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Abstract: The cbaracterization of global minimirers of a quadratic func-
tion with a spberical constaínt is ~-e1\- unders1..ood from cla.ssical works 
of Ga.y a.nd Moré-Sorensen. ln th1s paper we give a complete cha.rac· 
terizatioo of loca.1-nonglobal minimizers of this problem. &sentially, we 
prove that there exist at most one local-nonglobal minimizer. and thai 
its Lagrange multiplier µ is the larger solution of a single nonlinear equa-
t1on. This generalizes to the n--dimensional case a previous result of 
Ce.lis--Deunis-Martínez-Tapia. We give an &lgorithm for computing the 
local-nongloba.l mínmúzer, a.nd we mggest !IOftle a.pplications. 

1. Jntroductãon 

We coosider the problem 

(1.1) 

where 

(1.2) 

Minimize q(•) 

s.t. llsll = .6. 



.,, h E /R", G = e1', and li · li= li · li,. 
Global )lolulion!' o( ( l. l) ar<.' well undcT'!'!OOd . .tnd m11y obiain<"<l using,.thc theory 

in [S. 12. l :J] . Our marn rciault con('ern~ th«" existe-n~ a.nd oomputation of local-nongloba.l 
(LNG) solutions of (1.1). 

Our interest in LSG solutions of (l.l) deri~ fTom tbe íollowing obeervatio11,: 

Proposition 1.1. A!sume that .•• is a global !IOlution oí lhe folJOlring nonlineu pro-
grnmming probleiv: 

Minimize p(.,) 

() .3) .,.t. 9,(.•l :5 o. i = l ..... m. 

where g., i = l. .... m. arf' continuous íunrtions. ud 

g;( ~•) < O. i = :? ..... m. 

Then . .,. ia a local solution of 

~linimize PI-') 

(1.4) 

This proposition generaJizes an observation of [2]. lt follows Irom Proposition l.l that, if 
i is a local !lolution of (1.4). and g,(iJ :5 O. 1 = 2 ..... m. then:; is a. good "candidate" to 
minimi?.cr of (1.3). 

~ow, Proposition 1.1 is a useful too! for 301\ring ( 1.3) only if local minimízen oí (1.4) 
are easy to find We will show that this is the when /1.4) has tbe íorm (1.1) - (1.2). 

'r\.'e would like to ment1on here a few situa.~ions where Lhe identity between (l.4) a.nd 
(1.1) occurs. 

(a) Trust region method1 for minimization witb nmple coo1traints: 
AQume th&t we have tbe problem: • 

Minimize /(z) 

(Ui) s.L :i: O, z E R' 
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and we wa.nl to ,olve it using Lhe lrust-region ILJ)pn>ach (-13. 4. 5, 3, 10, 12, 13)). At 
each iteration Ir of aucb an algori~hm, we should solve • problem of type: 

Minimize '\' /(x•)T .1 + ½~" B~ 

(1.6) 
.1.t. r* +.,?O 

Jt is usna.lly ehosen í1 · !Ir = li lloc (!!N' !:l. 11) so th11l ti,,,, Íf'A.!lible iw.t of (l.6) i, " 
box. Ho,.·e,'ÇT, the use of li · lb instead of li 11.., m (Ui) has sorne .11dvantages. ln 
fact. the oumber of 5el~ of possible .ctive rnnstr&ints o{ (1.6) if li · 11, = li !J.,. is 3", 
inrlependently of thc- oumher of binding connraints of (1.5) a.t r• On the otbt't hand. if 
li llp = Ir . Ih thi~ number goes from onh 2 (if Ik > o i\nd .it is ,rna.Jl), to :r+ 1 - l (if 
x• = 0l .. \nother reason for prefering II li, to li • 1100 m (1.6) is the globa.l iníorma.t1on 
conta.ined 10 ,he constra.inl ll-'112 S ~* ln fact. a. global minimizer :. of the quadratir 
objectlve function subJect to llsll2 S .:i.~ .11lwa.ys exists. a.nd so. ií -:r• +; O. :i is a global 
m1mmízeT of (1.6) . Of l"'ourse. the sa:me o~rVlLtion is troe if li li,= li ji.., , buL m 
tbis case. to find a. global mininuzer .... ith the sole coostrai.nt 11&11..., À• is as difficuh as 
the initial problem. 

