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Slice-Products in Bivariate Approximation 

João B. Prol/a 

§1. Introduction 

Suppose S and T are closed and bounded intervals in R. Let Ct.:il, C(T) and 
C(S x T) be thé corresponding spaces of c;ontinuous rea.1-valued functions. Let {nt} 
and { mi,} be two sequences (finite or infinite) of non-negative interges, and consider 
the linear span W of {sntt"'•; lc.j = 1,2,3, ... }. We are interesled in finding its 
uniform closure W in C(S x T). ln general W is not an algebra and we cannot 
use the Stone--Weierstrass theOTem to describe its uniíonn closure. However, if the 
set N = {ni,: k = 1,2 ,3, ... } is suc.h Lhal N + N e S. then lhe linear span G of 
{ s"•; k = 1, 2. 3, ... }, is an algebra., even though W is still not an algebra. l:sing a 
vector- valued version of the Stone--Weierstrass Theorem (see Theorem 3 below) we 
describe the uniform dosure of W in C(S x T) as the set of a.li functions / E C(S x T) 
such lhat, for every pair of point.s (s, t) E S x T, the section :r E S ...... f (x, t) = /1(x) 
belongs to lhe uníform closure of G, an~ the other section y E T ...... f(s,y) = f,(y) 
belongs to lhe uniform closure of the linear span of {t"'•; k = 1.2.3, ... } in C(T). 
(See Theorem 2 below.) 

To state an abstra.ct version of the above bivariat.e polynomial approximat.ion 
problem let us first introduce some notation. Throughout this paper, whenever X is 
a compa.ct Hausdorff space, and E is a normed space, C(X;E) deno1.es the normed 
space of ali continuous functions / : X -> E equipped· with t.he topology of uniform 
convergence, gi"en by the sup--norm 

li/li= sup{ ll /(s:)11,;; z E X}. 

When E= R, we wriie C(X) = C(X;.ll). 
Suppose now tha.t S and T are two compact Hausdorff SJ)ae"es, and that two 

non-empty subsets G e C(S) and H e C(T) are given. We a.re int.erested ín ihe 
following bivaria.te approxima.tion problem: 



Q. M'hich functioru f E C(S x T) can be ,mr/ormlv approrimatal on S x T 6y 
Junctions o/ lhe /orm 

u,(s,t) = L9i(s)h,(t) 

•:huc g, E G. h. EH (i = 1, .... n), and n E IV is arbilrarg . 

. 
Let us denote by G ® H the subset of C(S x T) of such functions w(s, t), and by 

Gz; H its uniíorm closure in C(S x T). Then our problem can be stated a.s follows. 

Q Charactcrizc those f E C(S X T) that bclon9 lo G ® H. 

ln order lo answer this question, lel us recall lhe definilion of lhe slice - product 
G=-H introduced by Eifler Í-1 ;: a function f E C(S x T) belongs to G#H if, and only 
if. for ever}' pair (s, t) its sections /, a.nd /, belong to 8 and G respectively, where 
/, is the mapping g E T ,._. f(s, g), and / 1 is lhe mapping z E S - f(z, t). Clearly, 
the following inclusions hold 

e® H e G:/f-R e G#H 

where G (resp. H) denotes the uniíorm closure of G (resp. R) in C(S) (resp. C(T)). 
On the other hand. the slice-product of two closed sets is closed. Hence 

G®H e G#H. 

Our objeciive is to find properties of G and H that will make troe the equality 

If 6oth C and H are unital subalgebras, then G © H is a unital subalgebra o( 

C(S x T) and the classical St.one-Weierstrass theorem for subalgebras describes 
G z H, and i1. is easy to prove that G ® H = Gj(li. But when G or R is not 
assumed Lo be an algebra, then Lhat theorem cannoi be used because now G ® H is 
no1 a subalgebra oí C(S x T). Howt>ver a stronger version of that theorem, namely 
its t·ector-valued 1Jersion for modules solves lhe problem if G or H is a.ssumed to be 

subalgebra. .\"oiice thal in this case G « H a vector subspace of C(S x T). We 
state our .solution when C is assumed to be a subalgebra, but of course a similar 
proof est.ablishes the sa.me result when H is assumed t.o be a subalgebra (a.nd G is • 
ar bitr .u-y). 

Tbeorem 1. // G is a nbalgd,ra o/ C( S} and H 11 non-empep subad o{ C(T), 
then 

G®H = G#H. 
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\\'e wil1 postpone the proof o( Theorem I and will liTS\ establish some corollaries 
in bivariai.e. polynomial a.pproximalion. 

