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A bstract: Ma.ny differem df'finitton~ and r,presentarions of spmor.s ue given in 
the litPralu re. bat thPN' an no ~ing~ reff'TPnc-P n:pl11ining hO"W tbey •~ rela.teci. 
which may explain wh~ ron!lidt'rablt> (()TIÍUsion on Lhe ,.ubjl'CL persist!!. . H6r and ·m 
following papers (ll and IH) Wf.' rif'al " ' •Lh thrN" <lilít"Tl'TII (lpfir,ítions íor ,.pinors. (i) 
lhe ron.ri,rnt delinition (E. Cartan) b&.~"d on gtoup lhf'Or)' repreentatíon, (li) lhe 
idf.'a.l drfinition. ba..'!rd on rnl Clifford algt"hn ( R,. ,t) ~thodr., 1nd (ili) thf' opera• 
tor deiin'1tion, wher" spmors a re- in~pretNl u pa rticu lar elements on appropriatf'd 
Clifford alge br u (nol necel'n ril) l!lemenu of lat eral iduJ1). By introd ucing the 
r on('ep1 of spinorial mrtrif 011 th, ~pac" o( alge-braic spinon (í.e., ell!'ITM!nt11 of lat• 
l!nl iduls in appropriaLNi Clilford algrbru) - p~ th•t ror , + q S 5 that \Mn 
existi a.n l'quivalente lrom the 1roup t!M-oretical point of vif-w bet~ covariant 
and alccbraic spinors. To thi~ end - stud,- the Clifford and lhe twisk'd Clifford 
groupa , a subjec:t that i1' al,o n«enary, e.g., for lhe •ContltoctioD o( t)N, Clífford 
buncfk for Lorenu:ian manifolds with (,,,) = (3, 1). We give nplicit coMtMKtion 
of the repr~ntative o( Pauli spinor, io Rs,1i a.nd Dirac ,pinon, Majora.na ,p;non, 
dottf'd and undoned two component sp;non in Ru, Ru and ll.4.1. The prob~m 
oi lhe tran!IÍormation,. law1 of algebraic spínon i~ al!IO t"awd m detail,, anla sat.-
isfactory mathematic&I !Ohllion ia p'l'e9enl.eci. Our approech CMWS .-g othen 



&M (C0111<'lriC'tl o( spinon 1nd showw that \M u~uaJ claim that l'lpinon 
are obje(U mOH r.11d1menu.l th•n ~naor ia non-.equitur. Also o.ar wchniqu• 
,,.rmi1., ,.,., the c:oninnaction of sets of Majorana or Dirac matrlcee i11 very Lime 
saving v.·ay. 

ln papn n wt show: ho•: 1.o obtai11 an alrna.l •lf'mentvr prooí oi Geroch'• 
Lb~rem withou1 usin& lht sophuiticattod ttthniqua o( 1l1•braic topolot)'. ln PI· 
p,er Jll 111• ewdy tM p,oblem of lll1drwit a,nnor fi,U,.. Lhe Spinon anel Clilford 
bundles and Dirac ~uatioft. 

lntroduct\01r 

Thut in the lileraturl' thret ~54!ntially different deliniticm1o of ~pinors: 
Tbere are.: 

(1) TM c0Yari1nt definiton, (E. Cartan :f, R. Brauer and H. \\'eyl 121). 11,hrtt a 
partirular kind oi' 1 co\"ariant 1pinor(M•pinor) iA a ffl of complex ,•ariables 
definNI by lu ,ransformations under a particular spin group. 

(D) The idral drfinition (C. Chevaíley ·s:. ~i. Rie1 W 1.nà W. Craf 111) whel't' a par-
tirular kind or an 1l1t>braic spinor {c:-spinor) is an element of a lateral idea.l 
(denned b)' lhe idempotent e) in an 1ppropri1w Clifl'ord algt>bra. (When e 
il primith·e wt .,..,it, •-spinor. inste.d ar e-spinor). 

(III) 'T'ht operator definition (D. Hestenee 111) whert' a particul&r klnd of operatior 
spinor (t>-spinor) it I Cliff'ord numb<•r in an appropria~ Clifford algebra '4~ 
determining a or lensors by bilinear mappinp. 1 

. The so-ulled pure spinon rec:l'ntl~· u!M'CI by Caianiello 1•: and Budinich and 
Trautma.n 71 are special tLW!I of Mtpinor1 (or N1pinors) and will b, not anah•srd 
in this paper. From the point of 1,i"'· of thia pape the-y not so fundamental 
• it is ueually thought. 

Tbe u,ual prnentation oí e-spinon u element.l of lateral ideall in Cliff'ord 
algebru u well u th, introduc\ion in thi1 tontext o{ the 1roupa Spin.. (p, q), does 
nol leaw clear the relaLM'ln bttlNttn lhf'llle objt'Cta and the e-apinon and lhe uni-
verul c:overin& aroups oi llOfflt 1roupa SO,. (~.,) ntd ÍII tbeoretic.J phyaict. The 
aame is tnw i11 relation wiih ••pinon.. 

TM main purpoM oi tM pN!Sênl pape, ÍI \o clnr ll1> the 1ituati011, and in the 
proc:ess we oblain very interestinc raulta. ln panicular we an aoint lo prove lhat 

1 lor oar -••iaati - 1 J 
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~li lhe c-spinors used bJ• physicists can be repre,enu-d by appropriaw t•spinon. 
From the expli<:i\ construction oí lhe t-spinors (representing t-spinors) by the 
~idempotent m<'thod~ (§ 2.3}, we will see thal e-spinors a.n nothing more than 
lhe su111 of multivectors (or multiiocms). This resnh is a.t variance wit.h the 11Sual 
claim i4uo,n u : that spinors are more fundamental then tensors. 

Also, from our approach thll' geometrical rneaning of Pauli c-spinor.i, Weyl 
spinors (i .e., two component dotted and undotted c-spinor) anà Dirac c-spinon 
become apparent. The geometrica.l meaning of these objec\s have alrea.dy heen 
dÍ9C:U$500 in the literatun /ll ,n.,3•14,n j usina diffeTent approaches with011t a com-

lllOl'I geome1.rical buis. 
To formulaW: ~r problem we si&r\ by remembering tllie kinds o( c-spinors u..ed 

by physici•i., 

(i) Pauli c-spinors - are the vecton cL a ~pia 2- diDNnaionaj space C' 
equipped with the spinorial metric 

tJ, : e' x e' .... e (1) 

where in th.is t.ext i ~ways -•ns t.he romplex conjugated of i E C . 
The spinm'\al meiric i5 mvaria,rt .nder the lldion of the paup Sll(2) , 

i.e., if E SU(2), then /3,(uip,a,p} ; .8,('1,'P}- A• Í\ ia well known, 
P&uli c-spinon carry Uie fundamental (irreducible) reprexnt.at ion D112 of 
SU(z)l1,,n1_ 

(ii) Weyl e-1pinor1 - the object,s ha~ been introdvced by Weyl 11•! and called 
by YaJJ der Waerdea IJ91 undotied &nd dot.t.ed two component spinon. We 
bave tbe followin1 definit.iona 

Cont ravari.a.ot U ndo1 ted Spinora - these an the elements e( a com-
pia l-dimension&I si-:e C 1 equipped witli the spinorial meu-ic 

(2) 

" : ( :: ) , e = ( - ! ) 
The spinorial metrx I ia invuian\ under &he action cl the group S L(2, C), 

i.e., if 'I ,.... u1; e ,.... a(, then 

~('I, {) = i'(•'I, a{) .... •'C• = C - • E SL(2, C} 
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Covariant Uodotted Spinon - these are the elemen\s oi tbe dual 
A 

space C 2, defined by 

lt follows that 

(5) 

The transformalion law of the covarian\. ondotted spinors that le_aves the 
spinorial metric invariant under S L(2. C) is then 

v E SL(2. C) (6) 

C'outt-avariant Dot ted Spinors - these are the elements of the space 
j;2 =- (C 2)°, i.e., é 2 3 f/ == ('1 1,'12)"" (if1,if) =,,.,,,E C 2 ) equipped wilh 
the !,pinorial met.ric iJ, 

. . ! . 2 
8:C xC -e (7) 

and we have thal 

(8) 

Covariant Dotted Spinora - these are tbe elemento{ lhe dual space 
A 

C'2, defined by 

A A A A 

C1 3(= iJ( , () fl(é) : ,j é= ;,ctl (9) 

Jt follows that 

{10) 

h is dear Lhat the laws of 1.ra.nsformations a{ the dotted spinors under 
the action of SL(2, C) are 

(11) 

The matrices u and (u·t• are lhe (no11-equi~·alent) revrcbentations 1)(1/ 2-01 
and l]IO,t/ll of S L(2, C). 



