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I - Introduction 

Classical electromagnetism is composed of three distinct parts; 
(A) Maxwell's equations, (B) Constitutive relations depending on the 
medium (Ohm's law, D= e:E, etc), and (C) Lorentz force law. This last 
one states that a point charge q moving in an arbitrary electromagnet.ic 
field is acted on by a force 

i' = qÊ + qv x i3. (1) 

ln this equation .Ê = .Ê(r, t) is the electric field at a point r where the 
charge q is located, and Ê = Ê(r, t) is the magnetic induction at tbe 
sarne point. 

The velocity v which appears in Eq. (1) is the instantaneous veloc-
ity of charge q. A fundamental question is: Ve]ocity of q relative to what? 
Of course position, velocity and accelerat.ion are not intrinsic propertíes 
of any body and a body A can have different velocities relative to differ-
ent objects. What is the velocity of a man which is driving a car a.t. 80 
km/h? ReJative to his own car it is zero, to the Ea.rth it is 80 km/h, to 
another car which moves in the opposíte direction at 60 km/h it is 140 
km/h (neglecting rela.tivistic corredions), to the Sun it is approxima1ely 
30 km/s, etc. 

Physically there are many possible and meaningfuJ possibilities: (A) 
The velocity of charge q rela.tive to a fixed aether in space. or relative 
to an aether at rest in the frame of the "fixed stars" (like the aether of 
Maxwell and Fresnel1); (B) relative to the laboratory or to the Earth 
(or relative to an aether supposing that the Earth moving in space car-
ries (drags) with it the surrounding aether); (C) relative to an inertial 
frame of reference; (D) relative to an arbitrary observer, not necessa.rily 
an inertial one; (E) re]ative to the macroscopic source of Ê ( a. ma.gnet 
or a wire carrying a curre J) a.nd (G) relative to the magnetic field. As 
a matter of fact in the development of electrodynamics many force ]aws 
were proposed with different quantities being relevant to them. ln We-
ber's theory, for instance, which is the oldest of ali these models, only the 
relative velocities and accelerations between interacting charges were im-
portant and the force had the sarne value for a.ll ohservers2-•. ln Clausius 
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theory, on the other hand, it was introduced in the force law the veloci-
ties of the charges relative to an aetber5 - 6 . 

Curiously when most test - books introduce and present Lorentz 
force law in the first place, they don 't state explicitly relative to wbat is 
the velocity of the charge q which appea.rs in Eq. (1). Some examples: (I) 
Symon: "The force exerted by a magnetic field on a charged particle ata 
point r depends on the v.:locity v of tbe parti~e, a.nd is pven in terms of 
the magnetic induction B(r) by tbe equation F = !iix B(r)" 7 ; Feynman: 
"We can write the force F' on a charge q rnoving with a velocity ii as [eq. 
(1))." "The force on an electric charge depends not only on where it is, 
but also on how fast it is moving", [ ... ), "'It is possible [ ... ] to write the 
magnetic force as qv X Í3'" 8 ; Jackson: "'Also essentia.1 for consideration 
of charged pa.rticle motion is the Lorentz force equa.tion, [eq. (1 )J, that 
gives the force a.cting on a point charge q in the present of electromag-
netic fields", "The total eJectromagnet.ic force on a charged particle is 
[eq. (1 )]"9 ; Reitz and Milford: "For the purpose of defi.ning the magnetic 
induction it is convenient to define F'm.~ the magnetic force (frequently 
called the Lorentz force), as that part of the force exerted on a moving 
charge which is neither electrosta.tic nor mechanica.l. The magnetic in-
duction, B, is then defined as the vector whicb satisfi.es F'm = qv X B, 
for a.11 velocities" 10 ; Sears: "Force on a rnoving charge. [ ... ] A positive 
charge q, movíng with velocity v perpendicular io the direction of the 
induction, is found to experience a force F in tbe direction shown, per-
pendicular to its velocity v and to the induction B . The magnitude of 
this force is given by F = qvB.[ .. . ] Evidently, then, the force F on a 
charge q moving with veiocity ii in a magnetic field of flux density Ê is in 
vector notation, F = qvx B"11; Purcell: "We sa.y that an electric current 
ha.s associated with it a ma.gnetic field whicb pervades the surrounding 
space. Some other current, or any moving charged pa.rticle wbich finds 
itself in this field experiences a force proportional to the strengtb of the 
magnetic field in that loca.lity. The force is always perpendicular to the 
velocity, for a. cbarged pa.rticle. The entire force on a particle ca.rrying 
charge q is given by (eq. (1)] where Ê is the magnetic field. We shall 
take Eq. (1) a.s the definition of B"'12 ; Panofsky and Phillips: "According 
to Lorentz' electron theory, however, the only force whidi has physical 
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significance is a resultant foroe which a.rises úom t.he space-time forces 
acting on material charges and currents namely, thoae obtained hy av-
eraging F = p(É + ii x .8)"'13. We stop tbeae eDlllples here1 although 
we couJd incre.ase this list with many more boob and authors. Ruding 
all these passages a curiou.s studeot oould ask quite naturally and with 
O>Dlplete reaaon: But vdocity of the charge relati~ to wha.t? 

