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On the Simple Quotients of Tournaments 
that Admit Exactly one Hamiltonian Cycle 

Abstract: ln tbi11 paper we describe th4! tournamenu that admit exactly one 
ha.miltonian cycle, by considering their simple quotienh as normal tourna-
ments. 

lntroduction 

ln 1960. P. Camion 13) gave some characterizations for tbe toumamenu admitting 
a unique bamiltonian cycle. lo 1969, R.J. Douglas {5] described a structural chara.cteri-
zatioo of tbese tournamenta. lo this paper we give a pffllellt.ation of these toumarnents, 
which we call Dov.glu tov.rnamenta, by rdating them t.o tbe class of the normal tourna-
ments by means of tbe fol\owing result (Theorems 3.10 aud 3.11): 

Tbeorem: Let Hn be a ha.miltonia.n tournament with cc(_H.) = Ã: 3. H,. is a Douglas 
toumament if and only if: 

1.1) H,.. has as simple quotient a tournament Q,. (m 5) such tbat: 
a) Q,,. is normal; 
b) the subtoumament of the poles io Q .. is transitive; 
e) the poles of Q,,. are ali of class 1; 
d) between two poles :z:; and :z:; of Q,.. of class l, the following rules of adjacencies 

bold :z:, -+ :z:; implies J $ i + l. 
1.2) R,.. can be constructed from Q.,. by replacing ali tbe vertices of Qm but the 

vertices a 2, . . . , ai_, of ita characteristic cycle A., by some transitive toumament. 
2) Hn is the compositioo of a siogleton and two transitive tournaments with a 3-

cycle. 
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1. Notations and Preliminary Results 

A tournament T,. is a digra.ph in which pair of vertices is joined by exadly one 
are. We will often idcntify Tª ora cycle C with their vertex sets V(Ta) or V(C). 

If the are joining tbe vertias v; and v; is directed from V; to o;, v; is saíd to be a 
predecessor of 111 a.nd u; a successor of v, a.nd we prefer write u, - v; instead of ( v;, vi)· 
Moreover A -+ B denotes tbat the vertices o{ tbe s11btourna.ment A are all predecessors 
of ali the vertices of the subtoumament B. 

Let Tn be a tournament of OTder n. A cycle e of T.. is coned by a vertex li (i.e. 
v cones C) if there exists a vertex u E V(Tn) - V(C) such that either v -, V(C) or 
V(C)-+ v. 

Let H.._ be a hamiltonian toumament. If no vertex of Hn - C cones C, C is said to 
be non- coned in H., and the vertice. of H,. - C are ca.11ed poles associated to C. 

A non-coned cycle C of H,. is minimal if each cyde C' such that V(C') e V(C) is 
coned by at least one vertex of H,.. A minimal cycle is charocteristic if its possesses the 
sbortest lenght of the minimal cycles and its length is the cydic characterist1c t4,H,.) of 
H,.. Then the difference n - cc(H .. ) is called cyci1c diffe~nce cd(H.) of H • . 

A vert.ex v of H,. is called a neutral 11ertu of H,,. if Hn - vis hamiltonian, and the 
oumber of neutral vertices of .fln is denoted by v(Hn)- We recalJ tbat between v(H,.) and 
cd(H,.), the inequality v(H,,_)?: cd.(H,.) holds (see !2)). 

Definition 1.1: The toumament. A,. (n ?: 4), witb ve:rtex set V(A,.) = {a1, 42, ... , a_} 
and a.rc set E(A,.) ={a.;-> a;/i < i - 1 or j = i + 1} is called tbe bineutro/ tournament 
of onler n. 

Remark: It is known that A. is the unique hamiltonian tournament that has exactly 2 
neutral vertices. Moreover, for n 5, {a., a1 , a,._ 1• an} is its maximal transitive subtour-
nament. 