(b) Mínimizatian e( a general fnnctton ou a. sphere. 

Assume that 'lll'e want to mlvc: 

Minimi~ /(2:) 

(1.7) 
.1.t. 11:rll = 8 

An app=ling ideais tb:: ::..!·.·.:: (1.';' } .. mig .. dirctt t.u~t rc~ioo. ,ppro&eh. Th;a _.nou.:.t. 
to solve, .1. ea.c.h iter..t~->n, .. p,oMefü lil..! ~t.i~. 

(l.8) 

MinimiR V/( 2:•)a + ½•7 -8.-

•·t. 112'• + •li = ' 

Likf" (1 li), it is easy to-. that (1.8) i• o{ th~ form (1.3), ~here (!.!} h the form (l.l). 
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1c) Trust rcgion a.lgorithms for no11li11ear programmig: CE"lis-Deonis-Ta.pia [l] intro-
duce<l a trust-rcgion a.lgorithm for the equafüy constained nonlinear optimizj,tion prob-
lem: 

Minimize /(x) 

( 1.9) s.t. h(x) = O, h : R" ..... Ir" . 

At each iteration of their algorilhm lhcy propose lo solve a subproblem of the following 
type: 

(1.10) sL li.si!$~ 

llh'I :~)s + h(xl:)11 5c (} 

w here t • x l is an ap:,rox1mal1on of the Lagrangean function .. .\ completely sa.tisfactory 
algorithm for sol\;ng r 1.10) is oot known (see [2. ).!_ 15. 16l). Rowever. problern ( l.10) 
has tàe forrn (1.31 a.nd so. Proposition 1.1 applies 10 lhis case. For n = 2. this obsen,ation 
helps to solve completely the problem \See [2)). For general n. the knowle<lge of local a.nd 
globai solutions of üie qaa.dra.tic funnion restricted to t.he sphere shouJd be a considera.ble 
step rowards the solution of (1.10). 

Tnis paper is or~aruzed as follows. Toe maio resull is proved in Sect.ion 2. Tbere we 
esseatially prove tbat problem (1.1) ha.s at most one LNG solution. and we cb.a.ra.cterize 
t.his solution in terms of the eigeasystem of G. Tbe main tbeorem is a. generaliz.a.tion 
of Lemrna 3.4 of !2:. out tbe proof in tbe n-dimensional case in much more involved. 
ln Section 3 we sug,gest a.o a.lgoritb.m for finding the LNG solution. which may be used 
jaintiy with tbe cla.ss1cal aigonthrns of Gay [81 and :Vloré-Sorensen [13] for finding global 
solutioa5. ln Sectioa "1 we address problem (1.10) under a differenl pomt of view than 
the usua.lly taken. lns1ea.d of trying to find a global solution of (1.10). we find a feas1ble 
point for (1.10) which is a good approxrmatioa to the solution a.nd is sufficiently good in 
the sense that satisfies the condit1ons which are eoough to prove global convergence of 
the C DT algoritlun ( see [6]). 

2. Local Minímízers of a Quadratíc Function on a Spbere 

Wc oonsider tbe problem 
Minimize q(.,) 

(2.1) 
s.t. llsll == ô. 
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whcrc 

(2.2) 

s, b E R". G ~ymmctric. . 
Thert'fore- (sre, for instance, Goluh-Van Loan {9)) 

(2.3) G = QDQ7 

wben- Q = (r1 ••••• t'n) is ortho~onal. D= Diag(À 1 ••. Àn), ,\1 $ À1 $ • • • $ .Àn . 
Let e = Q7 9. Define 

(2.4) 

wbere 

(2.5) 1 = {i E {l, .... n} lc; :1 O}. 

Therefore, 

(2.6) / 2'°' e; 
',? (µ) = - L., (.À + )ª 

•E/ ' µ 

and 

(2.7) ,, ) t?, 
r.p (µ = 6 L., (>. + )4 ,e, • µ 

Using (2.3) - (2.7) it is easy to prove the following properties of tp. 

Lemma 2.1. (a) r.p is well-defined for all µ E íl = E - {-,\;, i E /}. Moreover, 
'P E C""(fi). 
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(b) ~·"[1,) ? O for ali p. E n . Thus-,, is convex on iLlly interval contai.ned in fl. 

