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A GEOMETRICAL INTERPRETATION OF THE 
EQUIVALENCE OF DIRAC ANO MAXWELL EQUATIONS 

Ja',lme Vaz, Jr. a.nd WaldJlr A. Rodriguej, Jr. 

Departamento de Matemática Aplicada 
Universidade Estadual de Campina., 
13081-970 • Campina..• S.P. • Brazil 

Abstract: We prove, for non-null electromagnetic ficlds and for their respective free 
cases, that Maxwell and Dirac equations are equivalent . Our proof is bascd on the use of 
RAinich-Misner-Wheeler theorem and on general assumptions which are indeed satisfied 
for the case under consideration. This equivalence is discussed in terms of relationship 
between a non-linea.r Dira.c-like equation (with is a spinorial representation of Maxwell 
équation) and Dirac equation. This relationship is interpreted by means of a Riemann• 
Cartan• Weyl geometry which is metric compatible and with the trace of the torsion 1-form 
playing the role o! the Weyl l•form. We also discuss the relationship between M&Xwell 
a.nd Dirac fields in the light of the abo>r'e resuts. All ca.lculations are performed in terms 
of the Clifford algebra. of spacetime, the so•called spacetime algebra. 

1. Introduction 

There is a paradoxical situation in Physics: electrodynn.mics and relativistic 
quantum mechanics can be said to be well established theode~, but the sa.me is not true 
for the concepts of photon and electron. One can suppol't this a.ssertion by quoting the 
greats Einstein and Dirac: "Vou know, it would be sufficient to l'eally understand the 
electron" (Einstein, quoted in [8])i "Evel'y physicist thinks that he knows what a photon 
ia. I 11pent my whole life to find out what a photon Is, and 1 still don 't know it" (Ehutein, 
quoted in [3])i "I really spent my life mainly trylng to find betteL' equations for qnAntum
electrodynamics, and so far without success, but I continue to WOl'k on it" (Dirac, quoted 
ln [3)). It ia therefore a fundamental lssue that one undentu.nd11 things like the (real} 
meaning o( Dirac theory, the rneaning of spinors, the l'ange of applicability of Ml\.Xwcll's 
electrodynamics, etc. QueHtlon11 like these one11 and othen wern studied, for exa.mple, by 
Ba.rut [1-3), Campolattaro [4, 5], Heatenes [6·81, etc. 

The problcm we want to study he1·e la 1·elated to lho abovo onc bu\ h ls , 
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little more gen ra.J: hr. rela ion mi e nd q 1. n um mechanics. Mor 
spccifically, we hall prove. for non- null romagne ic fi l , , nd for Lh •ir r sp •ctivc /1 e 

caaea, tha.t ~1a.x well and Dirac q 1a ion are equiv,\.I nt. ín arder t prov our claim, we 
start showing by m an, of he theorem of Rai ni ch- ~li . nPr-\ 'hc ,ter [9, l0j how one e n 
associa.te a spinor field to any non- null electrom;i.gnelic fi cld, Md by usi ng this resu lt we 
can find a. epinor representalion of ~1 axwe l1 equat ion~ [l l-13j . A pioneering work in this 
direction is the one of Campolatlaro [4, 5] b11t our ll.pproa.c h is different from his one since 
we do not use the traditional ten . or and pinor cal ul11 '! (wh ich is often intricated, and 
sometimes does not help in lhe phys ical inlerp retation) . \Ve :i ha.11 u e instead the Clifford 
bundle formalism, which we bricfl y rt! vi •w in tlrn ncxt ec tion . In our approach, pages 
of Campolattaro's cakulations [4] ar pcrformcd in 1\ lin . ;ind the equivalence between 
our spinor representation of ~1axwell equations l\!ld t h,~ 011e of Campolattaro is proved 
in [14). We can show therefore that under g ·neral i\s!l umption~ the spinor equation that 
representa Maxwell equations red uces to the Dirac equation [l l -14]. 

Some of the results we shall present have alr~acly been di~cussed in [11-14], but 
these references left open some qucs tion to which we shall gi ve an answer here. More 
specifically, t4e spinor representation of Maxwell equation is a non-linear equation, but 
Dirac equation is linear. Moreover, the non-linear term in that e'luation is of quantum
potential type. We have therefore to interpret the non-linear term and to clarify how one 
goes from a non-linear to a linear equation. Our interpretation of the non-linear term 
is very interesting; we shall exploit lhe facl thal the spinor field we associate to that 
non-null electromagnetic field ís the so-called Dirac-Hestenes (DH) spinor field (which 
has a well-defined geometrical meaning, to be discussed in the next section) and use the 
fact that DH spinor field can be viewed as generating an effective Riemann-Cartan-Weyl 
geometry in spacetime, as explained in [15] . The quantum potential type non-linear term 
will be interpreted as an effective torsion in spacetime (but in a way different from [15], 
which will be br)efly reviewed for a self-contained presentation ). 

It is clear that equívalence of Maxwell and Dirac equations does not imply 
the equivalence of Maxwell and Dirac fields, but suggests indeed the existence of a deep 
relationship between them. We shall exploit the fact that a DH spinor field can represent 
a non-null electromagnetic field and that the amplitude of a DH spinor field can be used to 
define a conformai mapping in order to suggest. that the difference between Maxwell and 
Dirac fields is due to different transformation properties of DH spinor fields under that 
conformai mapping. We sha.ll also discuss in connection with this problem and in the light 
of our results the two gauge conditions used by Campolattaro [5) in order to eliminate the 
two additional degrees of freedom present in the spinor field if it is to represent a. Maxwell 
field. • 
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2. Dirac Equa 1 11 m he Clifford Buudl . 

