeneous boundary condi-
lion; next, this new initiaJ value problem is treated by using speclral Galerkin ap-
proximation (spectral in lhe sense that the eigenfunctions of the Stokes and Lapla-
cian operators are used as basjs, functions). 

lt is now appropriate lo mention some earlier works on the injtial boun<lary• 
value problem (l.1)- (1.3), which are related lo ours. 

When chcmicaJ rea.ctions are absc-nt ( J == O), lhe problem ( 1.1 }- ( 1.3) is 
equivalent to lhe classica.J Boussinesq 's problcm, wl,ich hrus bccn investigaled by 
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severa] authors; see for inslancc Hishida ( 12], Korenev [ 15], },lorimoto [l 9]i Shrr.brot 

and Kotorynski 124 J and lhe refcrenccs lherein. Concerning lhe systcm ( 1.1 )-( 1.3), 

Gil's [10] studicd the slationary model, Belov and Ka.pilonov [3J, Lhe stability of lhe 
solu lions o( the syslcm ( 1.1 )-( 1.3) with diff erent bou ndary conditions. Tbey used 

linearization and fixed poinl arguments. The more constructive G;ilerkin method 

was used by Morimoto [191, in the case of Boussinesq 's problcm, Lo obtain global in 

lime weak solu tion for 2 < n < 4 and by Korenev [1.5], again in the Boussinesq 's 

problem, to obtain local and global in time strong solutions for 2 < n < 3, botb 
with diffcrent boundary conditions, and by Rojas-Medar and Lorca (21] by using the 

Spectral Ga1erkin method to show the global existence in Lime of lhe weak solulions 
for auy n > 2. 

ln the case of lhe Classical Navier-Stokes equalions (Ô=~= O), Procli [20}, 
by using lhe eigenfunclions of lhe Slokes operalor á.5 basis for the Galerkin method, 

obtaíned more regular solution, under we.aker assumption on the data. Also, by 

using this basis Heywood [11] showed the cla.ssical reg_ularity of thc solution in a 

way that wa.s easier and independent of potentia1 theory (for this last technique see 

for example Ito [13), Fujita and I<ato !BJ, Ladyzhenskaya [16}, Giga and Miyakawa 

[9]). 
ln this paper we extend lhe ideas of Prodi [20) and Heywood {11) to the 

system (1.1)-(1.3). We prove the local existence of strong solution of (1.1)-(1.3). 

Our results aJso are valid in the case rp = O (Boussincsq's problem), and they 

extend the results of Korenev {I 5J ancl Hishida [l :2], sincc the ini t ial data can be 

more irregular than theirs. Also, differently from llishida I l 2j, we will use thc more 

conslructive Spectral Galcrkin mclhocl of approximation. Thus. the rcsults in this 

paper form thc theoretical basis for íuturc numerical analysis e.,[ the problem: here 

we wilJ obtain estimates for lhe approximate solutions Lliat will bc fundamental in a 

paper in which wc will obtain optimal error cstimales for such approxima.tions (see 

(22]). These cstimales will also play a rol in Ll1c prooí of global cxislcnce of solutions 

of ( 1.1 )-{ 1.3). (See [231). ln anothcr publicalion wc will stuuy the rcgularity for 

t > O of solution obtaincd in this p<ipcr. 

Fina.Jly, thc papcr is organizcu as íollows: ln Seclion 2 wc slate thc basic 

as~umptions and re ulls Lli;il will be II d l,.d ·r i11 th • papcr 1 \\'l' staLe I he trnnsform 
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problem and we also rewrite lhe transform problem in a more suitable weak form; 
we describe the approximation melhod. ln Section 3 we prove our first result of lhe 
existence of strong solution. ln Section 4 we prove ours second result of the existeace 
of strong solution; in Section 5 we state the results on the hydrostatic pression. 

2 Preliminaires 

Let íl Ç IR", n = 2 or . 3, be a bounded domain with boundary r of class 
C 1•1 • Let H 1 (íl) be the usual Sobolev spaces on íl with norm li · li, (s real), 
( ·, • ) denote the usual inner product in L2(íl) and 1 • 1 denote the L2 -norm on íl. 
By HJ(íl) we denote the completion of Cõ(íl) under the norm li · Ili, lhe U-aorm 
on íl is denoted by 1 • 1,, , 1 p oo. lf B is a Banach space, we denote by 

U(O, T; B) the Banach space of the B-valued functions defined is the interval (O, T) 
that are Lq-integrable in the sense of Bochner. Let Jf1-!(r), s = 1,2 ... . be lhe 
usual trace space obtained as the image of H 1 (íl) by the boundary value mapping 
on r, equipped with lhe norm 

lhllH,-¼(r) = inf {llvll I tJ E H 1 (íl) l tJ = "( on r} 

(see, Adams [l] for their properties of the above spaces). 
n-1/2(f) and n-3l2(r) denote the dual space of H 1l2(f) and f/ 3l2(f) re-

spectively. 
The functions in this paper are either m or JR"-valued and we will not 

distinguish them in our notations. 
We shall consider the following spaces of divergence-free functions. 

C;.'u(íl) = {v E cr(íl) / div V= o in íl} 

H = closure of cru(íl) in L2 (íl) 

V= closure of cru(íl) in Jl1(íl) . 

We observe that the space V is characterized by 

V= {u E H~(íl / div u = O in íl} . 

