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KLEIN-GORDON WAVE EQUATION IN THE DE ~ITTER 

Abstract 

UNIVERSE • 

E. Capelas de Oliveira and E.A. Notte Cuello 

Depto. Matemática Aplicada - IMECC 
Universidade Estadual de Campinas 

13081-970 Campinas, São Paulo, Brasil 

We discuss the Klein-Gordon wave equa.tion in the de Sitter Universe. This equation 
is obtained for the second órder Casimir invariant operator, using Fantappié.Arcidicono 
methods. : 

Introduction 
Tliere are some pa.pers published ma.ny years a.go discussing wave equations (we call 

wa.ve equa.tion; D'Alembert, Klein-Gordon and Dirac wa.ve equations) iq the de Si~ter 
. Universe. Some of then study the unified description of elementary particles(l.2) and some 
' others study the spherically symmetric in general reativity(3 ,4). One of then presenta a 
five-simensional representation of the electromagnetic and electroll field equations in a 
curved spacetime which is then compared with the formalism proposed by Dirac in the 
case of the de Sitter spacetime<5). ln another paper Takeno(6) discussed a generalization 
of special Lore11tz transformations in the Sitter spacetime. Raje(7) discussed the linear 
~eson wave equation in the Sitter spacetime and obtained the second order wave equation 
using a mebhod proposed by Kemmer(s) where he eliminates matrices which appea.r in the 
linear wa.ve equation. The equation obtained by Raje is essentially the sarne proposed 
f~rmely by Goto<9). We also mention Snyder's paper(to) where he discussed a quantized 
space time. 

More recently there are the papers by Gürsey<n,n) where in the first QÍ then he 
pr~ent an introduction to the de Sitter group which a discussion of the structure of the 
group (de Sitter group), commutation relations, invariants and the generators of the de 
Sitter group whích are rotation operators in a five-dimensional euclidean space. ln the 
second pa.per he presented the Casimir opera.tors for the de Sitter group and concludea 
the pa.per .showing that a particle in a de Sitter Universe does not have a definite mau 
and spin, but definite eigenvalues of the two invariant Casimir operators of the group. He 

. did not discuss the equations obtained from the invariant Casimir operá.tora. 
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Tagirov(t3) solved the D' Alembert wave cquations in the de Sitter spacetime o~ 
taining the solution of a second order differential equation+ in terms of the spherical 
harmonics and Gegenbauer polynomials. The fourth order differential wave equation L, 
not mentioned. This theme was also the subject. of studies by some other authon. Sped-
fically we mention firstly, the paper by Bõrner and where they dis.cusaed the de 
Sitter spacetime and derivcd an eigenvalue equations for the Casimir operator; Roma.o and 
Aghassi(t&) constrncted quantum mechanical equations of motion a.'!sociate<l with pa.rtides 
of a given spin; and Fulling's book<16> where the author presents and discusses the aapect.s 
of quantum field theory in curvecl spacetime, where the de Sitter spacetime is a particular 
spacetime and secondly, Birrell & Davies book(t 7) where they discusses the sarne subject 
where many parametrizations of the de Sitter spacetime are presented, for example; th.e 
Steady-State Universe of Bondi & Gold(18) and Hoyte<19) which covers the ha.lf oi tbe de 
Sitter manifold, in contradiction to Tagirov<13) which studies the Einstein Univene using 
a conformai time, where the coordinates cover the whole of the Sitter manifold. 
• Now, an original way to study the cosmological problem is the theory of Hypersphe-
rical Models Universe (tied to the integers numbers) proposed by Fantappié<20> and per-
fected by Arcidiacono(21 ,22 ). ln this theory it is necessary to distinguish the a-b.t.olut~ 
spacetimc (with constant curvature) effective seat of the physic events from the infinite 
relatiue spacetime (tangents) where each observer localize and see the phenomena. Then 
we use a flat representation of the de Sitter Universe on one of their tangents spaca. 
Among the infinite represcntations we use the Beltrami<23> geodetic representation where 
the geodetics of the Hyperspherical spacetime corresponds to the straightlines of the ftat 
tangents spacetime of the observer's localization. It follows the group of motion in i·t-
self of the de Sitter Universe is represented by the so called Fantappié-de Sitter group, 
isomorphic to the five-dimensional pseudo-rotation group, i.e. by the projectives of tbe 
ta.ngents space which change in itself the Cayley-Klein absolute<22>. 