Theorem 2. Ld {nt} and {mt} bf. hvo .seq1u:nu11 of nim- m:gcz.tit>e integer.s, and 
assume that n 1 < n2 < ••• < l'l1c < · •• and N = {n~; k = 1,2,3, ... } is such thcz.t 
J\' + N C N . út S and T bf. two closed and bo•nd«I interwls rn R . The closed 
linwr span o/ thc set {s"•t"'1 ; k,i = 1,2,3, ... } inC(S x T) is V # W, whuc V is 
th, dos«l linwr span of {s"•; 1c =" 1,2,3, ... } in C(S), a~ W is lhe closed linear 
span ol{i-•; j = 1,2,3, ... } in C(T). 

Proof. Let G be the linear span of the sei{.!'"•; /e= 1,2,3, ... } in C{S), and lei B 
be lhe linear span of { t"'•; k = 1, 2, 3, ... } in C(T). Then G © H is lhe linear span of 
{s"•t ... ,; k, j = 1, 2, 3, ... } in C(S x T). The semi-group property N + N e N im-
plies tha1. G is a subalgebra of C(S). By Theorem 1, G ® H = G#H = V #W. D 

The strong version o( the Stone-Weiers\rass theorem that- will use in the proof 
of Theorem 1 is ~be following.. (See Theorem 1.26, Prona. IS)). 

Tbeorem 3. út X k a compact Haasdorff 11pa.a end ld E be a norm«I spau. 
Let W l,e a uector subspac:e of C(X;E) rDhich is an A-modalc fur some subalgel>ra 
A e C(X)7 i~., AW f:.. W. Then, fur uu:h f E C(X; E). llsuc m.,ts .wmc equival1mce 
da.88 !x] (mod. A} Rch that 

díst(/; W) = 1ist(f í.:i::]; Wl.zl). 

Let us explain the not.ation used a.bove.. For each ;z: E X. we denote by !:z:] the 
equivalence class of z modulo the following equivalence relatioB: 

:r = y (mod. A) #- ,p{:i:) = ll'(Y) for aJl 'P E A. 

Tben [.:i::J = {y E X; ,p(x) = ,p(y) for a.D rp E A}. Not~ tbal f:z:I is dosed in 
X, and lherefore a compact. Rausdórfl" sp.i,ce.. For every hmdion / E C(X;E), we 
denote by Jl.z) the restriction of J to [.z j. Then /f.:i::) belongs to C(l.z); E). Fimdly. if 
W e C(X;E) .lhen 

Wlx} := {gl.rl; f E W} e C{l.:r:J;E) 
and dist(/j.:i::j;W[:i:I) meas~ in the space C(lzhE). Hentt 

dist(/lx); W!.rl) = inf 11/[x} - flzl!I = 
,EW 

= inf sup 11/(y) - g(y)II,: .. 
,EW ,e(:i:J 
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When lx] is the singleton {z} one ident.ilies /lx] with /(x) and Wlx] with the sub-
space IV(x) = {g(x); g E IV} e E. 

Not only Throrem 3 will be used in the proof oí Theorem 1, but ii can be 
to find dense subspaces of C1a, b] whkh are not subalgebras. 

Theorcm 4. Ltt ,\/ = {mt} be a sequence o/ positir,c integers i11 an"thmetic progrc11-
sion, with mt1-i m, = r {,\; = 1, 2, 3, ... ). 

(a) //,. is an odd pcm"tit•r. integer, let T = 1c, d] C R. 

(b) // r is a11 n1i:n positive integr.r, ld T = lc, dj e R+ or T = !e, d] C IL. 

út W li( thc lintaT 1pan o/ {t"'•,t....,,._.,t .... ,. --} in C(T). Thtm 

{l) i/ O í T, W is dense in C(T); 

(2) if O E T, W u duse in thc set {/ E C(T); /(O) ::; O}, and lhe linear span 
o/ {l, t"'•, t"'•, ... _ t•• , ... } i11 dense i11 C(T). 

Prooí. Let A be the a.lgebra of all multipliers of W: 

A = {rp E C(T); rpg E W for aU g E W}. 

Clearly, the function t• belongs to A. ln bot.h cases (a) and (b). the function t• 
separates the points of T. Hence, for any t E T, !t] (mod. A) is the singleton {t}. 

Case {1). Then JV(t) = E for a.ll t E T and b} Theorem 3. 1,1,· is dense in C(T). 
since dist(/(1): W(t)) =O.for ali t E T. 

