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On the Simple Quotients of Tournaments
that Admit Exactly one Hamiltonian Cycle

Davide C. Demaria and J. Carlos S. Kishl

Abstract: In this paper we describe the tournaments that admit exactly one
hamiltonian cycle, by considering their simple quotients as normal tourna-
ments.

Introduction

In 1960, P. Camion (3] gave some characterizations for the tournaments admitting
a unique hamiltonian cycle. In 1969, R.J. Douglas [5] described a structural characteri-
zation of these tournaments. In this paper we give a presentation of these tournaments,
which we call Douglas tournaments, by relating them to the class of the normal tourna-
ments by means of the following result (Theorems 3.10 and 3.11):

Theorem: Let H, be a hamiltonian tournament with ee(H,) = k > 3. H, is a Douglas
tournament if and only if:
1.1) H, has as simple quotient a tournament Q.. (m > 5) such that:
a) Q,, is normal;
b) the subtournament of the poles in Q,, is transitive;
c) the poles of Q,, are all of class 1;
d) between two poles z; and z; of Q.. of class 1, the following rules of adjacencies
hold z; — z; implies j < i + 1.
1.2) H, can be constructed from Q,. by replacing all the vertices of Q.. but the
vertices a,,...,a;.; of its characteristic cycle A, by some transitive tournament.
2) H, is the composition of a singleton and two transitive tournaments with a 3-
cycle.
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1. Notations and Preliminary Results

A tournament T, is a digraph in which every pair of vertices is joined by exactly one
arc. We will often identify T, or a cycle C with their vertex sets V(T,) or V(C).

If the arc joining the vertices v; and v; is directed from v; to v;, v; is said to be a
predecessor of v; and v; a successor of v; and we prefer write v; — v; instead of (v;,v;).
Moreover A — B denotes that the vertices of the subtournament A are all predecessors
of all the vertices of the subtournament B.

Let T, be a tournament of order n. A cycle C of T, is coned by a vertex v (i.e.
v cones C) if there exists a vertex v € V(T,) — V(C) such that either v — V(C) or
V(C) = v.

Let H, be a hamiltonian tournament. If no vertex of H, — C cones C , C is said to
be non-coned in H, and the vertices of H, — C are called poles associated to C.

A non—coned cycle C of H, is minimal if each cycle C" such that V(C") Cc V(C) is
coned by at least one vertex of H,. A minimal cycle is characteristic if its possesses the
shortest lenght of the minimal cycles and its length is the cyclic characteristic cc( H,) of
H,. Then the difference n — ce(H,,) is called cyclic difference cd(H,) of H,.

A vertex v of H, is called a neutral verter of H, if H, — v is hamiltonian, and the
number of neutral vertices of H, is denoted by v(H,). We recall that between v(H,) and
cd(H,), the inequality v(H,) > cd(H,) holds (see [2]).

Deflsition 1.1: The Semmasoent. Ay {5 > £}, with verten: set. Vi) = {65 0vscstia)
and arc set £(A,) = {a; — a;/j <i—1lorj=i+1} is called the bineutral tournament
of order n.

Remark: It is known that A, is the unique hamiltonian tournament that has exactly 2
neutral vertices. Moreover, for n > 5, {a}, a2,an-;.a,} is its maximal transitive subtour-
nament.

The vertices of a subtournament S of T are equivalent if each vertex, not in
V(S), comes V/(S). If the vertices of T..can be partitioned into disjoint subtour-
naments S 5 . S of equivalent vertices and R, denotes the tournament of
the m vertices wy,ws,...,w, in which w; — w; if and only if S® — SU) then
Ty = Rn(SM, 8@ ... St™) is the composition of the m components S, 5@ ... St=)
soith Al yostiont R :

A tournament T, is simple if T, = Ro(S™, 5@, ..., 5%™) implies that either m = 1
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orm=n.
We also recall the following results about the quotient tournaments:
Proposition 1.2: The quotient tournament R,, is momorplnc to a subtournament of T,.

Proposition 1.3: Every tournament T,, with n > 2, admits exactly one simple quotient
tournament.

Proposition 1.4: A tournament H,, is hamiltonian if and only if every one of its quotient
tournament is hamiltonian.

Proposition 1.5: Let H, be a hamiltonian tournament and @Q,, one of its quotient tour-
naments. then ce( H,) = cc(Q.n)-

Now we recall the definitions and the structural characterization of normal tourna-
ments (see Nos. 3 and 6 of [4]).

Definition 1.6: A hamiltonian tournament H, is said to be normal if it contains only
one minimal cycle (the characteristic one) or equivalently if cd(H,) = v(H,).

Proposition 1.7: Let H, be a normal tournament, then its characteristic cycle C; is
either the 3—cycle A3 (k = 3) or a bineutral tournament Ai(k > 4).

