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Abstract: ln thls work we give a. version of Hopf Bifurca.tion theorem in infl.nite 
dimension for semi linear evolutioD equations. We show existence and wúqueness of 
a. family o( period.ic solutions a.nd we study its symmetry a.nd SLa.bility properties. 
We do oot assume a.nalyticity nor compa.c:tness of the sem.i-gn>np genera.ted by the 
linear pa.rt; we a.lso a.J.low the para.meter to perturb the unbounded pa.rt. 

Introd uction: 

ln the paper The Hopf Bifurc:a.tion T~eorem in lnfinite Dimensions [li, Crandall 
a.nd Rabinowitz used the Liapunov-Sch.núdt method to study a semi-linea.revo1ntion 
eqnation where the semi group generated is holomorphic. To get their results, they 
introdnced a.n anknown períod p as a new para.meter in tbe eqnaüon a.nd looked for 
solutions having a known period. 

ln this paper we will use tbe sa.me tecb.niqoe for semi-linear nuivtiOA equa.tiall5 
of theform 

d. 
da v(a) = A(r)v(a) + /(,,., 11(6)), 

in a. real Banach space W, where the perturbation appeu &boia the unboUDded 
part A( r) of the equation a.nd the semi gi-oup T( r, t), t O, geaerated by A( r > is 
not oecessarily a.nalytic. We will show the existeoce a.nd unique- of a. bifnrc.a.ting 
family of periodic solutions and we will study i.s simmetry ud scability propenies. 
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The main difference between Crandall a..nd Rabinowi.tz (l] a.nd our wotk, is tba.t, 
we do not bave a.na!yticity a.ssumptions; so we bad an extra work to show the regu-
larity of lhe periodic solutions. This problem was studied by Hale a.nd De Oliveira 
(12] for functional equations. They used Fourier series to prove that every periodic 
solution must be C 1 . 

Our version of Hopf's bifurcation theorem ca.n be applied to hyperbolic systems, 
such as, one dimensional 9.'ave P.quation and tra..nsmíssion line equation (wbich is a 
linearized version of the equations studied by Brayton and Mira.n.ker [13]}. These 
applications will be treated m a subsequent paper. 

Marsden and McCracken [9], devote one section to study Hop('s bifurcation íor 
P DE and present a theorem tbat bolds for pa.rabolic type equat1ons. They assume 
that lhe flow must be smooth in ! and in the parametric µ of the system. for t > O. 
Our hypothesis H A4) is analogue to the hypothesis (8.3) of Marsden and McCracken 
((9) pg. 254), it requires a dicbotomy of the space, sucb taat tbe semi group T(r, t) 
deca.ys to zero e.xponentially in an inva.ria.nt subspace of codimension two. 

It is well k.noWll that tbe asymptotic behavior of a Co selill group T(t), t O, is 
determíned by its spectnun cr(T(t)). For instance, to say that T(t) decays to zero 
exponentially in an inva.riant subspace of finite codimension is tbe same as to say 
tbat the essent.ial spectral radius of T( t) is less than one. For semi groups which 
a.re either compact or ana.lytic. the spectrum of the infmilesimal generator A, cr( A), 
gives ali tbe important informations about a(T(t)) (this ta.kes care of retarded equa-
tions and parabolic systems), but, in general, dnce the continuous spectrum of T(t) 
can.not be determined by the inspection of tbe spectrum of A, to apply our the-
orems, the a.symptotic behavior of each problem bas to be stud.ied in particular. 
For difference equations and neutral F DE that analysis b.as been carried out by D. 
Henry [Jj and for byperbolic systems by Lopes, Neves & Ribeiro (4]. lD botb. works, 
it is shown basically. that the asymptotic behav1or of tbe semi groups generated by 
those equations is determined by tbe spectrum of the corresponding infinitesimal 
generator. 

For reta.rded ínnctional equations and hyperbolic systems it is k.nown that the 
spectrum a(A) of tbe operator A is given by zeros o{ an entire function h(>.) and it 
is also known that for these equaüons, tbe d.imension of the range of tbe spectral 
projection, correspond.ing to a siugle characteristic root Ào, is equal to tbe multi• 
plicity of the spectral point >.o, as a root of the cha.ra.cteristic equation h( A) = O, 
(see Lev)nger [6j and Lin & Neves [51). These results ca.n be nsed to compute the 
dimension of tbe finite invaria.nt subspace on the dichotomy. 

Another importaat question is tbat tbe semi group T(r,t) is continuous in the 
sttong operator topology (that is, (r,t) .... T(r,!)u is continuous for eacb u fixed m 
Banach space). ln general, the spectrum cr(T( r, t)) may present an "explosion" as 
a function of r Tbis implies the asymptotic behavior of T( r, t) is very sensitive to 
perturbations of the pa.rameter. This phenomenon has beea studied for difference 
equations by Hale (10], a.nd it is called pa.rametric unsta.bility, and also for hyperbolic 
systerns by Lopes [8]. These papers give us conditions, under wb.ich, it is poss1ble 
to estimate the -explosion" of the spectrum. 

This paper is divided in two sections. The existence, nniqueness and simmetry 



3 

properties are presented in aection one. Tbe anal.ym of tJae chacacteri&itc ex])011ents 
a.nd linea.r.izeô stability results a.ppear in secl..ion hn>. 

Section 1. The Hopf Bifurcation Theorem 
We will discuss the Hopf Bifurcation tbeo,- ili a 1-1 ~h space W,11 li) 

for semi li.nea.r evohltion equatioo o{ the foDD 

• (1) 

ander the !ollowing .ssumptions on A and /: 

H A) For ea.ch r E (-ro, ro), ro > O: 

1. A(r) is a closed dense.ly de:fined linear operakll" on W, witlt domam .D(A(r)),,, 
D independent on r. 

2. A(r) is strongly continuously cliffereatiabie • D Lha.tis., r ._ A(r)a for• E D 
has a continuons deriva.tive. 

3. A(r) is infinitesimal generator of a. strongly amtinuoas eemi--group {T(r,t): 
t O}. 

4. i) W ea.n be decomposed .in a direct sumo! A{r)-i11Tariaat subspaces, W = 
Xr Efl Yr, with strongly contínuons differentiabJe projections P(r) 0D Y,. along 
X., P(r) : W -. Y., such tha.t 

(2) IIT(r, t)(l - P{r))wll ::;- M exp(--y l)JI(/ - P{r))m!I; M.:?: 1, t.;?: O 

(3) 

7>0, wEW. 