L,· ✓\.tt = '.\f . 9. ; ) h~ ~ L ren zi~11 lll i\nifold. i.t' .. ,\/ i 11: 11.d,> rff. µ.ir, 

comp ac , C-,r:,, ro11n r,:, l. fon r-d imen. ional 111 ;i 11if0lcl. oril· nt,·.I b) 1. l t, ' vo l11tllt' cl ·1 ut:·t1 t 
4-fon n r a11d .ín, -o rÍ "n l nl , ,rnd thc ten. or fiel d 9 E r v. 1( ,\/) j,. d nwtr1c uf ~i!(11al.1Ht: ( 1. 
-1). Le: T!.f ;rnd r · .'1 d ·11oft' the angcn l an.! ruta n~e 11t b11111lll·:-:. re~p,.· ·t iv,·l y. Cro:;~

~ ·ctíon~ e. E ~ecT.\/ h e ~c T" ,\fJ aw ccdl r d [. \·1..,:- tor [1 -funn j lt,·lds. Le t. ( ru} E :se TM 
(a= O, l, 2, :1) he an ort ho 11 o rn1 al b.1si 0 o f T.\I an<l { ," } E st-•c7'"M be t he du ;;i. l ba ;i:; : 
9- 1(-yº, -l) = '7°b, g(F- o, lb) = 'I , wi h 1," = diag (1. - 1, - 1, - 1) a 11d !}- 1 E T1 • 0 (M) . 

lf {x µ) is a ch;,.rt for U C .\/ anel if { _!!__ } a nd {ri.e''} (1, = O, 1, ·2, J) are t he natural 
fJr" 

coordinate ba-;i:; of TU a11J 1'"{ . re:1 p ·ct in: ly, we have ~,. = li !:D,. anel ,ª = h:dxµ with 
r1ªb = h:htg"", 91· " = y - 1(dI 1' , rlI ). • 

The C lifford li1111JI,· c-;, 11 IJ • d,·fin1..·d i11 diff, !re11r. ways [t fi ] which are equiva
lent for fields of chiirn •ft'ri:-tic -/- '1 . \\'e cldi111: tllt' C lilíord bundle of M as the bundle 
Cf.(T·M, 9-1) = Cf (,vt ) = Ur(: .\/ c p ;.\r , y; 1) = 'J'"(i\/)/.1 , where Tº(/\1) is the tensor 
bundle over the cotan g,c: 111. b1111dl, · of ,\/ a11d ./ i!,I tl11: id i.:,d gt.· 111•rateJ by tbe elements of 
r·(M) of the forma 0 d+ ,J ' a - 29 - 1(0 , /~). wi t h o , ,6 E sec '/'"J\/ C T"( 1vl). The 
Clifford bundle is a w ctor (étlgebr,l) b1111<lle. ll ca11 be :; how11 (17- 19] that Cf(1vt) = 
Pso+(i,3 )XAdIR1,3 , where Pso.(i,:J) is the principal b1111<ll e of ort.honormal frames, Adis 
the adjoint representatio11 of SO+(J,3), AJ: SO+(1,3)-+ Aul(lR1,3 ), and 1R1,3 (which 
is the typical fiber of the b11ndle ) is the spacetime algebra [20] . Sometimes Cf.1\tl) is also 
called the Kahler-Atiyah bu11dle of diífere11tial forrns [21]. 

Intuitively we have a.t each poiut of J\-l a local spacetime algebra. As a vector 
space JR1,3 is l6-dime11s io11a.l a11d one basis is { 1, -y°, ... , ·,,3; , 0 A ,, 1 , ... ; , 2 A ·,,3; ....,0 A 

1 1 A ....,2, ... , 1 1 A 1 2 A -·y3; 1 5 } wiLh T = "( 5 = -/ A 1 1 A--/ A -·/3 being the volume element 
and A being the exterior pro<luct . We abo have ,ª • ---/ = ·11ªb, where • is t.he interior 

product. The Clifford (or geometrical) product of 1-forms is "'fª-l = --{° • ·/+,ªA ,b, 

, h a b 1 ( u b b ª ) d a (\ b l ( a b b ") F' 1 d fi • • w1t "'f • 1 = 2 , 1 + 1 , an , 1 = 2 1 "Y - 1 , . or a genera e mt1on 

of these products see [22] . We note that, since the base manifold is always a metric 
one, the use of 1-forms or vectors is only a matter of conveuience; and in this case one 
may replace 1ª by t:a in the above definitions and defi11e the reciprocai basis { eª} by 
eª • eb = b't, , use the boundary theorem [20, 22] to "integra.te" vectors, etc., as explained 
by Hestenes. Therefore we sliall use ra.ised or lowered indices whenever convenient, like 

,a."Yb = 'ª • "Yb +%A /'b, and int.erpret these 'ª as vectors e0 , etc. ( this, of course, does not 
cause confusion, despite its redundancy). 

Now let V be a co11ncctio11 on M; if V is a Hiema1111-Carta11 counection, i.e., 
non-null curvature a11d 11,,,i-1iull lorsio11 aml null noometricity (i .e.: V g = O), then V 
pass to the quotient h1111dle Cl(M) = 'l'"(/\1)/J. The Dirac operalor ac.:ting on sectious 
of Cf.(M) is defin ed a.-1 rJ = d:i: 1'"'1 1, = ,"Vu, whcre (for exa111ple) V" is the covariant 
derivative in the Jiwction of e0 • The con11cctio11 codkic11ts r~b in the {,ª} basis are 
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defined by V.-yc = -~,;l- Since V .. Jjk =V.,(;•.-{)= o we have thal r~ = -r~. which 
enable us to define: 

1 b,:( ( ) ro= 2r,. ib/\ic), 1 

witb 7"' • 1• = cS:. lt follows. that: 

(2) 

wbere ( '] is the commutator, with ~[r º' -yb) = -l · r .. = -r!c,c = -r:c'Yc· Since the 

commutator of a 2-form [2-vector) and a mulliform [multivector) preserves the grade of 
that multiform [multivector] (22), eq. (2) can be generalized to any multiform [multivec
tor): B as 

(3) 

where 80 is tbe Pfaff derivative. 
Jt is easy to see that the above expression for the covariant derivative of a 

multiform is related to the fact tbat under a active Lorentz transformation described by 
R E Spin+(l, 3) ~ SL(2,<C) the multiforms transform like ··y° ._. R1" R, where 

R R=R R = l with ~ (called reversion) is the principal aoti-automorphisrn in JR1,3 : 

(a:/J)~ =PÕ with Õ= o for o scalar or 1-form. Note that R= R- 1 and that R E JRt:3 the 
even subaJgebra of IR.1,3. 

