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1. lntroductioo 

lbay.-E-ii..pnaliimb.~aasoia1iml al.~~~--6,h,r~ 
lliiDm,;: 

-.hr:ft' F : 1H" - zr.;.. ;,. -&-- C"....fmwrt;... -1 iu JólOlbPn 1POliiix Jtr) is 
«!lft' [lllOL 2ií. lbel11. k-llll lllldimd for~ ulüs ,ry-pr aí probmm, is 

~-S" md~ 'Dmi, mi; Zlll' r.~tlim:: mdbxli. tt.be .. 
tQ trhr cl q u ), to ti-e ~g, fommb:. 

f t.2) 

I!icm,m,_am,~~-~•5~ ~.liaiutne. :· i:rm:stbc-ca:kviated, 
1 

a,mrl! ttiE linam- 1:L JI' l'I; 

j]..l)1 = -Ff!z'!' 
lllllUBll_ IIPi= !IIPlil-,. iÍIII '11111b" Uo ~n Wl1!aii ~~-IIUll it.~ 

fuie e,;11i, ••• wi,.,dl immwg immtte B~ [~)L 
Qai;,S-~ lilltd._ [D-4.,. r-llm. D6:, 2:n-24. :& 2S,. l2jí wae ah. iimiuod:,,ami 

-11 witth' .,i,i,waa.,,.. ~ffl!!I ilR .-a~ (r" are 
aptll!IY.:t- ltli- cabllaiue '1l'liDry 11K bJ:rialw:-

(U), 

(I.5',) 

Br,.S = -F( ri.). 

~ll=r'+s·. 
At eaà. o( a. ~~-1= me1lbm.. amrity- • fímdíar ~ - Ff :r") an 
a.J,m)gte'd .1il'lá 1llie ~= ~1.4)1 is- 90lv~. Tk _. mamx ~i is~ 
nm B, llSl'Dlg' ~-mlalllious, wm oo.liy :r. ~ 1• F(~) .-1 F (:x:k+' ) 
t.se'e' ri~n- U'ma!Li,-, B11,t-u iit; - - d •lmkh tmie '"~IH 
~atm,,.: 
(!ll. &j 81,.,i,-~s = 1 = F(r"'H } - F(?}. 

1l'R &et. k:rro.wtt Qua,i--N~?l. f.oi:' !m1ai'l' dimK Bro,rdai ·s fint 
mdh'O& f:E..,. l. !}_ neJf. Tim~ ma a. ra:nk-ooe currut.ioa cmams to~ B..,..r 
firomiB1.-c~ 

(1L7) 
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Usini; ( l. i) a.nd lhe Shenna.n-Morrison fonnula (15, page 3], B;11 may be ol>-
t.ained from B61 using O(n1) flops. Moreo"l:r, a Q-R íad.oriza.t.ion of BH, may he 
obtained from a. Q-R factorization of B• using O(n2) ftops, (9"C (26]). Hcnce, if (1.4), 
(1.5), (1.7) ue used, nol only the time for computing derivatives is saved, but also 
lhe comput.at.iona.l 1o1rork for solvmg linear syst.ems may bc a>nsiderab)y reduced. in 
rela.tion to lhe computalional work needed to !'Olve (1.3) (O(n3 ) flops) For lhis 
reason, in many cases. Broyderi ·s first method ma.y be IDOJ'C efficient tban Ne-wwn 's 
method, even wben deriva.tives are ea.sHy a.vailable. in spite of it.s lower spttd of 
convcrgencc. 

The situalion in tbe la.rge sparse ai.se is so.mewhat diffcrent. ln fad.. if Bi. is 
a spa.rse matrix. and (1.7) is used. Bi.-1-1 generalh• tums out to be adense matrix. 
wh1ch ma.~• have little rela.tion f.O true Ja.cobia.n mat.nces. Broydcn (2} and Schubert. 
!26. 24] developed a va.ria.nt of Broyden 's first metbod wbere matrices B,, keep thc 
sarne pa.ttern of sparsity as J(x"). sa.tisfymg the !ICOUll equa.tion (1.6). and usmg 
a. mimmum ,-aria.t1on onnciple. However. tbe differcnce B,..._1 - Bi. is no longer a 
rank-one ma.trix as 10 Broyden ·s first method. and so. no ea.sy rela.tionsh.ap between 
facwriza.tions of Bi. and B1r+i seems to be possible. Thereforc, wbe:n Sdiubert. 's 
method is used to genera.te the Bi.'s. the resolution of (1.4) is as ex-peusive as lhe 
resolution of ( 1.3) . 

These obse.rva.tions motivated Denn1s aod Ma.rwil [7) t.o develop tbe fi.rst. Qua.si-
Newton method wherc ao L-U factoriza.tion of B"-'+1 is obta.i.ned dircctly from a..-i 

lrU factoriza.tion of Bt, giving a snbsta.ntiaJly lower cost in t.he resolution of (1.4) 
in rela.tion to the resolution of (1.3). Basica.Jly. the Dennis- Marwil method keeps 
the L-fa.ctor fixed and modifies the U-fa.ctor &om one it.enlioo t.o the following, 
preseTV1ng tbe spa.rsity pa.ttem of U .md using a. Schubert-type formula_ Unha.ppily. 
coovergence propenies of the Dennis - Marwil method are not quite satisfac\01'"}" ln 
fa.ct. local convergence is onJy obta.med if the algonthm IS restarted with Bt = J(x4 ) 

wben k is muJtiple of a. fixed integer q (see [71). MartineL [21] introduced a metbod 
wbere the LDMT factorizatíon of Bi. (see fl5]) is stored and onJy the factor D Í!'-
modified from one itera.tion to another. in order to ob\ain the fa.cuirization of Bt+J · 
Th.is method belongs \O a. la.rger fa.mily mtroduced later io f22J_ UnJike the Denms-
Marwil metbod. the methods in this fa.mily have local coovagenc.e propertie- with-
out resta.ris but superlinear con11ergence is only ob\ained ui;ing resta.ri. pmcedures 
(see [221). Chadee j4], generaliziug a. method of Johnson and Austria (16}, intro-
duced a. locally superhnea.r method where tbe L-U fa.ctoriza.tion oí Blr+1 is obtamed 
sinrulta.neously mod.ifying the L- U fa.ctors of B,.. . üofortuna.tely, Lhe inver-ses of the 
ma.ngu1a.r ma.trices L musl have a. definite spa.rsity pa.ttern for ChMlee's melhod to 
be usefol , a.nd 10, its applicability aeems to he limited to special structures of the 
Jacobian matrices. Martinez j23} iotroduced a. very large family which indudes mosl 

3 



superlinearly con-woergent mcthods for solvmg syslems of nonlinea.r equalioris. The 
Dennis-1\tarwil melhod does not bclong to this family, but it ma~· be inlerpreted &S 

a limit case (8 -+ 1) of a. para.metric subfamily where Lhe case 8 = ½ i~ Chadee's 
method. 

ln tbis paper, wc compare Newton's method, lhe Modif1ed Nt!'·ton Metqod, 
Schubert 's Method. tbe Dennis-Marwill Method . .u1d three methods in farnily (Z2). 
The implemeut.ation of methods for solving sparse nonlinea.r systems of equations 
requircs a dccision about tbe algorilhm "'·hich is going to be used for linear alge-
bra calcula.tions. V. R. Lopes (17, IS) ,ca.lled our a.ttcntion to some ill-conditioned 
ba.uded linear systetns, derived from approximation of diffusion problems using vari-
atiooal principies (sec 118, 33]). Acoording to 117). Lhe rcsolution of these systems 
using a general purposc sparse linear system solver 111] with a default tolcra.nce 
paramet.er o = 0.1 wa.s completely unreliable, but good results were obtained 
using a ver~• strict tolerance o = 0.99Q Tb1s cho1a: is equn-a.lent to the use oí 
L-U factonzations with partia! pivotmg (see (12. 15}) and represents the most stable 
way of solving linear s_vstems using L-li factonzations. Another reason. of a more 
theoretical oature. led us to the decision of usmg L-U factonzat1ons with partia! 
pivoting. founely. the local convergence theorems for the metbods mtroduced m lí. 
21. 22} impose that the pivoting rule wbich allows the L-U factonzation of J(xº) 
will also a!Jow the L-U factorizat.ion of J(.z"). tbe Jacobian ma.tnx at the solution. 
This object1ve is most likely attained if tbe partia! pivoting rule is used. since it is 
intuitively evident tbat, the larger the chosen pivots are for tbe factorizat1on of a 
given ma.troe, the greater is the dista.nce between tbat ma.trix and the sei of matrices 
for which a zero pivot appears using the sarne permutat1on rule. Accordmg to tbese 
observat100s. we decida:! to use tbe George-Ng (14) factonzat1on algorithm, wbicb 
uses partiaJ pivoting. a stat1c da.ta structure and a symbohc factonzation scheme to 
predict fill-1D in calculations. for ali tbe linear algebra manipulat1ons of our algo-
rithms. The numerical results are not mdependent from this decis1on: superiority 
of a particular method for a given problem may bc challenged if tbe algorithms for 
factorizations, data structures. resolution of triangular systems, etc.. are cbanged. 
Tbis paper is organized as follows: ln Sect1on 2 we describe the set of algorithms 
used for our comparison. Features like step control, restart procedures and stop-
ping criteria are discussed. ln Section 3 we survey tbe theoretical propcrties of tbe 
methods involved in this stody. ln Section 4 we describc our numerical experiments. 
crit.cria for comparison are discussed, and rcsults are commente4. 

