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Abstrad. ln this paper we consider lhe observability probfom for a particular 
class of nonlinear systems on Lie groups that we caUed automorphisms contrai 
systE'ms. in wich. every associated vector fields induces a one parameter groups 
of automorphisms of the state space. Such systems generalizes the so caHed 
bilinE>ar systems wich are useful to approximate a large dass of nonlinear 
systems and the result of this work characterize the observabi]ity of the direct 
product of automorphisms control systems wich is dosely reJated with that 
sort of approximation. 
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§1 - INTRODUCTIO!'l 

\ control s. tem í. is 1-fint"d by th ~pl"Cificatkm of thf' foll ng dat& 

eMand. 

The íamily of 

r - F( :t, u • . r F M , • e O . h • M .. N . 

.:!looth mamfold and h a difü• iah func-tion 

iated vfftor f'f'ld,; of E is 

Dr: = {.r" -: F(·. •)!• E O}, 

E induces a ·group" (G1:) anã a ªsemi-group~ (Si:) of local diffeomorphisms of M, 

G,:: = {X:, o ... o X~ 1 t, E R , JP E .Di;} , 

Sr: ::= {Jl}, o ... o X~ I t1 ~ O, X; E Ll];}. 

The orbit by I: of .:i: E M is t he orbit by &he actioo oí G:i; in x, i.e.. 

E is said to be transitive if for some x E M , G:i:(z) = M . This equiv.ilence relation 

pa.rlitions Minto smooth manífolds, Ili ]. 
Two elemats x,y E M are ca.lle<I indisiinguisbable, written r ~ y, if 

(h o rp)(r) = (h o ~)(y) . V~ E Si;. 

lndistinguishability is no1 equ inlence relation unless some additional a.ssumptions a.re 

made. For example, I: ana.lytic or forward complete - sufficierit conditíons CO guara.ntee 

this pruJlfflY, j12j. 

E is said &o be /locally) obsenable in z E M in caae the equiYaJence dass C(z) of 

x by ~ is tmial jin so~ neighbourhood oí z j, i.e., the famíly oí appf'"Uons h o Sr. 
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~te z of ,my point of M 1in some neighbourhoo<l of ri. 
The basic questions related to this set-up is. whether a, control system is 1Jocal1yj 

observable OT not and the negative ca.,;e, to know under which conditions it is possible to 

ronst.ruct a fweakly j minimaf rf'a(intion to E, i.e .. to define a new system E' tn.nsitive, 

\localtyJ obseITable and a submersion 1r : M ~ M' Sllch that foT eveTy z E M, 

(h o cp)(.r) = (h' o ,p')(;r .Tj) 

where ,p' €. S1;. is determinated by the sarne control that define ,p and h = h' o ,r. 

Many authors have considered these problems. For instance in Herrnann and 

Krener [9], Bastos and Aya.la '. I] various co-distribmions are defined and weakly 

minimal realizatiom are given for E; in Sussmann II2j. Gauthier and Bornard '61, 7], 

San ~artin and Ayala [31 are grven minimal realiz.ations for E studying regularity of 

equivalence relation. This work is related to particular an.Jytic systems that we called 

automorphisms contrai systems f a.c.s.), i.e., non-linear systems where, 

M = G, X ::e G, are Lie gronps, 

u c. n :: JR' 

h r: Bom ( G. G •} is a cont inuous homomOTl)hism and the dynamic F is grven by 

with the additional condition: for every i = O, l, ... , r, X' is an infinitesimal automor-

phism of G, i.e., 

x; E Aut(G), Vl E R . 

ln particular, G1: (Si:) is a gro11p (semi-groap) of Aut(G), the group OÍ automor-

phisms ofG. 
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We observe thal a.c.s.'s generalizes the S<H"à'llf'd bilinear systems (of theoTdicaf 

;rnd pr.ac:tical imr,ortance. JOI). ln fact. a bifint-ar s}'!l&em is obtained when, 

and h E Lin( R"', R') . 

ln lhis case, X:: c'X' E GL,,.(R), V't E E. i = O, l, ... ,r. 

The spn:ific intt>r-est in this paper. is to ~wdy ôbs«vabi]ity of a.c.s. 's. Bilinear 

systems are also useful to approxrmate a large da.ss of non-]inear systems jSJ, /2] and 

the result of this work (Theo~ 3.2) cbaracterize lhe obser-Tability of th~ direct product 

of a..c.s. 's systems whrch is dosei}· related with that :,on oí approximation. 

§2 - OBSERVABILITY OF A.S.C. 

