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1 Introduction 

The literature on 1tatátiw testa to compN"e two a."Dpt.. o( cemored 1urvival timea 

possibly in the preience of co,.uiatet ia fairly extenai-. P&.ra.aM!tric; 1Je1Dipa.rametric a.nd 

noopa.rametric test, ha.ve been med according to penooal pref~ and J>lfflOUII lcnawledge 

about the data. set of inteIC!lt. Bowever, it ia not n.re a situation where someone is confused 

about which test 1bould be used in a particular ca.9e. 

Parametric regression models for the f&ilure time T have tbe following form 

(1) 

where Z ia a p + 1-vector of covariatea, /1 = (/Jo, ... ,/J,,) &rui v ue un.lmown pararneters 

to be. ealimated a.nd W has a lmown demity /(t0). Theae modela ve coven,d in deta.il by 

Kalbfleisch and Prentice (1980, chapter 3) a.nd Lawless (1982, chapter 6). The cla.ssica.l tests 

to be. used a.ssociated with these models are Wa.ld's, a.nd likel.ihood ra.tio tests They 

are uymptolica.lly equivalent . 

ln the nonpuametric set-up, sever&l tests b.ave been pl'OJ)OMlCI for the two eample problem. 

The logra.nk test. (Ma.ntel, 1966) is tbe m011t commonly naed in Ulil situation. Gehan (1965) 

proposed a gener&lization of Lhe Wilcoxon statistic with a. varia.nc:e estimate baseei on the 

permutation distribution. Other genera.li?.atona ue dllC to Peto &Dd Pet.o (1972), Prentice 

(1978) and Tarone a.nd Wa.re (1977) among others. 

A third approach ia using tbe proponional ha.zarda model int.roducted by Cox (1972). 



This mocM in iu II\Oll popuJu form, specifies tb&t tbe baurd function l(tlZ) is given by 

(2) 

where -'o(t), tbe baseline buard function, is an llDknown nonnegalive fuoctioo of time. Here 

the vecton P and Z bave dimension p since tbe const&nt term in tbe regression portioo of (2) 

is incorporated in the bueline buud funclion . Tbia model is neitber fully par.1JTJetric nor 

nonpanmetric (it bu been alled semipar&metric) and infereoce is bued on lhe partial (Cox, 

1975) or ID&l'JiDal (Ka.lbfteisda and Pratice, 1973) likelibood. Theae iofetencea procedures 

io ma.D)' situatiom are natly u efficient u tbole for a parametric model. The ,ame clusical 

lesta íor the parametric modell are usoc:iated with this model. 

Wbereas small sa.mple propenies of tbese lesta bave beeo sludied by some autbors, com• 

parisons amc:tng tbem bave been difficull to obta.in. Latt.a {1981) investiga.teci properties of 

nonpanmetric tests cooceruing S&mple siu, cell50ring mecbanism and distribution o{ failure 

lime. The performance of the pa.rti.al likelibood estim,\ton waa evaluated by Johmon et ai 

(1982) under covariate imbalanceuid type 11 ce090ring. Lagakos and Schoeofeld (1984) stud-

ied the power and site of the proportional buards score test under some misspecifications 

of lhe functiooal form of tbe regression portioll of the model. 

This study wu c.uried out by 11Sing Weibull distribution for tbe failure time T and ~fonte 

Cario simul.atx,n. Tbe tesb meotiooed above were included in tbe simulatioo but jusl three 

of them will be presented in OQ1 analyses. ln tbe pa.rametric and semiparametric: approaches 

tbe score test performed slighlly better than lhe otber two. Among the nonpar&metric tests 
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t.be 1apaak ,... tlae 1DG1t powsf1a1 Ua.at agrem witla tlae c:ooclaiom reacbed by Luta (1981 ). 

ln dlil paper wacompue t.be JIOftl' oi theae t-. ia -.n ampla 1Ulder cerlaiP IDÍllper, 

ilr:at-icm comPNMDIJ'--1 iD nal problems. SectioD 2 U... t-. ud tM ,inwJe&inm 

- dw:n"beQ m Ndáaa S. Sc&ioa 4 oaaiden tbe deaip uobalance ud tbe omieeicw ai a 

cowaria&e e6cu anel NCbuD 5 min111e oi dil&n,..__ b faihue t.imts (nonpmportiaul 

huards). 

