
ON THE MULTIPLICATIVE GENERATORS 
OI' SEMI-FREE CIRCLE ACTIONS 

J. Carlos S. Kiihl 

and 

Claudina lzepe R,odrigues 

RELATÓRIO TÉC:l'.llCO NO 48/91 

Abstraet. This paper deals with the bordism groups of manifolds with semi-free S 1-

actions. These groups are denoted by S Fn( S1 ). We study the multiplicative structure 
by using a J -homomorphism map. We also study the construction K, which gives a set 
of multiplicative generators, and we present an algebraic interpretation of this geometric 
construction. Finally, as an application, we analyze the homomorphisms rp : SF.(S1) -+ 

SF.(~p) from the bordism group of semi-free S 1-actions on the bordism group of ~,, -
actions induced by the restriction functors . 

Universidade Estadual de Campinas 
Instituto de Matemática, Estatística e Ciência da Computação 
IMECC - UNICAMP 
Caixa Postal 6065 
13.081 - Campinas - SP 
BRASIL 

O conteúdo do presente Relatório Técnico é de única responsabilidade dos autores. 

Setembro - 1991 



On the multiplicative generators of 

semi-free circle actions 

J. Carlos S. Kiihl 
and 

Claudina lzepe Rodrigues 

1. lntroduction 

This paper deals with the bordism groups of manifolds with semi-free 
S1-actions. These groups are denoted by SFn(S1 ). We study the multiplicative 
structure by using a J-homomorphism ma.p. We also study the construction 
K, which gives a set of multiplicative genera.tors, a.nd we present a.n a.lgebraic 
interpretation of this geometric construction. Finally, as an application, we an-
alyze the homornorphisms r11 : SF.(S1) --+ SF.(7L,,) from the bordism group 
of semi-free S1-actions on the bordism group of ;E,,-actions induced by the 
restriction functors. 

2. Semi-free S1-actions. 

Let SFn(S1) be the bordism group of semi-free S1-actions on the n-
dimensional closed manifolds, and let SF.(S1) = EBn>O SFn(S1 ) be the N.-
module obtained. Analogously, we have the bordism-groups Nn(S1) of free 
S1-actions on n-dimensional closed manifolds and N.(S1) = EBn~oNn(S1). 

There is the Smith homomorphism 

.Ó.: N.(S1 ) -t N.(S1 ) 

which is a N.-module bomomorphism with degree -2. (see [3]). 

Proposition 2.01. If .ó.[M2n+1, T] = O for [M2n+1, T] in N 2n+1(S1), then 
there is an unique (X2n] in N2n such that [M2n+1, T] = [X2n] [S1, S1). 
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Proposition 2.02. If [M2n+i, T] is a. free S 1-action on the closed (2n + 1)-
manifold M 2n+1 and if w2n+l C M 2n+l is a regular compact submanifold such 
that w2n+l LJ T(W2n+I) = M 2n+I a.nd aw2n+l = w 2n+1 n T(w2n+1) then 
6.[M2n+1, T) = [aw2n+1, Tl8W2n+1]. 

Let SF.(S1) ®N. N.(S1) -. N.(S1) be the pairing given by: ií [Vm, r] E 
SFm(S1) and [M'1, T] E Nn(S1 ) then {Vm X Mn, T X T] is a free S1-action , 
and we take [Vm' r] [M'1, T] = rvm X Mn, T X T] to define the pairing. 

Lemma 2.03 If I E SF2m(S1) anda E N2n+J (S1 ) then 6.('Ya) = ;6.(a). 
Proof. Let [ M 2n+1 , T] be a semi-free S 1-action on a closed (2n + 1 )-manifold. 
So, by (2.02), if w2n+1 C M 2n+1 is a compact regular submanifold such that 
W LJ TW = M and W n TW = aw then 6.[M2n+J, T] = [8w2n+l, Tlaw:~n+l ). 
Thus, since v2m X w2n+l C v2m X M 2n+1, we have (V X W) LJ T'(V X W) = 
(V x W) U (rV x TW) = (V x W) U (V x TW) = V x (W U TW) = V x M, 
where T' = (r, T) and 8(V x W) = (8W x W) U (V x 8W) = V x 8W = 
Vx(WnTW) = (VxW)n(VxTW) = (VxW)n(rVxTW). Therefore, we 
have ó.[V x M, r x T] = [8(V x W), -r x Tl8(vxw)] = [V x aw, r x Tlvxaw] = 
[V, r] [8W, Tl8W], i. e., 6.(bo) = -yó.(o). o 

Now let Bn(S1 ) be the bordism group of semi-free S1- actions on n-
manifolds with boundary wich are free on the boundary. We have the N.-
module homomorphisms j : SFn(S1) -. Bn(S1) which assigns [Mn, T] to 
[Mn, T], since 8Mn = 0; and ô: Bn(S1)-. Nn(S1) which associates [Vn, T] 
to [avn, Tlavn ]. 

