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Apparl fro111 fm1r trivial Ci\Sl'S, a u11ivi.:r11nl llom cla.,s of graph~ gc11crated by finitely many 
finite graphs can not be íinitely axiomatizable. This is a11 almo~t immediate consequence 
of a theorem of Nesetril anel Pultr INPJ, plus the observation of Tarski [TJ that any uni­
n•rsally a.xio1u.1t.izablc• cl, .. -.s oí ~lrucl11rcs is chnraclcrizcd hy a fa111ily of forbicl<lcn finitc 
substructures; however, it does uot seem to have been noticed before. lt contra.st strongly 
with the case of algebras, since by a result of Pigozzi [PJ any finitely generated quasi­
,·arict.y of algt'l,ras will1 n-lative distributive congruences is finilcly axiomatizable. Also, 
wc• nrny cxhihil. inliniti-ly 111a11y li11itc·ly axio111atizahlc, finitdy g,•111:rat,~cl, quasivarietif..":I of 
dirl'd.c•tl grnplt:-, ~11 tl1at. t.lw n·s11ll is clmrndcrislic of 1111dircctc.J grapl114. 

§1. Forbidden substructures 

Let u be a finit.e rdational vocabulary, Stv the class of structures of type u, and :F Ç Stv. 
Follo~ing [NP]. define: 

:F-. = { A E St,, 1 no substmcture of A is isomorphic 

to an element of :F} 

.Many interestiug classes at structures are of the above form for a class :F of finite struc­
tures, for example the class of graphs haviug ali its countable subgraphs planar (by Ku­
ratowski 's theorem). ln fact, this is typical of universally axiomatizable classes. 

LEMMA. C is (finitely) a:riomalizable by universal sentences i/ and only i/ C =:,:-,for 
some (finite.) class T o/ fi11ite structures 
Proof. " =} " Give11 a universal seutence cp: 

Jet :Fv, = { B E Stn I B Ç { I, 2, ... , n}, B ~ cp}. Then A F 'f' implies B F cp for any o( 

its finite subst.rnctures au<l so A E :F'P-.. Couversely, if A E :Fv,-, theu lhe substructure 
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induced by any seque11ce oí cleme11ts a1, . . . , a,. of A rn11sl sat.isfy r.p and so O[a1, . .. , ª"J; 
hence, A F r.p. lf F = U..,F .., where r.p runs t.hrough some 1iniversal axiomatization of C, 
th<'n C = J-" ..... . As F',!' i~ ohviously ftnile, F will he finite wltcnev~r thc axiomatization is 
finite. 
" ~ " If C = y...., where F consists of finite structures, then C is axiomatized by the 
senlences: 

Vx, . . . V:r.lBl....,DB(xi, . . . x1a1), B E F, 

where Da is lhe conjunction of the diagram of B. □ 

The lemma holds for infinite CT taking for F a class of finite structures defined ín finite 

subtypes of u, and defining F...., as the class of structures not ha.ving substructures with 
reducts isomorphic. to el<' 111e11ts of F . 

If the structurcs in F ar<• nol finite, F...., is not necessarily a.xiomatizable, but the following 
are equivalent (compare with (A]): 
i) C = :,:-..... wlwn· :F COll~Íi,l~ of st.ructnrcs oí powcr less than K., W $ K. $ 00. 

ii) C is axio111at.izable hy universal sentences of L,w 

Examples. 1) Ld a = { /l}, ll a binary rclation sy111bol, an<l let 

Fo = { Q, • • ,-.=,.,Â} 

then :F0 -, is the class linear orders. Notice that the effect of prohibiting the substructure 
{• , } forces trichotomy, and prohibiting {{JI} forces transivity. Consider now: 

then :F1-, is the class of well ordered sets, obviously axiomatizable in L,..,1,..,1 • 

2) Lem11rn, l holcls for clasiws of algcbras if we allow partia! algehras as substructures. 
For example, the semigrnup axiorn of associativity may be expressed: 

and so the class of semigroups coincides with ;:-, when F consist of ali the partia.l binary 

algehras (S, /) with 8 Ç { 1, 2, ... , 6} for which there are tripies 

such that the lirsL tlm~<-' apptiar in the table of the operation, and the fourth does not. 
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§2. Universal Horn Classes 

lf A is a non-cmpty díl~s of slruclures, oí type u, thcn lhe quasivariely generated hy 
A, 1 S P(A), is lhe dosun· oí A undcr carle!>Ía11 producls, subslrnclmcs, an<l isomorphic 
images. ln general, / S /'(A) does not nccd lo be firsl or<ler axiomalizable, unless it is 
closed under ullraproducls, or equivalc11Uy under dirccted linüls (cf. • (BS]). ln case it is 
a.xiomalizable, it. will he axiomalizc<l hy universal Horn senlenccs, those of lhe form: 

where 4> consists of alomic fonnulae and 0 is atomic or negated atomic. An axiomatizable 
quasivariety is called also a uuive1·sal Horn class. 

