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semi-free circle actions
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and
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1. Introduction

This paper deals with the bordism groups of manifolds with semi-free
S'-actions. These groups are denoted by SF,(S"). We study the multiplicative
structure by using a J-homomorphism map. We also study the construction
K, which gives a set of multiplicative generators, and we present an algebraic
interpretation of this geometric construction. Finally, as an application, we an-
alyze the homomorphisms r, : SF,(S') — SF.(Z,) from the bordism group
of semi-free S'-actions on the bordism group of Z,-actions induced by the
restriction functors.

2. Semi-free S'-actions.

Let SF,(S') be the bordism group of semi-free S'-actions on the n-
dimensional closed manifolds, and let SF.(S') = ®n>0 SF,(S') be the N,-

module obtained. Analogously, we have the bordism groups N,(S') of free
S'-actions on n-dimensional closed manifolds and N,(S') = ®n>0Na(S").
There is the Smith homomorphism

A : N,(S') = N,(5")
which is a N,-module homomorphism with degree —2. (see [3]).

Proposition 2.01. If A[M?**! T] = 0 for [M*>™*', T] in Nyp41(S?), then
there is an unique [X?"] in Ny, such that [M**! T] = [X?"] [S?, S1].



Proposition 2.02. If [M?"*! T]is a free S'-action on the closed (2n + 1)-
manifold M?"*! and if W2"+! ¢ M?*+! is a regular compact submanifold such
that W2+ y T(W2"+1) = M+ and W = W2+ 0 T(W?*1) then
A[M2"+l, T) - [aw2n+l, T|6W2"+1].

Let SF,(S*) ®n, N.(S') — N,(S") be the pairing given by: if [V™,7] €
SF,(S') and [M™, T] € N,(S?) then [V™ x M™, 7 x T} is a free S*-action
and we take [V™, 7] [M", T| = [V™ x M", 7 x T] to define the pairing.

Lemma 2.03 If v € SF5,(S?) and a € N3p41(S?) then A(ya) = 7A(a).
Proof. Let [M?"*! T]be a semi-free S'-action on a closed (2n+ 1)—manifold.
So, by (2.02), if W2 C M?**! is a compact regular submanifold such that
WUTW = M and WNTW = 8W then A[M>™1, T] = [AW?™1, T|opansi).
Thus, since V2™ x W2+ C V2™ x M?"*+1 we have (V x W)UT'(V x W) =
(VX W)U(TV x TW) = (V x W)U(V x TW) = V x (WUTW) =V x M,
where T" = (7, T) and AV x W) = (W x W)U (V x W) = V x dW =
Vx(WNTW) = (VxW)N(VxTW) = (VxW)N(rV xTW). Therefore, we
have A[V X M, TX T] = [O(V X W), TX TIO(VxW)] = [V x6W, TX Tlvxaw] -
[V, 7] [0W, T|dW], i. e., A(ba) = yA(a). o

Now let B,(S") be the bordism group of semi-free S!- actions on n-
manifolds with boundary wich are free on the boundary. We have the N,-
module homomorphisms j : SF,(S') — B,(S") which assigns [M™, T to
[M™, T, since dM™ = §; and 9 : B,(S') — N,(S') which associates [V", T
to [6V", T’avn].

Theorem 2.04. The sequence
0 = SFo(S') 3 B.(S') = Naet(SY) = 0
is exact and it splits. (see [5], 8.3). g

Let My(S') = @Yo Na-2e(BUy) be the classifying space for the k-
dimensional bundles. We denote M, (S") = @n>0Ma(S").

Theorem 2.05. There is the isomorphism
F : Bo(S") — &3 Nu—ak(BUg)
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given by: [M™, T)] is associated to Ty [v* — F™~?*] where F"~?* is the fixed
point set component and v* is the normal boundle corresponding. o

Theorem 2.06. M,(S) is a graded polynomial algebra on N, with generators
the classes [\ — CP(n)], n > 0, i. e., the canonic line bundles over CP(n) o

Theorem 2.07. N.(S') is a N, module with base given by the elements
{[s**", S']}n>0- 0

Remark. Any element in Njn41(S') can be written in an unique way as

n

Y O[X?r)[§*"="+1 S1] and any element in Nn(S*) can be written in an unique

r=0
n—1

way as Elx2r+l] [32(70—1-)—1, Sl]

r=0

Let i in My(S") be a semi-free S*-action on the unitary disk given by
the scalar product, then d(z) = [S?, S*] and we have the following lemma.

