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ON CIRCULAR ANO SPECIAL UNITS 

OF AN ABELIAN NUMBER FIELD 1 

Traja.no Nóbrega. 

1. Jntroduc.-t.ion: 

Let p an odd prime. 1n their study of p-dass group of an abelian numbeT 

field K, Sinqott 14) and Thaine fS] have introduced different notions of "circular 

units" and shown tha.t these groups are of finite index in OKT the gronp of ali units 

of K. We ihow in this note that the two notions are indeed equh--aJent, thereby 

answering a qu_estion posed in /5, p.1 . Generalizing the ideas of Thaine to elliptic 

fields, Rubin [2) introduced a group S(K) which he called the group of special 

units. We show in this note thàt Cs(K) = Cr(K) ç; S(K). where Cs(K) and 

Cr(K} denote the gronps of circular units of Sinnott and Thaine respectively. 

Thonghout this note K will denote .in abelian numher 6eld and G = 
Gal(K/Q) its Galois gronp. 

We denote by Ox the ring of integers of K and by Oi< the group of the units 

of OK- Wben wc- say the group of the units of K we are refering to Oif. By 

Dirichlet's Theorem 011 the units of K, we have Oj.- T x F, where Tis the gnmp 

of the roots of the unity in K and F is a free .2Z-modulo whose rank is easy of 

calculate. 

To describe explicity a set of multiplicatively independent genen.tors for F is 

1Thia ,-arch was done at UNJCA.l\iP, while t.he author was Doctoral stodent b&Ying Prof. 
Franciaco Thaine as Promotor 
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an open question; bul, if K is an abelian number field, there are many subgrnuP5 

of OK of finite index in Oif, for which on can explicitly give a sei oí multiplica-

tivelly independent ge.nerators. These soQ.gyoups, of which t.here are many, arise 

accoroing to the puporse of the authors. 

H m is a positive integer. m odd or divisible by 4, let ,;,,. = , K.,, = Q(~ .... ) 

and Gm = Gal(Km. / Q). We recai] that there is a positive integer m such that 

K C K,.. (Theorem 14.1 !6l) and the smallest m such that K C K,.. is called the 

conductor oí K and denoted by mo-

We denote by OF the ring of integers of a munber field F, Oj, the group of 

units of F, (a,b) the greatest common divisor of the integers a and b. lf n is a 

posit~e integer, we write k.,_ = K n K,. and G',. = Ga/(Kn/k.._). 

Let n 1 Z (mod 4) and let V.._ be the moltiplicative group generated by 

{±E .. , 1 - e : 1 '5 a '5 n - 1}. Let E., the group of the units of K,. and de-

fine C,. = V,, r E.,_. C.._ is called the group of cyclotomic units of K... '.Vlore 

generally, for the abelian number field K, we can define the c:yclotomic units of 

K in two ways: ln the first definition, we let K Ç K-,,,_, for some m and we take 

Cg = Oit n C,,.. 1t is easy to see that CK depends only on mo, the conductor of 

K. Now in the second definition we take Lhe image by the nono from K...., to .K 

of the cyclotomic units of K_,. [f the first group we denote by C1(K} and the 

second by CJV(K), we can see that C;v(K) Ç C,(K). 

Yet., íor abelian number fields, there are others groups of units that "'~ will be 

dealing with in this work. 

The group of the circular units of J,; defined by Sinnott in which will be 

denoted by Cs(K) is thc intersection of Oi and lhe subgroup of K generated by 

thc elements o(n, a) = NK./i:. (1 - ~), with n, a i-nt.egers and 11 "$- O (mod n). 
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Since K.,. n K,,. = K(n,m) we only need consider tfíe integers n such that n divides 

mo, the conductor of K. 

The group of the circular onits of K, defined by Thaine in [5], which we will 

denote by Cr(K), is defined as follows: If mo is the conductor of K and j is a 

positive integer, we let 

{ 
j .... ,-1 

C;(X) = /(X)=::: II II (X' - ç~,Y'"; ll;K E 7L, J(X) E K(X) 
i=I K=I 

and /(1) E Oi,,}-

v.·here X is a.n indeterminate. Cr(K) = U~, C,{l). 