Finally, m Section 5 we statc some conclus1ons and we suggest some lines for 
future researcb. • 
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2. The Algorithms 

As we mentioned in the lntroduction, we selected a.lgorithms for our 
comparison: Newton's method, the Modified Newton inetbod,"Scbubert's method, 
the Dena.is-Marwil method, and thrce metbQds of Martioez's family !21 , 22]. We 
ca.11 them the Diagonal method, tbe Row- Sca.ling method and the Column-Sca.ling 
method. All these metbods use a small tolerance para.meter TOL > O, l.o detect and 
modify singularity of the matrices involved. and a step amtrol A, to inhibit very 
large steps x•+l - xi, . Moreover, a syrnbolic phase preceeds the first iteration of ali 
the algorithms, a.nd eYen the first iteration is mmmon to ali of tbenL Tbe symboljc 
pbase corresponds to the symbolic manipulation of the George-Ng algorithm [14], 
Uld the first iteratlon corresponds to tbe following algorithm with k = O. 

Algorithm 2.1 (Newton ltenttion) 

Step 1. Compute F(r"), J(xk) _ Set B1 = J(x1} 

Step 2. Compute a permutation P, a lowertriangolar ma.lrix L = (L,-,), an upper-
triDgular matrix U = (u,;), and 2n sets If, /?, i = l, ... ,n such that: 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

PBt =LU, 

l.; = 1, i = 1, ... , n. 

ll;;I S: 1 for ali j = 1, . .. ,i, i = 1, .. . ,n. 

If e {1, ... ,n}, 

Jf e {l, ... ,n), 

i = l, ... n. 

l;,=O forall itlf, j'f,í, t=l, ... ,n 

1'i, = O for ali j (/ lf1, j 'F i, í = l, ... n. 

5 



Step U t--1 < TOL. repb,a .._ 

Step4.. Sohe 

(2.7) 

(2.8) 

Step 6. r"+1 = + s. 

.tg(.._)TOL. i = ~- ... n.. 

L'1J = -PF(r'), and 

Us = w .• 

Matrices L, U. and the ,ets If, J;' which satisfy (2.1) - (2.61 are c.omputed 
using the George----Ng algorithm. l,1 may be equa1 to zero foT :,ame J < 1. J E I;. 
and u.; may be equal to zero for 90Dle J > t, J E /f. ln fact. the sets l~, /~-
1ep1eseut tbe SUUâUTal nonzero elements of any pair o{ màrices L. U wbeu the 
panial pivotiug algontbm is perlormed on a ma.trix witb tbe nonttro suucr.ure of 
PB". 

AJgoritlu:n 2.1 is a Newton iien&ion.. with t.be safeguards agains\ singularity alMI 
large sleps given by steps 3 and 5. Therefore, our Newton Method toa! be desatôed 
by the following algorithm: 

Alg:orithm 2.2 (Newton's Metlaod) 
Given an arbitr.uy ioitial poím zº. e.ampute .~1 , k = O. 1. 2 .... using Algo-

rithm 2.1. 
The Modified Newton me1.hod is described by the followmg algoritbm.. 

Algorithm 2.3 (Modihd Newioa Metbod) 
Gnm :r°, compnie :i:1 using Algorithm 2.1. For k = 1,2 ..... compute :r-'+1 

perlormiDg Steps 4 to 6 of Algorithm 2.L 

Oar ímplemeuiat.ion o( Schobert.'s metbod requiTes tbe defüútiou o( n a.ddítional 
sets o( indexes J, e {l, ... ,n}, í = 1, ... n. We define: 

(2.9) /; = {j E {l, ... ,n} 1 :• (z) #' O for 90rDe z ín tbe doma.in of fl. , 
With this defioníon Schubert's metbod is described by Algorithm 2.4. 



Algorithm 2.4 (Sehu!M!rt's method) 
Givea :r0 , compnte ::r1 using Algorithm 2.l. For i = l,2; ... , compute x"'+ 1 

performing tbe folJowing steps: 

Step 1. Compute y = F(::r•)- F(xA--1). 

Step 2. Solve tbe optimization problem 

Minimize 11B - B~-1 IIF 

(2.10) 

Bs=y 

Compa.c.t formula.e for the resolution of (2.10) are givm in [10. 28]. 
Le. us cal) Bt the solution of (2.10) . 

Step 3. Perfonn steps 2 to 6 of Algorithm 2.1. 

Algorithm 2.5. 2.6. 2.7 and 2.8 describe the Demús-Manril method, the [)jago-
nal metbod. the R.ow-Scaling method a.nd the Column-Scaling method respectively. 

Algorithm 2.5 (De.nnis-Manvü metbod) 
Given ::r0 compute ::r1 using a.lgorithm 2.1. For /e = 1, 2, ... compute ::r~1 per-

forming tbe foUowing steps: 

Step 1. Compute y = F(:i!") - F(:rlr-1). 

Step 2. Solve Lm = Py. 

Step 3. Define u = U s. 

Step 4. For i = 1, .... n perfonn Step 5. 

Step 5. If 

perform Step 5.1. Otherwise, inaeme:nt i aud repeat Step 5. 
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s-p.5.1_ For mc1a i. -=:JJ tJw.. 1c o,. cmnpuk:: 

a..--11;(,;+si·lm.-fli!/ L s;_ 
jE~ 

&. Pabm Stqis 3 to 6 ai algorilllm ?.1-

Algarithm 16 (n.g-1 Scaliag melboil) 
Gnen ~- compate r míBg AJrurithm 2.J._ Sd. D= Dug("-,) = Diag{s..} -t 

c1 &., Ir1U. Fm i = 1, 2.--. ~Le r6+1 paionnmg lhe ioUuaing siqJs: 

Step J_ COl!llpnb: g = F{r'") - Ff~1 J. 

Step 2- Sohl:-

Step 3.. Ddinc 
(2.11} 

lv:- = Pg. 

,.,. = li:.. 
SQ:p 4- For 1 = 1, __ .• a. execa1e Su:p 5.. 

Step 5_ lf 
"7.[ ? nr'llsli.,., 

lld. 4 = ara/::.. ií ia. t.bi:111. i..u:emmt r a..t iq,eat this s:tq,. 

Step&. For i=1t,---.n.. i! lcl..i<TDLreplaoe 

'-,. ,__ .sg(d.;.)TOL. 

Step 7_ So1-te 
LDUs= -PF(?J-

Step 8- Perlorm Steps ;; anó 6 aí Alpithm 2.L 

AJg.,rithm 2.'1 CB--Sc:almg --i-tJ 
Gnia1 ~. compute z1 ming Alg,urithm 2.1. Dmne D = Diagf ti,.)- d. = 1. , = 

1 .... , IL Compute zH"l pedarmínr tJ.e followmg sLeps: 

Step 1. Compute , = F(z'J - F{rª >-
Step 2.. Ddíae 

(2.12) 
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Step 3. De.fine TD = Pp. 

Step (. For í = L, ... ,n, execute St.ep 5. 

Step 5. H 
~I 10..,.IIF{r1:}II..., 

1d d.. = w,/v.., ot.berwise incN:ment i and repeat Step 5. 

Step 6. For i = l, ... ,n, if lcl.l < TOL, rept..z 

Step 7. Solve 
(2.13) 

Step 8. Execute Steps 5 and 6 of Algoritbm 2.1. 

Algorithm 2.8 (Col11Dln-Scaling metbod) 
Given xº, compute r using Algorithin 2.l. Define D = Diag(d;.), d. = 1, i- = 

l, ... , n. For J; = 1,2., .. ., compute z4+ 1 perlonuing tbe foUo.ring steps: 

Step 1. Defi:oe z tbe -,lutiou of 

(2.14) 

Step 2. Sol~ 
(2.15) 

Step 3. Set 

Ww = PF(:s:1:). 

t, = UI - z:. 

Step 4,. For i = 1, ... , n., ex-ecute Step 5. 

Step 5. H 
la.-I 10-11.sll«, 

set. d;; = v;/ s, otbenrise ina-emeut i and repea.t. Step 5. 

Step 6.. For i = l, ... , n, íf ld.l < TO L, replace 

4. - .sg(d.)TOL. 
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Step_7. Sohoe 

Step 8. Exea.te Steps 5 anti 6 of Algorithm 2.1. 

Remarb. 
We used the words "soJve" or ªcompute" \o indicate that 90IDe cal~ mãat 

dfect11'f!ly be perfonned. and tbe word ªdefine• to indicate that the result of tbe 
calculation may be obLained &om c:omp~. 

Singularity and Step Control 
Step 3 oí Algorithm 2.1 and Step 6 of Algorithm 2.6, 2. 7 and 2.8 corred t~ 

L-U factorizalion when a nearly singular matrix B,. appears. However, a very ill-
concfüiooed B,, may slill oc.cur, pro-.okiDg very large steps -Bí"1 F(x"). Therefore, 
in practicaJ ímplemeot.ation of methods for solving aonlioear systems of equa.tioos 
some control in tbe size oí incremeots z"+1 - x" is recommended (see [20. 251}. ln 
oor oodes. we a.dopted a ,oery simple way of cooi.rolliug the st.epsize: assuming that 
6 is giveo by the user as a.o. estinwe of the di5'&Dce betweeo the iniüal guess and 
the solutioD., we simply 1.esi if 11.sll.., = li- B;1 F(z")II.., is 1ess than 6 or not. li it 
is, then the inaemmt • ia~ OúlerwiBe., ii is replaoed by • a/11•11-- Tbis 
is done at Sieps 5 aod 6 oC Algorithm 2.1. 

