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ABSTRACT. We consider polarized partition relations concerning partitions into an infinite

number of pieces and also partitions defined on products of higher dimension. We use an infinite

version of the method of induced coloring which is frequent in Finite Ramsey Theory. Sufficient

conditions on cardinals k’l' R2, ;& Xn, B are given in order to satisfy the polarized partition

relation
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It is shown that the simplest infinite dimensional polarized partition relations fail under the

assumption of the axiom of choice, and that under certain large cardinal hypotesis, there are valid

polarized partition relations defined on the union of all the finite dimensional powers of a
cardinal.
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The systematic study of polarized partition relations was initiaied by Erdds and
Rado in [ER ] Sierpnski had already obtained some results in [Si] Later on, Erdds, Hajnal
and Rado pursued this study 1n another article[EHR | investigating mainly polarized
partition relations defined in products of dimension 2. In this note we will discuss some
cases of partitions of higher dimension using a method inspired in the finite Ramsey
Theory (see [GRS] .

hei’inition: Let k) a8 and & be cardinals. The partition symbol

1 ay 1 K2 Kq
A2 az
-

An Xn—8

means that for every : [3y [ ¥1x hg!kzx = Eal Xn ., &. there are sets Hycly,
Hacdg ... HpCAp, with [Hyl = a; for i=l,._n, and Fes, such that
- (18, Fix(B, F2x. x[H, Fo) «(F)

Proposition (Monotonicity): If 400;, aj¢a’;. K'j<k; for all i, 14i<n, and 86,

then
1y ay Tky ko Ky 1 a’y K1 K'z=-Kg
22 a? 12 a’
i 1 implies | ., [ .
A a8 2 a'a~g"

Proof: Follows immediately from the definition O

It is also easy to shovw that if n<m,

P3| ay ki kp oKy 1 a1 K K Km
A2 az 12 a'z

£ 213 implies | , |- .
Am am=s A a'y

The first infinite case of a multidimentional polarized partition fails, indeed,
el (el
wol 7 lxel
is easily seen to be false by defining F(i j)=0 if i and F(ij)=1 otherwise.
In this paper we ¥ill restrict our attention to the case in vhich Ky=kz=._=Kg=l,

and in this case ve may omit the exponents in the partition symbol.
Ve start by proving a lemma concerning products o!‘d'm;ension two (ie n=2)
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Lemma: Let K2 be infinite cardinals such that 2 « cof). then. for any & < cof),
K K
[5]-151,
Proof: Let EXxA-8 be given . Define an equivalence relation ~ on A by
a~f & Vi F(Ea=F(E.8). The number of equivalencs classes is given by

Kslsx=2%cof). Therefore, there is an equivalence class B of cardinality ).
Define now GX—8 by G(¥)=F(¥.a) for any aeB. Since cof K8, there must be a set

Acx, JAEK, on which G is constant. Clearly, AxB is homogeneous for F. O

This result improves Lemma 4 2 6 of [V ] which only deals with partitions into
TWO pieces.

¥e will now consider polarized pertition relations of higher dimension, the
previous proof is extended 1o this case

Lemma: Suppose Ay, Az, ... A &re infinite cardinals such that cof A+1>2% for
i=12,..n Then
A PYR W |

A2 A2
A ]
for afl f cof Ay.

Proof: The prodf is by induction on n32. For n=2 we have the result by the
previous proposition. '

Suppose the result holds for n=k  andlet FApAx._xys1—8. As before, ve
define an equivalence relation ~ on g+ by

a~f & For all (ay, @y ...axledixdx_xiy, Flay, az .axa)=Flay az
-0y B) ‘

The number of equivalence classes is the cardinatity of APA2%-"30g which
is [2%5] - 2% By our hypothesis. 2% < cof(gs1), and thus there is a class ByChy of
cardinality Ay

Define now GApxdzx. xAg-8 by Glay, ay ..ag)=Flay. az ...ax.a) for any
aecHy.

By the inductive hypothesis, there are Aychy, Bxchy.... and Hychy, with [H; )
for i= 1.2,. X such that G is constant on HyxHpx..xHy.

Then HyxHpx. xHyxHyeq is homogeneous for E.O

Theorem: If K is a strongly inaccessible cardinal,
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Lemma: Let K2 be infinite cardinals such that 2X < cof). then. for any & < cof,
(51151,
Proof: Let ExXx3-5 be given. Define an equivalence relation ~ on A by
a~f & Vi« F(§a)=F(E.8) The number of equivalence classes is given by
Kslsx=2%cof)l Therefore, there is an equivalence class B of cardinality 1.
Define now GK-8 by 6(¥)=F(¥.a) for any aeB Since cof K>8, there must be a set
Acx_ |A}x, on which G is constant. Clearly, AxB is homogeneous for f. O

»

This result improves Lemma 4 2 6 of [V )] whach only deals with partitions into
TWD pieces.

¥e will now consider polarized pertition relations of higher dimension, the
previous proof is extended 1o this case

Lemma: Suppose iy, A2 ... Mg are infinite cardinals such that <:ofli4p2Ai for
1=12,..n Then
A LY B R |

A2 A2

U I I

hn a8
for all S cof Ay

_ Proof: The prodf is by induction on n32. For n=2 we have the result by the
Previous proposition. .