2 Description of the Testa 

Tbe ielt 1tatistics for Lhe puametric &Dd 1M:UUpanmelnc •~d,- f!'Vll.la&led w tbe 

letting of iwo ueatment gl'Ollpa, aeptmeiahd by tbe IIÍIIUJ ~ale Zi fn \bew "-PpruKMI 

the test H. : fJi = O (Pa ia Lhe para.meter u.oci&ted with Z1 , is equ, • lent \ t -, , t ti · ,-!ity 

between thcee iwv 1urvival f~ ia tbe -paramdnc appu-.ch. 

2.1 Parametric anel Semiparametric Appl'Oltches 

The score ielt hu t.be P-1M lorm b dlae two appsache -' :s grven l,y 

(3) 

where U(8.) ...r !'\) ue U...e fUDdiaa ad abeerwd imorma1ioD matrix evahwed 

at Po-

Thc elements of l.be acore functioa ue 
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ôlnL(/J) 
8P1 ,(j = º····· p} 

and tba5e o! tbe observed inform,af l)ii m&trix &te 

II(.B)l,• = -ô2ln.L(P) 
ô/3;ôP• ' 

(j = O, ... , p; k = O, ... , p) 

lu lhe parametric model, L i~ the mual Ukelihood derived from the model (1) taking 

into accouut the censoring obserw\t jom (10!! K3-lbfleisch a.ud Prenti.::e, 1980, p.54-55). ln the 

serniparametric mociel (2), Li, tb@ p,vti&l likelihood giwen by 

L(P) (4) 

where Ri is tbe risk set at time t, &nd 6, is tbe failure indicatoz. 

ln the expression (3) of t be ,eore !est, j, is the maximum (partia]) likelibood estimator 

under the null hypotbesi1 Ho : .81 = O. 

Under Ho and ·i:rtain regularity conditíons, S .! x~ for botl': mocfob,. See Andersen 

a.nd Gil! (19S2) for tbe large sampl'! properties of the muit:i1..m partial e-.,timators. 
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2.2 Nonparamentric Approach 

When' using nonpa.ramentric modela, ._ are DGt aaw:oing any eovaria.te structure for the 

1urviva.l fundiom. The ol:iserntiom from t.he Ample i are (min(T,;, U;;), 6,1 ), i = 1, .. , n,. 

i = 1, 2, where U;; is the corresponding cemoring "i'llriab1e. 

Let t1 < t2 < ... < t,. be t.he distinct w]ure timee in the eombined sample and at each 

time ti., .1: = 1, 2, .. , m, define nilr : number of individuah &t. risk from sample i and d,, 

uumber o{ events ( death or cemoring) ÍD sample i. 

A general clus of DODp.uametric na\imc: fur tbe equality (J{ l- two JnlrVival fune-

tions (Ho : S1 = 5J) il gjftll br 

(5) 

Under H0 , T.., .E. x?, for suit.able ehoiees o( w's. The logrank test is determined by 

taking wi. = 1 for .1: = l, .. , m. 

3 Monte Cario Simulation 

Tbe perlormuc:e o{ these tests wu evaluated via. Monte Ca.rlo simula.tiona. The random 

samples were obtained by applying tbte appropriate Íllftne ca:mula.tive transfonnation to 

paeudora.ndom U(O, l) deviates. These deviates ba,ie bem formed {rom a. mixture of numbers 

&om independenu multiplic.a.tive and shif\ generat.on. 
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Two independent aeta of indepeodcnt random variables T = (Ta, ... , T,.) .nd ri =-

( U1 , •. ,U,m) were generated for each repetition &nd lhe lifetimemm(T;,U,) &nd 6, = l(T, < 

IJ,1 •e.re recordeei. Tis a vector o!rulizatiom of a Weibull c:h lribu\ion (p, uJl(Z.P)) &nd 

U, ,.orresponding to the random censoring mechani•m, ba, 11, uoifonn distribution in (O, 9). 

This me.ans that W i11. the model (1) hu a ~xtreme va.lue d1slribution. 

ln this study two covaria.tes ,,,-eu used. A bina.ry cova.ri.ate Zt indicating lreatment group 

and a continuous covariate z, witb uniform distribution in (O, 1). z, wa.s generaled once a.nd 

it wu mainta!ned the sarne in ~1 analyses. Tbc pa.ra.mctcrs /Jo. for the para.metric model, 

&Dd /J, were set to be equal zero and one respcctivdy. 

