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Unive1'5idade Estadual de c-ipi.u5 

São Paulo. Brazil 

Abstract: ln this work we develop a numerical method for approximate 
solutions o{ the heat equat.ion, baseei on Lhe dual extremum principies af 
Noble aod Sewell. We use lhe fi.nite ele:mem mdhod for disc:retization 
with cubic B-spline functions as basis in % and pietew:íse lineac functions 
as bas1s in t. We exhibit a Hilbert space Y, a bilinear form S assooa.ted 
to it and we verify all the condit.ions of Lax:-Milgram's lc:m.ma with which 
we get proof of exist.ence and u.n.iqueness of solut.ion of lhe form.ulation 
we present. We prove also a con vergence theorem and make an a.nalysis 
of the numerical result.s oh\ained. 

1. Introduction 
We develop a method. for the approximation to Lhe 90.l.ntiun of lhe mixed prob-

lem: 

(1) u(0,t)=u{l,t)=0, a(z,1)>0 

u(x, O} = Uo(z) 

for (z,t) E fO, li x [O, TJ 



for the heat. equa.l.ioo, using the dual extremum principles stablished by Nobel a.nd 
Sewcll [15] for problems with a generalized Hamiltoman structure: 

[ 
P·v = !! 
Pw=~ 

(2) 

where P and P- a.re closed a.djoint linear operators, X(v, w) is a Eunctional convex 
in v, and concave in w a.nd v and w belong to Hilbert .spa.ces, with inner products 
( • ' • ) a.nd { • ' • ). 

The theory of partia! differential equations assu:res that, if a(z, t), b(t) and 
q(:r, t) are functions, sa.y, smooth enough, then problem (1) is well-posed. 

Tbe dual extremum principies by Noble and Sewell can be sta.t.ed in the follow-
ing 

Theorem.: If X(v, w) is convex in v and conca.ve in w, then a.ny solutions (v, w) of 
(2) 

(i) sol~ the following problems: 

a.) J,.(v,w):;: J .. (íi,úi) 
[ 

ffilll 

subject to F-u == 
where J.,(u,w) = (w,~)- X(t1, w}; 

b) 
[ 

max K 11(v,w):;: K.ll(íi,úi) 

subjeci to Pw = !'! 
where K.ll(u,w) = (v, ~)- X(v,w) 

(ii) is such tbat. J0 (v, úi) = K 11 (v. úi). 

Zago (19) has buill. all the nec.essa.ry mach.inery to put equation (1) in the form 
(2) introducing the aàjoint of equa.tion (1): 

[
-t -. ~•)!: - ti•!•,<)!;!+.-(,, t) 
u(O, t) = u(l,t) = O, a(:r, t) > O for (z, t) E (O, 1) x [O, T] 

u(:r,T) == ~:r) 
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where v0(x) and r(x, t) may be a.ny aqua.re integrable functions, and defining 

w1(x,t) = 0.5 (u(z,t) + v(x,t)]; llll{z,t) = 0.5(u(x,t)-v(x,t)j 

q1(:z:, t) = 0.5 [q(z, t) + r(x,t)l; q,(x, t) = 0.5 (u(z, t) - r(:z:, t)]. 

After severa] a.lgebraic manipulatioos be bas gotten tbe fonnulation of tbe dual 
extremurn principies for tbe beat equation: 

a) tbe minimum principie: 

subject to: 

-l foT '1(:z:, t)a,i(:i:,t)dth 

+o.s fo1 l~(z,7j +-:(x,0)-2-w(z)"'r{z, T)}ü 

tDt(:z:,O}+ w,(x,O) = llo(x) 

Wi(l, t) = tDt(O, t) = O 
b) lhe maximum principle: 

subjed to: 

WJ(:z:, T) - u,,(z,T) = -.(s) 

"'2{1, t) = w,(x, O) = O 
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Our method is based in this formula.tion. We observe t.ha.t the mixed problem (1) 
is now a boundary problem botb in x and in t. This fad has moli,-a.ted us t,p o.se 
linite element.s in both variables. 