Lemma 2.08. The diagram
Maa(S") > Naxpa(S")
i1 1
Ma(SY) > Naxea(SY)

is commutative. g

3. Products in 30 Nons1(S").

We define a product in ®n>o Nin41(S?) the following way: suppose
that @ € Nyny1(S?) and B € Nopm41(S?). Let o be in Many2(S") and §' €
M3, 42(S") such that d(’) = a and 3(f') = B. Let be K = max(m, n) and
k = min(m, n). We define

aﬂ = A’“"(a’ﬂ') € Ngk..,.l(sl).

In case n = m, this define a ring structure with unity on Njn4;(S"), where the
unity element is [S?"+!, S7].



Lemma 3.01. If n < m then aAB = af and if n > m then A(afB) = aAp.

Proof. First consider n < m and select " € M,,(S') with 8(8’) = AB.
Thus, A(9(B"i) + B) = 0. So, by (2.01), there is an unique [V*™] in N3, such
that (") + B = [V?™] [S?, S*]. Then, 3(B8":) + [V*™] [S*, S'] = B. Since
(i) = [S*, S§Y], we have 3(B"i + [V>™]i) = B. Thus, af = A™ (/" +
[Vz"‘]a’i) e A"‘""B(a'ﬂ”z’)+Am+‘6([Wm]a'i) - A”‘B(a’ﬂ”)+[V""]A"‘6(a’) -
alAB + [V*™]A™a. Now, since n < m and @ € Niq41(S"), we have that
A = 0. -

Next, in case n > m, we have 3(8") = AB. Then A(3(B"i + B)) = 0.
Therefore, there is [V?™] € N,, with 9(8":) + [V?™] [S', S'] = B. Since
d(i) = [S?, S, we obtain &(B"i+(V?>™]i) = B. Thus, A(af) = A™29(c/f"i+
[Vzm]ali) o A"“B(a'ﬂ” 5 [Vzm]al) = A"'Ha(a'ﬂ”) + [Vzm]An+la(al) s
alAB+[V?*™]Artla. Sincen > m and @ € Napyi(S?), we have that A™a = 0.
Therefore, A(af) = aAB. o

Lemma 3.02. For any pair a, # we have A(af) = AaAp.

proof. Suppose that n < m. Then af = aAp by (3.01). Thus, m—1 > n and
A(aApB) = AaAB. Therefore, A(af) = AaAB. Finally, if n = m, A(af) =
alAB and AaAB = aApB. Hence, A(af) = AaAPB. o

Lemma 3.03. If a, 8 and § € Ny 41(S?) then a(B8) = (apf)é.

proof. Choose o', ' and &' € My, 2(S") such that 9(e’) = a, d(B') =8
and 9(§') = 8. Then a(B8) = aA™'9(B'8) = aA(A™I(B'E)) = aA™(B'Y).
(by (3.01)). Thus, successively, we obtain a(B8) = ad(f'¢’). So, by def-
inition, ad(f'¢) = A?HIY( (') = A™IA(('B)E) = F(dB)é =
A™19(a/B')é = (aBf)é. o

Theorem 3.04. The product af defines a ring structure on ®.>o Nans1(SY).
proof. We must show that the associative law is true in general for a €
Non41(SY), B € Napm41(S?) and 6 € Nypy1(S'). We can suppose m < p, then,
by (3.01), we have a(B6) = o(BAP~™§), since BAP"™§ = BA(AP~™"1§) =
BAP™1§= BA(A"*728) = A" ™ = . .. =P8,

Case I. If n < m, then a(Bé) = aA™ () = aA™ ™ (BAP™§) =
a(A™ " BA™"AP™E) = a( AT BAPTE) = (@A™ B)AP6 = (af)é.
Case II. If n > m, then a(Bé) = Aa(fs) = (A" ™a)(fs) =
(A" ™a)(BAP™6) = (A" ™af) = AP7"6 = (af)é. o



Remark. For a € Njy,yy(S?), since 9(i™+') = [S§?™*+) §7] and
A™19(a'i™*) = (a’) = a, we have that a[S*™*!, §'] = a for n < m.
K n > m, we have o[S?™*, §Y) = A™1§(a/i™!) = A*™a. In partic-
ular, N3n41(S?) is a subring of @n50Nan41(S") with unity [S?*!, S?], and
A : Napyi(S') = Nap_1(S?) is a ring homomorphism.

