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Abortr!K!1.. Le1' R be a c:umD111tati'"" ri"! oritll 2 beiq • 11ni1. ia 1t. We gn,e a ann]llete 
description of all cydic quanic enetllli°"" of R having 1. •onnaJ baois W,:: a,1.., gíve 1. 

d...aiptio,, aí lhe glffllp N8(1E/4Z ,R) of ali d11e R{Z/4-Z}-u,omarphism d- of theie 
cyclic quutic ~siomi of R. 

Introduction 

Thro11ghout this paper R is a. wm:mutúive ring with 2 bei:ng a llllit in R. By a 
cychc quartic extension A of R we roean a com.m.utative Galois extenBion of R in the 
sense oí [l] w-ith a. cyclic Galois gronp (o) generated by a.n R-automorphlsm o of A 
whose OTder is 4. Such a.n A is a.n R[(o)}-module in a na.tura.l way a.nd we say thal 
A has a n01TTlal 008is or;,er R if A is a free RI( o ))- module of rank 1. The purpose of 
thís paper i& to study cyclic qllartic extensiOIUI of R wbich have normal basis. 

For a.ny commutative ring T we will denote by Tª the multiplica.tive group of 
a.li the units of T and by 'r2 the subgroup of the aq-ua;res of the elements of r 

Let S = R(X]/(X2 + 1) = R[11 , where i denotes tbe coset of X modulo (X1 + 1 ). 
ln §1 we constrn.ct ÍOT evecy pair ( u, 11) E R" X s• a. cyclic quartic extension A,.,., of R 
which has a normal basis a.nd, convenely, we show tha.t any cyclic qua.rtic e:xteusion of 
R which h.aa a. normaJ ba.sis is ÍIIOlllorph.ic to one exten_gjon of this type. We a.lso prove 
that nnder certain coaditions A.,., is isomorphic to the R- algebr. R[Z]/{V + bZ2 + e) 
for some b, e E K" with c(b2 - 4c} E R•2 . ln particular, ali cycl.ic quartic extensions 
of R can he described by this wa.y when R is an LG-ring [2] s:m:.h tha.t IR/PI > 5 

This ,-,arcl, waa pan;i.U1 npponed by CNPq, FAPERGS, FAPESP -.d FIMEP (Brail) . 
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for <-very ma..-cimaJ ideal 1' of R.. We al,;o eetabli$li tondiliOM for A.... tõbe ether a 
fi<-ld. a. connected rirtg. a. locaJ riog or a11, in~a.1 doma.il'l, 

Jn §2, as IUI a.ppliutron of tbe ma.in re«uJts of §1, 1"! that lhe gro.p 
NB(1l/41l,R) of all the R(Z/4Z]-i110morph.ism dasses o{ cyclic qurtic ~s of 
R h.iving a. nonnal basis ÍII ismoorplúc to a quotie:nt of'tbe group Ir x S-. 

Thro11gbout tlús pa.per a cyclic quartic extensioo A of R witli. Gu:iis gJOIIP (o-) 
will be denoted by (A,o-). Una.dom«! ® will nreall ®R• 

1. The structure of a cyclic quartic extension with normal 
basis 

The R-a.lgebn. S = R[X]/(X2 + l) = Rfi], where i;:: X+ (X2 + l), is a. {Galois) 
qua<lratic extemrion of R with Galois grollp generated by the obvioas R-automorphism. 
We ,,,.;)I denote by 1\" the nonn mapping from S lo R. i.e., N(ro + r,i) = r& + ~. 

Let (11,11) E lt' X S- , "'b~ tt = ro + r 1i. We pu1 a= N(v) E /t' and D.= 
R[X]/(X1 -c) = R(:r], where :r = X +(X1 -a). Denote by M = Reo@Rei a freeR-
module of rank 2 witb a basis {eo, ed over R and set A..,.= D. e M as R-moonle. 
Hence, A..,., is a free R~module of raok 4 with a basis {l, :r, eo, e1} ove:r R. h is 
easy to ched: that tbe following- relations define 011 A..,,. a.n stntctve of oommutiltn'e 
R- algebn.: 

Ahio, the ma.ppilllg p : A.,.-+ A.,. defui«I by PIR:: itf, p(.:r} - -.:r, Mll!'tl) = ei and 
p(e1) = -eo is a(~~) R-~ra a11tomorphmn of A..,., wtic- °"der is•-

~ma 1.1. (A...,.,) is a cydie qwartic extensioo of R whlch h• a -aJ basa;. 