(iii) Dirac c-spinors - the~ aJ't' the vectors of a complex 4-dimension:o. space 
e• equipped with thE' spinorial metric 117,tol 

where a DiraC" c-spinor w<i(4>,) is defined as 

(12) 

ln the canonical basís of C 4 lhe matrix B is the representation of :J, and 
we have 

(13) 

The spinorial metric /J, is invariant under S L(Z, C) in the following sense 

,B,(w ... 1Pa) = Pd(p(u)it,.,,p(u)d>,) 

p(u) = ( (u~-i ) u E SL(2, C) (14) 

The Lransforma t ion Jaw of the Dirac c-spinors are then 

(15) 

which means that Dirac ,c:-spinors. is ~•ell )mown, carry the DP/2.Dle,Dl0,1l2 ) 

of SL(2.C). 

(iv) Standard Dirac c-spinors - If p(u) is a representation of S L(2. C) then 
Sp(u)s - •, with ss-• =- s - 1s = 1 is alsoa represent.ationXnder a similarity 
transformation the spinor 'Pd - Stf,,1. which in general mixes the rompo-

t. 
nents of C 2 with those of C'2. A particular mixing is convenient in writtíng 
Dirac's equation. We define standard Dirac spínors as the obj«ts f/1, such 
that 

(16) 

â 6 6 
where 4i = 77({+ 71) .À= ) 2({- "1) where { E C 2 and r, EC 1 and the 
sums in tJ, and À are in the sense oí sums of complex numbers for each compo-
nent. lt is well known that t/), and ip, are related by a unit.a.ry transformation 
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(s- 1 = s•) which leave unchangt>d the bilinear covariant construrted from 
Wd and 1/,·~ 111.201_ 

We now ask tbe main question to whicb lhis paper is adressed: to which CJíf. 
ford algebras are the c-spinors dc>scribed in (i), (ii), (iii) and (iv) above to be 
asl'ociated'? 

\\'e are g&ing to give an original an1<wer to the ab9ve question by intoducing 
a nal ural sçalar pro<luct (see § 3) in c,nt ain lateral ideais of certain real Clifford 
algebras that "mimicr ,~hat has been described in (i). (ií), (iii) and (iv) above. 
To this end in section 2 we give the main propert.ies of Clifford algebras over lhe 
reais •3 4•11 •2~ ~3 H 25 26 27'. The material presented fixes our notation and is the min-
imum necessary to permit lhe íormu lat ion of our ideas in a rigorous way. 

ln section 3 we define lhe a-spinor.; as elements of minimal lateral ideais and 
the e-~pinors are the elements of la1 eral ideal~ ( no/ neces.sar,ly m1n1ma/) in real 
Clifford algebra:;.. The a-spinors or e-spinors of each one of Lhe Clifford algebras 
st11died in lhis paper has a natural F-linear space strucLure over one of lhe follow-
ing ficlds F = 1R or Cor IH, respecthely the real, complex and quaterniom fields 
(§ 2). 

We introduce for each a-spínor space J = R.~,qe a natural sealar product (spino-
rial metric) i.e .. a non-degenei-ated bilinear mapping f : / x I - Fe. where F is 
the natural scalar field associated with the \•eclot structure of J C. lllp,,. 

Our approach to the natural scalar product shows for p-+ q 5, the groups 
Sp,:n. (p, q) are Lhe group5 that leave the spinorial metnc im.-ariant. Thus our 
approach to lhe scalar product is different from the one discnssed by Lounestol8 ' 

and as we shall see offers a solut1on for the main question forrnulated above. 
ln § 4 we analyse in detail the special cases SU(2) "" Sprn(3, O) and S L(2. C) "" 

Spm_(l,3) and identify respectively the ideab that contain the objects corre-
sponding to Pauli c-spinors in Ru, and lhe Weyl c-spinors and Dirac c-spinors 
in JR 1,3 (the space-time algebra) anel Ru (the Majorana algebra), Our idenlifi-
cations are all based on explicit proofs that the representative space of a-spinors 
(or e-spinors) of each one of the c-spinors mentioned above carry the correct rep--
resentation of the corresponding spin group (according to the theory of group 
representation). We show also that lhe original.Dirac algebra C(4) must be iden-
tiF,ed for physical reasons with the real Clifford algebra R.4 ,1• 

:'ilow, it is well known that physical theories use spinor fields. Indeed, there are 
throries w hich use c-spinor fields 178·%!1! and theorics that use t-spinor fields l9,30,n .3u 3'_ 

c-spinor fif,]ds are sections of the so-called Spinor bundle and the e-spinor fields are 
elcments of lhe Clifford bundle. These two bundles are o( very different nature. 
ln particular the existence oí the Spinor bundle imposes severa! constraints on the 
base maniíold of the bundle (which is taken as a Lorentzia.n manífold modeling 
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spac(>-time jao.,M5,36I), which are diffcrent írom the constraint.s imposed for the 
existence of the Clifford bundle /9•37' _ 

Now, the construction of the Clifford bundle for a base space-time of signature 
(3, 1) needs the use of the tilted Clifford group i•0 •21•27' which are introduced in § 3 
togeth~ with the Pín(p,q),(Pinº(p,q)) and Spin(p,q) and (Spinº(p.q)) groups. 

The use of Lhe Clifford bundle in references i9.30.31.:r. ss show explicitly some 
problems with the &transformation law" of t-spinors. This problem ís completed 
solved from the mathematic-al point of view in § 3.5 and in 39,. 

ln another publication (called II) we stud~ the structure of the Spinor bundle, 
lhe Clifford bundle and a new bundle >A hic.h we call tht>· Spinor-Clifford-bundle. 
ln Il we shov. how to write Dirac's equation on thE' Clifford bundles ((JR1,3) and 
C(R3,1). This motivates the operator definition of spinor given b} Hestenes for 
.IR.1,s and generalized by Dimakis 138' for ai] real Clifford algebras. 

We caJI also the attention of the reader that in li 371 we give a new proof Ge-
roc.h ·s theorem 1 hat require only the explicit construction of lhe Weyl algebraic 
spinor and tht> spinorial rnetric withín R 1,., and elementar) facts about assoc.iated 
bundles and the bundle-reduction process. This is to compared with the origi-
nal Ceroch 's proof which uses the full algebraic topology rnachiney. 

For methodological reasons the definition of o-spinors it; presented in another 
publication. called III139I, 

Finally in § 5 "'!e present our conclusions. 

2. Some General Features About Clifford Algt>bras 
,. 

Let i' be a \leclor space of finite dimension n over the 6eld F and let Q b-e a non-
degenerate quadratic íorm on V . The Clifford algebra C(l', Q) = T(\' ) h,1 where 
T(V) is the tensor algebra of V(T(V} = E~1 r(V); Tf0l(V) = F: T 1(V) :::: 
l'; T' (V) = ®'V) and lq is the bilateral ideal generat.ed by the elements of the 
form x ® x - Q(x) 1, x E V. The signature of Q arbitrary. The Clifford alge-
bra so constructed is an associative algebra with unit. The space V is naturally 
imbedded in C(\', Q). 

V~ T(V) i.. T(V)/lq = C(V,Q), áq =joi; and Y = lq(V) e C(\',Q). 

Let c+(V,Q) (respectively c-(V,Q)) b-e the j-im~of E,~T2'(V) (respec-
tively E,~0 T 2•H (V)) in C(V, Q). The elements of c+(V, Q) form a i:ubalgebra o{ 
C(V, Q) calll'd the f'Ven subalgebra of C(V, Q). 

C(V, Q) has the following universal property: •]í A is an associative F-algebra 
witb unit then ali linear mappings ~: V A such tha1 (4'(.:z:))l = Q(.:z:)l. 'vz E V 
can be extended in a unique way to a homomorphism t;: C(V, Q) ..... A~ 
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ln C(l". Q) there exist three lint-ar mappings whích are quite natural. They 
arf' extensions o( lhe- mappings: 

(a) Main lnvolution - an automorphism ° C(V.Q)--, C(V,Q) mension 
a: l' T(l') ' /Q, a(z) = -,q(.1:) = -z,v'xE l'. 