Recently, Arcidiacono and Capelas de Oliveira have discussed tbe Laplace 
equation(24) a.nd D' Alembert wave equation<25 •26> in the de Sitter Uni verse, using th.e 
technique proposed by Fantappié-Arcidiacono, in terrns of the ultraspherical polynomi-
als. More recently, we have discussed the homogeneous D' Alembert generalized wave 
equation(27> when we have a small distance situation (a local problem) using the sarne te-
chnique. ln anothcr recent paper<2s) we have proposed a new construction of the Casimir 
inva.riant operators for the Fantappié-de Sitter group using the sarne technique mentio-
ned above, in that paper we obtaíned the commutation relations and Casimir invariant 
opera.tors for the Fa.ntappié-de Sitter group but the result equations ( differentials wave 
equa.tions) are not solvcd, this is clone in the present paper which is organized a.a follow: in 
section onc wc present a bríef review of the techuique proposed by Fantappié-Arcidiacono; 
in section two wc brieíly discuss the Fantappié-de Sitter group, presenting the operaton 

o+ f'or second order differential wave equation we understand the equation obtained by the Caaimir 
invariant operator o( second order. 'fhe fourth order differential wave equation ia an equation obtained 
by the aewnd Casirnir invariant operator o( fourth order. 
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nn<l tlu, U,,,.lmlr l11vnrl1111l OJH rntorn; l11 11octlon thrce wo di11cues and solve the second 
Ol'<lor <llfform1tlttl WI\V<J cq111tlio11 111 termo oí tho sphoricl\l hnrmonic11 and hypcrgeometric 
fuucf.lon (ultr,u,phorlcnl poly1m111l1\I l11 8omo ca11cs); in scction four we discuss and solve 
tlu, fonrth orclor dlffunc 111.inl wn.v • oquntlon; wo noto thn.t ln ali l'lcctions abovc mentioncd 
tho cl1urnlc1tl rn111.1lt11 oht.ni11c<l l11 Holn.tivlMtlc Quantum Thcory in Minkowski spacetime are 
1·ocovurml whun thc rndiuH of t.lw ele, Sitter Universo goes to infinito. Finnlly we present 
ours corn11umt.11 1\IHI c·o11cl11111,,11M, 

I. A Briof Rovlow of lho Mothod 

ln thlA HocLlon wo prm,cnt. 1.t bricí reviow of the mcthod proposed by Fantappié-
Arcidln.cono. Con,~iclcr 1i ílve<li111cm11ionnl epl\ce Ea wlth the homoge11eous coordinates and 
tho fourdinwnnionl\l Uclt.rn111i coordi11atos in the dc-Sittcr space. 

Thoroforo tlw íivu dimcmt:1ionl\l homogencou11 coordinates denoted by 
eA(A = o, 1, 2, 3, 4) 1u1d t.liu fo11r <limom1ionl\l coordinntes denoted by Xµ.(µ = o, 1, 2, 3), 
n.ro rela.Lcd by 

(1.1) 

8Atiefying the rclntion of normttlization eAeA = R3 whcre R is the ra.dius of thc de Sitter 
Unlvcne. 