1f A consist.s of fi11ildy 111a11y rinite slructures, / 5'P(A) is said to be finitely generated. 
ln such case JS P(A) is first order axiomatizable. This may be rea<lily seen by showing 
lhat lhe dass is closcd un<ler ultraproducls, melhod which ~orks also when A is any 
a.xiomalizablt• dass, or j11sl a projcclivc class of struclures. ln tlie finitely generated ca.<1e 
Wt.' may pi-othu.·t• t•xplit·ildy a rccursive universal Horn axiomalizalion: A E / SP(A) if and 
only if A is a subst.rndun• <>Í a prn<lucl of clcments of A. E<1uivalcnlly, for a.Jiy (n-any) 
predicale P E o-U {=} and 11-luple a 1 , ••• ,an E A snch that A~ P(a1, ... ,a,.), there 
is an homomorphism / : A -+ /J E A such that B ~ P(/(ai), ... , /(a .. )). lf A ~nd its 
elements are finite, it. 111ay Le seen by a compactness argument that it is enough to have 
an homomorphism / wit.h lhe above propei:-ty for each firiite substruclure of A. But this 
may be expressed by the first order sentences: 0p,k, P E uU {=}; k =l, 2, 3, ... : 

Vx.1 .. . Vxn Vx;,+1 ... Vxn+k[-,P(x., ... , :rn) -+ V Be.A'PB(:r1, .. .. , Xn+A:)) 

where 'f'B(x1, ... ~n+k) is the formula: 

saying that th(.>re is a11 homomorphism from the substructure generated ·by {:ri, ... :r,.+1 } 

into B such that B ~ P(f{x,), ... , f(xn)). 

The sentencet 0p_ 1: are nole universal Horn, but they have the form \tx(Vi /\; CTi;) whe.re 
lhe ui; are ali negated atomic, excepl for one atomic. By <listributing V over /\ and then 
V over /\ wc g<'l a co11ju11ctio11 of universal Horn senlcnccs. • 

After Lemma 1, a univc~n,al llom class is characlerize<l by a class :F of finite forbidden 
substructures. Given a universal Horn senlence 
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let B~ be lhe i1 lr-uclurc: 

8 '4 = ( {l , 2, . . . , n}. Q")o~-

whrr" Q" = {(i, .... . ;d : Q(r,., ... ,ra) E .i,} , Thcn lhr.i-cl o í finilr forbi<lden lllructurc~ 

a.ssocialed lo 'i' iR 

~~ = { B 1 3/ : B., - B onto homomorphism 

such lhl\lB ~ 0(/(1), . .. ,/(11))}. 

§3. Finitely Axionrntizehle Quasivarielies oí GrRphs 

A gmph is a !lct. with ;111 irrcllcxi\'c, symmdric binMy relation, t.hat. is, a model oí t.he 
universal Horn At>ut.en<"f"'ll: 

Gl : 'v'.:r(r = r - -,/(.r r) 
G2: 'v'x'v'y(R.xy - Ryx) 

lf it is asked to satisíy GI ouly, il will be a din:cted gmph. Consi<ler the following qua.si­

varieties oí graphs: 

D 1 = IS P( { •}) = One vertex graphs 

D2 = 1 S P( { • •}) = Discret graphs 
D3 = /SP({•-•}) = Disjoint. sums of {-•} and {•} 
D4 = 1 S P( { •-•-}) = Disjoint sums oí complete biparti te graphs and {•}. 

Then Di is a.xiomatiz~d hy {G,, G-z, c.p,}, i = 1, 2, 3, 4, respcclively, where: 

'Pl : Vx'Vy(-r. =X......+ :1: = u) 
tp2 : Vx'Vy( :r = :r,...... ·,.rUy) 
r.p3 : V:r'Vy'v'::( U.r!/ A /i.t-z --+ y = z) 
l.f)◄ : Vx'VyVzVw(lfry A liyz A Jlzw -+ llxw). 

These are the only íi11itdy ,,.xionrn.tizable, finitely gcnerated qna.~ivarieties o{ graphs be­
cause of lhe following result and the Lemma. 

PROPOSITION. (Nte>Selri! nnd Pultr [NP}, Th. 3.2) . Di, D1, D3 and D4 are the only 
finitely genemlcd qunsiua1'ieties o/ graphs, o/ the fonn F..., for a finite family F of finite 
gmphs. 