P:rooí. From the above definitions it trivially foDOWli that the fixed sabri:ng A!,. = 
{t E A.,~ : p(t) = t} equals R. Now, let o= 4-1 (1 + .:r + eo - ei) anti a; = p'(o), O :5 
1 :S 3. Clea.rly {a; : O i :5 3} is a non:aal basi1 of A..,., over R ud tbe follOllring 
relations hold: 

0o+-01 +02 +O:,= 1, (Qo +02)- (01 + a-:i) = z aud 
(aa-~d + (a, - "'3)2 : T 1(~ + = 11 

Tbe ddenniunt oí the circulant matrix m(a) = (pi-'(a)), O :S i, j :5 3, is 
det(m(o)) = [(0o+a-1)2-(o1 +o:i)~ [(00-02)2+(01-as)~ = .:ru E A;,.. Beuce, m(a) 
is in-wrtible and [m(a}J-1 is amo circuJant, say [m(a)J-1 = (.B,-;( .... u)), O 5 i,j :S 3. 
TI111s, we get r::'!..of"(o,)P; = 6o.,. The proof is wmplete by ((l], TbeoJ"e'JII 1.3.b)). 
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Befote proring the ue,:t theoreln wie ft:Call th&t tw.. CDMlliUtatnie ring o:tensions 
(A.ir} and (B, r) of R with faed R-;uitomorphimn e, ud r, respec:tively, are iao-
-,Aic ífthere msts •n R-a.lg,ebra illOfflOrJ>hÍSID 'I': A - B mch tba1 ,pou = TO<p. 

NO'III - ha'Vle tJie main rernlt of tllis IIN!Ctioa. 

neorem. 1.2. Let (A.o-) be a commaiathil! riug of R with an 
R-antomoJ?h.ism tr a( A. Then, (A,..,.) is a c:yclic quartic ertemion of R having 
a. nonnal l:>uis if a.nd only if (A,D') is isomorpbic to (A..,.,p) foT SOIIIB ( 11, v) E R" x s·. 

Proof. Let (A,e) be a cydic. quartic. extension af R and 1e\ D be Ure fixed subTing 
A'' of A. Then, by tbe results in [l] it foll""'11 that A is a quadratic extension 
of D witn Galois groo1> (a1 ), D is a quadratic extension of R witb Galois group 
(ulo), D = R Ell X(D) as R-modules and A= D Ell X(A) as D-modules. where 
X(D) = {l E D: a{t) = -t} and X(A} = {t E A: r(t) = -t}. 

Now, suppose that {a. = u'(o) : O i 3} is a normal basis of A 0\-·er R. 
Then, by Proposition 3.1 of[4], det(a'+i(o)) = -1(00+02)2 - (01 + a3)2][(ao- 02)2 + 
( t>1 - 03 )2] E A.. We a.lso may assume tbat n; = l. 

By setting x = (ao+ 01) - (01 + 03), z 2 = a, eo = (ao - a:i) + (a1 - 03) and 
e1 = c,(e0) weeasily get a E R", X(D) = Rz, D= R{z]:::: R[X]/(.x2-a) andX(-4.) = 
Reot&Rei. AlMi,since c,(x) = -:., tr2(zeo) = -:reo, r(eã) = ~. ul(eoe,) = eoe1 a.nd 
u(enei) = -eoe1 , it follows that xeo E X(A), eã E D and eae1 E X(D). From these 
contfitions, by 115mg the reiatioos cseo = :r(:i:eo), a,~= (x-eo~ and z(eoe1) = (ze0)e1, 
we get unique elemeots ro, r1 E R and u E R:' suc.h that 

zeo = TIA)+ 7'1e1, .2'~] = -c,(zeo) = r1eo - ,-geh 
4 :;:: + 11 = N(t1), for t> = "o+,-1• E S-, 
ea = u(l + a-1,-0:r:), ef =o{~)= 11(1- •-1,-u,r) and 
eoe1 = a-1 ar1x. 

Therefore, (A, a) i9 dearly i90morp1úc m tJII! eydic (A,,,,, p) 
o( .R. 

Tbe com-ene bolds by Lemma 1.1. 

Remark 1.3. lt is clea1 that the paiT (u,11) E R:' X S- ron&trockd in the abo~ the-
orem depends on the e.boice of the normal baiiis. Also, the paiT wbich corresponds to 
(~p) defined in Lemma 1.1 with resp«t to the basis gi'\len Í1I the lemma. is clearly 
( ., t, ). 

From naw 011 we wi1I keep tbe :abtwe. DOQlions. H (A,e) and a normal basis 
{a. = t1'(0) : O i 3} of A ,-, R 1111th 'E::0 a; = l are given, the bllllis 
{ 1, :r:, eo, e1 } ae OO!letnu:ted in tbe aboft theoreut will be c:alled lhe cnncmiml buaia 
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aa«:iatd ritA (A, CJ, a). 

