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ABSTRACT: By using the spectm/ Ga/e1·kin method, we pmve the existence and unique-
ness of strong local solutions for a system of equations of magnetohydrodynamic type. 
Severa/ estimates for the solution and their approximations are given. These estimates 
could be used for derivation of ermr bounds. 
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RESUMO: SOBRE UM SISTEMA DE EQUAÇÕES DE EVOLUÇÃO DO TIPO DA 
MAGNETOHIDRODINÂMICA. Pelo uso do método de Galerkin espectral, provamos a· 
existência local e unicidade de soluções fortes de um sistema de equações do tipo da mag-

netohidrodinâmica. Diversas estimativas para a solução e suas aproximações são obtidas. 
Tais estimativas poderiam se1· usadas parn obter estimativas de erro. 

PALAVRAS-CHAVE: Magnetohidrodinâmica, método de Galerkin, soluções fortes. 
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1. INTRODUCTION 

ln several situations the motion of incompressible electrical conducting fluids can 
be modelled by the so called equations of magnetohydrodynamics, which correspond to 
the Navier-Stokes' equations coupled with the Maxwell's equations. ln the case where 
there is free motion of heavy ions, not directly due to the electric field (see Schlüter [9] 
and Pikelner [8]), these equations can be reduced to the following form: 

8u r, µ I ( • µ h1) - - -ó.u + u.Vu - -h.Vh = f- -V p + - , 
8t Pm Pm Pm 2 

8h l -8 - -ó.h + u.Vh - h."vu = -grad w, t µa 

div u = O, 
div h = O, 

together with suitable boundary and initial conditions. 

{1.1) 

Here, u and h are respectively the unknown velocity and magnetic fields; p• is 
the unknown hydrostatic pressure; w is an unknown function related to the motion of 
heavy ions (in such way that the density of electric current, io, generated by this motion 
satisfies the relation rat j 0 = -a"vw); Pm is the density of mass of the fluid (assumed 
to be a positive constant); µ > O is the constant magnetic permeability of the medium; 
(7 > O is the constant electric conductivity; 1J > O is the constant viscosity of the fluid; f 
is an given externai force field. 

The stationary problem corresponding to ( 1. 1) was considered by Chizhonkov 
[2]; while the question of (local) existence of solution of the evolution problem (1.1) wa.s 
analysed by Lassner [7J by making the use of semigroup techniques as the ones in Fujita 
and Kato [5] (he also studied the asymptotic behavior of the solution as t -. o+). 

ln this paper we will consider the problem of local existence of strong solutions of 

(1.1) as in Lassner [7], with homogeneous boundary condition for u an h for simplicity of 
exposition, but under weaker assumptions on the initial data. Also, differently from {7], 

we wm use the more constructive spectral Galerkin method of approximation. Thus, the 

resuJts in this paper form the theoretical basis for future numerical analysis of the problem: 

here we will obtain estimates for the approximate solutions that will be fundamental in 

a forthcoming paper in which we will obtain optimal error estimates for such Galerkin 
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a,pproximé\.tions. Thcse est imntes will l\lso pll\y l\ rol i11 t.he proof of glohnl cxistcncc of 
solutions of (1.1). 

Finally, the paper is orgl\.nizcd l\.'i follows: in Sectio11 2 wc :-itat.c thc hasic assurnp-
tions a.nd results tlrn.t. will be 11scd lnt.,ir in thc pnp •r; wc nlso rcwritc ( 1.1) i11 a more 
suitable wea.k form; we describe the npproxi1rnüio11 111ct.hod n11d sl.11.tc t.hc rcs11lts of the 
paper (Theorems 2.1, 2.2 nnd 2.:l). Each onc of the following scctio11s will be dcvoted to 
their proofo. 

2. PRELIMINARIES AND RESULTS 

Let O Ç Oi", n = 2 or 3, be n. bo11nde<l domnin wit.h ho1111dnry ân of Class C 1•1• 

\"/e denote by H ( n) t.he So.bolev Spa.ccs 011 íl with 11or111 li · 11.., ( ·, ·) denotes the 1}1-norm 
on íl. HJ(íl) is the complet.io11 of Cõ(íl) under t,hc norm li · 11 1 . J\lso, W< ! denote by LP(D) 
for 1 p oo the usun.l Lebesgue Spn.ces A.11d by li · llv• the U'-11orm 011 n. With the 
sarne symbols we denote the spa.ces of n-dime11sio11nl vedor functiom,. 