V\'e have, for example lhat the quasivariety Cn of n-colourable graphs, n ~ 2, wbich is 
finitely generated ( d. [N P), (W)), is not finitely axiomatizable. This was • shown first by 
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W. Taylor [T] utilizing a theorem oí Erdõs. 

ln fact, lhe iH!!,t1ll1C'11I. i11 [NPJ. h11.$ed in lhe sarne theorem of Erdõs, shows the more general 
r1..•:rnl l: 

THEOREM , A fi11ifdy '1riomafi zable q1wsivaridy of gmph5 dis tinr.t from D1 , D ·1. DJ . 

n,. ha.~ !1"'1'"·"' of 11,./,it, ·,11·ily ln,~11· rl11YJ11111fir numbcr. ln 11adirulrir. il cn11 not be finitely 

genemted. 

Ilence, no subq11,1.Si\'aricly of C,. is linitely axiomalizahle for n ~ 'l. 

As we have 111e11lioned, Lh e 11011 finikly axiomatizable result does not hol<l for quasi\'ari­
elies of din·C'led ~raphs. Co11sid1·r llw dirrd,,I cyclc of lt•11gtli n: 

the class 1í.,. = / S P( C,.) consists of those graphs which are <lisjoint sums of copies of C,. 
a,id chains of le11ght less than 11 bccause any power C,~ consisls exactly of Ili copies of 
Cn, On the other hanJ, 'H,. is axiomatize<l by the sentences 

V:rV!JV::(H:ry /\ lüz -.y = z) 

. VxVyVz(llxy /\ Rzy ___. x = z) 

\h: 1\/:ri . . . V:r,.(U:r,x'l /\ /b:2:r:3 /\ ... /\ R :rn-1:r.,1 - Rxnxi) 

V:r, .. . V,rk(/(.:1·,:i:2 /\ ... /\ Hxk-1:ck ~ ,H(xk:.r.1)), k < 1&. 

Similarly, if .4 11 = ( { 1, 2, ... , n}, $) with S'( x) = :i: + 1 ( mod n ), then the quasivarieties of 
algebras JSP(A,.) are ali <listi11ct aud axionrntized each by the li11ite set of universal Horn 

sentences: 

Vx\/y(f(x) = /(y)-+ x = y). 

Vx(J'1(x) = x) 
Vx,(l(x) = x), 1 ~ k < n. 

5 



Bibliography 

(N-PJ J. Ne~i•Hil awl A. P11lt.r, 011 da!is t· ."' o/ n :lrilio11.'f mui !J''"J'li·" dclt;rmined by subob­
jects aud facl.omhjeds. Discrete Mathematics 22 ( l 978) 287-300. 

[PJ D. Pigoz?.i, fi11i/t' b11,-ii,,, f/,r.my,,11111 /01· n:ln.liudy co11,r11·11e11u-di,"'t,-ib1tlive quasivarietics. 

'lhrns. A111er. Mal.li. Soe. 3 IU (HJ88) il!JU-53:1. 

(A] .J. Adélnt<•k, 1/ow 111,wy tJ(u·iables does a quasivariety nced? Algebra Universalis, 27 
( 1990). 

(B-SJ S. Burris and H. P. Sankappanavar, A course in Universal Algebra, Springer Verlag 
1981. 

[WJ W. H. Wheeler, The fi1·st 01·de1· theory of n-coloumble grnphs. Trans. Amer. Math. 
Soe. 250 ( 1979) 289-310. 

[T] A. Tarski, Confribulions lo the theo1·y o/ models I (II) ln<lag. Math. 16 (1954) 
572-581, 582-58:l. 

[MJ A. 1. Makt•v, U11i11nsally axiomalizable subc/a..,ses o/ locolly finite classes of models, 
Siberian l\fath. J. 8 ( H.167) 254-267. 

{TJ \V. 'foylor. :1 lo111fr ,·,,m1mdut:st- fl1Hl ymph lhco1·y, F'uudatllcnla Mathcmaticae, LXV 
(1969) 139-145. 

6 



• 

' 

RELATÓRIOS DE PESQUISA - 1993 

01/03 On lhe Convcrgcnce lute of Spe trAI Approxim tion for the Equntiotu for Noobo­
mogeneouJJ A"ymm lric Fl11id• - J , / l ,: 8 .> t,lr, 11 nd M11rl-o Roju-.\ftrl11r. 

02/93 On Frai1111-e'" Prooí o í Com i ~c tnru - X ri r a, c, r/o rrnd ti. ,\(. St ltt . 


	Página 1
	Página 2
	Página 3
	Página 4
	Página 5
	Página 6
	Página 7
	Página 8
	Página 9