Introcuding tbe followi11g noltt.tion we havc for the Cayley-Klein absolute 

1 3 3 1 A = 1 + a - ; = + ª"'º"' (1.2) 

whcre 
1 1 ,.., - ,,, •nd "V = Rct ,_./, - R'"I' "' , 

(1.3) 

and now, we cl\n removo the e,, coordinate and we ohta.in 

e,, = 1 and e1, = Á (1.4) 

whcre A i11 given by <!qutLLion (1.2). , , , . 
To obtn.ln tho rnl1\tio11 for the ptirtial derivtLt1vet1 we cons1der a function tp(e..t) bemg 

An homogcnoous function of dcgree N in all five va.riable e..t, a.nd using Eulcr's theorem 
for homog011oou1t Í1111clio11 wo hn.vo 

(1.5) 
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Using the definition of homogeneous function we can write 

(1.6) 

where the function which appear in the right si de of the above equation is a f unction 
obtained from cp(eA) with the substitutions e., -4 R and {µ -4 Xµ-

Deriving the above eqttAtion, firstly in relation to !4 and secondly in rclation to e11 
and introducting a function 1/J(xµ) by 

(1.7) 

we obtain, respectively 

(l.Sa) 

and 

(1.8b) 

which is the link between the two formulations. Then, we have solved the prohlcm to pass 
of the five dimensional formulation, eA, to spacetime formulation, x 11 , i.e. in orthogonal 
Cartesian coordinates. 

II. Casimir lnvariant Operators 

ln this section we present the Fantappié-de Sitter group; the respective opera.to~s 
and the Casimir inva.riant operators. 

The Fantappié-de Sitter group, isomorphic to the five-dimensional pseudo rotation 
group, is the group of motiotlH admited by a cosmological space with line element given 
by 

- ds 2 = A2dxµdxµ = A2[(dxâ~ + (dx2)2 + (dx3Y;i + (dxo)2} (2.1) 

where x0 = i ct and R2 À 2 = R2 + p2 
- xã and p2 = (x1)2 + (x2)

2 + (3:3 ) 2 . This space can 
be embedded in a flat five-dimensiona.1 space time, being the Xµ, the Beltrn.mi projection 
from the "sphere" with equation 

4 

:E eAeA = (ed 2 + (6? + (6) 2 + (e4)
2 

- (eo) 2 = n'J 
A::0 

The coordinates are related by the equation (1.4) and thc <liffcrentia.l opera.tora by thc 
equation (1.8a) and equation (1.8b). • 
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The representatíons for t he Fantappié-de Sítter group{28 ) 1s g:iven by the five-
dímensional angular momentum operators 

where A, B = O, l, 2, 3, 4 which in terrns of the Beltrami coordinates are given by 

and 
Lµv = XµPv - x.,p,, 

where v, µ,). = O, l, 2, 3. 

(2.2) 

{2.3a) 

(2.3b) 

We note that in the above equations ·( where 1r µ are the analogous of the rnoment um 
operators in the Minkowski spacetime) that the linear momentum, pµ, and the angular mo-
mentum, Lµ11 , mix in an unique tensor. Thís míxing is due to the fact that transformation 
of displacement are the analogous of the translation and therefore the energy-momentum 
operators are not conserved in relation to the Fantappié-de Sitter group. 

Introducing the spherical coordinates and defining the following operators: 

T0 • • \emporal translations, with 

• Tµ • 'spatial translations, with 

V,. = center of rnass inertia momentum, with 

Lµ = spatial rotation, with 

To = ( -ic/ R)L40 

Tµ = (1/ R)Lµ4 

Vµ = (-i/c)Loµ 

where µ, v, ,\ = 1, 2, 3, we obtain ten differential operators corresponds to the generators 
in the explici t forrns gi ven by 

(2.4a) 

ili [ ô R2 ( ô sin </> ô ) 
T1 = - R2 ( r2 + R2) sin Ocos</> 8r + 7 cos Ocos</> 80 - sin O 8</> + 

. ª] +rt sm ecos </> 8t (2.4h) 

• ' • i 1i [ a R2 ( . a cos </> a ) 
T2 = -- (r2 + R2)sin0sin</>- + - coaOsm</>80 + -:--8 ô,1.. + R2 81· r sm 

+rt sin e sin </> !] (2.4c) 
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---

