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Abstract. Parametric, semiparametric and nonparametric tests have been used to com-
pare two samples of censored survival times possibly in the presence of covariates. The
power functions of these tests are compared by Monte Carlo simulations under certain
misspecifications commonly found in real problems. The nonparametric test (logrank)
is in general less powerful than the parametric and semiparametric (score) tests. The
performance of these latter tests are equivalent.

Universidade Estadual de Campinas

Instituto de Matemadtica, Estatistica e Ciéncia da Computagio
IMECC - UNICAMP

Caixa Postal 6065

13.081 - Campinas - SP

BRASIL

O contetiido do presente Relatério Técnico é de inica responsabilidade dos autores.

Novembro - 1990



1 Introduction

The literature on statistical tests to compare two samples of censored survival times
possibly in the presence of covariates is fairly extensive. Parametric, semiparametric and
nonparametric tests have been used according to personal preference and previous knowledge
about the data set of interest. However, it is not rare a situation where someone is confused
about which test should be used in a particular case.

Parametric regression models for the failure time T have the following form
logT=Z'ﬁ+0W (1)

where Z is a p + l-vector of covariates, §' = (Bo,...,B,) and o are unknown parameters
to be estimated and W has a known density f(w). These models are covered in detail by
Kalbfleisch and Prentice (1980, chapter 3) and Lawless (1982, chapter 6). The classical tests
to be used associated with these models are Wald's, score and likelihood ratio tests. They
are asymptotically equivalent .

In the nonparametric set-up, several tests have been proposed for the two sample problem.
The logrank test (Mantel, 1966) is the most commonly used in this situation. Gehan (1965)
proposed a generalization of the Wilcoxon statistic with a variance estimate based on the
permutation distribution. Other generalizatons are due to Peto and Peto (1972), Prentice
(1978) and Tarone and Ware (1977) among others.

A third approach is using the proportional hazards model introducted by Cox (1972).



This model in its most popular form, specifies that the bazard function A(t|Z) is given by
A(t)2) = Xo(t)e?? ()

where Ag(t), the baseline bazard function, is an unknown nonnegative function of time. Here
the vectors 3 and Z have dimension p since the constant term in the regression portion of (2)
is incorporated in the baseline bazard function. This model is neither fully parametric nor
nonparametric (it has been called semiparametric) and inference is based on the partial (Cox,
1975) or marginal (Kalbfleisch and Prentice, 1973) likelihood. These inferences procedures
in many situations are nearly as efficient as those for a parametric model. The same classical
tests for the parametric models are associated with this model.

Whereas small sample properties of these tests have been studied by some authors, com-
parisons among them have been difficult to obtain. Latta (1981) investigated properties of
nonparametric tests concerning sample size, censoring mechanism and distribution of failure
time. The performance of the partial likelihood estimators was evaluated by Johnson et al
(1982) under covariate imbalance and type I censoring. Lagakos and Schoenfeld (1984) stud-
ied the power and size of the proportional hazards score test under some misspecifications
of the functional form of the regression portion of the model.

This study was carried out by using Weibull distribution for the failure time T and Monte
Carlo simulation. The tests mentioned above were included in the simulation but just three
of them will be presented in our analyses. In the parametric and semiparametric approaches

the score test performed slightly better than the other two. Among the nonparametric tests



the logrank was the most powerful that agrees with the conclusions reached by Latta (1981).

In this paper we compare the power of these tests in small samples under certain misspec-
ifications commomly found in real problems. Section 2 presents the tests and the simulations
ave describea 10 section 3. Soction 4 considers the design unbalance and the omission of a
covariate effects and section § mixture of distributions for failure times (nonproportional
bazards).

2 Description of the Tests

The test statistics for the parametric and semiparametric appro>rhes are evaivated in the
setting of two treatment groups, represented by the binary cowariate 2, Tn these »pproaches
the test Hp: By = 0(f, is the parameter associated with Z,, isequ. ‘lent v =si. th uality

between those two survival functions in the nonparametric appioach.