Let E an a.c.s. as defined in §1 and let U be the e~ of a.li pi«ewise constant 

control defined on [O, +00) with vall'Jes in n. We denote by l the identity of G. 

We have the following bask fact: 

Lema 2.1: 

C(I) is a Gi;-in"Uian& closed subgroup of G. 

Proof: 

l. Sínce h is a homomorpbiml then 

C(l) = {z E G jSi;(z) e Ker(h)}. 

Since the wctor fie)ds are mfiniterimal au&omorphima, we i,ee tha& if rp~ E~ and 

z,yEG t.hen 
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ln particular, siTK:" Kn(h) is a ~hgroup of G, it followlõ that 

Z,'fl f= C(l) $.i:(x • y-1) C KeT(h). 

Consequentl}, C(I} is a !mbgroup of G. 

Lá (r,..) C C(I) be with ,;,. --+ x. For ~ery y E ~(x) , 3t.i E tJ.; 

Clearly, by the contim1ity of v:;~ it follOW5 that 

Now. for f"YeTJ' n E 

rp~(z...) e Sr(x,.) e Ker(h} 

t.hen, 

11 E Rer(h). 

Thus, z E C(l) at. henc:e this eqnivalence dass is a closed subgroup. 

Tbe Gi;-iJff.lriance follows by analytic.. contim,i\y. l• fact., for eft1J :i: E C(l), for 

ever, .. r-., ... ,X--- E Dr., ti, ... ,tt? O, we have: 



Sintt II ÍII a continvoas hornor,-,phims lt is wlydc. f81. --r the foregoing eqaality 'is 

tTVf' íor t, .... ,tt E R. Then. Gr C(l). 0 

Pn,po9ition 2.2: 

Let E be an a.c..s- on G. Then, 

Kff(h) does not conta.in any nontriri&J ~imarianlle nbgn,ap. 

Prooí: 

Le\ R be a not trivial Sr-ift\-ariant subgroup of Ker(lt). 

H :r E H and z #- 1 - haft 

Sr(x) e B e Ker(lt), 

i:n particular :r ~ l and therefore I: is not obiservable. 

Conversely suppose that E is no\ o'-"able then. indistiguishabifity class oí 

l E G is not trivia) and the renaJt follows from Lmuna 2.1 0 

C<>rollary 2.3: 

Let I: be an a.c.s. t.ransitiYI!! on G. Tbm, 

E is obsenable <=> li. isn 't lhe _,,, homoo.orphimn. 

Proof: 

z E C(l) be &he b'amfüYity of E. i.e..., ti.e eqaalitr Gi:(r) = G, anel &he Gr-"' 11 

in"faliantt ol C( 1) shows tha& G e Ker( lt). Tlnn C(l) il crmal. 

The cc.,wsw • clear 11inc:e (implirity) we sappme G {l} a 
,· 
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Corollary 2.4: 

Let be E M an a.e.a. on G, thffl, 

is obsavable. 

Proof: 

We denote ~· G _ .. _ G Íclll· the projection o( G on the homogeieoas manifold 

G / cp,. Th is S11 bmet"Sion inihltt -=tOT fields 

-· X = 'I( .X' . , == O. J. .... r. 

ln f&ct. C(l) is Gr--invariant and each X: with t -:: Ris an automorphism of G. 

F' is definMI by 

-O ~• r(r(x).•) =X (,r(z)) +- E;"=1a. X (,r(z)). 1t E O. 

The output function h' o(~. satisfies lhe commorative diagram 

G ..!.. G/qa 1 

lt h' 
e. 

ln fact., 

in particular, l(z) = à(r) f« f!ff!rY , E C(z). 

Therefore, f'./ Cfll js wefJ delineei and t~ obeerYability of this conuol followa 

from equality 

C(C(l)} = {C{l)} 0 
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Remark: 

Is also clear that if I: i!. tra.nsitin then. ,;'=E/cm is• minimal realization of E. 

This fact is • particular case of a minimal rea.li%ation Theorem for a.na.lytic systems due 

to Sussmann, !I2l. 

Ex.ample: 

Let E um a.c.s. on E- given by 

where A; E M.(R), s = O, l,. .. ,r , n e E, G~ an arbitra.ry Lie group and 

h E Hom(.R"'", G.) a non-zero contm1JOUs homomorpmsm.. 

lt is tha.t the Lie a.lgebn. generated by the fields Aº, AJ,. . A' is integrated 

by :a uniqueconn«t.ed Lie subgroup H of GL..(R). E indlN:e5 a:right invariant system 

E1 on H ami 

Gi:,{Id.) B. 

ln particular, each orbit of E is cak:ulated by t.he action of B, i .e., 

G,:(z) = H(z). 

