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1.- lntroduction 

We consider nonlinea.r systems'of equations 

F(x) = O 

where F: ....... R11 is differentiable, n is large and the Jacobian matrix J(x) is sparse. 
The best known a.lgorithm for solving (1.1) is Newton's method. This is an iterative 

method which at each it.eration, proceeds by solving the linear system 

(1.2) 

aud defining 
(1.3) 

See Ortega and Rbeinboldt (1970], Schwetlick (1974), Dennis and Schnabel [1983], Os-
trowski [1973). 

At each iteration of Newton's method, we compute the first derivatives of F and we 
solve the Hnea.r system (1.2). We take the point of view that computing derivatives is not 
very hard, at least when automatic differentation routines ( Griewank (1992], Iri {1984], 
Rall (1984}, (1987]) a.re a vai la.ble. If this is not the case, we may use the numerical diffe-
rentation a1gorithms of Curtis, Powell and Reid [1974] and Coleman and Moré [1983). See 
also Colemanl Garbow and Moré [1984]. ln general, the resolution of the linear system 
(1.2) is a very costly computational problem, even if modern sparse techniques a.re used 
( Duff, Erisman and Reid {1989], Duff [1977], George and Ng [1987), Zlatev, Wa.snieswski 
and Schaumburg {1981]). 

Quasi-Newton rnethods were introduced with the aim of alleviate the computationa.l 
work of the Newton iteration, but keeping some of the excellent local convergence proper-
ties of this method. See Bl'oyden (1965), Broyden, Dennis and Moré (19731, Dennis and 
Moré [1977], Dennis and Schnabel [19831, Dennis and Walker [19811, Martínez [1990b]. 

ln a typical Quasi-Newton iteration, (1.2) is replaced by 

(1.4) 

and the resolutiou of {l .4) is inexpem1ive when cornpared wilh the resolution of (1.2). 
A systerna.tic compariso11 of Quasi-Newton methods for large sparse nonlinea.r systems 
has been developed in the Applied Mathematics Laboratory of the University of Campi-
nas during the last five yt•ani. As a result, we developed the package NlGHTINGALE, 
where some of the mo!!t. sucres~ful Quasi-Newton methods wit.h 11cheap linear a.l.gebra" 
have been implement<"d. Se<• Broyden [1965], Dennis and Marwil [1982}, Martínez [1983, 
1984, 1987, 1990a], Gomes~R11ggiero, Martínez a.nd Moretti (1992], Go1nes-Ruggiero and 
Martínez {1992]. In Tewan1on and Zhang [1987], Tewarson [1988] an<l Martínez a.nd Zam-
baldi (1992] potentially usdul met.hods that are not yet incorporated to NlGHTINGALE 
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are aualyzed. 
'fhe validatiou of nonli11t•at· equations solvera requires a. vcry careful selection of me• 

aningful te't. problems (Moré [1989]). Some of the more interesting testa for algorithms 
which solve nonlinear systems come from the discretization of boundary value problems 
(Ortega a.nd Rheinboldt [1970], Schwandt [1984], Watso11 [1979, L980, 1983], Watson and 
Scott [19 '7], Wa.tsoll and Waug [1981].) ln this paper we apply :wveral Quasi-Newton 
methodi, to the Cavity Problem ( Peyret and Taylor [1985]), which is a boundary value 
problem governed by a fourLh order partia! <lifferential equation in terms of the stream 
function. For low Reynolds numben,, the problem is almost linear, whíle, when the Rey-
nolds number is large, tht' problem is highly nonlinear. We test Quasi-Newton methods 
for problems with iucrea.siug Reynolds numbers, up to the vicinity of a "turning point,, 
( Rheinboldt [1986]). Going through this turning point requires the use of Homotopy or 
C'ontinua.tion techniques (Rheinboldt [1986], Watson, Billups aud Morgan (19871) that are 
beyond the scope of our stu<ly. 