Stoppillg Criteria 
A oataral lltoppiag aiterion for algoritlum wbidt .,._ systems il 

(2.16) 

wbe:re t 1 is a smaJl positi1'e number g;- by tbe user. Wben (2.16) occun, we 
declare "coovergence of type O" . 

However, IIOIDetimes criterion (2.16) ís very diffieult or impossible lo achiewie, 
maybe of a large Ja.oobian at the solution. So, we incorporai.e another 
coov,ergence test: 
(2.17) 11&11.., < E2-

Wben (2.17) boleis, we declare "c:otageuce of type 1•. 
Algorithm lilrie 2.2 - 2.8 are JocaJ in nútue, anel, tberefore, dí~ce may 

occur for arbitray DODlinear systems if xº is far from tbe soli:ttioo. We declare 
"Diwrgence" when, for ,orne larg,e po9it;- number BIG, givei by the --, the 
folJoo,ring íneqaality boMs: 
(2.18) IIF(.r")fl.., > BIG. 
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Fínally, tbe executioo of tbe prograros js ioterrupted when ether a previous1y de-
fined compu~ lime or .!IOffle luge oumber of iterations is en:eeded. 

R.estarting Crituia 
Sometimes, ratber than executing Algoritlun 2.3 - 2.8 iD tbm- original 1'el"SÍ<m, 

it is more efficieut to rest.a.rt lhe iterati~ process, performmg a Newton itera.tioo 
(Algoritbm 2.1) instead of l~ original iteration, a1 cerlain steps 1.. The mosl. 
natural resta.rting critenoo is to eicerute Algorithm 2.1 ÍOI' obtaining :r.-+1 when 
k is a multiple of a fixed integ-er q. For some algorithms, and mnsidering only 
tbe compntational work invol~ in Í1lllction eva.luations, an optimal q may be 
determined using Ostrowski's efficiency índex (see [19, 311). Ho~, in our case, 
lhe computational work involved in linear algebra calculatioos is not negligihk: ai. 
all'. so, we need restarting crit.eria which Lake tbis work into accou.nt. We developed 
a. "local effiócncy restarting crit.erionn (LERC) based on the following arguments: 

Let. os cal] t,- the computei' time used by some aJgorithm at iteration k . Assume., 
furtber, that 
(2..19) IIF(:r41)II = 9..,JIF{:r"')II-

Therefo~. if relation (2.19) is manta.ioed throughout &he a.lculation, ,rith '• < 1 
and the same type of iteratioo is used , the oompu\er time to a.chie"ll'e (2.16) should 
be pt'oportional to -t1c/ log 91,- This justifies the defuúug o{ E,., the efficiency of 
itera.t.ion k, as 

(2.20) 

E1: =0 othenvise. 

Assume now tba.t l is the last index of a. Newton iteratíon previous to itera.ticm l . 
We adopt the foUowing criterion for deciding whetbtt to me a. "uorma.l" iteration 
ora Newton type ODe a.t iteration k + 1: 

(i) If Bt > 1, iteration k + l must be a Newton itenltion. 

(ii) li E1r > Et, use a "normaf" itera.t:ioo for obtaining z-+1 , and if E. Et use 
a. Newton iteration. 

A similar critmon is used in [6} for minimiz:a.tion problems., witb good nu:mmcal 
results. 
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3. Theoretical Properties 

Let us assume that F : n e J[{" ..... R:', O an open and con~ ~. F E 
C1(!!), F(:r·) = o, J(:r·) nonsmgula.r, a.nd, for a.11 :r E n. 

IIJ(x) - J(x")II s L 11:r - x·w 

for some L, p > O. 
For a. local convergence ana.lysis. corsider the algonthms described in Section 

2 . ..,.,,jtbout correct1on of singulanty. a.nd with no control of the steps1ze. Tha.t is, 
elimina.te Steps 3 a.nd 5 of Algorithm 2.1. Step 4 of Algorithm ~.5. a.nd Step 6 of 
Algorithms '.l 6. '.!. 7 a.od 2.S. ln fa.ct. local convergence theorems shov. that these 
stt>n< art' not necessary with the hypotheses al:-ove. 1f :r 0 1s oear eoough :r· Let U5 

,urve~ here the convergence results re'1;;.tPd lo Ahrorithms 2.2 - 2.8 The first one 
concerns locai convergence of Newton's mctnod and the Modifiec ~ewtoo method. 

Theorem 3.1. Given r E (O, 1 ). there eXJsts e = e:(r) > O sucb tba.t. ii 11.Tº - :r"II S 
;;. the sequences (:rk) genera.ted by Algorithms 2.2 or 2.3 converge to :r" and sa.tisfy 

(3.] / 

for a.li k = O. 1. 2, .... Moreover. for Algorithm 2.2 (Newton ·s method). there exists 
e > O sucb that: 

(3.2) 

for a.lJ k = 0.1, 2 ..... 

Proof. See !JO. 2i. 30]. 

Like ma.oy Qua.si-Newton a.lgorithms. Schubert 's method sa.tisfies not only the 
lmear convergence result (3.1 ). but a. strooger ( superlinea.r i coovergeoce result which. 
on the other ba.nd. 1s wea.ker than (3.2) 

Teorem 3.2. Given r E (O, 1), there exists e = e:(r) > O sucb tba.t. if 
11.Tº - x"II Se, the sequence (:rk) geoerated by Algorithm 2.4 converges to :i:" aod 
sa.t1sfies (3.1 ). Moreover, tbe speed of coovergence is Q-superlmea.r. Tha.t is, 

(3.3) lim llxH1 - xºll/llx~ - x"II = O. 
k-oo 

Proof. See 110, 24] . 
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A)gorilhms. 2..6, !. 7 and 2.8 la~ the Ame of. CDII.TI!l"gence result a 
Modified Ne111DD ID!l:tàod:. 

LI. Gi- r E (O. I), t.herec Bists E = !'(r] -> 0 su.di t.hal, if 
ll,%8 - rªJI $ ~. the (r.i} gw=neraled. 'by Algari1Jm. 2.6, 2.7 or 2..8 Qm-

w:rge to Z- -t A1isfies (11). 

Proof.. See (nl for \li<; c..onwa~..:e of. Al~rithm 2-6. For provmg tht mnvttgt:ilce of 
the Algorithms 2.. 7 ao.d %.8 wc need to Ínt.erpn:t them a ~cular cases of t.he family 
intr:odnced in í22l- This m;r;.y be easily doae.: far Alp:ithm 2..1, C(B) = 1. D( B) = 
l, E(B) = B a.nd for Algoríthm 2.8, C(B} = B. ~B) = I, E(B) = I . Sino: 
ti-e functiom are trivially CQlllim~ Tbeon:m 2.1 of [22! m.r.y be applied.. 

.. We ate" almost. mze. that tbe Dau.ris-Manril mdhod, -.ri\bout. rest.arts., is DOt 
loally ~trg"!D.L HGWeltr. tbe membenr ai a. dmdy tda.t.ed family oí methods 
intmduced recenU-y m [23], ha~ local and mperlineu oonea:gmoe. We call the 
mr.mben of this bmily KQ-i-~M-11" mrihods rn- n e (O~ l}. the 
QaM;i:-Damia-MKWiJl Jllldlmd defíaed by Q -.y llie dellCri:bm by tlat follawmg al-
goritbm:. 

Algori1hm 3..1. 
Gi-. rD, obc.ã r -.iag Algioritlan 2..L For 0llllllplliDg z", l = l, 2.,. . . use 

tàe Jti.ilii~ 

compuling~ ú each itentíaa., L;!u U~1 • tàe somiion ai t.he Wlowing ep~ 
tion problem 

a lfM-L;"11lr4(l-affltl -ll1:II,.-

s.L 

(l.5) 

J = PfF(zl+1 } - F(z-"))1 

u = (a.;} 1 'llij = o n ; t If'-

The fflation betwer.n the Demos-~ mefhod aud C.he llll!tbod dacnôed iUKM! 
- in the rono.ring· tbeorem:. 
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The-ouem 3.4. Sug,po~ ~. Li., U1t ae given • .m<i lei = c.iilL L,..1 • Ulr+r tire 
ina.nius obtai.n.ed 11Sll1g eh.e Denni,;--Marwtl i:ndi.hod.. Of course.,. Lk-llt = L,.,_ Lrl u:s 
all L..,..rfet). Ui..r(a:} the- cmc:s obta.i:nd Algmithm l-1. :r'hen.. ., 
(,l._6) 

(U) 

Proaf. 5ee [23]-

Tb.e Qua.sJ- Dennis-Ma.rwil methods are not pra.cticaf for soh-ing sparse non.linear 
systems beca:nse spa.rsicy of L;, is oot u~eTVed from on.e 1ter.1:1aan to a.notber. Row-
1':'Vl'T. the: have the s:a.me local con,er{!ence- propenics as Schrrben' s method (see 
!'.:3.]). Tb.erefore.. aJ.ilio.ugh the Denrus-Ma:n.il metb.od s=~ to h.a.ve the poor~ 
ema uergen_ce p..open~ a.m.ong t!Le algonthn-is described. iu S=ilill 2.. the fact th.at 

.malogoas" i:mthads. i:n. the-~ of (3..6) - (l..7) b.a.~ loca.l co~g= 
p;coperties a.s- to feel. tbt "-sa= part"' of ?J"O!l=Í= is mberitffl by the 
~M;i;uri .umdlood. 