We put 

C~ = {v E Ccf(!l)/divu = O} 

H = closure of Ct"(íl) 111 ((l(íl))" 

V = closme of Ct11 (0) 111 (l/ 1(íl))" . 

lt is possible to show that. 

\/ = {11 E f/J(íl)ldiv 11 = O}. 

We rccall the Helmholtz decomposition of vecto1· fidd: l'l(O) = li EB G, being 

G = {4>/4> = \lp, JJ E /Jl(íl)}. 
Throughout the pa,per P will dm1ote tho orthogonn.l proj ·ction from l'J(O) onto 

H. Then, the opern.tor A: fJ-+ li given by A= -Pt:i with dollH\ill D(A) = H1 (n) n V 
is callcd thc Stok >s' opcrator. lt ili wcll know thnt A i:-1 n positive dcfinitt:i sclf-,\djoint 
opcrator aud it is cl1nrnct •rizcd by thc rnl1\tio11 

(Aw, u) = ('vw, \111) for ali tu E D(/\), P E \/. 

Thc opern.tor A- 1 iH li110Rr co11tim101111 íro111 H into D{/\), n11tl, t1i11ce the injection 
of D(A) in lJ is compact, A-1 can bo co11sidcrc<l ru1 a comptlcl op<.·ra.tor in H. As an 
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operator in H, A-1 it is also self-adjoint. By a well know theorem of Hilbert, there exists 
a sequence of positive numbers µ, > O, µ,+1 5 µ, and an orthonormal basis of H, ( w,) 
such that A-1w, = µiwi. We denote À; = µ";1. Since A-1 has range in D(A) we obtain 
that Aw; = À;w; , wi E D(A) , O < ,\1 < ... 5 .X, 5 Àj+t 5 ... and _lim >-., = +oo. 

J-+oo 

Also, {w;}i=1 is an orthonormal ba.sis for H, and {w,/j'f;}i=1 and {w,/.,\,}i=1 form 
orthonormal basis in V (with the inner product (v'u, v'v), u, v E V) and H 2(fl) n V (with 
the inner product (Au, Av), u, v E D(A)), respectively. 

By using the properties of P, we can reformulate the problem (1.1), with homo-
geneous boundary conditions, as follows: finei u, h, in suitable spaces to be exactly defined 
later on, satisfying 

a(ut,4>) + a(u.v'u,</>)- (h.v'h,</>) + v(Au,</>) = (af,<I>) 

(ht,1P) + (u.v'h,t/J) - (h.v'u,t/J) + ,(Ah,t/J) = O 

for O< t < T , V,p, t/J E V 

u(O) = u0 , h(O) = ho. 

Here we have denoted 

Pm a=-
µ 

T/ v= -
µ 

1 
,..., - -

' I - • µu 

Now, we define strong solutions of the problem (2.1). 

(2.1) 

Definition. Let u0 , h0 E V and / E L2(0, T; L2 (fl)). By a s"trong solution of 
the problem (2.1), we mean a pair of vector-valued functions (u, h) such that u, h E 
L00 (0,T;V)nL 2(0,T;D(A)) and that satisfies (2.1). 

Remark. ln what follows, we will prove that if ( u, h) is a strong solution of (2.1) then 
ui,he E L2(0,T;H). This condition, together with u,h E L2(0,T;D(A)), implies by 
interpolation (see, Temam p. 260), that u, h are almost everywhere equal to a continuous 
function from (O, T] into V, conseqnently the initial conditions u(O} = u0 and h(O) = h0 

are meaningful. 

To prove (local) exist.euce of strong solutions we will use the spectral Galerkin 
method applied to (2.1 ). That 1s, we consider the finite dimensional subspaces 
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V1c = span[w1, .. . , wlr], k E N, the corresponding orthogonal projections P,. : H -+ Vi 
and the approximate solutions 

k k 
Ir "" • u (x,t) = L.,Ci1t(t)w'(x), hlr(x, t) = L di1i:(t)wi(x) , 

i=l i=l 

developed in terms of eigenfunctions of Stokes' operator, satisfying the following equations: 

(2.2) 

This is equivalent to the weak form 

a(u~,<P) + v(v'uk, v'ef,) + a(u1i: .v'uk,4>)- (h,._v'h\4>) = a(J,<I>) Vi/> E V,. 