CaH (2). Then W(t) = R for ali t :/- O, and W(D) = O. ·By Theorem 3, 
dist(J; W) = 1/(0)! for ali / C(T). ThenJore W is dense in {/ E C(T); /(O) = O}, 
and the linear span of {l. t••,t"'2 , ••• ,t-, .. . } is \hen dense in C(T). O 

' Theorems l and 4 can be combined together to get further l:rivariate or multi-
Yariate resuits. As an example we bave Lhe following_ 

CoroJlary 1. Ld N = (n,) and M = (m,.) be two sds o/ stricllr ínm:asing po81·· 
tive inteyus such that N -r N C N and the mt 's art: in arithmetic progr,:s~on, SJith 
mt .. 1 - mt = r (k = J,2,3, ... ). 

ut S = Ja. b! :: .R aNI T = !e, Jj C R lie hoo cloaul boandul intt:rvcl~ such that: 
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(a) 1/ ali th( n~ 's ore even, then S e R+ or S e IL 

(h) i/ r is cven, then T C R+ or T C R._. 

UI G be Üte /inror span of {l, .s"' , .s,.., , _. ,.,n,, . . . } i, C ,(S), and ld H be tht. 
/inror span of {t"'' , t"'• , .. . t"'•, ... } in C{T). Then 

(1) 1/ O~ T . thcn G® H = C(S x T) ; 

(2) ,f O E T, thcn G© H = {! E C(S x T): /(&,O} ""O for all s E S}, and 
G @ H 1 = C{S x T) u•here H 1 ia thc linear span of {l, t"'• , t .... , . .. ,t""~ , .. . } in C(T). 

§2. Proof oI Theorem l 

Let us identify C(S x T) with C(S: C(T)) in the U5UaJ way: wit.h each f E 
C(S x T) associate j E C(S;C(T)) defined as follows: for each., E S, i(-') = /,. 
where f, is the section of / defined by /,(t) = f(s, t) for all t E T. ~ow J. E C(T), 
and the mapping s - f, is continuous. Moreover the mapping f - j is a linear 
isornetry of C{S Y T} onto C(S; C(T)). 

Let W = (G H)~ . Notice that W is a G- module. Let 8 E S, and let !s] be its 
equivalence class (mod . G). :'fotice that every element of G is consta.nt on !sJ. Hence 
the sarne is true of every element of G, t]le uniform closure of G. 

Clairn (1). // J E G=B, then} is constant on ls j, and iu wnstant oolue i6 /, which 
belorigs to 1/. 

Proo(. Let. x E !.1J. Then 

/,(l) = /(.1,t) = li(.1) = /,(x) =- flx,t) = /.,(t) 
for each t E T , because ft E G. Hence 

/(x) = f. = f, = i(s) 

for all x E [&j. 

Claim (2). lf ali g '3: G oonísh on [&j, lhen i[s] = O, for ali f E G#H. 

Proof. Assume i l&] /. O. Since i l-'I = f,, there exist.s some point t E T such thal. 
J( s, t) # O. But J1 '= G and therefore /, vanishes on lsJ \oo , i.e., f(s, t) =- O. Thia 
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contradiction shows lhat ils] = O. 

C]aim (3). // ali g E G uant"sh on Is), then IV[sj = {O}. Othuwist Wls] = R. 

Proof. The firsl part of Claim (3) follows from W C (G#Ht and Claim (2). 
SuppO!;l' now t hat g(s) O for some íunction g E G. Let h € H be given. Then 
/ = v ® h belongs to G ~- H. where v = (g(s)J- 1g. :-.low· iJsl = h. Hence W1s1"' H. 

We can now finish the proof of Theorem 1. Let / E G # R. By Theorem J, 
applied to t he G module W = (G ® H)~. Lhere is some equivalence class 1sl (mod. 
G) soch that 

dist(Í; W) e: dist(i!s): Wlsl). 
Case 1. A li g G voni'sh on /s;. _ . 

By Cl11im (3), W[s] = {O}, and by Clairn (2), J!s] = O. Hence dist(! lsJ; W!sl) = 
o. 

Case 2. For some g E G, g(s) 1- O. 
~y Claim (3), WjsJ = R . On the other hand ]jsj = /, belongs to H. Hence 

dist(! js l; Wjsl) = o. 
ln both cases we conclude that dist(/, W) = O, and so j belongs to the closure 

of W = (G © H)~. Since lhe mapping / ,_. j is an isometric isomorphism, / belongs 
to the closure of G ® R. Hence G#-H C G@B. 

§3. Grothendjeck's Approximation Property 

The following result shows tbal to find a closed vector subspace G C C(S) such 
that G ® H is properly contained in G#B for some closed vector subspace R C C(T) 
is eqai,·alenl to find suc.h a G withoul Grothendieclr's approximation property. 

Thcorcm s. For a closed vecto, subspace G e C(S), S compad, the follotuing 41't 

a,uivaleni: 
(a) G has the approrimation property; 

(b) / or n,ery Banach tpact E, tlu space G ® E is de nst: in 

{/ E C(S; E); ,p o f E G, for aJI ,p E E·}; 

(e) for every compact Hausdorff spacc T o.nd cvery doscd uector subspacc H C 
C(T), (G® H)~ ={/E C(S; H); ,p o f E G, for ali ,p E R"}; 
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(d) for wuy compact Hau.sdorff space T and every do.sei. vector subspoce H e 
C(T), G®H = G#H. 

