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flrst n random varlables. A strong law of large nwnbers and the wea.k 

convergence of n 1n(; -r,til to a Gausslan process are discussed. These n 
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1. IHlllODtrTION. Let '( Pk> llZ:O bê a dlscrete dlstrlbutlon wl th 

probablllty generatlng f1metlon 

( 1. l l ltl s 1 

and let X1,X2,. -~ be a sequence of nonnegatlw: lnteger valued rando11 

variables wlth lhe saae dlstrlbution {Pk}ll;?:o . For each n 1 let 

• n X 
(1.2) 1/)n(tl s n-1 L t J ltl s 

J =1 

be the emplrlcal probablllty generating functlon (epgf) of the flrst n 

o bservat I ons . 

Under the asswapt lon of < x1} i2:.i lndependent, the use of some 

sample generating functions ln statlstlcal lnference 1s by now well 

lcnown. Thus, for example, Press ( 1972), Heathcote ( 1972) and 

feuerverger and Hureika ( 1977) have suggested the use of the emplrlcal 

characterlstlc function (t) "' n-1[" ezp(ltX . ) to construct statls-
n J=t J 

tical procedures for stable laws, whlle Epps et al (1982) have propos-

ed the emplrical moment generatlng functlon mn(t) = n-•rn e,rp(tXJ) to 
J=t 

test hypotheses of goodeness of flt ln lhe presence of nulsance 

parameters . The limitlng behavlor of cn has been studled, among 

others , by Feuerverger and Hurelka ( 1977) and Csõrgo ( 1981a, 1981b), 

wh1le Maiborocla (1986) has proved a law of large nuabers and a central 

ll11lt theorem for •n· Recently, K.ocherlakota and ICocherlakota ( 1986) 

and O'Rellly et al (1988) have used the emplrlcal probablllty 

generatlng function 1/)n to construct goo~ess of fit tests for discrete 

random varlables, leadlng to easier procedures than wlth the use of cn 

or • . n 
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The purpose or th1s paper l.s lo study the llaH1ng behavior or 

the eaplrlcal probabi 11 ty generatlng functlon •n of a statlooa.ry 

sequence of lnteger valuecl random variables X1 , X2 , .•• ln Sectlon 2 

we prove a law of large nWDbers (Theorem 1) for f 0 anel a central llalt 

theore• CTheore• 2 l for the e111pirlcal probab111 ty generatlng process 

Y ( t J : n t.r.2(~ ( t )-,.t( t)} 1n lhe Banach spa.ce of contlnuous functlo.ns 
D D 

on 1-1. 1 J. ln Section 3 we discuss erlensions of Theorems 1 and 2 to a 

statlonary sequence of multi variate d1screte random variables anel to 

lnteger valued stationary stochastlc processes. Applications to the 

statistical analysis of dlscrete data are dlscussed in Sectlon 4. 

2. THE EPGF OF A STATIONARY SEQUENCE. Let ln.Y,PJ be a probabi! 

ity space where tbere is defined a statíonary sequence { X0 } ~ 1 of 

nonnegative lnteger valued random varlables with the same distrlbution 

{Pk}k~ anel probabillty generating function l(t). Let ; 0 (t) be the 

epgf gi ven by ( 1. 2) and 

(2. 1 J lt 1 :s 

be the epgf' process. We shall denote by C[-1, 1 J the Banach spaee of 

real valued continuous functions on the i n terval (-1, 1] with norm 1r1= 

sup Jf(t)I . Clearly ,;0 ,,; and Y0 belong to C( - 1.l l. 
- J:st:sl 

The first result of thls paper gíves the l•U-consistency of ,;0 as 

an estimator of ;. 

THEOBEM l. Let {X0 } ~t be a strictly statlonary ergodlc lnteger 

valued ranc:lom sequence. Then 

(2.2) a.s. 
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Proof. Oefi ne for n z: 1 

(2.3) k z: O . 

Then tbe epgf can tJe, expr-essed as 

(2.4) 

and therefore 

(2. 5) 

; (t.),. f t~k te l-1.1} 
D kz.-0 • , D 

for t E (-1.11 and n l: 1 

I• 1 !! [ IPlt -
n lr:=0 ,.ll 

Slru::e tbe statlonary sequence lXn> ~ 1 is ergodlc. we bave that 

for any k 1: O 

(2.6) Pk,n = n-1 [ t{k) (X1) - P(X1=kl = Pk: a.s . 
1 =t n...,. 