Gp ta, DDJ'ilJ', we ha.~ the =~== o{ 11lr '-pare" a.lgo-
riih!llS of S=tion 2_ If resta.ri:,; incmpcn:a.tei.. the co:n~= rcml.1:5 for Algo-

U .uooh 2...8, liook v:rr:ry si-mi-w-: 

'Dwcotem 15,_ A.mm:ne th.&t (:i!') l:!í tJSmg Algorithm 2....1, 2.57 2. 7 or 2.8, 
except uhat. for /e E I<.0 _ a.u i:n:finite set of inde:us.. ~t is calcnlated usmg Alger 
ritb:m 2-1. . Then... tb.ere =ists e.:> O such that, if llrº - rwll Se.. r" converges to 
z" and: (l..J) a.lso b.olds. 

Pt-ooí- See /22... 271. ar ase Theoi:ems 3.1 and 3..J. 

FOJ' the Th=n:is-Marwil method tbc rollowin~ slrgh:tl:y weaker result holct.s: 

'.fn;eet"em ,UL Assmrie tbat. (~} t!. flbUaÍillerl asmiç Algai:thm 2.5. e:lCC'e?G t.b.t. for 
/e E Ko .. a;rr JJlifurilie set,. of in-dexes. r"'+t is com'f)Uled nsiing Algoriühm 2.1. Assume. 
furt.hei:. c-ha.t. t.he dffi'== het.w~ all.Y p.llT of conse:ut1ve- rndexes, o{ Ko ÍS' Devei" 
grall~ tiR.n a. medi i:nteger 'l- Tilc:n tbc t.hes:is- of Theorem 3.5 bol<lli for the sequenc.e 
~r"). 

Proo(. Se!: [101:-
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4. N umerical Experiments 

We wrote a FORTRAN e.ode which implements the methods det,cribed in Section 
2. Ali the reported tests werc run in & VAXll/785 &t the State ÚniYerSity al Camp-
inas, usiog tbe FORTRAN 7i compiler a.od tbe VMS Operational System. Single 
predsion wu used for real var:i&bles in a1l our tests. A c.ompatible IBM-PC version 
of the e.ode was a.lso written usiog a Microsoft Fortran oompiler. The results for this 
version were coosistent witb the results of the VAX w:nion of the e.ode. 

Problem 1 (Broyden Tridiagonal} See (1, 2). 

/1(z):: (3 - kx1)z1 - 2x2 + l 

/;(:r) = (3- h;)x; - :r;_1 - 2x;+1 + I i = 2, ... ,n -1 

:r.0 :: (-1, ... ,-lf. 

6 = 10, BIG = 1010. 

Figure 1 shotn the structure of the Jacobian matrix, aud the date structure for 
L- U factorization writh partia.l pivotiog computei by the ~Ng method (witb 
n = 40). 

Table 1 shows the computer CPU times med by the symbolic phue of the 
metboda (Pf'e\l'ÍOUS to tbe tirst iteration) for different n. 

n time/seconds 
1000 0.23 
2000 0.49 
3000 0.73 
4000 0.99 
5000 1.24 
6000 1.54 

'JabJe 1: CPU time of tlM symbolic pliaR for PraMem 1. 
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T~? ~ - the mran CPU tin::a!s 112d. by a New\mr. item.iou 
(\~ ~]) ÍIJr dilf~t IL 

1Jl n'rmej 
1 

EOOO 11 D..2.4 • 
21)00 fl.S! 
lOOlJ I i lt 77 
4000 I.Ot 
500:0 1.30 
6000 1.53 

Ta&le %: M.ean C PTJ ti:m:e of a. lll.ewton u.en"tion. for: P'roblen L 

T..bl~ 3 shows tff meain, cmrrputer C Pl tmres of m:te ordma:n· i:1iera1;iQn of Al-
g.oritbms- '.!. 3 - '.!..8... v\e 1JISe' the foLlo.winJ!; n'(OO~n: 

N ~-•,, Mediiod. f Al:giorinlmi. ~2)1 
MN M~ }.'.e,i;ton Met:hadt (AlgGJritb:m. 'Z.3) 
s S,d:m;l;Jf!!II1l,Ts, U) 
DM ~M.vwiil'. ~Alpttm1n 2.5) 
DS S~ Mdbad q~ 2!.íi) 
llS .Raw-Sical!mg (A~ 2..7) 
CS ra'o.l'llli>-Scalmg MdálMi (A~ 2-8) 

1 n I MN s ! DM I DS 8.5 1 cs 
!000 CU19l IW...29-111161 c»..n 0-H' • f:Uflí 
2tm rur; OA1 19..3l 0..23 Q..22 

3000 Ot2& 0.$1 ! 11.5(1} 1 O .3il o..l4 o..n 
4000 0.36 i LI7 0,.68 0.46 o.o 0.43 
5000 0.451 l.481 01141 0,5g , 0.56 0..53 
600(}) 0..54 L71 11.DJ 0.6& 0..68 0..65 

Tabl.e S: Meaai C PU ,im;e- o{ a. 1Ypiaf f« PRIMem J. 

O~ that tiie ~er: CPU t~ 11d by' diffa'eld Pldhods is a. n:ueai-
ai n.. h ~. qf l'kwion's illld Sdaahert's <IJII'.' f.be 

lJlllld Upe..i5'in.e: --... The- J~ maiÓX is a.rly aailabJe Íd lms pa,hiem. IIO 
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Schube:rt's i1.erúion is - more e:xpensi~ than New1.oo'• httat.ion. 
lo t.ables 4..1 \.o 4.4, we descn"be tbe oumerical perlormance of the algo-

riU:uns for problem 1. We write (TER, k, k1 , l:2, t) to indiale Uliil. • particula:r 
algorit.hm st.opped wit.h envr- e.ode TER, usiog i: i~. k~ Nf!W1.m:t i\enliOll.li, 
1:2 qum--Newton itauions and t R'CDDds Cl>U time. IER oay a11S111DC tive YaJ. 
ues: O for con11ergence of type O, l for CODftigeooe of lype 1, 2 for diw:rgcnce, 3 for 
exceeded. number oí íLerat.:iom and 4 for exoeed CPU time. We tested problem 1 
with 1 = 0.5 and l: = 2. The Algarithms 2.3 to 2.8 were testeai without resurts, 
and wilh rest.arts detenninr:d hy the efficiency aiterioo de.c::nbed in the prewion& 
9edioo. 

Reutarks: Lookiug 1.ahles 4.1 to 4.4 we may obeerTe the foDowiog: 

1) Nooe of the algoritmos bad difficulties in solving this problem. AD oí the:n 
119Cd a íew iterations and litt.le CPU tone for tbe -.bole procesa. MoreiN~, the 
o~ performance did not depenei on n. 

2) No significam. dilfere:oces were ddected behPeen the "with 
aad "witbaat. resiaru" m tams of CPU times for algomhma DM, DS, RS and 
C S. lo many calle5, the beb&vior waa euctly tbe ume dueto the &d tbat "nannal" 
nentiom were ahrays a..-e efficient tha.n the fint Newton it.ention.. 

3), Sdmbert's method is clur)y ~ormed by Newton', melhod.. This •~ 
e:xpeàed, sin~ a Sdm.beri ne:ration ís slighüy tmB"e expemí:.-e thao a Newton it--
eration, and tbe e:icpected_ progTe!IS o{ & Newton iien.tion is tban that o( a 
Schubert íteratioo.. A amsequeuc.e of this fact is tbat, for the resLarled w:mou, 
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... • 

Methad 

N 

MN 

s 

D.~f 

DS 

RS 

cs 

,, 11·· .... -· - . - -,~ .. -~. -
n " 1000 n .. 200n n 3000 

Wlthcrnt F.:íllrhmcy WILhout E:ffirhnu:y Wlthoul. Efflclem:r 
Rt11tr.rt1 Ruta.rt1 Ru\artl !'ll.llt&rtll R.11t&rll Ra&arll 

(o ,3 ,3 ,a ,a . ., a J - (0,3,!M,UU) - (0,3,3,0,2.31) -<11 

(O,l0,1,9,1. 18) (0,10,1 ,0,2.19) (0,4 .2,2,1A2) (0,10,1,0,3.23) 

. 
. ,l,l.17) (0,4,2,2,1.11) (0,4,2.2~.:18) ,l ,3,3.48) 

(0,-1,1,3,J .S3) (0,4,l ,:J,1.55) (0,4 ,l ,S,2.33) (0,4,1,3,2.4) 

(0,(,1,3,0.83) (O,~ ,l ,3,0.90) (0,4,1,3, l.231 (0,4.l.3,1 ,2Q) ,1,3,1.80) (0,4,1,3,1,83} 

(0,4,l ,3,0.60) (0,4,1,3,l ,27} (0,4,1,3,1.20) (0,4 ,1 ,3, 1.12) 

(1 .6,1,S,0,BO) (O,S,3,2,1.01) (t,e, t,s,1. T3l (0,5.3,2,2.0) (015,3,2,3.04) 

. 