For a. proof see Grothendieci. [5j, Bierstedt lll a.nd Prolla. 18]. 

Corollary 2. Evcn; doseà subolgcbra G C C(S), S a compod Hausdorff spoce, hcu 
the approximat1on property. 

The proo( of Corollary 2 depends on Theorem 5 whose prnof uses severa! tools 
from Functional Analysis. Hence an elementary direct prool that a.ny closed sub-
algebra G e C(S) has the a.pproximation property is desira.ble. Let us recai! the 
definition of the metric appronmation pTOperly. Let À l. We say that a Banach 
space E has the À- boundeà approximation pTOperty (:A- b.a.p. ·ror short) if, for every 
totally bounded subset B e E a.nd every é > O, there is a. cont.inuous linear operator 
T: E _, E of finite rank such that llx - Txll < E:, for a.li 1: E B, and IITII À. We 
say lhat E has the mdnc approzima11on property if it ha.s the Á- b.ill.p. for À = l. 

Lemma 1. Let A e C(S) be a doseà subalgcbra wnlaining Ute wnstants, and let 
z E S be givrn. // N(r) i.s an opcn neighborhood of :x] (moei. A), thm: emts an 
opcn ncighborhood W (x) of l.z], contained in ,V(z), arui such tàat, for each O< l, < l, 
there is rp E .4 such t/la1 

(1) OS rp(s) 1, foT ali .s E S; 

(2) y::,(t) < 6, for ali ti N(x); 

, (3) ,o(t) > 1 - ó,for allt E W(x). 

Proof. The set M = {rp E A; O~ rp S 1} is closed and b~ property V, i.e.., 1 - rp 
and y::, tb belong to M, whenever rp a.nd tp belong t.o M. 1m resoli follows from 
Lemma l, Prolla [9]. O 

Lemma 2. ut A be a.s in Lcmma l. For roch x E S, lct d.ere k gÍIN!n an opcn 
neighborhood N(x) of ;z ) {mod. A). There exists a fim1e ad {%1, .•. ,z,.} C S sud 
that, given O < I, < 1, therc an: rp1, ... , rp,. E A such that. 

(2) ~ 1 y::,,(z} l, for ali x E S; 

7 



Proof. Select z 1 E S arbitrarily. Let K = S\N [xi). For each :z: E K, sel~t an 
open neighborhood W (x) by Lemma 1. By rompactness of K, there exists a finite 
set z 2 ••••• x.,, in K such that K C W (z2 ) U • • • U W (x,.). Let O < é < 1 be given. 
B~ Lemma 1, there are lJ'2,. , l/J.., in A such lhat O :S w, :S J and ip, (t) < ó for all 
ti N(;,), and 1.\(t) > J - 6 for all I E W[x,), i = 2,.· ... m. 

Di>line ip2 = 1/'2, = (1 - rµ,) l/>s, ... , 1c. .. = (1 - ..,,) • • • (1 - l/,,._ 1)1/Í,.., Clearly, 
rp, E A and O <; ip, :; J for ali i - 2 .... m. Sínce 

can be easily verified by índuction, let ui. dt-nne ip1 = (1 - ,p1 )(J - 1Ps) • • • (J - tt, ... ). 
Then ip1 E A., O :S 'PJ :S l and ip1 + \Oi + · · • + ip,,, = 1. Hence (I) and (2) are 
,·erified. To prove (3), note that for each 1 = 2, ... , m we have \O,(t) :S 'ef,, (t) < /, 
for all I rt N(x;). On the other hand, if t íf N(xi), then I E K and for some inda 
j = 2, ... ,m, we have I E W(x,). Hence v.,,(t) > 1 - 6 and sol - 1/1,(t) < 6. Thos 

rp 1{t) = (l -1/,;(t)) fl(l - it,,(t)) < 6. D 
•'>'1 

Tbeorem 6. Let S be a compact Hausdorff space arui lel A e C(S) be a doar.ti 
subalgebra. Then A hlls lhe 2-bounded appro:r.imat,on propert-,. JJ A t:Ontaim tlae 
coruitant6, it has the metric approximation proper!y. 

Proof. Suppose A contains the constants. Let E. > O and B C A a totally bounded 
subset be given. There is a finite set F C B such 1.hat, given / E B there is some 
g F with 1/(x) - g(x)I < E. 3 for all x E S. For each :r: E 5 define 

N(x) ..,. {1 E S; lg(t) - g{x)I < E./6, for ali g E F}. 

