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On a conjugate orbit of G2 

Lucas M. ChatreJ1) and A. Rigas'-2) 

Introduction 

A study of the topology of the adjoint action orbits of a compact Lie gro11p. 
was done by R. Bott in [B-2]. The orbits are homotopy equivalent lo c n·-
complexes with even dimensional cells. Th dirnension and the number of c<'lls 
is obtained from the infinitesimal diagram of the group. Since all maximí'I.I 1ori 
of a compact Lie group are conjugate, all regular orbits are mutually diffeornur 
phic. For the singular orbits this is not true in general. ln this not<' we e.xih1 an 
example of two singular orbits of the exeptional Lie group G2 with the samf' C<'l l 
decomposition that are not homotopy equivalent. 

ln section two, we projecl one of these two orbits by the exponential map 
onto an orbit of the conjugate action and using the property of triality we show 
that this orbit is a minimal embedding of S6 G2 / SU(3) in G2 , that g<'nerat<>s 
the homotopy group 1r6( G2 ) Zl3. This fact is interesting when compareci to t IH' 

following elementary theorem of Elie Cartan [C-E, p. 77]. 
"If the Lie groups (G.H) forma symetric pair then G/H has a canonical 

embedding in G a.e; a totally geodesic submanifold." 
ln our Pxample. although (G2,SU(3)) is nota symmetric pair, S6 '.:::'. G2/. 1·,-:1) 
inhnits, by submersion from (G2 , Killing), a symmetric metric [B-1]. 

We would like to thank J. Rawnsley and F. E. Burstall for helpfull disrns-
sions and for making available to us thefr unpublished notes [B-R]. The second 
author is greatful to E. Musso and Renato Pedrosa for helpful conversations. 

§1 Distinction of Adjoint orbits 

Let G2 = {A E S0(8), A(xy) = A(x)A(y) Vx,y E Ca JR8}, where Cais the 
algebra of Cayley numbers. The root diagram of the 14 dimensional, compact, 
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simple Lie group G2 is a..-, follows [P]. 

l 1' 1 ' l i •• !' 1 

2cx+ 38 

1 , S+2cx \ 
8 

, . 
1 ' 

a+3a 

We want to look at the Adjoint action (: xAx- 1

) of G
2 

on its Lie algcbra ê 2 • By 
Bott's theorem [B-2], regular orbits are homotopy equivalent to a CW-complex 
with one cell of dimension zero, one of dimension 12. and two cells in each one of 
the dimensions 2, 4. 6, 8 a.nd 10. Singular orbits ha.ve one cell 1n dirnension O: 21 

4, 6, 8 and 10. Let H1 , H2 in ê2 be elements corresponding to roots of different 
norms. If 

we have 

O(H,) 
J(H;) 

- { X H; X - l , X E G2 } . i = l. 2 
·- {xEG2 , xH,=H;x}. i=1. 2 

i = 1, 2 

To exhibit the difference betwe(>n G2 //(H1 ) and G2 /J(H2 ) we will usethe sym-
metric pair (G 2 , S0(4)). An inclusion of S0(4) in G2 is defined by the following ' 
homomorphism of Spin(4) Sp(l) x Sp(l). .a , t , • 

() : Sp(l) x Sp(l)-+ G2 

(~, ry) - o{,q = (:) - (;:) 

where (:) 1s a representation of a Cayley number byi two quaternions with 
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(ª) (e) (ªe -db) • b d := da+ bc definmg the Cayley product [W]. 

Since rank G3- rank SO( 4) = 2, we can get a basis of G2 as follows: 
If b1 , b-i in SO( 4) with 

= [ 
-1 o ~] ' = [ 

o o -~] o o o o 
o o o o 
o o o 1 

then 
i J k e f g h 

l o o o 
J o o 1 o 

B1 = O.(b1) = 
k o -1 o 
e o -] o o 
f 1 o o o 
g o o o o o 
h o o o o 

and 
i J k e f g h 

i o o o 
J o o -1 o 

B2 = B.(b2) = 
k o l o 
e o o o o 
f o o o o 
g o o o o -1 
h o o 1 o 

If (A, B} = ½ trace (ABt) A,B E Ô2, then IIB1112 = IIB2ll2 = 2 and 
(B1 , B2) = -1. 