ü) Y,. is a t9'0 (real) dimensional subspac:e and the .m1l:ri.x of the re-
ftriction of A(r) to Yr, with respect to a. suitable basi5 {~{r),~(r)}, 
ia 

[A(r)J =[ a(r) ,8(r)] 
. -P(r) a(r) 

where, a, IJ a.ce continuously ditrerenti&ble., 4(0) = O, .8(0) #- O ud o 
satisfie.s the Hoprs hypothesis: 

H a) a'(O} -1 O. 

The requirements on f in (1) ue tbe following: 
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H f) The function / : ( - r 0 , ro) X W - W is C1-function &11ch tha1 

/(r,0) = O and /.(r,O) = O for 

Before stating the ma.in result, it may be belpful to remind some a( tbe -U 
known properties of A(r), u.nder the hypotheses B A), (see .KreÍn [7]): 

i) A(r)A- 1(.!) is a bounded linear operator on W, cnntinuous i:n r a.nd 
a m the lllUÍOrm operator topology. 

ii) A(r)A- 1(.,) is strongly differentiable in r, with A'(r)A-1(J) bonnded 
and strongly continuous in_ r a.od .s. 

Fnrthermore, as a consequence of Trotter a.pproximation theorem, the sem.i-gronp 
T(r, t) genera.ted by A(r) is also strongly contiouonsly differentiable l1l r on D. 

We will use ío th.is paper Cb(JR., W) to denote the spaA::e of continuons bounded 
functions from JR. mto W with the nsna.l supremum norm. li · llcc and C,..(.JR, W) to 
denote the subspace of Cb(JR., W) of a.ll -wo-periodic functions. 

Our infinite dimensional version of the Hopf bifnr~ion theorem can now be 
stated: 

Tbeorem 1.1 {B1:FUllCATION). Let (H A), (Ho) a.nd (H f) be sa.tisfied. Then 
there are positive real numbers 01 > O, l>i > O, C\ > O and a. continnously ditreren• 
tia.ble {unction 

(p, r, 11): (-01,01) - JR X IR x Cb(JR, W) 

with the follawing properties: 

i) For each a E (-41, a1), v(a) is a strong f;J(~)(l+ p(a))-periodic solution 
of 

d 
dJ v(a) ;: A(r(a))t1(4) + /(r(o), u{a)). 

ii) p(0) = r(0) ;: i(O) = ~(O) = O, v(O) = O, 

v(a) f- O if O< !ai < a1, lp(a)I < c1 a.nd llti(o)II.,., < b1 . 

• iii )° Except for tra.nslations on -', every uio-periodic solution w( .s) of ( 1 ), 
with 

2lf 
l1DO - ,8(0)I < (:1 aad [lui!I.., < b1 

belongs to the family above. 

Proof. We are looking for periodic solutions of the equation (1), but we do not 
linow, at the first sight. the period oí sucb solutions. So. we will introduce a new 
para.metet p rela.tive to the unknown period. If p is near zero and 

tu{t) = v((l + p)t) 



t.be eq uation ( 1) is eq ui va.lent to 

(4) d 
dtw(t) = (1 + p)[A(r)w(t) + J(r, IP{t))] 

And we will see.k non tci vial. P1~J pediod.íe solutiou oí ( 4). 
The equa.tion (4) ean be viewed as a. system . 

(5) 

(6) 

. 
d 
dt [(] - P(r))to) = {l + p)[A(r)(/ - P(r))to + (I - P(r))f(r, 111)] 
d dt (P(r)w) = (1 + p)jA.(r)(P(r)w) + P(r)/(r, 111)]. 

H m(p, r, ·)isa .a%) periodic solotioo o{ this system, we b.a.ve from rquation (5) 
tha.t 

(7) (/ - P(r))w(p, r,t) = T(r, (1 + p)1)zo+ 

+ (1 + p) [ T(r,(1 + p)(t - a))(l - P(r))f(r, w(.p, r,.i).u, 

where 
2T 

(I - P(r))w(p, r, .B(O)) = zo 

t.hen defi.ning 

:to(·, r, ·): (-1,oo) X c.h.. (lll, W) - Xri lrf < 1'o 
.olO) 

by 

(8) zo(P, r, 111{ • )) = 
2,r - 1-/Ji 2'i' = (I - T(r,(l + p) ,B(O))) 1 (1+ p) Jo T(r, (l + p)(,B(O) - .s))(I - P(r)) 

/(r, w(.,))d., 

we eonclude tba.t zo in (7) mmt sa.tisfy 

{9) zo = zo(p, r, w(p, r, • )). 

On the other hand, the equation (6) ca.n be considered as a ~uation in R 2 , 
·laking tbe coord.ínates with respecc lo the basis given in. H A4), tha.t is 

d dtl P(r)w] = (1 + p)[A(r)]f P{r)w) + (1 + p){P(r)/(r,10)), in JR.2, 

where the bra.ckets denote coonlina.tes (or components). 
For technka.l reasons, we wiU work with this equation in tbe íolkiwing e11uiva.lent 

from: 
(10) 

d 
dt[P(r)w] = {A(O)J[P(T)m] + g(p, r, 111) 
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where 
g: (-1,oo) X (-,._.,ro) x W - R 2 

is given by 

(11) g(p,r,ai) = {l + p){[A(r)l[P(r)111] + (P(r)/(,.,.,)1)-[A(O)]IP(r)w]. 