(b) Rcversi~n - an antiautomorphism • : C(l'. Q} C(\". Q) ·extension of 
l ; T'(V) - T'(\'), T'(V) =' .:r = x,, ,8· • •• X., - x:1 = x,. ® • •• i& x,,. 

(e) Conjugatioo - - : C(l. Q) - C(V, Q). defined by the composition of the au-
tomorphism with the a.ntia.utomorphism ·, i.e., if x E C(V. Q). thf.'11 i = 

C(l',Q) ca.n be described through its generators. i.e .. ií {e,}.i = 1,2 .... ,n is 
a Q-orthonormal ~is of \', then C(l'. Q) is generated by 1 and the c::s subject 
to the conditions e.e. = Q(e,) 1 and e.e, c:,e, = O, i 1' j, 1,j = 1, 2 .... , n. II r is 
a n-dimensional real vector space then we can choose a ba.,;is {e:,} for V such tbat 
Q(e.) = ±1. 

2.2. The Real Clifford Algebras 14,,. 

Let JHM be a real vector space of dimension p + q = n eq11ipped with a. metric 
g: J1P" x 11'"' __, R. Let {e.} be the canonical basis of RP" such that 

! +l i=j= 1,2, ... ,p 
g(e,.e,) = g,, = g(c:,,1:4) = 91, = -1 1 = J = p+ 1, ... ,p- q = n 

o i :i} 

The Clifford algebra fi,.,q = C{ R"·', Q); p + q = n, in the Clifford alge-
bra over the real field IR, generated by I and the { e,}, 1 = 1. ... , n such that 
Q(e,) = g(e,,e,). l4,q is obviously of dirnension 2" and it is the 'direct sumo( 

the vectoJ spaces R!,, of dimensions (), O S k S n. The canonical basis for 

R!,q a.re the elements eA : e,., ···e,.,, 1 S 01 S • • • :'.5: o~ S n. The element 
c:1 = e1 ···e:,. E m;_. commutes (n•odd) or anti-commutes (n-even) with a.li vect.on 
e1 , ..• , en in JR;.q = RP"' . The centeJ" of 14,,q is ~., = R if n is even and it is the 
direct sum .. ei R;., if n is odd. l23,24i Ali Cliflord algebras are semi-simple. 
lf p q = n is even /4,. is a simple a.lgebra and if p """ q = n is odd we have lhe 
fo!lowing possibilities: 

(a) "14,. is simple ..... e}: -1 +--> p- f "t 1 (mod 4) .... cen'l.er li,..,, is isomorphic 
to e. 
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(b) lt.p,q is not simple...., e~ = + 1 ..... p-q = l (mod 4} ..... center ll,,,i is isomorphic 
lo R~.q a, IR;,J/. 

From the fact that ali semi-simple algebras an> the direct sum of two simple 
algebras !?s; and from 

Weddenburn's Theorem: ~lf A is a simple algebra then A is equivalent to 
F(m}, where F is a division algebra and m and F are unique (modulo isomor-
phismsr we obtain írom the point of view oí representation theory JR,..9 =:: F(m) 
or /R..p,q ,:, F(m) $ F(m) where F(m) is the matrix algebra of dimension m x m 
(for somem) with coefficients in F = IR.. C. JH. 

Table I (where ln / 2] means the integral part of (n/2) presents the representa-
tion of 1/4.a, as a matrix algebra !23,25 , . 

a,:zfat:z]l' 

• 
a;,.lofZ' 

~a,111--1, 

• -;i,.,.,._,~ 
a(l1.n1--11 

Table J - R.epresentation of the real Clifford algebra ll.71 ,11 as a matrix algebra 

2.3. Minimal Lateral Ideais of Rp,q 

The minimal left ideais of a semi-simple algebra A are of the type Ae. where 
e(e2 = e) is a primitive idempotent of A. A idempotent is primitive if it cannot 
be written as a surn of two non zero orthogonal idempotents, i.e., e t2 + ~. where 
A V 

e2=~, e2=~ a.nd o/nJ, Recai! that when p + q = n is even RM z F(m). 
(Table I). We also have t.he 

Tbeorem. The maximum number of pairwise orthogonal idempotent.s in F(m) is 
m/2~1. 

The decomposition of 14,,q into minimal ideais is then characterizPd by a s~c-
tral st:t { epq,,} of idempotenl elements of lt.p,q such that 
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(a) 
(b) 

(e) 

I: e,,,, .• = 1 

e,,._, e.,.,J = 6,, e.,.,~ 

rank of e.,._, 1s minimal = O. i.e., el"l,,is primitive. 

where rank of epq, is df'finPd as thf' rank of thf' 'f Ad(Rpq)-morphism epq,, : 
ti ' - ú: el"l~-~·here EB ,\d{Dl~ 9 ) i~ thf' exterior algcbra of JllM Then -'4.9 = 
L 1; ,,, 1;,, = f!4.9 e"41 and w E /~., :=. IR~ ,q is such that l;' ei,q., = tJ;. Conversely, 
any element ti· E J~.q can bE charac1eri2ed bY an idempotent epq, of minimal rank 
"!' O with w e"·' = w. 

We have the 

Tbeorem 181~ A minimal left ideal of 14,-" is of lhe type J~.,, = 64,qtr, where 
eP'I = 1 "2(1 - e., ,)··· l / 2(1 + e.,.) is a primitive idempotent of Ri,11 and where 
e,.1, •. . , e,.l is a set of commuting elements of the canonical basis of R,,. such that 
(e.,,F = 1. i = 1.. , . . k that generates a group of order k = q - r, - p and r, are 
the Radon-Hurwitz numbers, defined by the recunence formula r,-1-8 = r, -+ 4 and 

o 2 3 4 5 6 7 
r, O 2 2 3 3 3 3 

Table n - Radon-Hurwitz number 

If we have a linear mapping L0 : IR.M - IR,,. 3 l. (r} , -tx ,;: J/4.9 and where 
11 ':: R,,.q, the since J,,_, is invarianl under left multiplication with arbitrary ele--
ments of R-,, ,9 • we can consider L.11 •.• : 11',q - lp,4 , We have lhe 

Theorem: lf p + q = n is even or odd with p - q =/, 1 (mod 4} then 

(17} 

where F R or C or li, .CF(/p,9} is the algebra of linear transformations 
in lp,11 over the field F, m = dimf"(/ •. ,) and F eF(m)e, e being the 
reprcsentation oí e"" in F(m). lf p - q = n is odd, with p - q = l (mod 4), then 
E.,.,, =:e lF(J,.,,) == F(m) (:b F(m), m = dtmF(/,,.) and e~R.p,tt.pq ::: R e R OT 

li <z R . 
With the above isomorphisms we can identify lht- minimal leít ideais 14_. with 

the column matrices of F(m). 
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!\ow. with the ideas introduced above it is a simple exerciSE' to finda primitive 
idempotent of Rp.q • We have the following algorithm. We first give a look in 
Tablt> l and find to which matrix algebra our particular R.,,,, is isomorphic. Let 
14., F(m) for a partic-ular F and m. 2 Next we take bom the C"anoninl basis 
{eA} of JRN 

a element e,., E {eA} such th at e!, "' 1. We then construct lhe idempotent 
epq = 1 2(1, e.,,) and calcuJatl' dzmF( /P ,e)- Jf dimF(lp,q} ; m then e"" is prirnitive. 
lf dimF(Jp _,) ,jc m then choose 3 { eA} ? e,., ie!, = 1 and construct the idempotent 
e~= 1 2(1 _,.. e.,,)l , 2(1-+ e0,) and th!' rakulate dimF(P,,.) where r;., = Ep,qe~. If 
d1mFU;,q) = m. then epq is primitive. Otherwise repit the proce-dure. According 
to tht> theorem above the pro(ess is finite. 

We will discuss the problem of the equiualence of representations of R.,,., when 
we take the minimal left ideais (inst.ead of some vector space isomorphic to them) 
as repre~entation modules of 1Rp,q, after Lhe introduction of the concep! of Lhe 
Clifford groups (§ 3). 

3. Algebraic Spinors. Spin Group, Spinorial Representation and 
Spinorial Metric. 

We continue to use the notation of § 2, but here V refers always to a real 
vector space. 