The space L2(íl) bas the decomposition l 2(íl) = H EB H.1, where H.1 = 
{4> E L2(íl)/ exists p E l/ 1(íl) with r/> = Vµ} (Hclmholtz descomposition) . 
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Throughoul lhe papf'r I' will denote lhe orthogonal projcclion from i.'' \f} ) 

onlo II. Thcn lhe operator A: H-+ J-1 givcn b) A= -Pó. wi lh domain D(A) = 
H 2 (n) n V is called lhe Stokes operalor. lt is well known t hat lhe opcralor A 1s 

positive definile, self-adjoinl operalor and is chara{:terized by the rclation 

(Aw, v) = (Vw, v'v) for alJ w E D(A) , v E \/. 

The operator A- 1 is linear continuous from H into D(A), and since lhe injection 
of D( A) is H is compact, A-1 cari be considered as a compact. operator in H. As 
an operator in H il is also self-adjoint. By a well know theorem of Hilbert spaces 
there exisls a sequence of positive numbers µi > O, µ;+i < µ; and an orthonormal 
ba.sis of H ~ {w;}~ 1 sucb lhat A- 1wJ = µiwi . \Ve denote ).j = µ~ 1 . Since A- 1 has 
range in D(A) , ·e oblaiu that 

O < >-1 < · · · < >.; < À;+ 1 < · · · Jim À; = +oo and { w; }~1 are an orthonormaJ basis 
J-00 

of H. 
Therefore, {w;I/Ç}~1 and {w;l>.i}~1 form an orthononnal basis in V (with 

the inner product ((vu, Vv), u, v E V) and H2 (íl) n V (with inner product 
(Au, Av), u, v E D(A)) , respectively. Vve denote by Vi:= span[w1 , ... , w.l-]. 

We observe that for the regularity properties of the Stokes operator , it is usually 
assumed thal íl is of class C2 ; Lhis being in order to use Cattabriga's rcsults [5]. 
Vve use inslead the stronger results of Amrouche and Girault [2] which implies, 

in particular, that when Au E L2 (n) then U E H 2 (n) and llullw and IIAul! are 
equivalent norms when íl is of class c 1.1. 

Similar considerations are true for the Laplacian operator B = -~ : D( B) L2(Q) 
with the Dirichelet boundary conditions with domaia D(B) = H 2 (íl) n HJ(O) and 

we will denote ipk(x), ik by the eigenfunctions and eigenvalues of B, respecli\·cly. 

vVe denote by H k = span (<p 1, •• • , <pk]. 

Bcfore we define strong solution, we will t.ransfonn problem (1.1) - (1.3) in t.o anolher 
one wi th homogcneous boundary value . ln order to do it, we consider the following 

problem: 
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l.{)1 - ór.p = Ü 
r.p = T/ 
tp(O) = r.po. 

m (O, T) x S1 } 
in (O, T) x f 

By using spectral Galerkin method we can obtain the following resulls 

(2.1) 

Len1ma 2.1. Let S1 be a bounded domain of class C 1•1 .. Assume thal 11 E 
L2 (O, T; H 1l 2(r)), T/t E L2 (O, T; n-3l2(f)) and r.p0 E L2 (S1). Then, there exists 
an unique solution <p of (2.1) such that for any t E [O, T] 

\ip(t)l 2 + fo 1 \Vr.p(s)l 2ds < C fo1(1111llt•n(n + ll11tllt-Jn(r))ds + lr.pol 2 

Moreover, if 71 E L2(0,T;H3f'l(f)), 771 E L2 (0 1 T;H- 1l2(f)) and cp0 E 
H 1 (D) , 77(0) = <.p0 on r, then <p satisfy 

JVip(t)l2 + fo 1 \b.cp(s)j 2ds < C fo1 (111111;13/l(r) + ll11tllt-112(r))ds + lllf'oll~ • 

for any t E [O, T]. 
Als<?, if 77 E L00 ((0, T) X f) and c.p0 E L00 (S1), thea the following Ma.xirnum 

Principle holds 

Applying lhe above Lemma for 77 = 81 and <.p0 any function such that cp0 = 
01 (O) on r ( we observe that such function exists by hypothesis clone to T/ = 01 ), we 
obtain the exislence of tp = 82 such tbat 02 is an unique soluLion of Lhe problcm 
(2.1), morcon·r 82 satisfies tbe conclusions of Lemma 2.1. 

A ualogously we can obtain the existence of iµ2 such that rj,2 is a unique 
lution of he prob\em (2 .1) and t/J-1 satisfying the conditions of Lcmma 2. l. 

Xow. we can t.ransform tbe equaLions (l.1) - (1.3) by introdurtiou the n w 



\·,,.ri;ibl cs O = Õ - 02 and 1/J = J; - t/J2 we obtain 

8u ai+ u . v7u - ~u + v7p = (O+ t/J)g + g1 

80 
Ôl + u.\18- ~8 = f - u.v782 

div u = O in (O, T) x fl , 

t1 = o ; (J = o ; 1P = o on (O, T) X r , 

ul,=o = uo ; Blt=D = 80 ; 1Plt=O = l/Jo , 

where 91 = (02 + 1/J2)9 + j; Oo = Õo - 02(0) and '!f'o = ~o - l/,,2(0). 