'l'his pa.per is orgauized as follows. ln Section 2, we describe the methods implemen-
ted. In Section 3, we survey the theoretical convergence results rela.tive to these methods. 
ln Section 4. we describe the Cavity Problem and its discretization. ln Section 5, we 
report ou1 nume1ical experiments. The conclusions of the study are given in Section 6. 

2.- The algorithms 

ln this section we describe briefly the methods that are cornpare<l in the present study. 
More detailed descriptions of these methods can be found in Gomes-Ruggiero, Ma.rtínez 
aud Moretti (1992] and Gomes-Ruggiero and Martíne-~ (1992]. The methods are: 

(1) Newtou's method. 
(2) Modified Newton method. 
(3) Broyden's method. 
(4) Column-Upda.ting method. 
The following features are common to the implementa.tion of the four methods: 
(a) The iterations are of type (1.4) (1.3) except if llsklloo where D. is a pa.rameter 

given by the user. ln this case, we repla.ce s1c by s1có./lls1cll00• 

(b) At the first iteration, (1.2) is solved using the a.lgorithm for sparse LUfa.ctorization 
with partial pivoting introd11ced by George and Ng (1987]. This fa.ctoriza.tion has proved 
to be more efficient thau mort• cl8.8sical spa.rsity schemes due slabilíty reasons (Zamba.ldi 
(19901). The subsequent iterations of Newton a.lso use the George-Ng method for solving 
( 1.2). 

(e) lf, in the course of a factoriza.tion, singula.rity or severe ill-conditioning o( B1, is 
detected, 81c is mo<lifiecl in 01<ler to tra.neform it in a '"les1:1 ill-rouditioned matrix,, . The 
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,anw decision j:,; adoplt>d if "11ear-singula.rity" is detected wheu a. rank-one correction is 
added lo 81;:_ 1 (melhods (n) and (6)). The details of thcHe modifica.tions are given in 
Gome.s-Rnggit•ro. Mart.í1wz and Morett.i lJ 992). 

ln Newton's mf'thod. Bk = .l(.tk) for ali k = O, 1, 2,... We also choose Bo = J(x0) 
in t he Quasi , cwton nwthodb of the NIGHTINGALE pa.d<age. The definition of B1,+1 

in the Qua.si - Newton methods for k = O, 1, 2, ... is as follows: 
M odifled Newton method: 

Broyden 's method: 

wbere 

Yk = F(xk+d - F(x,.). 

Column-Updating Method: 
T B _ B + (y,. - B,.s,r)e,,. 

k+l - /e T e;,. s,. 

(2.1) 

(2.2) 

(2.3) 
(2.4) 

(2.5) 

where { e1, .... e,1} is the canonical basis of R", s1c and y,. are given by (2.3) and (2.4) 
1e::.pectively and 

ln Rroyden's method, we have that 

( B-1 ) TB-1 
a-1 _ 8 -1 + s,. - ,. Y1c s,. " 

k+1 - 1c TB-1 8 1c k Yk 

1 herefore, 
a;il = (1 + u,.sr) ... (/ + Uo,'I~ )Bõ1

• 

vhere, for l = O, l, ... , k, WP. have: 

B-1 / TB-• Ut = .o., - I y, St l y,. 

(2.6) 

(2.7) 

(2.8) 

(2.9) 
íly (2.8) and (2.9), Hroyd,·11 's method can be implemt>ntt>d ~toring u0 , .•. , u1c, s0 , ... , ª" 

plus the /., li factorint ion of !J0 ( Matthies and Strang [l 979}, Griewank (1986], Gomes-
Ruggiero, Mt1rtÍIIC't and Mon•tti [1992]). 

Simílarly, in th!'! Column-Updating Method, we ha.ve that 

Jr1 _ [i + (sk - H;
1 
y,.,)ef.] . .. [i + (so - Bõ

1 
Yo)40] B_1 

k+i - rs-1 TB-1 O • e,,. k Y1c e'° o Yo 
(2.10) 
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... 