3.1. The Group c-(V. Q). 

The elemenls 11 E C(V, Q) such that there exists 11 - 1 E C(\'. Q) , 111, - 1 = 
u - 111 = 1 constilut.f' a non abelian group which we denote by c·(t', Q) . \'\'hen 
(l', Q} = R_r • we denote C*(V, Q) by R;.11. 

C·(V, Q) acts naturally on C(V, Q) as an algebra a.utomorphism through its 
adjoint representation Ad 

Ad: C*(l',Q) -+ Aut(C(V,Q)) 
Ad,. : C(V, Q) -. C(V, Q) 

Adu(z) = uzu-1, 

(18) 
z E C(V,Q) 

For what follows it is also important to c-onsider the S<H:alled twis1.ed adjoint 

1 Wt Jff Fuppo,ring R,, .• ;o; sjmple. Tbe procf'dur, j~ aloc:, •tni1hlío,.....ard when R, ..• ...-mi-
•imple. 

J Ali el,menu ••• commotin~ elem,nL• a, •Lal~ in the lut th-em. 

JJ 



repr-esent.ation of c·(V, Q), 

Ad~: C(l'.Q) - C(V,Q} 
Ad;lz = 1t0 Jn1- 1 

Observe that Adf = Ad.. for u E Cº(\',Q) nc+(V,Q). 

3.l. The (3.Jifford aod the Twisted Clifford Gr-onps 

We define t~ Cl,fford. gwup f(l '. Q) of C(", Q) by 

r(V, Q) = { u E e· (V. Q) .• 4d,.(V) = V} 

We define the special Clifford group f+ (\-, Q) of C(r, Q) by 

\Ve introduce the "'norm mapping" N: C(\',QJ, - C(V,Q) bJ' 
N{:i:) = z·:i 

We have the 

Proposition: The following mappings a.Tf! homomoT])hfflDII 

N 'r1i·,01: f('f,Q) R" , dim(V) is even 
Rº = ll - {o} 

N •r+(l'. q): r-(V,Q} - K,dim(V) isodd 

The rafoced Clifford. group is defined by 

{20) 

(21) 

(22) 

(23) 

f 0(V,Q),:; {• E f(V,Q) IN(u) = ~1 a.nd dim(V) iseven} (24) 

The reducai spuial Clifford group is defined by 

r;(l',Q) ={•E r+(V,Q}IN(a) = -1 and dim(V) isodd} (25) 

r;. denotes ihe component of r; cont.&ining t!'N!' identity. (26) 

We now define t~ twnstul Clifforfl groap (V, Q) of C(\', Q) by 

fº(V,Q) = {u E C-(l'.Q), Ad;(V) = V} 

The speàal ttuisted Clifford group -+(V.Q} is defined by 

12 
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When {\l, Q) = RP·• wr uiw the notatiom: f(p. q) and (p, q) for f(V, Q) and 
r 0 (\". Q). etc . . . . 

lt i~ clear from ~.(20) !eq.(27) that (". Q) e f(l', Q). 
Let us call o the restriction of Ad to f(L Q). 5ince when • E f(\', Q), the 

linrar morphism u(u) : V -+ V satisfies Q(u(u)x) = Q(uX1' - 1) = uxw- 1uxu - 1 = 
ur2u - 1 = Q(x) it follows that we have the following group morphism 

Ad rcvoi =o: f(V,Q) 4 O(\ .Q) (29) 

lt is very important to observe that when dim(l') is odd the morphism o is 
not onto. its image being the special orthogonal group SO(\l, Q). 

We lhen have l10,21,2z.2, 

Proposition: 

u(r(V, Q)) = O(Q, V), if dim(V) is even 

u(r-(V,Q)) = SO(V,Q), if dim(V) isodd 

For what follows we need the result l" l. 

Proposition: The kernel of the mapping 

Adº : fº - Aut(l') is K 

Consider now the utwisted norm mapprng" Nc : C(V, Q) ---. C(F. Q) 

(30) 

(31) 

(32) 

If v E F '- C(l',Q), N(v) = (,,·) 0 v = - r 2 = -Q(v). This mrans that 
N(v) coincides with the "square of V E (V, - Qr. ln the particular case when 
(\'. Q) = RP_. , then (V, -Q) = R'-', which is a real vector space o( dimension 
n = p + q with a metric of signature (q, p). 

Nº has important properties when restricted to fº(V,Q). We have: 

Proposition /J4l: 

Nº Iro (V, Q) : r O (l', Q) ..... R" is a homomorphism 
andfor rº(V,Q)3• itisNº(vº) = Nº(•). (33) 

~ore important is the 
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Proposition: Let u E (V. Q) and Ad::i \qv,Q) = cr 0 . Then the linear mor-
phism c,i3(u}: \º~V satisfies N(uº(u}v} = N(v) = -Q(v). 

lt follows that cr 0 e O(\', -Q) (34) 

The proof of Proposilion (3-1) is trivial. lt is imponant to observe that as 
O(\". Q) ,:,- 0(1'. Q) we ha"e al<;o that o O : O(\'. Qf. 

\\e close lhis § 2.3 \l\oith the follow1ng ohservauon : lt is easily to sho"' that if 
v ,é \' and Q(u) : O. then .-\d.(\') = 1· and .-td~(I').:. V. Therefore we can show 
Jlo that lhe el,ments of both f(V, Q) and (l". Q) can be written as a product 
of a finite number of vect.ors v,. Q( v,) = O. \Ve have. e.g., 

3.3. The groups Pm(p,q),Spin(p,q).Pin :J (p.q) aod Spmª(p.q) 

We define the Pm(p,q) group when p-,.q = n is even as the subgroupof f(p,q) 
such that 

Pin(p.q) = {u E f(p.qrN(u) = =I} (36) 

It is clear that Pin(p,q) =,, f(p,q)/R:, where R: are the non-negaiive real 
numberr.. 

We also define the Spin(p. q) group when p - q = n is even or odd by 

(37) 

lt is clear that Spin(p. q) =,, r+ (p. q) R:. 
We define the Spm. (p.q) group when p- q = n is even or odd by 

Comparing eq.(38) with eq.(25) we see that Spin.(p,q) = fi!(p,q) when 
p - q = n is odd. Jt is clear that Spin. (p, q) = Pin. (p. q) where Pin+ (p, q) 
is the component of Pm(p, q) containing the identity. 

The following theorem holds true !22 23! 

Tbrorem: 

Ad ""'(Ml : Pin(p. q) - O(p, q) is onl.o with kernel 

Z2 when p q = n is ': evcn 

Ad s,,...,,,,l; Spin(p,q) - SO(p,q) is onto v.ith kernel 
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Z 2 when p + q = n is wen or odd (39) 

Tht'Orem (39) means lhat O(p,q) Pin(p.q) IZ2 whf.'n (p • q) is rven and 
SO(p. q) == Spin (p. q) I Z2 when (p + q) is odd or even. lt is also clear from the 
above considerations that SO_ (p. q) == 5l"";,jp.q), where SO .. (p. q) and Spin. (p, q) 
are respfftively· the componen~ of SO(p, q) and Spin(p. q) rnnnt'Cted with the 
identity. 

The above group~ are used for the case when p-q = n is even, e.g .. by Bugajska 
111 in her study of lhe spinor slructure of space time. Also related definitions are 
given by Crumeyrolle l101. 

For the construction of the Clilford bundle (in UI) when p - q = 3 .,.- l we need 
also lhe following definitions 

(40) 

Spinº(V,Q) = {u E +(V.Q)IN(u) = ± 1} (41) 

Spin~ (V.Q) ;: {u E r0 +(V,Q) IN(u) = +l} (42) 

Sprn ;: (l". Q) is lhe connected component of Spin° (p. q). 
We saw above that Pin(p, q) is a covering of O(p, q) only when p + q is even. 

For the groups Pin º (p.q) and Sprn::i(p,q) we have 1101_ 

Tbeorem: 

Adº p..,O!J,.q): Pin'.::(p,q) - O(q,p)_ isontowith kernel Z2 

.4dºlsp,"º(M): Spmº(p,q) - SO(q,p~is onto with kernel Z2 

It follows that the following exact sequences a~ valid for ai! (p, q). 