Then by the domina.teci convergence theore111, from (2. 5) a.nd (2. 6 l we 

obtain that 

sup lf (t)-f(t)I - O a.s. 
-l~tst n n .. 

(2 . 7) 

and the proof is complete . • 
The next step 1s to study tbe central tbeor-e111 or weak 

convergence of the processes {Y0 }~1 in the Banach space C[-1,1). 

under some mixing condHl.ons on the sequence ar random variables 

{X0 }nl:I. Followlng Bradley (1986) we l.ntroduce notatlon to be 

used l.n lhe remainlng of the work: For two CT-algebras , 1 and '!12 of lhe 

basic probabi 11 ty space I O,!', Pl define the dependence coefficients 

12. 8) 

(2.9) 

and let ::,k 
J 

~(:7 .J l : = sup IP(AnBJ-P(AJP(B)l/(P(A)PIBJJ 
1 2 AE!J Bd 

1 2 

91('!1 ,'!I ) ~"' sup IP(BIA)-PIB) I 
1 2 Ae'J Be!J P( A) >O 

1 2 

J s l s lt). For eac~ n 1,2,3, ... define 
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(2. 10) ;<nl ·= sup ~c,J.~Jl 
Jót.l l 

(2.11) ,,e n) ·= sup ,c,J.~J) 
~1 1 

lle reee.11 ttm.t lhe sequence of varlables {X > 1s said n ai<:I 

to be lf JJ.11 fl(nl = O anel ,;-iaixing u· li111 ,1,Hnl = O. Also 

lhe sequence {X0 } ts ,-mixlng (see Peligrad (1986)) lf and only' lf 

(2. 12) 
'l, 

IEXY-EXEYI :,s; 2;1 / 2 (n)IXU IYI 1 ., 

for every X e L (yffi), Y E L (Y"' J and f'or every and Is \/1-mixing 
1 1 "' 

(see Peligrad (1986)) 1f and only lf 

(2. 13) IEXY-EXEYI :,s; p(n)EIXIEIYI 

for every X E L (~). Y E L e,"' l and f"or every 
1 1 l 

Our second resul t of this worlc: provldes a central llmU 

for the processes {Y0 ) nZ:l under tljO a1xlng condltions on the sequence 

of variables {Xn} n2ei· As usual we denote weak convergence by -t . 

lHtORD'I 2. Let {X0 } ai<:l be a strlctly statlonary random sequence 

with probablllty generating function ;(t) and EX2 <., . 
l 

a) 

(2. 14) 

Assume { X } is a ,p-mixing and f .,u2[ i) < m . Then Y .. Y 
n ~1 L n 

1 =l 

in C(-1, li where Y is a Gausslan process with mean zero and 

covarlance .. .. 
K(s,t) ;(st)-;(s)~(t) + L rk(s,tJ + L rk(t,s) 

X X 
where rlc(s,t) = COV(s 1,t l+lc) 

t~l k = 1 

k ,1::. O .. 
b) Assume {X0 } is and L ;O) < • . Then Yn ,. Y ín 

1=1 

C(-1, .1] where Y 1s a Gausstan process, 111th aean zero anel 

covarlance (2.14) . 
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Proof. We flrst observe that lf we define the cent.ered sequence 
X 

of Banach space valued rando• varlables z1 (t) e t 1-f(ll ltl ::s 1 and 

= a-(21 , k ::s ::s J). tben e J~ and 1:f {Xn> 1s --•txing (repec-

Uvely f)-mlxlng) then {20 ) ls r11lxlng (respect.tvely r•ixlngl wlth 

lhe dependence coefflclents for the sequenC1!: {Zn) belng no greater 

that the 

Let 

correspondlng ones for (Xn}. 

50 1t) lt r z1 (t) and 3'k(t) = 
l=I 

E(Z (t)Z (t)) 
1 7c+! 

Since the sequence {Z1(t)n~\} is stationary 
n-1 

k 0, 1,2, ... 

(2.15) cr2Ct) = VAR(S ll)) = n3' (t) + 
n n o 2 Í ln-k).Y'k(t) 

k=l 

0n the other hand uslng (2. 12) we have tha.t 
Ili Ili 

(2.16) Í !fk(tl .s 2.'l'o{t) [ ,.1n(k) 
l<=l 1<=1 

and using (2.13) we obtain 

(2.17) 

Then 

(2. 18) 

where 

(2. 19) 

1D "' L !fk(tl s .'1'0 (t1[ ~(k) 
k=I k•l 

as 

Ili 

a-21tl = .'1'01t) + 2L .'l'k(tl 
l<=l 

1 t 1 "' 1 

lt I s 1 . 

ltl 1 . 