The vertices o{ a. subtournament S of T are equioolent if each vertex, not in 
V(5), cones V(5). If the vertices of Tn can be pa.rtitíoned into disjoint subtour-
naments 5'1), 5121, ... , 5l"l of equivalent vertices and R.,,. denotes the touroameot of 
the m vertices w1 , fDl, ... , w,. in which w, -, w1 if and only if SM -+ S(iJ, then 
T .. = R,,,(s<1>,s<2>, ... ,s<ml) is tbe compositionoftbem annpanents st1>,s<2l, ... ,Sf•I 
w:ith the lf"Otient R.,,.. • 

A toumament T,. is mnpleifT,. = R...($(1l,Sf2l, ___ ,,S1.,l) imp6es that either m = l 
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or m = n. 

We a.lso l'f"Ca!l the following results a.bout the quotient tournarnents: 

Proposition 1.2: The quotient toumament R,,. is isomorphic to a. subtoumament of T,. . 

Proposition 1.3: Every toumament T,.. with n 2, admits exa.ctly one simple quot1ent 
tournament. 

Proposition 1.4: A toumament H,. is hamiltonia.n if and only if every ODf' of its quotient 
tournament. is bamiltoni&n. 

Proposition 1.5: Let H,. be a. hamiltonia.n tournament a.nd Q,.. one of its quotient tour• 
na.ments. tben cc(H,.) = cc(Q.,.). 

Now we recall tbe definitions a.nd the structural characterization of normal tourna-
ments (see Nos. 3 and 6 of (4]) . 

Definition 1.6: A harmltonian toumament H,. is said to be normal if it coniains only 
one minimal cycle (the characteristic one) or equivalently if cd(H,.) = v(H,.). 

Proposition 1.7: Let. H,. be a normal tournameot. then its characteristic cycle C4 is 
either the 3-cycle A3 (k = 3) ora bineutral tournament At(k 4). 

Proposition 1.8: Let H,. be a normal tournament with cyclic cbaracteristic k (k 3) 
and let A• be its charactertstic cycle. A pole z. associated to A1r, must ha.ve the following 
adjacencies with respect to A.,: 

1) (a.+1•ª.+2,-•·•ªt)-+::-+ (a1,a2, .... a,) i = 1,2, ... ,.l-- l; 
2) (a,.a,+2,a;+J••··•ªt)-+ z - (a1,a2, .... a,-1.a,+1) i = 1,2 . . .. ,/r:- l. 

Definition 1.9: The pole z is caJled pole o/ kind i and dtl3$ 1 ur class 2 a.nd denoted by 
z; or y, if its adjacencies are given by tbe previous c.onditions 1) or 2) respeciively. 

Theorem 1.10: A tournarnent H .. is normal if, and only i{, the following conditions are 
troe: 

a) H. aJlows a bineutral toumament A1r (k 4) or the 3-cycle A3 as a minimal 
toumament; 

b) the poles associated to At are of the ( k - l) kinds of class 1 ( z 1, :i:2, ... , :i:1,-1) and 
of the (k - 1) lcinds of class 2 (yi, y1, ... , Y1r-d, considere<! in Definition 1.9; 

e) the subtoumament P,._,. of the poles associated to A1r is noi hanullonian; 
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d) P"-k allows thc following transitive composition: 

where: 
T(O) 

T(l) 

T(2) 

T(i) 

T(k-2) 

T(k-1) 

r<.tl 

is formed by poles of type :t't 
is formed by poles of type Xi, X2, Yt 
is formed by poles of type :t'1, X2, X3, Yl 

is formed by poles of type Zi-1, z,., Zt+l, Y• 

is formed by poles of type Zt-3, Xk-2• Xk-1, Yk-2 

is formed by poles of type Zt-2, :rk-i. Yt-1 

is formed by poles of type Xk-1, 

and each component different from T(D) and T(k) can be empty or oot . 

2. The V Tournaments 

Definition 2.1: We cal! a tournamtnt of Douglas every tournament that admits exactly 
one ha.miltonian cycle. We denote by Dn one such tournament of order n, and by 'D 
the dass of ali these toumaments. We denote by v1 ===> t12 ==> · · · ==> v" ==> vi the 
hamiltonian cycle of Dn. 

