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A NEW CONSTRUCTION OF THE CASIMIR 
# 

OPERATORS FOR THE FANTAPPIE-de SITTER GROUP 

Abstract 

E. A. Notte Cuello a.nd E. Capelas de Oliveira 
Departamento de Matemática Aplicada. - IMECC 

Universidade Estadual de Campinas 
13081-970 Campinas São Paulo Brasil 

\\'e obtafo the Ca.simir opera.tors a.ssociated to the Fanta.ppié-de Sitter Group 
(isomorphic lo the 5-dimensional pseudo--rotation group) which is the group of motions 
admited by t.he de Sitter cosmological spa.cetime, using the genera.lized derivative opera
tors. 

1. INTRODUCTION 

The de Sitter space is the curved spacetime which has been most studied by 
quantum field theoristics beca.use togheter with the anti-de Sitter space are the uniques 
ma.ximally symmetric curved spacetimes(l). 

The symmetry group of de Sitter space is the ten pa.rameters group S0(4, 1) 
of homogeneous Lorentz transformations in the 5-dimensional embedding spa.ce known as 
the de Sitter group<2). 

There are many possible coordinatizations for the study the de Sitter space 
time, for exemple the st.f>.a<ly-state uuiverse (parametrizatíon) of Bondi & Gold(3

) and 
Hoy}e(-4) which covers Lhe half of the de Sitter ma.uifold and the sta.tic system which also 
only covers the half of t.he de Sitter n1anifojd(5). Tagirovlt!) studies the Einstein univense 

using a conformai time where the coordínates cover the whole of the de Sitter manifol<l. 
The theory of hypf!rsphPric:al mode1s of universe (tied to the integer nurnbers) 

proposed by FantappiéF> and perfected by Arcídiacono(8 •9> hased on group theory is a 
original way to study the cosruological prohlem. 1H this theory it i~ 11e<.:es~ary to distin
guish the absolute spttn·timc (with rnnstant curvature) dfective st>at of the physics eveut., 
from the infinite relaUvr: spare 1tme (tangeats) where each ohst.!rvcr local.ir.e a.nd see the 
phenomena. Then we nse a fl,,t rc•pre~cntation of the de Sitt.er univcrse on their tangt~ut. 
spa.ces. Among tht infiuite rt•pn;.·wut.ati<>ns we use the B~ltran1i(10) g1:"0de~ic rt:pm~enta.tion 
whem the gcodesics cJf llw hyperspherical spacelime coHesponds to thc :straight liues of 
the flat taugent spa.r.e ti111e of the olnwrver's location. 



lt follows th,.t tht· gronp of motíons in itself of the de Sittcr universe is rep-
resented by Lhe so rnll~d Fant.appié-de Sitter Group (Isomorphic to the 5~dimensiona.l 
pseudo-rota.tion group.) i.e. by tht~ projectivities of the u1.ngent spa.ce, which change in 
itseU the Cayley-Klein absolule of equation 

R2 A'l = (xi)'l + (x'l)2 + (xa)2 + (xo)2 + R1 = O 

where x0 = ict. (For the dcfinition of A see eq (2.2)) 
This pa.per, which is the first of three, is organized as follow: in section two we 

present how to pass from the de Sitter formula.tion to the orthogona.l coordinates using the 
Beltrami geodesic representation and we obtain the formulas with relates the derivatíves; 
in section three we discuss the Fantappié-de Sitter gro11p and we obtain tbe explicit 
formulas for the invariani associated operators (Ca~imir operaton1); in section fo11r 1 using 
spherica.l coordínates we present the comuta.tion relation~ aud construct explicity the 
Ca.simir invariant operators and fi.na.lly we present ours comment9. 

ln the fol1owing papers we solve the equations obtained from the second a.nd 
fourth orders Casimir invariant opera.tora. 

2. ORTHOGONAL COORDINATES ANO DERIVATIVES 

ln this section we consider how to pass from the Beltra.mi representation 
x,.(µ = O, 1, 2, 3) of the de Sitter Universe to tbe homogeneous coordinates 
{A(A = O, 1, 2, 3, 4) of the embedded spa.ce R4, 1. They are related by (see Apen
dice). 

