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ln this note we are concerned with the existence of 
primitive ele:ment and normal basis for Galois p-exten-
sions of a commutative ring R wit:h identity sucb that 
p E rad(R), where p ia a pri111e integer and rad(R) de-
notes the Jacobson radical of R. We extend to Galois p-
extensions the resul ts obtained in 1 3 l for cvclic p-
ex:tensions. 1ile prove that every Galois p-extemliions of R 
has a normal basis (Theorem 1). As a corollary of om: The-
orem 2 we get the Theorem 2. 3 of [ 3 ) on pl!iai t1 ve ele-
111ents. We shall assume that all rings are eommutative 
vith identity, a11 JDOdules a:r;:e un1tary and ring homamor-
phisms 111ap identi ty on identi ty. 

Let R be a coanutative rincJ with identity and G 
be a finit.e g:roup. An o-verri119 A of R ia called a 
Go..loi, tx~~n,ioft o« R ~i~h Gato.ú g~o~p G 1f G is a 
aubgroup of the group Aut (A) of the aatoaorphi ... of A 
and 

a(xl • x, o e G} • R, 

ii) for any aaxi111al ideal p ot A afld any a E G, 
a t- 1, there erxi.ata x e A sucb that a (x) - x f. p. 
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If G is a p-group for some prime integer p we say that 
A is a Ga.loi~ p-L~.tLnbion 06 R, 

l. NORMAL .BASIS 

Let R be a commutative ring with identity and A 

be a Gal,oia extension of R wi th Galois group G . 'Ne aay 
that A Ji.iu 1101L111a.l bu« ovelL R if the r e exists o E A 

auch that the set {a(a) 1 a E G} is a basia of A as a 
free R-module. We also say, in this case, that the ele-
ment CI E Ã gLneJUl.tU ct 110/IJlla.l. btU,Ü O' Ã ovu R. 

THEO.REM l. Let R be a commutative ring with identity and 
p be a prime integer such that p e rad(R). Let A be a 
Galois p-extension of R with Galois group G and a E A. 
Then o generates a normal basis of A over Jt if, and 

only if, trA/Rla) • r a(a) is invertible in R. More-
aEG 

over, every Galois p-extension of R has a normal basis 
over R. 

PROOF. First asswae that 11 genera tes a normal basis of 
A over R. Then {a(a) 8 l Ia e G} is a basis of 
A •a R/ over R/p and consequently trA/R (a} ; O(mod p) 
for each maximal ideal p of R. Tberefore trA/R la} is 
inverti.ble in R. 

Conversely, let a E A be auch that 
invertible in R. so, trA/R(a) e 1 is a 
ment in R/p for eacb maximal ideal p of 
each maximal ideal p of R , A • A 8R R/p 

trA/R (a) is 
non-zero ele-
R. Since, for 
is a Galois 

p-extenaion of R • R/p wi tb Galois group 
G ª {Õ • a • 1 1 a e G} ((1), Lemma l. 7) and tr.A/R.(a) • l • 

• trÃ/i(ã) ; O in i, vhere a• a• l, and R is a 
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field of characteristic p Cbecause p E rad(R)) it fol-
lo....a fron the Theorem l of ( 2) that a generatea • nor-
mal basis of A over i. Hence II generatea • nor.al 
basia of A over R. ~he last of the theore11 fol-
lowa now from the Le-• l. 6 of ( l] . 

REMARK. ln [ 2 .) Childs and Orzech deal with fielda but 
theic Theorem l is also true J.n the general case of Ga-
lois p-extension of a field of characteristic p, with the 
same proof. 

2. PRIMITIVE ELEMENT 

Let R be a commuta.t.ive rincJ with ide.otity and S 
be an overring of R. We aay tbat S h.u 4 pll,àait,i.w. th-

,, if S [ 1 d xn n-l f llt.ll.... X ' - R x, an = ªn-lll + ••• + ªo or 
sOllle integer n ! l a.nd a1 E R, O< i < n-1. 