Theorem 2.04. The sequence 

O_. SFn(S1 ) J... Bn(S1) _. Nn-t(S1 ) _. O 
is exact and it splits. (see [5], 8.3). 0 

Let Mn(S1 ) = EBt{~l Nn-2k(BUk) be the classifying space for the k-
dimensional bundles. We-denote M.(S1) = EBn~oMn(S1). 

Theorem 2.05. There is the isomorphism 

F: Bn(S1) _. EBl1~) Nn-2k(BUk) 

2 



given by: {Mn, T] is associa.ted to LA:Ívk --+ _pn-2k] where pn-2k is the fixed 
point set component and vk is the normal boundle corresponding. 

Theorem 2.06. M.(S1) is a graded polynomial algebra on N. with genera.tors 
the classes [.X--+ CP(n)], n;:::: O, i. e., the canonic line bundles over CP(n) 

Theorem 2.07. N.(S1) is a N. module with base given by the elements 
{[S2n+l, S1 ]}n~O· 

Remark. Any element m N2n+i(S1) can be written in a.n unique way as 
n 2)x2r](s2<n-r)+l' S1], and any element in N2n(S1) ca.n be written in a.n unique 

r=O n-1 
way as í:{X2r+1] (S2(n-r)-1' s1). 

r=O 

Let i in M2(S1 ) be a semi-free S1-action on the unitary disk given by 
the scalar product, then ô( i) = (S1 , S1 ] a.nd we ha.ve the following lemma. 

Lemma 2.08. The diagra.m 

M21,;+2(S1) 
í i 

M2A:(S1) 
is commuta.tive. 

3. Products in EBn~o N2n+1(S1). 

N21r+1(S1) 
i 

N21r-1(S1) 

We define a. product in EBn>O N2n+1(S1) the following wa.y: suppose 
tha.t o: E N2n+1(S1) a.nd /3 E N2m~1(S1). Let o:' be in M2n+2(S1) a.nd /3' E 
M2m+?.(S1) such tha.t â(a') = o: a.nd â(/3') = {3. Let be K = max(m, n) a.nd 
k = min(m, n). We define 

o:/3 = 6.K+l(o:' /3') E N21e+1(S1). 

ln case n = m, this define a. ring structure with unity on N2n+I(S1 ), where the 
unity element is [S2n+1, S1]. 
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Lemma 3.01. If n < m then cxó./3 = cx/3 and if n m then 6.( a/3) = aó./3. 

Proof. First consider n < m and select /311 E M2m ( S1 ) with 8(/3') = í:J.{3. 
Thus, ó.( ô(/3"i) + /3) = O. So, by (2.01 )1 there is an unique [V2m] in N2m such 
that 8(f3"i) + /3 = [V 2 m] [S1, S1

]. Then, 8(/J"i) + [V2 m] [S1, S1

] = /3. Since 
ô(i) = {S1, S1), we have â(/3"i + [V2m]i) = (J. Thus, a(J = ó.m+Iô(cx'/3"i + 
[V2m)a'i) = .t,.m+iâ(cx',B"i)+6.m+Iô([V2m]a'i) = ó.mô(a',8")+[V2m)ó.mâ(d) = 
aó.(J + [V2m]ó.ma. Now, since n < manda E N2n+1 (S1), we have that 
ó.mo= o. 

Next, in case n 2: m, we have â(/3") = ó./3. Then ó.(â(,B"i + /3)) = O. 
Therefore, there is [V2m] E N2m with 8(/3"i) + [V2m] [S1, S1] = {3. Since 
ô(i) = [S1 , S 1], weobtain â(/J"i+[v2m)i) = {3. Thus, ó.(a/3) = ó.n+2ô(a'f3"i+ 
[V2m]a'i) = í:J.n+18(a',8" + [V2m]cl) = fj_n+llJ(a'/3") + [V2m].t,.n+1â(a') = 
a:6./3+(V2m]6.n+1a. Since n m and CX E N2n+1(S1 ), we have that í:J."+Ia: = o. 
Therefore, ó.(a/3) = aó.(3. 