TulJlr 4.J1 Prríormn.nc:e or UI• Method1 ror Problttm l (k • 0.5) 



. .... : ; --~ •• ,•'.J 1 -'· 

li • "ººº " • 'ººº n • 6000 
Wlthou, Efflcl,nc:y Wlthoul Efflcl1ncy Wlthoul F:fflcl1nc)' 

M1thod R11tart1 Rutarll Rutart.l Reatart1 • Rutart1 RatarU .. . ' 
' /( (0,3,3,0,3.0D) l - (O,S,3,0,3.04) - (O,S,3,0,4.H) . -; . ' . .. . 

.. , ' I' ' .. 
MN (0,10,1,0,4.42) (0,10,1,0,a.,n) ,2,2,3,411) (0,10,1,0,e.14) (0,4,2,2,4.15) 

' 
.. 

=s 
, (0,4,1,3,4.85) (0,4,2,2, • .SD) (Ô,4,1,3,5.85) (O!'f (0,4',1,3,8.08) (0,4,2,2,8. TD) 

, . 
DM (0,4,1,3,3.18) (0,4,1,3,3.07) (0,4,1,3,3.11) (0,4,1.3,3,08) (0,4,1,3,4.A) (0,4,1,3,.-.H) 

,.-,.,. 11 

DI (0,4,J,3,2.45) (0,4,1.3,2.44) (0,4,1,3,3.05) (0,4,1,8,3.08) (0,4,1,3,3.SD) (O,.f ,1,3.3,82) 

1 ·' , ~ . 

•' 

RI (0,4,1,3,2.31) (0,4,1,3,2.40) (0,.,1,3,2.DD) .. (0,4,1,3,3.13) (O,.C,1,3,3.89) 

' ''' 

cs (1.8,1,5,2.38) (O,S,3,2,3.118) (1,e,1,s.~.o) (O,S,3,2,4,06) ( l,8,1 ,5,4.93) (0,5,3.2.5.112) 
,. .;, 

; .. .;l .. 

Tabll' 4,2: Ptrrormance of lhe Methoda for Problem 1 (k .. 0.5) 
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N -

• 4000 n • 5000 

WILhout Efflciency Wilt,oul Efficlency 
Method Restart1 R~tart1 Ruta.rt1 • flestarts 

N (0,3,3,0,3.08) - (0,3,3,0,4.3) -
MN (1,9,1,8,3.84) (l,9,l,8,3.9g) (1,9,1,8,4.98) (1,9,1,8,5.25) 

s (1,5,1,4,5.65) (0,4,2,2,4.46) (1,5,1,4,6.98) l0,4 ,2,2,e.8) 

DM {0,5,1,4 ,3. 75) (0,5,1,4,3.85) (0,5,1,4,4.67) (0,5,1,4,~.08} 

DS (1,5,1,4,2.87) (1,5,1,4,2.88) (l,5,1,4,3.65) (1,5,1,4,3.55) 

RS (1,5,1,4,2.82) (1,5,1,4,2.9-4) (1,5,1,4,3.57) (1,5,1,4,3.60) 

cs (1,5,1,4,2.82) (1,5,1,4,2.85) (1.5,1,4,3.52) (1,S,1,4,3.63) 

-

Thble 4.4: Performance oí the Methods for Problem 1 (A: :a 2.0) 
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Ullilt. /i;z: = ltri. • kz = li.:r. + 11 lbi:- arn rcstwctd - m ~"s m&nd. 

«)1 Sucpúsing(J. Sdim>ei:t's- n:rm:tatutef lll?d.Jm,dj ttSed: a.bom. bile 
é°d!ffid:ÍumJ; clã t.Jm: ~llGll Algmith:ms 2.5 - 2.5_ 

5} llm tM IIWfll.. ElS .url: ES ,~ 11hr nwst metlmcls- k tfüs: i?TOb--
Iem. CS amt J:1'611 .dso" -o;,. 1iioob: 4lfí t&:= ril:r mm:l:ar C.Píl ti:mes: 
a::s; ~•s; nmtlhr 
DJJM, /TJ'5. BS ani 
Une- -~ locaJ (ID1ll't, 

hkacl 'llnrR' thami 
:JSr ,11 kt,. MK~ IJ'S, RS CS" b.,ze, 

pwpttlÕl!::i- amf t1h- c:rm:caet)#illlt -~ b- [)11:t 
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w 2.. (._. Bu4._ [21) 

Az):=?+~+1-I:<zj+~ r=t. ..... 
JEL 

l. = t ....... ir}-{i}. 
â1 = au:f:n. li - $). 1z = IIIÍll.f,a. i + S}. 

:r9 =(-l,. ... -1)'1'. e:r=E:=lr4'. TOL=ICr~. 4=10. BIG=lOio. 

FJPft ..,_ Ule sn••- tJi tflrr JKObm aatrix a.nd tbe strndlm! ior- lhe L-U 
~-~i.,,lasr,llb,J'tilíir~Ng~ wiúi. •= 

Tabl-e sRaws- tllle Cl1IJIIP91ff CPCT t~ wd by tMc- s1wlaaic .--- ol tbc 

n 1 tim,_/sea:.-is ,. 

UIOO I! a..so 
2000 1: 1.62 
.. . ?.63 R 

,400f11 1!i6 
50III u 4Jil 

ãWr, s1i1,.,,; dr.- c:mmpimts CPfl iÍllm: a,ed by a Jlewtla 

ll.97 
U'f 
2.99 
411',l 
5.53 

Tabíie 'Z" sJ.,w,s-tJw--~CPU timeof onec:nliauy itaaliml CJI Algo-
riliaiila U- 2.A. 



n MN s DM DS RS cs 
1000 0.22 1.04 0.39 0.25 0.25 0.23 
2000 0.45 2.10 0.77 0.51 0.48 0.4.8 
3000 0.67 2.93 1.19 0.74 0.73 0.72 
4000 0.89 4.48 L57 1.05 1.01 1.01 
5000 1.11 5.88 1.94 1.28 1.23 1.21 

'l'able 7: M.--. CPU timé of a typiuJ itention fór Pmblem. 2. 

We observe that the C PU times of symbolic fadorization! and of Newton and Schu-
bert itera.tions are iIDOUt fom times the CPU times of tbose of the sys\em& with 
the same dimeusian as in Problem l. 0n the otber hand, the C PU times of other 
Quasi-Newton lter-at.ions, and N M are a.bout tw-ioe the times of lhe couesponding 
oues in froblem l. 

ln tahles 8.1 a.nd 8.2 we show thê IlllfDeri~ performance ai. Algorithms 2.2 to 
2.8 for Problem 2. We use t.he same eonventions as in Problem 1 

R.emarks: Most of the observatious drawn for Problem I are also valid for thls 
problem: This is al.so an easy problem for all the tested a.lgorithms, the behavior 
with anel withmrt restart.s coincide, and Schuhert's method is not competit.i,,,e with 
the rest. of the algorithms. ln addition: 

1) Sm-priaiugly,. metbods DS, RS and. CS t-t less iteraiiom than Schubert's 
method in the nonrestaried cúe. Tbis beba~ ia not. predic:table by k,Ql co~-
gence properties. 

2) Algorithms DS, CS and RS ue cle.i-ly the IQD9t efficimt ones fOI" this prob-
lem, followed by Newton's method tbe, Dennis-Marwil method and the Modified 
Newton method. 

24 
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- --~ 
' 

----
Will 

MethoJ I Rcst 
1out 
arls 

------- --
IOOfl 

f:fliricncy 
lle-1arl1 -- - . -

N I to,., ,1,1 l,:!<Jn) -
- --~ 

MN (l,l~ 1 l 1 '1,4.WI ( l,1.i,1.14,4.2!1 

---- - ---·----~-

s tt ,8, 1,7 ,1.1!'i) (U,li,l,2,~.12) 

,__..._ ____ . -- - - -
n ,. 2UOIJ 

Witnout Efflr if'1 

Realar la ne~tiH 

(0,1,4,0,7.93} -
-

( 1, 1.'í 11 ,14 ,8.83} (J.15,1,14, 

-

( l ,s, 1, 7, 15 .8) {0,5,J,2,1 

- ·- - --- •. ,-..----- ---- --~--

DM (1,10, l, ),,1.6-t) ( 1,10,l,9,G.Ol) (O 2,6,.~ 

- - ----- - ......... 

os (0,6 1,5 ,2,41) (ll,6,1,5,2.31) (0,6,l,5,4.66) (0,6,1,5,1 

---- ---- -
RS (U,6,1,5 ,:?.:W} (O 6,l,~,2.2!l) .51 J {0,6,l.5,I 

----
cs (0,6.1,5 ,2.:"!5) (0.6.1,5,2.21) {0,6,1,5,-t.39) (0.6,J ,s,, 

-
·---~ n • JOUO 

Wlthoul Effimnt 
ftl!lltart1 Re:,taru . 