(2.1) 

satisfying tbP. relation of normalization eAeA = R'l where R is the radius of the de Sitter 
universe. 

Introducing tbe following not.ation 

where 

and 
1 t 

1 = -ct = -R t0 

we can remove the e,. roordiui'.t«•, then we have the following relationR 

R e.= -A 
and 
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(2.2) 



To obtain the relatiou for the partial derivates we consider a function i;,((4) 
being a.n homogeneous function of degree N in all five variables {A, a.nd using Euler's 
theorem for homogeneous functions, we have 

(2.3) 

where we ha.ve put lJA = 8/lJeA· Using the definition of homogeneous function we can 
write 

( e. {1 ) (R)N 
i;, R e◄ ' R e.,... = e. i;,(f.) (2.4) 

and finally we get the following relation 

(2.5) 

where the function in the right hand side is a fuoction obtained from cp(!A.) with the 
substitutions, !4 -+ R and {,. -+ x,,.. 

Deriving eq. (2. 7) firstly in relation to {4 and secondly in relation e,,. we obtain, 
respectively 

(2.8a) 

and 
Ô 1-N ( ae,. i;,(~A) = A ª"'f) R, ~,,.) {2.8b) 

where A is given by eq. (2.2) and we ha.ve put ô,,.= ô/ôx,,.. 
Introducing a function '1/)(x,,.) defined by 

(2.9) 

in the above equations we can finally write the derivates, respectively, as follow.s 

(2.10a) 

and 

(2.10b) 

Then, we havc !;o)ved the problem to pa.ss of the 5-dimensional formulation, ç,4, 
to spa.cetime formulat.io11, :z:1., i.e. in orthogonal cartesian cool'diuates, The relations eq. 
{2.l0a.) and eq. (2.10b) are the link between the two formulatiou:.. 
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3. THE FANTAPPIÉ-de SITTER GROUP 

ln this section we present the Fanta.ppié- de Sitter Group and write its invariant 
operators. 

The Fant.appié-de Sitter Group - iRomorpbic to the 5-dimensional pseudo rota.
tion group - is the group of motions admited by a. cosmological space with line element 
given by 

-d-'2 = A'ldxi;d:r,. = A2[(dxt)'.l + (dx2 )'l + (dx3 )
2 + (dx0 )

2
] 

where xo = ict, and R2 A2 = R2 + ti' - xg and p'l = (x1)2 + (x2)2 + (x3)2. 
Tbis space can be emhedded in a flat 5-dimensional space time, being the z 11, 

the Beltrami projection from the "sfere" with equa.tion 

" L {A{A = (!1 )2 + {{2)2 + (6)2 + ({./ - ({o)
2 = R2 

A:=O 

The coordinates are related by the following expressions 

1 
~.=-R 

A 

where µ = O, l, 2, 3 and for the differential opera.tor we have 

and 

(3.1) 

(3.3a.) 

(3.3b) 

where N is a para.meter, R is the radius of the de Sitter univen;e and A is given by eq. 
(2.2). 

The generat.01 i; of tl1e ,5 dimensional pseudo rotation group satisfy<:1>, 

-ilJ1;\, J1u,] = Ôk11J'i.µ - ÔkuJ).11 + f>>,.µJ1c,, - fi>.,,.lkµ. 

-i[1r,\, .f,..,,J = .i),.,,1fv - li>,.,,1r1, 

-i(r.11 , ,r,,) = - ~2 Jµ,, 

1 
where 1rµ = RJOµ• Wt> note that to R-+ oo we have 

7f'u - p,,. 

which is the four dirn~nsio11al 0perator M!lociat.c with the tra.nslations of the Minkowski 
space time, when H --, oo we ohtain the Lie Algehra. of lhe non homog<:neous Lorentz 
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group. 