The following properties of g e.ui be ea.sily verined: 

91) g(p,r,0)=0; p>-1, lrl<ro 

.91) g and g., are continuonsly diffenmtia.bles with gw(O,O, O) = O. 

For the sa.l,;e of notations simplicity, we will identify. throughout the paper, 
elements of Y, with their coordina.tes in JR.2 . in such wa.y that the braclrets ca.n be 
elimina.ted. 

From (10) and Fredholm's alterna.tive (see Bale (11], pg. 263), we ha.ve 

(12) Qg(p, r, w(p, r, •))~O 

where Q is the linear projection from C .h.. ( JR, JR'l) onto the subspa.ce of 
,!1(0) 

C (E, JR.2) spanned by t!N! J3(~J periodk solutions of the a.djoint equa.tion 

(13) i = -(A(O)f z = [A(O)}z (' denotes tra.nspose) 

tha.t is, a. two dimensional subspa.ce spanned by 

1/>i(t) = ( cos(.B(O)t) ) 
-sen(P(O)t) 

t/),(t) = ( sen(.8(0)t) ) _ 
cos(.B( O )t) 

Fnrthernore., there is a. unique o%)-periodic solutioo of ( 10), K g(p, r, w(p, r, ·)) such 
tba.t 

QKg(p,r,w(p,r, •))=O 
a.nd K(I -Q) is a. continuous linear opera.tor ta.k.ing C .iir.. ( JR, JR2) into C .JL ( .R, JR.2). 

#(O) ,!1(0) 
Tberefore, except a. tra.nsla.tion on time, there exists a E IR, such tha.t 

P(r)u:(p, r,t) = 114>1(t) + Kg(p,r,a,(p,r,a,(p,r, -)))(t). 

Now, using the equalities (7) and (14), we define the ma.p 

F: R x (-1,oo) X (-ro.ro) X C..u...(R, W) - C..u...(.R, W) 
. jl(O) jl(f) 

by 

(15) F{a,p,r,w)(t) = w(t)-T(r,{1 + p)t)%0(p,r,to)-

- (1 + p) [ T(r,(1 + p)(t- .,))(I- P(r))f(r,w(.,))d-' -

- a~(t)- K(l - Q)g(p,r,w)(t) 
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where :i:o(p, r, w) and g(p, r, w(.s)) are given respecti.idy in (8) a.xid (11). The The:>-
rem 1.1 is a consequence of the following lemmu: 

Lemma 1.\. Let (HA),(Ha) and (R/) be sa.tisfied. Then then- exist coD.Sta.nts 
111 > O, p,. > O, O < r 1 $ r 0 and a unique conlinuous Iunction w(a,p, r) defuied for 
lal < ª11 IP! < Pi and lrl < r1 with values in C J3'f ( .li, W) auch tha.t: 

i\ F(a,p,r,w(a,p,r)) = O. 

• ü) w(O,p, r) ""O a.o.d lll(a,p, r) f' O if a f' O. 

ili) m is continuously differentiable in the ftnt 'llaJ'Í;Ú)~ 11, with 
r;,:• (O, O, O)= tPt( • ). 

Lemma 1.2. Onder lhe bypothese5 of Lemma. 1.1 a.nd~ choosin.g tbe constallts 
a\, pi a.nd r1 sma.ller if necessa.ry, the iu.nction w(a,p, r)(t), given by Lemma. 1.1. is 
continuously di!Terenuable in ali tbe nria.bles. ln particular w(a,p, r,) 1s a. strong 
ii¾,-periodic solutiou of 

(16) 
d dtw == (1 + p){A(r)10 + /(r, m)] - Qg(p,r,w) 

Lemma 1.3: Uoder bypotbeses of Lem.ma. 1.1 anil c:hoc:i&i.ng a1 still smaller if nec-
essary, tbere exist coni.inuously düferentiable ronctiaas p(11) a.n.d r(•l definoo for 
JaJ < 01 such that: 

i) Qg(p(a), r (a ), w(a, p(a), r(a))).= O. 

ü) p(O) = r(O) = ~(O) = ~(O)= O. 

ln pa.rticu..la.r, setlmg 

11(a)(a) = a,(a,p(a), r(a))C + ~•)) 

we ba.ve tba.t 11( a) is the fa.mily of ,o~;} periodic IOlutials satisíying Thl!!Orem 1.1. 

We will finisb tbis section proving the lem.mas a.nd the simmetry properties oí 
the f1.11ctions m, p and T. 

Prooí of Lemma 1.1. S"lllce F is OOJ1ti11uoos, contia-sly diff~tia.ble in tH 
v.ariables 1t, 111 .u1d 

F(0, 0,0,0) = O ud r.co,o,o,o) = 1 

the implicit function theorem implies tbe wstence of eonstants a1, p,. , r1 and a 
íunclim1 w(a,p, r) delinoo for lal < 111, IPI < Jlh lrl < ri, satisfying the conditions i) 



8 

and ili) of the lemma.. We a.lso ha.ve tha.t F(O,p, r,O) = O, then 111(0,r,p) = O followa 
&om the aaiqueness of die simplicil function theorem. Fina.lly, sina 

(17) QP(r)lll(a.,p, r)(t) = a;h(t) 

ia DODZero if G # O, we ha.~ to(a,p, r) :f. O íf a :f. O. 

Proof•oí Lenuna 1.2. Firs.t of all, we will prove tha.t ,o(a, r,p)(t) is contínuously 
differe..'..tia.ble i.n t. We will show that w(a, r,p)(t) can be uniformly a.pproxima.ted in 
the C 1-topology. 