Now, let us consider the covariant derivative of a spinor. First of ali, the ex
istence of spinor structures on arbitrary manifolds is an intricated problem since the 
existence of either Milnor-Lichnerowicz spinor structure or algebraic spinor structure is 
restricted to a certain cla.~s of manifolds (17, 2:3). Moreover, it is very difficult to see 
any geometrical me.:ining underlying these spinor fields. On the other hand, the Clifford 
bundle always exists (as we have seen) and its elements have a. clear geometrical inter
pretation. It would be c:onvenient, therefore, to define a spinor by means of the Clifford 
bundle. One such spinor ha::1 been introduced by Hestenes (24] and named operator spinors 
(see [25)). Although the existence of operator spinors in arbitrary manifolds is a question 
that deserves specific attention [26), we shall not be worried with this topic here since 
the manifolds we shall consi<ler !ater admit a spi11or slruclure. 011e great advantage of 
worlcing with operator spiuor is its geometrical iuterpretation described below. 

Au operator spinor 1/J is an element of lhe even suhalgebra of IR.1,3, i.e: Rt,3 3 

tp = a + B + -y5p, where a aud p are scalars and B a 2-form. Since ;= a - B + -•/p we 

have V';= (a1 - p' - 13 • 8) + ·l(2a11 + --,5B /\ B) = pcos{J + ··/psin{J = pe..,tf.l, and we 

can define a normaliu cl spi11or </> = 1/;(perP)- 111 ~uch that </> ;= l with </, E JRt,3 with 

, E Rt;,• But •iuce 'P E llt.3 with rJ> ~=; </> == 1, we can idcntify </> with R tbat descrioo 
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a Lorentz rM f rm;itíon an d wri ( · ~ = 

', = p'/Jt:.'l'.111 R. ( ·l ) 

This is Lhe ~non ic.al dccompo itíon of an operator spinor ( \·atid wh t:: nnver ít is non

síngula..r: tb tb -/- O). l t Ci\ll be shown [16. 2i] lhal 1/J carríes the s.1 mc in ío rm at.i on a::i the 
slaoda.rd covariant. Dir;, c ~pinor 'i' D E a:\ Lhe differcnce is that ~• does not in volve complex 
numbers since it is a s 11111 of rrn / mul t iforms of fflt,3 . This grcat achieveme11t of Hestent~ 
enable him to devl·lop a rrn/ for11111htion of Dirac tlt ory wit.hi11 the spa.cetimé algcbra 
[6-8, 28, 29]. Thé Dir;ir. algchra of mat ri ces <1'(,l) is isomorphi c to lR1,:J cornplexified: 
(C ® IR1,J '.:::'. IR1 ,1 '.:::'. ([( 4 ). h11l thcrc i::i 110 11c ·d for ::1 11 c h cornpl cxifi cat ion to forrnul ;ite Di rac 
theory (see [16] for <le lails). \\'e r ali rj,, a Dirnc-lleste rH!:i (DH) spinor. 

DH spínor fid,L .. th,1t are ::, 11111 of cven scclions of Cl( ;vf) possess a very impor
tant property: its anonical dccomposilion (eq. (11)) which dearly shows its geometrical 
content: Ris a Lorent z lrn11s forrnalio11 , t:.y O/l rcprcsc11ls a duality rotation [30] and p1/1 a 
dilation. The angle /3 is thc :-o-ca lled T,,kabapsi angle [:Jl]. ln view of this interpretation 
and since lhe composition of a Lorc11lz lra11sfor111,tlion R, a11d a Loren tz transformation 
R2 is equivalent to a Lorentz tra11sfonnatio11 fl:3 = ll2 ll 1, it is clear that a DH spinor 1/; 
rnust transform under a;; ;ictive Lore11tz trn11sformatio11 R as t/J r----> RijJ. Now, remember 
that the covariant derivative of a multifonn .4 is, frorp eq(2): 

(5) 

where Ôa is the Pfaff derivative [32]: BaA = Oa(Ab'"/) = (â0 Ab)·i, and this expression is 
~ . 

related to the fact that A transforms as A t-t RA R. Since ·,p tra.nsforms as -,jJ t-t R-,jJ we 

rnust have: 

(6) 

This is nota proof, of course, but ajustification which is enough for our purposes. A rigor
ous expositíon of those to pies ( defiui tion, transformation properties, covariant derivative, 
etc.) related to operator spinors is to be found in [26]. 

Now, the represenattive iu Cf(M) of the Free Dirac equatiou when M is 
Mínkowski spacetime is [6-8, 27]: 

(7) 

where ô = ,-tô,.. aud 1 1' = dxµ. When !vi is a Riemmwian spacetime, Hestenes [33] 
generalizes eq. (7) to: 

L '..I me o â·i/J, , + -1/.11 = O, 
li 

(8) 

where now {,"} is a11 orthouonnal basis a11d {) = ,ªv'4 = <ix1'v' 1, with Va"P given by eq. 
(6). When M is a llirnw11n-Cartau spacetime, wc propose thc following expression for 



-
lhe representative of free Dir i\.c eq11i\lion in Cl(. \.,f ): 

l 1 me 0 
[iN, +2T~J-, ' "f +,;- ry =0 (9) 

h T - d "T = .., ,. T. wi th for example, T" being the t race r;,, of the torsion 
w ere - x ., , .. , . . E (9) · 
T" = f" _ r"' an<l t. he olher symhols with the sarne meanmg as m eq. (8). q . ts 
ju":t the"[ransJ'::tion ·in Cl (M) and in l.erms of D H spinor field of the equation given by 
Hehl et. ai. [34], lvanenko and Obukhov [J.j]. 

We shall need to consider the D H equation in Ricmann-Cartan spacetime only 
m sec. 5; 801 in the following two scclio11s we re~ tri ct our attcntion to Minkowski space

time. 

3. Maxwell Equations and Rainich-Misner-Wheeler Theorem 

Let us consider M to be Minkowski spacelime, so that the Dirac operator is 
a= dx,..V,.. = 7 .. 'v" with V,.= Ôw The representative of Maxwell equations in Cl(M) is 
[20): 

8F= J. (9) 

lt has been shown in [27] tha.t ali spinorial forms of Maxwell equations found in the litera
ture can be deduced from the ahove one after a suitable choice of a global idernpotent field. 
This form of Maxwell equations is <lue lo Juvet & Schi<llof [36] anel Mercier [37], and re
considered by Riesz [38]. ln eq. (10) the electromagnetic field F E sec /'.2 "Jl.1 C secCi(M) 
and the electric current J E sec A I M C secCf(M). When J = O the free Maxwell equa
tions assume of course the simple form âF = O. 