Introducing 

we have a representation for the Fantappié-de Sitter group whkh is given by the 5-
dimensional angular momentum opera.tors 

where A, B = O, 1, 2, 3, 4 which in terms of the Beltrami coordinates are given by 

Lµ,, ::;: x11p,, - x,,pµ (3.4a) 

and 
(3.4b) 

where µ, 11, .À = O, 1, 2, 3. 
\Ve note that in the above equations ( where 1r" are the analogous of the mo

mentum operators in the Minkowski space) that the linear momentum and the angular 
momentum mix in a uníque tensor. This mixing is dueto the fact that transforma.tion 
of displacents are the ana.logous of the translatíons and therefore the energy-momentum 
operators are not conserved in relatíon to the Fanta.ppié-de Sítter group. 

Now, we consider the explicit form to the ten operators. Introducing the T0-

opera.tor, representfog the temporal translations, defined by 

we have 

To= -lic(âo + ~,xoxi,8-.,) 

where &,,. = ô/8xµ and µ=O, 1, 2, 3. 
The T11-operators, represent.iog the "spa.tiaJ translations", are defined by 

and we obta.in 

T~ = :(R28µ + 1:µXv8v) 

where µ = 1, 2, 3 and µ = O, 1, 2, 3. 
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lntroduciug the V,.-operators which are re\ated to thc ccnter of mass inertia 

momcntum, given by 

we have (3.7) 

where I' = 1, 2, 3. 
Finally, we introduce I,x-operalors, representing the spa.tial rotations, defined 

by 

and we obtain 
L,. = -ih(x,.ô., - x.,ô,.) (3.8) 

where 1• 
1 

v, .X = 1, 2, 3 and in the above exprt•ssions h a.nd e have the usual meanings. 
Now, we can write the two invariant operators of the Fantappié-de Sitter group 

(Casimir operators) using T0 , T,,, V" and Lµ as follow 

(3.9a) 

and - - 1 - - - Cl - -
l-1 = (L · T)2 - -(To L +c1 T x V)

2 
- -(L • V)

2 
= N

2 

c2 R1 
(3.9h) 

where M 2 and N 2 are constants. 
We note that, in tbe limit R -+ oo we obtain 

and 

v-bere m and 8 are. r pt•ctively, the rest mass and t he spin whic.h caracterize the repre
eentations of the Poincaré Groupl2l. Th!!n, the represcntations of thc Fantappié-de Sitter 
group are labeled hy f>igenvalue:J of !1 and /4 which geut•r.ilizes the u u l mas and pin. 
Y t, a pa.rticle in a. Fantappié-de Sit te1 uni ver e has not i\ w,•ll defined ma.si( and a spin 

but cigcnvalues oí th~ /, and l 4 invariant operatorH. 

4. COMUTATION HELATIONS AND CASIMIR OPERATORS 

ln this ser.t.ion w intro<luce a spherical co,ir<linate si tem (r. O, 4') anel we 
obtain the explicit cun111tation rclation and th t•xplicit form of 'asimir op1•rators, in 
these coordinates. Thi result i important for lhe following pap.-n;(H.U). 



·-

• 

The rela.hviijtic spherical coordinates are giveu by Xo = t, x3 = rcos81 

x:2 = r sin fJ sin q, and r 1 = 1· si n Ocos r/>, and we obtain ten differential operators in the 
explicit forms given by 

Ti - i~ [ . ô Jl'l ( â sin r/> 8 ) . ô ] -- (r2 +R'J)sm8cos</>-+- cosOcos<j>---.-- +rtsm8cos<J,-
R2 ôr T ao sm () Ô(/, ôt 

T2 - iTi [( 2 R2) • 0 • </> â 1l
2 

( 0 • <f> 8 cos </> ô ) • O • </>ô] 
- Rl r + S10 sm Ôr + 7 cos sm ae + sin e Ôtp + rt sm 81D ât 

T3 - ·n ô R2 {J ô] __ i [(,·2 + R°')cosO- - -sinO- +1·tcosfJ-
W ôr r ô(} ôt 

Vi - h [ 8 1 8 1 sin </> ô ) . ô ] - t(sin ocos~-+ - cos </>cose- - --.-- - r sm (} cos 4>-
e ôr r 80 r sm O ô</> 8t 