Finally, we have the group of sp-ecial units defined by Rubin in !2], denoted by 

S(K) and defined as follows: Let S denote the set of ali rationaJ prime which split 

completely in K. Write Ki = KqnlR, L9 = K·K/, e(q) = {a E Oi,.: NL,,,..(u) = 
I} and C(q) = {ê E OK such that there is u E ê(q) with !? = u(moáq), where 

q = {l - ~)(l - {;-1)01.q}. '.'\ow, S(K) = {e E O:i(;e E C(q) for almost ali q in 

S}. 

2. The Maio Rcsults: 

We begin with the two groups mentianed in the introduction. 

Theorem 1: For an abelian number fieid K the two groups C5 (K) and Cr(K) 

of circular units of Sinnott and Thaine are equal. 
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and 

The proof will be based in thrtt lemmas. First - nttd some notation. 

For each ni ;:: 1, devisible by mo the conduct.or ~of K, we write 

j •-t . 
C;(X, m) = {/(X) = ± IJ TI (X' - (!J-->- : G.K E Z, /(X) E K(X) 

-=l K:1 

and /(1) E Oic-}, 

C1 (1. m) = {/(1); /(X) E C,(X,m)}. 

lt is easy to see tha.t C,(l,m) is a. group (j--= 1,2 .... ) and that C1{1,m) 
"" 

C1 (1,m} Ç .: .. So, C(m) = LJC,(l,m) is a gruup and C(mo) = Cr(K). 
;:1 

Lernma 2: With the not.ation above., we have: 

i) Ci(X,m) Ç C1(X,t-m) for some integert 

ii) Ci(l,m); C1 (1,tm} for all positive integers t 

iii) C = 11.'!1 c,(1.tmo) is a group 

-jv) Cr(K) ç e. 

Proof; For í) we can set! that if J(X} E C1 (X,m} then the zeros of /(X) a.re 

tm- th roots of unit for t = l1,2, ... ,j]. where ía1 , ... ,a...j ind~ates the least 

eommon multiple of lhe integers a1,. ··•ªn· So /(X} E C1(X,tm). 

ii) Imrnediate 

m) Cisa group beca.use for each m, C 1(1,m) is a group and given m 1 and m~ 

multiplcs of mo, there is m, multiple of mo. such that C1(1,mi) and C1 (1,m2) 
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are contained in C 1(1, m). 

iv) lmmediate, since Cr(K) = C1(mo)-

... - 1 

The raxt lemma states how lo decompose a polinomial /{X) = II (X -

f,..)"• E K(X) into a convenienl product. 

-1 -
Lemma 3: lf f(X) = IT (X - C.)"• E K(X} , the:n /(X) = Ilh(X) , with 

•= J 
... -1 

/;(X)= fr (X - .;.,.)a.. E: h(X) and we may S1lppose that m is multiple of mo. , ·~• 1---t==i 

Proof: Without loss of generality, we can suppose that /(X) E K\XJ. li is ilear 
"' that we can w-rite /(X) = llJ,(X), where 

1=• 

J;{X) = 

So, we only need to show that /, (X) E K [X ;, that is, f,'(X) = f.,(X) for ali 

a E G',... But if o E G',. and C,. is a primitive 7 - th root of unity, sois o(~:,); 

in other W?rds, d preserves the ía.ctoJ'li /,(X), tha.t is, t;(X) = !;(X). Tlms 

/,(X) E K [X] n Ka {X ) = ka[Xj. 
1 , 

Lemma 4: lf n is a positive in\eger, Lisa subfield of K., and G' = Gal(Kn/L), 

then there are (}1, ... , e. E G,. such that: 

i) G,. = U:=i 8;C' 

ii) g,(X) = TI (X - ~•") E L!J,1 and are irrt>ducible in L,i = 1,2,.· .. ,a. 
wEC' • 
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n-1 
iv) The set {g(X) = II [X - C.t· : a; E .íZ and g(X) E L(X)} is a free 

•=1 
ft.PIJ-il:"f 

Z-module o( rank equal to !K : Q] and generated by g;(X) , i = 1, 2, ... , s. 