Since F is finite, N{x) is open. Notice that if t E jx] frnod. A), then g(t) = g(:r). 
Rence N(.r) is an open neighborhood of jx: (rnod. A). There exists a finite set 
X1, •.. , x.., f S with the property stated in Lemma 2. Let M = max{ IJglJ; g E F} 
and choose O < ó < 1 so small that 12 m M é < f:. For this ó there are ,Pi, ... , rp,,. E .A 

such tha.t (1) - (3) of Lemma 2 are Lrue. Define a linear operator T : A __, A by 
xtling 

(T /)(z) = E,-':, 1 rP,(z)/(z;) 

ím all / E A, x E S. Clearly, T is a finite. rank operator, and by (1) and (2}, 
IITJI $ J. 
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Let now f E B . There exists some g E F such that Ili - gil < é/ 3. Hence, for 
any x E S , .. 

jf(x) - {T/){x)I = IL;o,(x)(f(z) -f(x,))I 
r=I 

"' e=; z:: ip, (x)IJ(xl - l(x. li 
"' s L \O;(x) llf(x) - g(x}I + 1g(.r) - g(~)I + :.t(x,) - /(x.)li 

•=l 
,. f: ... 

:5 j + 3 + L rp, (.r)Jg(x} - g(x;)j. 
t=l 

Let J(r) = {1 :5 i :5 m; x E N(.x.,)} and J(x) = {l ::5 i ::5 m; z {fc N(x,)}. For 
i E /(x), we haye jg(.z:) - g{.r,), < i;:/6, and therefore 

(a) 

FoT i E J(x), we have cp,(x) < ó. and therefore 

(b) Lo(z) \O,(x) 'g(r:) - g{x,) I < 5 L,EJ{r ) lg{x} - g(x,) I 

From (a) and (b). I:,': 1 ,p, (x) g(x) - g(x,)I < é:/3, and so flf- T/1 1 < E. 

Suppose now that A does not c.ontains the non-zero coosta.nts. By the Stone-
Weierstrass Theorem this is equivalent to say that N "! 0, wbere N = {x E S; cp(x} = 
O for ali ,p E A}. Let A, = A E? R. Hence A, is a closed subalgebra containing the 
constants. LeL é: > O and BC A a totally bounded subset be given. Clearly B C A,. 
Apply the first pa.rt t.o E:/2 and B. Let T be the opera.t.or delined in (*), which maps 
A, into A,. Each <p, is of the íorm \O, = 1/J, + .\,, wbe:re rp; E A and O~ À, 1. Define 
U : A - A by setting -(U J)(x) = L ef,;(x)/{x.) 

for ali / E A and x E S. Since I:,,':,1 ,p;(x) = l is uue for ali% E S, choosing z E N 
we see lhat. I:,':1 À; = l. Hence 

"' -j{Uf)(z)I l(Tf)(z)I + I L>.;f(x.)I :S: IITfll + 11/flLÀ; :S: 2ll/11-
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Rence IWII 2. 
Lel now / E B. By the definition •of T we have 1/(.t) - (T/)(z)I < ,;/2 for all 

.t E S. Choosing x E lV we i;ee that !I:.':1 .\,J(z.)I < é/2. Hcnce !1/ -U /li< e for 
all / E B. D 

Remark. While for any st.l/-adjoint closed subalgebra G C C(S:a'), Theorem 6 
remains troe, Lhe situation for non -selíadjoint subalgebns is different. H. \,1ilne 17\ 
showed that there exist.s a um/orm aJgebra G C C(S;a') "'ithout Lhe approximation 
property, where S is a compact subsel. of (f", n I. 

§4. Semi-Algebras 

To present furlher cas1>S ili wbich G ® H = G#H, let. 1;1s recall t.he followíng gen-
eralized Bernstein approximation theorem. (For a proof see Prolla (9}, Theorem 1.) 

Theorem 7. Let X and E bt. as in Theort.m ,. Lt.t W bt. 11 non - empty subsd of 
C(X; E) s11ch that "' - W e W, and let A e C(X; !O, () bt. 11 subsd u:ith propert'/1 
l' ond sucli that AW e K'. Tht.n, for each J '= C(X;E), there ia ,orne u.,urnaienee 
clOJ1s [xl (mod. A) sueh tha1 

dist(/;W) = dist(/ ·x;: W [xj). 

The definilion of property V is as follows: a s1;1bsel A C C(X; IO, l]) has propert'/1 
V if, and only if. for e-very rp and t/J in A, the functions l - ,p a.nd ,p 'P belong to A. 