ílí [ f) ,f 11 , , I T~ =-- (? - f l)u»- 1) -, -- ~í ,, /J -, rt,,,,~n-:-
.flJ fJr r rJIÍ rJ(} 

l i [ , fJ I fJ J i,, p IJ ) • IJ J V, := - l .,r, /Jrr,:~ - + - "/At/,ur.0 - - --- - - r , 111/) 011r/J-;-
c hr r hO r inOh~ m 
1, [ . , fJ I fJ J o,,.. 1, fJ ) , , iJ] v; = - t ,.,n () Ili 1' -;;- + - ",,IA o ?. Ífi 1 ~IJI .. --:-0,: .J. - rlltrl o 111n + "t e r,r r r,{J r ., ri iJ,,, r, 

li[ /J I f) fJ] ¼ =- - l(r...r;,11/J -, - - .ir,0 -, ) - rr,c,tt (} -;-
c ilr r i)O l)t 

Li= íh(-,i,íntpr:0 - mt0r.fl'4,/,;{~) 

L2 =- ílt ( + r.rw. ,p %o - r.r,t fJ .ír, 1, l}ôrf,) 

fJ 
L:! = í!t fJ,p 

whcre ín the abo-vr. C'/.f)ft:1i~ Írm11 1t and e h&ve thc uirn;sJ meaníng, 

(2.'lc) 

(2.4() 

(2Ag) 

(2.4h) 

(2.4i) 

(2.4j) 

Con~ídt~ríng i1 cír.líc pcrm11tation o( the índ,;.,x µ, v aod we can obtain the commu• 
tatfon rclatíonH for thP- il.hfWc ,fífír.rt-r1tiaJ operat-Ou o( the Fantappíé-de Sitter groupf,a). 

U~íng thr. ah<,vc cxpre1s,fonll for thc opc-rator11 we have for the 11Ccond order Casimir 
dHfcrentíaJ opera.to, thc follnwíng c-xpre&11Íon 

(2.5) 

wherc tbc .C,2 ope,;,.t<,r jH y)wm l,y 

{fl {) l õ1 
.c,2 = fJ(P + r.ot O IJO + sín2 O EJ<P 

ít ÍJJ the mnial angular mornentum o-perator. 
We n1JÜJ tha.t, whc11 Jl -+ oo the cquatíon (2.5) r,:!duces to the D'Alemhert wave 

operator, Í.(~. 

lí111 l'J = ::::. -/,.2 (!l - l_ 82 ) 
ll- •½ c2 /Jt2 

{2.7) 

where Â Ífl th,~ La.plíii;Ían opcrator wrítc.-n ín spherical coordínatc~. 
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For the fourth order Casimir ditferential operator wc have 

(2.8) 

where 

-u2 2 2 a2 ( 2 2)2 a2 2 2 a2 2 2 a (R2 2) 8 (2 9) n- =t r -+ R -t --2rt(R -t )-+r(2t -R )--2t -t - . 8r2 ôt2 fJrfJt Ôr 8t 

and .C.2 given above. When R --+ oo we have the usual relation, i.e. 

(2.10) 

The second order Casimir differential operator is associa teJ with a mass and the 
fourth order Casimir differential operator is associated with a spin. ln consequence, a 
particle in a Fant.appié-de Sitter Universe has not a well defined mass and a spin but has 
constant eigenvalues of the /.i and / 4 Casimir invariant operators. 

m Second Order Invariant Operator 

ln this section we discuss the second order differential equation obtained for the 
Casimfr invariant operat.or of second order, which is the Klein-Gordon wave equation i.e., 
the following differential equation 

(3.1) 
where }.(lisa constant which is associated with a mass of the particle and the /'J operator 
is given py equation (2.5 )+. 