Since v0(x) ..ud r(:z:, t) ca.o be any square intcgrable functions we are going to 
w.ke tio(z) = O and r(x, t) = O. We choose oor basis fu.uctioos satisf};ng conditions 
V3 (a a.nd /3) trivially and substitute condit.iom V2 (a and /J) in the expre;s10ns for 
Jª and Kfl. 

ln section 2 we stale the tbeorems that show theequivalence between our íormu-
la.tion and equation (1 ). We a.lso exhibit the space Y in which we work and proYe it 
is a Hilbert spac:e. We define a bilinear form S : Y x Y -+ R such tba1 finding mu 
Kp(w1, w2) is equivalent to finding min{½S(x, z) - (b, :x}} where x = (wi, ioi) E Y 
and b E Y has lhe initial conditions of the problem. 

We show that S satisfies the hypot.heses o{ Lax-M.ilgra.m's lemma. and this gives 
us exístence and u.niqueness of solution of our formulation Furtbermore we get a 
bound on the solution in terms of lhe irutial conclit1ous Hull ¼ llbll. 

Closing the !CCtion wc prove a convergence theorem for approximated solutions. 
ln :!C<:tion 3 we presem a. finite element method in which we takc lhe basis func-

tions sa.tisfying amdition v.,1. We worlc with B-spline cubics iit :z: and piecewise 
linear functions in t. By equa.ting deriva.tiftS to zero we transfonn the problem of 
fi.nding max Kt1(w1, 102) in solving a linear systcm & = b. Con--verpoce is proved. 

ln section 4 we analyse the nnmeric.al mru.lts and the problems we had when 
solving the linear system abo'i'ie and suggest a new -y of oon.structing a finite ele-
ment metbod by imposing coodition Vfll to be aatisfied iit a wea.k form. 

2. TbeoreticaJ Background 
We present here the results for the ma.ximum principie only. The modificat1ons 

for tbe minimum principie are straightforward. 
Taking Vo(Z) = O, r(z, t) = O and introducing CIODCliti«m Vp2 into the functional 

we ha.ve to find max Kp(wt, 102), where now 

(3) 

subject. to 

Kt1(wt,""l) = -0.5Ji: J! a(z,t>[( r + ( )ldtcu: 
+ 0.5J; J{ q(:z:,t}-iz,t)dtd: 



(3a) [ 'li' + '( ,i-';;' - .., [•r ,. ,i~ J + .... r,. ,1 

w2(l, t) = w,(O, t) = O. 

Theorem 2.1: If w1(x,t) and w,(x, t) are smooth enough functions sa.tisfying 

~+b(t)~ = i;[a(:r,t)~] +0.5q(:r,t) 

w2(l, t) = w2(0, t) = O 

w1(l,t) = w1 (0,t) = O 

a.nd (w1 . w2) maximizes the functional J{fJ with the restridions in (3), then u(:r, t) = 
W1 {:i:, t) + w2(:t. t) solvet; equa.tion (1 ). 

Proof. To prove tb..is theorem we have just to use the fa.ct t.hat (w1 , W:i) being the 
ma.X"imum of Ko with the restrictíons in (3) is equivalent to the derivative of KfJ in 
the d.irectmn (cp1, ip2) be C9Ual to zero for a.11 (\"1(:i:, t), ',P2(:i:, t)) sucb that 

·~-tb(t)~= :_[a(:r,f)~] +0.5q(.:r,t) 

'1'2(1, t) = ',02(0, t) = O 

c,,1(1,t) = <f>l(O,t) = O 

Th.is occurs iff u{:i:,t) = u.r1(:r, t) + w2(x, t) sa.tisfies equation (1). 
To prove ex:istence and uniqueness of solution of ou.r formulation we use La..x-

Milgram 's lemma wh.ich can be fonnulated in the followmg way: 

Lax-Milgram Lemma: (2], [3] 
uLet V be a real Hilbert space with inner product { , )v and norm !luJlv = 

l -
(u, u){,, h E V. 

Let a : V x V -+ IR be a. bilinear form with the follavring propert1es: 
(i) there eicist.s a constant /3 such that 

Jã(u,v)J $ /llluJJvllvllv, u, v E V 
(ii) ther-e exista a consta.ot p > O such that 

a(u, u) plluJjt, u E V. 
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Let G : V ---, R be a linear mapping with tbe following property: 

(iii) there e.xists a oonsta.nt l, such tba.l 

IG(u)I 5 S!lulh,, uEY. 