(e) lf i E / (-.\, ;__ íl), we ha\-e: 

lim .:-(,,) = 00, 
...--À, 

lim :,:>'(/1) = -oo. and 
~--\: 

lim /(/1) = CC • .. -\~ 

(d) lim,;(µ):; lim t,:i(µ) = O. 
1,1-« 1-1--00 

If .,. • is a loca.l mirunúzer of (2. l ), we have, by standard Lagi-ange multiplier tbeory, 
that: 

(2.8) 1 G + µJ)s" + g = o. 

for sorne µ E . .81. 
The followíng theorern proves tbat µ E [-.l.2 • oc,). 

Theorem 2.1. If ~•isa local minimizer of (2.1). then (2.8) holds wíth µ 2' -À2.. 

Proof. Defiae 

(2.9) Hsí = q(s} + Í 11.sW, 

the Lagrangea.n function associat.ed to (2.1 ). Then., 

(2.10) 

(2.11) 

Vfü) = (G + pl)s + g, 
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Tbe necessary secomi ordcr coaditions for a ,local minimi= (see (lJl) state that 

(2.12) 

for a.li u1 in the 1ange.1lL su b~ace to llsll = at s·. 
Assume b~· contradictioo that µ < -..\2. By (2.3). 'A't' have: 

(2.13) 

Now. consider the plane P spanned by v1• r 7. ff 1· E P we h,we 1· = 01.11 + 81.11, and so, 
by (2.13). 

But 

(2.15) t•; (G + µl)v,z = vf lt>t, ... , Vn) [ 
>-1 + µ 

À7 + µ ~..l ( 1) 
= t:T ..\1 + µ 1 

>-1 + µ ,.J e2 = O. 

Mo!'eovcr, 
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Analogously, 

(2.J i) 

Hence. hy (2.14) - (2.17). we deduce that 

for all v é P. t· ,t. O 
:'-io,,. the dimem1on of the tangent hyperplane T at s• is n - 1. and the dirnension of 

P 1s "!.. Therefore. there exists sorne nonnull w E PnT. Hence, (2.12) does not hold. and 
so. s· is not a local mmimizer . o 

Let us cal! S1 the subspace spanned by { v1 ..... r1 }. where j is sucb that À1 = • · · = >.r 

The following theorem, due to Gay [SJ and Moré-Sorensen !13] characterize solutions 
of (2.8) for µ 2: -)q. 

Theorem 2.2. If µ 2: ->. 1 satisties (2.8) then s· 1s a global minimize,- of (2.1). If g Sf 
or li'r'l->.i)I! > 6 2 • there ex1sts only one solution of (2.8) forµ E [-À1• oo) and. in tbis 
caseµ > ->.1 . However. 1f g E St and r,,(->.i) S ~ 2. (2.8) is satisfied with µ = -À1 for 
any s· such that lls"II = Ll lying in the linear manífold 

J 

V={sEl!rjx=-(G-A1Itg+í:a1v;}. 
•=l 

Proof. See Gay [8] and Moré-Sorensen [13]. 

By Theorems 2.l and 2.2. it only remaians to characterize solutions of (2.8) for 
µ E [->.2, ->.1). This is done in the following theorem.. 

Theorem 2.3. (i) If c1 = O (gl.Si) there are no local minimizm. of (2.1) with 
µ E [-À2, -À1)-
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(ii) There e.,:ists a.t most om.• local mimmizer o{ (2.1) with p E l-.\2, -Ài). For this 
mioimizer, <,>(µ) il' "ell-define-d and .:\µ) O. 

(iii) Jf (;<", µ) satisfies (2.8) for I' E I-À2. -.\1)., and y'lµ) > O. then .•·isa strfrt local 
minimizcr o{ (2.1 ). 

Proof. Let us first pm,'t' (i). Jf (s·.111 satifies (2.S) and µ E (-À2. -,\.). r. + 1d is 
nonsmgular. and so. 