4. The stable bordism homomorphism.

We are going to introduce the ring R o W (Nzp-1(S) & Nany1(S1)).
An element in R is a sequence {a,}y with a, € Ni,y1(S?) and A(a,) =
Qp_1,% Vn 2 1.

Next, we define the homomorphism J : M,(S') — R, where M,(S") =
®k20®.‘;=0 Nak—2;(BU;j), in the following way: Let be A € My (S?), then
Ja(A) = AFY(Ai™*'). Observe that J,(A) belongs to Nant1(S?). The se-
quence {J,(A)}$° belongs to R, since AJ,(A) = AF19(Ai"+!) = AF(Ai") =
Ja-1(A). Finally, we define J(A) = {J.(A)}*. Note that J,(A) =
AF¥"-19(A),if k> n+1.

The homomorphism J is stable with relation the multiplication by 1, i.
e., J(Ai) = J(A).

Theorem 4.01. The stable homomorphism

» Dr>o @;‘___0 Nak—2;(BU;) — R is multiplicative.
proof. One needs only to consider pairs A, B in My (S') and com-
ponents 0 < n < k, since J is stable. In this case, J,(A)J.(B) =
AF"19(A)A*""19(B) = AF""1(9(A)d(B)). By definition, d(A)d(B) =
A*9(AB) = A%™9(ABi*) = A™9(ABi"'*') = J,_,(AB). Therefore,
Ja(A)Jo(B) = A¥"Y(9(A)3(B)) = A*"~1(J_1(AB)) = J.(AB). g

Taking the ring M,(S') = @kzo@fzo Nak—2j(BU;), we are going to con-
sider the quocient ring F' obtained factoring the ideal constituted by the ele-
ments A + A;, where A belongs to M,(S"). There is a natural induced ring
homomorphism J : F — R.

5. The structure of R.

Since N,.(S') is a N,-module with base given by {[S**!, §"]},50, we



can describe the product in Nan4:1(S?) directly. Ha = 5 [X?] [S**7+1 | §']

r=0

and 8 = i: [Y?] [S*»="4#1] §1), consider o’ = z‘: [X¥] & and £ =
=0 r=0

z;:o [Yﬂr] in-r-i-l, so

a’ﬂ' = i( E [er] [yz.])iz(--n)-l,

r=0 ris=l

and

aﬂ e An+la(alﬂi) Sl zn:( z [XQr] [Y")[S"‘"’"‘,Sl].

r=0 r4s=l
We can use this to identify R with the ring N*™(0) of formal power
series on the graduated ring N We assign {a,}§° to Y [X*"]¢", where
0

a, = 2:8 [X?r] [S?(u—r)-{»l, Sl]_
We have Aany1 = ay, and the product a,f, is the rule to multiply
formal power series. Thus, we have J : ' — N(@).

Lemma 5.01. The image of
SFam(S') = Myn(S') — F — N(9)

is the ideal generated by ™, and J([M*™, T]) = [M*>™]0™+ terms with power
bigger than m.

proof. Let [M* T] be given, consider the normal bundle to the fixed
point set [§ — F] in M,,(S"). So, ([ — F]) = 0 in Nyp_y(S*), and
Ja([¢ = F]) = A™""19([¢ - F]) =0for 0 <n < m— 1. Thus, Ju([¢ —
Fl) = A3((€ — FIi™*) in Nym1(S"). Consequently, Jn(€ — F]) = O((€ —
Fli) = [S(¢ ® 1¢), S"]. Since A([S(é @ 1¢),S']) = 0, then, by (2.01), there
is an unique [X?™] such that [S(¢ @ 1¢),S"] = [X*] [S?, S"]. Next, since
[CP(¢ & 1¢)] = [M?*™], we have that [S(¢ @ 1¢),S"] = [M?*™] [S*, S']. Thus
J([¢ = F]) = [M*])0™+ terms with power bigger than m. g

Lemma 5.02. Let [ — F)] be in My,,(S"). If J([¢ — F)]) = 0™+ terms

with power bigger than m, then there is a manifold with semi-free S*-action
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[M?™, T] such that 8 is in the class of M?™ and [ — F] is the normal bundle
to the fixed point set of [M*™, T.