ln our opinion this lack of a clea.r statement of the meaning of the 
velocity whidt a.ppears in Eq. (1), when this equation is firs1. presented, 
is the reason for tbe c:onfusion of the students at this essential aspect of 
the theory. When we ask students who had ta.ken oou.rses of electromag-
netism (uodergraduate or gradua.te ones!} to ex:plain tbe meaniog of t~ 

in Eq. (1) we receive all sorts of a.nswers from (A) to (G) a.bove. 
Of course when we study carefully any of the books cited above, 

especially the sections dealing with the special theory of relativity, we 
grasp the oorrect a.nswer, letter (C : ln Eq. (1) vis the vdocity of the 
charge q relati~ to an inertial frame of reference. H this were sta.ted more 
clea.rly when Lorentz foroe la.w is presented the students could under-
sta.nd much more easily the interdependence aod mutual traosformation 
of the electric and magnetic fields. This ioterconnection of Ê and B onl 1 

appea.rs due to this meaning of ü. As a. ma.tter of fact if iJ were, for 
instance., the vdocity of q rela.tive to the macroscopic source of B ()('t 
us suppose a. magnet) then the magnetic fome wouldn ,t cha.nge from an 
inertial frame S to a.nother iner iaJ frame S' moving with l' relati,""- to 
S. This is hecause in this case the magnetic component of Eq. (1) woul<l 
read Fm = q('¼ - iim) X B,,. where v, and v. are the vdocities of the 
charge and magnet, respectively relati~ to a.n inertia.1 observer. Jf in 
frame S v.. = O~ theo F = qv, x .i1n.. H V = ii" then iJ = O and 
.;:_ = -v, 'so that F I = q'{O - (-v,)) X jj:.. = i, because jj = Bm 
a.nd q' = q. This indicates clearly that tbe transfonna.tion properties of 
Ê a.nd B into Ê' a.nd B ', and vi~versa arises (is necessa.ry) because iJ 
in Lorentz force law has differe:ot values in dilferent inertial frames. 
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Il - The Paradox 

Almost ali books dealing with electromagnetism from the point of 
view of the special theory of relativity discuss the problem of a rectilineac 
infinite wire, charged or not, canying a current J and exerting a force on 
an externai charge q· at rest or moving parallel to the wire. They analyse 
this situation in different frames o{ refereoce moving parallel to the wire 
and arri-re at the famous transformation la.ws for the fields. 

ln this work we present another situation, slightly different from 
this one. It is quite simple. but extremely illumina.ting. ln figure la 
is represented a rectilinea.r infinite wire along the Z ax:is charged uni-
formly with a. linear charge density À. It genera.tes a radial electric field 
Ê = ).p/(21rê0p). ln this sarne inertial frame of reference S in which the 
charges of the wire are at rest, it is pla.ced at rest a magneti7.ed needle 
N S. lts axis N - S is pla.ced pa.rallel to the wire a.nd although free to 
turn in any direction it remains at rest (no one has ever observed an 
action of an electric field in a magnet). ln figure lb this sarne system is 
seem from an inertial frame S1 moving with a consta.nt vdocity v = -vz 
rela.tive to S. As in S there is no magnetic field, the tra.nsfonnation laws 
(see any of the references listed above) give the fields in S' as: 

... ... ( v2)-I/2 J..p E' =,E= 1-- --
p " él 2'KEoP ' 

Êí = Ê,, =0, 
Ê : = Ez = o , (2) 
B'=-v xÊ'="Po,Àíi, 

e? 2,rp 
B~=B:=o. 