Tben t.here exists a. nnique element u E V sucb tbat 

ã(il.u)=G(u}VuEV and llul!v~b/p. 
Furtber, if õ( • , • } is symmetric, then il is the uni que minimizer of 

1 -
f(u) = 2ã(u,u)- G(u), u E V. 

The first thing to do is to exhibit the Hilbert space wh.ich we call Y. 
At a. first giance it seems tbat a natura.] choice of Y shauld be a subspace 

of 9 1 x 9 1 . li th.is was the case. if we could find a consta.ot p > O such that 
ã(ü. u) pllüll~- u E V then the !em.ma wou1d imply in the }' -norm of the solut1on 
ü being bounded by tbe L2-norm of the initial condition or, more especifi.cally the 
1emma would imply in 

L1 foT[:(x,tf dtdx 

bemg bounded by tbe Lrnorm of the initial condition. Howe~, if we take 

"" u(:i:, O) = L 4-,,sen n,rx, 

it is not diffirult to verify that sucb a.n estima.te ca.nnot bold. 
First we consider H; x H; where 

H! == {p(x. t) E ½(Q) such that :: (x, t) E ~(Q)} 

a.nd Q = (O, 1] x {O, T]. (For p E ½(Q), exísl.s if there erists g E ½(Q) such 
tha.t 

r1 f 1117 ÔVJ Jo Jo g(z.l)tJi(:t,t)dtdx=- 0 0 p(x,t)ôxdtdz 

for any v, E C-(Q), tb of compact. support). 
We work with the :restrictjon Vpl in the form 

t kT 8; ip(x, t)dt dx + l foT b(t) ip{x, t)dt d:t = 

= l [1 ! [a(z,t)~]ip(z,t)dx + 0.5 fo1 foT q(z,t)y,(:i:,t)dtdz 
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for a.ny t;, E V where V = {~ E C""(Q) such that ',0(0, t) = ip(l, t) = O} which 
implies in 

f~ J{ w1(2:-,T)ip(x,T)dz- J~ w,(.i:,0)ip(x,0)d% 

(4) - J~ J{ w,(x,t)~(:i:,t}dtdx + J[ b(t)~rp(x,t)dtdx = 

= - f~ Jt a(x,t)~ ~(x, t)dth + 0.5 Ji J[ q(x, t)ip(x, t)dt dz 

for any 'T' E V. 
We observe that if w1 a.nd w, are smooth functions, tben ( 4) be verified for ali 

ip E V is equivalent t.o condition V11l. 
We now define tbe space Y as Y =WC H! x H; wbere W = {J = (j1 ,J2 ) E 

H; x H; tbat. are smooth functions which equal to zero at :z: = O and :z: = 1 and 
sat1sfy ( 4) for any ip E V} and 

This set Y is nota su.bspace of H; x H;, then we work with tbe space Y where 
q(x, t) E O and a.t ;he end of the section we show 00119' we get the bounds for the 
case of the definition abo~e. 

Now, for x= (w1 ,w,) and y = (WJ,W2), z, y E Y 

Working with t.he ma.x:imum principie we note that tbe conditions V.,3 are na.t-
ura.l condítions which means that we obtain the same result whether we impose 
w1{1, t) = w1 (0, t) = O, or not. 

We observe that, for (w1.w,) E Y, w,(x,T) and to,{.r,O) in (4) do make sense 
as this theorem shows: 

Tbeorem 2.2: For any cp E V, the function whid.i t.ues (gi,92 ) E W in 

ha.s a. continuous eneruiion to Y. 
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Proof: Let {gi,g2) E Y be the limit of lhe sequence (g~ ,gi') 'll"here for a.ny 
n, (g;,g2) E W. 

So, for any " E .'li and any r,., E l', 

{ 9;(x,s)1P(x,-,)d%- l l ~(x,r)tp(x,r}driú. 

Using (4) a.nd integratioo by p.arts in % we find that 

(5) = J~ f. g2(x. r)~(x,r )drdx - J.; J: a(x, t)~(x, r)~ (x. r )dr- J.r 

- J.; J: b(t)~(x, r)cp(x, r )drdz. 