(2.2) 

(2 .3) 

(2.4) 

N ow, by using the properties of P, we can reformula.te problem (2 .2)-( 2.4) 
as follows: find 

such that 

(u,, v) + (u.Vu,v) + (Au,v) = ((8 + 1/J)g, v) + (9 1,v), \/v E V } 
(Ot,ç) + (u.\70 , f.,) + (B0,0 = (f,0- (u.\702 ,ç), Vf., E HJ(fl) 
(l/;, , <P) + (u.\lrp, <P) + (B?jJ, <P) = (h, cp) - (u.Vl/)2 , <P), V</) E HJ(f1) 

{2.5) 

(u(O), 0(0), ,t,(O)) = (uo, Oo, 1/Jo) . (2.6) 

The spectral Galerkin approximations for (u, 0, 1/J) are defined for ea.ch k EN 

as the solution ( u", O*' Vi) E C 2([0, T); Vi: X (Hk )2) n C 1 ([O, T] X n) of 

(u1, v) + (uk_\luk, v) + (Auk, v) = ((Ok + vi)g, v) + (91, v), Vv E V (2.7) 

(Of,ç) + (u1:.1vo\~) + (BO1\ç) = (J,0- (uk .\702,ç), Vç EH,. (2.8) 

(1/Jt,</>) + (u".V1/J1c 1 </>) + (Bl/JX,</>) = (h,</>)- .(1/ ."vt/J2,</>), V</> E Hk (2.9) 

uk(O, x) = u~(x) , Ok(O, x) = B~(x) , t/Jk(O, x) = t/J~(x) (2.10) 

Here, u~ are lhe projeclions of uo on Vi.., analogously, O~ and t/;~ are lhe 

projections of 00 and t/10 on H1r:, respectiveJy. 
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Equalions (2.7)-(2.10) are equivalent to a system of ordinary differential 
equations, which define tl' Ok and lplc in an intcrval {O, tk ). \Ve will show some a 
priori estimates independent on k and t, in arder lo take l1c = T. Also, we will 
prove that the sequences by ulc 1 91c and 1/;lc converge in appropriate sense to a solu-
tion (u,B, ,p) of (2.5)-(2.6). Our first result concern the local cxistence of solutions 
(2.5)-(2.6) is the following. 

Theorem 2.2. Let íl be a bounded domain in IR"(n = 2 or 3) with boundary r of 
class C 1 •1• Suppose that 

(02, i/J2) E L00 (0, T; (J/1(0))2); (uo, Bo, Wo) E V X (HJ(n))2; 

j E L2 (0, T; L2 (f!));g E L2 (0, T; L3 (f!)); J, h E L2{0, T; L2 (D)) 

Tben, there exists T1 > O with T1 < T such that the problern ( 2.5 )-(2.6) ( or (2.2)-
(2.4)) bas a unique solution ia the interval [O, Ti) . Moreover the approximations 
uk, 91c and iplc satisfy the eslimates 

1vu1c12 + 1vo1c1 2 + lVi/Jlcl 2 + fo\lAul,;1 2 + JBOÃ:1 2 + IBtJll 2 )ds < F(t); 

fo 1 (lu~l 2 + 1071 2 + ll/Jtr2)ds G(t) . 

The funclions on the right hand sides depend on their argument t, and in 
a<ldition on T, r and lhe norrns, lluollv, ll0ollHJ, lli/JollHJ, 

T 1 (l!l 2 + IJl 2 + 1h1 2 + IYl~)ds and 

on the interval in question the f unctions are continuonsly differentiable with respect 
to t. 

\i\lith slronger a.ssumptions on lhe initial values and the externai fields, we 
are able to prove lhe following. 

Theorem 2.3. nder lhe hypothesis of Theorem 2.2 and suppose the force 
1· 

Fi (t} == 1 (18,9(2 + 1°âl2 + 1ar112 + lô,hl 2 )ds < +oo ' 

... 

satisfy 



• 

• 

and 

/ 7 2 2 F2{l) = sup {18,02(t)I + l8rl/J2(t)I} + Ío (IID,O2(t)ll1 + \l81i/J2(t)l\1) ds < +00 
IE[O,Jl O 

and the initial data u0 E D(A),80 ,,jJ0 E D(B). Then lhe solution (u,0,1/;) oblaincd 
in Theorem 2.2 bclongs to C([0, T

1
]; D(A) x D(B) 2 ) n C 1 ({O, Ti); H x (L 2 (O)) 2

). 

Furthermore, the approximations uk, 91c and t/;1c salisfy 

\u~l 2 + 10~1 2 + lt/J:1 2 +·fo1 (\Vu~l 2 + 1vot12 + IV1/J71 2)ds < H(l); 

IA1/1 2 + 1B0,.12 + IBvlt2 < L(t). 

Tbe funct.ions on the right hands sides depend as their argument t, and in 

addition on T, r and the norms lluol!,-r1 , IIOolllf', lll/Joll1-11, .r1(t) and F2(t). On 
lhe intervaJ in questions these funclions are conlinuonsly differentiable with respect 
to t. 

3 Proof of Theorem 2.2 

Setting v = u1: in (2.7), we obtain 

1 d 
2 dt ltl! 2 + [Vul:12 = ((0k + 1//)9, uk) + (g1 , 'll) 

since (u1:_vt./ , ulc) = O. \Ve observe thal 

!((~ + ijl )g , uk)I 

1(91 , u1c)I 

So, we deduce of (3.1) 

< C619l;(IOlc\ 2 + 11/JÃ:12) + ~\V1/r2 
l 

- IU + (02 + 1/J-i)g, u1c)I 

< cóu1 2 + c6191;uo21 2 + lw2l 2

) + ~1v1/1 2

. 