The parameter p o( tbc Weibull distribuliou wu eet to be equal 0.5. This me&m 1urvival 

times with a monotonc decreuing llUrd function. Some populationa are well known for 

this kind of pattern, such as buman and manufactured items life populatiom in tbeir imtial 

pcriod. ., 

The e.mo\lllt o( ccnsorini. P(U, < T,), was maint.ained constant arowid 0.25 by controlling 

tbe value of the parameter in tcrms o! P,. 

One thou"ud repefüions of lh_is process were u:.ed for vuious valua o! /Ja ~d different 

situatiom. For ea.c:h repetilioo lhe test, de.scribed io thc previow 1«tion werc cakulated. 

The power of theee testa wcre ev&hat compa.riog lhe st.a.tistic testa with the 95'' quanlile 

o( the chisquare distribution with 011 degree of fttedom (3.84) for uch value of /Ja. 
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4 U nbalance and Covariate Omission Effects 

The vector Z1 of bina.ry covari&te wu genenied • a aeqoeuce ai independent bernoulli 

random va.ria.ble1 with probability of p. Fipn! 1 preeenw ibe power functions of tbe 

tests for three values of p. 

Tbe three powcr function.s in Figure 1 are almost c,quiva.lent wbeu Z: Íll ballmced (;, -= 0.5). 

As the imbala.nce increases the t.hree tests lose po,l'e:r. The pa.rametric and semiparam"!tric 

acore testa are still comparable but they differ úom ihe logrank test when p is 0.4 a.µd 0.3. 

The logra.nk test is more powerfu1 for oepti~ of /Ji eompu-ed with the power for 

the positive values when p = 0.-t. Tbe power function for w.l to be shifted to the 

right. Looking at tbe design matrix it c:an be noticed that althoogh the Z1 and 

Z, were gener.1ted independently, by chance they b.a- a correlatiolll af -0.178 for this va.lue 

of p. Since the continuous covariAte z, is not t.aken into account by the nonparametric test 

the results were affected. 

Tbe correation between Z1 and Z, are basica.lly uull for: the t.-urves corresponding to 

p = 0.5 and 0.3. However all power functions are not completely symmetric when p = 0.3. 

The curve for tbe logr&nk test is shifted to the righ, and tbe cm,,a for: the other tests are 

sligbtly shifted to the left.. 

Tbe sa.me collditiom u &boft wa-e comidered but now omittmg the cova.ria.te Z, in the 

parametric and semipuametric modeJa. ln otber wonla, tbe generation wu made with both 

cova.ria.te. and tbe testa deri?ed under tbe model with just Z.. Figure 2 present., the power 

functiona of the testa for tbe a.me three val11e1 of ,. The powier fimdiom for lhe logrank 
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test are exactly tbe same in botb figures. 

Tbeie it uot much differenoe in tbe power functiom omiU.ing Z, a.nd the resulta consíder-

ing Z, in the model for lhe pa.rametrie &nd aem.ípanmetric acore testa when Z1 i• balanced 

(p = 0.5) . 

The negative correlation between Z1 and Z, when p = 0.4 ha.d also some efl'ect in the 

para.metric &nd aemiparametric score tests. When p = 0.4 in Figure 2, a.11 testa are shlfted 

to the right. Thls effect is still stronger for the logrank test. 

Omitting Z, from the parametric and sem.ipar&metric model wben p = 0.3 gives more 

power for positive ft.lus of fJi. and S1.1btracta some powe:r for the negative values of /Ji. Tbia 

fact QD be noticeci c:omparing Figura 1 and 2 for p = 0.3. 

5 Mixture of Distributions 

ln a. t...-o sample prohlem, the samples may follow different distributions. For instance, 

one sample is exponentially distrihuted and the other has a Weibull distributiou. This is 

the situat.ion wbere the proportiona.l h&z.a.rds assumption does not hold and tbese test, loee 

power. 

Suppose tbe survival time T has an exponentia.l d.istributiOD with parameter ezp(jJ,Z,) 

ií Z1 = O anda Weibull distr.ibution with para.metal p > O and ezp(fJiZ, + /J,Z,) if Z, = 1. 