So, if (gj, g2) converges to {g1 dh) in H! x H1 we see that the sequence 
gi(x, • )ip(x, • )dz is equimntinuous a.nd this pro-ves the theore:m. D 

We need also rmult below wbich we. dont pnn-e here: 

Lemm• 2.1: For any :r E [O, l], thc nmction wlricb ta.kes u E C00(Q) in 
u(x, - ) E L,[O, TJ has a continuous extension to a function from U: iD ~[O, T]. 

Theorem 2.3: Y is a Jrtlbert space. 

Proof: Le\ os ta.kusequcuce {(wj ,w;)} iD Y tuhouva:gato (toi, w.i) in H;xH!. 
Then, for ea.c.h n EN we have 

J;'w,(:z,T}c,:,(:c,Tµh - J.; w;'(z,O)y,(z,O)dx 

(6) - J~ J{ w2(x,t)~(x,t)dtdx + f.: J{ b(t)~(z,t)y,(z,t)dtdx 

l T h,• 8 ;;:;: -J0 .J; a(z,t)~(x,t)~(.z,t)dtd:t for any ;p E V. 

Talri.ng g;(z,y) = w;{:r,y)- Wii(Z, y), te: T aud., = O m (5) -.e pro,,e tha.t 

L1 t.o;(z,Tpp(x,T)dx converges to [ 10-J(x,T)'P(x,T)dx 
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md 
f wi{z,D)!,,{z,O)á o:sacep kl J -4.z:.t}l?,{~, ,ctir. 

Wit.b similar ..:;gmncats we pruae d.e~ CWKAif ri .-à /IO we iawe t!ae-
prooí iha1 (-') is alid iar (-., ~).. 

FurthfS", 1.he w a.:pi!IWt,,, ..m .U _.. 't.ka.i wia(O,f~ = 
w1(l.l} = n,z{O, f) = SJ{l,1) = 0.. 

So{w1,"'2 €YDMIYndo..lim~xH;-wlnàt.-,wstàe~ O 

Defioition 2..1: l.et = {nia. ~) E Y .- 11 = ( 'Klrl, tii} E T - 'S : Y x ·y - 'll. -
defined by 

l 'I :f ÔU>J a.,, ~] 
Si~J\ =li a{.1t0 '1t~} â:t- fr:r + & ih -cltir-+ 

+ .f + Si(.x,,Cl)ã.{:a:,,O ~-

S is obvmasly lbilinem-, sy11T1wi>i-:.-1 pwiiiwe~.-e5µ,:z) '2: ..iequa!ity 
.boleis ifl % = o. -

Furt.her 

Lemn:-a 2.2: T'hcre ao. omidadl > saci,. dat sr-z. .d!:lzJli- b- .ai:y 
z = í-u.1, "':!) E 1-'. 

Proof. We iu.we 'Làa 

S(Y.z J.1 t' ~(z~t~[(=r +(~ • clih: 

~ª L1 L;r (ô.iY +(~)1 ih: 

(wc are supposiug .4. z,t ~o> • Q). 
Usmg the PaiDca,n; iueguaf,:gr ~lJ -

s~.zl~ o.5a [ L7 ((~f +(~ :i +-:+-; •a:=o.:.of~i-
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Soe= 0.5a > O wliich proves the lemroa. 

Lemma 2.3: There ex..ists a constant /e such that IS(x,y)I :$ J.. lfxllYIIYIIY• 

Prooí: Since S is symmetric and S(x, x) O for any x E Y it suffices to show for 
x=y. 

Let z = (wi, ~) a.nd let us finda bouod to S(.:, .:) for any t E (O, T], 

w~(x, t) = UJi(x,s) - 2 [ lll2(.:r;, r) 8;2(x, r)dr. 

üsing VoI, 

So, 

T l w~(z,t)dx = l lT w~(x,.,)dzds 

2 { faT [ t112(x,r):x[a(z,r)~]dxdrds 

+ 2 fo1 [ [ b{r)8;dzdrds. 