Thus, the Corollary :u implies that E retrict. lo H(:r) is observable., for every z E E-. 

Is clear that d»e Lie algebra generated by the fietds ,t• a:nd _Al is the suba.lgebra of 

Lhe ant.i-SJD1111N1C matrices in Ms{R), therd"are B = S0(3) and then t.he orbit.s of I: 
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VI! 2--dimensionaJ sphera. h follows that this system l"ll!Strict to tbese spberes iD R 3•is 

obsffn.ble. 

§3 - OBSER\~'ABILITY OF THE DIRECT PRODUCT OF 
A.C.S. 

We consider the foflowing a.c.s. 's, 

E1 = (Gi, fl, li F1 . G,. hi), 

E2 = (G1,n,U,F2.G.,A:t), 

wh~, for e..-ery constant control r. E n e R' 

F1{z.w) = X°(z) + I:;=1 11.X'(z), 

h1 E Hom.(G1, G,), 

F2(y.•) = Yº(y) + ½::1a.Y'(y), 

h2 E Rom.(G,,G,) 

and U is the class of piecewise consiant contro! with values in O. 

Definition 3.1: 

The direct pn>doct of E, and r:, written I:1 EB B2, iis 

where, 

and h E Hom.(G1 x G2, G1) 
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is defined by 

By the very .if is evident that I:1 EB !:2 is an a.c:.s... Next.. - d1arae1erne the ob-

serw.t?_ility o{ this system assuming that romponent. ofdte produd is obsemble. 

For j"' 1,2 Jet I!; be a.n observable a.c.s. on G; lfi~, output group G, and output 

fnnction ti.,. Then, 

1. 3R; e G; a non.trlriaJ G:i;,-invariant subgroup ud a ,cantinuou:s isomorpbism ,p, 

2. 3W; e G; a JIOD triria.] connected Lie 5llbgT011JJ snch that W; e H; e G, a.nd an 

isomorphism "1 

with the folJowing commuting property 

P:i-oof: 

l. Let C(l, 1) be the indistinguishability dass of (1, 1) by I:1 $ E,. The Lemma 

2.1 assevarate that C(l,1) is a closed subgroup o{ G1 x G2 and imviant by Gi:,ei:,· 
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ln particular, thl,, e-qui~a.lena cla.ss is a. Lie sabgroop, II3). 

By bypothesis C(l, 1) is not. trrvial a.nd he.:ause "erJ E; is observable we ha,oe 

C(l, l) n {G, X {l}) = {{l, l)} = C(l, 1) n ({I} X G2), 

thus we c.an consider the canonic. projediorns 

C(l,l) 2-. G,. 

•; is an injecti"We homomorphism. ln fact, 

since (l,Yl • y.; 1 ) E C(l, I) it follows that .91 = !r!- Ana.logoi;r-; for ,r2 . 

We defrrA! B1 = •;(C(l, l)} • .md 

for x E H 1 , rp(x) is the only element. in B2 such t hat 

(x, rp(z)) E C(l , 1). 

Otherwise, rp is detennina\ed by the- condíil(Jll: 

C(l , 1) = Gra.ph(rp). 

rp is a group homomoTfisms. ln fact., N!\ Z i, .Et E B 1 be t~. 

Smc,e C(l, 1) is a. group it. folbrs that 
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CJeariy, rp is • rn,aps ieomorphism.. To 9tt the contiaeity J ti' ..e tha& " = 
ir, o irj" 1 ud that for~ j = 1,2 , • ; i., .a. notDE<KWWWphism on nch connecud 

component o( H1• 

Lri g, E G1: 1 ud :r E Ri, 392 E Gr;, such thú 

(g, , g,) E G,:,~-

By the Gi:,EB1::•innriance of C(l. l) we have 

(91,g,) • (z.cp(r)) = (91 • .t, g, • rp(:r)) E C{l, 1), 

in particular. 91 -z E H1. The G,;,,- invanance o( H2 folto-s from the epijectmty cf ,.j. 

2. We deno(le C(l. l)o the connected corni--ioíC(l, 1) tbn,upt the identity. 

Then C(l, I)o is a Lie S1Jbgroup of G1 x G, , 113!. 

For~ j = 1,2 the proj«iion 

C(l , l)o 2+ G; 

indaces a Lle aJgebra homomorphism 

A.L.(C(l, l)o) A.L.{G;) 

in panicular. h,(A.L.(C(l, 1)0)) is a subaJgebra oí A.L..(G;) which defiDe é. imolutiff 

and regular distn"bation on TG,. 