proof. We have 0 = J,_;([¢ = F]) = A ™-19([¢ — F)) = 8([¢ — F)).
On the other hand, ([¢ — F]) = [S(£), S']. Therefore, [S(£), S'] = 0. Now,
suppose that 9[V?™, 7] = [S(£), S'], where [V?™, 7] is in Nam(S*). Next, con-
sider M*™ = (D(() UV?™)/S(€) = dV?™ and T = S U 7. The normal bundle
to the fixed point set of [M?*™, T)]is ¢ — F, hence f = [M*™]. o

Lemma 5.03. Let 1¢ be in My(S"). Then J(1¢) = 1.
proof. Since J,(l¢) = Ad(1¢i") = U et il g K P et ke 1 =
N2n41(S?), Vn > 0, we have that J(1¢) = 1. o

Lemma 5.04. Let [V*] be in N,, and A € M. Then J([V*)A) =
[V2]0:J(A).

proof. We have J,([V*]A) = A**9([V*])Ai"*!) = A*+F[V?)9(Ai"H!) =
[V2)A*+*9( Ai*+Y). Since A***9(Ai™*!) is in Nopy1-2,(S?), and 2(n — s) +

n—s

1 is odd, we have A***§(Ai"t!) = Y [X¥)[SH =1 §1]. Therefore,
r=0
7,.([V2']A) 4 [V2c]nz:‘[x2r] [S2(n—a—r)+1, SI] = nz'[er][stllsd(n—o—r)H, Sl]
r=0 =0

Thus, To([V*]A)= S [X][V*)6°* = V210 S IXZ)0 = [V*)0°T(A). o

r=0 r=0

Now, we are going to define the operator K : SF,(S') — SF.(S'). Let
[M™, T] be a semi-free S*-action. Consider D? x M™ and the actions T; and
T, defined by:

T:: (¢, (2, m)) — (tz, m), and
T, : (t, (2, m)) = (tz, T(t, m)).

Restricting T} and T3 to S* x M™, we get the induced actions [S* x M™,T}]
and [S? x M™,T;]. There exists a diffeomorphism ¢ : [S* x M™, Ti] —
[S* x M™, T,] given by (s, z) — (s, T(s, z)). Thus, the action [S* x M™,T}]
is equivariantly diffeomorphic to [S? x M™ T;]. Taking the disjoint union
[D* x M™, T\|U[D? x M™, T;), we can get the closed manifold M™*? and the S*-
action 71 on M™*? using the identification of [S* x M™, T}] with [S* x M™, T}]



through ¢. Finally, we define
K[M™, T] = [M™*?, 7).

The fixed point set of 7, is F; = Fix (T)UM™, where Fix (T) is the fixed point
set of T and the normal bundle to Fix (T) is n® l¢ — Fix (T'), where 7 is the
normal bundle to the Fix (T') on M™. Moreover, the normal bundle to M™ is
the trivial complex bundle 1¢.

Using an inductive process, one can assign to [M™, T a sequence of semi-
free S'-actions [V(n, k), 7x]. To do this, consider [V(n, 0), 7] = [M™, T
and [V(n, 1), ] = K[M", T]. Now, we get [V(n, 2), 7] applying the
above construction to [V(n, 1), r;]. Thus, applying this construction, succes-
sively, k times, we get [V(n, k), 7], where the fixed point set is F; = Fix
(TYU(Ug~'V(n,j)). Futhermore, the normal bundle n; to F} is 7 @ 1%, where
7 is the normal bundle to the Fix (T') on M™, and 1% = @5 11577, with 157
the trivial complex bundle over V(n, j). :

Lemma 5.05. If 5 is the normal bundle to the fixed point set of [M™, T,
k=1
then [V (n, k)] = [CP(n @ 1¢'")] + Y _[CP(k — j)I[V(n, j)]. o

=0
Lemma 5.06. Let A, be the canonic complex line bundle over CP(n). Then

JOR) =1+ i[V(n + 1, g)jetett,

i=0
proof. Let T, be a semi free S'-action on CP(n + 1) defined by Ty
[z0y 215---,24) ¥ [820, 21,---,2,), where s belongs to S'. The normal bundle

to the fixed point set is A @ 1‘0" *1) where ) is the canonic complex line bundle
to CP(n) and 1‘5‘“’ is the trivial complex bundle to C' P(0). Now, we are going
to consider the manifolds with semi free S'-action [V(n + 1, k), 7i], where
[V(n+1, 0), 1) = [CP(n+ 1), Ty]. The fixed point set of [V(n + 1, k), 7]
sr@lk > Fl+ 1k > Vn+1, 0]+ = Vn+1, )] +...+[lc =
V(n+1, k—1)], where » — F is the bundle (18‘“’ — CP(0))U(A — CP(n)).