(U,-1,1,0,12.0J -
li .12 j (1 ,15,l,lt,12.IS) (1,15,1,14.12.6) 

-----

i) ( l 18 . 1 , í, 23 2 J 4) 

--· ---
fi) (l (o,a,2,a.13 1 l 
-- --

J) (0,6, 1.5,6.74) (0,6,1,5.6 73) 

----~ 

,, (0,6,1,5.6 61) (0,6,1,5,fJ 66) 

/i 5) (0,6,1.5.6.34, (O,ti,l,5.6 62) j 
--'---· 

Tol,11~ i l: Pr.rformiu1c:e of 1h,- '.led1rJth r,11 '' ,,1,1~,n :?. 
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1 MN 
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, 
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DM 

DS . 
RS 

, 
' cs 

... . ,. 

,. 
11 • 

.. . . 
11 • 1000 

WUhou, Efftclonc:y WILhouL Efftcltnc~ 
R.o,tam R.utart.l Rutar\1 

-. 
< (0,4i4,0,115.J) (0,4;4,0,22,3) r-. ' -, .. ., 

, ~ 'l • "'' •- j ' . 
' .. .. l .. . . 

: . 
-(1,llJ,14,111.D) 

! 

(~~•,Í,14,21.2) (1 ,11,1_,14 ,1e.s) .(l,15.%,14 121.~J. 
' , ... ' 1 . ' . . 

(l,11,1,7,:SU) (o,1,i,2,23,2) 
' 

(1,8y"7 (.o.1f ,3,2,2D.1) 
',;. "1 • , 

(l,l.0,1,9,1 U) (0,1,2,9,17.7) (1,J0,1,9,23.1) (P,~,1,9,22.T) 
" ' .. 

(0,e,1,s,o.aa) (o,e,t~l,Ul3) (0,IS,1,5,U,I) (0,8,1,1,12.0) 

-
(o,e,111,0.oeJ (a,e,1,1,0.a:1) . (D,ll,1,a,p1!) {0,9,1,1,11.~) . 

9; ; 
. 

(0,8.1 ,5.11,IV) (0,0,1,1,0.29) (0.1.1,s,11.e) (q,e,1,1,11.1) 

l 
,, ,.,, 

r 
' 

Tnblt 1.:1 P1rfcmn1nc1 or \ht M1ihod1 ror Probl1m 2.' 
f ,; 
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Yigare 2: Straaue of tJie Jacubiaa maun: a.d 
dat.a stnc:iue for the L-U facto.rizatiGL 

Problem 3 (Trigexp (3%1} 

/1(x) = h! + 2%2 -5+5io(:i:1 -2:,)sin(%1 +%2) 

J.(:r) = -:i:._,~c--,-=-J + 4:r,. - 3. 

luitial poiuts: (0, .... 0)T and (0.3 •...• 0.3f. 

i = 2, ...•• -1. 

Algoritbmic parameters: Et = €2 = Io-4. TOL = 10-7• ,/l = 10. BIG = u,111• 

Tbe structore of lhe Jaa>bian malrix and., hena; lhe s1.ntclme ai t.he data 
shucture for the L-U factor:izaúou .ue the sarne as thme ai Prublem 1. See F~ 



1. Tbe CPU limes of the symbo1ic phue aho ooincide, obviously with lhe CPU 
lÍme$-o( t.he symbolic phue o{ Problem 1. 

Table 9 shows the me.- cumpuu:r iime oi• Newwa. iter.d.ion. &Dd ub1e 10 abow:s 
tbe IDQD cumpoter C PU Lime of Modified aad Qu.ià-NewloD itcratiqps 
for_J>Toblem3. 

n times/SJeCODds 
1000 0.37 
2000 0.76 
3000 1-15 
4000 1.50 
5000 !...93 

Table 9: Meu C PD time ·OÍ a. Ne'llllb>n i:t.enlKa for Prohlem 3. 

n MN s DM DS RS cs 
1000 Q_]-4 0..33 0.22 0.16 0.17 0.17 
2000 0.30 0.65' 0-45 0.33 0.34 0.34 
3000 0.45 1.00 0.66 0.51 0.51 0.-49 
4000 0.61 1.40 0.90 0_69 0.69 0.69 
5000 0.75 1.72 1.10 0.86 0.86 0.84 

Tablie 18. Moa CPU time ai a typical i1entioa for PTObieaa 3. 

Obsene tbat, anlilme Problem 1, the CPU time ol •Newton~ is gnma-
thau tbe C PU Lime of a Schubert iteratioo. due to lhe na.nscendental fundioos 
invelwd iD the calc:ulatioo of the Jacobian mat.rix. H~, compariSOD betweeo 
lhe.e times shows th.at L-U factoriwion still domina.1es the calcula.t.ion. ln Tables 
11.l aud 11.2 we show the amnerical ol Alguritlum 2.2 to 2.8 foF Prob--
lem 1, using tbe sarne am..entions as in the prev1om problems, for :O= (0, ... O)T. 
The NDJe is~ in Taba 12..1 illOd 12.2 for :O= (0,3. ... ,0.3}1'. 

Remarks: 
1) Witb tbe exc,eption ai Newton'• meihod only CS is nCIOellÍul in ali triais, for 

&betwoinitíalpoiDts. 

2) ln botb test.s RS and DS botb í.uled. for the no restarts 1'el"Sions; S failed in 
t.he trial nms with no restarts anel in tboee witb • restart ai eYerY 5 ítn'ations for 
the inil.íal poín1 z = (O, ... O)T due to tbe of -SC-. 
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4 

n"' 1000 n"" 3000 
Wllhout Effii::leu4",V ne,tart - Wlthout Eflklency He~t/\ít 

Mathocl • Ever,y li Bvery 5 
Re1ta.rt• Rea~1'rh Hera.tlon• íl.1-1~tarL1 1i·eslarL11 Heratlon~ 

' -

N (0,8,!l,0,3,24) ' (0,8,8,0,9,26) - - - -

MN (3,llO,l,49,8.2) (1,13,li,8,:l.2'1) (3,110, 9,41,9,.'18) (3,li0,1,,19,211.2) (1,18,4,U,I0.9) (U0,1,4Ull,6) , 

s overllow (0,10,~,fi,3.71) overflow ovqrílow (0,10,lí,11,10,9) overflow 

lj 
DM (2,46,1,111),8.64) (O, 11,4,7,3,0) (0,22,4,18,11.13) ('2,46,1,46,28.7) (1,11,4,7,9.00) (0,22,4,18, 15,8) 

' 

DS (3,100,l ,99,16, l) (0,12,3,9,2.68) (0,26,11,21,5.34) (3,100, 1,99,49.3) (0,12,~,9,8.04) (0 120 10,21 11M) 

RS (2, l 9,l ,12,2,36) (0,11 13.81\Ul) (1,115,3,12,3,1~) (2,13,l,l2,7.l3) (O,ll,3,S,7,118) ' (1, 1°'3,12,9.40) 
.. ·- - -- .. -

os (1,31, 1,30,5.33) (O, 1 ~,319,2,61!1) (l,17,3,14,3,39) •(l ,31 .1 ,ao, 11>.o, (0,12,3,9,8,02) (J,lT,3,14,10,4) 
.. - --

Tnble 11,1; PeL forn11111ca Qf tlm mg1hod~ for Prohlorn 3, xQ 'il (O,,., , O}T 



w o 

n,.. 5000 
Without Efficiency Restart 

Method Every 5 
Reatarts Restl\rla Iterations 

N (0,8,8,0,15.0) - -

MN (3,50,1,49,40.4) (0,13,5,8,15.3) (3,50,9,41,47 .6) 

s overHow (0,10,5,5,18.2) overílow 

DM (2,46,1,45,48.6) (1,11,4,7,15.2) (0,22,4 ,18,26.3) 

DS (3,100,1,99,83.2) (0,12,3,9,13.0) (0,26,5,21,27.4) 

RS (2,13,1 ,12,12.0) (0,11,3,8,12.5) (1 ,15,3,12,16.0) 

cs ( 1,31,1,30,26. 7) (0,12,3,9,13.2) (1,17,3,14, 17 .2) 

Table 11.2: Performance óf the metho<ls for Problem 3, :z:0 = (O,.,., Of 



"" ... 

• 
Method 

N 

MN 

s 

DM 
. 