Lemma 3.02. For any pair a:, /3 we have 6.(a/3) :::: Ãa..6.fJ. 
proof. Suppose tha.t n < m. Then a/3 = a.Ã/3 by (3.01 ). Thus, m -1 n and 
6.(a.6./3) = 6.cxí:J.fJ. Therefore, .6.(a/J) = í:J.aÃ{J. Finally, if n = m, 6.(a/3) = 
o:Ã/3 and ó.o.Ã/3 :::: o.Ã/3. Hence, 6.( afJ) = Àaó.{J. o 

Lemma 3.03. If o:, /3 ancl 6 E N2n+i(S1 ) then o:(/3ó) = (afJ)ó. 
proof. Choose a', /3' and ó' E M2n+2( S 1) such tha.t â( a') = o:, â(/3') = /3 
and â(ó') = ô. Then a.(f38) = o.6.n+1â(/3'll) = o.!J.(í!!."ô((J'll)) = aó."â(f3'9). 
(by (3.01)). Thus, successively, we obtain a(/Jó) = aô(fJ16'). So, by def-
inition, aô({J'ó') = !J. 2n+I+Iâ(a'(,8'ó')) = /J.2"+26.((a'/3')6') = â(a.'/3')6 = 
6. n+I ô( a' ,B')ó = ( o:,B)ó. o 

Theorem 3.04. The product o./3 defines a ring structure on ffin~o N2n+1 (S1 ). 

proof. We must show that the associa.tive law is true in general for o. E 
N2n+1(S1 ), fJ E N2m+1(S1) and 8 E N2p+1(S1). We can suppose m :'.S p, then, 
by (3.01), we have a(,86) = a(f3ó_P-mo), since {3/J,.P-mó = (Jtl.(í:J.P-m-tó) = 
{Jí:J.P-m-1/j:::: {J.6.(í:J.P-m-26) = (3t:Ji.,P-m-2[J = ... = (Jó. 
Case 1. If n '.S m, then a(/36) = o./J.m-n(/36) = aÀm-n(f}tlP-mó) = 
a.(_6.m-nptlm-nt!,.p-mô) = a(Ãm-n/3/J,.P-nó) = (aó.m-nfJ)í:J.P-"8 = (a/3)6. 
Case II. If n > m, then a(/36) = 6.a(/38) = (6."-mo.)(,Bó) = 
(6. 11-ma)((Jí:J.P-mh) = (fl."-ma/J) = í:J.P-"8 = (0:/3)8. 
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Remark. .For O'. E N2n+1(S1), since 8(im+l) = [S2m+1, S1] and 
.6.m+1 a(a'im+ 1

) = â(a') = o, we have that a(S2 m+1, S 1
} = o for n::; m. 

If n > m, we have a(S2 m+1, S 1 ] = .6.n+ 1 8(clim+1) = .6.n-ma. ln partic-
ular, N2n+1(S1) is a subring of EBn>oN2n+1(S1) with unity [S2n+1, S1], and 
.ô.: N2n+1(S1)--+ N2n-i(S1 ) is a ring homomorphism. 

4. The stable bordism homomorphism. 

We are going to introduce the ring R =•~m (N2n-1(S1) e_ N2n+1(S1)). 
An element in R is a sequence {on}o" with O'.n E N2n+1(S1) and ~(on) = 
On-1, Vn 2: 1. 

Next, we define the homomorphism J : M.(S1) - n, where M,.(S1) = 
ffik~oEB1=o N21c-2;(BUj), in the following way: Let be A E M21c(S1), then 
ln(A) = .ô.k8(Ain+1). Observe that Jn(A) belongs to N2n+1(S1). The se-
quence {Jn(A)}g<> belongs to 'R, since .6.Jn(A) = .ô.k+1a(Ain+l) = .ókâ(Ain) = 
Jn_1 (A). Finally, we define J(A) = {Jn(A)}g=>. Note that Jn(A) = 
.ô.k-n-18(A), if k n + 1. 

The homomorphism J is stable with relation the multiplication by i, i. 
e., J(Ai) = J(A). 

Theorem 4.01. The stable homomorphism 
J : ffik~o EBJ=o N2k-2j(BUJ - 'R is multiplicative. 

proof. One needs only to consider pa.irs A, B in M-i1c(S1) and com-
ponents O :S n < k, sínce J is stable. ln this case, ]n(AJ]n(B) = 
.ô.k-n-la(A).ó"-n-la(B) = Âk-n-1 (8(A)â(B)). By definition, 8(A)8(B) = 
.6.ka(AB) = .ô.2kô(ABl) = .ô.2ka(ABin-l+l) = Jk-1(AB). Therefore, 
Jn(A)Jn(B) = .Ô.k-n-l(ô(A)ô(B)) = .Ô.k-n-l(J1c-1(AB)) = Jn(AB). 