Taking k = 2, we see that the fixed point set of [V(rn + 1, 2), 7]
s [v@®1d — Fl+[1Z - V(n+1, 0)]+ [lec = V(n+ 1, 1)]. Since
J[V(n +1, 2), m] =[V(n+1, 2)]0"*>+ terms with power bigger than n + 3,
and J[V(n+1, 2), ] =Jv @12 = F]+ J1% - V(n+ 1, 0)] + J[l¢c —
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V(n + 1, 1)], we get [V(n + 1, 2)]0"*?+ terms with power bigger than
n+2=Jv > Fl4[V(n+1, 0)0** + [V(n + 1, 1)]0**2. Therefore,
Jv = F]l = [V(n+1, 0)]0™ 4+ [V(n + 1, 1)]0™? + [V(n+ 1, 2)]0"*>+ terms
with power bigger than n + 3.

On the other hand, J[v — F] = J[1gt' — CP(0)] + J()\,). Hence,
J(A) =1+ [V(n+1, 0)]0™ + [V(n+1, 1)]6™*2 + [V(n + 1, 2)]0"+>+ terms
with power bigger than n + 3. Finally, in general we have the result, that is,
J(An) =1+ TZe[V(n + 1, 1)]™+1. o

6. Algebraic interpretation of the geometric construction K.

As in [1], in this section we are going to express SF,(S") as a direct sum
of certain submodules.

Let [CP(n), T, be in SF;,(S'), where To : [20,...,2a] =~
[sz0, 21,...,2s), s € S'. The fixed point set of this semi free S'-action is
(1z — CP(0)) U (A — CP(n —1)). Therefore, one can write [CP(n), Ty| =
a, + af, where a,, = [CP(n — 1),A]. Thus, a, = [CP(n), To] + a}. Since
M,(S") is a polynomial algebra over N, generated by the elements a, in
M, (S'), for n > 1, we have that the elements [CP(n),To], for n > 2, to-
gether a; = i in M,(S?), constitute another system of polynomial generators
for M.(S"). We are going to denote by Q) the polynomial subalgebra of SF,(S')
generated by [CP(n), To]; and by Q,,, the intersection Q N SF5,(S*). Thus,
M,(S") = Q[i]. By (5.01), SF;,,(S") consist of polynomials P in i over @ for
which J(P) belongs to the ideal generated by ™.

Lemma 6.01. Given an element y in M, (S), there is an unique polynomial
F in N.,[1], with no constant terms, such that y + F belongs to SF;,,(S?).
proof. Since M,(S') = Q[], we have that y = go+q1i +¢2i’ +. .. + g™ ' +
gmi™, where g; is in Q3(m—j)- Thus, since J(i) = 1 and J is stable, we have that
J(y) = J(g0)+J(q18) + T (q28) +. . .+ T (gm—18""") + T (gmi™) = T (o) + (@) +
o+ I(Gm=1 )+ J(gm)- Next, since q; belongs t0 Qy(m—j) = QN SFm(S"), then
T(a5) = W3 4 W=D¥2)gm=s41 4 [WA=lgm=1 4 (W lom ¢
terms with power bigger than m, where [Wz( X )] is in Nagm—j). Thus, J(y) =

m—1

(WE (W2, ]+ Wi _y)))0+. +(>:[ o)+ +(Z[ W ae™ 1+



(E[ (m_k)])0*+ terms with power bigger than m. Let F = [W}, ]i™ +

(W2l + [WEm_py))i™" + .. +(Z[ ~ AN gl +(>:[ on)i be

k=0

in N,[f{]. Then, we have J(y + F) = (Z[ 2(m-k)])0" + terms with power
k=0
bigger than m, i. e., J(y + F) is in the ideal generated by ™. Therefore, by

(5.01), y + F belongs to SF,(SY). o

Let € : Q@ — N, be the aumentation homomorphism. Thus, we have the
following lemma.