We will nse, for simplicity, tbe nota.tio11.& 

(18) (1- P(r))w(a,p,r) = z(a.,p,r) 
P(r)w(a,p,r) = y(a.,p,r). 

by 

OI course.., il suffices to show that z(a,p, r)(t) is continuously difftt9.tia.bl.e ili t. 
We defiDe 

S.,.,,.,.: C.la...(.R,X,.)- C.2:L(R,X~) 
,0:0) ll!D) 

(19) s_,r(z)(t) = T{r, (1 + p)t):ro(p • r, z + y(a,p, r))+ 

+ (1 + p) l T(r, (1 + p)(t - .,))(1 - P(r))/(r,z(a) + g(a,p,r)(.,))ds 

when! z0(p,r,z + y(ci,p,r)) is given in (8). The opera.tor Sm,;.r is weil defü1ed and, 
moreove:r, it is a. lllllÍOrm coniraction in a. neighbmhood of zero for a, p, r small 
eDQngh. To be clearer, since f sa.tisfies 

/(r,0) = O a.nd /.(r,O) = O 

and y(4,p, r) is continuous with y(O,p, r) = O, we c.a.n choose consta.nts, that - caII 
a«~n G1, Pi, ri, a.nd eo, such tha.t, for lal < a1, IPI < p, jrl < r1 and 11117111 $ 2t:o, 
weha~ 

(20) 

ll(J - P(r))/(r, a,,.)11 $ 4~ 11111111 

li(/ - ;(r))/.(r, 1111) • wll $ J,3 llwll 
lly(a,p, r)II..., $ to 

where M a.nd 7 .u-e the consta.nts given in (2). If B,0 denotes thl!! clORd. ba.ll of 
n.dhu to in C J,r,.. (E, X,), then a. simple romputa.ti011 shows tha.t .,. .. 
.md 
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for z 1 and z 2 in Bq. Therefore :r(a.,p,r) ia ~he uwque fixed polDC of S._ in B .. 
.and z(a,p, r} a.n be a.pproxima.ted by the follaw:ing ncceaift app~atioll 

zo(a.,p,r) = O 
Za+I (11,p, r) = S.,.,(:r.(o,p, r)}; • =0,1,2, ... 

therefore, .:i;,,{a,p, r)(t) is continuous in ali the varia.bles a.nd rontinuously differen-
ciable in t for n == 0.1.2, ... Moreover, since .i,.+a(a~p, r) is a li~) periodic solution 
of the 'inea.rized equation 

io := (I + p)IA(r)v + (J - P{r))/.(r, :i.(a.,p, r) + p(a,p, r)) • 
• (z,.(11,p,r) + v(ci,p,r))J, 

it is easy to see tha.t :i:,.+1(a,p,r) satislies: 

(21) :i: 11+1(11,p, r)(t) = 
= T(r,(l + p)t) ô~ zo(p, r,z,.(a,p, r) + 11(a,p,T))-(i.(ci,p, r) + j(a,p, r)) + 

f-(1 + p) [ T(r, (1 + p)(t- a))(J - P(r))f..,(r,:,.(a,p, r){a) + y(a.,p, r)(a)) • 

·(i,.(a,p,r)(,) + y(a,p,r)(.1))@, 

where :ro(p, r,-w( - )) is given in (8). Therefore if 

a21 K = sup 11(1- P{r)) ,,._,, (r, 111)lli:(X,.L(.X~)), 
trl<"1 uvr 

llwlls>-. 

the mea.n value .iitequaJity implies 

{22) ll(I - P(r))(J .. (r, wi) - /.,{r, tt12)) • 11711 :S KII'°!. - 111211 llwll 
for 10 E W a.cd Ir! < r1, l1w11J :S 2.!:0 , i = 1, 2, then a.sing (20), (21), (22) a.nd some 
elementary co.mpntatians, we can show tha.t 

lli,.+i(a.,p,r)II.,., IJi,.(a,p,r)II«, + i ll;(a,p,r)JI.,.. n = 0,1,2, ... 

thereíore 

aad furthermore, for n = O, 1, •.. _, 

Jt:i:a+1(ci,p,r)(t)- i-a(a,p,r)(t)II :$ 

$ K1fl:r,.(a,p, r) - z,.-1(a,p, r)lloo + lli,.(a,p, r) - :i:a-1(11,p, r)II.., 
where K1 is a oonstant io.:iepeudent of a., p, r and t, 110 .-e ha-.e 

1l:i:a+1(a.,p, r) - :.i:,.(a,p,r)lloo :5 
$ 2""__1 K1llz1(a.,p, r)II.,.. + ! Jl:.i:1(a,p, r)li"" 
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.uid this inequality implies that in(a,p,r)(t) converges, a.s n -+ 00, 11niformly in 
4, p, r a.nd t, if 141 < li\, IPI < P\, lrl < r1 and t O, then :z:(a,p,r)(t) is 
continuously differentiable in t i.nd 

i(a,p, r)(t) = lim i,.(a,p,r)(t). 
n-w 

It remains to prove the differentiabiüty in the variables p and t, and this will be 
done via tb.e we.ll knoWD. Fixed Point theorem depending on parameiers. We li..now 
tha.t w(a,p, r) is fuced pomt oi tbe operator . 

E(a,p,r,w)(t) = w(t)- F(a,p,r,w)(t) 

with F( a, p, r, w) given in ( 15 ). Then aJl we bave to show is that E(a,p, r, w ), for w 
in the fuced p oí nts set 

has continuous deriva.tives m p and r. Let w(t) be in J=, tben w(t} is continu-
ously differentiable, from first pa.rt, a.nd therefore, to get tbe differentiability of 
E(a,p, r, w( • )) in p and r it su.ffices to a.na.lyse tbe expression 

<p(p,r,t) = [ T(r,(l + p)(t - .1))(1 + p)(J- P(r))f(r,w(s))ds 

showing that: 

i) cp(p,r,t) belongs to the doma.in D of A(r), 

il) <p(p, r, t) ha.s continuous deriva.tives in p and r. 