(h~, 1/,,) + -y(v'h"', v'l/J) + (u".v'hlc, t/J) - (h,..v'ulc, t/J) = O Vip E V,. (2.3) 

By using these approximations, we will prove the following results. 

Theorem 2.1. Let the initial values uo, ho E V and the externa} force f E 
L2(0, T; L2(0)). Then, on a (possibly small) time interval [O, T1], O < T1 S T, prob- • 
Jem (2.1) has a unique strong solution (u,h). This solution belongs to C([O,Ti], V). 

Moreover, there exist continuous functions F and G such that for any t e· [O, T1), 

there hold 

and 
L'rnu,(r,·)W+ llhc(r,·)112)dr G(t). 

Also, the sarne kind of estimates hold uniformly in k E N for the Galerkin ap-
proximations (uk, hk) . 
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for any é > O and a suitable positive coruitant C,. 
By using Poíncaré's inequality and by taking ! smaH enough after an i:::eg:-a:::c_ 

~n time and an applícation of GronwaJl 's inequality, (3.1) ímplíes the globa exi~.a:.c.e d 
uk and hk and also that 

tl, h" are uniformly bounded in L00 (0 , T ; H ) n L1 (0, T· V ). i .2J 

By taking </> = Atl and t/J = Ah1 in (2.3) (í) and (íí ). re3pecfr.-ely, 77e m.·/e 

od 
2 dt IIVulcll'.l + vllAukll'.l = o(J, Au1) + (h1 .Vh\ Au" ) - o(ur.v tl, A 

1 d 
2dtllVh1cll1-+,IIAh1W = (h".Vu\Ah")- (~_ v'h\Ah.., ). ' 3A 

As before, for any é > O and suitable Cc > O we have 

On the other hand, we can use the estimate in Duff [4, p. 46-!- in the ·E-e ca:o. 
of the right-síde of (3.3) to obtain 

To estimate the second term in the right-side of (3.3). we u.....,., (be ~o• _e-.· :--.~ 

inequality (see [10]) lllf'llf lllf'1111"11Vcpll314 as follows 

l(hk _Vhk, Auk)I < llhA:IIL• IIV hA:IIL• II Auk ll 

< Cllv' hkll (llv' hA:11 t/• II Ah" 1131-1)1!.-h ccll 

< CIIV hkll5l4 I IAhk 1131-t ll Au.c ll 

< CellV hkll5/ll1 Ah"ll311 + ê llAué W 

< C,C611Vhkll 1º + hllAh"lll + t l! Au• II . 

where we have used Hõlder's aud Young's inequalities and 8 > O ( with suitab.e ; > -
Analogously, we cau provt! that the terms in the right hand side . f (3.4) satis:fy 
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Theorem 2.2. ln a.ddition t.o the assumptions of Theorem 2.1, assume that u0, h0 E 
V n H2 (íl) a.nd that f1 E L2(0, T; l 2(íl)). Then, the funct.ions u, h sat.isfy 

llu1(t, ·)W + llh,(t, ·)112 + fo' (llv7tt1(r, ·)111 + llv7h,(r, ·)112)dr H(t); 

IIAu(t, • )111 + IIAh(t, • )W L(t); 

fo'rnu11(r,·)lli- + llh,,(r,·)lli.)dr M(t), 

forevery t E [O,T1], where H(•),L(·) and M(·) arecontinuous function in t E [O,T.). Also, 

u, h E C1 ([O, T1]; H) n C([O, Til, D(A)). 
Moreover, the sarne kind of estimates hold uniformly in 1.: for thc Galerkin ap-

proximations ( uk, hk). 

As a consequence of the above, by using the resnlts of A111rouclw a.nd Girault [1], 
we conclude: 

Theorem 2.3. U nder the hypothesis of Theorem 2.1, there exist unique functions p, w E 
L2(0, T; H 1(D.)/ IR) such that by taking p'" = p-ih2 , (u, h,p*, w) is solution of {1.1). 
Under the hypothesis of Theorem 2.2, p, w E L00 (0, T1; H 1 (D.)/ IR) n C( [O, Ti], I}(D.)/ IR). 