(2.19) 

Therefore, 

·1i-l ' e, /1 e= - ~--- l', 
,el (A,..,.. Jll 

Hence. v1 is a. tangent vector to the sphere at s·. But 

(2.20) 

Therefore. the nec-essa.ry condition (2.12) does not hold and so, s· is nota local minimi1er. 
If (s·, µ) satisfies (2.8) and µ = -À2 • ~ · is a particular solution of the consisteol 

system 

Hence, 

s·=-(G-.\2/)+g+ L o,v, 
l,=-¼ 

So, V-i is also a tangent vector to the spbere at s·. Now, as in (2.20), "e bavc 

v;(G + µI)v, = v[(G - >.,J)v1 = À1 - À2 < O. 
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Thereíore, ~· is not a locaf minimizcr. 
The proof of (i) is complete. From now on, we assume c1 -:f. O .. .\.:ssumc first lha.t 

(x·,,,) satisfies (2.S) and ,, E (-À2, -,\.). Thereíore, G+µI is nonsíngular, and 

(2.21) 

Smce c1 =/ O. we deduce from (2.'.!11 that tbe columns of H. are a basis of the tangent 
hyperplane a.t .,, •. where: 

C2 C3 

>.2 + µ À3 + µ 

-C1 o 
,\1 i" µ 

= l vi . ... , v,.} o -e, 
À1 + µ 

o o 
Therefore, 

(2.23) B = B(µ ) = WT(G + µl)W = 

C2C3(,\1 + µ) 
(.l.2 + µJ(À3 + µ) 

C2C,, (..\1 + µ) 
(À2 +µ)(À,.+ µ) 

C7C3{).1 1" /J) 

(À2 + µ)(À3 + µ) 

~(>., + µ) Ci(Àa + µ) 
().3 + µ )2 + (À, + µ)2 

C3C,,(,\1 + µ) 
{A3 + µ)(Àn + µ) 

10 

e,, 

À,,+µ 

o 

C2C,,(À1 "l"' µ) 
(À2 +µ)(À,.+µ} 

• c3-(:..(À1 + µ) 
(),3-,. µ)(À,.+µ) 

Ç(À1 +µ)+~(À,.+ µ) 
(À,, + µp (À1 + µ)2 



~P.2+p) o (.\, + p)2 
~(Ã3 + ,u) 

== ÍÃt + 11)2 + (7'1UT 

o ~(.\., + ,,1 
(..\1 + ,,)2 

wbere e, 
>-1+P 

u = (1 = ,\1 + /J , 

e.. 
À,,+µ 

Hence. 

(2.24) B = B(/ + ulr'u uT), 

whE"re 
2.P.2 + /J) o 
(À1 + ,..p 

ÊJ== 

o Ci(,\,. + µ) 
(>-1 + µ)2 

Thos. (s,ee {9]) 

(2.25) 

No,,;, 

(2.26) 

II 



and 

(2.27) 

Hence. by (2.25 - (2.27) . 

('2. '.? ') 

Tbereore. by (2.61 and (2.28). 

(2.29 \ 

But. for ali µ E (-À2: -,\1 ). cI i:- O. 

(2.30, 
-c1n-4(À--µ\-··(À ~µ ) 

1 - ,, ' > o. 
21 À1 7 µ)2"-~ 

So. for aliµ E (-A2. -Ài). del(B) has tbe sarne sign as<;:>'(µ). But (2.12) implies that 
det( B 2: O. and so. tbat ,;,'(µ) 2: O Tha.1 i• . .;,'(µ 2: O is a necessacy cond1t1on for 5' 

heing a mm1mizer of (2.1) w1th µ E (-À2. -Ài). 
~ow. the eQuauon <p(µ) = Ll. 2 has at most two solutions in (-À2, -.\i) . If it has one 

solut1on µ. 1l must oe .p'(µ) = O. Jf 1t has two soim1on~ by Lemma 2.1 we necessarily 
have <p1(µ 1 ) < O and :p'(µ2 ) > O. if µ1 < µ2 . So. only lhe larger one defines a condidate to 
local minirnizer. 