Remark. Theorem 7 can be used to prove density of subsets W e C•a. bl which 
are not ve<:tor subspaces. Take, for example, W t.o be the set of ali polynomia.ls with 
rahona/ coefficients. Let A = {g E W ; O g l}. Tben A has J)TOperty V and 
AW e W. Moreover W +W e W. Now it ili easy lO find g E A of the fonn x...., p.x+q, 
with p, q <.: ~. and therefore each equivalence class [.:z:I (mod. A) is the singleton {z}. 
On the other hand, W (z) = R, for each z E !!1, b]. Hence dist(J; W) = O for ali 
f '= Cio., b;. 

Le1. us reca.ll the definition of a. sem1-algel>ra (Bonsall !21): a subse1. G C C(S) is a 
semi-algebn. ií G+G e G, CG e G and ).G c G, for a.11 l O. Clearly, if A e C(S) 
is a subalgebra... then the set A- is a semi- algebra whcre A+ = {g E A; g ? O}. 

We shall say \ha\ a semi algebra G is of 1ypt: V, if {g E G; O ::; g .'.! 1} has 
properly V. For any non-empty subset X C S, the se, G o( ali g E C(S} such that 
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g(.:i;) ? O. for each I E X, is an example of a clo..,ed semi-algebra. oí type V. 

Theor('m 8. // G e e· (S) is a semi-algebra of type V, and H ,s a non-empty 
subsd of C(T), then 

G~ H - G,µH. 
Proof. .-\s in the proof of Tbeorem 1. let W =- (G ® H)~ e C(S; C(T)). Since 
G í a semi algebra., W is a con,·ex cone, and therefore W H' C W. Let now 
A - {g E G; O$ g l}. Then AA e. A and AG C G. Therefore .-HV C li" . Since G 
is of lype \'. the set .4 has property \'. Let / E G # ll. By Theorem 7. there is some 
equivalence class [sl (mod. A) such that dist(i: W) ==- dist(fl•* Wfs]). The proof 
that dist{i; W) - O proceeds now exactly as in the proof of Theorem 1, if Claims (J) 
- (3) remain true when Is' is the equivalence class of .~ (mod. A). 

Claim (1). lts proof depends on the íact that e,•ery elemen\ of G is constanl on 
is]. To prove ihis, it suffices to show I hat every element of G is constant on [sj. But 
given g E G, with g t- o, then h = l 9W 1g belongs to A, because G C c~(s) and 
ÀG C G for all À 2: O. Hence h is constant on !s;. and lheTefore the sarne is true of 
9 = Jl gl !h. 

C]aim (2). No c.hange needed in its proof. 

Claim (3). lt suffices to notice that ii = (g(s)t 1g belongs to G, beca.use 
g(s) > O. D 

lf A is a unital subalgebra of C(S) then G = A-+ = {g E A; g 2: O} is a 
semi-algebra of t~•pe l'. \V~n B is a subalgebra of C(S), and G = B". then 
G ® H = G# H is still true. The proof in this case proceeds as follows. Consider 
W = (G ® H)~ e C(S; C(T)). Let B 1 be the unital subalgebra generated by B and 
1, and let 

A ={g EB1; O~g~J}. 

Then AW C W , and A has property V. As in the proof of Theorern 8 the only thing 
to check is Claim (1 ), and again it suffices to show that every elemenl of G is constant 
on !s] (mod. A). Take g E G, g # O. Then h = llgU- 19 is sucli that OS h -5 1 and 
h E G e B e B1. Hence h E A and h is constant on I"'] (mod. A). Therefore the 
sarne is true for g = llg[ lh. 

Let us give an example in which the equality G"f;JH = Gjill i~ true, but G is 
ncithcr a subalgebra nora scmi- algebra. Take S = iO, l ], and T an arbitrary compact 
Hausdorff space. Let G be the set of ali polynomials in the qriable s with in\egral 
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coefficients. Then G is neither a subalgebra nora semi- algebn., but G ± G C G and 
GG :: G. Let H .: C(T) be any non- empty subsel . Define 

A = {IC é C(S; [O, l '): ,p/ + (1 - rp)g E G, for ali /, g E G} . 

Then AG C G anà A has property V . ~orem•er , for any .s E S , Js! (mod . A) is 
the singleton set { s} , beca.use .-t contains the mapping rp(z) = x , for all :z: E S . Now 
identify C(S~ x T) with C(S : C(T)) a.nd lel H' = (G ® H)~ . Then W .,_ W ;: W a.nd 
AH. : W . Le\ now / E G'/" H. By Theorem 7, there is some .s E S such that 

dis1(j : W) = dist{j(s); W(s)). 

'\ow i(s) = J, E H . Hence , for any E > O then some h E H such that 
!1 /, - h 'c(T I < E. Let u = 1 ®h. Then • E G® H , and ii W . Now ü(x) is the map 
t - ~(x , t) = h(t) . for each x E S. ln pai:_ticular, ü(s) = h. Hence li/, - ü(s} II < !. 

and / (s) E H' (s) . This shows that dist(/(,s), W (a)) = O. Hence / belongs to the 
closure of W, and / belongs to G ®H. 