The Rainich-Misner-Wheeler Th eorem: Let an "extremai field" be a.ny electromagnetic 
field for which the magnetic [electric] field is zero and the electric [magnetic] field is par
aliei to one of the spatial axis. Then at any point of Minkowski spacetime any non-null 
electromagnetic field can be reduce<l to an extremai field by a Lorentz transformation and 
a duality rotation. 

. An elementary proof of this theorem by using the spacetime algebra can be 
found m [14]. Now, under a 11 ;i,ctive Lorentz transformation described by L the electro-

magnetic field F transforms i11to F' = LFL and under a duality rotation by an angle o 

t~e field F' transfonns into F" = e--,b o F'. Th erefore, F" = e --, 60 LF L is an extremai field . 
Smce we can always choose the extrema.! field to be a magnetic one along the z-direction 
we have: 

b ,._ 

e--, º LF L= h-y 1 /\ ,l, (10) 

where h > O is the magnitude of the ·extrern,tl fiel d ( note that the symbol h i-s not to be 
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coníuBed wilh Planck consll\nl , since in this ca.-;e we shall l\lways n. e the reducc<l one h). 

If we redefine o = -/3 and l = R, wc ha,'e from eq. ( 11) 

( 11) 

or: 

(13) 

where 
(14) 

is a DH spinor field . This is a very imporlant resull sinre it permit us to interpret the 
DH spinor on the basis of lhe above discussion; that is: in the canonical decomposition 
given by eq. (4) of Dll spinor, lhe Lorentz tra11sfom1ation R and the angle /3 are just 
the ones discussed above, a11d the <lilalion ,/h is the :iquare root of the extremai field 
magnitude. This is indeed a remarkable relation between a non-null electromagnelic field 
and a DH spinor. 

4. Spinor Representation of Maxwell Equations and its Rela
tionship with Dirac Equation 

We have seeo in the precee<ling seclion that any non-null electromagnetic field 
~ 

can be written as F = </ry 11 2 <p, where </> is a DH spinor field and 1 11 2 = 1 1 /\ 1 2 because 
{,ª} is an orthonormal basis. 1t is natural, therefore, to use this fact into Maxwell 
equations to find a spinor representation of them. For our purposes we need lo consider 
only the fre':_ equations, but its extension to the general case is trivial. Then, introducing 

F = </>,111 cp into ôF = O (the representa.tive of Maxwell equations in the Clifford bundle), 
we get: 

(15) 

~ 
and multiplying eq. {15) on the right by </>(</> </>t1 . 

1"ô,,<1>,1-, 2 + ,"</r,1,l(â,, ;)</>(</> ~t· = o. (16) 

We must note that the spinor representation eq. (16) of the free Maxwell equations is 
equiva]ent to the one found by Campolattaro [4], as provcd in [14]; however, while our 
approach Íll trivial Campolattaro's one is intricatcd. The si111plicity of our approach is due 

~ ~ 
to the fa.ct that Dfl spinor </> ha:; a11 invcrse 4>- 1 =</, (</> </>)- 1, while the st.mdanl covariant 
Dirac spinor ui;cd by Campola.ltaro doe~ not have an invcrs~. 
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Bdore wr on in11r, lrl 1. ma.ke l\ irn plifying hy p o l h t':;Í~ , _ uppo.~ing /3 = con
sta.nl . (We ~hilll di s-r 11 "i lakr he meaning of t his si m plificat io n) This a_c;s u rnpl ion implit-s 

from eq . ( 14) lhill 

( 17) 

where we defined the 2-form .. 
íl., = 2(1J.,R) R . ( 18) 

Eq. (16) then hecomes: 

;"8,.~·r' -, 2 + }1"(ô,. ) ln l,) <;r,'--, 1 - ~1''th' ··t1; D"' <l> (<P ;)-1 = O (19) 

where we used O,,= -0,,. lf we define the s pin 2-form S . 

(20) 

eq. (19) assumes the form : 

(21) 

This non-linear equation for </> is equivalent to the free Maxwell equations when the 
electromagnetic field F is non-null and the duality rotation is constant . 

ln eq. (21) the term Sflµ is the Clifford product of 2-forms S and flµ., which 
results in a sum of a scalar, a 2-form and a pseudo-scal ar according to [22]: 

(22) 

Now, Hestenes [6-8] has shown that the component pµ of the momentum p in Dirac theory 
(for the free case) can be written as: 

(23) 

such that 

(24) 

where v = R,0 R. We note that eq. (23) differs by a sign from the one of Hestenes 
because our definition of S also differs by a sign from his one. Theu, if we suppose that 
the product Síl,. has only a scalar pa.rt S • Oµ. ( wliich is true in Dirac theory for its free 
case), it follows 

(25) 
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and eq. (21) fin ally hccomes: 

1 ô ,p, ·112 + ~<1>1º = -(ôln -/h),p,-/--,2 · 1 (27) 

Eq. (27) is a non-linear D H equ;ition which is eq11ivalent to the free r, Iaxwell equa t. ions 
for the case where the electromag11eti c field is non-null, the duality ro t. a tion is constant 
and the product Snµ ha.s only scalar part. For the case where Sf1µ has also 2-form 
and pseudo-scalar parts , the gencralize<l equalio11 has been cousidered in (11]. Since Oµ 

~ a 
describes (39] the infinitesimal rotat.ion of {,\"}(,\" = R-," R) along the dírection axJJ., 

the assumption that Sf1µ has only a scalar part meaus that this is a rotation in the plane 
À1 /\ X2, which in view of dd. (20) is just. the spin plane. As a consequence, mass ha::. a 
kinetic origin as suggeste<l hy llcstenes [6-8] - 110w from a different view point . 