Therefore (see the infinitesimal diagram) H1 = B1 + B 2 and H2 = B2 - B1 

ar~ elements in distinct singular orbits. 
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Infinitesimal diagram of Ch. 

• H1-orbit 

Both isotropy suhgroups I(Hl) and J(H2 ) are isomorphic to U(2) : . ote 
first. that. dim !( H,-) = •1 i = L 2 (hy orbit dimens10n) ,rnd 
U(2) :::= fJ(S 1 x Sp(l)) Ç J(Hi). C(2) :::= 0(Sp(1) x 8 1 ) Ç /(Il2L wlwr€' 
S1 ={x+1y; :r, yEIR. x 2 +y2=1}ÇS'p(l). 

Thc- concept of in<lex introduced by Dynkyn in [D) anr:I related t.o the homo-
topy group rr3 in [AHS) will r1llow 11s to distinguish between O( H 1 ) and O( f/2 ). 
Let ê 1 be a simple subalgebra of a simple algebra G. There 1s in ê only one 
scalar product, up to homot.hety, such that all automorphisms of ê are orthogo-
nal transformations. Fix the scalar product, denoted by ( , )a, such t.hat if a is 
the la.rgest root then (a, o)a = 2. Define ( , )~ analogously and observe that 
there is a k E JR:+- such that 

Theorem ([D), [AHS]): k as m interger, called the index of G1 10 G and 
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1r3(G/G,) = ~k-

To calculale the índex of /(Ri) and l(H2 ) we note that if 

Sp{l) x {1} 111 G2 ---t 

~' 1 - 81, 1 : (:) H (;b) 
{1} x Sp(l) 112 G2 -

1, T/ - 01.~: (~) (T/;~) 
then 01 (Sp(1) x {l}) Ç J(Hi) and 02 ({1} x Sp(l}) Ç J(H2 ). 

As 0.(b1 + b2 ) = flt and B.(b1 - b2) = H2 we have fl1 E 0.(Sp(l)x{l}), 
H-z E 0. ( { 1 } x S p( 1 ) ) , I I H 1 112 = 2 an d li H 2112 = 6 
(note that li(~+ b2 )1!2 = ll(b1 - 1½)]12 = 2) wich implies that index /(H1) = l 
and index l(H2) = 3, so tha.t 1r3(C'.J(Hi)) = {O} and 1r3(C'.J(H2)) Ç íZ3. 
Remark: These two singular orbits appear also in [S p. 163-164} without. men 
tion of t.heir not. being homotopy equivalent. 

§2. A conjugate orbit 

Now we project by the exponential to conjugate orhits of G1. It. is easy to ::we 
that C'.J( H2) projects on to GdSO(4). the symmetnc totally geodPsic conjugate 
orbit. w1th fiher C ? 1 . To investí~ate the geometry of the other conJugatc orbit , 
let 

A= O:: O , [:;oº] 
o o = 

be in the center of SU(3) anel 1\ = exp(A) is in tbe subspace generatf'd by 
H 2 + 2H1 [P, p. 260]. Th<'refore t.he orbit O(A) = {xAx- 1, x E G2 } is 1.lw 
exponential of the singular orbit O(H 1). By a straightforward caku]ation. we ~cf' 
that SU(3) = /(A) and therdore we have 
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Proposition. The map 

'1/;: S6 Gd SU(3) ---+ G2 

is a generator of the homotopy group 1r6( G2 ) .Z3 . 

Proof. We will use the property of tria.lity [C]: 
"VA E SO(8) 3B,C' E SO(8) such tha.t A(xy) =B(x)C(y), \/x,y E Ca. IR8'' 
( where the products are Cayley muJtiplication). 

Recall that 
Spin(7) := {B E SO(8), A(xy) = B(x)C(y) V x, y E JR8 and A E SO(7)}, is a 
Lie subgroup of SO(8) [W]. 