Taking the ring M.(S1) = EB1;~0EB;=o N2k-2i(BU;), we are going to con-
sider the quocient ring F obtained factoring the ideal constituted by the ele-
ments A+ Ai, where A belongs to M.{S1 ). There is a natural induced ring 
homomorphism J : F n. 
5. The structure o( R. 

Since N.(S1 ) is a N .. -module with base given by {[S2n+1, S11}n~O, we 
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n 

can describe the product in N1n+1 (S1
) directly. If a= L [X2 r] (S2 (n-r)+I, S 1

) 

n n 
a.nd fJ = L [Y2"] [s2<n-r)+1 , S 1), considera' = L [X2r] in-r+I, and fJ' = 

r=O 
" L [Y2"] in-r+I, SO 

r=O 

and 

r=O 

n 

a'/J' = E ( E [X2"] [Y2ª])i2(n+l)-l, 
r=O r+a=l 

n 

a/3 = D. n+lâ(a' /J') = E( L (x2r1 [Y2')[s2n+1-,, si]. 

We can use this to identify 'R, with the ring N12")(6) of formal power 
00 

series on the graduated ring N!2"). We assign { o,.Jr to í:[X2,.]tr 1 where 
o 

On = L; [X2r] [S2(n-r)+l l SI]. 
We have D.an+I = ª"' and the product a,./J,. is the rule to muJtiply 1 

formal power series. Thus, we have J: F-+ N(O). 

Lemma 5.01. The image of 

SF2m(S1)-+ M2m(S1)-+ F-+ N(O) 

is thc ideal generated by om, and J([M2m, T]) = [M2m}om+ terms with power 
bigger than m. 
proof. Let [M2 m, T] be given, consider the nonnáJ bundle to the fixed 
point set [ç -+ F] in M

2
m(S 1 

). So, â(fç -+ FJ) = O in N2m-l (S 1 

), and 
J,.((ç -+ F]} = 6_m-n-lâ([ç -+ F)} = O for O n m - 1. Thus, Jm([ç -+ 
F]) = 6m8([ç-+ F)im+l) in N2m+

1
(S 1

). Consequently, Jm([ç-+ F]) = â([ç-+ 
F]i) = [S(ç EB lc),S 1

]. Since 6-((S(ç EB lc),S1

]) = O, then, by (2.01), there 
is an unique [X 2 m) such that (S(ç EB lc ), S 1

] = (X2 m] {S 1

, S 1

]. Next, since 
(C P(ç EB lc)] = [M2 m], we have that [S(ç EB lc ), S 1

} = (M 2 m] [S1, S 1

]. Thus 
J([ç -+ F]) = [M2m]om+ terms with power bigger than m. a 

Lemma 5.02. Let {ç -+ F] be in M2 m(S 1 

). If J((ç -+ F]) = fJfr+ terms 
with power bigger than m, tben there is a manifold with semi-free S1-action 
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[M2m, T] such that /3 is in the cla.ss of M 2m and [e -+ F] is the normal bundle 
to the fixed point set of [M2m, T]. 
proof. We have O = Jm-i([ç-+ F]) = ôm-m+1- 1 ô([e -+ F]) = ô([ç -+ F]). 
On the other hand, 8([ç-+ F]) = [5(e), 51]. Therefore, [5(e), 5 1] = O. Now, 
suppose that ô[v2m,-r] = [5(e), 51], where [V2m,-r] is in N2m(S1). Next, con-
sider M 2m = (D(ç) U V2m)/S(ç) = 8V2m and T = S U -r. The normal bundle 
to the fixed point set of [Af2m, T] is ç-+ F, hence /3 = [M2m). 0 

Lemma 5.03. Let lc be in M2(51). Then J(lc) = 1. 
proof. Since Jn(lc) = ôô(lcin) = ô8(in+2 = ô[S2n+3, S1] = [S2n+I, S1] E 
N2n+1(S1), \/n O, we have that J(lc) = 1. a 