• D Ad'º O ..... Z2 - Spin {p,q) - O(q,p) - 1 

We now give the relation between the various groups defin<'d above 

15 
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Propositíon: \\'ht'n 

p + q = 11 ÍS even r ::i(p.q) = f(p.q) 
a.nd when 
p .l. q = n is odd r-(p.q) e f º(p, q) e f(p.q) 

Proposition: \\"hen 

p-q=n ise',en Prn(p.q)=Pinª(p.q) 
and when 

(45) 

p - q = n is e':en or odd Sptn(p,q) = Spin° {p. q) (46) 

The proofs of Propositions (45) and (46) a.re trivial. 
We resume lhe above results in Tables III and IV. 
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so+ (q,pJ= ro .. (p,<tl 

Table Ili: p - q = n is .,,,en and n > 2 
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r tp ,qJ 

SO(q,p) "" SO(p,q) 

Tahlt> JY - p - q = n i!' odd 



Since IR.;_4 =::: JR.;,P it follows that 

Spin(p, q) =::: Spin(q, p) 

Finally. the following is fundamental for the present paper: 

3.4. Algebraic Spinors. 

Given a real Clifford algebra R.p,q we cal! elementa~- algebraic spinors. or a-
spinors for short the elements of the minimal left (or right) ideais qep,q ( epqlRpq) 
or JR;,qe~(e~.IR;,9 ). where epq, e~ are primii.ive idempotents of 84 ,q• We call al-
gebraic spinors or e-spinor the elemen1 of left (or right) non minimal ideais of IRp ,q· 

3.5. SpinoriaJ Representations. 

ln § 2.3 we showed that the minimal left ideais are representation modules of 
Rp,q, We must now discuss the problem of the equivalence of these representations. 
To this end, remembering that 114,,q is not just an algebra, but an algebraic struc-
ture consisting of an algebra together with a distinguished subspace .IR;,q R,P,q 
and that the representation spaces lp ,q are certain subalgebras of 114,,4 we have the 
following theorems 19 ,22 -23,_ 

Theorem of Noet.her-Skolen: When lRp,9 is simple its automorphisms are given 
by its inner automorphisms :z u:zTJ -1, :z E JR.p,q and u E r(p, q) = (p, q) . 

Theorem: When 14,,9 is sirnple alt their finite-dimensional irrt>ducible represen-
tations art' equivalent under inner automorphisms. 

ln view of the above theorems we define that two representations lp.q and r; ,q 
of R,,;9 are equivalent if 1:..i = ulpqu-• for some u E f(p,q). 

Now, if we consider the definition of the group Spin+ (p, q) Wt' see that the 
ideais /p,f can be ma.de into spinorial representation of SO, (p, q) (in the sense of 
group theory)by postulating lp.q-, u/1,,q• for u E Spin_(p.q) . This is exactly the 
idea behind the introduction of lhe spinorial metric (~ 3.6) which is nt>Cessary in 
order to "mimic" the results in (i), (ii), (iii) and (iv) of § 1. 

The transformation ti> .....--+ utb. 1/J f: lp,4 corresponds to lhe usual transformation 
of c-spinors, but lhe use of this tran~forrnation involving other Clifford numhers 

)'.} 



woufd <"Ontradic-t thc- íact that the t;,qi: are substructures of R,, .. -
Observe lhal when R,.,. is semi-simplf' ande,.., is a prirnitive idempotent then 

R,,,qeP'IR,,"' is a bilateral ideal and lel = e "CZ- O. lt íollows lhat R,.,.e,,.R,.,. = ~"' 
from where we can write ' 

R,,,. = l(p,q)(" J,,,.) (49) 
,,:here 

1 ,.,, = R,,4 e,,. and cpqR,,.,, :e' 1,,,. 

Thr meaning of eq.(48) is then that ':'z E R,,,. can be ~·ritt.en as sum 
of elPments of lhf' tensor producl of the spinor spaces 1,.,. and • 111 ,., i.e .. any 
:r E lf4.9 can be considerf'd as a rank-two spinor. 

This dec-omposition of antisymmetric tensors are the ones generally, presenteei 
in texLbooks oí throretical physics and group theory and which gave birthy to the 
believe that spinors arP more fondamental than Lensol'S. However from the nsulis 
of § 2.3 we know that \Jx E R,,,. can be writteo as 

{50) 

where ip, E i;,,,· r,,,. = R,,.,,e,,.~. f:~ 1 e,,.., = l. 
From eq.(50) il is clear that e-spinors can be li\'ntl.ell as sum of antisymmemc 

lensors (for explicit examples see § 4). 
~ow. let {epq.,} and {e~,.} be twoset ofprimitive idempotent l:'=t e,,..,= 1, 

E;'=1 e;,.,,, = 1 and e:.i .. = 11e"'a-1, u E f(p,q). 
Given x E R,,,11 we have 

" 
:e == r:xt,.~ = L xe~~ = "'1 T ••• + T/J .. = '1~ + ••. + 1'.,~ 

•=l t=I 

and then 
t/;: = u~•-1 

0n the otheT side if a giveo z E R,," c&o be writt.en as 

we caJ1 write 

x = fJ ·,p = L f/,,.t,,.e,,. ·,p. ; f/,01 •'P E R. .. 
= L fPo(•-'e;,.11)(•-•e~,.•)-'Pe 
-= }J•- '"7:e~)n - 1(e;,. ·,p~•) 
= • - 1l}J,t,:e;..)u-1 (1:;,. ·,p:)I• 

•n,mrmhff ,1,., ol llo• Clilíord prodact 
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ln this e-ase the factor 1111- 1 = 1 can be eliminal.ed or retaining withoul affecting 
the result . Then. from the usual decomposition of anlisymmetric tensors as t-ensor 
products of spinors we infer that we can chooee as transforma.tion laws for the 
spinors: 

(a) 
or (54) 

li: - t/J' = 1.11/n,1 - I (b) 

Eq.(54 .b) is what results frnm lhe "rum decomposition" of :r into spinors. 
Observe that if tb E Íp,<1 then uf 'é: J,,. bui ut01.1 - 1 f/. I,.e, in general. 
ln physical theorics which use spinor fields the observables are usualh asso-

ciated with bilinear functions of spinors (i .e., the observables are tensors) and 
lhe problem Vlith (54.a) and (54.b) does not occur. There are a paper in the 
literaturel•oi saying that the transformation (s.t.a.) can be directly observed. How-
ever the arguments given by the authors are not very strong - we will come back 
to this particular point into another paper. 

3.6. Scalar Product of t-Spinors. The Spinorial Metric 

ln § 2.3 we saw that R,, ,q 1s simple, a minimal left ideal 1, .• of 14.,, is of the 
íorm lp,q = IR,, ,qe"" where e"" is a primitive idempotent of R,,,. and F ::,; el'flR,. ,,eP'I 
with F = IR or C or .IH. depending of p - q = O, 1, 2(mod 8), p - q : 3, 7(mod 8) 
or p - q == 4, 5. 6(mod 8) respec.~ively (Table J) . We c.a.n then define a right action 
F in Ip ,q, I,, .~ x F ..... lp,q by J"" x F =f (it,.a) _, 100 E J,,.. ln this way J"" has 
a natural linear vector space structure over the field F. whose elements are the 
natural "scalarsn of the vector spa.ce /M. 

These remarks suggest us to seach for a •natural sealar product" on IM, i.e ., a 
non-degenetared bilinear mapping r : /"" x 1,,. _, F. To this end we observe that 
if / and g are F-endomorphism,; in 14 .. then we can define a bilinear mapping 
r in R,.,, using / and g. We simply take r(tt,,rp) = /(tl>)g(rp), 1/J,'P E R,,.,. 
Considering that J,;t = .#4.te,. has a natural structure of vect.or spa.ce over F we 
can take the restriction of f to l,_., and ask the follO"Ning question: 

For t/-1,'P E I,.,. when does f(\b,rp) E F? 
As we saw in § 2.1 we have three natural isomorphisms defined in R,,,., Lhe 

main \nvolution, the reversíon il.lld lhe conjugation, denoted re:spe<:tively by O • • 

and ~. Combining these isomorphisms with the identity ma.pping we can define 
the following bilinear mappings 

r.: 1,,. x 1,.,. ..... .• 1 = 1,2,3 
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fi(w,.,,) = ,-º\O 
f:(1b.;,) = 11'\0 
f,(11!,,p) = ;.\O. Vt·.tp E/ 

(55) 

\$ alrPady observPd in § 2.1 the main Ífl\'O}ution is an automorphisms whereas 
tht> n·vcrsion and ronjugaLion art' antiaulomorphisms: An automorphism (anti-
auotmorpnism) transformi< an element of a minimal left ideal in an element of a 
minimal lcft ideal (minimal right ideal). 