We now prove the following propositions: 

Proposition 2.2: Every component S(i) of a Dn toumament is transitive. 

Proof: ln fact. if it were not transitive then we would have at least two distioct ha.mil-
tonian paths in s<•l. hence two hamiltonian cycles in D11 . 0 

Proposition 2.3: Every hamiltonian subtoumament H,,. of a tournament Dn is a Dm 
toumament. 

Proof: Jf m = n - l this is true, for otherwise every hamiltonian cycle of Dm would be 
extended to a hami]tonian cycle of Dn. 

If m < n - 1, two different possibilities must be consídered: 
1) Tbere exists a chain of Hamiltonian subtoumaments H;,.+ 1 , n:,.+2 , .•• , H~_ 1 such 

tbat V(H.,.) e V(H:.,+1 ) e ••·e V(H:_1 ) e V(Hn)- Theu step by step, it follows that 
H;_, E 'D,H~_2 E 1J, ... ,H,,. E 'D. 

2) Tbereexists a h_amiltonian subtoumament n; (m :$ s < n-1), such that between 
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H.., and H; there is a cha.in of bamiltonia.n subtonmaments as in 1 }, ,vhe-reas, for ea.ch 
subtoumament T!+i such that V(H:) C V(T'ri-,) , 7"*1 is not ha.milt.oman, i.e. H: i~ 
coned by alJ the vertices V(H,.)-V(H;) = {v1,~,-- .• v._.} Then H., muRt be lhe com• 
posit.ion H., = {v1 }, {v2}, ... , {v,._0 J, n;), wh.ich is a oontradidion to Propo:;ition 
2.2. o 

Corollary 2.4: H D,. E V 1s the composition D., = R..,.(Sl1),_,(:Zl, ... ,S1"'l), then 
R,.,. E V. 

Proof: Siuce R.. is isomorpbic to a subtournament of D.,, R.. bdongs to D by Proposi-
tion 2.3. o 

Corollary 2.5: A hamiltonian toumament T,, (n 2:: 4} is a D,. touma.ment if a.nd only if 
for every quadruple of difl'erent vertices o.. b, e, d such tbat the pairs ( a, b) a.od (e.d) are 
separated in a cyde of T,., tben the samP pairs are separateà iu every other cycle of T,. 
containing tbem. 

Proof: lf Tn is a D.,. toumament then the result is obvious, since tbe induce,d ordering is 
the sarne in ali the hamiltonia.n subtourna.ments oí D,.. 

On the. otber ha.nd, we consider a. hamiltonian tournament T0 which is not a Dn 
tournament. a.nd let C and C' be two of its bamiltoruan cycles. There ex.ist two consecu-
tive vertices a ande in C aod non consecutive in C'. Hence there exista vertex b in the 
patb in C' joiníng a to e, and a vertex d in the path in C' from e to a. Therefore Lhe pairs 
(a,b) and (e.d) are sepa.rated in C' and not in C. o 

3. Relations between V and Normal Tournaments 

We now characterize tbe lournaments of Douglas in terms of normal toumaments. 

Theorem 3.1: Every charad.eristic cycle C4 of a. D,. tournament (with cc(D,.) = k 4) 
is bineutral. 

Proof: We sball prove by absurd. So let's assume tbere ex:ist 3 neutral vertices in Ci.., 
namely :r, y. z., tben there exist three poles called :r',y', z' con.ing Ci.. - :i:, Ci - y, C, - z 
(see Lemma 15, [21), respectively. If, for example, r-+ y', z ..... r and y -+ y', we obta.in 
:r -+ :c'-+ CC1c - :r), y ..... r/...., (C1e - y). 

We have to consider two different cases: 
(i) The hamiltonian path from z to y in C4 C1J11taios ,orne other ~rtic.es, let's aay u 
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