In general t:he existence of prilllitive eleaent is 
not always valid for Galois extensions of rings. P'or ex-
ample, consider R ., IFP tbe finite field vith p ele-
ments for a cert.ain prime 1ote9er p, G a fin.ite 
whose order ia pn for• certa.ill .lnteger n > l .uid 

n 
A= r!' ., • Rea whe.re the elemente •a 

4'EG 
are non-zero 

pairwise orthogonal idelllpotents of R!Jn such 
I: e0 ., l. .ay consideri.ng the a.ction of G on A 

aEG 
by T( I À e) • I l 0 e one ean eaJSily see that 

aEG o C1 c,EG TO 

tha.t 
given 

A i11 

Galois p-ex.tension of R with Galois group G. Now, sup-
pose tba~ A haa a priAitiva ele111ent x.. so, x., I x e 

aEG o a 

with x 0 e ll and T (x.J - x is invertible in .A for every 
t E G, T ; 1 ([4], Corollary 2.2). Thus I (x -x )e 

oEG a ta a 



is invertible 1n A for e-Yery E G, t ; l. That implles 
that x0 ; xt for all o,t e G, a; t and consequent:-

ly f(R) • pn > p which ia a contradiction. 

Nevertheless we have the following Theorem and Co-
rollary. 

THEOREM 2. Let R be a commutative ring vith identity 
and p be a prime inte9er such that p E rad (R) . Let A 

be a Galois p-extension of R with Galois group G whose 
order ia n for soae integer n l. Let B C G be a 
normal subgroup of G of order p and be a generator 
of 8. Let B • Aª and G/H • {Bar····ªº 1>- Then, 

1) A is a Galois p-extenaion of B with Galois 
group B and B is a Galois p-extenaion of R with Ga-
lois group G/8 ; 

:i: 
pEG 

11) there exista 
p(n) = l and 

a E A such 
C1 geQerates a 

that 
normal 

trA/R(CI) 
basis of A 

ovar R; 
n-1 p 

111) the element 8 - :i: 
i=l 

o1 (a) generates a normal 
p-1 1 

basi.& of A over. B and the element y • tr,.18 (a)"" :i: t (a) 
i•O 

generatea a normal basis of B over R: 

iv) there exiata X E A such that t (xl • x+ 1-pS and 
p-1 

(X-t1 (x)) A • B(x] • 8( X) /(f) where f - D E B(Xl: 
1•0 

v) the element y,xP-1 generates a normal baais of 
A over R.. 

Moreover if G ia eycU.c and a ia a generator of 
G then a (x) • x + y - pa . 



PROOF. 1) and 11) follov from the Galois theory of com-
mutative rings [ll and -from the Theorem l above. 

111) It is enough to remark that trA/B{B) • 
p-1 p-1 pn-1 1 

• l: t 1 (B),. I .I t o~(CI) • t:rA/R(a) • l and that 
i=O i"'O J=O J 

trB/R(y) : tz:8 /RtrA/B(a) a trA/R(a) • l. Now 
follows from the Theore• 1. 

the resu.lt 

iv) Let 
p-1 . 

i: (p -11 Ti-l (8). Since 
i"'l 

i t follows that t (xi • x + 1 - p!l. So, ti (X) • X + i -
i-l 

- p( ! Tj(8)) and eonsequently 
j=O 

1-1 . 
t 1 (x) -z=i-p( r 'TJ(I~)) 

jEO 

ia invertible. in A, for l < i ! p-1, aince p E rad ( R). 
Then, A • B~x) ((4), Corollary 2.2). 'l'0 prove that 

p-1 i 
A• B(X]/(f) when f • ll (X-'t (x}} E B{X] it is~ 

i=O 
to remark that A and B(X] /(f) are project1ve B-'ll'Cdules 

of same rank p and that the mapping BlX} / (f) - A, 
g + (f) ....,_ g (x.) ia ,a .surjective ~rphis• of B-a.1-
gebras. 

v) lt is enougb to p.rove that trA/R(yxP-1 ) is in-
p-l vet:tible i.n R or, equiva1ently, that trA/R (-yx ) 1 O 

p-1 (a>d. p) for eacb maximal ideal p of R. Since trA/R(yx l 

• tr8 /RtrA/B(yr1) ,.. trB/R(Tt,rA/Bcr1J) and trA/B(xP- 1) 

- -1 (mod PB) we have trA/R(yxP- 1 ) = trB/R(--y) -

t.r8 /RtrA/B lei) - - trA/R(al - -1 lmod p) for each max-

i .mal ideal p of R a.nd the result followa. 

Finally if G is cyelic and a is a generator 
n-1 i-1 n-1 of G, by considering t - O'p and ª1 =a ,l~i~p ' 



' 
the last claim of the theorem can be readily checked by a 
direct comfutation. • 

COROLLARY. Let R be a commutative ring with identity 
and p be a prime integer such that p e rad(R). l,et A 
be a Galois p-extension of R with Galois group G whose 
arder is p. Then A has a pri.mitive element. ln part-
icular, 1f p = o in R then A= R(X]/(xP-x-c) for 
some e e a. ' 

PROOF. I111111ediate. 
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