3. THE PROOF OF THEOREM 2.1 

The following estimates show the global existence (in t) of the approximate solu-

tions u", h". 
Setting rp = u" and t/J = h" in (2.3) (i) and (ii), respectively, we have 

i ;~llu"W + vllv7u"W = o(/,t.1') + (hk.'vh",ulr) 

~;llh"ll1 + ,ll'vh"ll1 = (h".'vu\Jik), 

since (u*.'vu*,u") = (t11r.'vhic,/,1r) = O. 
Adding tJie above i11cq11alíties a11d observi11g tlrn.t ( Jik. 'v Jik, ulc) + ( hJr. v7u•, hJr) = O, 

we obtain 

(3.1) 
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1(1/ .v't1\ Ahk)I $ CrC~llv'hkll8 llv'u"W + ell/\ukW + iSIIAl/112. 

lf we add equalit.ies (3.~J) and (3.4) a.nd use thc above est.ima.tes with suitabl~ 

small enough ê and 6, we are left with the following <liffcrential inequality, 

:t (0 II'7ukll1 + llv'hkW) + vllA1lW + 1II111/W (3.5) 

:5 Cllfll1 + C(llv'ukllº + llv'l/111º + llv'1lll8 llv'h"'W + llv'hkll8 llv'uk1!2). 

That is, 
d 
dte"(t) $ r(t) + C!"'(tt 

where e(t) = adIVuk(t)ll2 + llv'hk(t)lll and r(t) = Cll/(t)W. By using Lemma 3 in o( 

Heywood [6, p. 656], we conclude that. there exists T1 E (O, T) snch that. 

where ç(O) = adlv'uol!2 + llv'holl\ and F0 is the solution of the initial value problem 

F~ = C F5 + r(t) , F0(0) = ~(O) . 

Returning to (3.5), we are left with 

allv'é(t)ll2 + llv'h"'(t)lll + L1(vllAu"'lll + 1IIAh"'ll1)ds (3.6) 

< ollv'ttoll2 + IIV'hoW + L1 r(s)ds + CFJ(t,~(O)) 

- F(t). 

Thus, 

·1/,hk areuniformlyboundedin L00 (0,T1;V)nLl(O,T;D{A)) . (3.7) 

Now , by taking </> = uf and t/J = h~ in (2.3) (i) and (ii ), respectively, we get 

ollu~ll2 = o(/, u7) + (h".v'hk, u~) - o(u"'.v'u\ u~) - v(Au", u~). 

llh~ll7 = (hk .v'u\hf)-(u"'.v'h\hf)- ,(Ah\h~) • 

From thi s, we have 

fo' llu~(s)Wds $ e L (II/(s)lr' + llhk_v71/·W + llu" •. v't/111 + IIAukll'J)ds, (3.8) 
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t, 

· t ' . 
• -: . . . (3.9) 

Now, bearing in mind (3. 7) and the Sobolev embedding H 2 ._ L 00 , we obtain the 
following estimates: 

llhk.'v'hkll2 < llhkllioo IIV hkll2 

< CIIAhkll211Vhkll2 

< C sup F(t) IIAhkW, 
0$1$T1 

Similarly, 

l11l .V1i"ll2 < e sup F(t)11Aukll2, 
0$t$T1 

llhk .VukW < e sup F(t)IIAhkW, 
0$t$T1 

lluk_v7hkll2 < e sup F(t)IIAuk112• 
0$t$T1 

Since, lt (vllAuk(s)W + ,IIAh.1:(s)ll 2)ds F(t) for all t E [O, T1] (see (3.6)), we 
deduce from the above estimates, together with (3.8) and (3.9), that 

'i • • 

u~ , h~ are uniformly bounded in L2 (0, T
1

; H). (3.10) 

Now, by standard methods (see for instance [3), [6), [10]), these estimates enable 
us to take the limitas k-+ +oo in (2.3) and conclude that a solution for (2.1) exists in 
the stated class. 

ln the following we prove the uniqueness of such a solution . Consider that (ui, hi) 
and ( u2·, h2 ) are two solutions of the problem (2.1) with the sarne J and u0 , h0 and define 
the diferences w = u

1 
- u2 and v = h

1 
- h2 . They satisfy 

a(wt, 4>) + v(Aw, 4>) = -a(w.Vu1 , <,6) - a(u2 .Vw, 4>) + (v .Vh1, ,/>) + (h2.Vu, </>) 

(v,,c/J) + -y(Av, t/>) = -(u 1.Vv,t/>) - (w.Vh2 ,,J,) + (v .Vui, ·,J,) + (h'J .Vtu,t/>) 

for; any ,/>, 1/J E V; also w(O) = v(O) = O. 
By setting ,p = w and ·,/J = tJ in the above i11 equalities, we obt~in 
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1 d 2 dt llvll2 + ,IIVvll2 = -(w.Vh2, v) + (v.Vu1, v) + (h 2.Vw, v). (3.12) 