(3.1) 

:, /u•/2 + /'vu•l2 < C6/g/~(I0•/ 2 + /,t,'/2 + /0,/ 2 + /\/,,/2) + C/j/2 + ~/'vu•/2 . (3.2) 

Moreover setti ng f, = ot in (2 .8) , we obtain 



(3.3) 
• ( Ir k Ir smce u . V 0 , O ) = O. Now, we observe that 

1(,/.ve'l,fi)I = l(,i1 .vo1r,02)I 

< Clu"blB2l61vo"1 
< C(lu/rl IVulcl 1021! + ~1vo"12 

< C(,.slu"12 1021! + c5jVulcl2 + ~1vo1c1:2 

thanks to Hõlder's, Sobolev's and Young's inequalities. By using the above estimate 
in (3.3), we get 

:t 101c12 + IV(lj2 ::; C(l/12 + c, . .slu"l2I02I!+i1vo.1:12 +11vu1i12. (3.4) 
Similarly, we obtain 

:t ltJ,"l2 + IVTJ,"12::; C<lhl2 + c(,.slu"l2lt/J2I! "+ é:IVt/ll2 + f 1vu"12. (3.5) 

By taking e > O and ó > O small enough, by adding (3.2), (3.4) and (3 .5), 
we obtain 

~(lu"l2 + 10"12 + lt/Jlcl2 ) + 1vu"l2 + 1v01c12 + 1Vt/Jlcl2 
dt 

::; C(lgl~ + 18-21~ + l1P2l:)(lu1cl2 + lokl 2 t l1ll 2

) + ClgfülB2l 2 + lt/J2l2)+ Cl/1'2 + Clhl 2 +CIJl 2

-

lntegrating this last inequality, we gel for any t E [O, T] 

luli(t)l 2 + IO"(t)l2 + lt/Jk(t)l2 + fo\1vu"l2 + 1vo1c12 + IVtJ,l2)ds 

< lu"(O)l2 + lli(O)l2 + ltJ,"(O)l2 + e fo 1 (191~ + 1021: + ltJ,2l!)(lu•r2 + 1ok12 + ITP/r1'2)ds 

+ e 1' lgl;(I021 2 + lv'>2l 2 )ds + e fo 1 (1/1 2 + 1h1 2 + lil 2 )ds 

< luol 2 + IOol 2 + I.J,ol2 + e fo\lgl; + I02I! + l~12l!)(lu"l 2 + io-1:1 2 + l1'i/rl 2 )ds 

+ e fo' l91;(!0:zl 2 + lttil2)ds + C(fo1 (111 2 + 1h12 + IJl'2)ds 1 

since lui.(O)I = !Pi.uai luol, IO"(O)I = IRkOol IOul, ltJi'(O)I = \R1rrJ!ol ltJiol-

10 
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Conscq ncntly1 by using lhe Gronw<\11 1s incqualit y, , ·e ha e 

thanks our hypothesis and where C is a positive consta.nl lhat only depends on 

the regularity of r and the initial datas, lhe above inequality implies lhat (tl), (01 ) 

and (vi) exist globally in t and are uniformly bounded sequence in l 00 (0 T; H) n 
L 2(0, T; V) and L 00 (0, T; L2(n)) n L2(0, T; HJ(íl)), respectively. 

The next step of the proof consists of proving that there exist T1 > 
O, T1 < T such that ( uk, 01r, vi) is a sequence uniformly bounded in L 00 (0, T1; V) x 
(L 00 (0, T; H~(S1))2. 

To this end, we put v = Auk in (2. 7); we obtain 

Hõlder 's and Young's inequa.lities, together witb the Sobolev embed<ling 
H 1 <--t L6 imply 

1((8k + vl)g, Auk)I < c,(l\7O,1:/ 2 + l'vl/ikl 2)lgl~ + t:1Aukl 2 

/(91, Auk)I = IU + (B2 + 1P2)g, A1l)I < C,Jjj 2 + C3(IIB2II~ + lll/'2/IDIYI~ + ejA1il2 

where ê > O. 
Also, by using thc estimate given in Duff [7, p. 154], we have 

Consequently, by setting é= 1/6 in (3.6), we have 

/v'ukrl + IAtlj 2 < C(j\7Bkl2 + IVvll2 )lgl; + CjVuklG + + C(IO2lli + lll/,2ll~)lgli3, 
(3. 7) 

Now, we take = BOk in (2.8) to get 

i :i I0>.-1 2 + /BOkl:l = (J, BOk) - (uk_\10k, BO") - (u".V02, BOk). (3.8) 

Also, we observe that for alJ ó > O 

l l 



·1} d t • th ·ght hand sidc of (3.8) will bc estimatc by means 1c sccon erm m e n -
of the incqualities of Hõlder, Sobolev and Young as follows 

where 6 > O. 

l(uk_v7ok, BOI,:) < ltll61'v0/cblBOkl 

< 1vu1cl 1v01r1!12 1v01c1 112IBB1rl 

< CIBOA:IJ/21VuA:I 1vok1112 • 

< C6lv'uA:l4lv'0A:l2 + blBOkl2 

The third term in the right-hand side of (3.8) will be estimate by means of 
the inequalities of Hõlder, Sobolev, Young and lhe following inequality of Nirenberg 
[7, p. 149]: 

as follows 

l(uÃ\V82, BOA:)I < lulclLoolV02I IBOkl 

where e, 8 > O. 