The nonlinearity of eq . (27) provi<les </> with those known properties of solu
tions of non-linear equations, which is a welcome fact. It is important to note that the 

nonlinearity of eq. (27) is just of quantum potential type, i.e., ô ln ./h = ! ôhh. ln the 
2 

next section we shall look for an interpretatiou of this term. 
We must observe now that eq. {27) can be linea1·ized. ln fact, if we multiply it 

by '-1h we have: 

(26) 

and defining a DH spinor ·ip: 

(29) 

we have that 'lj) satisfies: 

(30) 

which is just DH equation, i.e., the represeulative of Dirac equation in Cf(M). From eq. 
(14) and eq. {29), 'lj) is of the form: 

(31) 

with p giveu by: 

(32) 

~.e., P _is lhe a.quarc o{ tht· ~11 itg11itu(fo >f thc t!Xlwmal ficlJ , i. e., il is proporlionaJ to the 
1ntens1ty of the extn!m,il f1cld . Wc n:mc111bcr llu1t µ i:. assu1ucJ lo be thc µrob ability 
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density in Dirilc t.h~r_. i."' ., r = 1.·, 1
• for thP e~-~ J = O i\ntl 3 = ;r , ~t.._1rrover. thcse 

values of fJ di. tÍnJ!;11 i. h P] ct rons ( 1 = O) fr01 n posit r nq J = :r) in Dirnc th~·my [6-8] : in 
thia wa.y, our hypot hr,.<i i. t h.;\ 1 = rnn~ an t is sa i~fi ed in thc~•· e; st·s. 

Finally, we ohc:er\'e th;:i. st udies in t he -ame direc ion wc rf' performed by Davi/\u -(40,41); however, in wri t ing F = 1. ·/-,1 ~ tha l a11thor attempr.cd fo r a.ssociating a.n elec-
lroma.gnetic field with Dirac w,\\'es, which certainly is not lhe case in our appro.1.ch. There 
are other differences also, hut it is not our purp0--;e lo discuss thcm here. 

5. Interpretation of the N on-Linearity as Torsion. 

ln this section we shall look for a11 int ·q.m:tation of the nonlinear DH equation 
and its quantum potential typc no11linc/\rity hy rw:a11s oí lhe gcometry of spacetime. We 
first discuss how one can do I his for Dirac ~quation in 1.,~rrns of an effective Riemann
Cartan-Weyl geometry generat~d by a D11 spinor fi ·ld, as discusscd in (15). Then we 
show how to do the sarne with the nonline;,r D li equation in terms of Riemann-Cartan 
geometry where the trace of the torsion plays the role of the effective Weyl gauge field. 

ln order to presenl that interpretation of Dfl equation, we first add a "twist" 
on spacetime; that is: we take orthonormal vectors and rota.te them ditferently at each 
spacetime point along some direction; clearly the original and the rotated vectors are not 
parallel but we shall take these rotated vecton, as being pa,ullel. t\lore specifically, let the 

rotated vectors be À,_, = R-y,,,R; to say that the rotated vectors are parallel mathematically 
means to have a new connection 'v on M such that 'v µ.Àµ. = O, in place of lhe old connection 
v' such that 'v µ"'f., = O. Since the connection coeficients r:.,. = O where v' ,/'!" = r:.,. ,"', 
the curvature is null but. torsion is non-null as a result of that "twist" becaµse [..\µ.,>..,]#-O. 
(The Dirac commutator of 1-form fields is defined in [42, 43].) Let us calcula.te the torsion: 

from ,\JJ = R,1-1 R it follows v' µÀu = ~(íl,., ..\"] = -n:.,.>."', where ílµ = 2(ôµR}.R and 

r~o- = n::a,. But for the connection 'v the torsion is null: r;11 = r:11 -r~"-C~ª = O, which 
gives for the structure coeficients of {..\"} : e;.,. = r~.,. - r:" = íl~11 - íl~,.- Consequently, 
for the new connection 

(33) 

Consider now DH equation (7) and take again (3 = O for simplicity, i.e: t/J = 11 112 R. ln 
this case, DH equation can be written as : 

(34) 

where ,V•= R,,. [l. Aftcr splitting eq. (34) into its 1-form and 3-form pa.rts, we have: 

(35) 
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. 

. 

• 

,, 

( ' ) L 

lh~l 1• , nu 
!n-º( 2 ,. 1 

whcr T .. 
bccom . : 

A 

- ' 

~ .~ T ' ,- . >. f,-, 

\1 

·> .... f" n .. = 

r ( 

[ /l 

. ( 1 ' 
, , ( J') = .. 

t l n -c , 1 •._ ·r , ! 11\ l ' ,\1 1 11 [ 1 . l, :4 ; 

1 1 
) ,· 
- R = (. . 7 ) 

f"-1jl l , \ ltl ll J .l ) .111d ( li) . On t fo r n~ ,,. 
_, 

, in .,.. 1 ~ =- ll . Llu ~ . ) 

C t O \() Yf" fl 

(3) 

hy r q . (3:l ). F:q . (35) i\nd eq. (Ji) 

1 
- T .fij º· 

1 Il i • 

- 11 ~1, 1 • - fl, =: o. 
'! , h 

(39) 

(40) 

Solving cq. (39) í t / • 11 J 1t1t ru .f 11 i11i Íl in t u \! · (-IO ) wr b v,:: 

liJU ( 41) 

which is just DH equatio11 fo r thc 11ui111ocfular !!pÍnor R in Riemann-Cartan spacetime 
ô,, . 

( eq. 9), with lhe te rm Ô ln'/ ::: - play111g thc role oí a torsion 1-form. This result 
1/ 

was interpreted in [15] as follows: Ílr:il , note tliat lhe non-null torsion comes from the 
contribution of the strucl11re cocfici ents; the11 thi11k oí a Lorentz vacuum characterized by 
{ dxµ} and which define a cosmic lattice (44]; then lhe presence of "matter" as described 
by DH spinor field induccs Jislocations in the cosmic lattice so that the dislocated lattice 
is characterized by {de} with the transformation xµ ,_. f.µ = f.µ(x) being singular. 