Lemma 6.02. Let g; be in SFym_j(S"), for 0 < j < m. Then Kg; is in
S Fy(m-j+1)(S"), where we denote by Kgq; the element i(g; + [Wz(m_’)]),
W) = e(g;)

proof. Since i,, is in Mym_j41)(S?), there is an unique element F' in N,[],
with no constant term, such that ig; + F belongs to Sypm—j+1)(S?)-

Now, we are going to verify that F' = [Wz("'-’)]ﬂ"“”‘-i- terms with
power bigger than m — j + 1. We know that J(g;) = [W. 2("‘"’)]0”"J +
[Wz(m_j+l)]0”"j+l+ terms with power bigger than m — j + 1. Thus, J(ig; +
[(W. 2("“’)] i) = [W.‘?}m_j+‘)]0""j+1+ terms with power bigger than m — j + 1.
Therefore, J(Kg;) is in the ideal generated by #™~7*! and this fact imply that
Kg; belongs to SFy(m—j+1y(S*). o

Remark 6.03. Denoting by K?g; the element :Kg;, by (6.02), we have that
K2%q; is in SFypn—j+2)(S*). Thus, successively, K*q; = iK™ 'g; belongs to
S Fagm-i4n)(S?), and K"g; = ing; + [Wo ™ 7)im.

Lemma 6.04. Let g; be in SFyn—j(S')NQ, j=0,...,m. Hy =g+ qi +

g2 + ...+ gm-11""" + gmt™ belongs to SFy,,(S"), then y = go + Kq; + K2q2 +
<2k IC'"qm and ¢(g;) = 0.

proof We can write y = qo+Kq: +K%qo+. . .+K™ g 1+IC Gm +[W3("‘ 1)] 3

[Wz(m 2)13 +.% +[ 2(m_1)]2m—1+[W§m]l where [W2(m J)] = 5(q ) S]ncey 18

in SF?'M(S )’ a‘nd 9o, qua IC2¢I2, oo ,K'mqm belong to SFgm(S ), we must ha,ve
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(W3 =Mid) in S Fyn(S). Next, since J([Wyi ™ i) = (W5 ~)6™~3 and
7=1
m — j < m, we conclude that W:}"'_’), j =1,...,m, are boundary manifolds.

Thus, (Z[W:}m—j)]ij) = 0. Therefore, y = go + K1 + K2¢a + ... + K™gp. o

=1

Denoting by Q;(m—j) = ker(Qz(m-j) = Na(m-j)), we have the following
theorems.

Theorem 6.05. SF,,(S") is the direct sum of Q,, and K™QF

m=a)’ for
m > n > 0; and K™ embed Q;(m_n) in SF.(S5%). o

Theorem 6.06. The N,- module SF,(S') is the direct sum of @ and
N,-submodules K*Q*, for n > 0; and K* embed Q* in SF,(S'), where
Qt = ker(Q — N.). o

7. Zp-actions, p an odd prime.

We denote by [M™, T] a closed manifold M™ together a p-periodic dif-
feomorphism T, p an odd prime. We have the following bordism groups: the
bordism group of free Z ,-actions N,(Z,), the bordism group of semi free Z ,-
actions SF.(Z,), and the bordism group of semi free Z ,-actions on manifolds
with boundary which is free on the boundary M,(Z,).

Theorem 7.01. We have the exact sequence
.. = No(Z,) — SF(Zp) 25 Mo(Zp) = Nur(Z,) — ...
where M, (Z,) = ®Np-ak(BU (k) X ... X BU(k(p-1)72))- (see [4], 38.3.) o

Consider the homomorphism £ : N.(Z,) — N, defined by [M™, T] =
* [M™/T). Let N.(Z,) the reduced group, i. €., N.(Z,) = kert.

Theorem 7.02. The sequence

0— N, B SFn(Zp) 3 ﬁ(ZP) 2 N,.-,(Z,) — 0

11



is exact. The homomorphism i, is defined by i,[M"] = [M™ x Z,, 1 x o],
where o is the p-periodic map which permuts the elements of Z,. o

Theorem 7.03. N.(Z,) is a N.-module generated by the elements

{[5™1, pl}, where p = 2;” "

The N,-modules SF.(Z,) and M.(Z,) are graduated rings with multi-
plication induced by the cartesian product [My, To|[M;, Ti] = [Mo x M,, Tp X
Ti).

Denoting by I the image of 1,, then I is the ideal of SF.(Z,) gener-
ated by [Z,, o], since j. is a ring homomorphism. Therefore SF.(Z,) =
SF.Z,)/I is a ring and we have the following theorem.