Let W; be lhe in&egn.J connecr.ed Lie subgrovp o( Uria discn1-tions, 113). Thm. 

W; e H, e G, . 

W; is <:0naec~ and R; is Gr, -mYViant ui-. W; ÍB G'C, ___,..._ Caawq..aitly, ..e 

can 1o restric:t each aya&em ao the groap w,, in fad, 

X, € Awt.(G,) X,/,,, E A•L(W;), 
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for ach X E~ and t E R . 

We denote by r:,:·• ahe aaromorphism belong to Gy:1 deteT'ffliaaa~ by the conetant 

control tt E n and t f R . 0n n " ll define thl' equinlence fflation 

\\·'e considere the group oí automorphisms 

Clearly, 

the-efore. - can 5appose that /l is a trivial relation on Gi:, ud then ttt action of Gr., 

on G, is efect~ 

N~. w-e deterrninate the homomorphism w. 

• * 
Let Gr., 1. .. ,, - Gr.,í..,,,, be 

sud:i that. on the ge,erators is define by 

We daim that 'l/1 is well define and injecti'ft. ln fact, 

(1,ld.) • {%,g) E C(l,1). 

Thus, 
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Since the action of Gr,.fw, is efect.ive on i:\'1 then, g = ld, at M1ltt 

Therefore, E O X R., 

as claimed. 

Since C(l,l) is G~/'F,$I:-i/W",-in-..riant- can consider t:IR ildion 

Gr,,,rw, X C(l, 1) -- C(I,l) 

rp o g = .,(g) o 'P· 

3. Let x EH, be then, 

(z,J>{z)) E C(l, l) é Ker{lt). 

Consequently, 

Cc,m,enety, let. T = Graph(tp/W1). By the hypotheria i1. falows thú 

e 
{(1.1)} ;i T C C(l, l} C Ker(1'), 



W1 is a conn«~ Líc- groups, ,p is a continuous isomorphism tM-n, T is a connKtt>d 

subgrr,up at h=ce S:!:,@:i;,-invar-iant. Thettfore. Kff(h) contain a non trivial subgroup 

~. (B i::, -innria.nt and the Propositinn 2.2 that the dí~t produrt system is not 

observa.ble. 0 

Remar.k:/ / JA,t !: be an a.c.s. on G arid K' C G a (¾:-in\·ariant Lie subgroup of G. 

We considl'T the repl't'5entation 

Gr; 2.... Aut.(R') 

Clearly, 

ln particu.111.r, 

If Gt does not contain normal snbgtoups thffl., 

Thus. we have the following ,corolJary. 

Corollary l.2: 

ln the conditions of lhe Theorem 3.2. if G,: does not contain normal subgroUJ>$ 

then, that Gr;, and Gi:, ffl'I! not isomorphismir is a P«JellATJ' oonditioru; for the observ-

ability of E 1 (B~. e 

Suppcme merthffe that E.j is tnnsitift c,n Gj U-, - am a&ak 
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CoroHary 3.3: 

!:1 e l:: r.i not observable <=> 

1. G1 ::::"' G2 

2. G,:, Gt:, 

3. h1 • (h~ o ip) :-e lc. 

REFERENCES 

[1] Ayala. V. 

~Imegrabilidade de D~rihoições, Classes de lnobservabilidade e Reaüzac;ões Fra-

camente Minimaisn. 

Atas VI Escola de G«>metria DiferffltciaL, U.F. Ba., Bahia, Brasil. 1988, 67-73. 

(2] Ayala., V. 

~sobre a Observabilidade de Sistemas de rontrole". Tese de Dou.torado. IMECC-

~CAMP. Brasil. 1988. 

[3) Ayala.. \". and San Martin. L. 

~inimal Realizations linder Controllability" 

S11 bmitted en Systems & Control Letters. 

14] Basto Gonçalves. J . 

-:'ilonlinear O~bility and Duality" 

Systems & Control Letters 4 (1984), 97-101. 

)6 



f 5j Fht"Ss, M. 

fone tior 11d e-a, •ai - n{)fl linéair~ et ndetefTil,nee,; non commuLatives•. 

8·111 Soc \iath F'r "'Ice 109 (1981), 

[6) í;auth!er J.P and Bonnard, G 

"Exi8te.,~e ard !ll<JJCJ'r-, of min1rral realixahons m the C"' e ase•. 

"vstf"m; C'ontr<>I Lt-tter,; 1 '1982). 395-398 

{7) Gauthier. J.P and Bonnard, G. 

"Existenct' and uniqnf'fless of min imal realizations for a class of C"" systems". 