Now, if we look to eq. (27) we see that the same arguments above outlined can 
be applied to that non-linear equation. However, we shall adopt a slightly different point 
of view here, which we believe is more interesting and promising than the above one. We 
can implement this idea by noting that the amplitude Jp of the D H spinor field tp (see eq. 
( 4)) can be seen as the generator of the conformai transfonnation of a basic set of 1-form 
fields on the original Minkowski space, i.e. CP: 1 µ ,_. Jp1 µJp = P'"Yµ· This conformai 
transforrnation introduces a Weyl 1-form which is the trace of the torsion tensor, and 
it defines ao effective Riemann-Cartan-Weyl geometry which is metric compatible, m 
distinction with Weyl 1s geometry [15, 45, 46]. 

Let us be more specific; for the conformai transformation: 

e p : r· M - r· M 

," - -::r = p··t {42) 

11 



(43) 

1rl 1 th. l : 

which is thc co11forml\l tr iu, ~í11t111 t ion of tt,,. 111r tric, i.e! !J - g = ,/'"g with <f = lnp, 
while eq. ( H) gi\'«-... fo r t li,· , n11111 -.·t inn e ·fi , i.,11 t~: 

(46) 

wherc 'v.,1" = -r: .. 1", d . Nol • thAt : 

( r" - a 111 (16" )p1g"º : p1V o'"' ;:: o 
11 n ,, n J,t:I ' 

(47) 

which proves the 1111:tric ,·0111p;i tiliility oí Lili' co1111ectio11 V. 
)l ÍH vc:ry i111port 11111. to not e Lh11I. for iLII ortho11orn1al basi~ r:b = r:b, and from 

eq. (1): r,. = r,, . ln f;ic·L, for .. (' = 1i;•.,1• with ''°b = 1,:l,~g11" we h,we ,ª = h:p- 1p; .. = 
p-'h:i'f1', which givefi for," = r.:.11' tlial ri;,= ,,- 1h:. D11t íor r;.b given by V 1,11"' = -r:b,~ 

we have r;b = 1&:Mr~,, - (D,,h:)h'b; thcn, hy m1ing r.: = ,,-1/l:, h~ = ph~ and eq. (46), 
we hnve: 

r~b = li:x~r~" - (fJJi:fli.; = 
= 1i:1ii(r~" -(a,.1r.,,)6~)-â,.(p- 1h:)pl,b = 
= 1t~1i;,r~" - (8,Ji:)T.~ = r:b {48) 

Moreover, note 1.hn.t whilc for 11' we haw-, -y'' 1-• p,'\ for ,,. we must have 1,. i-+ p-1,,.i 

a.nd, since for V,1 = 'v -r,, we have 'v ri-r,, :: p-•v -r", then eq. (48) implied the inva.riance 
of the Dirac opcra.t,or: 

(49) 

It iH clenr thnt cq. (18} (toes not imply that curvature and ton1ion remain 
uuchanged, Hi11ce tho Hlruc:t.11rn cocfficient.s 1u·c changed. ln or<ler to ca.lculate the torsion 
and the curv11t11ro, it ÍH c 1111y to work with a 1rnt111·al coordinate hash1; ihcn, from eq. (46) 
w,, h,we: 

(50) 
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( 61) 

Eq. (50-51) imply that ií our ~ri~n.J spacetime is lhe Minkowski one, then M & resua oí 
lb&l conformAl lra.mformAlion \\'e hM-e: 

r:,. = (8.lnp)cS:-(8,.lnp)ó!, 

"n;.... == (8,, 8.J ln~; = R.,.s; . 

ln particular, lhe trace of the lo~ion is: 

T,. = T _ ª -3(8,. lnp), (54) 

and tbe torsion 1-form T = T,..1" = -38lnp pl&y11 the role of the Weyl 1-form in thjs 
geometry, which conlr.u-y to olhcr Wcyl's one3, is metric compatible and does not meet 
therefore lhe kind of problcm!I we liave whcn lhe conncction is not metric compatible. 

Now we are in posilion of inlerpreling the non-linear eq. (27) in the light of tbe 
geometry just introduce<l . The crucial slep is lo forgd the (possible) iden~ification given 
by eq. (32), hut instead to define now 

GJ (55) 

Moreover, we rewrite </, (remember that /1 = O) as </, = ./hR = ~R = !./PR = !~, 
• vP P P 

that is: • 

with 

Eq. (56) implies that 

t = .fi,R. 

1 
.8<J, = .-(-(8ln p)~ + 8ill}. 

p 

(56) 

(57) 

(58) 

If we use eq. (55) to rewrite the nonlinear term in eq. (27) as (ôln ~)</> = _!(8ln p)!ill 
2 p 

and use eq. (58) in that eq. (27) 1 it assumes the noticea.ble form: 

(59) 

Eq. (59) is just the DH equation in Riemann-Cartan spacetime (eq. (9)) 
particularized for the geometry we have just introduced, where T = 11,1T1,1 = -3âlnp (eq. 
(~4 )). 
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form.atioo -'l), 
thÍt "'1, Lf!: 

• r o DH ~ 
1 d""f. r.~ , DH ~pi 

and UJie eq. (60) into eq. (59) ..-e ge~ 

_ • t 11 J r ht- t f m .'1 r 

fw,rJ - , ,3'.,~ rd k ~ in f'q - ( 

( a .. ;, , 1 J + T ,.,º ~ º J 

(60) 

(61) 

which ia DII equation in Minkow--•1.i •J>An,-time. Note lhat. Cmm eq. (56) and eq. (60) 
that: 

(62) 

which ia just the tnuufomation gi\·m by ec1. (29) in view of our n w definition o( p given 
by eq. (55). The abovc l"C5ul ts show that our •o1d• ddinition o( p given by eq. (32) 
ha.s only a first sighl Appealing int r~ t, whilc the one oí eq. (5-'>) Í9 related to A deep 
geometrical context. 

Il remains to discuss the rdation bctwtt11 the electromagnetic (Maxwell) field 
and tbe Dirac fidd, which will be done in the next aedion. 

6. The Relation Between Maxwell and Dirac Fields 

Although we have shown the equivalence between Maxwell and Dirac equa.tions 
for their free cases and for non-null electroml\gnetic fields, thi!l does not imply the equiv
a.lence between lyfaxwell ( electromagnetic) and Dirac fields,. ln this section we shall look 
for a relationship between these fields, which, because of the Rainich-Misner-vVheeler the
orem, can be discussed in terms of the relationship between those DH spinor fields </> a.nd 
tp, in the notation of the previous sections. 