Using integra.tion by part~ in the seeood pareei and the fact that. tbe thrrd pareei 
is =o s1nce w,(O, t) = lll2(1, t) = O we ha.Ye 

{' [T { f1 (T f'[ iJw,. }1/~ S Jo lo w;(x,s)cud.!+2 Jo lo J, a(~r}a;--(2:,r)dxdr& • 

·{l lT [[~l(z,r)rdzdrdarfl-

Usiog: t.be fact that a( :i:, t) :$ A in Q we 
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for any t E [O, T]. Though 

where 

We observe now tha.t, smc.e S(x, y) is continuous anel J; tio(x)U'2(:r, O)dx is lin-
ear a.nd continuous. using füesz' theorem [3} we ha,oe S(x, y) = (x. Ry) a.nd 
Jd uo(:r)w2(:r,0)d:r = (b, x). 

So, K 11(w1, toz) = K 11 (x) = -½ S(x, x) + (b, x) = -½(x, Rx} + (b, x) a.nd then. 
finding ma.x.Kp{x) is equivalent to finding min f {x) where 

• 1 1 
f(x) = 2 (x, lü} - (b, x} = 2 S(x, x). 

With Theorem 2.3 and lemmas 2.2 and 2.3 we can use La.x-Milgra.m's lemma.. 
Let G : Y -+ R be linear and boundecl. Then, by füesz' theorem there exists . 

z E Y such tha.t G(y ) = (y. z) for any y E Y a.nd IIGII = llzlly. On the other 
hand Lax-Milgram 's lemma a.ssures that there exists jUllt one u E Y such tha.t 
S(u,y) = G{y) for a.ny y E y and lluiiY:::; ¼ IIGII-

So (y,z) = G(y) = S(ü,y) = (y, Rü) for y E Y. 
Lax- Milgram's lemma. also sa.ys tha.t this u is the only minimizer of J, since S is 

symmetnc. So u is the only solution of max K0 we u.sed here and the only solution 
of Rx = b. 

lt can be pro~ tha.t w1(:r, t) and w,(x,t) are functions smooth enough so tha.t 
ii solves the hea.t equa.tion ( 1 ). 

11 



We observe that lluJfy ¼ IIGII = } llbli gives a. boand to the solution in terms 
of the initiaJ rondition of problem ( 1). 

The Non-Hornogeneous Case 
We work now with the case where q(x. t) =J- O. Lel wi(x, t) be the solution of 

! ~[a(x, t)~ + 0.5 q(z, t) = O. a(x, t) > O in Q 

W1(0, t) = W1 (1, t) = 0. 

1~ is easy to see tbat 

O 5 ri n il!!!l. 
• • Jo Jo <>h.tl 1" dr • J: l ([ ) w1 ( x. t) :;;: ri ., --) - 0.;:i -(--) q( s, t )ds dy 

Jo ;;frJl o a(r. t o a y, t o 

Considering 'IÔi = U>J - tô1 we see tba.t La.x-Milgram • s lemma ca.n be applied to 
ma.x K1J(W1,1f12) so that ll(wi,lillJIY ~; llbll wh.erenow 

r rT[awl ÔW1] r1 {b, x) = lo lo 8x - "a; dtcix+ lo ua(x)tD2{2:,0)d:r. 

The Convergence 
Tbe finite element method uses approxímations to the solution ü of rnax /ftJ in 

finite dimensional subspaces of Y. Yft with dimension n. We call these approxima-
tions in Y,,_, u.., and we want to know under what o:mditions {u,,} converges to íi 
when n goes io mfinity. 

Theorem 2. 4: lf f Y,.} iB a sequenc.e of subspacies of Y such thM B == u. Y,. is dense 
in Y, then {u,.}--+ u. 

Proof: We work witb P(w1,W-z) = -K,s('lllt,111>2') and ma.:x:Ke(to1,1"2) = 
-min P(whm2) where P(z) = ½(z, Rz)- (b, z}. 

So u = mm P(x) in Y and u,. = min P(x) in Y,.. lt is noL diflicult to pro'1e that 
for a.oy V e Y, 
(7) 

Al80, since B n deoae in Y, for any , > O tben: e;rists ,,_ E Y,. such th.at 
llu - v,.lty < ,_ 
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kt:. 

So we find thaL 

IIP(v,.) - P(íi)II $ i IS(íi. u) - S(lla,v..)l + ilbfiy llü - v,.lh· 

S [ llu + v.lb, + llblh·] llü - ~,.Jly. 