< C(IVu1c1112IAuk1112 + 1vu1cl)lv'B2I IBOkl 

< C(j'vu1c11nlA1./jl/2IV02I lB01cl 

+ CIVukl IV02I IBBkl 

< C61Vukl jVB2l 2 IAukl + 8IBBkl 2 

+ C6IVuk12Iv0212 + 6jBOÃ:l2 

< c6~l'vukl 2 IV0214 + C.sl'vukl2 IV02l2 

+ 26jv'0A:l2 + ejAi/j2, 

Analogously the terms that involving tplc can be estimate as before. Conse-
quently, for appropriate e and 6, we obtain 

d 
dt (lv'ulcl2 + 1vok12 + IV,Jll2) + 1Aukl2 + 1n01c12 + 1B1Plcl2 

C(jv'BA:12 + lv't/J1cl 2)lgl~ + Cj'vukl6 + Clíl2 + C(ll02II~ + ll1'i2ll~)lgl~ 
+cIvu1cI•IvokI2 + cI1I2 + Cj'vukl 2IV02I 2 + Clv'tll 2 IVOÃ:l'I 

+Cjv'u'-j 4l'vt/J1 l2 + Clhl 2 + Cl'vukl2l'v1P2l2 + CIVu'l2I'v1J'kl.c. (3.9) 
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lting r,(t) = 1Vuk(l)l1 + l\70k(l)l 2 + 1Vit,'-(t)l 2, thc above <liffcrcn Lial incquality 
in1ply 

thanks to our h) pothesis. 

By applying Lemma 3 in Heywood II 1, p. 656], we conclude that therr 
exists T1 E (O, T} such that 

11 ( t ) < Fo ( t, 17 (O)) 'vi E [O, .T1] 

where 17(0) = 1Vuol 2 + IV00 /2 + l\7l/J0 l2 , and F0 is the solution of the initial value 
problem 

F~ - CFg + CFo + C(lj/2 + lfl2 + 1h1 2 + (IIB2lli + l]1P2lli)/gl~) 
Fo(O) - 11(0). 

By returning to (3.9), we are left with 

/'\luk(t)/ 2 + /'v0k(t)j 2 + lv'vl(t)l 2 + fo 1(1Auks)l 2 + IB0k(s)l2 + JB1J}(s)l2)ds 

< /'vt,0 / 2 + /'\780 /2 + /Vt/,10 /2 + C FJ(t, 1J(O)) + C Fo(t, 17(0)) 

+e fo1(jj(s)j 2 + lf(s)j 2 + lh(s)/ 2 )ds + e fo1(IIB2(s)lli + ll1P2(s)lli)lg(s)l5ds 

F(l). (3.10) 

Thus, 
uk is uníformly bounded in L00 (0, T1 ; V) n L2(0, T; D(A)'), Bk, 'lji are uni-

formly bounded in L 00 (0 , T1; 1/J(D)) n L2(0, T; D(B)) . 
Now, by takíng v = u~, ç = 81 and <p = 1/J7 in (2. 7), (2.8) and (2.9), respec-

Uve1y, we get 

ju~ /2 ( ( Ok + 'lji )g, u;) + (g1, u7) - ( 1i. v'tt\ u7) - (Auk, u~), 

JOt/ 2 _ (J,O;)- (uk_'\102 ,0;·)- (il.90\01)- (B0\07), 

/t/Jtl 2 - (h,1/J7)-(11k.V1/J2,'P;)- (uk.V'l/},1/Jt)-(fl1/l,1jJ~). 
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· From tlti'4, wc hi\vc 

11 iu~(.,)l2ds < e fo1[(1vo1r12 + 1v,;/r12)1Yl:,3 + l.1Jil 2 + 1u .V1ll 2 + IA 11 "l2]d.'J , 

1' IO~(s)l 2ds < e 1'11112 + lu1r.V02l 2 + lu1r .vo1r12 + 1no"12]d.~. (3 .11) 

fo' lt/)~(s)l 2ds < e fu1111t1 2 + 1,/.Vt/J2l2 + lu1r.v,;,,1r1 2 + llNll 1]ds. 

Now, bcaring in min<l (3.1 O) an<l lhe Sobolev cmbc<lding 1/2 '-+ U"A, wc 
obtain lhe following c1:1tirnalc: 

lu'·.vu"l2 < lu"li,,,,IV1/1 2 CIA1l121vu"l2 

< C sup F(l) 1Au"l2, 
U$l$T1 

A 11 alogously, we prove 

lu1r .v10212 < Cl\70212 IAukl 2 s; CII02ll1 IAti'-12, 
lu".V,t,-2'2 < CIV1P2l 2 IAu"l 2 $ Cll1P2ll1 IAu"12, 
lu1r.vok12 < e sup F( l )IAu"l 2 

o::;is·r. 
l1i.v,;,,1r1 2 < e sup F(t)IAu1rl2 . 

0$1$T1 

IJy using thi!:! estimatcs in lhe incquality (3.11) logcthcr our hypothesis, we obtain 
for ali t E [O, Ti) 

1' lu~(s)l 2ds < G'l9l1,<-'(0,T;Ll(O)) fo 1(1vo1r1 2 + 1vl·12 )ds + e 1' l91(s)l 2ds 

+ C(0~~J\ F(t) + 1) fo' IAu"(s )12ds 

_ Gi(t) 

Morcovcr, (u~) is an uniformly bounded scqucnce in L2 (0, T1; 1-/). 
Also, l1y 11sing the abovc cstimatcs logctlier with lhe hypothesis we have 

1' 10:(s)l2d., e 1' l/(s)l 2ds + C(I02ll',.,(O,'f;H'(O)) + o:~tn F(t)) 1' 1Au"(s)l2ds 

+ C fo' IJJ0•(.-.)1 2ds 

- G1(t) 
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for all t E [O, T,J, so, (O~) is an uniformly boundcd scqucnce in L2(0, T1; L1(0)) . Anal-
ogou:-ly, we pro\'C thal (v·n is an uniformly bounded sequcncc is /}(O, T,; l 1(íl)). 