All these results can also be calculated straight alway in S' using that 
in this frame there are charges moving to the right with vz (and then 
generating a magnetic field B '), and the linear charge density is now 
').' = ,..,>... 

The para.dox a.ppears beca.use while in the frame S there was no 
torque in the magnetic needle, t.here is a magnetic field in S' which should 
tum the need soas to let it orthogonal to the wire (this was the famous 
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discovery of Oersted of the deflection of a magnetic needle by a long 
current carrying wire!). Of conne the needle cannot be parallel to the 
wire in S and orthogonal to it in S' as both a.re the sarne system only 
seem by differeni. inertial frames. But wha.t is the source (in S') of the 
opposite torque which wiH balance that of the magnetic field É '? 

ln figures 2a. to 2d we rep]aced the magnetic needle by a single 
neutral circmt abc.d where flows the constant current J. This is presented 
as an analogous system reduc.ed to its essential aspects so that a solution 
for this puzzle can be more easily obtained. ln these figures ab and cd 
are ares of circle centered on the Z a.xis ( x = y = O , Pa.b = p0 = com:tant 
for a.ny O ; Pcd = p1 = constant for any O , />J > Po)- bc and do are 
tbe radial parts of the circuit. As a magnet or this circuit are neutral, 
the electric field will have no influence on them. But in S1 there is a 
poloidal ma.gnetic field which will act on the circuit abcd by Grasmann 's 
force ( sometimes known as Biot-Savart's law) 

dF= Idlx B. (3) 

This expression can be obtained frorn Eq. (1) in this case of neutral 
currents. This is easily done taking Eq. (1) and adding the forces acting 
on the opposite charges of tbe neutral current element, q+ and q_ = -q+ : 

ft - Í'+ + i'_ = (q+E + q+v+ x B) + 
+ (q_E + q_v_ x Ê) = q+(ij+ - ü_) x Ê = (4 ) 

- Idl X B. 
Usually we have ü+ = O so that ldl = q_v_ = -q+v_. Anyway this is not 
necessary and, for instance, we can add a velocity iJ to the positive and 
nega.tive charges of a wire (as wben tbe wire itself is moving in space) that 
even so it wiU remain valid ldl = q+ V++ q_ v_ = q+(V+ - iL) where now 
Y+(V_) is the total velocity of q+(9-) composed of the drifting velocity 
i!_+(v-) and of the velocity of the wire as a. whole. v: V+ = ü + Ü+ and 
V_= v + v_. 

From (2) and (3) we see immedia.tely that there is no force in ab or 
cd, while the forces on bc or da are oppositely directed., as to generate a 
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torque on the circniL What is UJe source of the opposite torque whlch 
oppoees Uns one 7 

Following the good example of Feynman and bis famous pa.radoxical 
experiment14, we will not give a.n a.nswer to this problem. With bis 
unsolved probiem Feynman let most of us think.ing about a deep problem 
in electromagnetic theory and gave UB a golden op_portunity to lea.rn a.nd 
u:ndersta.nd important physica.l concepts .. With this problem (simple to 
sta.te, delicate to :90}ve ), we hope t.o give to students and tea.chers oI 
physics a novel chance to improve theír own f eeling of what is mea.ningful 
in the natural world. 
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Figure Captio:os 

Figure 1 - (A) System seem from frame S: An infinite rectilinear charged 
wire at rest along the Z-axis genera.ting a radial electric 6.eld Ê. NS is a 
magnetized needle, also at rest in this frame, with its ms of symmetry 
parai.lei to the Z-a.xi~ 

(B) The sarne system as in Fig. la, but now seem from 
a frame S' which has a. velocity ii = -vi rela.tive to S. À a.nd E are 
now transfonned to 7J.. and 7.É, and in addition to this there appears a 
poloidal magnetic field B whicb should exert a torque on the ma-gnetic 
neeclle. 

Figure 2 - ( A) and (B): The sarne as in figure la., but now the ma.gnetic 
needle was 11eplaced by a neutral electrica.l circuit alK:d where is Howing 
the constant current J. This circuit is in the XY plane while the cha.rged 
line is along the Z-axis. bc a.nd da are radial segments of current whi1e 
ab and cd are segments of the circu1t alongares of cirde centered on tne 
Z-a.xis. 

( C) and (D): The sarne as figs. 2 a and b seem from a fra.me 
S' which has a velocity v = -vi relative to S. The torque due to the 
poloidal B field should act on the radial sides bc and da. 
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