But llv .. lly ::; llully + llu - v"lli· !lulh- + ,. 
So llii + v,.lly $ 2 llüilY + t: 5 2: llbllY +e by Lu:-Milgram's lemma.. 
Thisimpliesin jlP(v,.)-P(u)ll 5 Mllü-v...llr < MEwbereM = (~+l)llblly+ 

Since u,. is the minimum of P(:r) in Y,., P(u..) $ P(v,.) and since ü is the 
rnini:mum of P(x) in Y, P(íi) 5 P(u,,) and tben P(u,.)- P(u) <Me. 

So, u.siug ( 7) for u., and u, we ha.1J1C K = ½ e llu,. - íif l} $ P( u,.) - P( ü) < M t: 
which pro'f'CS the c.on~ce and gives the error est.irnate: 

llu.. - íillY 5 [Fj-. 
Finally we observe that there are other proofs af enstenc:e and lliliqueness of 

solulion for equation (1). We need the one we gaYe bere 1,e,ca.use this method 
is t.be construdi-ve ~hod we UBe for m:umrical :appnaimation. Furthermore 1.he 
con11ergenoe of the method is asaociated to the bounds we found here. 

3. A Finite Element Metbod. 
We present a finite element metbod to approximate the solution of the particular 

beat equaLion: 

(8} 

(9) 

u(O, t) = u(l, t) = O (.:i:, t) E Q = (O, 1) x (O, 11 
u(x, O) = Mo(.:i:) 

For eqution (8) we ha-ve to find max KJJ(!Dt, "'2) where 

[ K,<.,.,..,) = 
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subject to: 

[ 
uw2 éflw1 
-- - (Val) fJt - ax2 

11'2(0, t) = w,(l, t) = O (Vt13) 

(9a) 

Since, for condition V,al we need seconcl denvative in x, we take for basis func-
tions, cuhic H-splines in x. 1(.,,{z) a:nd piecewise linear functions in t, q,i(t). 

We choose 
.. M 

toi(z.t) = LLc;;ó;(t)tp.{x) witb ,J,,(O) = ,J,,(l) = O for every 1. 

1::l1=l 

Using Val and integrating in !, 

N M 
1D2(x, t) = L L c;;q,;(i)rp:'(x). 

í=I j=l 

Taking the expressions of tDt(z, t) and w2(z, t) in (9) we have now to maximise 
K11(e;;) where 

Kp(c;i) = - 0.5J~ -'[I:fe;14>i(t)v,:(x>]2dtdx 
o=l J=I 

+ J: Uo(x)[Í::Ec.i4>,(0)v,7(x)]d:c 
=l ,=1 

with no restrictions. 

We observe that M bei.ng the nnmher of discretizat.ion points we have in t, Llt = 
1/(M - 1). Let us e.ali NPX the number of discret.ization point.s in x, so 
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fu = l/{NPX - 1). Note that we have noo nuJI contribuitions of the 8-
splines ip0 (:r:), 1/11(:r), ... , 'PNPX(x), 1PNPX+i(:i:), N P X+ 2 functions though. But 
1Po{O)-::/:0, VJ1(0)-::/:0, '12(0),f:.0andy>,vn-1(l)f,0, lPlfPx(l)f,0, TPNPX+i(l)-/-
0 so we work with the N = N P X - 2 functiPns: 

which. for simplicity we call again t/>i, th, ... , 'PN· 
Now 

and 
J $ i $ N. 

We obeene that the B-spfuie funcüoos Sa(z) defined in (-2, 2] a.re 

o, z :S -2 

(z3 + 6z2 + 12z + 8)/6, -2$z$-l 

·(-3z3 - 6z2 + 4)/6, -1 $ z $ O 
~(z)= 

(3z3 - 6z2 + 4)/6, 0$z$1 

(-z3 - 6z2 - 12z + 8)/6, 1$z$2 

o, z~2 

and so, to work in [x,_2,l:;+2) with x, = i.6.%, 1 $ i $ N, we have 

TJ,;(%) = S3(x/ 6.2: - i) 
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i,1,:"(x) = (1/ !!lx3 )S;'(x/jz - i). 
And tbe piecewise linear functions in [t,-1,t,+t] ue 

o, t < t;-1 

(t - t,_i)/ jt, t,-1 :5 1 :5 t, 

(t,+1 - t)/At. t; :5 t :5 t,+1 

º· t t,+1 
To find ma.x Ko(e;,) we equate the derivalive of K,(c,1 ) with respect to e,.,. to 

zero for every l. m. 1 :5 l S M. 1 S m :5 S which turns out to be solving a linear 
system of equations w1th A-f N unknowns and M .V equations: 