Propoaitioa 1.4. A.,., = R(t0J ií and only if ror1 € r. Monm-er, j11 this case 
4 = 2~ - and p(eo) = t(rori)-1(~ +•~ -~cz<ror1ur1 (i, where E E R" 
is some of t• equation r = 1. 

Proof. From tbe equatiou l!Uled in lhe beginninp; of llns° 8eelit111 it tri"rially folloln 
lhat 

4 = 2~ - •-1 (r1u)2 

2,a-•,.ouz = - e~ = (l!<I - p(e.o))(eo - p3(eo)) .md 
44-lT1az = 4~1 = (eo-pl(eo))(p(eo-p2(eo))). 

0n the otbei- hand, by (l<l). Corolla.ry 2.2) A...,.= R[eo! if a.nd mat:df (eo-P;(eo)) E 
A;,., fm 1 , 3. Then lhe linit pari. follows siDC'l! 2, 11., a and :r: an units in A.,.,. 

Also, since A..,. j11 a q11aàratic ateBsiO!I of D. = A{. wiüi Galois grwp {p2 ), 

if 1"1 E R" we similarly get A..,. = D.feo] = D. ED D.eo. 
No-w, assume ror1 E R:. Smce p(eo) = E .X(A..,.) = D0 ro, tàeft emu 

,l E D. suc:h that p(eo) = dee. MoTI!!Cff'er, bom = s(l +-.-1~) and i,l(eo) = --eo 
- easily get dp(d) = -1 anil 4'2(1 + .-1ri,:i:) = 1 - •-1roz:. ht , -;; do+ tl1%, wiih 
4, fl1 E R.. Then, "nha.e 4-4ci = -1, ~+dod1r0 = O aad .qro+clod1 = o. lf 'P is 
a maximal ideal of R a.nd da E P, lha •1 E 'P ud eo -1 E P. c-illstly, ào ui• 
w:nU in R aod it follmn ,11 = -"8rõ1 ud "8 = erer11 where E E li:" satisfies t:2 = 1. 
nu p(eo) = ri"1E(-ro - r)ee. From = •(1 + .-•ro:r:) - g,et z = •<ro•)-1(4- •l 
ud h- p(eo) = E(ror1)-1(~ + •)eu- ~. whic:h th<e proo{. 

A sligbt refomr-.Jatim aC t1te propwitíon gi"ftlS che foDowiag ia1aa1tiwg 

CerollM"Y 1.5. H ror1 E Ir' ti- tlitftexiat b, e€ Jr' nchtltat~--k) E K4 .-d 
A... R(Z]/(Z" + bz2 +e)= R[z], when z = Z + (zt' + bZ2 + e). Mor-r, udf!I' 
llus jsomorpbism tlie .R-aatomurphiam p of A.,. un:tespouds to the R-aat(IIJIJOrphism 
(T of R[z) gi- by u(z) = Ã-1 (112 - 2.c)z+ ,\-1bz3. wbere ,\€Ir' is eome t1oh1tffln of 
tàe eqHtion Ã2 = c(6i - 4c). 

P...,f. li itl f!llOUgll to Wfflll! (ia P'Topmmoa 1.4) -2- = l ad •-'(r-i•)2 = e ll!ld àl 
oomider- the- mapping eo ,_ z from A., .. to Rf.iJ. 

Tlle fono-iag propositio11 gives the COD- of Corou..,. 1.5. 



Proposi1.ion 1-•· Suppose tha.t •• e E R and A= RfZ}/(Z" +6.Z'I +e} e R{z), •heft 
z = Z + (zt + l>Z2 + e). If li, e E K" and c(tl - 4<:) E R·2 , theo A i• a eytlk qmu-iic 
extension o{ R with Galois gn,up gener-ated by t1 : z...., .>.-1(62 -2c)z+ ,l.-16r, where 
À E /t" íu, solution o( the ~uation .>.1 = c(6'-4c). Farthermore. À haa &.normal ba.sis 
- R a.nd (A, o-) is HiOll'IOl'J)hlc to (A,.,, p) wtth 11-= -2-1t and • = ~)-1>. - -i . 

Proo[. Let >. E K" a aolntion oí the eqntion .>.2 = c(b' - .fc) and put t = 
.>.- 1 (62 

- 2c)z + l.- 1 b= 3 E A. We ca.n easily chedt th&t = -(b + z2
) and 

t4+bt2 +c = O. From this it folJows that a defined by o-IR= id 11.Dd a(z) =tis a (wcll--
deiined) R- &lgebra bomoroorpbism of A. Then, u-2 (z) = .>.-1(b2 - 2c + bo(z2))a(z) = 
-l.-'(2c + h 2 )(b2 - 2c + b~)z = -.\-i(b2 - 4c)ci- = -z. Thereforoe, u-4 = id a.nd so t1 
ifi a.n R-antomorph.ism of order 4. Also, by using112{z) = -z and O'(~) = -(b + z2) 
we ea.sily see tha.t the fix-ed S1J bring Â 6 equals R. 