. ' 
DS ' 

R.S 

qs 

n i=o 1000 rt = 3000 
Without Elílciency ílesli\rL Wllhoul Ellkiency [leslart 

Evcry li E\'Cf)' ,5 
ReliLarts Rr.~t&l'LI HeraLion1 Hesla1 Ls Reslflrla lleraOon~ 

(0,6,6,0,2.33) - - (0,1\6,0,7.U) - -

(3 ,110,1,tlO,S.06) (l,IO,:J,T,2.21) (0,60,0,~ l, I 0, 1) (3,.50,1,11!),23.fi) (1,10,3,7,6.66) (0,60,9 ,41,30.0) 

(0,11, 1, 10,4.10) (0,1,4,3,2.71) (0,9,2,7,3 ,37) (O,l l ,l,10,12.1) (0,7,4,3,7 .97) (0,9,2,7,9.77) 

( 1, 11, 1, 1 O ,2. 80) ( 1,8,2,0,2.22) (0,8,2,6,2.27) (1,11,1,10,8.31) ( l ,S,2,0,6.30) (0,8,2,0,6.62) 
' 

( l ,IH ,l ,lí0,9.04) (0,9,3,U,32) (0,9,2,T,2,01) (l ,5 l ,1,ó0,21l.4) (O,!l,3,6,6,32) (0,9,2,T,õ.TB) 
-

(3,100, 1, 99, 18,4) (0,8 13,&,a,1) (O, 19,11, 16,4.1B) (3,100, 1,99,õ0.8) (0,f!,3,õ,6,09) (0,19,4,Ü,12.l) 

{l,12,1,l l,2.:rn) (O,fJ,3,G,2.30) (D,9,2,T,2,011) (l,12,1,11,6 .67) (0,9,3,0,6.00) (0,9,2,7,6,0) 

-
Tnhlt• 12 . 1 t l'õ1forn11111c1• or tlw rm•l. l111rl~ for l'mbl, ·111 :1, ,,. ,i - (ti :l, ... ,0.3f 



l'I llll AOOO 
Wltho\l\ 11:fflclenci Rcat&r\ 

Me\had Every 
J\eatar,1 R.e,tart• l\cratlona 

N (o,e,e,0,11.,) - -

MN (3,11011,49,4U) (l,lM,7,11,0) (O,:rn,9,41,48.1) 

s (0,11,1 ,10,19,S) (O, 7 ,4,3,13,3) (0,0,2,7,16.'9) 

DM (1,11,1 ,10,IU) ( 1 ,8,2,6,10,9) (0,8,2,6, 11 .2) 

DS ( 1,111,l ,II0,4i,O) (0,913,6,l 1,0) (0,0,2,7,9,68) 

RS (3,100,1,99,84.9) (0,8,3,!1,9,86) (0,19,4 ,111,20.1) 

cs (1 ,12·,1,11,11.0) (0,9,3,6,10.9) (0,9,2, 7 ,9.61)) 

1 

Toble 12, 2: Pcrforn111nco oí U,u llloLhodH foi' Jlrublo,11 3, .v0 = (0.3,, , ,, 0.3)7 



Problem 4 (Poisson Problem [291) 
This problem is the nonlinear system of equa.tion arismg from finite difference 

d1scretization of the Poisson boundary value problem 
u3 

àu=----. os,s1, 0$t$1 1 + .!'2 + t2 

u(O, t) = l, 

u{l, t),:::: 2 - t: 1• t E [O. I) 

u(s, O) = l. 

U\S,lt=2-f.'. s E (O. Ij 

We use ao L~ grid with L = 15 and L = 31. Therefore n = 225 a.nd r. = 961 
respectivel). 

We ran tbe algoritbms -.ntb ::r 0 = {-1. ... ,-I)r, e1 =e,= BIG = 
1010, l::..=j. 

The structure of tbe Jacobian matrix and the data structure for the L-U fa.c.-
tonzation (for n = 36) is given in Figure 3. Tbe CPU times of the symbolic phase 
were the following: 

n = 225. time = 0.83 sec. 
ri = 961. time= 7. 70 sec. 

The mean computer times of ,t,;ewton iterations are the fo11owing: 

n = 225. time= 1.19 sec.. 
n = 961. time= 20.8 sec. 

Ta.ble 13 shows tbe mean computer CPC.: time of ooe ordina.ry itera.tion of 
Algorithms 2.3 - 2.6. 

L n IMN s DM DS RS cs 
15 225 0.10 1.27 0.17 0.13 0.10 0.11 

31 961 0.6í 23.0 1.23 0.74 0.53 0.88 
T&ble 13: Mean C PU time of a typica.l iteration for Problem 4. 

As expected for the band structure of this problem, Lhe computer time of L-U fac-
toriza.tions (Newton a.nd Schubert) is proportional to L2n. 0n the other ha.od, the 
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compulcr time of ollicr itcr.tioos is proportioo.l to Ln. 
ln T.bles 14.1 And 14.2 we show tbe numerical pcrforma.nce of Algorit-hms 2.2 

to 1.8 for Proi,lem 4: 

Withoul Efficicncy Jlcstarl 
J\lethod Every 5 

N 

MN 

s 

DM 

DS 

RS 

cs 

R.cstarts Il.est.ans her&t.ions 

(1 ,5,5,0.6.04) - -

{ 4,1393, l.I 392,123.) (1, I 7 ,4,13,6.1) {l,57,10,47,16.0) 

-
(0,9,1,S,l 1.0) 10,9.,2, 7 ,10.S} (O,S,2,6,9.64) 

. 
(4,8«,1,843,122..) (0,15,5,10,7.68) (0,27.5,22.9.31) 

(2,853,1,852, 79.3) ( ,;uw,92,92,121.) (4,(33, 73,360,122.)· 

(1,329,1,328,86.l) (0,19,10,9,12.8) (4,441, 74,367,121.) 

{l,861,1,860,80.0) (0,19,10,9,12.8) (4,437, 73,364,121.) 

Table 14.1: Performance of the methods for Problem 4. 
(L = 15, n = 225) 
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Wit.baat Efficiency Rmart 
Met.hocl . 8-y:; 

R.esw1s Raurts ·~ 
N . (1,5,5.0,104.) - -
. 

M"{ (4,412,l,411,301-) (l,lS,4,14,l'l.6) ( 4, 73,13,60.,309.) 

s (1.7 ,l,6,150.) (1,7,1,6,151.) (l,7,2.5,157.) 

DM ( t,266,1,265,301.} ( l ,l 3,6, 7,136.) (1,26,5.21.)33.) 

D.~ ( 4,364,1 ,363,302.) (4,27,14,.13,314.) ( .fpi .12,5.5,302..) 

RS (4,380,1.379,301.) { 4.,28,14.14,306.) C., n,12.59,300_ l 

cs ( 4,37'l.l,37l ,302.) (1,20,10,10,217 -) ( 4,73.13,60,31.8.) 

Table 1-C.2: Performanoe of lhe methods fur Prublern :t. 
(L = 31, n = 961) 

Remarks: 
l) Ooly Newton's method and Schubert 's method see:m to be reJiabk for this 

problem. . DM, DS, RS, CS and M N failed in all ca,es withoat ftS1.art. aod DS 
wled in -uany e.ases ewu with restarts. 

2) DM beba~ in general, better than DS, RS mel CS, bat its pedmma.uc2! 
is nowheff compan.ble to t.he perfonm.nce oí Newton's metbod.. 
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• • . . . . . . ... ·:: 
,. .. . • . 

3) EYCD am'ICl"ging, Schubcrt's method used considcra.bly more ileraiions than 
J'\ewl.on 's met.bod and, t.hcrcforc, it ~as\cd much more C I'U time . 

. . .. ... ... . . . . 
• • • • • . . . . . . , . . . . , .... 

• ••• , • • • • , • f • ....... ' , ...... , ........ ' .. " .. .................... ., ............... , . ········· ............ . . . . . .. . .,.,,,. .... , ........ . 
. • , •• , 1 • ••••••••••• ' 

••••••••••••••••••• ··-················ • . . . .. . ' ' . .. . .. .. .. . . .. . . • . . 
. . . . . .. . .. • •• . • 
. .. 
• 
. .. .. 
• • • 

• • • • •• ... . • 
. .. • •• . . 

• • 

• 1 • . . 
1. . .. ... • • . " . .. .. 

, ........ ·-·········· 1 ,li I' i, • 1 1 • • • • 1 • 1 • ,111 • • 
1 I (Ili I P 1 1 • ,- f • • t11 , f 1 1 • I ...... , ............ . 

••••• t .......... ' ••• . ... , ............. . 
• ....... ,111, .............. . 

• ••••••• 1 ....... ••• ' ••••••••••••••••••• . ............. , ... . * ............... - .......... , ·················--·······••J••····· 1 f ,- I 1 1 1 1 • I • • t ti • i .,., ............ , , , , .... , ..... . . , ..... ' .. , .. , . . , . , ...... . . , ........ . . ........ , 
••••••••• , ...... . ,.-•-••a 

Figure 3: -Stndare of the Ja.mbian matrix .and data llitructa.re 
for the L-U faàoriza.tíon.. 

Problem 5: 

/1(r) = -2:t~ + 3%1 -2:ti + 0.5:r:.._ + 1.0 

/,.(r) = -2:t; + 3:r:,. -:i:,._1 + 0.5:i:_ + 1.0 

for o:;, j = 1,2, ... ,n, randomly chosen iD tbe iotervals: o:; e {o:;..,., a;-}, 
ll'bere o:;...., = max{l, j - b) and a,_ = min{n, j + b) for a parameter I, which 
defines the bandwidth. 

We med :t° = (-~ ... ,-lf • a ~ial point and, u in preYious tests, 
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Ei = E2 = Ju-4. TOL = 10-7', 6 = 10-, BIG = 10•_ Tbe auuct~ of 
9llllle lypica] JacobiuJ DYtrm: with n = 40, ÍCJr ditf"en:m. budwidths .anel their 
ua1espoocicnt clala SUUdun:s for L-U factoriutions ue giW!D in F"igares 4 and 5. 

Tahle 15 tlte CPU bmeaftb.;s1mbulic ..,hwfcramaetests with n = 1000 
.anel•= 15, 30. 50 .and 100 

• Tune: 
IS 1.4 
30 2.51 
50 4.00 

100 8.35 

Table JS: C PU lime of th~ Symbolic pk- far Problem S. 

T~ 16 sholr- lhe mean a,mputer C PU time of a New1.0D it.ention lar uae Silll1le 

pubkm 

6 time/~ 
15 1.01 
30 2.75 
50 6.19 

100 22.7 

Tahle IC: Meu C PU o- ai a -~ itaaliaa fDr Problem 5. 