§5. Grotheudieck Spaces 

Let V be a vector subspace of ClX; E). The set Gv is by definition the set of all 
pairs (x, y) such that either 

(l) /(x) = /(y) = O for all / E V ; or 

(2) there exists t E R , t =- O. such that /(.x) = t/(y) for ali/ E V and g(.x) :/- O 
for some g E V . 

The set Gv is an equivalence relation for X . Define a map "TV : Gv -. R as 
follows: '""tv(x,y) = O if (1) is true, and 1V(x,y) = t if (2) is true. The snbsets KSv 
and W Sv of all pairs (.x,y) -= Gv such lhat "lv(x,y) ?: O and "TV(:t,y) E {O, 1} , 
respcc.tivel).-, are likewise equivalence relations for X . (The letiers G, KS and WS 
stand for Grothendieck. Kakutani Stone an.d Weiers\rass- Stone, respectively.) The 
vector subspace 

Ll(V) = {/ E C(X; E); /(.x) = "7V (x,y)/(y), for ali (:e, y) E Av} 

where A E { G , K S, W S}. is called the t:. - lu,11 of V. Notice that A(V) is a c:losed 
suh,;pace of C(X : E) containig \' . and V is called a t.-rubspoce. if t.(V) = V. (See 
Blatter 121, for the study of lhese spa.ces in Approximation Theory.) 

~t V11 denote linear span of the set {,p o/; J E V, ,p E E"} in C(X). The 
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equivalcnce relations ~v and L'l.v,, are the sarne and the corresponding '"IV and 1vr. 
coincide too. ln particular, if V e C(X) and L = V ®E e C(X;E), then L 11 = V 
and Av = .6.L,. 

If ó. E {G, K S, W S}, we denote by A(Av) the subalgebra of C(X) of ali func-
tions rp E C(X) that are consl ant on lhe equivalence classes modulo Av. where 
V E C(XiE) is given. When no confusion is feared we write simply A(A) == A(Av)-

Th(.'orem 9. Lei \.' be a t:. - subspace o/ C(S) such tlwt eacA tqt,ivalence c/0$s [xJ 
(mod. A(A)) is contamcd in [xl (mod. Av ). Then 

V@H = V#R 
for all non- empty s11bsets H e C(T). 

Proof. ldentify C(S x T) with C(S;C(T)) as in lhe prooí oí Theorem 1. Let 
L = (V ®Hj~. "Note the Av and Ó.L are the same, and L is an A(A)-module. To 
simplify notation, for each x E S, let [x]v = [xJ (mod. Av), jx)L = [xj (mod. AL). 
and [xj = lx)A = [xl (mod. A(A)). 

Claim (1). lf f E V# H, then j E A(L). 

Proof. Take s E [x]v,. Then 

Í(s)(t) = f(s,t) = f,(s) = 'Yv(s.z)/t(z) 
= ')'v (s. x)f(x, t) = 1V(.s,.r)Í(x)(t) 

< 

for ali t E T. beca.use/, E V = A(V). Since lx)v = lx)L and -rv = "'fL, we see that 
Í(s) = "'fds,x)Í(x) for ali s E x L· i.e., j E A(L). 

Let / E V #H. By Theorem 3, ~here is some equivalence clasa lxl (mod. A(A)) 
Sllch that 

dist(i, L) = dist(ÍlzJ; L[z)). 
By hypothesis, [xl e jz]v = lx]L-

Case l. Í(x) = O. 
Let I E [x]. Since, by Claim 1, j E A(L), ihen i(t) = "fL(t,z)i(z) = O, because 

lx] C lxlL• Hence Í!xj = O a.nd so Í[xJ belongs to L!zj. 

Case 2. Í(x) =f O. 
We claim that h{x) 1- O for some h E V. lf not, -rv(x,x) = O and so 

i(z) - "YL(x, z)i(.r) = 1V(x, x)Í(x) = O. 
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Hence h(x) = 1 for some h E r. Ld g = h@ /(z). 
Then g E r 1i e V ® H e V@ H. ~ow V ® H and V ® H liave tbe S&l'IR 

closurc in C(S x T) and so j E (l' ® H)~ = L. FOT every 1 E J:z:1 we ha've 

g(t) = (h ® i(x))-(t) = h{t)i(z) = ,v(t,..r)h(x)i(x) = '"!Y(t,x)i(.x) = i(i) 

v.·here lhe lasl equality follows from Clairo (1) and [zj C f.z:]L- Hence g;rl = /lzi 
with g E L, and theTeÍOre ilxl E L(.r]. ln both uses, dist(Í[xl; L!x]) = O. Ilenc;e 
dist{i, L) = O and so / E V '®R. O 

Lei X be a topological space and R an equi'r.l.lence relal.ion for X. ;md lel 
Y = X/ R be the quotient 1.0pologic.al spa.ce and P : X Y lhe quotien1. ma.p-
ping. The follo.,.ing are e«l1l ivalent: 

{a) P is a closed mapping, 
(b) fOT every ..r E X. and every open sei A ::> j:z:) (mod.. R) 1.btte is an open 9d 

A' such lhat A ::) A' :, [.xJ (mod. R) and A' = U {ltl (mod. R); t E A'}. 