Proof: For i) we can take 8, such that Gn i, disjoint union of cosets represented 

by 8,. For the other items the proof is an immediate consequence o( the definition. 

We can now rt-tum to Theorem l. 

Prooí of Theorem l: Firstly we shov.· that Cs(K) Ç C1 (1). Let e: = 
,ra(n,a)6•-- E Cs(K), whett a(n.a) = Nx.,._,(1 - e=). We let /,.,,. = 
11 (X-e:")- Then /(X)= 1rf..,.[X)'·-- E K(X) becameea.ch f-(X) E K(X) 

0'€G~ 
and e:= /(1) E Ox, so E: E C 1(1). Sem·. we will show that C Ç C5 (K). Let e: E C 

fll-1 

and /(X) = fl (X - (,,.)"' for some multiple m of mo, such that f(X) E K(X) 
•=l 

a.nd E:= /(1). But 
ª-1 ffl , 

/(X) = II /;(X) with /, (X) e=, II (X - f.,,.)"·, E k.,,,, (X) 
, J 

j=l 1::::r! 
ri.j):I 

(lemma 3). :'.ow. for each j di1;ism of m, there are polinomiais g,,(X) E ka!X] 
J 

irreducibles such th.at 

(lemma 4). then /;(l) a: ;rNx .. ;1r..(l - f .. t•·• and so /(1) E Cs(K) 
. I J J 

CorofJary 5: The groups C,(l) defined in \5: are ali equal to each other, in par-

ticular Cr(K) = C 1(1). 
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We now turn to t~ group S(K) of Special un'rts of Rubin. 

Thcorcm 6: lf K is an abelian number field, then Cr(K) Ç S(K) . 

. Proof: We will show that if e E Cr(K) then !: E C(p), for all p that splits 

completely in K. Let x: = K, n R, L = K • K;, = K_ • K:, p = product 

of ali primes of L that iie over p and Pi = j,8i,• lI E:, = 1 - !'...., and u. = 
(1 - f....,{;){1 - r....,Ç 1 ) then u, E L1 and ç = u,(mod f>i). ~ow lei e E Cr(K) 

and /(X) = Jl:,"1- 1 (X - e'-)' E K(X) such that e= /(1). We let 

gfX)::::: !f [!x - e<...,Jp)(x - r .... .;;1>]"'. 
Now we can see that since f(X) E K(X) then g(x) E L(X), /(1)2 = g(l)(mod ji) 

and 1'"L/K(g(1)) ::::: g(l)"•-l, where o-P is tbe Froben.rus map for p ín the GaJois 

group K/Q; so Ni1K(g(1)) = l, tben f(I) E S(K} as - wanted to prove.. 

Lemma 'l': Let F C L number fields. Oj,- and O.i, the groups of units of F and L, 

respectively. [f N is the norm from L to F, we can restrict N to Oi and N(Oà 

is a subgroup of Oj,. Further more, the index !O" F: N(Oi)I is finite. 

Proof: Since Oj!' Ç N(Oi) Ç o;., where s = jL: F) then N(Oi) has the sarne 

rank of Oj,, because O;.' does. 

Corollary 8: If K is an abclian number field, then Cr(K),C1(K},CJV(K) and 

S(K) are of finite index in Oic. 
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Proof: Since the group of cyclotomic 1J11its of a crclot.omic field in of linite índex 

in tbe group of global units (Theo~ 1, [II), then Civ(K) has 6.nite índex in Oic. 

Since C,.,(K) is contained in CT(K). C1(K), and S(K} up to roots of unity, the 

corollary lônows. 

Remark: When K is a real abelian number field. we haYe CT(K) = CN(K) 

Added in Type: After this work was prepared, 1 received a preprint of Günter 

Lettl. wherein he proves our Theorem 1. Our proof is different from his and leads 

naturally to our Theorem 6. 
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