T~ 17 shows t~ mean a,mputer CPU time oí oue ontinuy ateruioo of 
Aiguritbms 2.3 - 2-S 

Method l>= 15 6=30 6=50 b=IOO 
MN 0.18 0..26 0.39 0.63 
s LI 2.74 6.26 24.0 

DM 0..34 0..51 O.TI 1.33 
DS 0.22 0.32 0.44 0.70 
RS 0.19 0.30 0.40 0.67 
cs 0.19 0.29 0.40 0.67 

'bWe 17: Meaa CPU time of a typic:al ít.aa&íaa for ProWem 5.. 



-- •-- . ----
~-- u • ;a 

Without Efficicncy Restarl Withoul Efficiency Re.5lar~ 
Method Every 4 E\'ery '\ 

Reslarts Rcstarts ]lerallons R~tarts Restarts lleralions 

N (0,4,4,0,4 .13) - - (0,4,4,0,11.1) - -
MN (1,10.1,9.2.84) (1,10,1,9.2.81) {0,6,2,4,2.75) (1,10,1,9,5.20} (1,10,1,9.5.2) (0.6.2,4,7.27) 

= s (l ,6,1,5.6.44) (0,4,2,2.4.48) (0,6,2,4 ,6.52) (1,6,1,5,16.0} {0,4,2,2.11.4) (0,6,2,4,16.5) 

. 
D,\f {0,7,l ,6,3.21) (O, 7,1,6,3.17) (0,6,2,4,3.49) {0,í,l,6,5. 72) (0,7,1,6,5.93) (0,6,2,4,7.27) 

DS (1,6,1,5.2.16) ( 1,6,1,5,2.22) {0,6,2,4,3.03) (0,611;5,4.18) (0,6,1,5,4.27) {0,6.2,4 ,6. 78) 

RS (1,6,1,5.2.10) (0,6.2,4.:.?.90) (0,6,2,4,2.93) (0.6,1,5,4.14} (0,6,1,5,4.19) 1) 

cs ( 1 ,6, 1.5.2.79) (0,6 ,2,4.:?.9-1) (0.6,2,4,2.94) (1 ,6.1,5,4 .04) (l,6,J,5..t.16) (0,6.?,t.6.Sl) 

TD.hlc 18.l: Performance of lhe ruethods for Problem 5. 



b • 50 b • 100 

Without Efflclency Rcstart Without Efficiency R.e,tart 
Method Every 4 Every 4 

Reslarts Rcstarls lloration1 Rt!Sl&rls Reslaru 11.eratloru 

N - - - -
MN (Í,10,1,9.9.60) (1,10,1,9,9.88) (0,6,2,4,14.2) (l,10,1,9,28.01) (1,10,1,9.29.1) (0,6:2,4 ,46.0) 

s (0,6,1,5,36.7) (0,-4,2,2,25.3) (0,6,2,4,37.5) (0,6,1,5,134.) (0,4,2,2,gU) (0,6,2,4,134.) 

DM (0,7,1,6,10.23) (0,7,1,6,10.5) (0,6,2,4,15.2) (0,T,1,6,28.9) (0,7,1,6,31.2) (0,6,2,4,4 7 _g) 

DS (0,6,1,5,8.24) (0,6,1,5,8.49) (0,6,2,4,14.l) (l,8;1,5,25.4) (1,6,1,5,28.4} 

RS (0.6,1,5,8.10) (0,8,1,5 ,8.32) (0,6,2,4,14.3) (0,6,1.5,24.8) (0,6,1,5,26.0) (0.6,2,4,45.3) 

cs (1.6,1,5.8.02) (1,6,1.5 ,8.25) (0.6,2,-1.13.41 (l.6.1,5,24.9) (1,6,J .5,26.3) (0.6.2,4,45.4) 

Tobli? 18 .~: Pedormance oí lhe melhoJs for Probltim S. 



.... .... -·· -··. ... .. . . 

Obser,,c 0,at the C PU lime for L- U factorization bchaves in a way which ma.y bc 
described a.s ~,'IOl"SC than linear but bcttcr that; quadra.tic~ . This wa.s expccted, duc 
t.o the random localiution of lhe nontridiagonal entrics of the Jacobian matriccs. 

ln Tablcs 18.1 and 16.2 we show the numerical performa.nce of Algorithms 2.2 
to 2.8 for Problcm 5. 
Remarks: 

l) As so happens with Problem 1, this was an easy problem for al1 the tested 
metbods. Most of the conclusions dra.wo. for tha.t problem are also valid bere. 

2) Clearly, methocls DS, RS and CS are the most efficient ones, followed closely 
by MN. D/11 also behaves very well. ln spite of tbe small number of itera.tions it 
uses to converge, Newton 's method is ratber costly ( especially for large values of b) 
due to systems resolution expense. 

1 1 1 • 
• • 1 • 

•• 1 , , • 
a 1 1 1 • • ' p f . ... , ... . .. . . ... . .... ,., , .. . . .... , . . .. , . .. , . , . . . . . .. . . . ... . . . . . . 

•• 1 ... 
1 •• ... ' ... . . .. ... ... ... 

•• 1 . . . . . . . . . . . . 
• • 1 

1 ••• . . . . 
1 1 1 ... ... 

Ili 
• li ... 

1 • 1 1 ... ... . .. .. 

• a • • • ' • • • • • • ·····•,.,1,,,, •... . .......... , .. ...., .. ,,.,_,,, , ... , ... , .. . . ........... , ... . a•P•••••••t••••••••• ••• 
1 lt t 1 • • • • f f • • f: • f • 

1 1 f • • f • f • f f f t 1 . ........ , . . . . .. 
1 • • • • • • • • • • • • • • • , •• . , . . . . . . . . . . . . . . . . ... . .. 

1 1 I' • 1 • • • • f 1 ........ , . . . . . .. . . . .. 
f • f • 1 1 1 1 • 1 1 1 • f 1 

1 1 1 • 1 1 • • f 1 • f • 
• •••• 1 •••••••••• 

• ••••••••••• t • • • 
•• 1 • • • • • 

1 • •••• , •• . ..... . 
• , ••• , •••••••••• 1 ••• . .. , . 

1 ••• . , ... . ........ , .. . . ........... . . ....... , .. . . ... -... . 
Figure 4: Stncture of the Jacobian matriz and data 

structure for the L-U factori:tation (b = 15) 
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1 1 1 1 ... 

• li ... 
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11 11 1 1 t • 1 t 
1 • • , , ' •• 

1 1 1 1 • 1 1 • 
• tt •••••• ••• , •• ' 

• • 1 •••• ' 
• ••• 1 • ' . .... . . , ..... ' 

1 ••••••• , • ••• ' . .. 
• ......... , • 1 • . .... . . . .. . . .. , , ..... , . ........ . 

,,,.,, ...... . ., ............. . ,,,,,,, ......... . . . . . . . . . ........ . 
•• 1 • , , • • • ••••••••• . . . . . . ' ......... . . . . . . . . . ...... , .. . . . . . . . . ........ . . .. , . . . . ........ . . . , . , . . . ......... . 
1 , • , • , • • •••••••••• 
• 1. • • • ••• , ••••••••• . . . . . . .............. . . . . . . . , .... , ...... . 
• •• 1 • • ••••••••••••• 

1 • • ••••••••••••• . ...... , ... , ...... :: ::::: :::::::::::::: 
• 1 •• , ......... . . .. , ... ,,,, .. .. ..,,, ,., .. ,,,, ..... . ........ , .. , .. ,,, ...... , ..... , .. , .. . .................... , .................... , . ......... ,.,,., .. ,,,, ,,,,,::::::::~ . ........ ,,,.,,., ............. ,, .. ,,,., .. , , ., .......... , ..... ,,,,,:~::::: . ...... ,,,,,,,,,,,,,,,, . ..... ,, .. ,,,,,,,.,, 

Figure 6: Structure o! the Jacobiau matris and data. 
striK:tilft for the L-U factorillllÜon ( b = 30) 

5. Conclusions 

Ooe of the a.ims of this pa.per wa.s to verify if some Quasi-Newtoo methods 
with direct upda.tes of ma.trix factorizations 17, 21 , 22] a.re relia.ble a.lternatives to 
Newton 's metbod in situations wbere deriva.tives are avaílable. We conclude that, 
in the cases where they converge, they tend to be more efficient tban Newtoo 's 
method, especia.lly if direct resolution of the linear systeID.ll is costly. Unhappily, they 
are oot as robust a.s Newton 's metbod, or even as Scbubert's method. Tberefore, 
development of superlinea.r and practic&! Quasi-Newton methocls, p098ibly under 
t.be lioes of l23), seems to be an interesting cballenge. 

However, it is remarkable t.hat methocls like DS, CS or RS, when tbey c:onverge, 
use a ,rery small number of iterations, rela.tive to M N, eveo without restarta, a (act 
which is not expla.ined by preseotly availa.ble t.heory. 

As ex~t.ed, Schubert's methocl is not competit.ive with Newton'e method, for 
tbis type of problema. lt.s applicability is clearly restricted to situat.ions where 
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deriYatives are nol ava.tla.ble, or are YeT)' difficult t.o calculate. 
A11 lhe computcr codes related t.o lhis paper are av.úlable under request to tbe 

&Utbors. .. 
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