2.1 Parametric and Semxpanmetnc Approaches

The score test has the same form for these two approaches and s given by

S = U(B) I"(Bo) U'By) (3)
where U(By) and 7/ %) are the score function and observed information matrix evaluated
l‘ﬁo—

The elements of the score function are



el =22 G=o0..p

and those of the observed information matrix are

-3nl(B) <
I = —z22— ol Pk
In the pmmetnc model, L is the usual likelihood derived from the model (1) taking
into account the censoring observaticns (see Kalbfleisch and Preatice, 1980, p.54-55). In the
semiparametric model (2), L is the partial likelihood given by

A exp(Z5) w
Lp = I;Il [ Frem e2/ 2 5) 5 4)

where R; is the risk set 2t time 1, and & is the failure indicator.
In the expression (3) of the score test, 3, is the maximum (partial) likelibood estimator
under the null hypothesis Hy: §; = 0.

Under H, and -ertain regularity conditions, § 2 x] for both models. See Andersen

and Gill (1982) for the large sample properties of the maximum partial estimators.



2.2 Nonparamentric Approach

When using nonparamentric models, we are not assuming any covariate structure for the
survival functions. mwim from the sample i are (min(T;;, U;), 8;5), 7 = 1,...n,,
i = 1,2, where U;; is the corresponding censoring variable.

Let #; < 13 < ... < t,, be the distinct failure times in the combined sample and at each
time #y, k = 1,2,..,m, define n; : number of individuals at risk from sampie i and d;; :
number of events (death or censoring) in sample i.

A general class of nonparametric statistic tests for the equality of the two survival func-
tions (Hp : Sy = 5;) is given by

_ ISR wa(dn = 24P

To = TFE, eivaridm) %)

where var(dy;) = W,h = diu +dpandny, = nu + na.

Under Ho, To 2 x3, for suitable choices of w’s. The logrank test is determined by

taking wy = 1 for k = 1,..,m.

3 Monte Carlo Simulation

The performance of these tests was evaluated via Monte Carlo simulations. The random
samples were obtained by applying the appropriate inverse cumulative transformation to
pseudorandom U(0, 1) deviates. These deviates have been formed from a mixture of numbers

from independents multiplicative and shift generators.



Two independent sets of independent random variables 77 = (T},...,Ticn) and U’ =
(U, ..., Uroo) were generated for each repetition and the lifetime min(T;,U;) and §; = I(T; <
[),) were recorded. T is a vector of realizations of 2 Weiball disiribution (p, ezp(Z;8)) and
U/, cprresponding to the random censoring mechanism, has a uniform distribution in (0, ).
This means that W in the model (1) bas a extreme value distribution.

In this study two covariates were used. A binary covariate Z; indicaling treatment group
and a continuous covariate Z, with uniform distribution in (0,1). 2; was generated once and
it was maintained the same in all analyses. The parameters S, for the parametric model,
and $; were set to be equal zero and one respectively.

The parameter p of the Weibull distribution was set to be equal 0.5. This means survival
times with a monotone decreasing hazard function. Some populations are well known for
this kind of pattern, such as human and manufactured items life populations in their initial
shiek -

The amount of censoring, P(U; < T;), was maintained constant around 0.25 by controlling
the value of the parameter # in terms of §,.

One thousand repetitions of this process were used for various values of 5, and different
situations. For each repetition the tests described in the previous section were calculated.
The power of these tests were evaluated comparing the statistic tests with the 95™ quaniile

of the chisquare distribution with one degree of freedom (3.84) for each value of ;.



4 TUnbalance and Covariate Omission Effects

The vector Z; ofﬁpqmumm.alqmdindependembmouni
random variables with probability of sucess p. Figure 1 presents the power functions of the
tests for three values of p.

The three power functions in Figure 1 are almost equivalent when Z; is balanced (p = 0.5).
As the imbalance increases the three tests lose power. The parametric and semiparametric
score tests are still comparable but they differ from the logrank test when p is 0.4 and 0.3.

The logrank test is more powerful for negative values of 8; compared with the power for
the positive values when p = 0.4. The power function for this test seems to be shifted to the
right. Looking at the design matrix it can be noticed that aithough the covariates Z;, and
Z, were generated independently, by chance they have a correlation of —0.178 for this value
of p. Since the continuous covariate Z, is not taken into account by the nonparametric test
the results were affected.

The correlation between Z; and Z; are basically null for the curves corresponding to
p = 0.5 and 0.3. However all power functions are not completely symmetric when p = 0.3.
The curve for the logrank test is shifted to the right and the curves for the other tests are
slightly shifted to the left.