Now by standard met.hotls (sec for instance [ 17]. [11], [20}), these estimates 

cnab\e us to take the limit as k - +oo in (2. 7)-(2.9). We conclude that a solution 
for ('2.5)-(2.6) exists in staled class. vVe have also that u, E L2(0, T; H), (resp. 
O,,V', E V1(0, T; J}(íl))). This condilion, together with u E L2(0, T; D(A)), (resp. 
O,,/ E J}(O , T; D(B))) , implies by inlerpolation (See, Temam [25], p. 260), that u 

(resp. e, ,J ) is a\most everywhere equal to a continuous function from [O, T1] into 

V (resp. l0 , T) into HJ(!1)), consequently the initial conditions u(O) = uo (resp. 

0(0) = Oo, 1,1· (0) = ~10) are meaningful. 

4 Proof of Theorem 2.3 

\Ve will need {urther estimales for the approximations uk, 0k, tpk. To this 
end , we differentiable (2. 7)-(2.9) wilh respect to t and set v = u~, ( = 0} and 
</> = t/J;. We are left with 

:t lu~l2 + lv'u~l 2 = ((0k + t/Jk)91, u:) +((e:+ ib:)9, u~) 

+ ((9i)1,u~)-(u~.v'uk,u~)- (uk.v'u~,u7), (4.2) 

(J,, 0~) - ( u}. "v 02, e~) 

- (uk_V(02)1,0~)-(u}.v0t,07)- (uk_\707,0~),(4.3) 

(h 11 1/l~) - (u~.v't/J2, 1/,~) 

+ {u4 .v'(,p2),,tb~)-(u~."vt/11 ,,p~)-(u•.v',µ~,l/,f).(4.4) 

\\ e observe that 
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Also, by using t hc Cauchy . Schwarz and Yo11ng incq11 ali t ies, wc obta.in 

By using the Holder and Young inequalitíes, we gel 

l((Ok + t;})gt, u7)1 < Ct(/'v0kl7 + l'v1/l/ 2)lg,/ 2 + e/'vu;l 2 

l((o; + r/Jt)g, u~)I $ Ci:(/'vo;1 2 + j1t,;/ 2)/g/fJ + t/'vu;/ 2 • 

Similarly, we have 

[((g, )i, u7)1 - IU, + (02 + t/J2)9r + (02 + 1/;2),g , u7)/ 

< C!jj,/2 + Ct(l/O21/f + ll 1/J2 ll:)l9d 2 + C1:(/(02)il 2 + l( ·,t,2)tl2)/g/f3 

+e/v'u;j 2. 

To estimate the fourth term in (,Ll), we use tbe Hõldcr 1s and Young's inequalities 

together with the Sobolev embedding f/ 1 L~; we oblain for any é > O and suitable 

ct > o, 

1( u7. 'vu\ u:) < Ju~/ /'vt/1., ju;/., 

< C1:Ju;J 2 jAuÁ·/2 + t/'vu;/ 2 . 

Similarly, we have for any ô> O and suitable C6 > O 

/(u;. v01,, O~)/ - l(u;. vo;, 02)/ 

< 1u;bl02/6l'v07 / 
< C6/u71 l'v·u;/ I02I~ + ól'vot·12 

< c5,e/u7l 2 1021: + él'vu7/ 2 + ó/'vOf 12 

/(uk.('v02),, ot)I - /(uk . 'vO;, (0-,)i)I 

< C5JA1il 2 l(02)d 2 + ól'vOt/ 2 • 
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A nalogous e.<-t 1ml\t~ T"C' lid fo r t h rm lha invoh \: •. 
B_,·t kingr Oand > Üsmall cnough. byi\dd in (,1. ) ),( -1. 2 a.nd( -1.'.J A d 

b • usinf; thc aboH' ~ t imrl t we are lcft with l he follo, ·ing d i ffc r cnl ia l incquAlíty 

:i (lu~l 2 + 1~12 + l l ~1 2
) + (l \7u~ l2 + 1"~ 12 + Jvv~i:1

) 

< C U,12 + /t l2 + lh,!2
) + C(lv~l 2 + l~ ii,iJ 2 + lv8212 + l\7VJl 2 )lg, l2 

+ C(l8~ I2 + l\'.:~12 + l(82)cl1 + l(tl>i )d1 )lgli, + C(l u~ l2(1Auà: l2 + l891:ll + IBçlr2 

+ IB1 l: + lt½ll ) + \Au tl 2 (1(01 )d 2 + l( \?l),12
) 

< C<p1(t) + C\gd2 (1 ve4° 1' + lv t ~l) + C\g~( I,n12 + l1P~l 2 ) + Clu~l2'?'2(f) + (Au 1r1c,?J (t) 

where "1(t) = Ürl2 + lf, 12 + lh,1 2 + \g,l 2 (IV02l 2 + jv' • 2 1
2

) + l9 li(l(02),l 2 + l(ó2),l 2
) , 

1P2(t ) = jA1l l 2 + IB0k l2 + \021! + \V:,2lt 

..;3( t ) = 1{ 02) , 12 + 1( 11,, ),12 . 

Consequently for O < t < T1 ; we obtain 

lu~(t)l 2 + IO:(t)l 2 + lv-•;(t)l 2 + fo1 (lv'u;(s)l 2 + 1~0:(.s)l 2 + IVtP~(s)l2 )ds 

< lu:(0)12 + 10:(0)1 2 + lt/J:(0)1 2 + e fo' <,01(s)ds (4.5) 

+ e fo' l9,(s)l 2(1v'04°(s)l 2 + 1Vvl(s)l2 )ds + e 1' lu~(s)l2cp2(s)ds 

+ e fo' 1Aul;(s)l2~3(s)ds. 