Now, we observe that for any é > O and suitable Ce > O 

lo(w.Vu1, w)I < llwllllVuillL• llwllL• 

< CllwllllAu1IIIIVwll 

< CellA«1ll2llwll2 + élIVwll2, 

thanks to the Sobolev embedding H 2 ._ L4 and Hôlder and Yuong inequalities. 
Similarly, 

l(v.Vh1 ,w)I < CellAh1ll2llvll2 + EIIVwW , 

l(h2.Vv, w)I < C.sllAh2ll2llwll2 + 8lIVvl!2, 
1( w.V h2, v)I < C.sllAh21!2llwll2 + 8IIVvll2, 

1( v.Vtt1, v)I < C.sllAu11!2llvll2 + <5IIVvll2, 

l(h2 . Vw, v)I < C«IIAh2ll2llvll2 + élIVw!l2, 

for any positive E and ô and suitable positive constants C", C6• 

Consequently, ?Y taking é = v /6 and ô = , /6, in the above inequalities, (3.11) 
and (3.12) imply the differential inequality 

By integration in time, the use of Gronwall's inequality and (3.6), we obtain 

o-llw(t)II + llv(t)W + v fo' IIVw(s)l!2ds + 1 fo' IIVv(s)ll2ds 

< (allw(O)ll2 + llv(O)ll 2)ecF(tl, 

Since w(O) = v(O) = O, we finally obtain w(t) = v(t) = O for ali t E [O, Ti]. Hence u1 = u2 

and ht = h2 and the uniqueness is proved. For the proof of the continuity of u(t) and h(t) 
in the Ht (O) -norm, we proceed as in the remark after the definition of strong solution. 

This completes the proof of tbe Theorem. • 
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4. THE PROOF THE THEOREM 2.2 

To prove Theorem 2.2 we will need further estimates for the approximations uk, hk. 
To this end, we differentiate (2.3) (i) and (ii) with respect to t and set q, = u7 and t/> = h7. 
We are left with 

-a(t/v'u;,u;) + (h;.v'h\u:) + (hk.v'h;,u;), 

~:tllh;W + ;-llv'h;lll = -(u:.v'hk,h;)-(u1\v'h;,h;) 

+(h;.v'uk, h;) + (hk.v'u;, h;) . 

By using the Cauchy-Schwarz and Young's inequalities, we obtain 

Also, we observe that 
(uk.v'u7, u;) = (tl.v'h;, h7) =O. 

The second term in ( 4:2) can be estimated in the following form 

lo(u7.v'u\u;)I < ollu7I11Iv'ukllL•llu;IIL• 
< Cellu~ll2IIA1lll2 + ellv'u7112 ' 

( 4.1) 

(4.2) 

for any é > O and suitable Cc > O. Here we have used the Hõlder's and Young's inequali-
ties,; together with the Sobolev embedding H1 <-+ L4 • 

Similarly, we have 

l(h7.v'hk, u7)1 < Cellh711211Ahkll2 + ellv'u~ll2, 
l(h~ .v'uk, h7)1 < Csllh~ll2IIA1lll2 + ôllv' h~W, 
l(u~.v'h\ h:)I < Csllu:WIIAhkW + ôllv7h~ll2, 

for an'y é, ó > O and suitable Ce, Cs > O. 
To estimate the fifth term in ( 4.1 ), we use the Hõlder's and Young's inequalities 

together with the Sobolev embedding ffl ½ L00 • We obtain for any ó·> O and suitable 
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l(hk.Vh~, u;)I < llhkllL<'°IIVh;llllu;II 
< C5jjAhkll2llu~ll2 + hl1Vh;ll2 . 

Similary, for any é: > O and suitable C~ > O, we have 

By taking small enough é: > o and ô > O, by adding ( 4.1) and ( 4.2) and by using 
the above estimates, we are left with the following differential inequality 

d 
dt (nllu7112 + llh;jj2) + (vl1Vu7112 + ,11Vh71!2) 

$ llftll2 ·+ C(nllu:112 + llh:ll2HIIA1ljj2 + llh:112 + 1), 

where C > O is a generic constant. Consequently, for O $ t $ T1, we obtain 

allu;W + llh;jj2 + C 1t(vl1Vu;jj2 + ,11Vh;!l2)ds 

< nllu;(o)jj2 + llh;(o)jj2 + foi Cllfill2ds 

+ e fo\allu7112 + llh;ll2)(IIA1/jj2 + IIAhkjj2 + l)ds . 