Put y = -.\-1b~=2 + 2- 1 b), /o = Z and Íi :::: o{z). It ron- that _fo - n = 
-2>.b- 1y, y2 = (4c)-1b2 a.nd IUf = e. Hence, (/o-o{/o))(/o-o-2(Jo))(/o-a3(Jo)) E 
A•. Then, .(A, u-) is a cyclic qua.rtic extension af R by ([lj, Tbeorem l.3 (f)). 

Finally, since {l, '!1, /o, /i} iB a ha.sis of A orer R we ge'i a. .normal b&sis by 
writing a= -4-1(1 + g + lo - li) and ronsideri•g {a'(a): O :Si :S 3}. The lut daim 
is immedia.te. 

ln~ thl!ft aist cyclic quank steasions (A, o-) of R bving non,tal bama 
ndt th&t for a.ny representaüon (A, 11) (A..,,,p) the corttllpODdiJlg 11 = ro + r1i 
aaiislies ror1 f_ Ir'. Take, for erample, R = E11 OI" E1, A = R x R x R x R and u the 
cyclic shilt, where F,. denotes the fui.i~ Jield with p eleJnents. 

Nevertbeless, t~ is an interesting tal!le in which - e&n •-YB get a. repRSell-
tation of the type given in Proposition 1.6. Foüowmg [2] R Íll called u. LG-ring il 
whenever a. polynomial / E R(Xi, ... ,X,.] represe,_its a unit o_. R,., for eYer"Y max• 
imaJ ideal "P of R, then / reprmenta a mút - R. LG-~ include semiloc:al 
rings or, more ~y, riDgB which ;ue YOn Neumaan J'!!gUlar modulo dreiJ" Ja,:obson 
radical. 

CoroDary 1. 7. ÀBlnlme tha.t R is an LG~ "uch tba.t lR/1'1 > 5, for "f!!rY m.amn&l. 
jdeal P of R. Then every eyclic qua,tic enension of R is a[ tbe type described in 
-Proposition 1.6. 

Prooí . . S-moe R is an LG-riag, _.,- qclic qaartic exteaâm (A, o-) af. R baa a JIOt· 
mal basiB ([4), Thecm!m 3.2). Thas, giftll a .normal basis {o. = u-'(a) : O $ i :5 3} o! 
A CJYer R, with D:a o.;= 1, let. {l, z, eo, e1} be the ca.nOJÚcal baai. -.ciated lrith 
( A, t1, a) and ( 11., 11) E Ir' X S" ih wtH11pandhlg pair, li = ro + rt•• 

AIISUD1e r11r1 f Ir'. We show is alwaya pt:!Nible to obtain a.nothl!I' ca.nonial bu.is 
{l, y, /o, ft} of A mo!!r R for wlrich y/o = 6GÍú + ~1/i, witb 6o-t1 E R". Tbis fact 
compleiee the proot 
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For. taa J = z, /e = + "1ei. aad h = o(Je) = -~ ... ~" 
1lrMft ~,..\, E R. 1'he 81!t il,J,/o,Ji} is a 1-is oí A O'l'ef R if a.11d oely íf 

À= + ..\f = M ( -~) E R:'. MOr'elffl!r, ÍII thn cue {1, J, J., /i} is tM 

canonical basis a:ssoci:ded with (A, o, /J), wheft {J =· 4-l(l + J + /'li - M Al-,. 
- C'all cheà that rio= ao/o+ •1/1 ,rith -'O= >.-1yro(~ - Àn + 2F,.\o>.1l a.nd -'] = 
..\-1(r1(>.i-..\n- 2r~A,]. So. in order to get ounim it .mffioes to verify that tbe poly-
nomial /=(X&+ X?)[ .. o(XJ- .t})+ 2r1XoX1lfr1(Xi - \'})- 2ro.-\oX.J E R(Xa-X1} 
?'E'presents a unit over R1>, for f'Ve!'}' m .. 'timal ideal 1' or· B.. Since r : ro + r1i E S--
a.nd IR/PI > 5. we ha-ee / "t O (mod PR!Xo,X1ll for svch a P ad tbe ren.ll 1!35111 
follffln.. 

ln the rest of this secti011 - -.nll deal witb the ronditiolla b a cydic qllal'tk 
enension of R bavin-g a normal basis to be a freld (resp. a oun~ ring. a Joc-al ring. 
an integral domain). Firstly, - need tbe following 

.Lemma 1.8. Assume tha.t R is a 001U1ected ring and let (A..,c1) be a cyclic qnartic 
Btension of R. Then.. A"2 ::, R X R ií a:nd only if msts a. (Galois) qtradmic 
enension D of R mch that A D x D. 