The first one follows from 

111+,11 a 
!p(p,r,t) = T(r,.,)(1- P(r))f(r,w(t - -1 - ))d.1 

o +p 

that implies that rp(p, r, t) is a.Isa continuously d.ifferentiable in t and therefore be-
longs to the domain D. The second conclusion follows WTJtting ,p(p.r,t) in the form 

rp(p,r,t) = 
= l T(r,(l + p)(t - .1))(1 + p)A(r)r 1(r)(I- P(r))/(r,w(s))d., = 

= - [ 1 T(r,(l + p}(I - a)A- 1(r)(I- P(r))f(r,m(.1))ds 

a.nd integrating by parts, to ge\ 

<p(p,r,t) = 
= T(r,(l + p)t)A- 1(r)(J- P(r))/(r,u,{0)) - A- 1(r)(l- P(r))/(r,w(t)) + 
+ l T(r,{1 + p)(I - -'))r 1(r)(J- P(r))/..,(r,w(s))w(s)ds 
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that ie contí11uously differentiable in p and r. 

Proof o( Lemma 1.3. First o{ ali, note that Qg(p,r.w(a,p,r)( )) ia identically 
zero, for a= O, since w(O,p, r) = O a.nd g(p, r,O) = O. Then we define 

(23) R( )-{ ¼Qg(p,r,w(a,p,r)(·)); for a,pO 
a,p, r - Qg,.(p, r, O)~(O,p, r)( · ); for 11 = O 

'a.nd we will use tbe implicit f1111ction theorem in R(a,p, r) = O to get nlliques con-
tinuously differentíables functions p(a) a.nd r(a) deii.ned ín neighborhood oí zero 
a.n.d a.ssuming real va.lues snch that 

a.nd 

R(a,p(a), r(a)) = O 
p(O) :::: r(O) = O 

dr dp 
-(0) = -(O) = O. 
da da 

We have R(0,0,0) = O a.nd 

8 
R(O,p,0) = pQ[A(O))P(O) aa w(O,p,O)( ·) 

8 
R(0,0,r) = Q(IA(r))- [A(O)))P(r) /Ja w(O.O,r)( ·) 

therefore, since fõ 111(0, O, O)= 1/>J( • ), we bave that 

Ri,(0,0,0} = Q[A(O)]t/>i( ·)"" -,8(0)'P'.1( ·) 
d 

~(0,0,0,) = Q dr [A(r)]r:or/>i( ·) 

= a'(O)ef>i( ·) - 8'(0)4>2( • ). 

Consequentely, the Hopf's hypothesis Her) irnp!ies t.hat afP~t (0,0.0) is a.n isomor-
phism and the rema.inder of tbe proof is straight-forward. since !~(O.O, O) = O. 

We will show now some symmetry properties of the bifurcating family of pe-
riodic solutions. ln order to get these properties, we will cha.nge a tJ>-i(t) by 
(a cos ll)<l>1(t) + (asenll)<h(t), li E R, in (15) obta.ining tbe function F, depending 
on li, that is 

F(a,p, r, w, ll)(t) = w(t) - T(r, (1 + p)t):ro(p, r, w)-

- (1 + p) [ T(r, (1 + p)(t - ,))(/ - P(r))f(r, -(.1))1U -

9 
- ar/>i(t- /J(O))- K(J- Q)g(p,r,·w)(t). 

ln the sarne wa.y we d.id before, we get w(a,p,r,D). ln particolu, w(a,p,r) = 
a,(a,p,r,O). Using the function w(a,p,r,ll), we introduce 

R( li) _ { Qg(_p, r, w( a, p, r. li))( ·); for a ,p O 
a,p,r, - Q ( o ~ li() r g,. p,r, )~ w(O,p,r, ) • ; or a= O 
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to obta.io the íunctions p( a, 8) and T{ a, 11) by implicit function theorem. ln pa.rticula.r 
p(a) = p(a,D) ..od r(a) = r(a,O). 

The aymmetry result is the following: 

Theorem l.l. (SThlMETRY). Under lhe hypotheses o{ Theorem 1.1, Tt'e have 

a) . w(a,p, r,8) = ai(-a,p, r,8 + r), 

h) w{a,p,r,8)(t + /J(D)) = w(-a,p,r,8)(t), 

e) p(, a, 8) and r( a, 8) are even fo.nctions of a. 

Proof. We .,.ilJ use the local wúqneoess of the ímplicit íunction theorem to get 
these properties. The first one is a consequence of the trivial equality 

F(a,p,r, w,8) = F(-a,p,r,6, 8 + ,r). 
The it.em b) is dednced from the eqnality 

whose verification we omitted, bnt it cao be done nsing only usual changes of va.ri-
ab}es. 

The last part e) is derive<! from the relation 

1" 
R(a,p, r,8)(t+ .B(O)) = -R(-a,p,r,11)(%) 

that foDows trivially !rom b). 

Section 2. Linearized Stability 
Firsi of all, - a.re going to review the coocepts a.nd some resulta, it may be 

helpfnl to locate the problem. • 
From the fir&t section, we have that 

111(a)(t) = tu(a,p(a),r(a})(t); 

ólft ,%) periodic functions sa.tisfying 

(24) ii,(a)(t) = (1 + p(a)) [A(r(a))tv(a)(t) + J(r(a) , w(a)(t))]. 

Let S(o, t, T), t T, be the evolution operator of the linearized eqnation 

(25) li= (1 + p(a))[A(r(a))u + J,.,(r(a),-,(a)(t))u] 

auch that u(t) = S(;i,t,T)too is the solution of (25) with u(r ) = UI() . The cha.r-
acteristic multipliers of the problem (25) are the nouzero eigenvalues of S(a) = 
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S(a, ~• O). lf k(a) ia snch thai e~<•~ ia characteristic multiplier, ther, •e sa.y 
th.t k( a) is a. cb.aracteristic exponent of (25). Equi v.lently, ~a) is a. chill1licte:riltic 
exponent o( (25) il a.nd ooly if the equatio.a 

(26) • = (1 + p(a)) (A(r(a))a + J.(r(a),111(:a)t)u}- k(a)• 

ha.s a 11~ntrivial Ji~1-periodíc solutíon. 
For.a. = O, 1 is a cha.racteristic muhiplier with mnJtipiicity 2 (k = O ui a. d.ouble 

characteristic exponent) with the oorresponding eígenfunciiollll given, following the 
notations of sect10n l, by 

a.nd 

Moreovet, a simple differentiation of (24) show us that k(a)-= O (or 21r m ~. n = 
O, ±1, ±2, ... ) should rema.in a.s cha.ra.cteristic exponents. for a in a ne1ghborb.ood of 
zero. 