-l foT[ttc.,<J>;(t)u'.,;(x)]ql;(t)t!,~(x)dtdx 

- lo' foT[ttc.,4>,(t)TJ;7'(x)]<t>,(t)1p::(x)dtdx 

We now substitute the expressions of (/),(t) and .,,(x) and since il is oot difficult 
we calculate anafüically a.ll the integrais involved and finally we obtai.n the syst.em 
Rx = v where 

A B o o o o 
B A1 B o o o 
o B A1 B o o 

R= 

o o o o Ai B 
o o o o B A 
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with 

and 

B = (b....) = ( ( - ~t) l v,~(.r),p:_(z}dz + ~t l .,;"(z),t,:(:r)dxtxN 

A1 = (a1,.J = [~t l tfr;{x),t,:,(z)dx + 4 ~t l ;,:'(x)vi:(x)dxLxN 

X= (C1 e, .• · CM)k,.vx1• with ci = (C.;. C,.; ··· GNj>1Nxl 

with VJ = (1: tio(z)«(z)dz• • • JJ Uo(z)v/,v(z)dx)i 
N>tl 

and, for 2 :S j :S M, t1 is t.he null vector with N cmnponeob. 
Finally we get the approximation to ii( z,, t.1:) which we caU DOW 

u(x,,t,.) .~ U>:J(Zt, t1r) + toi(x,, t1,) = 

N M J/1 M 
= :Z::::I: c;;;~j(t.1:),faf(zt> + E í:i;;.Pj(t,),'),(:r:,) 

""'1j=l i=jj=l 

for each l and ea.ch k. 

The Convergence 
Let n = N M. To use Theorem 2.4 to show t.ha.t {-.} -+ ii we have only to 

pro~ 

Theorem 3..1: Let D = UY.; D is deme in Y. 

Proof: Weh.aM! 
D= spa.n {.pi(t).,.{x), ;;(t)v,f(z)) 

and we show that the orthogona.J to D in Y is the null space. 
Let (§1,J'l) E DJ.. So, (91,92) E Y and, for any CPi,Pl) E D, 
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{(91,91), (PJ.,p,,z)}y = O. 
Let p{t) a.nd·v(z) be regular íunctions such that 1,1•(0) = -ct,(1) - t/•"(Q) = tb"{l) = 

O and let P1(z,t) = p'(t)tj,(x) a.nd p,(x,t) = p(t)w"tx). Thcn Pi and Pl E V a.nd 

âp, IP'Pl. 
&t= ôr2 " 

Further (Pl, Pl) E D so, 

(10) t LT 8:: p'(t)t/l(x)dt dx + l foT 8:: pl,_t)vi"'(x)dt d:r: = O. 

Using (4) for (91 ,.9-z) with ,p(r, t) = Pi(z, t) and (10), we find tha.t 

[ JJ J{ 92(.:i:,t)[p(t)t/,'~{x) - p"(t),/.,(x)]dtdx = 
(11) 

= 91(.:i:,T)p'(T)tb(z)dz - frJ 92(x,O)p'(O)tJ,(x)dx 

Let us take now rj,(:r:) = :,e:o nrx a.nd p(t) = e•Y• + e_,.,,.,,_ 
Substitut.ing l'(x) and p(t) in (11) a.nd observing that p'(O) = O and p'(T) j O 

we ha1e that, for a.ny n EN, Jt92(x,T):w:n nndx = O and since 92(0,T) = 
g,{l, T) = O, ilis im.plies in g2(x, T) = O. 