Lemma 5.04. Let [V2"] be in N2• and A E M21t. Then J([V2"]A) = 
[V2"]0" J(A). 
proof. We have J n([V2"]A) = ô"+k8([V2"])Ain+I) = ô"+k[V2"]ô(Ain+l) = 
[V2ª]ô"+kô(Ain+l). Since ô"+kô(Ain+l) is in N2n+1-2.,(S1), and 2(n - s) + 

n-s 
1 is odd, we have ôª+kô(Ain+i) = l)X2r)[s2<n-.t-r)+1, S1]. Therefore, 

n-s n-.t 
J n([V2ª]A) = [V2ªJ:E[x2r][s2(n-s-r}tl' 511 = í:[X2T][V2"][S2(n-s-r}tl' S1]. 

r.=O 
00 00 

Thus, Jn([V2"]A) = I)X2r][V2"]B"+r = [V2")B"í:[X2r)or = [V2"]0" J(A). 0 

r=O r=O 

N ow, we are goi ng to define the operator K, : S F. ( 51) -+ S F. ( 5 1). Let 
[Mn, T) be a semi-free S1-action. Consider D2 X Mn and the actíons T1 and 
T2 defined by: 

T1 : (t, (z, m)) 1---+ (tz, m), and 
T2 : (t, (z, m)) 1---+ (tz, T(t, m)). 

Restricting T1 and T2 to S1 x Mn, we get the induced actions [51 x Mn, T1] 

and [S1 x Mn, T
2
]. There exists a diffeomorphism <p : [S1 X Mn, T

1
] -+ 

[S1 X Mn, T2] given by (s, x) 1---+ (s, T(s, x)). Thus, the action [51 X Mn,T1] 

is equivariantly diffeomorphic to [S1 x Mn, T2]. Taking the disjoint union 
[ D2 X Mn, T1) U [ D2 X Mn, T2], we can get the closed manifold Mn+'2 and the 51-
action -r

1 
on Mn+ 2

, using the identification of [S1 X Mn, T
1

] with [S1 x Mn, T
2

] 
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through <p. Finally, we define 

The fixed point set of T1 is F1 = Fix {T) U Mn, where Fix (T) is the fixed point 
set of T and the normal bundle to Fix (T) is T/ EB lc .- Fix (T), where T/ is the 
normal bundle to the Fix (T) on Mn. Moreover, the normal bundle to Mn is 
the trivial complex bundle lc. 

Using an inductive process, one can a.5sign to [Mn, T) a. sequence of semi-
free S1-actions [V(n, k), rk)- To do this, consider [V(n, O), r0) = [Mn, T) 
and [V(n, 1), r 1) = X:[Mn, T). Now, we get [V(n, 2), r 2) applying the 
above construction to [V(n, 1), T1). Thus, applying this construction, succes-
sively, k times, we get [V(n, k), rk], where the fixed point set is F1c = Fix 
(T) U (u~- 1V(n,j)). Futhermore, the normal bundle T/k to F1c is 1/ EB 1~, where 
77 is the normal bundle to the Fix (T) on Mn, and 1~ = EB~- l 1~-;, with 1~-; 
the trivial complex bundle over V(n, j). 

Lemma 5.05. If 1/ is the normal bundle to the fixed point set of (Mn, T), 
k-1 

then [V{n, k)] = [CP(TJ EB 1~1)] + L[CP(k - j)][V(n, j)]. a 

Lemma 5.06. Let >.n be the canonic complex line bundle over CP(n). Then 

00 

J(>.n) = 1 + L[V(n + 1, i)Jtr+i+l. 
i=O 

proof. Let T0 be a semi free S1-action on CP(n + 1) defined by T0: 

[ zo, Z1, ... , Zn] i-----. [szo, Zt 1 ••• 1 Zn], where S belongs to S1. The normal bundle 
to the fixed point set is >. EB 1gi+1), where ,\ is the canonic complex line bundle 
to CP(n) and 1t+1) is the trivial complex bundle to CP(O). Now, we are going 
to consider the manifolds with semi free S 1-actíon [V(n + 1, k), r1c), where 
[V(n + 1, O), r0] = [CP(n + 1), T0). The fixed point set of [V(n + 1, k), TA:] 

is [v EB 1~ --. F] + [1~ - V(n + 1, O))+ (1~-1 - V(n + 1, 1)] + ... +[lo -
V(n+ 1, k- 1)], where v - F is the bundle (1t+1> - CP{0))u(>. - CP(n)). 