Now, analogously as in Heywood [6, p. 665), we can prove tha.t 

where L > O is a constant independent of k. 
Thus, by applying Gronwall's inequality to the above integral inequality, weobtain 

$ c(fot (llfill'Jds + L)efo' 9(,)d, 

= G(t) 

(4.3) 

for ali t E [O, T1], with O(t) = C(IIAukll2 + 11Ahkll2 + 1). By the estimates in {3.6), we 

have 
fo' O( s )ds $ Ct + C F(t) 
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... 

• 

for all t E [O, Ti), where F(t) is a function independent of k. Consequently, we conclude 
that 

u~, h~ are uniforrnly bounded in L00 (0, T1; H) n L2 (0, T1; V). (4.4) 

Now, by taking </> = Atl and t/J = Ahk in (2.3) (i) and (ii), respectively, we obtain 

11IIAt/ll2::; C(ll/11 2 + llu~ll2 + llu,..Vu,.112 + llh,._Vhk!l2), 

,IIAh,.112 ::; C(llh~ll2 + llu,._Vu,.111 + llh,.,Vukll2) . 
We observe that 

llu,..Vukll2 < llukllit IIVukllit 

for any t: > O and suitable C~ > O. 

< c11vu,.ll2(11Vukll1/2IIA1/jj312 

< c11vukll512 11Au,.ll311 

< C~IIVu.1:1110 + t:IIAukW 

Analogously as above, we obtain 

llhk.Vhkll2 < C.sllVh,.1110 + 8IIAhkll2, 

llt(Vh,.112 < C.sllVt/llªIIVhkll2 + 8IIAhkW, 

llh.1:.V1lll2 < C~IIVh,.llªIIVukll10 + t:IIAukW. 

(4.5) 

(4.6) 

Now, by adding the inequalities (4.5) and (4.6) and by using the above estimates, 
together with a suitable choice of small enough € and 8, we are left with. 

vllAu,.112 + ,IIAh,.112 < C(ll/112 + llu~W + llh~ll2 

for ali t E [O, Ti]. 

+ IIVukll1º + IIV hkll10 + IIVu,.llªIIVhkll2 

+ IIVtillªIIVuA:112) 
< C(ll/111 + F(t) 5 + G(t)) 

- H(t) 

Here we have used the estimates obtained in the proof Theorem l and ( 4.3). 
Hence, we have 

k hk u, are uniformly bounded in L00 (0, 1'i; D(A)) . (4.7) 

13 



Now, hy standard methods [3], [6), [lü], these estimates enable us to a.ssert that 
the solution ( u, h) of the problem (2.1) satisfies the stated estimates. 

To prove the continuity of u1(t) in the L1 -norm, we only need to show that ua 
is in L 1 (0, T1; v·). ln fact, if ttu E L2{0, T1; v·) then the fact that Ut is in L2(0, T1; V). 
implies that u E C1{[0, T]; H) (Lemma 1.2, p. 260 in Temam [10]) . 

To prove that u11 E L2(0, T1, v·), we observe that it is enough to show the exis-
tence of C > O (independent of k) such that 

{T1 k 2 
lo llu11{s)llv-ds se. 

To this end, we differentiate equation (2.2) with respect to t; we obtain 

u~t = Pk(O:ft + h~.Vhk + hk_vh: - o:u:.v1l - o:tl .Vu7) - vAu: 
gk. 

The above estimates for uk and hk imply that gk 1s uniformly bounded in 
L2 (0, T1 ; V*). ln fact, we have 

IIPk(h;.vhk)llv· = sup l(Pkh;.vh\v)I 
llvllv9 

< sup l(h;.vh\Av)I 
llvllv$1 

< e sup llh;IIL• IIVhkllllvllL• 
llvllv$1 

< c11vh;11. 
Here we have used the Sobolev embedding H1 <-:-+ L4, the estiinate (3.7) and the 

continuity of Pk in L 4 (von Wahl [11, p. XXIII]); C denotes a general constant depending 

only the previous estimates. 
Consequently, due to estimates ( 4.4) we obtain 

fo1'1 IIPk(h:.v'hk)lli.ds se LTi 11v1i:ll2ds se, 

where C > O is independent of k E N. 
Also, we have 

= sup l(ukv'u:,Pkv)I S li1/l!L00 llv'u:II 
llvllv$1 

< c11vu:11. 