Let us show oo"' that. if µ E (-À2. -Ai) and -,,'(µ) > O. then µ is a strict local 
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minimizer of (2.1). 
S11ppose, by contradiction. lhat µ docs not define a lecal minimizcr. Thus, 8 = R(µ) 

defined by (2.23) is nol positive definil-<' Bul. since e, 1- O and À1 'F À1 we ea..sily see 
that B(1i._) is positivr definiu• if µE(µ. -,\1 ) is dose enough to ->.1 . Bcnce., there ernls 
µ E (µ, /Í) such that B(µ) ha.s a zero eigenvalue. Tbere(ore, det(B(µ)) = O a.nd hcnce 
tp'(µ) = O. contrad,cting conv~xity of ;,;. FinaJly. since .,..~'(µ) > O, B(µ) is nonsrngular 
and hence the sufficienl second order conditions for strict local mínimizers (see jl l 1) also 
hol<l a.t •·. Therefore, ...= '(µ l > O and " E (-.\2 . -À1 l imply lha.t s·. defined by (:l. '). is a 
stricl local mrnirrn7cr of (2.1 ). 

Now assume tha.t (2.S) holds with p = -..\z. Define l ? 2 by ..\1 = · · · = >.., . Therefore. 
the sys..em 
(2.31) 
a<lmits a lineM manifold of solul.k>ns giv("ll b}· 

(2.32) 

with 02 ..... o( E IR. 
Moreover, c1 = · · · = Ct = O. and 

(2.33) 1c- >.,n-+ 9 = __ ci_ T1...;.. Ct-1-, r.:, . ..i + ... ~_e,, __ v • 
. \1 - Á1 ,\1+1 - ,\-.i >... - À2 

Assume first tha.1. .s· has tbe fonn (2.32)-(2.33) witb some o., f. O. Withoul loss of 
genera.lity assume tha.1 o.2 :/= O. Consider lhe plane P spanned by {vi, v2}. lf w E P, then 
w = M1t + 8'1>1, o, fJ E E. Tberefore. 
(2.34) wT(G- >.2I)w = (avi + ~)7 (G- >.1 /)(mi, + 8tJ.z) = 

Hence u:7(G - Ã2l)w < O unless 10 is a muhipie of v-i-
Now consider tbe intersection oí P w:itb tne t.angent hyperplane at s·. From the 

prec.eedings arguments, it follows tbat tbis i~ion contains a vedor w rnch tbat 
wT(G - >.11)11,1 < O uuless it is generated by 7>z. But, if this it the cue, v2 is a. tangent 
vedor and so. by (2.32) - (2.33), o1 = O. Hem:e, we proved thu. if .s· is a. local mínimizer 
and has the from (2.32) - (2.33), thc-n o 2 = • • • = ºt = O. 

Tberefore, it only remains to a.naly:ze the case wbett 

(2.35) 
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ln this c.i.:;e, hy (2.33). (1.35), 

(2.36) 

Hence. using lhe con,·enLion õ = O. the colurnns of n: given by (2.22) are a ba.sis of the 
tangenl hyperplane a: 7•. 

Thl'rdore. lhe rl'"a.<011ing- "h1ch lead 10 (~.23) - (2.30) may be repcate<l here. Tbis 
mcans thl\l. if ,< " 1s local mirum1zer. i1 must satisfy ,/(-,\2) 2: O and. canversely. if 
,p'(-.>.,) O .. •• is a strict local mimmizer. Thi$ completes the proof af Theorem 2.3. o 

3. An Algorithm for Findíng the Local Nonglohal Minimizei- of the Problem 

ln th1s section 11·e introducf' i\íl alj!orithm ro caiculate a local-nonglobal míoímizer of 
proulem (2.1) 

Wc u~c the <lefinit 100 /1.A l for 1he funclion ;,,. 
We assume tha1 "e haH' alreild\ found a global minimizer so of (2.1). with a corre--

spondi11g Lagrange n:ullipl1er /LG 

If µG = -À1. tha1 1s, if G + 1iGÍ 1s smgllla.r. tbeo c1 = O and we know. from Theorem 
2.3. that . Lhere a.re no loca.1-nonglobal minimizers of (2.1 ). Therefore, we may assume that 
µG > -À1 . 

The algorithm for computing a local-nonglobal minim.izer of (2.1) is divided inlo two 
pba.ses. ln pha.se 1. 11·e try to find µ such tbat ',?(µ) 2': A 2 and c,o'(µ) O. 

Algorithm 3.1 {Phase 1). l..et µ0 be such that G + µ0 1 is not positive semidefimte 
(µo< - À1 ). LeL O'J , v2 E (0.1). 0'1 < ui and leL µ~ = µe. 