When (b) is satis6ed one says thal R r.; upper semkontinuous. 

Lemma 3. Let S ~e a eompod Hausdorff spau., 1.,d l' be a ti-.sdqaa of C(S) 
such that ~v is an upptr sem1contm11:ou.s equ1va/enc;e relation fo, S. Lct. A(L!t.) k 
the suoalgebra o/ ali'() E C(S) thal art constant on t.ach eqon1aleru:e cl- íz] (mod. 
L!t.v)- Then each equivaience claS$ izl (mod. A(à)) is wmaíned ;,. xi (mod. ó.v)-

Proof. Let )' be the qnolient space S ! f;.y and let P be the quotient mapping. 
Let a and b he two distinc\ points of Y. Then p- 1(a) = !.!I• a.nd p- 1(1t) = [ti for 
some pa.ir .,, t E S. Sínce S is Hausdorff, { .s} and { 1} a.re closed, and since P is a 
closed mapping, [s: and !tJ are closed subsets of S. Now Sisa normaJ space., hence 
there exists open sets A and B such lhal A n B = lb, l.,l C A and !t] C B. Since 
l:lv is upper semiconLinuous, there are open saturated subsets A' and B' such that 
is! e A' e A a.nd :11 C JJ C B. Then P(A') and P(B') are two disjoint open sei.li 
in Y with a E P(A') and D E P(B'). Thus Y is.a Hausdorlí space. Notice that as a 
continuous image (under P) oí a compad spa.ce S, Lhe space 1' is compact. Rence 
Y is a compact Hausdorff' space, illld so C(Y) sepa.ral.es the poinl.'I oí Y. 

ConsideT now an equivalence class l:z:I (mod. A(õ)). If it is D01. contained in [zl 
(mod. l:lv ), then for some pair s, t E [z] (mod. A(L!t.)), we have a 1- t,, if a = P(.t) 
and D = P(t). Hence there exists f E C(Y), O S g S 1, with g(a) = O and 
g(b) = l. Let / = g o P. Then f E C(S), O / :S 1, Hd / E A(.O.). Moreover 
/(t) =- g(P(t)) = g(b) = 1 and /(.s) = g(P(a)) = g(c) = o. Rence .s '/, t {~. 
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A(ti.)), a contradiction. O 

Theorem 10. Lei S be a compacl Hausdorff spau,. út V be a ô.-sub$paet o/ 
C(S) such thal A~• is an upper semicontinuous equivalence relation for S. Then 
li® H = V# lJ for ali non-empty substts H C C(T). 

Proof. Apply Lemma 3 and Theorem 9. 

• Remarks (1). The importance in Approximation Theory, of those ll.-subspaces 
such tha1 ~,. is an upper semicontinuous equivalence relation for S was established 
by BlaUer j2]. (See in particular LeJJJ.01a 3.J0 and Theorem 3.12 of [2j.) 

(2). 'Nhen t:. = WS, then ~v is the equívalence relation mod. V. Hence 
V e A.(..i) and therefore Lhe hypothesis oí Theorem 9 is verified in this case. ~otice 
thai, when G is a subalgebra of C(S), then G = A(G) by the Stone- Weierstra.ss 
theorem. Hence G is a IV S-subspace and Theorem 9 generalizes Theorem 1. 

(3). By a result of Lindenstrauss [6j, the dual v· of any closed ll.-subspace V is 
an abstract L 1-space, and therefore v· has the metric approximation property. By 
a result of Grothendieck [5j l' itself has then the metric approximation property. By 
the equivalence (a) (d) of Theorem 5 it follows that V® H = V #H is Lrue for 
ai/ closed ti. subspaces. when H is a dosed vector subspace of C(T). However. the 
interesL of Theorem 9 rema.ins beca.use it shows that under some mild a.ssumption one 
can get the equalíty V® H = V #H usjng only tools from Approximation Theory 
that do not rely on deep facts from Functional Analysis. ln this light, it would be 
interesting to find a direct elementary proof of the fact each closed .ó. su l>space has 
the metric approxímation property, as Theorem 6 did for the case o( W S-subspaces. 
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