Theorem 7.04. The sequence
0 — 5F.(Zy) * M(Z,) > Nu(Zy) — 0
is exact. g

Consider the set {Giy_; : k = 1, 2,...} of generators of N, (Z,), where
Qgk—1 = [S**1, p] and p = exp(27i/ p) Thiere ‘ade closid mnadiatls M - k=
1, 2,..., where By ;= PGk + [M*Yaz—s + [M®lazk-9 + ... = 0, fOl' k =
1 5 PN (Z,). Thus, N. (Z,) is isomorphic as a N, module to the
quotient of the N,-free module genera.ted by the elements @,, @3, as,..., by
the submodule generated by 8,, B3, Bs, - .

Now, we consider the following dxagra.m

0 - SF(SY) 5 MJ(S") — N.(S') —0
R T
0 - 5F.(Z,) 5 M.(Z,) - N.Z,) —0

where r, is the homomorphism sending the S*-action [M, S] to the restriction
Z ,- action.

Since N,(S') is a N.-free module generated by ag—1 = [S*1,5],
where S is the S'-action on S?*-! given by s(t, (zoy-..,22k-1)) =
(tzo, tzyy...,t296—1), t € S*; and M,(S?) is a polynomial algebra generated
by A : [\ = CP(i)], we are going to define a N,-submodule B of M,(S")

12



in the following way: the kernel of r} is the N,-free module generated by
Br = pagk—1 + [M‘]agk_s + [Mslagk._g + ..., where r’;(ﬂk) = -B2k—l = g m
N.(Z,). Let By be defined by: B, = pAk + [M4N52 4+ [M3]\5~4 4+ ... in
M,(S"), and let B be the N,-free module generated by By, B, Bs,..., which
is a submodule of M,(S"). Since J(Bx) = 1 + [M*)6* + [M®)6* + ..., where J
is the Boardman homomorphism, and denoting by z, a basic n-dimensional
element of N,, we have that

7(‘”21:—2@1) = 1521:-20"-] +...
J(z2k-6B3) = Tok-60""> + Ton_e[M*)0F " + ...
J(Z2k-1085) = Tak-100""° + Tak_10[M*)0* > + ...

7(:54,5,,_2) = 2,0% + 2 (M*)0* + ...

So, any combination of the elements above has power of 8 < k — 1. Therefore,

it follows that there isn’t element in SF5(S") with image nozero in B. Hence,
we have that j(SF.(S')) N B = (0).

Theorem 7.05. The homomorphism r, : SF.(S') — SF.Z,) is 1-1.
proof. we have the following commutative diagram

0 - SF(SY) 3 M(S') 3 @N(BU(r))
b o L Lr
0 - SF.(Z,) & M.Z,) S @N.(BU(r)x...x BU(r))

where r is given by inclusion on the first factor. Therefore, r is 1 - 1. This
imply that r}, is 1 - 1,and finally r, is 1 - 1, since r, 0 j = j, o7, and j, j. are
1-1. g

Remark. 7.06. For p = 3, we have that rj is an isomorphism because
M,(S") ~ ®N.(BU(r)), M.(Z3) ~ &N.(BU(r)) and the map r is an iso-
morphism. Thus, since B N J(SF.(5")) = (0), we have that j,(SF.(Zs)) ~
J(SF.(SY))® B, and SF,(Z5) ~ j(SF.(S')) @ B, since j. is 1 - 1. Therefore,
SF.(Z3) ~ N, ® j(SF.(S")) ® B.

We are going to denote by (Z,) the set of classes in the bordism group
N, which are represented by a n-manifold which is the fixed point set of a

13



closed (n + k)-manifold with a semi-free Z,-action. We have that (Z,)k is a
subgroup of N,, (Z,)% ~ N, and (Z,)* = ®n>0(Z,) is an ideal of N,.

Theorem 7.07. (Z,)2 ~ N,.

proof. Let B = pAk + [M*)A5=2 + [MB])5~* 4 ... be in M.(Z,). Since d(Bi)
in N‘(ZP) is a boundary, we have that J; belongs to the image of j,. In
particular, B; = p)o belongs to the image of j,. Therefore, [z,]pAo belongs to
the image of j,, where z,, is a n-dimensional generator, n # 2" —1,of N,. Thus,
there is a semi free Z,-action [M"+? T] with fixed point set [z,] + ... + [z4]
(p-times), where p is an odd prime. Since [z,]+ ...+ [z,] = [z,], we have that
[zn] is in (Z,)2. Hence, (Z,)2 ~ N,. o
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