Under our hypotheses, we b.ave the following re;ult of llnea.rized stability (i;ee 
Henry (2], pg. 158): If 1 ís a simple eigenvalue of S(a) a.nd the rem.ainder of the 
apectrnm of S(a) is strictly inside the unit circle, then the orbit {w(a)(t): a $ t :S 
iiroJ} is a.symptotically suble (as a set) witb a.symptotic phase. Furthermore, if the 
spectrum of S(a1 oontains points outside the un.it circle, then the orbit {tu(a)(C) : 
O :S t $ liroj} is u.nstable (as a set). Therefore we will get the stability properties of 
the p~;1 periodic solution 111(a), of (24), if we kn.ow the locaJ.ization of the spectnun 
of S(a), for a f. O dose to :rero. 

From the vvia.tion consla.nts formula we know that 

S(a.,i,O)a, = T(r(a), (1 + p(aJ)t)m + 
(1 + p(a}) [ T(r(a), (1 + p(a))(t - .,))J._(r(a), lll{a)(s))S(a, s,O)wd.s 

eo, the Gronwall's inequal.ity implies tha.t 

is a bounded set of W. Therefo~ since / .. (O, O) = O, we bave tnat 

•here 

11S(a) - T(a)ll.qwJ - O as a-. O 

2a-
S(a) = S(a, /J(O), O) and 

2r 
T(a) = T(r(a),(1 + p(a)) ,B(o/ 

Theref~ for a. s11fficicndy dose to :ie:ro we conclnde tha.t tlie spectrum o{ S(a) is 
contained in a cfocle with radius less than one with e.,c;ception oi two cha.ra.cterislic 
mul.t.ipUen which correspond to small perturba.tion of the double multiplier l when 
• = O. Since, we imow tha.t J.ia) = O rema.ins a.s chan.ctcristic exponent for a 1' O, 
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what we ba.ve to do is to look for a second small characterislic exponen, which we 
will denote by .l-"(a), and co determine the sign of Re /."(a) (that will give us the 
expected stability properties of tb solution w(a)). Wha.t we will rea.lly ha.ve is tba.t 
J:•(a.) is reaJ and the sign of /."(a) is determi.ned by the s1gns of a'(0) and ar'(a),'for 
small a. The re.ult of sta.bility is tbe following: 

Theorem 2.1 (LINEARIZED STABILITY): Under the hypotheses of section 1. 
If ar'(a)a'(O) > O, a f. O, then k"(a) < O a.nd w(a) is asymptotically sta.ble. lf 
a.r'(a.)o:'(0) < O, ai- O, then k"(a) > O aod w(a) is unsta.ble. ' 

To study the chara.cteristic exponent k"(a) we ha.ve to a.na.ly~ the equation (26), 
or more generally 

(27) { 
Íl = (1 + p(a)) (A( r(a))t> + J.(r{o.), w(a)t)"] + h(t) 

v(O) = v(P!OJ) 

where h is a 11%1 -periodic function . Adopting tbe sa.me procedure used in the section 
1 (equation (2i)) to get the i.ntegrated fonn (15), that is, projecting the eqna.tion 
on the inv,uü.nt subspaces X,(al and Y,(a) and solving them sepa.ra.tely as we d.id 
before., we obtain the followíng integrated form Ior the problem (27) 

(28) { F..,(a) • 11 - QP(r(a))t· = L(a)h 
Q[g.,(a) ·li+ P(r(a))hJ = O 

where F..,(a) = F.,(a,p(a),r(a.).w(a)), g(a.) = g(p(a),r(a),w(a)( ·)) etc., a.nd L(a) 
ia a bou.nded linear operator on C .h.. ( Dl, W) gi ven by 

lll•J 

(L(a)h)(t) = 
2'J!' -= T(r(a),(l+ p(o.))t)[J-T(r(a),(l + p(a)),O(O))] 1 • 

rffe.. 2r Ío T(r(a),(1 + p{4))(,8(0) - a))• (J- P(r(a))h(s)d., + 

+ l T(r(a),(l + p(a))(t - .,))(1- P(t(a))/i(.,)d.t + /K(J - Q)J>(r(a))h)(t). 

Therefore k(a) is a cha.racteristic exponent o( (25) iI and only if, the problem 

(29) { F..,(a)u - QP(r(a.))u·= L(a)k(a)u 
Q[g..,(a )u - k(a)P(r(o))u) = O 

has a. non trivial sol a.tion in C ..2,:.. ( JR., W). 
0,:0 ) 

Observe that k(a) = O rema.ias as characteristic exponent. The implicit function 
theorem shows that tbere exists a unique continuons õTo'í-periodic function u"(a), 
for a in neighborbood of zero, such that 

(30) F,.(a)uº(a) - ,h( ·) =O 
uº(0)(t) = iÍ>i_(t) 



therefore, from the fint aectiou, we also baYe tbú 

(31) 

a.nd 
(32) 

n"(a) = ,i,(a) 

Qg,.(a)u"(a) = O 
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that 'is, u"(a) is the eigenfunction correspouding to the ch.aract.eristic exponent 
k(a) = 'l with 
(33) QP(r(a))u"(a) = ~( •) = -/3(0)ih( • ). 

Since, u"(a) is a. .o%i-periodie solution o! 

;, = (l + p(a))(A(r(a))11 + /.(r(a.),m(a))11], 

with the sa.me prooí of Lemma. 1.2, we have tbu u"(a.)(t) is C011tinuously difieren• 
tia.ble. 

We a.lso hue 111(a) continuonsly differentiable with 

QP(O)w'(O) = ~( · ). 