To set' the validity of these statement.s it is enough to observe that lhe image 
of a primitive idempotent under a isomorphism is .t primitive idempotent and tha.t 
if i;: é: JPA - '4.qeP'I then rp = zt:pq with :e E R,,, a.nd 

rJ: 0 = {rertlº = z=e~ ti•º E f,.,., = Rp .. e~ 
1/J' = (xe,,.)' = e~x· = fi:º E • 111_. = e~.RPA 

= (xepq)- = êpqi- ; E jM = ê,-eJl4,., 
{56) 

Lsing lhe isomorphimsm Rp,q =,- !'.F(Jp,q) =,- F(m), m = dtmF(lp,q) (when 
R..,." is simple. cf. 2.3) Wt' identify tht' elements of the minimal left ideais of R..,..,, 
liliÍth the column matrices of F(m). Then. if IJJ E J,,, has a representation as a 
column matrix of F{m) then 11·· and ~- have representations as row matrices of 
F(m). and we get that ,1>' \0 and VJ,ç are elements of F. 

We identif·y the scalars of lht> vector structure of 1,.., witb multiples of 

l o .. · 1 o o ... 
(57) t.,,., = o o 

... 

i.e .. a!' matrices in F(m) muhiples of the matrix in eq.(57) . Sometimes it may 
be convenient to choose the 1 in ePA in another fine isee eq. (81)). Through 
isomorphisms of R,.,, (multiplication by a convenient invertible element u E E,,,.) 
we can transport t/J",p or ;p,p to lhe position (1,,1) in the matrix representation of 
these operations. We then conclude that the naturol scalar prod.uets in J,,. are 

fJ, = I,.. x ,,.. -+ F , i = 1. 2 (58) 

~i{1!:, ;P) = u'l/1•\0 and 8,(t/J.,p) = 11.;i,p. Vtb,\O E J,,.. and u, .,, E 14 .. are conv~ 
nient in"ertiblP elements. 

Lounestol8: obt.ains the scalar products in eq.(58) usíng similar arguments 
and immediately proceeds to lhe classification of the group o( automorphisms 
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of these scalar products, i.e .. the homomorphisms of right F-module11, I~.q -
lp,o, rJ1 - sw, s E lRp,q which preserve the products in eq.(58). Observe that 
from ,31(s1/'.>.s,p) = _8.(ip,!p) we get s's = 1 and from .B,(s,J; , s,p) = P,(w, ,p} we 
gel ss = 1 (TP,IP E lp 0). Lounesto cafls G1 : {s E 14,,:s·s = 1}, G1 = {s E 
/R.p,o• ss = 1}. 

$o in Lounesto's paper there does not appea.r clearh' any relationship betwee-n 
Lhe grOups Spm(p. q) and the group~ G1 and G: with the consequence that we do 
not have a dear basis to mimic within the Clifford algebras IR» q (for appropriate 
p and q) Lhe results descr ibed in (i). (ii), (iii) and (iv) of § 1. We can mirnic 
these results within sorne Clifford algebras by introducing the concept of spinorial 
metric.. 

Observe tha.t since Spin(p.q) C m;,. it seems interesting lo define a 5'ala.r 
product in a.n ideal 1;,, = JR;_0 epq . The reason is that such a S<"alar product is now 
unique, since if s E IR;,q, then s· = s. This uniqne scalar producl wíll be called in 
what follows the spinorial metric 

(59) 

define by B(tJ>, \O) = ul/1,p. We see tha.t G = {s E R;_. lss - l} is Lhe group of 
autornorphisms of the spinorial metric just defined and G C G1 , G :: G 2• 

We now recai! Theorern (48) of § 3 wbich says that for p + q 5 

Spin+ (p,q) = {u E R;_. lüu = u"u = l} 

With Lhe result we get a new intçrpretation of the groups Spin+ (p. q) for 
p + q S 5, namely, these are the groups that leave the Spinorial metríc of eq.(59) 
invaria.nt . But even more irnportant is the fact that now we know the wa1 to mimíc 
within appropriate Clifford algebras (i), (ii) , (iii) and (iv) of § l and thus we can 
make a representatíon within Clifford algebra.s of the Pauli t-spinors. undotted 
and dotted bidimensional c-spinors and Dirac c-spinors. This is done in § 1, and 
in II. 

4. Representation of Pauli c-Spinon, Undotted and Dotted Two-
Dimensional Spinors aod Dirac: c-Spinon by Appropriated 
Algebraic Spinors 

4.1. Pauli 11-spinors and the Group SU(2) 

The algebra /R.3 ,0 (Pauli-algebra) i~ isomorphic to C(2) (see Table 1). lls.o is 
gf'nerat.ed by J and o,.i = 1,2,3 subject t.o the condition o,a, + a,o, = 26,, , 6,, = 
diag(-,..1,--'-l,+J). lt is trivial to verify Lhat e:,o = 1/ 2(1 + o3) is a primitive 
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ícl<'mpotent of P.l.O· Now, consider x E ll,.o-

o, E ll, i = O, ... , 7 

The ele.ments p E }3.0 = lr = Ru,e,o = R;,01::io (Pauli a-spinors) are of the 
form 

1t is then irnmf'diate that e30..lhoe30 :,:- C has basis {l.010203}e3(1 and the 
spínoria.l ba.sis a = { l:3CJ.o 1t:30}. We now show thai' the elements of lp are the 
represenlativ~ of Pauli c-spinors l(i ) of § I J. 

I 
[sing lhe oomorphism R,.o ::::: !c{/Jt) í§ 2.3), /{z)ti· = nb, u E R 30. tp E l,, 

we obtain the representation oí z E ll3,0 in the a-basis through the following 
algorithm: Put 

Then 
l = L li > < il, i = 1. 2; < ili > = 6.;t:30 

r = r L li> < i ' xli >= :[:z,. J,; >; x1, =< j!.:r:Ji > 

(63) 

[ O 1 ] [ O -i ] 
01 = ] O j Uz = 1 O 

We aJso have the following ma trix represe-ntations for :i:, z O , :r: and i E lls,o, 

C(2) z = [ : : J 

(&1) 

~u :a: E R3 ... - ._.., ,i.. .,.,_ letLd f« /(z} C(2) =::- !c(J,.). This cait- ao confosioa. 
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From eq.(M) we see that the main antiautomorphism • corresponds in the 
Pauli-algebra to the operation • in matrix algebra. 

We now define the spinorial metric 

(65) 

where ( }0 means the scalar par1 of lhe Pauli-number. 
The representation of fJ in the o-basis is then 

IPIQ = l ] = 12 (66) 

Also ~(tJ.,,ip) = ;'J(utb,up) = u·u = l = u E U(2). 
;\OW. if x E R{0 ::::: llo.J ::::: 1H. we have the following representation for x in 

the o-basis 
[ · z ii'] and i: = x· = -w z 

(67) 

Then Nº(x) = i:x = det x·J ==> Nº(x) = 1 <=> da x = 1. So. the elements 
u E R;,0 such that P(utt,.uip) = {j(w,ip),',l,,ip E JP satisfy üu = 1 and dei u = -1, 
which means that u E SU(2)::::: Sprn~(3.0). Our statement that Pauli c-spinors 
are represented by the elements of J~ = R3,0e30 (Pauli a-spinors) is then proved. 

4.2. Representative of Weyl c-Spinors and Dirac c-Spinors within R 1.3 
and SL(2, C) 

The algebra IR.1,3 is generated by 1 ~nd the vectors e~ such that 

e~i::. - Cvt::~ = 21')_ I'),.., = diag( + 1, -1, -1, -1); µ,. 11 = o. 1. 2. 3. 