Given J~k, µi°. the steps lO obiain µ .... ,. µr+1 are following: 

Step 4. lf G + µl 2': O, define µkt1 = µi,. µf+1 = µ. Else, define µ1,+1 = µ., µf+1 = µf. 

Theorem 3.1. Algc,riLhm 3.J (Pha.sf' 1) stops at some finite k giviog .µk such that 
rp(µk) A 2 and rp'(µ,J 2': O. or it generates an infinile sequence such tbat l!,_~µk = -.>.1. 

Moreover, in lhis lasi case, limµr = -.>.1 aod C1 = o. 
•-oo 
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Proo{, ff the sequence is not finite, it íollows, from Stq> 3, Llud. 

(3. l) lim(µf - p.1,) = O. .._,... -

But, by the definition of µr a.nd µ1,, wrr ha~: ,.r -Á1 illl.d P• < -Á1. Thcrefore, 
by (3. l), 

Let us now prove that c1 = O wben the a.lgoriihm genera.les an infinite "<eqnence. 
ln íact. if c1 =f O, we ha.ve, írom Lemma. 2.l. lha.t: 

hrn .:;(µ) ::e fün J(p} = oo. 
,.---_\~ --,; 

Therefore. since lim µ1c = -,\1 and pi < -.\1 for all k = O, 1, 2, ... , the conditions 
-O< 

required at Step 2 should be sa.tisfied for some linite k. This completes the prooí. a 

From Theorems 3.1 and 2.3, we know now tbat (2..1) basa local-nonglobal solution 
only if Algoritbm 3.1 (Phase 1) stops a.t some finit.e k. So. lei. 11:s assume tbat this is tbe 
case. Let us call p.f = P.l<-l· Thereíore we ha,oe: 

(3.2) 

and: 

(3.3) Eitber 

A)gorithm 3.1 (Pha.! 2). Given µf µ,,,, dre stcps to obtain ,r.,._ 1, l'l+l are Lhe foilow-
ing: 
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Step 2. Compute 

Step 4. If ','(i,) 2'. ....1 2 and -,.~'(ti) ~O.define 11f:+ 1 = µt, µ1,+1 = µ. 
ElRe. define µ}+ 1 = /1. J•t---1 = l'k · 

Theorem 3.2 .. .\ssume th<1.t, rn .-\lgonthm 3.1 (Pha.se 1), µ0 is chosen in the ia~erva.l 
[- ,\1, -.\,). and that Pha.se 1 stops at some finíle k. Then: 

(i) If Algort1.hm 3.1 (Phase 2) stops at Step '.!. there is no local-nongloba.J minimizer 
of (2.l ). 

(ii) If Algomhm 3.1 (Phase 2) defines an infinite sequence J1k, then there ex.i5ts µ· € 
( -À2- -.\1) such that 

t.p(µ") = ~2 OT ./(µ") = 0. 

(iii) If tp'(µ') = O and .p(Jt") > 6 2• there is no loca.1-nonglobaJ minirruzer of (2.l). 
If ;,'(µ") > O and .p(µ"l = O then µ· defines the local-nonglobal minimizer of (2.1) 
( <" = -(G- µ·1)-lg). 

Proof. kt u~ first pro,ie (i ). We proceed by contradictíon. Assume that a loca.1-aonglobal 
minirruzer of (2.1) cxists. Then, by Theorcm 2.3, Jts Lagrange multiplier µ· m11st sat1sfy: 

But, by construction, we bave, for a.li k ia Phase 2: 
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and 

Hence, by Lemma 2.1, µ• E [1,}, µ.,). 
But. since o,:> is a. con-vex. function., µ1; µ·, coo\radicting tbe fact tbat /: < 14. 

Therefore ( i) is provecl 
Now. let us prove {ii). By Steps J and -l of tbe algorithm .. •e see thal 

Therefore. there exists µ· such tha.i 

Hence. 

(3.4) 

(3.5) 

We consider two possibilitíes: 

lim (µt - J1t) = O. 
i-c,:, 

(a) There exists a subsequence µ~, j = 0.1. 2, ... of (µ1.-) !lllcb that 

;,p(f{) < tJ..2. 