Prooí. Suppose tha.t A"'~ R x R. We may õiSS1llM Ar= R x R = &1 &1, witl 
é1 = ( 1.0) and E2 = (O, 1), and a(E1) = t:2. Then., A= Aé1 8, AE2, ai.vi : k1:::;k2 
and a21Ac, : Â!1:::;Áé1. It Íll uot ilifficult to see that D= k 1 is a qaa.dratic ~&ic,a 
of k1 R, with tbe Ga.lois gronp ( a2 ). 

For tlM! c:on-wemay also&BSUme A= DxD. Smce D isa(Galois)qaadntic 
ertension of R let T denotes tlM! g>l!Derator of the corresponding Galois group of D. 

Firstly, we show tba.t D is either a. co11nect.ed ring or D z R x R. Suppoee tbat 
D is not connected. Thus, D = Dei EBD!1 wbere !J and E2 are non-z:ero idempotents 
of D such tbat Et + e2 = 1. Since R is connected ii easily íollows tha.t r(Ei) = f2 and 
consequently R z RE1 ::::: &2. Furthennore, DE, i.6 a. Ga.loil; extension of &, , = 1.2, 
by ([5], Proposition 1.3). Also. D ia a projective R-modnle of ran.k 2, 90 each Df.; is a 
projective Rl;-module of rank. 1. Cousequently, it follows from ([l]. Lemma. 1.6) tha.t 
De, = RE,, i = 1.2. Then, D= De, ai De2 = Ju:1 $ RE~ z R x R. 

Now. if D~ R x R then A= RE1 Ell &2 Ell Rt:3 EB &,., wbere E1. E-z, t:3 and !4 
- minimal ideml'Olents oí A, and a is a cyclic pemroWion ( of ordt!I" 4) of them. ln 
this case we have A"' z R x R. If D is oonned.ed, the mque idempotents oí A are 
O= (0,0), 1 = (1, 1), E1 = (1,0) and t2 = (O, 1). So, A= DE1 0l De1 and c1 ia deter-
mined by '71D, O'(t:1) a.nd c,(e,). Sintt ofo: D .... A is a.n R-algebn bomomorphism, 
there e:rists an idempotent é E A auc.h that ofo = ,:id + (1- c)-r ([l], Theorem 3.1). 
We haw tr(E1) = E2, t7(o) = Et and either afo = t:1id + é7T or afo e: e,id + t1r, 
because in tbe other cases ._ goet cr = id, a rontnidiction. Now, it easi\y follmo1 that 



Y .:! R x R, wh.ich completes die pmof. 

Co"°Hary 1.1. IAt (A, o-) be • cyclic q11artic extension of R. l'Mn, A is a a>nnected 
ring (resp. a -field, a loc&I ring) ií an.d only if A""" is a amnected ring (n!Sp. a field , a 
local ring). 

Proof. A111mme th&t A je not connected and D = A.,.• ii; tnllDected . Sínce A is a 
(Galois) quadr&tic extension of D, by similar arguments to lhO&e used in the proof 
oí ihe preceding Jemma we get A D x D. Thus, D = A.,:, R x R which is a 
con tradiction. 

[f A' is a. field, then A & oonnected qudratic extellsion of a :field a.nd so A 
is a; lield. 

Fina.lly, if A,.:, is a local ring, tben R is alSCl a local ring. H 'P is the maximal 
ideal of R., a straightforwa.rd argument (reduction module P) assures 11s that A is a 
local ring with 1na.,dma.l ideal PA. 

The converses are obvious. 

Tbe proof of the following ooroílary is easy a.ad it will be omitted here. 

Corollary 1.1 O. Let ( 11, ") E Jr x S-, with N(") = a_ The.o., 
(i) A.,v is a coonected. ring if a.nd only if R is 11. oounected ring a.nd a r/ R"1 . 
(ii) A.,. is a field if and only if R is a field ~d a'/ Jr2 . 

(iii) A,.,v is a. local ring if and on}y if R is a local riag witll. maximal ideal 'P 
aad 111 + P f/. (R/P)62• 

(iv) A,.,., is ao integral domam if ud .,.Jy if R ia aa mtegnil domam a.nd III f/. F"2 , 

•here F is the field of:fractions of R. 

2. The group NB(:lZ/47.l, R) 

We denote by NB(:?L/471:, R) tbe set of ali R{Z/42Z)-isomorphism classes [A, u) 
of cyclic quartic exten.sions of R having normal basis. On NB(:?L/47.t , R) we define 
tbe 11611al operation •: 

(A, 11] • [B, r] =((A® B)"-•..-,u ® id]. 