Then, introducing the 12 operator in equation (3.1) we obtain the following partia! 
differential equation 

2 {< 2 a2 9 a2 

( 
2

) a2 2( 2 a a 1 2 } I + e ) ae + _f,,, ôf,ôr, - i - ,, a,,2 + l 1 + f. ) âf. + 2TJ ô11 + er, 1(e, ,,,o,</>)= 

. , =-A1Jt/J(f,,1J,0,</>) (3.2) 
where we have put 

r 
= R' 

·'anct Ai = 1 + ç2 - 1,2. 

ct 
11 = -R 

and 

0+we note that, in the limit R - oo we have the classical D'Alembert wave equation<24 ,25,26), 
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To solve this partia! different.ia l equation we use thc mcthod oí separation of variable. 
lntroducing a function as a product 

dl ,11,0 , <J>) = "f:,T>.(C11)S',dO,<J>) (3.4) 
). 

we ha.ve a.n equation in the angular variables (O,</>), and another equation in ((,77) varia-
bles, as follows 

(3.5) 

and 

{ a2 a 1 a2 } ao2 + cot O ao + sin2 0 a<J,2 + _x2 S(8, </>)=o (3.6) 

where À2 is a constant. 

The second of the above differential equations, for À2 = -l(l + 1) with l = O, 1,2 . .. 
has the usual solution given by 

1/2 
S(O </>) = (-1rn [2f + l (f - m)!l pm(cos O)eim,t, 

' 411" (l+m)! t (3.7) 

with l m (m is an integer) where Pt(cos0) are the associated LegendrefunctiQns•.This 
solution is exactly the spherical harmonics which is the sarne obtained with the classical 
treatments of the Klein-Gordon differential equation writen in spherical coordinates. 

Finally, we\nust solve the follow differential equa.tion 

For this purpose we introduce firstly the changcmc11t of independent varil\ble dcfined 
by 

E. = p chr and '7 = p sltr 

and we obtain the following partia! differential equation 

0•our notation for special function is the sarne of ref. 29. 
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. . 

{ 2 a2 1 2 a 1 a1 t 1i r a 
(l+p )-+-(3+2p )-- - --2--+ 

âp2 p Ôp p2 fh 2 p2 f}; 

MJ l(l+l)}1.,( ) - O +-----~ pí -1 + p2 p2ch2r ' 
'Now, we introduce 

T(p, r) = F(p)G(r) 

iri ·the â.bove equation and we have two or<linary differential cquation given by 

G"+2thr G'+l(l+l)G - >.lC = O 
ch2r 

p2M2 
p2(1 + p2 )F" + p(:J + 2p2)F' + --° F - >.~F = O . 1 + p2 

where Ài· is a constant and thc comma denote differentiatiou. 

(3.10) 

(3.1 la.) 

(3.llb) 

Taking À5 = k(k + 2) where k = O, I, 2 ... we obtain the solution of thc equation 
(3.lla) as follow (in r and t variables) 

li.1 

G'( t) - (1 - C2t2) l c/c+3/'J (ct) r, - 2 1-k+I r r {3.12) 

where e; ( x) are the Gegen bauer polynomials. 

The solution of equation (3.11 b) is given by 

F( ) = e-írr/2 (k+v+J) ( A5 )3/4 f(k - v) 2v+Jflf(v + 5/2). 
P Aõ - I f(k + 11 + 3) 

• { p;:,3/i ( J1 ,ij) + Q;!:;~ ( J1 ~A~)} (3.13) 

where MJ = 11(11+3) and A5 = l +ç2-772 = 1 +p2 and Pt.(x) a11d Qf(x) are the Legendre 
associated functions of the first kind and the second kind, respcctively. 

Finally, we can writc the solution of the second order Casimir operator (equation 
3. 1) as follow: 

000000 ( 

1/;(r; O, <P, t) = L L L L S(O, </>)1'(f., 71) 
v=O k=O t=O rn=-t 

9 



where S(O, <J,) is given by equation (3.7); T(l, 71) is given by a. product of equations (3.12) 
and (3.13) and and 71 are given by equations (3.3). 