So, 
(2.11) 

where 
B -1 

St - l Ut 
Ut = T -1 , (2.12) e,,Bt Yt 

f = O, , 1, , 2, .. .. Formula (2.11) allows us to implement the Column-Updating Method 
for large - se ale problems, storing the vectors, u0 , ... , u1r, the índices j 0 , ... , j10 and the 
factorization of B0 . For details of this implementation see Gomes-Ruggiero and Martínez 
(1992]. Comparing (2.7) (2.9) with (2.10)-(2.12), we observe that a. typical iteration of 
the Column Updating Method uses less computer time and less storage than Broyden 
for large - scale problems. 

3.- Survey of Convergence Resulte 

We assume tha.t F: n e IR:' Rn, n an open and couvex set, F E C1(0), F(x.) = o, 
J(x.) nonsingular, and tha.t there exist L,p > O such that for all x E n, 

IIJ(x) - J(x.)11 Lllx - x.111 . (3.1) 

We consider the algorithms described in Section 2, without correction of near-
singularity, and without control of the stepsize. Let us survey the convergence results 
related to these algorithrns. Theorems 3.1 and 3.2 are related to Newton's method, the 
Modified Newton metho<l aud Broyden's method. These theorems say that the sequences 
generated by these method8 are well defined and linearly convergent to x,., if the initiaJ 
point and the initial B0 are dose enough to x. and J(x.) respectively. 

Theorem 3.1 Giveu r E ( O, 1) 1 there exists e = e( r) > O such that if l lxo - x.11 e, the 
.sequwce5 { XA:} generate,l by Newton and Modified Newton are well defined, converge to 
.r., and satisfy 

(3.2) 
for ali k = O, 1, 2, .... 

Proof. Sc.-e Dennii; aud Scbuabel (1983). 0 

Theorem 3.2 Givw r E (O, 1 ), the1·e exist e = e(r) > O, ô = S(,·) > O such that i/ 
11:ro - .x.11 $ e and IIHu - J(x.)11 $ S, the sequence {x1r} generated by Broyden is well 
defined, conve,-ges to :r.., aud satisfies 



(3.3) 

for all k = O, L 2, .... 

Proof. See Dennis an<l S(hna.hel [1983]. 0 

Theorem :t3 is Lhe dassical theorem on the order of convergence of Newton (quadratic 
when p = 1), and Theorem 3.4 says that the convergence of Broyden is Q-superlinear. 

Theorem 3.3 lindFr the hypotheses of Theorem 3.1, if {xd is generated by Netuton's 
method, thet·t e.r1sts e > O snch that 

(3.4) 
for all k = 0,1,2, .... 

Proof. See, for insLaun·. Ortt-ga and Rheinboldt [1970], Dennis and Schnabel [1983]. 0 

Theorem 3.4 Under fht hyµolheses of Theorem 3.2, if {:rk} is generated by Broyden's 
method, we have that 

(3.5) 

Proof. See Df-'nnis and Sch11abel [1983]. o 

Let us consirler now dw Colnmn - Updati11g method. ln 19~H, Martínez proved that, 
under the usual hypoUws<•s <m F, t.his method has local an.l superlinear convergence 
w1th Jacobum re.-;tart.,; , 1wry m Ílt>ration.'J. This means that Wt> use the formula (2.5) if 
k + 1 is not a multiple of él fixe<\ integer m > O, anel Wf' ~f't Bk+t = .l(xk+i) otherwise. 
Thii; theoretical result is not complet.dy satisfactory, sinct> Wt' know that it is satisfied 
hy niethods whose p<>rfonna11<·e is poon!r tha.11 th(' perfornumn' of th<~ Column-Updating 
111,·thod. fo fad, numeri,al f-'Xperiments performed in the la:-t ten years showed tha.t, in 
111oht practical Cfü~es, t.he behavior of the Column-Updat.ing nwthod is very similar to the 
hehavior of Broydcn. 'l'hc· following resulta were proved rerently aud tend to reduce the 
~ap hc·twee11 theory and prartice with resp<-'ct to this method. 