/ 
Consicler the i5omorpbjsm Rt,o ::::: .R 13. where f is the linear extension of 

/(11,) = e,eo and a, E JR.3•0 as in § 4.1. Since e30 = 1 / 2(1 ail is a primitive 
iclempotent of R3,o.f(e30) = 1/2(1 + e3e0) is a primitive idempot.ent of R.;_3 AI~, 
since R.1.l =:- R (2). e13 = f(e30) = e is also a primítíve idempot.ent of R..u since 

dim11 Rut. ; 24 /2 and dim., Rut. = 2 

1 o e: R 1~t. is a bidimensional quaternionic space and ,Po E / o is a representation 
of the Dirac spinors as we shall prove. Let. a E Rut 

a :;: s + (aoeo + a1e1 + a2e2 + a3e,) 

+ (ao,eot.1 .... tio2tc'!2 4> <1o3eot.3 + a11t.1f2 .._ 413e1e3 + aut.2t.3) (68) 
+ (aoueot.1e2 + tltl13eoe1t.3 + aoz:ieoe,e, .,_ au,e1e2e,) 

+ peot.1t.2e, 
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Then -./Jo E ll. 1.Jt is such that 

tbo = lio + .r,e, .,_ Zzt:-'- r3e1t1lt + !Yo - y,e, + 1ne2 T 31se1e,]e1eot (69) 

wheTI.' eR1,3e 11 has basis {l.e1.t.2.t1t1}L-

Contravariant Undottl"d a-Spinors 

Consider the minimal left ideal 1 = R;_3 e. Then 'I E J can be written as 

1/ = . .xo ... z3i]e + :3'.:- r13i;eoe1 

whett eR;~ C has basis {l.i}e. whett 

We write 

l 2 1 2 [ '11 0 ] 11 = 11 t - 'I e,~ = 11 s , + '1 Si :::: ,,1 O 'I' E Ce , i = 1, 2 

Covariant undotted a-spjnors 

We can ídentif)· tbe covariant undotted spinor.; as Lhe eJements 

A • ' 2 ( - ,,2 º11' ) = ( o'h o'h ) = ,,'e '1 = e1e011 = 1'1 t. + 11 tt1t.0)0301 0 

~oi.e tha1. we a.11 define t.he spinoriaJ DK-1.ric as 

{J : ] X / -+ C ; ,8('1, () "" 2{~ ( }o = 2 ('71 C e }o 

Contravariant dotted spinon 

Consider Lhe id.al i =* I = eoito 

i 3 ;, = eo(n,' - ~e1rv,2)eo 

(70) 

{71 ) 

(72) 

(73) 

rij1 + ee,to712 ( ~ 1 : 2 ) : ( ri' ~i ) (74) 



Covariant dõttet spinors 

~ 
Cons ider the ideal i::: - eoleo 

. ~ 
l':3i/ = - ij"1ê + ry2e1eoê 

( - ;: ) = ( 
We ran idt>ntify the co,·ariant dotted spinors as tht' elements 

/l ~ 
ÍJ=ii u 1 = ·'7 a,u1 = -(iJ1ê -i- ij:e1eoê)o301 (í5) 

= a3oi(,;1e ry2 êe1eo) c::o o,a1(111e -,rj 2 t,e~e) 

CÍ]t = ( ~2 -r,~) 

The spinorial metric in this case is defined by 
t. 

p: j X j - C ; .~(ÍJ. () = 2(ÍJ0301{1)o = 2(r, ~)o (76) 

ln the spinorial basis a= {e,e1e0e} of J we have the following rt'presentation 
for u, = e,eo, i = l. 2. 3 

01 - ( ) ; 02 = ( -~ ) ; 03 = ( _ ) (77) 

Observe now that we can write from eqs.(68, 70, 75) that 
t. 

WD = 'P + eo x (78) 

ow, let z E R;,3 . Then we have that if :r. E C (2) is the representative of 
x '= ffl.~3 then 

(79) 

From eqs. (78) and (79) we have that for u E Spin. (1, 3) that 'PD _, ,J/0 = u,bD 
and 

4 4 4 1 

U'PD = Utp-"- ueo x= urp - eo[(u·i-1 xl = '{)1 + eo X (80) 
Eq. (80) shows that lD is lhe carrier space of the representation l)ll/l ,O) e 

[)1°,112) of Spin ... (1,3) SL(2,C) as defined in (iii) of § 1. 
Observe also that from eq. (69) wt' can write 

(81) 
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whh tb, E eD?.1.3 e :-- C with basis {1. i}eze,. 
A complex spinorial basis for }D is then OD = {eoe, eJe,e,e0 e1e}. 
Consider nov. lhe injection 

1 : R1., - Cc(/D)r 
.:t ;(z) : JD Jr, 

We gel the íollowing representation for ei,,µ = O, 1,2,3 in the °'D•basis 

i = 1.2.3 

\'Ve can also mimic the spinorial metric in C(4) /(iii) of § ( defining 

BD : /D )< JD -+ e ' BD(tb, IP) = 2ít/:" e3e1t,0) 0 

4.3. R epresentalions of Weyl and Dirac c-Spinors in JR3,1 

{82) 

{83) 

R 3 _1 R{4) (see Table I). the Majorana algebra is generated by l and the 
vectors '" such that êi,ê~ - ê.,e~ = - 211,._., ; 11,.,, = diag(-,-1, ~ J, - 1,- 1), µ,v = 
O. 1. 2. 3. We can easily verify that ê = 1/ 2(1 + ei e0) is a primjtive idempotent of 
/R3 ., e,:, Rs.o e,:, R 1.3. Then each ,p E / = IR;, t ca.n be written as 

(84) 

where \01,\02 E e1R.31 e e,:, C has basis {1,l}e. where i = -ec; ê1e2ê3 - 01a2os , 

u, = e,e~. , = 1. 2. J. 
Jt follows that the snucture of the Weyl spinors is equal in the lRu algebra. 

What we want no"' is to represent the Dirac spinors inside IR3,1. Observe that 
unlike the case of IR1 ,3• e= 1/ 2(1 + ê3eo) is no1 a primitive idempotenl of Ra,1• 

However. for each x E_ R 3 ,1 we can wrlte 

Also if u f. R 3,1 and if II E C(2) is the representative of u in the canonical 
spinorial basis then 

{86} 

lt follows Lhal tht! objects of the non-mfoimal ideal 1 D = R 1,si, 
li, 

VJD = ip - eo i tram;fonns under lhe action of 11 E Spin. (3, I) Spin_ ( 1. 3) :::,,: 
SL{2,C) as 

_ _ 6 6 

tbD - ulbD = •I" T -~ x = U<p + êo/(11·)- 1 x i 
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From eq. (87) it is follows that the non-minimal ideal 7 o is the carrier ~pace 
of the represent ation D(l/l.OI !f DIO.l/11 of the group S L{2, C). ;;D is an e-spinor 
according to tht definition given in § 3.4. 

This e;x:ample shows that when working with Clifford algebra.s we cannot re-
strict the representation of the c-spinors used by physidst only to elements of 
minimal lateral ideais. 

Majorana Spmors. 

The elements of the minimal left ideais o( E.3,1 are the ~1ajCH"ana spinors. They 
can co11structed by the standard procedure osed above. 

Since ê = 1/4(1 + e3e0)(1 + ei) is a primitive idempotent of E.3,J we have 

{88) 

where ,p, E êR3iê == R , i = l,2.3,4. 
ll is interesting 1.o compare eqs. (88) with eq. (81) "·hich eJCJ)Te&$ t/J111 in IM 

and 1/Jo in lo. 
Consider now the isomorphism 

1 : R,,1 _. ..C ,r(/M) 
z - -r(z): /111 --+ J_,, 

'1PM ,__,.., 'PM .. 
We get the following representation for e~,µ = O. 1, 2, 3 in the 

QM = {ê1,2,ê1,êoê1ê,êoê} b~is [1(ep) = -r,.J 
1~ ) ; 13 = ( ~• _ 0 ~ ) 

(89) 
Eqs. (89) shows a set of what is usua.lly called i11 the liierature \1ajorana 

mat.ri<.es and our presentation shows how easily it is w fmd a set of Majora.na 
matrices with the techniques o{ this paper. 