IV Fourth Order Invariant Operator 

ln this sectian we discuss and solve the fourth arder differentía.l equation obtained 
for the Casimir invariant operat.or of fourth arder, i.e. the follawing differential equation 

(4.1) 
where N 1 is a canstant which is associated with a spin of the particle and I,. operator is 
given by equation (2.8). 

lntroducting the [4 operator in equation ( 4.1) we have the following partial differen-
tial equation 

( a2 a 1 a2 ) 
â02 + cot 0 ao + sin2 0 â</>2 • 

[ :2 :2 ô1 (R2 2)2 â2 (' 2 2) 82 ( 2 2) Ô (R'l :2) Ô]º( fJ ..1. f) • t r Ôr2 + -t ôt2 -2rt R -t ârôt+r 2t -R Ôr -2t -t ôt u r, ,,., • 

= NJíl(ip, 0, </,, t) (4.2) 
c2R4 

where NJ = 41i4 N 2 • 

We note that, when we take the limit R-+ oo in equation (4.2) we have exactly the 
classical results. 

To solve the above equation (fourth order differential equatian) we note that, this 
equation can be write in the following way 

and therefore we have two partial differential equations of second order, 
c2 n1 (e, <1>) = Nf n1 (e, </>) 

where N; NJ = NJ. 

(4.3a) 

(4.3h) 

The equation (4.3a) is the same equation solved above (equation 3.6) when we have 
N; = l(l + 1) with /=O, 1, ... and the solution is given by equation (3.7). • 

Then, we must solve, finally, the following partial differential equation (parabolic 
equation) 

(4.4) 

10 
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Therefore we inlrod11ce lhe variables r and p defined as follow 

t = Rr and r = Rp 

and inti:-oducing the following cha.ngement of independent variable 

and T/ = p 

we get 

(4.5) 

where N0 = N2/ R. 
We note that, in this equation lhe variable does not appear explicit in the solution 

0 2(e, T/ ) ... To see this fact we introduce a new variable defined by 

and we obtain the following ordinary differential equation+ 

(4.6) 

The solution, for N0 non integer, of the above differential equation is given by (in t 
variable) 

( t2 )No/2{ (No N0 +1 1 t2 ) . t (Na+l N0 +2 3 t2 )} 0 2(r,t) = 1 - R2 A2F1 2 , 2 ; 2; R2 + B R 2F1 2 , 2 ; 2; J(l 

(4.7) 
where 2F1(a, b; e; x) is the usual hypergeometric function and A and B are constants. For 
No an integer the solution is given by 

where .X and µ are parameters and P11 (t) is a polynomial. 
Finally, the solution of fourth order differential equation is given as follow 

U(r, o, e/>, t) = 01(6, c/>)íh(t, 1·) (4.8) 
where 0 1(6, 4>) is given by equation (3.7) and Ol(t, r) is given by equation (4.7). 

0+This equation is the sarne obtuined from the equation (4.4) taking,. = O. 
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V. Conclusion!; 

ln this pnptlr Wt\ disc11ssc•tl 1\11<1 solv •rl 1 by nn 1\lt.ort11\Livc way, (Fantappié-Arcidiacono 
method) firslly th st•rnntl onlcr tlifforcntinl w1wc C"qunt.ion ohtnincd for tito sccond or• 
der Cnsimir invnrinnl opc•rnt.or l\nd se ·omlly thc fo11rth ordcr diffcrc11tial wavc equa.tlon 
obtain d for t.h fomth ordcr miimir invn.ri1u1t, opern.tor. 

For the scrond ord ·r diffcrcnt.ial •quation our r<.:sult nrc tlac :mme obtaincd by sevcral 
authors usiug a difforcnt. t.c•cl111iqucs but thc fourth or<lcr diffcrc11tial equation our results 
seens to be ncw nnd must. ho int,crprct •ti. 

The next. point is solve t.he gcncrnlizc<l Dirnc wavc cquation for the scalar field but 
this topic are presc11t in anot.hl'r papcr(30). 
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