Theorem 3.5 SuppoM lhat lhe sequence {xk} genc·raled by lhe Column - Updating 
mellwd, i., wdl d1Ji11ed, r.01111r rge" lo x., and satisfies {S.S). Thrn, 

lim llxH211 - x.11/llxi. - x.11 = O 
k-oo 

(3.6) 
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(3.7) 

Proof. See Ma.rtíne~ [1991c). 0 

Theorem 8.6 A.ssume that n = 2 . Given r E (O, 1)1 there ezists é = é(r) > O, 
li = 6(1·) > O. ·uch thai if llxo - x.11 S é, and IIBo - J(x .. )11 S 6 the sequence {x,i} 
g~11t rated by Column - Upd<iting method, is well deffoed1 co,iverges to x .. , and satisfies 
(9.3). (S.6} and (9.1). 

Proof. See Martínez [1992c]. o 

Theorem 3.7 Give11 r E (O, 1), m, a positive integer, there exists e; = e;(r) > O, 
ô = 8(r) > O, such that if 11:ro - x .. 11 S é, and IIBk - J(x.)11 S 6 i/ k is a multiple 
o/ m, lhe .seque11ce { x,i.:} generated by Column - Updating method, except perhaps when k 
i~ mttltiple of m , is well defined, converges to x,., and satisfies (3.3), (9.6) and (9. 1}. 

Proof. See Martínez [1992c]. o 

U p to now, Theorems ::J.5, 3.6 and 3. 7 are the best results we have for explaining 
t he numerical behavior of the Column-Updating method. There is still a large gap bet-
ween theory and practice. ln particular, we do not know yet if a local convergence result 
like Theorem 3.2 holds for this method if n -f. 2. Theorem 3.5 says that, assuming li-
near convergence, R- superlinPar convergence (Ortega and Rheinboldt [1970]) takes place. 
However, this is a weak result compareci with the Q-superlinear convergence of Broyden. 
The main problem is that it has not been found a Bounded Deterioration result (Broyden, 
Dennis and Moré [1973]) allowing the accumulation of infinite many small deteriorations 
in the. updating of Bk. Such results are easy to obtaiu iu the case of Broyden and other 
Lea.:.t Change Secaut U pdatt:: ( LCSU) methods (Dennis and Schnabel (1983], Dennis and 
Walker (1981], Martínez [l990b]) because LCSU algorithms involve orthogonal projecti-
ons, which is not the case of the Column- Updating method. 

4.- The Cavity Problem and its Discretization 

'I he 8lream functiou-vorticity equations can be writteu in the case of a steady plane 
flow in the following form (Peyrct and Taylor [1985]): 

.. - 1 A o U•VW- -uW = Re 
w + At/1 = O, 
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where i/> is tht> stream funct.io11, w is the vorticity, Re is the RE>ynolds Number and i1 = 
( 11, ") is tlw velocity wit.h romponent1:1 expressed in terrns of the strearn function. That is, 
u = l.'y, ti = -l]J,.. 

Suita.ble boundary con<litions must be a.dded to equations (4.J) and (4.2) in order to 
complete the formula.tion of the boundary value probJem. 

Setting w = - '\'t/J in ( 4.1 ), we obtain a. nonlinea.r fourth-order equation for the stream 
function: 

P(1/1) = ó.21/J + Re [1/J:i;(Ã'I/J)u - ,pv(ó.1/J):i;] = O {4.3) 
For Re = O this equation reduces to the biharmonic linear equation 

{4.4) 

We él8sunw tha.t the ca.vity is the unit square R = {(x,y) E JR,2 1 O $ x,y $ l} 
and we use the boundary conditions proposed by Bourcier anel François (see Peyret and 
Taylor [1985, p. 199]: 1/J(:c. y) = O on the bounda.ry, = -J 6x2(1 - x )2 if y = l, and 
~=o if y f: 1. 

l'he equation ( 4.3) defines, with the bounda.ry conditions above, a.n elliptic fourth -
orde-r two-dimensional boundé\.ry problem in a single unknown, which we attempt to solve 
u:úng itR finite differf'nce- aproxima.tion. 