4.4. Represeotation, oi Dirac c-Spioon -.vithin tb~ R..J A)gl'bra 

From Table I we see that R.,1, 11.1,3 and ~ .5 an isomorphic to the algebra 
C ( 4} which is the usual Dirac algc-bra of physicists. ln order to identity the 
algebra that e arries the physical inl.erpretation a.ssociated wilh space-time ( li'1 •3) 
we procecd as íollows. Let EA, A = O, 1, 2, 3. 4 an orthonormal ba.sis for RM 

29 



with , + f = t The volunw ekmen\ is E, = E.E1E,E,E1 a.nd we &et EJ = -1 
for f = 1,3,5. Now define • 

e,= E,.E.. . (90) 

anel impOM that e. is an ord1onormal buil J« Ru, i.e.., 

' E 1 E1 - 1 ' - c:E• - 1 te = - o • - -1" , C1 - - t , - - • , k = 1,2,3· 

Eq. (91} ir; satisfiPd ,vhen , = 4. f ::: 1. i.e., E] = E: -"' - "'- aM -
condade thal the rui Cliff'ord al1ebra ilSSOCiatfd with spacP-time (R1.l) and iao-
morphic Lo C(4) • R-.,1• 

' E4:1. (01) ~hows that R 1 .J =:c R;,1 l!l'here f i& the linear awm1ion oi 1(e,.) = 
E,.E~, ,. . = O, 1. 2, 3. We alrndy sa11; in § 4.2 that /(c30 ) is a primitive id6n~ 
tenl o( R,,1 and ,·e have tha.t 1(/(c,o)) il a primitive idempo\enl ai R;_,. Thn 
1 o = R:,,,Ule,o}) ÍII a minimal ideal R;J which il a 4--d1menslOO&I veuor-space 
over &he complex &eld and it5 eleraenu, tM Dirac •apinon, &ft repraentatiom 
in ll.4,1 oi Dira.t r-spinon. 

(.5. lteprl'sentatioa o{ tbe Staadard Dir• c-Spbton withi11 t~ Ri., 
Al&t'bra 

ll iE, obviou.s thal. ~= 1/2(1 + to) il a primit.iw idempotat o( Ru- Alao we · 
can rasily verify that for UIJ z E Ru therr exiliu, E R;,, ,lJcli that 2'. ;= J t. h 

follow, that lD= ~.J t ÍI a minimal left ideal o( R 1,.. The elemen'- ;DE/o caa 
he written ili \.IM J«m 

{02) 

ft. Ec R 1,3 t:: C witli b.asis {1,t,e 1} t 
V 

The -1,' , &ff tbe repraentat.ive o( st.anda.rd Dirac e-spinon, which ue lhe 
Jiip~ o( t-spinon that •ppear in the •uai íor111 o( the Dirac equ.a.tion117í. The 
jaomorpüm 

., 
1 : Ru ..... .Ca(l o·l 

., ., 
z .......... -,(z) =ID-Jo 

y "' .,__., 
gives lhroush \he 1.echnique a.lready introduced i• § 4.J \be follo.ri111 repraentation 
for e., ,. • •, t, J,3 UMi Is r toe1tJC1 Í1I •D% {J, t,c1 1, •s ;, 11 t}, a compln 
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.. 
apinorial buia íor Jr,. 

Puttin& 1(io} = {11 >, 12 >, 13 >,j.C >} and ;(e,.)= "'"'"'(e,)= 11,, 

[ o -o. ] 
; ")l = Ot 0 ~•1 ] 

(93) 
where lô,1 ) ia I he > 4 matrix with one in th• i-linf' of t~ Rrs1 column. all other 
f'lf'm,nts bc-ing zero . .\)110 1 =- , ": 1. Th• sei of 1-matricll'!S in (93) is U!ually known 
u thl' su.ndard rf'pre,tn111ion o( Dirac-matricet 171 . 

Ob~erve now thal th, idempor.enu ~= 1/2(1 c0 ) 111d e = 1/2(1 • c3 c0 ) an 
relatf'd by 

V ' 
Sincr tl = (1"' ea) í r(l.3), the idnls ID and Ir, are no~~uh·alent (module) 

represen111ion1 of liu, althóugll from the point of vin· of group th'°ry both 
idul~ ateo carrlu space$ of thf' reprt!sentation ,D{l/1.0) e:ii LFº•1121 of SL(2. C). Thia 
point is important for paper number n of thia seriei. Thett w. will nttd 1l10 Lhe 
íollo'll!ing re11ult1 which are trívially f'S~blished 

)J >=- ')o ll >; ill >= "/2"1111 >; ,2 >= -1,11 '1 >; 13 >= "11 ,l >: 14 >: "11 /l > 
(05) 

g_ Condu1lon1 

He~tene,'41 said ab(lu\ thf thfOrr of spinors: .. J h1vt not met anyone who wu 
not diuat.idied with hi! fittt rHding on Lhe 8vt>jf!Ct". 

Well. the reuons íor such atatftrlent &rf' in our vie-w due &o thne main facta, 

(A) Th• usual repre11entation of Mpinon .uch u introduced ln (i), (ii), (iii) and 
(iv) o(§ l does nól emphui• the &"°metrical mnning oí these obj«ta. 

(D) There are not clear connection between tbe abstrac1 concepta of c-spinor and 
the mort abstn.c:t conceptl of 1.nd .. spinors u elemt>nt 
of partlcul&r Clifford algebra, 

(C) The rt'preunation of 1.-1pinor (or e-spinor) llelch u ttttions of some Clifl'ord 
bundlet (o"er 1pac:t-lime) ancf lhe problem ai the "'\ransformation Ja111,•• oí 
spinon. 

AI to (A) we think that lhe shuatlon hu bfoen partially clarifkod wid1 ~he ptt--
aentation by He.ien• of the f('Olnetrical DM'anint oi Pauli-1pinMI' anel of Oirar-
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spinon; 11"• 141 a.nd also b)· Pen~r and Rindlerin of Lhr qua.si ~rical rt'presn-
tation of lhf' undoltl!'<I a.nd dottf'<I two components spinora. 

As to (B) Wf' thin'k tha1 t.he presení pape,- shows in a clur way hc,11· to obtai11 
~lations betw~n ali c-spinors used by ph,·sicists and •-spinon &nd t-spinon. The 
problem of t>-spinors ar, aJready ~aid in lhe introductioo 11dll be treaiNi in another 
publication (IIJ) 5 . 

From our approach, § 3.5 and § 4 i1 i~ dear that á-spinors and t•spinors can 
be though rlementl,' of the exterior algi>bra of tht> vKtor space V = R"·• . h 
íollows that tht> m,ual claim tha.1 spinor.- art mono fundamt>ntal then tensor.< is 
non-wquitur. 

li ia verr important to nnphasiu that aíl our o-spinon or (t-spinor.i) .are elf'-
ments o( real Clifford a/9dnu. Other approach('!; to thr subj«t of algebraic spinors 
like, e.g .. Cnim<'yrol~ ''º . Bugajska 111 and SaJinvados and Wrnt' 'x complexifk 
ll.1., or ll.s,1 the complvcifiution being Í5omorphic to 1 :!:' C(4) . íntroducing 
unnecessar)o· complkation1. Tbe reason for Mtch a complexificalion is the nft'd to 
tr.11C a de \"t"itt ro II basis for the spinor-space, since thew .authors at tht' time o{ 
their 11,rittings did not !'eell aware of lhe idempote-nt method used 111 this paper. 

Another •need~ for complexilkation coma according to the vi"' of Sa.lin-
JT•dm and Wenr :i; from the fact that ll.u hM> only two idempownts and the 
fonrrulalion of quantum <>lectrodynamics. a5 is well k.noovn nttd:s four idempol.enl.S 
(thert' called prOJt'Clion operators). This "diffiClllty' cu be euily solved following 
Hl!!iteTJl!!i 41 sim pi~· by introducing a singlf' operator th&t belongs to lhe dual spll,('e 
oí Ru {hPre considerrd a Vf'C\or ~pa.cr over R). 

We must sa~ that Wf' canno1. properly d1:ocuss here on some d\stinctive features 
oi Lhe different repre:54!!ntauons of Dir;ic •-spinor jor e-spinor) fields and relai.ed 
Dira.c's lixe equations over l,orentzian manifoldi;. intert'!I~ r-nder is invited 
'° - our pubiication,, 11 a.nd rn. 
ÃcknawJed&eJJWnta: W. A. R. 1-nd E. C. O. are p-atefnl to Profeasor G. ,.-11»&-
Soria and Profe5M,r M. Tol\er for dikussic>m an4' \Jte ho.pit&lity at &M l>ipvtl'-
menio di Matematic&., UM. di Trento, wheff thia work hu beffl complded. The 
aata-. are aba vateful to FA.PESP, CNP41 and CXI. Jw 6naaci&I ,uppon. 
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