½ - h[(·e·<J,ô 1 e· ô lcos</>ô) • 0 .4>ô] - t sm sm - + - cos sm tp- + - -.-- - r sm sm -
e ôr r ô() r sm O Ô<P ôt 

Vs - h [ ô 1 • 8 â] - t(cosfJ- - - smO-) - ,. cosD-
e Ôr r ôf} &t 

L1 - ih(- sin <P.!_ - cot (} cos 4>!_) 
80 1:)4> 

L2 - ili.( - cos </> :o + cot O sin </> :<P) 

L '-!:. ô 
3 - in Ô</> 

Now, consídering a ciclic permutation of the índex µ., v and .X we obt&in the 
following comutation reJation::. for the differentiaJ operaton,, 

[To, Tµ) = -ih; Vµ. [To, Vi.) = -iliT" [To,~}= O 

ih i'!t 
{Tµ, L.,} = ít.T>. {Tµ, T.,] = - RZL:,,. (T,. 1 V"'] ::: - 2 6jJ.,T0 

e 

ih 
(Vµ, V.,J = 2 L>. {L,., V.,]= -ihVi {L,., L.,J = -i1&L" 

e 

where µ., v, À = 1, 2, 3. 
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Finally, we obtaín the explicit forma for the Casimir operators, introducing the 
differentia.l operators given ahove in eq. (3.9a.) and (3.9b ). 

The Casimir operator of second order is given 1->y 

2 ( r
2 

) ô 2t ô 1 2} 
+; 1 + R2 ôr + R2 ôt + r2 C 

where we ha.ve put t -+ ict and the C2 operator is 

\Ve note that when R --+ oo the above equation reduces to, the D' Alembert 
wa.ve operator, i.e. , 

lim / 2 = D= 1'.2 (ó - ~ Ô
2

) 
R-?o c'l l}fl 

where ó is the Laplacian operators writen in spherícal coordinates. 
For the fourth order Ca.simir differentia.l operator we have 

where 

and 'C1 is given above. 

G. COMMENTS 

ln this paper we have discus~ed an alternative way to obtain the Casimir invariant op
erators of the Fantappié-de Sitter Group w hich Í!I isomorphic to 5-<limensional pseudo 
rotation group. 

lt is clear th~ dependcnct• in the two Ca.'iimir invariant opera.tors in both Rpatial 
and temporal parts, givc~n by the T0 , 7~. V~ and t>, operators. ln consequence, a particle 
in a. Fantappié-de Sit tt!r 11nivers•• hi\!! not a well defined rn1tss and a spin but ha." const.ant 
eigenvalues of the /2 érnd / 4 Casimi1 inva.riant opera.tors. 

The next poiut is solve the generalized Klein-Gordon wave e<1uation for thc 
scala.r fie)d(ll, u, 131 ohtained from the second ordt!r Casimir invariant opera.tor and the 

8 



equa.tion obt.a.incd from lhe fourth order Ca.simir inva.riant opera.tor I which mu11t genera.1-
izes the concept of mass and spinC14• 15>. These topics are presenteei in another paper. 
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APENDICE 

The de Sitter space can he representcd as the surface of a four-dimensiona.l 
pseu.dosphere ( of a. hyperbolic character in one direction) embedded rn a five-dimensiona.l 
spa.ce. lt is described by five coordinates {1, 6, (3 , ftt eo connected by the relation of 
normalization condition 

{~ + f: + e5 + e: - et = R2 

R being the radjus of the "sphere". 
To see how to pass from the five dimensional formulation to the four-dimensional 

orthogona.l coordinates xµ(µ = O, 1, 2, 3) we consider the Beltrami repreaentation 
(geodesic representations) as in the figure: 

where 

E" 

x,,. = Re" 
{4 

Introducing p2 = x.,x., = -(x0 )
2 + (x1 )

2 + (xl)1 + (x:.J) 1 and using norma.liza.tion 
condition we can wríte n 

e .. = (1 + p'l I ni)v-i • 

Then, the rP.!ations to pas:i from the pentadimensional formulation to the four
dimensional formulatíon are given by 

R 
{.,=A 

where A1 = l + p2 /R1 

and 
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