Clearly, ((A ® B).,.-,..,., 11 0 id) is a cydic quartic atension of R. Also, if {o. = 
o-;(a): O i ::;; 3} a.nd {8; = r'(/j) : O 5 i ::;; 3} are normal bues oí A aod B over R, 
respectively, theo {l, = ( O"' ® íd)( 7) : O .S i 5 3} is a l!Offllal basia of (A® B)" -• 8-T over 
R, for 7 = rJ=0 .,.-•(o)® Ti(/J). Jt is .k.nown that • endows .NB(7L/42Z,R) witb an 
ahelfa.n group stnu:tuTe. ActuaJly, NB(2Z/41l,, R) Í.!I a mbgroup of the Ha.rrieon group 
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T(Z/4Z,R) [31 ofthe R{Z/4.Z]-i'!IOmOrphi11111 cl-afcydic qavtk ~eru,ions o( 
R. 

TlH! purpoec aí lhn .aioli is to gr,e a~ o( NB{Z/4Z,R) b, using 
-1ta oMai1led na tbe fonMS IIK\ion. 

We begin tbis with the fallowiag 

Lemma 2.L Ld (A, t1) ud (B, r) be i!IO!IIOl'pfãc qcartk ~• Cif R.. 
Let {o, = u'{Q!) : O :$ i f 3) a.nd {ti; = r'(.8) : O S i :$ 3} IM! normal baees of 
A and B R, respecti9ely, and assmm th.ai r;=O... o.; = 'f::1-=0 /1; = l. If ( w, v) 
and (1&i. 111) are t~ corresponding pairs in Ir' x S'" obtained a11 in Theorem 1..2 for 
(A, a, o,) a.nd (B, r, /1), resp«ti'Wcly, tlten tbe~ mst >. E K' aad 111 € S" snch tbat 
(•1,t1i) = (N{•), ).ur2)(-,v). 

Prooí. 
We may a.11sume (B, -r) = (A, a). TheD there e:ist À, E R., O :$ i 5 3, sud tha.t 
/31 = I:3...ol.-;1.-.M)O .. for O :S j 5 3. So. = [(.\o+ ),-i)' - (>.1 + l.3)1] 
[(Ão - Ã2)2 + (À1 - À3)l] E K' . Also, from ~=Oa; = í:!.,,.8, = 1 we get 
I:3-=0 À; = 1. Bence, µ, = (.\o+ ,,\.,_) - (l.1 + Â3) = (lo+ >.l)2 - (.\-i + >.3)2 E R:-
ad 1D = (Ào-À1)-(>.1- >.3)i E s-. P11t ,\ = µ.V-(111)-1. 

Slll>ll~ tha.t {I, %, eo, ti} and {l, !1, /o, /i} an! tbe c:a.nonical bases asi;oàa.ted 
wilh (A, a, cr) and (A, ti, li), rspectively. Then .-e ba.~ the folla.ring equations: 

z =(CIG+ a-z}- (OJ + 03), 11 = (.lJo + />i)-(/J1 - /l;J) 
= (oio- ~) + (o-i - 0,3}, /o= (A, - /J,) + (/j,J - /J3) 
= ,~+ ,.~, p/o = 3olo + •i/1, 

~=u(l+11-lro:r) and /J=•1(1+,-1.,e,) 

where I! = TI)+ rii, tti = ao+ ati, N(u) = li. aad 1V{"1) = b. By replacmg here 
/J, = >.,-i(-U}'li, O :S j 3, we easily get 

ao= µN(ro)-1(((~-À1)2 - (À1 - ..\3l)ro+ 2(..\o-l2)(À1 -Á3)r1J, 
a,= µN(_,)-11((>.o - >.,)2 - (..\1 - .l.3)2)r1 -2(.Xo- >-2)(>.1 - .\3)ro] and 
lil = N(w)u. 

Therefore, ("1,tti) = (N(10)a, 11N(m)-1 w211) = (N(m),..\w')(u.11) . The proofia com• 
plete. 

Let W(Fr',S-) = {(N(s),..\w'): À E li:", lll E S-}. Clearly, W(/1:",S-) is~ nb-
group of R• x S" a.nd - denote by W( R, S) the q110tient group K'" x S- /W( Jr, S-). 
AD element of W(R,S) will be denoied by {1.1,11], !or (11.,11) E li:" x S". The following 
lemma gi.Yell some ~tary properties of W(R,S). 
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1.aama 2.2.. 
fi) fv.. •r = !1.11. for an fa.•f€ Wl'R,S) . 
fii) Ir -1 e K"' lhe. K1R.S) l("//r4 . 
{iií) W( R.S) is criyjaJ ;f ud OA.Y if Ir" = r• . 
fiv} WI' .R..S) .. ~li jf U4 _,, if r 1 "" N(.S, r . 
(.,) W( R. S) ha.f expo,re111 if ud <>lliy if 1(-1 Ç /H S') 

1"-roo(. (i ) For í • . r- r E Ir,.- S- tab r = , V(11).- 1~- 1 E S- ......t À= N(ti )- 3,, 4 -" R" 
~ - ..... h;a ..... 111. r-r = i••- r'l = fN(w,~1- À.-1~•1 = p. 11. 