The same conditions as above were considered but now omitting the covariate Z; in the
parametric and semiparametric models. In other words, the generation was made with both
covariates and the tests derived under the model with just Z,. Figure 2 presents the power
fnnctimnolthetsuforthenmethmnln?dp. The power functions for the logrank

7
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Figure 1: Power Functions for Imbalance Effect - p = 0.5 top, p = 0.4 middle and p = 0.3
bottom - Tests: ... parametric, — semiparametric, - - - nonparametric.
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Figure 2: Power Functions for Covariate Omission Effect - p = 0.5 top, p = 0.4 middle and
p = 0.3 bottom - Tests: ... parametric, — semiparametric, - - - nonparametric.



test are exactly the same in both figures.

There is not much difference in the power functions omitting Z; and the results consider-
ing Z; in the model for the parametric and semiparametric score tests when Z, is balanced
(p = 0.5).

The negative correlation between Z;, and Z; when p = 0.4 had also some effect in the

_ parametric and semiparametric score tests. When p = 0.4 in Figure 2, all tests are shifted
to the right. This effect is still stronger for the logrank test. |

Omiitting Z, from the parametric and semiparametric model when p = 0.3 gives more
power for positive values of ; and subtracts some power for the negative values of 8;. This

fact can be noticed comparing Figures 1 and 2 for p= 0.3.

5 Mixture of Distributions

In a two sample problem, the samples may follow different distributions. For instance,
one sample is exponentially distributed and the other has a Weibull distribution. This is
the situation where the proportional hazards assumption does not hold and these tests lose
power.

Suppose the survival time T has an exponential distribution with parameter ezp(5;2;)
if Z; = 0 and a Weibull distribution with parameters p > 0 and ezp($12, + $Zs) if Z, = 1.
Figure 3 presents the power functions of these tests for three values of p.

Initially observe that the power in Figure 3 is much higher than the two previous cases

studied in the last section. The power of these tests is known to be higher when the distri-
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Figure 3: Power Functions for Mixture of Distributions - p = 0.8 top, p = 0.7 middle and
p = 0.6 bottom - Tests: ... parametric, — semiparametric, - - - nonparametric.



bution of the survival times approach the exponential.

As it is expected the tests lose power as p gets further from 1. The logrank test is
uniformly less powerful than the other two tests in the three cases. Also, it is conservative
for p = 0.6 with size 0.33. The semiparametric score test is better than the parametric for

negative values of 8, and the reverse situation occurs for the positive values of §,.

6 Conclusions

Four nonparametric tests have been included in the global simulation. They correspond
to w, = 1 (logrank), wy = ma/(n + 1) (Geban), ws = [ma/(n + 1)|’* (Tarone and Ware)
and w, = [}, n;/(n; + d;) (Prentice) in the expression (5). The logrank was the most
powerful among them under the misspecifications discussed in the two previous sections.
The three classical likelihood tests have been included for the parametric and semiparametric
approaches. The results obtained are equivalent for the three of them with a slight superiority
for the score test in both approaches.

The logrank test is in general less powerful than the parametric and semiparametric score
tests. It is also highly affected by covariates interactions and lack of design balance.

The performance of the score tests for both approaches is essentially equivalent. However
the flexibility of the semiparametric model due to its nonparametric component makes this
model much more attractive for practical use.

A last remark must be made about the parametric score test performance. It would be

expected a better performance of this test specially in the situations in section 4 where a
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generated Weibull data set was fitted using a completely parametric Webull rmodel. The
likelihood used in this case is given by

18) =TIt B [S(t ') ®

where f and S are the density and survival function of the Weibull distribution.

A non-informative censoring mechanism is assumed for the construction of the likelihood
(6). However, the amount of censoring was maintained constant through the :«i:nulations
creating a dependence between § and 8,. Consequently the sample represented by Z, - |
is expected to be more censored when f; is positive and the reverse situation occurs when
B, is negative. Therefore the censoring mechanism is informative and the likelihood (6) is
not complete. It ignores the censoring distribution and it has the interpretation of a partial
likelihood.

This fact explains why the parametric score test is not the more powerful ts{ when
the "true” model is used with all covariates taken into account. It aiso could explair the
asymmetry when p = 0.3 in Figures 1 and 2.

In section 5 the parametric score test is particularly powerful for positive vaiues of 5,
Mixture of distributions combined with informative censoring possibly respond {or this va-
expected pattern of these power functions.

We decided to use this censoring mechanism because in real problems a similar behavior
generally occurs. Patients in a sample with longer expected surviva! times (8; > 0) have
. larger probability to be censored than the patients in the other sample and the reverse

13



situation occurs for smaller expected survival times (£, < 0).
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