The natural way of introducing these fields is to use the results of the preceeding 
section for the geometry there discu~sed. Let us think in terrns of the following scenary: 
1uppose we have in Minkowski spacetime an unimodular DH spinar field R sa.tisfying 
D H equation: 

(63) 

This spinor field, being unimodular, indÚces no conformai transformation on the basic 
1-form fields. Now suppose we have a change in the amplitude of the D H spinor field, 
from Po = 1 to p. The natu1·al, but speculative, way of interpreting this is to think of a 
change in the density of a "fluid". The amplitude of the DH spinor field is now ..Jp, tha.t 
is, () = ,/PR, and p induces the conformai transíormation described in the preceeding 
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section, which give rise to the Riemann-Cartan-Weyl geometry there discussed. ln this 
space, the DH equation for 4> is: 

[ª"' (3ôlnp)] 1 1 ~"' 0 _ 0 ~ - ...;.____-'- "Y "( + ~"( - . 
2 ri 

(64) 

One can define now two other DH spinor fields, namely: 

(65) 

and 

(66) 

The case of eq. (65), which is just eq. (56) when introduced into eq. (64) gives 

(67) 

which is just the non-linear eq. (27) in view of eq. (55), and therefore equivalent to the free 
Maxwell equations under the hypothesis we assumed and for the non-null electromagnetic 

"' field F = <j,-y1 1 2 </>. On the other hand, the case of eq. (66), which is just eq. (60), when 
introduced into eq. (64) gives the DH equation for tp 

(68) 

Clearly the scenary outlined above is still speculative, but its beauty and sim
plicity suggest that it may be relevant from the physical point of view. We note that due 
to the definitions eq. (65-66) the spinor fields </> and tp are related by 

(69) 

which is that eq. (62) and </> = ~R after using eq.(55), which gives eq.(14). Note 
moreover for the electromagnetic field F: 

(70) 
,._ 

wbich suggest us to interpret Mas a "densityn of F, wherc M = t/J, 11 1 </>for ~' satisfying 
DH equation (68); and, in fact, M is interpret in Dirac theory as the density of magoetic 
momeni. 

Anothcr tJ1ing tli at 11111st be discusl!ed is rdate<l to the fru.: t tha. t the electro
mag11etic fidd F lrn . ., 6 re<1l dcgrees frccdom, whilc " D li spi1101· fi el d J1 a.s 8 real ~egrees of 

íreedomj in auothcr wor<l ll , th-: spiuor field ip thal rcprecstints F via F = <J,1 11~ </> has two 

lõ 

1 



a.dditional degree~ of freedom . Let us discuss a way oí eliminat ing these t,vo additional 
degrees of freedom . 

First, consider a D H spinor field X; which will he assumcd to be either <P or tp 
whenever convenient. Let us define lhe following 1-form fiel<ls: 

j = {â.,X-yl-yl X)o -y'\ 

g = (a,.x1512 --, 1 x) 0 ...,.,.., 

where { )0 indicates "the scalar part". Next, note that: 

(71) 

(72) 

(73) 

where { )i and ( h indicated "the 1-form part" and "the 2-form part", respectively. 

But for a 2-form B we have B = - B, while for a scalar o =Õ and for a. pseudo-scalar 
(o,5 ) = (015 )~; from this fact we can write 

1 ~ ~ 1 ~ = 2[8,,x--,2,1 X +x,,2;18µ X] = 2ªµ(X; 2, 1 X). (74) 

Then, using eq. {71) and eq. (74) into eq. (73) we get: 

(75) 

A similar calculation gives: 

""' 1 A,J ""' 

(âX-y2-y1 X}a = 2ª /\ (X,2 , 1 X)+ iµ • (ô,.x-y2--,, 1 x) .. , (76) 

and after using eq. (72): 

(77) 

Now, X is an arbitrn.ry D [J spinor field, which can bc cither that 1/J which sat
isfies DH equation (30) or (68) or that <P which satisfies non-linear DH equation (27) or 
{67). Let us consider the two cases in separa.te: 

... ~ 
{i) 1 X= VI I ln this case, aftcr using DH equation and noting that (t/J,0 Vlh = t/J-yº tp , 
we have from eq. (75): 

me ... 1 1 1 .... ) i == ,;hº t/1 +a· ( 2V11 ; VI , (78) 
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- n n -1/J-yº t/J= -j + 8. (-r-,'l--,1 t/J), 
me 2mc 

(79) 

which is Ãust Gord~n decomposítion for the Dirac current iJr,º ;. The part 8 • f.,f for 

M = -2 -t/r,111 tp is the so-called Gordon current, due to the density of magnetic me 

moment M, while the part .!!.__j is dueto the overall motion. On the other .hand, since 
~ me 

(t/J,0 ,f,)J = O, eq. (77) gives: 

(80) 

or 

(81) 

which is a Gordon current for the density of electric moment , 5 M. Finally, if we use the 
identify (22]: ' 

a· (b • B) = (a J\ b) • B 

for a, b 1-form and B a 2-form, we see that 

ô· [ô· M) = (ô J\ 8) • M = O, 

ô· [ô· (•y5 M)] = (ô J\ ô)· (,5 M) = O, 

since ô/\ ô= O, and these results when introduced into eq. (79) and eq. (81) give: 

Ô· j = o, 
a. g = o, 

(82) 

(83) 
(84) 

(85) 
(86) 

where in order to arrive at eq. (85) we have also used the conservation of Dirac current, 
~ 

that is: ô• (VJ,º VJ) = O. Note that eq. (85) and eq. (86) are strict consequences of DH 
equation. 