(iil Asaam~ that -l = ( 1 E X-1 ud li-\ lo': K" - W(R.,S} be te mapping 
4efi~ by r,-,( A l = fl. ">-/, .-iien- ..,, = r 1 (1 + ..1) + z- 1ç(1 - À )i , for .l e Jr Clearlr 
,p ma çoup homomorphiirm 

We sho-,. d1at keJ"\.'" = r4. .la fart. if .1 E lcery:, du~11 /1. S>./ = (1. II and 
tben <'xist JJ E K" and -, E S- mcil that •, = µ.- 1 =d N/•) = 1. Con~ 
qventl y. -. .. ba~ .1 = Nh, J = pl NI .,)2 = p.1 .i.nd 11>• = 11 : =· !'i..-• = .li a,' 
Consider t~ R- ~br.. l:tomomOi'J}~ I : S - R gJYl!!n by H(i) = Ç. Thas we 
han >- 2 = r 1 r1 + ). 1) + T 1Ç/l - ,1:~ = 8!•1•) :::: 8(.l•4 ) = A'(•J\ wfúàt irn• 
plies .1 = E r4 . C.0-~. if À= 1' 4 E r . tbe fl . 11J. ] = [l , µ- 1 11,] = 
!l, ,,-~'O,,,, ) = !l,fl' - 1 11.,>~21 = fl. 1). nce .N{l'- 1 •.,>) = 1. So., À E llenp. 

Fina.íly. ~- í•-•l E WfR..S}, pat À = w29(r1)N(•}- 1 E K". p. "' 
11:l9(11 )N(o l-1 ll" ;u,cl r = ~w-• = Z- 1{1 + •-•) - 2- 1((] - •- 1)á E S' . Theu 

ha~ x110) = ,-1 , •1 = --18f•)R<•1-•r;._, ;1 11 = aad ~).J = f1,.,ll-= 
jJf(l[l)u..,µrrl = !-.wj. n- 'f Íf RUjo,côw., lllffl ia~.~ n.--phism 
Ir rr~=wf R.S). 

(íii) Ass.JB! tltct WfR..S) = {fl, 11}. n-, for__, • E Ir', (h,""11) E W{R.S) 
md: M> th- UH\ ..1 E ir and .- E S' ..c.a tb.t N(wJ = 2'11 Mel A.-2 = i . If 
"' = "'° + PJ i - -ay "' .ud he.tt 2• = ~ - ri.- • = pf, € r 2 ud so 
Ir = li2 . T~ am"l!l"9e fol.lo,,n; trrrially from (ii). 

(iv) Assam. tlw K"1 = S(.S-\ .R". Lel j11,0J E WfR.,S) with r = ro t ,-1; 
anda= .Vlv\ = µ~E Jr'l _ Tah ,1 = .l,,i-l E[{" ud S = rri) E s· . 
Then N(111) = •-l -i-..-~iy !11. •)2 = /.-'. tr'j = fl\'fw)s2 . = {l. lJ. The 
ilSM'Tt.lOn foDOW!! from {in 1 

Conv~y. sup~ ,JJ..i W( R.. Sl b""' .-::q,ouent 2. LPt r = ro + r1• E S- wiü 
.V(11) = a .a..nQ ). = :.::- 1.-l E K" ud w:, =- (ro + rd + (ro - r,)i E S. Thns 
N(ml = 2a E .Ir (a, ., E S-) aad fl. 1): /1. r,f = !l, tr'l] = (N(•), l.,-l~ = (24. •1 
Following tbe - ...,. • ;11 (iü) ._ a E Jr2 . Thn cbriously gr,.. ,V(S-) = 
,r-2 Jt". 

(v} h is• tri..-RJ cwwwq 41 aí(i}, /iiil -.1 fi•). 