Figure 3 presenta tbe J>O'W'!!I' functiom o{ these tests for thn,e values of p. 

lnitially observe tha.t tbe power in Figure 3 ia moch higher than the two previous cases 

.rtudied in lhe laat. ledion. The power o( these te.ta is known to be higher when the distri• 
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bution oí the aurvival timel approach the aponential. 

A. it ia expected the tmta lme pc,w,er - , get.a further from l. Tbe logrank teat ia 

uniformly lesa J)(l'Wa'Íul than the otber two tmta m lhe three i:.ues. Also, it ia conaervative 

for p = 0.6 with size 0.33. The semiparametric acore teat ia better tha.n the p,.nmetric for 

negative va.lues o{ /Ji and the revene situation occurs for the poeitive values o{ /Ji. 

6 Conclusions 

Four noopar&metric testa h&ve been included in the global simul&tion. Tbey correspoud 

to "'• = 1 (logrank), 111• = fl•/(n + 1) (Gehan), "'• = (nt/(n + l))o.s (Tarone and Ware) 

and "'• = n, .. 1 ra;/(n; + d;) (Prent.ice) in the expreaioD (5). The logrank wu Uie moet 

powedul among tbem under the millpecific&tioni diac:uaaed in the two previoua sectiona. 

The three clusica.l likelibood tests bave been included for tbe parametric and semipara.metric 

app-roac.hea. Tbe renilts obt&ioed are equivaleot for the three o{ tbem with a slight superiority 

for tbe acore teat in both approaches. 

The logranlc test ia in general lea po,rer{ul than Uie parametric and semiparametric scott 

testa. lt ia alio highly dected by covariatea interactioua and 1Kk of design balaoc:e. 

The performance of the IICOl'e teata for botb approaches ia eseeotíally equnalent. However 

the ftexibility of the semiparametric model due to ita oonpara.metric component makes this 

model 1D11Ch more &ttracüYe for practic&l 111e. 

A last remark mmt be made aboot the parametric acore teat performance. It would be 

expected a better performance of thia teat apecwly in tbe situatioaa in Ndioa • where a 

12 



generated Weibuil d.ata 9et ns fitted UJiog a complet.ely parametric Weibull me-dei Tht 

likelihood used in thia case iJ giW!D by 

" L(P) "' Il 1/(t;, .B)J'• (S{t.,P)1-'-l 
;.1 

where / and S are the density and survival functio!I o( the Weibull dist,ihulioo. 

A non-informative censoring m«ha.nism is alllumed for the construction o{ thc fü·clihood 

(6). However, the a.rnount of eensoring waa ma.int&ined. const1nt thtough t bc ;rt1lc,:twm. 

creating a. dependeuce bet~ fJ and fJ... Comequently lhe sample repn:RDttid !,y Z, - 1 

is expected to be more censored when /31 ili positive aud the re'\"er""..e situatioa occurs v.!:.en 

/J1 is negative. Tberefore the UDSQfing mecbanism is inlormative 4Dd lhe Jikdiho.xl (f>) is 

not complete. lt ignores lhe OtJDOring distribution a.nd it ha.s t~ inte1pr tion of a p.>.rr· 
• 

likelihood. 

This íact explains wby the parametric score test is not tbe mor~ powerful test when 

the "true" model i, used witb ali eovariatl!l!I ta.ken into acco•.111t. h a.lso cou ld •":;,lai1 thf' 

asymmetry wben p = O.J in Figures 1 and 2. 

ln section 5 the para.mettic sco.r~ test is partiaiJarly powerful for po,iüve VAJua ~: .S1 

Mixture of d1stributi..1ns c:ombir,ed with informative cemorir..g ~ibly repo1,d for Lhi~ ,11.,• 

expected pait.ern of lhese potter functíom. 

We dcdded t.o use this eemoring mecb&JWm heca.u.e in real problfflUI • .-i:nil..r bi:!,avic,r 

gmerally occurs. Pa.tients in a sa.mple with longe, expected surviva.l times (.01 > íl) have 

larger probability to be censored lha.o tbe patients in tbe other umple a.nd ü1e reverse 
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1ituatiOG occun for ,man. .....t lima (A < O). 
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