14 



• 

{T1 
Consequently, lo IIP,.t/.v'u~llt.ds::; C thanks to the above estimates. 

Also, from 

IIAu~llv• = sup l(Au~, v)I = sup l(v'u~, v't;)I ::; llv'u~II, 
ll 11llv:51 llullv$1 

w~e conclude that foT1 IIAu~lli.ds::; C. 

The other terms in the gk are analogously estimated. 
To prove the continuity of h1(t) in the L2-norm, we work exactly as before. 
To finish the proof we have to show the continuity of u(t) and h(t) in the H2(íl)-

norrn. We will only prove the continuity of h(t); the proof for u(t) is quite similar. Also, 
we will prove this continuity only at t0 = O; for other t0 > O the argument is analogous. 

We observe that h. E L 00 (0, T1 , D(A)) (see (4 .7)). Thus, given any sequence 
{t,.}~0 C JR+, with t,. ----to+ we can extract a subsequence such that h(tn,.) ----t h weakly 
in H 2 for some h E H 2 . Since we konw {Theorem 2.1) that h(tn•) ----t h0 strongly, the 
above implies that 7i = h0 . Moreover, since this hol<ls for any sequence {tdn=O, with 
tk -+ o+ , we conclude that h(t) ----t h0 weakly in H2 as t - o+. Consequently, due 
to the lower semicontinuity with respect to the weak topology of the norm, we have 

IIAholl :S lim inf IIAh{t)II- Now, if we are able to prove that 
t--o+ . 

lim sup IIAh(t)II ::; IIAholl, i-o+ 
(4.8) 

then we will have lim IIAh(t)II = IIAholl, which together with the fact that Ah(t) - Aho 
t-o+ 

weakly in L 2 will imply that Ah(t) .-.. Ah0 strongly in L 2 • 

ln order to prove (4.8) we proceed as follows: put 'IP= Pí:!.h7 in (2.3) to obtain 

llv'h~ll2 + !,-~11Ah"'li2 = (u"'.v'hk - h"'.v'u"', Pt::,.h7) 
2 dt 

1/u"'.v'hk - hk_v'u"', Pf:!.hk) 

(u~.v'hk + uk_v'h7 - h7.v'uk - hk_vu7,Pt::,.hk). 

By integration with respect to time, and by using our previous estimates for uk 

and hk, we obtain 

,IIAh"'(t)W < ,IIAhoifl + 2{(u"'.v'hk - hk.v'u"'. PC!.hk) 

( u~. v' h~ - h~. v' u~, P í:!. h~)} + /1/ t, 



-- --- - - --

where M is a positive constant dependíng on the previous estimates in k. From this, we 
conclude 

1IIAh(t)ll2 < 1IIAholl2 + 2{(u.v'h- h.v'u,Póh) 

(uo.v'ho - h0 .v'uo, Póho)} + Mt 

Now, since u.v'h--+ u0 .v'ho, h.v'u--+ ho.v'Uo in L2 and Póh--+ Póho weakly 
in L2 as t --+ o+. We obtain the desired result. 

5. THE PROOF OF THE THEOREM 2.3 

The observe that {2.1) (i) and {ii) are equivalent to Au = P(f) and Ah= P(g), 
where f = o:f - u1 - o:u.,ç,'u + h."\lh and g = h.v'u - u."\lh - h1, respectively. 

Now, we observe that under the hypothesis of the Theorem 2.1 {respectively of 
Theorem 2.2), we have ], g E L2(0, Ti; L2 (n)) (respectively 7, g E L=(o, Ti; L2 (!1))). 

Therefore, Amrouch and Girault's results [l] imply that there are unique p, w E 
L2 (0, T1; H 1(!1)/ IR) (respectively p, w E L=(o, Ti; Hi(íl.)/ IR n C([O, Ti]; L2(fl)/ IR)) such 
that 

and 

-vóu + v'p = 7 
div u = O 

ulm = O 

-,óh + v'r = g 
div h = O 

hlm =0. 

Now, it is enough to take p• = p - !!:..h'2 and Theorem 2.3 is proved. 
2 
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