With similar argumenta we prove that g,(%,0) = O. 
So, (11) becam:s 

l ÁT 92(z,t)[p(t)lj.,1v(z)- p"(t)~(x)Jdtdz = O 

for a.ny r,o(z, t) = p(t)l/,(z) in V. 
Taking again .,(z) = 9eD.n·n and now p(t) = 9CDnrt, we find that, for any 

k EN and n e N, 

[ lr 92(.:i:,t)sennrz senkrt dtdx = O 

and, since 92(0,t) =92(1,t) = O and 92(z,O) = g2(z,T)- O, we ha11e 92(.:i:,t) ;:ã O. 
Using this in (IO) we have 

[ lT ~: p'(t),J,'(x)dt4r = O 
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for any p(t) and cp(x) such that both Pi(:t, t) a.nd J>l(x, t) belong to V. Simila.rly we 
prove that g1 (x, t) is also identically zero. 

4. Numerical Results and Conclusions 
To test this method we took íor initial condition, llo(x) = 9CD -ir:r: a.nd so, the 

exact solution of equa.tion (8) is u(x,t) = senmrxe_.,,_ We could then ma.Ice a 
pointwise measure of the error. 

We worked in FORTRAN a.nd meda digital VAX c:omputer and solve<! tbe linear 
system Rx = v in four different ways: 

(i) Using the program TBLOCK part of which was de,,eloped by P. Pulino, which 
uses the particular structure of matrix R (tridiagonal by blocks) and the fa.ct that 
each block ha.s band seven. For small values of n( = N M) we had no good results 
and divergence occured for bigger n (n = 561 the m&Ximam error is 0.12 x 105). We 
worked with double precision but we used no pivotal straiegy. 

(ii) Using the routines FOlBR.F a.nd F04AXF from MA - 28 (5] from NAG'S 
library. FOlBRF ma.Ices tbe factoriza.tion of R in L.U using the sparcity of R. lt uses 
a pivotal stra.tegy which keeps the sparcity of R and controll the loss of precision 
by rounding at the sarne time. FO4AXF solves linear Sp&rSe systems with just one 
right ha.nd side vector, usi:ng factorization ma.de by FOlBRF. This also diverged. 

(iii) Using FO4ATF (18], (i), also from NAG'S library .,,;hich works with full 
matrices a.nd sol~ Rx ;; v by Crout's method with partia.! pivoting stra.tegy to 
decompose R in L.U a.nd also makes itera.tive refinemmt of the solution. We got 
convergence but not a.s we expected, that is, order ~t in t a.nd (.tix)2 in :t. 

(iv) We obta.ined pra.ticaly tbe sa.me results as in (iii) using the Conjuga.te Gra-
dient metbod where we stopped the itera.tive pTOCe!IS a.fter n itera.tions and the norm 
of the gra.dient were still 10-1 . 

The problem bere is that the matrix R is very ili oooditioned. With the routine 
FO2AAF (18], (ii) from NAG's library, which gives us all the eigenvalues of a real 
symmetric matrix by Householder reduction a.nd QL algorithm, we got, for insta.nce, 
for n = ll9, cond(R) 10,400 a.nd for n = 209, cond(R) 6 X 107 • 

According to Forsythe and Moler (6] a measure of the rela.tive error in the solu-
tion of a. linear system of equa.tion caused by a. rela.tive error in tbe constant vector 
or in the ma.trix entranoes is gi"Yffl by $ p • cond(R) • ft""' where p is a quantity 
no bigger than the basis /3 in which we work and {t"° 1 is the machine epsilon which, 
for Ul! is about 5 x 10-8 . So, for n = 119 we ha.ve (11.ti•ll/llull) $ 5 x 10-3 a.nd for 
n == 209, (IIAull/llull) $ 30. 
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Siure we wod, with cubic B-splines in z a.nd, in some elements of R it appears 

l t!-;(z)!/>:(x}dz and in other l ~•;'(x)!/>~'(z)dz, 

with the change of variahles we ba~, in some element.s the factor .ô.z-1 a.nd in 
other elements, lhe factor Lll--5 • This oCCUI'S beca.use we impose V,al to be salisfied 
exa.d.ly and so we need the t.lrird derivative of lhe 8-splines. 

ln a next paper [13] we wO(k with condition V,111 in the weak form 

UUJoz ô'-w1 
(ai"", y,} = { ' y,) 

for a.ny cp belongi.ng to the vector spa.ce of triai funct.ions. With this we can work 
with piecewise linear ÍUJJctions bot.h in z and in t and our results a.re much better. 
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