The weak convergence of the fln1 te dimensional distri but 1ons of 

Y ( t) = n -l/2S ( t l to those of a Gaussian process foi lows using the 
n n 

Cramer-Wold device and, under asswaption (a), Theor-e11 20.1 in 

B U 11 ngs 1 ey ( 1968 ) , and unde r assumpti on ( b). t he aain t heorem 1 n 

Nakhapetlyan (1981 l. To prove tightness of {Yn ( t H in C(-1, ll we 

shall apply Theorem 12.J ln Bllllngsley,(1968). Uslng (2.12] we have 

1D 

(2.20) E(Y (t)-Y lsl) 2 :s 2E(Z (t)-2 (s)1 2 t' f'1.12(k) s.t E (-1, li n n 1 1 L 
11.~1 

and usl ng 12. 13) 

(2.21) E(Y (t)-Y ls)) 2 :s EIZ (tl-2 (s)) 2 ~(k) 
n n 1 1 L s,lE(-1,1], 

ll•l 
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Next lt ls -lly sbowa lbat 

(2.22) E(Z11l)-Z1(s)) 2 9(t-sJ 2 

where 8 • [ t2t-k < • . 11mn by Tbear.- 12.J la Bllllngsley (1968) 
IL•l 

<YD) ~l ls tlgbt ln C(-1.1] under ---,ptlans •l ar b). Flna.lly by 

8.1 ot Bllllngsley Yn • Y ln Cl-1.lJ. To Clnd the covarlance 

of Y lle ObseMle tJal for n i!: 1 aod s, t E ( -1. t) 

(2.23) 
•-t 

E(Yn(t)Y0 {s)) a r 0 (s,t) + n-1 L (n-klrk(s.t) 
lt•I 
•-l 

+ n-1 [ ln-11:)rk(t,s) 
lt=l 

As ln proving (2. 16) and (2. 11) - can shov that 

(2.24) S,tE(-1.J] - . 
(2.25) Ir11:ls,t} ro(s,t) r,,11:1 s,t E (-1,1] 

li=t 111:•1 

and theref'ore E(Y0 (t)Y0 1s)) ---+ Us,t.) llhere 1s gift!'ll by (2.14) • 
For the salte of' c:oçletness we vri te tbe conchaions of Theorems 

1 and 2 for a sequence of i .ndependeml randoll variables. 

THEORDt 3. Let {Xn1 .,..1 "be a sequl!IlCe or imlependent lnteger 

val ued variables vi th p. g,. f. ,e t} and r:x2 < •· Tben 
l 

b) Yn • Y ln C(-1, 1) where YCtJ 15 a Zll!TO - Cmlsslan pr-ocess 

vith covariance 

(2. 26) ~(s.t) = S,l E [-l.1J . 
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3. EXTEHSIONS Til MULtIVAJUAtt . DISTRIBUTIONS AND STATIONARY 

STOCHASTIC PROCESSES. We start thls section by presentlng 

extensios of Theoreas 1 and 2 to dlscrete dl ,strlbutlons. 

Let .1!. ,. ( X1, ... , Xr) be an r-dl.enslonal dlscr-et'e vector w1th 

probabll 1 ty generat 1 ng functlon 
X X 

(3.ll \\'l(t)=E(t 1 ... tr) !_E{t 1 •... ,tr) 
- 1 r 

and let t1 ='°(x:',- .. ,X~) n "- l be a. sta.tionary lndepeng_ 

ent sequence of rando11 variables with the saiae p. g.f. ;. Denne the 

multlvarla.te emplrlcal proba.b1llty generatlng functlon of the nrst n 

observations as 

(3.2) l t l :s 1 

Let C(l-1,l)r) be the metric space of contlnuous fwx:tlons from 1-1,J)" 

to ft w1 th the nora 

11 lfll l sup r lfC!.11 
!_E[-1,1) 

(3.3) 

~e introduce the following notatíon: for!.,~ e 1-1,l)r !_•~ = (t 1s 1, ... , 

TI!EOREM 4. If the sequence t1 n ;!, 1 1s ergodic 111,t,n-fll 11 O 

a. s. as n m . 