Fbr aay c,-dic eutsàca (A..,.) ai L, riid lia a -..i ..., diook 
- of nc:h bmm f a; = .r(a) : O i 3} of A - .R. witJi I!,.o; = l. 
l,y ( ....... "")IM ClhitspMdi.g,,.. ill r X~ obtaiaed ,_ (A, d, a) .. ...n,. We 

li 



-'- • KB{Z/4%.Jl)- ~Jl.S) 1'! «(A . .,-J) = f•,.iqj. Thi• ia a~ 
-ll1'Ílll 1,y 2..l. l'ow nn tlrie am 1-II .C Uni ll!d"ioL 

PT'O(f(. We Ílrrtl7 mo. tblLI. • ia "'- .s:r-1 --~ G- tA,.,.'\. f..B,tj E 
,YB(Z/4:Z..R.), la,= a"(o,): O$ i $ J} .a.n<i {,8, = r'(d): & Si$ l} aarmal 
-- a( Á .and B """' A. r~v. wit1-. ....... ;= ~~.8. = L. So. b, = (,,. ® 
wl){7): O$ i $ l} •id,. 1 =- ~"'111 ,-•ta)@,-.(i')n u«nw bun o( C = (A.®B'f_, '°' 
O'll'!l' R a.ad ~-, '); = 1. Cmuiider {1, Jt, 4,~, l, {l, ,, /0 , /i} ll-Jld {l, .1., g,,,, fl} tM 
c:a.1K11lÍc:al b- anociat~ wtth (A..". G}. ( B, T. /J) ... rc. , "· 'f}, l"e!Jp«trffl.J. 
Lfi (aA,11,t), Í•B,11B) qd (11(;",W,Ç) tk ~QJ~ pain 111 Jr X S- . B, diN!d 
C0111Jr1lta:ti<,,r,. -usily - tl\ai : = z®J, fll = Z-'lei,®(/0-/1}-'-1®(/a+ /dl, .-C- = 
•Aue ud. 1ç::: Í,,4115. 11nm, ~\A. . .,-J • (B,rl) = ll(fC . .,.@i-d]) = !11e,ncl == 
i•Ã•11,-11A11BJ-=- l-a.4, i 114Jl•B· i v11\ = ~l..4 • .,-j)fl(JB . ri). 
. 0-Cry, -t, IS ntjec\m.'!IÍ~ -'IA.__...,.,!)=- f•.tj f« _,, [a.-! E )'l(Jl.S) 
fbman. L.1}-

Ym~J. 1ft 1bow tbar. é utj@cl,i~ t.-.i. {A. a! E k« •· 'nr. 
)a..,s•Al = (1, 1) .md e:m1. l. E 1t' .c1 • e s- ,-:1,. tlla1. l'fl•t-.. = 1 
m l.~-._. = -i. Pn • = ,-. +,..,-i -4 del'me = -4-1(1 + .l.~(•}+ ~,. À\= 
r'(l - LVi•) - 2.,..,}, -\1 = •C 1

(1 + .lN(w) - 2,-.) ;a.a;il l.:-i = -r'(l - ~\'Ili}+ 2,t,.~ 
n-. I!.,.,1,; = l. s = ()-.-ht}~(J.,-l-,)i ad .\lf(•l=(~+"')-{Àl+-¼l E K". 
1f foOowl that tbe c:iT"1:..n1. m.a.lri.x (.l.~--o), o $ i, J $ l. • iim:rtíl. a.d i1 al--
~•te~ qoilter b.m {A"' ~(.8): $ i l} o<. ..4 (1111"11![" R trit.b 
L!,.p. = l, ..-bll!ft p = L!..c,Á;G.,. ~U-,. ;;i,,par(9\.9!li'•ob~ ia ll"xS-
fmm(A, tJ, /J) . N°"'. tb,qrroa(of\.emm.a. 2.1 y._ n(at,11\) = (N(w)..\._:i'i•A••.tl"" 
(1,-i}. tbe ~ng 1-it {1, ,. /e. /1} wit.b 
(A.. -o-. .9) satixftes ,-2 -== JV(-i) = 1, -== fi .: l, ,J. = - '1, J/1 = - /t aad 
/oh=-,. Sina: 8 = <1-1 (1 +r+ /o-/d it • --, to...-rn, lha& {tio.._ftt, .'J,, tJ:,} 
li ;;i,, 9á o(~ ar\~ )il UOkAe.ll A -------~ 1. S--. ( A. t,) 
•s ,i..x11T11.llv 1"'('1U!ol"tlim:. to ( R X R X R. X R . C'."<'dK" Rhift) ilBO tM µ-ruo( ir- mm~ 

.\!a• WH:"4W€JKe af1- 2.2 -t ,-,._ U-._ t'he ro&,.i~ <:Of'Olbl-J, 
~y,.t(i)ie-0--~ 

~:u. 
ti) u -1 e ri :1ia ,V"B(Z/4Z,X\"!!! r/r. 
(ii) .VB(Z/4.Z.R.) i• t1'1"1'nl i{ ;;i,,ad 01tl'y íf r = rz. 
(Bi) NB(Z/4Z,R) 11a-p=cst 2 if wd-lJ il .r :11:.N(s-)Ç lt'. 
(iY) NB(7Z/•Z.R) Aaa apowHt4 if wl, oaly if Jr4 N(S-). 
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