Proposition 1.8: Let H, be a normal tournament with cyclic characteristic k& (k > 3)
and let A; be its characteristic cycle. A pole z. associated to A;, must have the following
adjacencies with respect to A,:

l) (ai-o-l"l'#?v---v‘k) el A (a,,a,,....a.-) 1= 1'27---vk Y 1;

2) (a;, iy2, @is3, .- .. a;) = z = (ay,8y,...,8;1,8i41) i=1,2,...,k—L

Definition 1.9: The pole z is called pole of kind 1 and class 1 or class 2 and denoted by
z; or y; if its adjacencies are given by the previous conditions 1) or 2) respectively.

Theorem 1.10: A tournament H, is normal if, and only if, the following conditions are
true:

a) H, allows a bineutral tournament A; (k¥ > 4) or the 3-cycle A; as a minimal
tournament;

b) the poles associated to A, are of the (k — 1) kinds of class 1 (zy,23,...,Z4-1) and
of the (k — 1) kinds of class 2 (y;,¥2,---,Yk-1), considered in Definition 1.9;

c) the subtournament P,_; of the poles associated to Ay is not hamiltonian;



d) P,_; allows the following transitive composition:
Poca = Tr3(TOTD . .TH) (that is; T = TW =i > j)

where:
T® s formed by poles of type z,
T™  is formed by poles of type Ty, T2, %
T®  is formed by poles of type %3, %3, T3, V2

TG is formed by poles of type Bt S Bidas i

T*=2 s formed by poles of type zi_3,Ti—2.Tk_1,¥k—2
T*=1 s formed by poles of type The2y Th-1+Yk-1
T®  is formed by poles of type Th5;

and each component different from 7' and T*) can be empty or not.

2. The D Tournaments

Definition 2.1: We call a tournament of Douglas every tournament that admits exactly
one hamiltonian cycle. We denote by D, one such tournament of order n, and by D
the class of all these tournaments. We denote by v; == v, => --- = v, = v; the
hamiltonian cycle of D,,.

We now prove the following propositions:
Proposition 2.2: Every component 5 of a D, tournament is transitive.

Proof: In fact, if it were not transitive then we would have at least two distinct hamil-
tonian paths in S, hence two hamiltonian cvcles in D,. o

Proposition 2.3: Every hamiltonian subtournament H,, of a tournament D, is a D,,
tournament.

Proof: If m = n — 1 this is true, for otherwise every hamiltonian cycle of D,, would be
extended to a hamiltonian cycle of D,.

i m < n — 1, two different possibilities must be considered:

1) There exists a chain of Hamiltonian subtournaments H, ., H. .,,..., H,_, such
that V(H,,) C V(H,,,,) C --- C V(H,_,) C V(H,). Then step by step, it follows that
H, €D, H ., €D,....Ha €D.

2) There exists a hamiltonian subtournament H, (m < s < n—1), such that between



H, and H, there is a chain of hamiltonian subtournaments as in 1), whereas, for each
subtournament T},, such that V(H]) C V(T.,,) , Ty, is not hamiitonian, ie. H] is
coned by all the vertices V(H,) — V(H]) = {v,v3,...,v,-,}. Then H, must be the com-
position H, = H},_,..({wn1}, {v2},--., {va-.}, H,), which is a contradiction to Proposition
22. o

Corollary 2.4: If D, € D is the composition D, = R,(S™, 53 ... 8™) then
R, €D.

Proof: Since R,, is isomorphic to a subtournament of D,, R,, beiongs to D by Proposi-
tion 23. o

Corollary 2.5: A hamiltonian tournament T,, (n > 4) is a [, tournament if and only if
for every quadruple of different vertices a,b,c,d such that the pairs (a,b) and (c.d) are
separated in a cycle of T,, then the same pairs are separated in every other cycle of T,
containing them.

Proof: If T, is a D, tournament then the result is obvious, since the induced ordering is
the same in all the hamiltonian subtournaments of D,.

On the other hand, we consider a hamiltonian tournament T, which is not a D,
tournament, and let C and C’ be two of its hamiltonian cycles. There exist two consecu-
tive vertices a and ¢ in C and consecutive in C”. Hence there exist a vertex b in the
path in C” joining a to c, and a vertex d in the path in C" from ¢ to a. Therelore the pairs
(a,b) and (c.d) are separated in C’ and not in C. o

3. Relations between D and Normal Tournaments
We now characterize the tournaments of Douglas in terms of normal tournaments.

Theorem 3.1: Every characteristic cycle Cy of a D, tournament (with cc(D,) = k > 4)
is bineutral. :

Proof: We shall prove by absurd. So let’s assume there exist 3 neutral vertices in Cy,
namely z,y, z, then there exist three poles called z’,y’,z' coning Cx — z, Ci — y, Ci — 2
(see Lemma 15, [2]), respectively. If, for example, z/ — y’,z — z’ and y — ¥/, we obtain
=7 = (Ci—z),y—=y = (Ce —y)

We have to consider two different cases:

(i) The hamiltonian path from z to y in C; contains some other vertices, let’s say u
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