{ii) 1 X = </> I In this case, after using the non-linear D H equation (27), one obtains from 
eq. (75), 

me ~ 1 ~ 1 ~ 
j = T<rtº <P +2(âln h) • (qry 1"'/l <P) + 2â • (</>···/··? </>), (87) 

or 

hº ;= ~j - -2" ((âln h) • (</>··r1··,? ~)+a· (</>,111 ~)], 
me me 

(88) 

while eq. (77) gives: 

(89) 
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One can also esta.blish tbe following identities after using eq. (82) and {j /\ 8 = O: 

ô . [ô. ( <;ryl--yl ;)l = o, 

ô· ((8ln h) • (<l>, 1, 2 ~)] = -(8In h). (8 . (ef>, 11 1 ;)], 

8 /\ (8 /\ (<1>-,1,'J ;)] = o, 

a/\ ((8ln h) /\ (<l>-,1,'J ;)l = -(âln h) /\a/\ (<l>,1, 1 ;)], 

If we use eq. {90-91 ), we have from eq. {88): 

{j. (<P'r° ~) = ~(8 • j) + _h_(81n h) · (8 · (<l>,1, 2 ~)], 
me 2mc 

and from eq. (89), after using eq. (92-93) and the fact that 8 /\ (-y5g) = _,•,1''(8 • g): 

(90) 

(91) 

{92) 

(93) 

(94) 

, {95) 

Note also that for non-linear D H equation, the Dirac current is not conserved; in fact, . ~ 
we have that a· (h<f>,º </>)=O, which gives: 

(96) 

Now, eq. (88, 89, 94, 95, 96) are consequences of the non-linear equation 
for q,. This 2on-linear equation, on the other hand, follows from Maxwell equation for 

F = <l>,11 2 <p under certain assumptions which are, indeed, assumptions about q,. One 
can, of course, follow the steps of sec. 4 backwards and obtain (from the non-linear 
DH equations and under the sarne assumptions) the Maxwell equations 8F = O for 

~ . 
F = 4>,1 -·/l </>, that is: 

{j • ( <p"(l"(2 ~) = 0, 

{j /\ ( <p"(l"(2 ; ) = Q. 

ln this case, we have from eq. (88-89): 

0 ~ h . h ) ( 1 2 '1) h </>= -1 - -(8ln h • </>, 1 'r' , 
me 2mc 

and from eq. (94-95): 
,., h 

â • (hº </>) = -(ô· i), me 
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ô- g = O. 10'- ) 

Eq . (99- 102) ar no l\ll )'more di red consequences oí lhe non-line. r [) H t:' 1~ t i n bu r 
n w coo uen ~ of he a.ss urnp ions we rnade aboul ó in order to lhe ~10 11- lint'a..r DH 
equat.ion be a. spinori al reprcsenlal ion oí ~l axweU equat ion for F = <h ' -·,1 ~. Eq. (99~ 100 ) 
are lbcrefore lwo equatiom for ~ which mu t be thought a.s ~com patibili ty equation ,. . 
Oae can use eq .(101 - 102) a!! a kind oí gauge conditions" lo bc used in order to el iminat 
lhe two a.ddiliooAI degrees o( freedorn of the DH spinor field ip . Note moreover t hat if -one assumes al so the conservation of Dirac urrenl ,ryº ç. thcsc two "gaugc con~füions" 
reduce to: 

a . i = o . o . 9 = o. (103) 

lt is lime now to observe that lhe "gauge conditions" (103) are just the ones 
discussed by Campolatlaro in [5J . ln fa.ct , note firsl thal 

(8~</r,2-,'a,. ;)o = ~[(&"h1-y'8,. ~)o+ (EY'</r,1-y'a,. ~))~] 

= ~l(EY',~·l1 1ô,. ~)o - (o,.ip-y1-, 1a" ;}oi= o, (104) 

and in the sarne way 

(ô"hª,2, 18" ~}o= o 

Then, from eq. (71) and using eq. (104), we have: 

a. j = 8µ(8µ<jJ-, 2--y1 ;)o= 8µ(Ôµ</,-, 2; 1 ;)o - (ô"</rt2--r1 ;)o 

= (ô11 ôµ ef,···/·y 1 J)o == (D</,;2·/ ;}o, 

and from eq. (72) and using eq. (105), we have: 

ô. g = ô#(ô"</>-,s,2,,t1 ;}o== 8µ{â"ef,,5,2,1 ;}o - (8µ</>,s,2,1aµ ;}o 

= {8µ8µ</>l,2,1 ;)o== (□<1>,s-,2,1 ;)o, 

and the two "gauge condítions" (103) can be written as: 

(□ </>,2, 1 ~)o = O, 

(□4>-,5,2,1 ;}o-

(105) 

(106) 

(107) 

(108) 

(109) 

ln terms of the standard covariant Dirac spinor field <J,0 (x) E (C4, having as representative 
in the Clifford bundle </>o = <pé for é an appropriate idempotent field (see [16, 17, 25] for 
details), condition11 {108) and (109) are written respectively as: 

(110) 
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( 111) 

which are eq. (28-29) of [5] . According to our approach , however, the gauge condition 
(110) is consistent only when the Dirac current is conserved which is the case when 

~ • ' 
(81n h) • (</rrº 4>) = O according to eq. (96). 

7. Concluding Remarks 

The objective for this paper wa.s to show the equivalence between Maxwell and 
Dirac equations for their respective free cases and when the electromagnetic field is non
null. The hypothesis we have assumed were very general and indeed satisfied for the 
cases considered. The geomctrical interpretation we gave to the relationship between 
the non-linear DH equation and the DH equation, and to the quantum potential type 
non-linear term, suggests further developments which may be physically relevant. Finally, 
the relation we discussed between Maxwell and Dirac fields and its comparison with the 
one of Campolattaro may also lead to further interesting developments, especially when 
one confronts our analysis with the interpretation given by Campolattaro to his results. 
H~wever, _such possible developments are an issue to be considered elsewhere. 

The generalization of this work for general cases_ (i.e., the non-free ones) re
quires the consideration of severa! issues outside the scope of this work. We do not need 
to consider them here, but let us quote an specific example: the role of the Takabayasi 
angle /3. The way we introduced it exhibits in a clear manner its meaning in connection to 
electromagnetism, that is, it is identified with the "complexion" of the field [10). However, 
its role in Dirac theory is still mysterious [30). Indeed, it appears that when we consider 
externai interactions, the angle /3 is va.riable. This is the case, for example, for the Darwin 
solutions of the hydrogen atom (30] . However, it has .bee~ua.d-:reeentlrsofotions - the 
Krüger solutions (30, 47] - of the hydrogen atom with /3 = o.· It may háppen that a full 
understanding of the role of this angle in Dirac theory depends in generalizing this work 
for the cases with interactions. 
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