For the aproxirnation of the nonlinear operator P[tt,], we set ( Collatz, [19731): 
p [1t•1,k] {20v;J,A: - 8(1P;+l,k + lf'i,lc+l + VJ1-l,k + "Pi,k-1) + 2(VJ1+1,lc+1 + "PJ-2,k + 1P;,1c+2 + 
1b,,1c-1 )+'lf,+1.k+t,l1;-2,1c +tt>;,1.+2 +1/J,,1.-2 + Re [( 'IP3+1,1c-tJ.,;-1,1.)( 1P;-1,1.+1 -4f,.1c+1 +"Pi+l.k+i + 
, ·,.k+-1 - l/J;+ 1.1.:-1 + 41/J;.1c-1 - l/.1j-1,1c-1 - 1/J;.1.:-2) + 1/J;,1c+1 - "P1,1c-1)( 1/J;+2,k - 4t/J,+1 .k -1/J;-u + 
J,+1.k+l + 4tpj-1,k - l/>j-?.,k + t/J1+1,k+1 -1/J;-1,k+l )]}. 

Using this discretizat,ion , and varying the Reynolds numher Re, we obtain different 
nonlinear systems 

f(x,Re) = O 
where the nonlinearity increases with Re. 

5.- Numerical Experiments 

(4.5) 

Our test!i cousist of solving the systern (4 .. 5) for Re = 250, 500, ... , 2000, using the 
1;olution of f(x, Rt>) = O a!! initial approximation for the rcsolut.ion of f(x. Re+250) = O. 
Observe that if Re = O, thf> system is linear, so, in a.bsence of rounding errors, the methods 
<lescribed in St'ction 2 <iolve it in exactly one iteration. 

A similar comput,ational heha.vior was ohserved for different gri<l sizes. Bere Wt> report 
t lie results obtained dividi11g the interval [O, 1] into 32 subiuterva.lR. Thus, the nonlinear 
~yste-rn has 29 x 29 = 811 NpJa.tioni. and unknowns. 

To ensure a fair compariRon, we ran the dífferent methodM in the following way: We 
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ran the complete set of experimenta using Newton 1s method, with the stopping criterion 
IIJ.'1:+1 - xkll« ::;; 10-"ll:vkll0v• For ea.ch experiment (identified by the Reynolds number 
Re), we call ê(Re) = llf(.r(Re),Re)ll00 , where x(Re) is the "solution" obtained by New-
ton, according to the stopping criterion mentioned above. The stopping criterion used for 
the experimenls with Quasi-Newton methods wa.s 11/(xk, Re)lloo :'5 e(Re). ln this way, 
we ensure that. Quasi-Newton methods obta.in a.n approximate solution at lea.st as good 
as the one obtained by Newton. 

The results a.re presentcd in Table L The result of a particular experiment is re-
presented by two numbers (Nl, TIME), where NI is the number of iterations performed, 
and TIME is the computer CPU time used, in a SUN Workstation. Adding the CPU 
times for all the experiments, we observe that the Column-Updating method ranked first, 
with 99.92 seconds, the Modified Newton Method used 106.6 seconds, while Broyden and 
Newton waste<l 122.4 seconds and 207.92 seconds respectively. The fact that, on average, 
the Modified Newton method behaved better than Broyden was quite surprising for us. 
We also tried to solve this set of problema using the Diagonal-Scaling method and the 
Row-Scaling method {Gomes-Ruggiero, Martínez and Moretti [19921) but the results tur-
ned to be completely disappointing. ln fact, these metbods did not converge even for 
Re = 250. 