Thl:' linear transformation g0 (x) = axa o. T E lR8 Jla:112 = 1, is in S0(7), 
because 90 (1) = 1. By a Moufang type identity [T-S-Y] we have 

Therefore !a with .f0 (x) = axa:2 is in Spin(7) and the map 

/ : S7 ---+ Spi,n(7) 
a 1-----¼ Ío. 

generates 1r7Spin(7) '.:::: ~- s.ince o~ 90 generates 1r7S0(7) '.:::: [T-S-Y]. 
[f o E S7 and o 3 = 1 then ú 2 = o and .f0 (xy ) = o-(:ry)o 2 = (axa2 )(a2ya2 ) = 

(axo 2 )(o4 yo. 2

) = (n:ro 2 )(o-xa 2

) = ]0 (:r).fc.,(y); therdore lo E G2- Every unitary 
Cayley number is of the form a = cos(t) + J sin(t), where J is pure imagi-
na.ry and o 3 = 1 if and only if t = 2;. Now, .f restricted to the equator 
S6 = { cos(t) + J sin(tL t = 2;} defines a map 

!1: s6 -t G2 
O: >---t Ía 

Let e 7 Ç S 7 be a seven-dimentional cell defined by 
e7 = { cos(t) + J sin(t), 2t :S t :S 11'}. _ 
It follows easily that the restriction f of f to e 7 1s injetive and as 
8e7 = S6 , llae1 = /1. By the well know fibration 
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(1) 
1, • 

we have 7r o J: e7 ---+ S 7 , .,.. o l: e7 - Ôe1 ---+ S 7 - {(1, o, ... ,O)} is bijctive. 
7r o!( Ôe1) = (1, o, .... O) and •:the.refo .,.. o l-.: ( d, 8e1) --+ S 7 is a generator of 

7 l l ... \ 1r1(S ) ~-
As ,r o f : S 7 -+ S7 is a map of d gree 3 and ,r6(Spín(7)) = {O}, by the cxact 
homotopy sequence of ( 1 ), we have 

A 

~ 
1r1(Spin(7), G2) 

i) 1r.([l}) = [3], t.hcrefore 1r6(G'2) = ~3 

â 

ii) ~(1) = [l]. therefore / 1 : S6 -+ G2 1 not homotopicaly tri\'ial and c;o it is ;i 

generator of ,r 6 ( G2). 

Remark: i) was proved by Mimura in [M] usjng the fac t.hat 1r6 (S3 ) - ~ 1~. 

The above approach furnishes also an elementary proof that ,r6(SU(4)) ~f and 
that 1r6(S3 ) = bj12 • using the exact homotopy ladder of the principal fibrat1ons 
over S 7 with total spaces Spin(5). Spin(6) and Spin(7) (íY]). 

It remai ns lo prove that the image of / 1 is the conjuga te orhi1 IÍ' of :\: 
Observe that if t = 2; an<l a= cos(I) + isin(t) then / 0 (i) = i and Ih< n·for<' 

!o E SU(3) G2. , 
\Ve claim t,hat / 0 = A and for this we mu t show that f 0 A = Af0 for ,ali A in 
•. U(3): AJ0 (x) = A(a:ro 2 ) = A(a) A(x) A2(o) = o A(x) a 2 = / 0 (A(x)). sinre 
A(n) = o by the fact that A(i) = 1. 

ow, we have that for · B in G2 BAB-1 = Bf0 B- 1(x) = B(aB- 1(x)o2 ) = 
B(a)xB2 (a) - /B(o)(x), therefore / 1(. 6) Ç tt,(<;'6). s f 1 and 'IJJ are emb('ddin ,; 
the ' two sets are equal. • • 1 r. 

By the Cartan polyhedron of G2 we hav tbat O( A) is an isolatéd ' órbi t and 

.,. , •' irn• ._. . . ,I fP 
, t 1 <, ' 1 i ,' .. t 

7 



therefore a minimal subma.nifold [H-L]. 
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