We observe that by hypot.hesis ip1 E L1(0, T), cp3 E L00 (0, T), consequently 

1t 1Au*(s)l2<,?3(s)ds < l'P31L<•0 (o,T) 1' 1Au*(s)l2ds-

< l'PJIL00 (O,T) F( t) 

thanks to the estimate (3.10). 
Moreover, by using the estimate (3.10), we conclude that 

1V t/Jk(t)l 2 + jVtr(t)l 2 < sup F(t) <e< +oo. 
OS,$T1 

so, Íat l9i(s)l2(lv'Oé(s)f' + 1v,,tl(s)l2)ds < e fa119,(s)l2ds < e 
9t E L2(íl x (O , T)). 
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• H d {11 665] we can prove lhal Now, analogously as m eywoo , P· , 

lu~(O)l2 + 10~(0)12 + lt/J~(O)l2 L, 

where L > O is a conslanl independenl of k. 
Thus, by using lhe above eslimales in (4.5), we gel 

lu~(t)1 2 + I0~(t)12 + ltb:(t)l2 + L'(lvu:(s)l 2 + 1vo:(s)l2 + jV,t,~(s)l1)d~ 

L + C\cp1lt2(0,T) + Cjcp3lt00(0,T)F(t) +e+ e L' \u~(s)l2<t'2(s)ds 

C + C fo' lu:(sW<p2(s)ds. 

Therefore, a.pplying Gronwall's inequalily to the above integral inequalily, we oblain 

\u:(t)l2 + 10;12 + ll/i:(t)l2 + l(l\7u~(s)l2 + l\70~(s)l2 \\7it,~(s)1 2)ds 

$ ceI: 'P:2( 3 )ds 

= H(t) 

for all t E {O, T1]. By lhe estimate (3.10) and hypot h<'sis imply 

fo1 ip2(s)ds $ F1(t) 

for ali t E [O, T1], where F1(t) is a continuous function independenl of k. Conse-
quently, we conclude that u~ is uniformly bounded in L00 (0, T1; H) n L1 (0, T1 ; V) 
and O~, 1/J~ are uniformly boundedºin L00 (0, T1; L2 (O)) n L2 (0, T1; HJ(O)). 

Now, by taking v = Auk,~ = BOk a.nd cp = Bl/,k in (2.7), (2.8) and (2.9), 
respeclively, we obtain 

IAukl2 - ((Ok + ,t,lr)g,Aulr) + (91, Aulr) - (tl.v'u·\Aulr) - (u~, Auk), 

IBOkll = (J,BOk) - (uk.v'O-i, BOie) - (uk.v'Ok, B0k) - (o;, BOk), 

1B,J,11 12 - ( h, B,t,lr) - ( u". V,J,2 , B,t,") - ( uk. v' 1/J", Bl/)lc) - ( 1P~, Bl/)1c). 

ln wha.l follows, we observe that if <p E LP(O, T; X) and cp 1 E LP(o, T; X), where 

X is a Banach space and 1 p oo, then <p E C(l0, T); X) (see, Lions l 171, p. 7). 
Thus, we have 91 E C(l0, T}; Ll(fl)). This together wilh lhe estimates (3.10) aud 
(4.5) imply 
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for any t E [O, T1]. 
Simila.rly, and by using this last cstimatc wc gct 

for any t E [O, T1]. 

Thus, tl is uniformly bounded io L00 (0, T; D(A)); O", 1/J" are uniformly 
bounded in L00 (0, T; D(B)). To prove the continuity of Ut(t) in the L2-norm, we 
only need to show that uu is in L2 (0, T

1
; V*). ln fact, if uu E L2 (0, T

1
; V*) then the 

fact that Ut is in L2 (0, T1; V), implies that u E C 1([0, T]; H) (Lemma 1.2, p. 260 in 
Temam [25]). 

_To prove that ttu E L2 (0, T1; v·), it is enough to show thc existence of C > O 
independent of k such that 

To this end, we differentiable equation (2. 7) with respett to t; we obtain 

u~, Pk((gi), +(o:+ 1/J~)g + (Olr + 1/Jlc)g, - u:.vuk - tl.vu:) - Au~. 

G*. 

The above cstimates for ti, 01c and ,pie imply that G* is uniformly boundcd 
in L2 (0, T1 ; \/*). ln fact, we have 

IP,.(u~.'\7u·)lv• sup l(Pku~.'\7u\v)I 
l11lv$l 

< sup l(ut.Vu\ Ps.v)I 
lvlv$1 

< e sup IV1ll lvl• 
lvlv$1 

- c1vu:1. 

Here we have used the Sobolev embedding H 1 e.-+ L4, lhe estimates (4.5) and the 
continuity of p,,_ in L4 (Von Wahl [26, p. XXIII]); C denotes a general constant 
depending only the previous estimates. Conscquently, due to estima te ( 4 .5) we 

obtain 
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where C > O is independent of k E N. 
Also, we have 

IP1r(uk.vu:)lv• = sup l(u1r.vu:,P1rv)I < luklL00 1Vu71 < CIVu~l -
lvl. Sl 

rn ' 
Thus, lo IPk(uk.Vuf)li.ds < C thanks to the estimate {4.5). 

o . 
Also, from 

IAu:lv· = sup ~(Au:, v)I = sup l(Vut, Vv) < 1Vu71, 
lvlv~1 lvlv 9 

we conclude that foT1 IAuf 1i.ds < C. The other terms in the Gk are analogousJy 
estimate. 