Reynolds Newton Mod. Newton Broyden Column-Updating 
250 4; 30.11 56; 25.21 70; 34.28 20; 13.88 
500 4; 30.10 30; 16.71 28; 17.03 29; 17.00 
750 3; 23.52 10; 10.84 17; 13.36 13; 11.84 
1000 3; 24.21 19; 13.94 10; 11.13 8; 10.48 
1250 3; 24.55 9; 10.88 13; 12.28 4; 9.31 
1500 3; 24.88 5; 9.68 5; 9. 71 6; 9.98 
1750 3; 25.20 5; 9.82 5; 9.78 6; 10.12 
2000 3; 25.35 4; 9.52 19; 14.83 26; 16.81 

Table 1 - Numerical Experiments. 
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6.- Conclusions 

Boundar; vah1<' prohlf•rn~ l'Oming from th<> Navi("r St.oke-i t•quations ar~ very impor-
tant, not onl; becaust' t lwir intrinsic relevance but also becaww t.hey are representative 
of other problt•ms thaL n1ocf<·l pbysical and engineering probl<"ms. 

ln this paper we howe<I that c;omt> Quasi-Newton methods are reliable alternatives 
LO Newton for thesl> problems. 

l'he NIGH'flNGA L8 package wa.s used for solving the Fluids Oynamiai problems 
cousidered in this paper. One of the strengbts of this code is th<" careful treatment of the 
solution of t,he linear :-.iysterns. For this purpose, we use t,hP partia! pivoting rnle, which 
en ures numerical st.ability, and thf' static data structure introduced by George and Ng 
tl987]. ln Newton we solve many nonlinear systems with the same Ja.cobian structure, 
so t he symbolic phase of th<· Gt-orge - Ng method, which defines the data structure, is 
t-xecuted only once. 

ln our tests we usf'cl trne .Jacobians at the first itf'ration. So, we were forced to 
perform a complete L,l' íactorization of a sparse matrix at this iteration. We tried to 
alle\'iate this work by repla,·ing t,ht> true Jacobian by a "False .Jacobian". With that 
purpose, we eliminated some sllh-dia.gonals of the true .Jacobian, so tha.t the factoriza-
tion beca.me lec,s expensive. We f'Xpected tha.t the Quasi-Newton mt>t.hods could correct 
this simplification, incorpornting t.he missing information as the process progreeded. This 
phenomenon had ocurred in other tt>sts concerning boundary val11e problems (Martínez 
and Zambaldi [1992)). llnhappily, in the problems studied in thts paper, the behavior 
of Qnasi - Newton mel hods was very sensitive to "errors'' on Lhe initial .Jacobian, and 
their hehavio1 turnP<l to he VPtY poor, even for modest simplifica.tions (sa,, dropping only 
01w .sub-diagonal). Acrn,dmg to tht>se resultA, our prescnt fec•ling 1s that Quasi-Newton 
methods are in fact very 11sPf11l for large problt•ms, when tlw strnct.ur..- of the Jacobian is 
:-,uch that the sparse: l lf factori1.ation is possible. For 1Jery la rge problems, say, 3D boun-
dary value problerns, or no11lin<'IH sy1-1terns coming from ve-ry rine di~cretizations, lnexact 
. 'ewton methods (Oemho, 8isenstat and St<"ihaug (198:3]) , perhaps nsing Quasi-Newton 
scheme::i as prec-011ditio,wr!l (Martínez [1990b, 1992b]), set>m to b<' tlw hest choice. Further 
re earch is nt>cessary to chara.cterize- problems where the perform,rnce of Quasi-Newton 
111ethod<l is not seriously affc-cted by ·'proposital" erron1 on tlw initia.l .Jacobian. 

Acknowledgements: W" ,m• i11debted to Prancisco A.M. Gomes and Mário C. Zambaldi 
for helpful discus!!Íons during t lw ~llaboration of this work. 
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