Ta.king k = 2, we see that the fixed point set of [V(n + 1, 2), r2) 

is [v EB lb - F] + [lb - V(n + 1, O)) + [lc - V(n + 1, 1)]. Since 
J[V(n + 1, 2), T2] = [V(n + 1, 2)]tr+3+ terrns with power bigger than n + 3, 
and J[V(n + 1, 2), T2] = J[v EB lb - F] + J[Ib .- V(n + 1, O))+ J[lc -+ 
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V(n + 1, 1)], we get (V(n + 1, 2)Jtr+2+ tenns with power bigger than 
n + 2 = J[v -+ F) + [V(n + 1, O)]lJn+1 + [V(n + 1, l)]tr+2 . Therefore, 
J[v-+ F] = [V(n + 1, O)]tr+1 + [V(n + 1, l)]lf'+2 + [V(n + 1, 2)]0n+3+ terms 
with power bigger than n + 3. 

On the other ha.nd, J[v -+ F] = J[I0+1 -+ CP(O)] + J(),n)- Hence, 
J(>.n) = 1 + [V(n + l , O)]On+i + [V(n + 1, l)]fJ'1+2 + [V(n + 1, 2)]Bn+3+ terms 
with power bigger tban n + 3. Finally, in general we have the result, that is, 
J(,\n) = 1 + I:~0 [V(n + 1, i)]en+•+r. 

6. Algebraic interpretation of the geometric construction K,. 

As in [1], in this section we are going to express 8F.(S1 ) as a direct sum 
of certain subrnodules. 

Let [GP(n), To] be in 8F2 ... (S1 ), where To (z0 , ..• , z ... J H-

[s.zo, z1 , ... , zn), s E 8 1 . The fixed point set of this semi free 8 1-action is 
{lã -+ GP(O)) U (l --,, CP(n - 1)). Therefore, one ca.n write [CP(n), T0) = 
a ... + af, where O'.n = [CP(n - 1),,\). Thus, a ... = [CP(n), T0) + af. Since 
M.(S1 ) is a polynomial algebra over N. generated by the elements ª" in 
M 2n(S1 ), for n 1, we have that the elements [GP(n), T0], for n 2, to-
gether a

1 
= i in .M

2
(81

), constitute another system of polynomial generators 
for M. ( S1 ). We are going to denote by Q t he polynomial su balgebra of S F. ( 81) 
generated by [CP(n), T0]; and by Q2m the intersection Q n 8F2m(S1 ). Thus, 
M.(S1

) = Q[i]. By (5.01), SF
2
m(S 1

) consist of polynomials P in i over Q for 
which J(P) belongs to the ideal generated by O"'. 

Lemma 6.01. Given an element y in M2m(S1), there is an unique ·polynomial 
F in N,.[i], with no constant terms, such that y + F belongs to SF2m(81). 

proof. Since M,.(S1 ) = Q{i] , weha.ve that y = qo+q1i+q2i2+ .. . +qm_1im- l + 
qmim, where q; is in Q2(m- j) . Thus, since J( í) = 1 and J is stable, we have that 
J(y) = J(qo)+J(q1i)+J(q2i2)+ . • .+J(qm-1Ím-l)+J(qmim) = J(qo)+J(q1)+ 
. . . + J(qm_i) + J (qm)- Next, since q; belongs to Q2(m-j) = Qn SF2m(S1 ), then 
J(q;) = (W;Jm- ;)]om-j + [w;Jm-j)+21om-;+1 + ... + [w;Jm-l)Jom-1 + rw:r1em+ 
terms w.ith power bigger than m, where [W;Jm-i)] is in N2(m-j)· Thus, J(y) = 

j m-1 

lH1mJ+([W;ml+["1cm-1)])0+ . . . +(E[Wi{m-k)])oi+ .. . +( L [W;c<:-=-:/])tr- 1+ 
k=O k=O 
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m e~= [Wf{:-k)])tJk + tenns with power bigger tha.n m. Let F = l~m)im + 
r-0 

j m-1 

([w;m) + [H'i(m-l)))im-l + · · · + (í:[W;/m-k)))im-j + · · · + ( L (wt/:.=-J/))i be 
r-0 k~ m 

in N,.[i]. Then, we have ](y + F) = (í:[WJ~-k)])Om+ terms with power 
k;O 

bigger than m, i. e., J(y + F) is in the ideal generated by em. Therefore, by 
(5.01), y + F belongs to SF2m(S1 ). o 

Let é:: Q -----t N. be the aumentation homomorphism. Thus, we have the 
following lemma. 