(b) For all µf generated in Pbase 2 of Algorithm 2.1, we have cp(µf) Ll2 

Assume fust that (a.) holds. Then 

(3.6) 

Now. if (b) bolds, it folloW$ t~ ql(µf) :S O for all µf. Hent::e, 

(J.7) 
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Thns. (ii) íollow~ from (3.4) - (3. i) . 
Finally. (iii) íollow5 from Th<"Orem 2.J and ttM- ÍACt tha.t. 'r"(I'•) = O is, sufficient 

condiLion for µ• to he a local mininúwr of -;,. 0 

Remark. The efficiency of Algorithm 2.1 dcpcnds entirely of ihe way p is chosen ,d Step 
3 of Pha.,c I a.n<l &l Step 3 of Phase 2 Using the pa.rticular shaP'(' of r; j\ ,eems tha.t 
its apprnximation h~ a rational function Í! recommendrd. u in the Hebden-Moré 
(_. [l O. 12]) for fmàing, global minimi7c-rs o( 2. l. 

•· Application to the Subproblen1 ín the C DT Method 

.\t each rtera.tion of the C DT metho<l for equa.lity ~trained minimiz.ation [1] a 
problem of the followm~ t~ mu~l be <.0lved: 

\l,nrmi:i:e ;~7 Gs + f!T s 

(4.1) 

where G is as in (2.2), /2.3). A E R"'u and the regioo defin~ br the two con!tn.inta is 
kno"·n to have nonvoid interior. A completcly :;a11sfactory algorithm for solving (4.l) is 
not know-n (!tt [2, 14. 15, 16)). However, El Alem [6) proved that gJob&I conver~Cf!! o( 
the CDT algorithm Í5 obta.ined i! a feu1ble point for (4..1) is found such tha.t: 

(4.2) 

with µ., p ? O. 
Hr" wr pmpfflr "" ;,J~nrithm fnr "h,~ining ij fr11.~ihl~ point whirh ~,i.tiqfi~ (4.2) ~.,d 

•~ prnh,.bly goo,l •rrrnvim,.tónn ,,.. ,t, ... ..,i,,,;O!l of (4. . ! ) in a finite nurn!:-e--: of steps 

Algorit hin 4.1. 
Sf't p == o. 

Step 1. Find &i. a global 90Jution, and { "1,. . , "•} a 9et of globa.l or loc.a..l 90lul.iom o{ 

Minimize ½~Te,+ g1 I + p IIAto - hW 

IU) .t.t. 11•11 A. 
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Step 2. If. for ali i = 1 .... , q, IIA-', - /Ili ;;,, 8, go to Step 4. 

Step 3. Cho<>R 
(4.4) 

Stop. 

Step 4. p ,,_. max{10. lOp}. Go to Step 1. 

The following &hcorem at.Atell tbat the df"Sired !ltep 5 is obL&iM'CI in a finite numbcr of 
steps. 

Theorem 4.1. After a finite number of ste~. Al~orithm 4.1 obL&ins a feasible-., ~ati~fyin,; 
(4.2). 

Proof. Co11sider the following auxiliary problem: 
~linimíze IIA~ - bll 

(4.5) 

Assume tbat. at any global miuimizer:; of (4.5) . ..-e ba,'\! 

]IAs-bll = m. 

Since the feasible region of ( 4.1) ha.s interior points. we must havie m < 8. 
'io•w. let Pk a .equenct' of positi~ numben such that P• - oo. and leL .91 be a global 

solution of 

14.6) 

Using st&ndard externa! pen&lizaiton Lheory (1ee (7, 11)) w ?erify tlw any limit poínt of 
( ••) is a global solution of: 

(4.7) .t.t. 11•115 6, 

IIA,-b!l2=m2• 
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Therefore. for some k. the solution of (4.6) satifies 

Sincc ( 4 .6) is equivaient to ( 4.3°), thts reasoning applies to tbe suc:cessÍ\'t: solutions o{ (4-3) 
in Algorithm 4.J. Therefore, ~he al!!orithm stops. 

But. if., is {local or global) solut ion of ( ~.3). we bavc. by standard (Lagrange rnultiplier 
tbeory. that ( 4.2) liolds. Henc:e. Lhe proof is complete. o 
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