Tben we ca.n state the followi.ng lemma.s, tha.t, in pa.rticnlar, ptoft Tbeorem 2.L 

Lemma. 2.l. Tbere exists a uniqoe continuous fonction ll"(a, k, 11) defined for a, k, 7J 
(real) nea.r zero, with values in C .h...(JR, W) soch that: 

"10) 

i) 11"(0,0,0)=<h(·) 
ü) QP(r(a))v"(a, r, 77) = QP(r(11))w'(11) 
ili) F.,( a)v"(a.,k, '1) - Q P( r( a))UÍ(a) = -L( a)(hr"(a, k, '1) + 1)U"( a)) 
iv) oª(a, /::, '7)(!) is continuously differentia.ble in a.li the "õ.l'iables 

Lemma. 2.2. There exist continnously difierentia.b~ functions ~·(a) a.nd 11"(0) 
defined nea.r a -= O with va.lues in JR, which sa.tisfy: 

i) A:·(o)-= 11·(0) = o 
ü) Qg.,(a)v"(a) = k"(a)QP(r(a))ul(a) + ,,-(a)~(-) where 11°(11) = 
ll"(a, k"(a), 11•( a)). 
ili) If k" (a) -t, O, then k: (a) is a. cha.ncteristic exponent o{ (25) ( tba.t 
·;s, .l;•(o) is the second small cha.racteristic e.-qxmentJ. 

Lemma. 2.3. For k"(o) and 77"(a) given in Lemma. 2.2 - ha.~ tut 

i) llvl(a) - 11"(0)11.,., 5 cjar'(a)I 
ü) lk"(a)+a.r'(a)o'(O)l 5 jar'(a)lo(l), aso - O,in particular,k•(a)Jl.lld 
-ar'(a)a'(O) have the sarne sign.. Furthennore 

iii) lri"(a}+ :~;~li ar'(a.)~ 1 S lar'(a.)lo(l), as a ..... O. 
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Proof of Lemma 2.1. The m.p 

F(a.,k, r,, 11) = F,.(a)a - QP(r(a))w'(a) + L(a)(kv + qu"(a)) 

defined for a., /e, 'I near zero a.nd 1> E c_,.._(B,W) wi.th values in C.h..(.lR,W) il; 
~•> ~•J 

continuous a.nd continuously d.ifferentiable in u, with 
'· 

F(D,0,0,<P-i( ·))=O 

and 
.r9 (0,0,0,4,1( - )) = l 

therefore, the implicit function theorem giYe$ 1>"(a,k, 71) satisfying i), ü) a.nd üi) of 
the lemma. Tbe eontínuous d.ifferentiabWty of ". follows aga.in nsing the same pro-
cedure adopted in Lemma 1.2. 

Proof of Lemma 2.2. The existe.nce of kº(a) and 'l"(a) sa.tisfying i) and ü) is a. 
coosequence of the implicit funcLion theorem, since g,.(O) = O. Now, if /cº(a) ":f O, 
then, usi.ng the Lemma 2.1 a.nd (JO), (32), (33), we obtai.n tha.t 

a.nd 

F.(a)(v"(a.) + ~i:; u"(a)) - (QP(r(a.))w'(a) + ;~:~ 4>1( • )) = 

= -L(a.W(4)(1>"(a.) + i~:i u"(a.)) 

Q[g,.(a)(v"(a) + u"(a))-

-/c"(a.)P(r(a))(ti"(a) + ;:~:~ 1.1º(a.))) = O 

tberefore, from (29), we have k"(a) as a. cha.racteristic exponent with the correspond-
ing eigenfunction 

Proof of Lemma 2.3. From the Jirst section, we ha~ tha.t 117(a.) ia continuonsly 
difíerentiable, a.nd w'(a) is a ~~1-periodic solution of 

where 

i, = (1 + p(a)) (A(r(A))Tl + f.(r(a), 111(a.))t1) + h(A) 

h(o) = p'(p(o) tô(a) + r'(a)(l + p(o))(A'(r(o))u,(a.) + /r(r(a.), a,(a.}) 
1 + ª) 

therefore, (28) implies that 

F.(a)w'(a) - QP(r(a))w'(A) = L(a)h(a.). 



Since tô(a.) = a.u•(a.), we obta.in uillg Lemmu 2.1 .and 2.3, tha.t 

(34) F.(a.)( w'(a.) - 11•(11)) = L(11)[A:•(a.)v•(4) + (1((11) + t:~~))v.(a.)+ 

+r'(11)(l + p(a.))(A'(r(a.))w(a.) + J.(r(a.), v,(a.)))] 

and looki11.g a.t 

A'(r(a.))w(a.) = A'(r(a.))r1(r(a.))A(r(a.))w(a.) 

we can see that 

A'(r(a.))w(a) + /,(r(a.),w(a.)) = llO(l) as a - O 

beca.use A'(r(a.))A- 1 (r(a)) is bounded a.nd strongly continuO'IIS, 

a.u"(a) 
A(r{a))w(a) = 1 + p(a.) - /(r(a), 10(a)) 

and /(r(a.), w(a.)) = ao(l) a.s o - O, therefOTe 

(35) F,.,(a)(w1(a) - 11•(a)) = L(4) [A:9(a)v•(a} + (1r(a)+ a.p'~)) )u•(a)] + 
1 + nª 

+ar'(a.)O(1) a.& a.--+ O. 

On the otber ha.:ad, d.ifferenti.ting the relati«-1 

Qg(a) = Qg(p(a), r(a), v,(a)) = O 

giws 

Qg..,(a)w'(a) = -p'(a)Qg,.(a) - r'(a)Qg,(a) = 
= -a.p'p{(a.)) th( ~· )-· r'(a)(l + p(e1)) dd [A(T)]r-an-(•)ªcf>i( · )-

1 + a r 

- -r'(a)Q((l + p(a)) :_ [P(r)f(r, w)] + 
VT •911(•1 

--..(•) 

+ ({1 + p(a)) (A(r(a))] - [A(0)]) dd [P(r)w] ) 
f' -t"(•J 

--<•) 

tbe11., we b;i.ve 

(36) Qg.,(a)w'(a) = 
-ap'(a) • , , = 1 + p(a.] IP\( · ) - ar (a.)(l + p(a))(a (r(a))cf,1( ·) - /f(r(4))""2( •)) + 

+ar'(a.)o(l) a.& a--+ O. 