Lemma 6.02. Let q, be in SF2(m-;)(S1), for O :::; j :::; m. Then K.q, is in 
SF2(m-j+l)(S1 ), where we denote by Kq; the elernent i(q; + rwtm-j)]), and 
rw/(m-j)l = e(q;) 
proof. Since i9, is in Mz(m-i+t)(S1 ), there is an unique element F in N,.(i), 
with no constant terrn, such that iq1 + F belongs to S2(m-i+I)(S1 ). 

Now, we are going to verify that F = (w;}m-j)}om-j+I+ terrns with 
power bigger than m - j + 1. We know that J(q;) = (W;}m-i)Jom-i + 
[w;Jm-j+l)Jem-j+t+ terms with power bigger than m - j + 1. Thus, ](iq; + 
[W;Jm-i))i) = [W;}m-i+I)]em-i+i+ terms with power bigger than m - j + 1. 
Therefore, ](Kq;) is in the ideal generated by om-i+I, and this fact imply that 
Kq; belongs to SF2(m-j+1)(S1). o 

Remark 6.03. Denoting by K,2q; the element iKq;, by (6.02), we have that 
K2q; is in SF2(m-;+2)(S1 ). Thus, successively, K,nqi = iK,n-1q1 belongs to 
SF (sl) d Yn ·n [W2(m-j)] ·n 2(m-j+n) , an r.., q; = i q1 + 23 i . 
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m 
(E[W;Jm-j)]ii) in SF2m(S1). Next, since J([w;Jm-j)]ii) = [W;Jm-j)]8m-j and 
i=l 

m - j < m, we conclude that w;Jm-i), j = 1, ... , m, are boundary manifolds. 
m 

Thus, (~::::[w;Jm-;)Ji;) = O. Therefore, y = qo + K,'h + K-2q2 + ... + K_mqm. o 
j=l 

Denoting by Q~m-j) = ker( Q2(m-j) --t N2(m-;J), we have the following 
theorems. 

Theorem 6.05. SF2m(S1) is the direct sum of Q2m and ,cmQt(m-n) ' for 
m 2: n > O; and Kn embed Qi{m-n) in SF2m(S1). 

Theorem 6.06. The N .. - module SF.(S1 ) is the direct sum of Q and 
N,.-subrnodules KnQ+, for n > O; and K,.,. embed Q+ in SF.(S1 ), where 
Q+ = ker(Q --t N.). 0 

7. 7.Lp-actions, p an odd prime. 

We denote by [Mn, T] a closed manifold Mn together a p-periodic dif-
feomorphism T, p an odd prime. We have the following bordism groups: the 
bordism group of free 7Lp-actions N,.(7Lp), the bordism group of semi free .ÍZp-
actions SF.(7L11 ), and the bordism group of semi free YL,,-actions on rnanifolds 
with boundary which is free on the boundary M,.(7Lp)-

Theorem 7.01. We ha.ve the exact sequence 

••• ---t N.,.(7Lp) ---t SFn(YLp) M.,.(7L,,)-+ Nn-1(7.L,,) ---t •.. 

where Mn(7L,,) = ©Nn-u.(BU(ki) x ... x BU(k(p-l)/2)). (see (4], 38.3.) o 

Consider the homomorphism l : N.(7tp) -+ N .. defined hy l[M.,., T] = 
[M.,. /T]. Let N.(7tp) the reduced group, i. e., N.(7tp) = kere. 

Theorem 7.02. The sequence 
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is exact. The homomorphism i. is defined by i.[Mn] = (Mn x 76,, 1 X o'}, 
where u is the p-periodic map which permuts the elements of 7Z.,,. 0 

Theorem 7.03. N.(76.,,) is a N.-module generated hy the elements 
21ri {[S2k- 1 , p]}, where p = -. 0 

p 

The N.-modules SF.(7Z.,,) and M.(7Zv) are graduated rings with multi-
plication induced by the cartesian product (Mo, T0l[M1 , T1] = (Mo x M1 , T0 x 
T1]. 

Denoting by / the image o{ i., then J is the ideal of SF.(7Zv) gener-
a.ted by [7Z,, u], since j. is a ring homomorphism. Therefore SF.(7Z,) = 
SF.(7Z,)/ I is a ring and we have the following theorem. 

Theorem 7 .04. The sequence 

is exact. a 

Consider the set {a2k-t : k = 1, 2, ... } of generators of N.(76,), where 
a2k-i = [S2k-1 ,p] and p = exp(21ri/p). There are closed manifolds M 4", k = 
1, 2, ... , where /32k-t = pa2k-1 + [M4]a2k-s + (M8]a2k-9 + ... = O, for k = 
1, 2, ... , in N.(7Z.,,). Thus, N.(7Z,) is isomorphic as a N.-module to the 
quotient of the N.-free module generated by the elements a1 , a3 , a5 , ... , by 
the submodule generated by /31, /33 , /35 , .... 