(3.4) 

Then 

(3. 5) 

a.nd 

(3.6) 

Proof. Let Pk _ . . k = P(X1=k1 .••• ,Xr=kr) and 
1 r 

A 

fl ( t) n -

B 

1 ti :s 1 

1 !.1 :s 1 . 



S1nce the sequence "tf1 1s stat lonary and ergodlc 

(3 . 7) a . s. 

Then the proof of the ends qul te analogous to the proof 

1 . • 
TIIEOREK 5 . Let Yn(t) z and < m for 1=1 . ... . r . 

Let ,p(n) and \/J(n) be lhe dependence coeff1cients for {l[1nl=1 given by 

(2. 10) and (2 . lll. 

a) 

(3.8) 

b) 

"' 
lf <rf'} ,.2,:, is and [ <p112 (n) < "' then Y ,. Y ln n 

n = l 

C((-1 , l]r) where Y is a Gaussian random field with zero mean 

and covariance . 

CD Ili 

+ L rk(§.,tl + L rk(L§.l 
k=l k=l 

x1 x1 x1 •• 

where rk(§.,t) = COV(s 1 . . . s r,t 1 . . . t r ) 
1 r 1 r 

"' 
lf <t'> o;!:I is and L ,p(n) < Ili 

n=I 
then Y • Y ln 

D 

C((-1. l]rl where Y is a Gaussian random field with zero mean 

and covariance (3.8) . 

The proof of the theorem is quite analogous to lhe proof of Theorem 2 

using the fact that 

(3 . 9) 

where e(§.,t) = ~x lt 1-s 11 and 
l:S1,sr 

Ili 

92 "' L k2 (Pk(1)+ ... +Pk(r)) < 111 . 
k=O 

Lel us now conslder lhe case of a statlonary stochast1c process . 

Let {X~/~ be a aeasurable strlctly stat\onary nonnegat1ve lnteger 
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X 
valued stochastlc process ànd let .. ( t J ,. E(t 4 ) ltl :s 1 be ttte 

probability generatlng function of X4 . for S O define the eapirlcal 

probab111ty generatlng functlon 

(3. 11) 

and let 

(3. 12) 

Tl:IEOREM 6. 

S X 
, 5 ct) E s-1 f t 4d6 

o 
ltl s 1 

a) If {X6}~ is an ergodlc process 

as S "' 

1D 

bJ lf" the process {X<>l is r•lxing and J t' 1 n(<>ld<> < • tben 
o 

(3.13) 

Y O • Y in C(-1, 11 where Y 1s a Ga.ussian process wlth zero 

mean and covariance 

X X 
COV( t ºt <>) 

1 2 

CD 

+ f r (t , t )d4 A 2 I o 

CD 

e) If the process {X<>}~ is ;-alxing and J ~(A)d4 < m then 
o 

Yn • Y ln C(-1, li where the process Y 1s as 1n (b). 

The proof of the theorem is dane uslng the dev!ce discussed ln 

KolU10gorov ( 1931): f"lrst deduce tbe resul t for tbe stationary randoa 

sequence r .. Y (t) s Y Ctld<> n A 
a 

and use the aeasurabllity condJtion. 
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APPLICATIONS. We ' now aentlon soae appllcatlons to 

statlstlcs. l.et. X1, X2,. . . be a st.rlctly statlonary sequence havlng a 

dlscrete dlstrlbutlon F0 vlth prolBblllty generatlng functlon f(t) 

ltl s 1. The statlstlcs 

JI A 

d • n (fn Ct )-f( t )) 2clt 
D 

can be used to test a goodness of flt for tbe speclíled dlstrlbutlon 

F0 . for exaaple, lf f 0 1s the Polsson dlstrlbution vlth paraaeter A>O 

then 

d= n-1 t [11cx.+Xll) + (2Ã)-1n(l-e.zp(-2Ã)l 
1 st J •l 

D X +l X +l 
2 [ 11-t l I xi !/(A 1 )erp(-A) 

1 =l 

X X +l 
+ r (-l)JXl (X1-1). .. (X1-J+l)/(A 1 )) 

J=O 

ln t.hls case, under the assuapt lon of lndependence and using Theore• 

3, lhe dlstrlbutlon of d has been co11p11ted ln O'Rellly et ai (1988). 
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