Siam J. Control and Optimization, Vol. 22, ~o. 4, .July 198-4. 

[8J Hochild, G. 

"Le structure des groupes de Lie" . Dunod. Paris, 1968. 

[9) Herman n, R. and Rrener, A. 
"Nonlinea.r Contro llability a.nd ObseTTability~ . 

TEEE Transactions on Automa tic Cont~I. Vol. AC-2'2, No. 5, October 1977. 

[lOJ Moh1er, 

'"BjJinear Control Processes~ . 

Math . in Science and Engineering, Vol. 106. 

Ac. Pn= New York and London 1973. 

f 111 Sossma.nn, H. 

"Orbns of Famifies of Vector Fields and Jn1.egrability of Distnl,ntions" 

Trans. Am. Math. Soe.. Vol. 180, June 1973. 

17 



112] Sussma.nn, H. 

~Existence ilnd uníqueness oí minimal realizations of non-linear systems". 

Mathematical Syst.ems Tht'Ory 10, (1977), 263-284. 

!~3] Wamer, F. 

~Foundations of Difl'erentiable Manifo}ds a.nd Lie Groups". 

Scott, Foreman a.nd Company, Glenview. Illinois, 1971. o 

18 



RELATÓRIOS TÉCNICOS - 1989 

01 / 89 - Uniform Apprmdmation of Continuou111 Fnnctiona Wlth Valne11 bl·jo, li 
- Joâ<• B. I'r(l//a. 

02/89 -- On Som<' NonUnc11r Jter11tive RelaxaUon Methoda ln Remote Senl!ing 
- A. R. Df Piuro. 

OS/89 - A Paralltc>I Ttc-r11th·e Mt>lhod for Convex Progranuning with Quadrath: 
Objective - .41/redn N luurn and AfoarCl R. De Pifrro. 

04/89 - Fiflh Force, Sixth Force, and 11II lh11t: 11 Theort'tkaJ (ClaHic11l} Com-
n1cnl - Eran'll(I Rerarri, and Vil~"'• Tc>mri Zanchin.. 

05/89 - An Applir11lion of Singt>r'11- Tlit'orem to Homogt'neous Polynomlale -
Raym,mdo Alrn car. 

06/89 -- Summh11mmer'11 E-xperimental Teeit of the Non - Ergodk Jnterpretation 
of Qu11nl um l\1echanics - l'mctnl Bu,momano. 

0'1 /89 - Privileged Reference Fremes in Geneul Relalivity - Waldvr A. Rodrigue& 
Jr. and Mrrran E. F. Scana111m. 

08/89 - On the N urnerical Solutlon of Bound Con111traint"d OpUm.iaaUon Prob-
lema - Ana Fried/cmder a11d Joai Mane> Marti'nez.. 

09/89 - Dual Extremun Principle11 for the Heat Equatlon Solved by Finite 
Element Mt-thods J - Vrra Luc1a da Rocha Lope$ and h•l!l Vitório Zago. 

10/89 - Local Convergence Theory of lnexact Newton Methodl! Balled on 
Strudured Leael Chance Updates - Jo,i Mano Martínez 

11/89 - Ru.l Spin-CJifl'ord Bundle and the Splnor Structure of Spac~Tlme -
Waldyr A, Rr,drigun Jr. a.nd Vera L. Figueiredo. 

12/89 - A MnJtipJier Theorem on Wejgbted Or.lic.1 Spacel! - B. Bordin a.nd J. B. 
Garcia. 

JS/89 -- Dual Exlremum Principies For The Heat Eqnation So)ve-d By Finite 
EJcment Mc-thods Il - Vera Luda da Rocha Lopel! and Joal Vit,íno Zago. 

14/89 - Dirac and MllXW'elJ Eqnation11 in the ClUford and Spin-CJilford Bun-
dels - W. A. Rodriguea Jr. a11d E. Capelll.3 dt Olfotim. 

15/89 - Formal Structnres, The Con("epte of Covadance Jnvariance, Equivaleni 
Referencc Fi-a.:rnes, and the PrindpJe of Rel11Uvity W. A . Rr•driyue, Jr., M. 
E. F. Scanavini a.nd L. P . de A/cantara. 

16/89 - Local Minim.izer11 of a QuadraUc .Fundion With • SpherieaJ Con•tralnt. 
- Jo,/ Marfo Martíne~. 

l'l /89 - On Pseudo- Convex PolycircoJ•r Domaina ]n Banach Sp•ees - Mário 
C. Mato,. 

18/89 - On Circular and SpN:ial Unfts of an .Abelian Nnmber Fteld - Trajano 
N6brega.. 


	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19