17 
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ud th~ott, from Lemma. 2.2., we obta.in 

(37) Qg.(a)(w'(a} - vª(a)) = 
= -kª(a)QP(r(a))w'(a) - ( r((a) + 1 ª:~!))~( · )-

• - ='(a)(l + p(a))(a'(r(a))l/>i( • )- /J'(r(a))4>-J( •)) + 
+ ar'(a)o(l) a ..... O. 

Smce, 
ar'(a)(l + p(a))(a'(r(a))4>i,( • )- P'(r(a)µh( • )) = ar'(a)O(l) 

we ha~, talú11g together (35) and (37), that 

(38) A:·(a)QP(r(a))ut'(a.) + (11•(a) + ap'(a) )~( · )+ 
1 + p(a.) 

+ (F.(a) + Qg..,(a))(w'(a) - v"(a))-

- L(a) [1i.-(a)11"(a) + ( r((a) + 1 ª!'t~)) •·(a)]= ar'(a}O(l). 

To estimate llw'(a) - rr"(a)H00 we observe that d(a) - ii"(a) belongs to 

V.={» E C..b..(Jll., W): QP(r(a))u = O} 
.o(O) 

and C~(Jll., W) is isomorpruc to JR.2 x V., so we ca.n define the linear operator 
"(O) 

by 

K(a): JR2 x V0 - C.lE..(lR, W) 
.o(O) 

K(a)(k, 11, u) = kQP(r(a))w'(a) +ri~(·)+ 
+(F,.,(a)- Qg.,(a))v- L(a)!kv"(a) + f1U 0 (0)] 

a.ud., we ha~, K(O) = I and K(a) continuous. therefore, from (38), there is a positive 
oonsta.nt e such that 

(39) l!:•(a)I + l'1"(a) + 1 ª[~!) 1 + llw'(a)- 11"(a)II.., :$ cjar'(a)[ 

that pTOTI!S che item i) of the lemma, and implies 

k(a)QP(r(a))w'(a) = k(a)~( •) + ar'(a)o(l) 

nd 
Qgw(a)(m'(a) - v"(o.)) = ar'(a)o(l) as a-, O. 

Now, llSing t~ two equalities and ef,,( •) = 61J1 ~1( ·) Íll (37), we obtain 

(1:•(a) + ar'(a)(l + p(a))o'(r(a))"'1(1)+ 

( "(a) ap'(o.) ar'(a)(l + p(a))ff(r(a)))~(t) = 
+ 11 + 1 + p{aJ + P(O) 
= ar'(a)o(l) a.s a - O 



therefore., for t = O, we ha.ve 

jkº(a) + ar'(a)(l + p(a))o'(r(a))I lar'(a)lo(l) 

and 

j,B(O)(,( (a) + /!'~~)) + ar' (a)(l + p(a)),B'(r(a))I jar'(a)lo(l) a.a a-. o 
and finally, 

!k"(a) + ar'(a)o'(O)I jkº (a) + ar1(a)(l + p(a))o'(r(a))I+ 
+lar'(a)I Ja'(O) - (1 + p(a))a'(r(a))I S iar' (a )Jo(l). 

ln the same wa.y, 

1'1º (a) + ap'(a) + ar'(a ) /3,B'((O))I :5 lm-'(a)lo{l) 
l+P1,a) O 

and the proof is completed. 
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M/88 - MdhematicaJ Phyaica of f.he Generalized Monopo)e -.rit.honi St.dn~ 
- W. A. R.odr,,-u J,.., lJ . .,1. Fana-R.o,a, .A. Mou1 Jr. aed E . .Rtt:«mi. 

04/88 - A J'amily oí Quui-Newion Meüsoda wHh DJreel SecuJi Updala 
oi Mabu J'act.ori.aUoJY - J<»l M4ráo Manl•u. 

Ol'li/88 - Rotaüon Numhen oi Diff'ereqüaJ .Eqaa&u. A Framework ia tbe 
Lineu- Cue - L1i;s Su llmía. 

00/88 - A Geomef.rical Theo.ry or non Topologfcal MApetlc Monopol• -
J/#reio Â, J'o.no-Ro-u .nd w.u,,. Â, R-9drift1u Jr. 

Of /88 - Co&mic WaDll lUld A:idAlly Symmetric SigmA Modele - P..tri.eio S. 
L4ltlil.r aad E1''11! Vt.nh,•u. 

08/88 - Verificação do Nível de EnJAce do ProtocoJo X-n - Cllio C. G•i-
marlu Edmuu R .. j,f. !f4Jtif'a. 

OD/88 - A NnmericaJly StabJe Reduced-Gndient Type AJ1Qritbm for Solv• 
iag Large-kld• Lineall7 CoHh••iaed Mi.aimJsat.ion ProWemu - Ht.r• 
1,u111ro Simõu Gomu ud J<u/ l1114no ,Vartfor:s. 

10/88 On Jn,el(J'lll .Bues of Some RlnK of ln&e&UB - Jlclo D. Allu .. 
11/88 - Genenüng lne.nd-Newtoa Me&bod.a UNng Leaat Cbanp Sealá 

Procedurea - Jo1l .Vario Marl{au .. 
U/88 - Poluued Pa.rihion Relaüo.a• of Hiper Djmeas:ion - W.tltr A1e&H• 

ll-re C11raídli and C11,rlo, A1191no Dí Pn•i:o. 
IS/88 - fion• e Pnüea ao PJUlejament.o de hperimuim - .dnMailo JI. 

/•/••• ... 
14/88 - Oa COMCI Twhd Curva - Sul,/. A. CHI•. 
11/88 - a .... a•• l\llldlaa aad J,olrope Hanaaoaie Olclllalor - 8. Cq,1-, fie 
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