To prove the continuity of 01(t) and t/Jt(t) in the L2 -norm, we work exactly 
a.s before. 

To finish the proof we have to show the continuity of u( t ), 0( t) and 'ljJ( t) in 
the H 2(íl)-norm. We will only prove the continuity of O(t) and u(t); the proof of 
'ljJ(t) is quite similar. 

Also, we will prove this continuity only at t0 = O; for other t0 > O the 
argument is analogous. 

We observe that O E L00 (0, T1; D(B)) (resp. u E L00 (0, T1 ; D(A))). Thus, 
given any sequence { tk}~0 C lR+, with tk --+ o+ we can extract a subsequence such 

that O(tk") --+ Õ weakly in H 2 for some O E H2 (resp. ·u(tkJ --+ u weakly in H 2 

for some u E H 2). Since we know (Tbeorem 2.2) that O( lk") --+ 00 strongly in H 1 , 

(resp. u(tk") --+ u0 strongly in J/1 ), the above implies that Õ = 00 ( resp. u = uo). 
Moreover, since this ho)ds for any sequence { tdk=o with tk -+ o+, we conclude that 
O(t) --+ 00 weakJy in 112 as t -t o+ (resp. u(t) -t 1to weakly in H2 as t -+ o+). 

Consequently, due to the lower semicontinuity with respect to the weak topology of 

the norm, we have IBOol < lim inf IBO(t)I (resp. IAuol < lim inf IAu(t)I). 
1-0+ 1-0+ 

N ow, if we are able to prove that 

lim sup IBO(t)I < IBOol, 
,-o+ (4.6) 

(resp. lim sup jAu(t)/ < 1Au01) then we will have lim IBO(t)I = IB00 j (resp. 
,-o+ 1-0+ 

lim JAu(t)I = 1Au0 I), which together with the fact that BO(t) -+ B00 weakly in ,-o• 
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L1 (resp. Au(t) __. Au0 wcakly in L2) will imply thal DO(t) -. D00 slrongly in L1 

(resp. Au(t) -+ At1 0 slrongly in L2 ) (scc Brezis {•tl, p. 52). 
ln or'der to prove ( 4 .6) we proceed as follows: put ç = BO~ in (2.8) lo obtain 

= (f, BO~) - ( ui: .v'02 , B0~) - ( uk .v'Ok, BO~) 

= 1/f - 1l.v'B2 - u".v'Olc, BO") 

- (ft - u~.v'02 - u1r.v'(02)t - ut.v'O" - u1:.v'O~, BO"). 

By integration with respect to time, and by using our previous estimates for u" and 
O", we obtain 

lBOk(t)l 2 < lBOol 2 + 2{{!- uk.v'02 - uk.v'Ok,Bo"·) 

- (f(O) - u~.v'(02)(0) - u~v'O~, B0~)} + Mt 1l2 

where M is a positive constant depending on the previous estimates. From this, we 
conclude 

\BO(t)l2 < \B0ol2 + 2{(! - u.v'02 - u.v'O, B0) 

- (f(O) - Uo.v'(02)(0) - uo.v'00 , B00 )} + A1t 1 l 2 
. 

Now, since u.v'02 ua.v'(02)(0),u.V0--+ tto"vOo, f--+ f(O) in L2 and BO--+ B00 

weakly in L2 as t ---+ o+. V•./e obtain ( 4.6). 
For the velocity u, working exactly as before, we have 

1Au(t)l2 < IAuol 2 + 2{(0 + t/,)g + 91 - u.Vu, Au) 

- ((Oo + t/Jo)g(O) + 91(0) - uo,"vu0 , Au0 ) + Mt 1l2 

observe that by the continuity of O(t) and -rµ(t) in the H2 (n)-norm, we have 

((O+ 1/,)g, Au)-+ ((O+ t/J)(O)g(O), Au0). as t-+ o+ (4.7) 

The other terms are worked as before. Thus we obtain that lim sup IAu(t)I < \Auol-
c-o+ 

This completes the proof of the Theorem. 
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Remark. \\'e observe that we cannot obtain firstly the continuity of tt( t) in the 
H 2-norm, since g E L2(0, T; L3 (f2)), 9t E L2(0, T; L2 (íl)) implies only the continuity 
of g in L2 ; and it is not sufficient to obtain the convergence ( 4. 7). 

5 Results on the presstire. 

ln a standar way we can obtain information on the pressure, in fact, wé have 

Proposition 5.1 Under the hypothesis of Theorem 2.2, there exist a unique func-
tion p E L2 (0, T1; H 1 (f2)/ IR) such that (u, 0, -ip, p) is solution of (2.2) - (2.4 ). Under 
the hypothesis of Theorem 2.3, p E L00 (0, T1; H 1(f2)/ IR) n C([O, Ti]; L2 (f2)/ IR). 

Proof. We observe that (2.2)(i) is equivalent to Au = P(F), where F = g1 +(O+ 
'lf;)g - uc - u. v7u. 

Now, we observe that under the hypothesis of the Theorem 2.2 (resp. The-
orem 2.3), we have F E L2(0, T1; L2(!1)) (resp. F E L00 (0, T1; L2(!1)). 

Therefore, Amrouche and Girault's results [2] imply that there is unique 
p E L2(0, Ti; H 1(íl)/ IR) (resp. p E L00 (0, Ti; H 1(íl)/ IR) n C((O, Ti]; L2 (íl,)/ IR)) such 
that 

-ôu + Vp = F 
div u = O in íl,. 

ulr = O , 
thus, the Proposition is proved. 
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