Now, we consider the following diagram 

o - SF.(S1) 
l r, 

o - SF.(76v) 

2+ M.(S1) 
l r', 

M.(76.,,) -

where r,, is the homomorphism sending the S1-a.ction [M, S] to the restriction 
7Zv- action. 

Since N.(S1 ) is a N.-fr:ee module generated by a 2k-l = [S2k-t, S], 
where S is the S1-action on S2k-t given by s(t, (Zo, ... , z2k-1)) = 
(tz0 , tzi, ... , tz2k-d, t E S1; and M.(S1) is a polynomial algebra generated 
by Ài : [À - CP(i)], we are going to define a N.-submodule B of M.(S1) 
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in the following way: the kernel of r; is the N.-free module generated by 
/3k = pa2k-1 + (M4)0:21.-s + [M8)0:2k-9 + ... , where r1;(,B1:) - /32k-t = O in 
N.(Zp)- Let pk be defined by: ffik = pÀ~ + [M4)À~-2 + [M8),\~-4 + ... ín 
M.(S1), and let B be the N.-free module generated by Pi, Pa, Ps, ... , which 
is a submodule of M.,(S1 ). Since J('µk) = 1 + [M4)02 + [M8)04 + ... , where J 
is the Boardman homomorphism, and denoting by Xn a basic n-dimensional 
element of N., we have that 

- - k-1 J(xu-2/Ji) = X21c-20 + ... 
- k-3 4 k-1 J(x2k-6/3a) = X2k-68 + X2k-6[M JO + ... 
- ~ k-5 4 k-3 
J(x2k-10/3s) = xu:-108 + xu-1o[M )8 + ... 

So, a.ny combina.tion of the elements above has power of fJ :5 k - 1. Therefore, 
it follows that there isn't element in SF2k;(S1) with image oozero in B. Hence, 
we have that j(SF.,(S1)) n B = (0). 

Theorem 7.05. The homomorphism rp: SF.(S1)-. SF.(Zp) is 1-1. 
proof. we ha.ve the following commutative diagram 

o -t 

o -

SF.(S1) M.,(S1) 
l r~ 

ffiNk(BU(r)) 
l r l Tp 

SF.(íZp) ~ M.,(íZp) -=+ ffiN.(BU(rt) x ... x BU(rk)) 

where r is given by inclusion on the first factor. Therefore, r is 1 - 1. This 
imply that r~ is 1 - 1,and finally r'P is 1 - 1, since r; o j = j. o r 11 and j, j. are 
1 - l. o 

Remark. 7 .06. For p = 3, we have that r~ is an isomorphism beca.use 
M.(S1) ffiN.(BU(r)), M.(~3 ) ffiN.(BU(r)) and the map r is an iso-
morphlsm. Thus, since B n J(SF.(S1)) = (O), we have that j.(SF.(íZ3)) 
j(SF.{S1)) ffi B, and SF.(~3) j(SF.(S1)) ffi B , since j* is 1 - 1. Therefore, 
SF.,(íZa) N. ffi j(SF.(S1)) ffi B. 

We are going to denote by (Zp): the set of classes in the bordism group 
Nn which are represented by a n-manifold which is the fixed point set of a 
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closed (n + k)-manifold with a semi-free Zp-action. We have that (Z,,)! is a 
subgroup of Nn, (Z0)~ Nn and (Zp): = EBn>o(Z,,)! is an ideal of N •. 

Theorem 7.07. (Z,,)! Nn. 

proof. Let Í3k = pÀ~ + {M4]>..~- 2 + [M8p.~- 4 + ... be in M .. (~ 71 ). Since 8(fik) 

in N.,(Zp) is a boundary, we have that Í3k belongs to the image of j.,.. ln 
particular, Í31 = pÀO belongs to the image of j.,.. Therefore, [xn)PÀo belongs to 
the image of j.,., where Xn is a n-dimensional generator, n # 2r -1,of N.,. Thus, 
there is a semi free Z,,-action [Mn+2, T] with fixed point set [xn] + ... + [xn] 
(p-times), where p is an odd prime. Since [xn] + ... + [xn] = [xn], we have tha.t 
[xn] is in (Zp);. Hence, (Zp)! Nn. o 
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