Suppose the result holds for n=k. and let FApAx. ye 18 As before, ve
define an equivalence relation ~ on Ay+ ) by:

a~f &> For all (ay, @y ...ay)edyxdox. xdy, Flay, @z ..aya)=Flay az
-y B8) '

The number of equivalence classes is the cardinatity of Opazx. XAy enicn
is ((1“);6] = 2% By our hypothesis, 2*® < cof (Ag+1). and thus there is a class HyChy of
cardinality Ay

Define now GApadgx. xAg—8 by Glay, ay ..ay) = Flay, @z ...axa) for any
acHy.

By the inductive hypothesis, there are Ayc)y, Bxcdy.... and Hychy, with [H; k)
for i= 1.2, Xk such that G is constant on HyxHyx.. xHy.

Then HyxHyx_ xHyxHyeq is homogeneous for .0

Theorem: If K is a strongly inaccessible cardinal,
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ay
az
i for all @y.a3....ap 8 K &nd pew.

-

we X P

ﬂ‘ﬁ

Proof  Take A« such that @y, a2 ...aad and S«ofi (in fact, we can take A to be
regular)

Put T(8) = (2%)*, and in general, T™*1(5)}=T(T™(s)} for each cardinal &. By the
lemma ve have

by |
Q) 1)
L I
T2 13 T2 1(0)-g
The monotonicity of the partition relation and the inaccessibility of K imply
the desired result. O

Ve would like 1o consider now products of infinite dimension. ¥ith the axiom
of choice, the stmplest infinite dimensional polarized partition relations are faise:
Theorem(AC): For afl k32,

M,

2

Proof: Define an equivalence relation on K® by
f~g & Jm fim=gim (where fim=T{new| nym }).

Pick one element of each equivalence class, and given fek®, denote by { the
chosen element from [f] _ , the classof .

Given fek® jet ng be the least mew such that fim = fim. Define a partition
EX®-2 by

0if ng is even
EO =}y if g is 04

Let (H;]iew } be a coflection of subsets of K such that [H;| 32 for each iew. Ve

will shov that the product I H; 1s not homogeneous for .

Let fell;eH;. The functions f and f coincide from n¢ on: £(k )=f(k) for all king.
Define gell;e,H; bY g{n) = f(n) for nen¢ and g(ny) = some element of Hy, different from

f(ng). Clearly, g~f (and thus f=g), but ng=n¢+1. Thus F{f)=F(g). O

Nevertheiess, some polarized partition relations defined on the union of all
the finite dimensional products of a cardinal K can be interesting.
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First, we state without proof the following technical lemma:

Lemma Given measurable cardinals Ky<K2 and measures jjand y on Ky and
K2 respectively, the filter on Ky xK 2 generated by the sets (oK K ; satisfying

uy{asky| uz({Beks| (a.B)XChH)) =1
is a Ky-complete ultrafilter O

»

Definition: The parttion symbol

]

means that for every function FUpeq K2 2, there are sets Hy, Hy ... Ha. ...
all subsets of K such that for all &1, [H;| = A; and for all n31 F is constant on HyxHopx.. xHy

Theorem: Suppose there is an @-sequence KgKi<.. Kq¢..of measurable
cardinals below a cardinal K, then

i

for any sequence of cardinals Ag: 1y, ... such that A < UpeqKq fOr every iew.

- K 0
a
Proof: ¥e will show [K}_, {:‘}

2

From here the statement of the theorem by picking the appropriate
subsequence of the sequence of measurable cardinals

Let FUneqk® -2, Let y; be a measure on Ky ¥e will construct sets Hq, Hy. ...
with the required properties. For this purpose, veviﬂdeﬁnenwbinforannewmd

i¢n, satisfying “_n‘l cAin!ori(n (new). and for everyn, A‘-nccqand ui(k?)-l
For every iew, the set §; nnbearmedbyli-n.uLf‘

Consider FTKp . One of the sets {a& g | E(a)=0 }or {a«g |F(a)=1 } has measure
one vithmpgctmug.unitlg,mdleﬂobethemtmmoﬂon Ag
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To define A‘l) and A:, notice that for each ach {pex 1| E{a 8>=0} has u1-

measure one or {8 1| F{a 8)=1}has uj-measure one. In the firn case we call a a 0-
poinl.undinthesecondvemvnisn-pomtTheseu.:)kthese«oto—po'mtsorme:et
of 1-points, vhichever has measure one with respect  ug. Let 11 be the appropriate
mm,iz.&éumemoﬁrpomuinl.gmd uo(Aé)-l.

Nov. for ech aeté uy({pexy| F(a.B) =iy P=1, put
Ai- N ) {pexy| F(a B)=iy } Note that since Kg= IA%, | <xy and y1q 1s Ky~compiete,
ae

1t (A})ﬂ.

Ve proceed inductively. Suppose we have defined A; Af, . A: such that F is
k k k .
constent on Ag x Ay x .. x A, and ui(A; =1 for every itk.

Classif'y the k#l—h»laofAéxA?x i xL:inmclames: tuples of rype 0 and
tuples of type | according to which of the sets, {feXy+1] Flag a4, ..., ax . 8)=0}or
{fergs1| Flag ay. ..., ax . B)=1 } has measure one with respect 10 uyeq. Let iys1€{0.1} be
mchthatthe:c'lofmpluopreigqoflg,Lf. n.,A:hammeonevithrapeciw

the measure poeXu1X .. Xuy 0N KK gx _ XKy ¥e thus have: uo({aoﬁAg lm({ageA,kl

ux({atGAtl nx+1{{BKx1Flap ay. . .ax B) =iges P=1P=1 . D=1 D=1l

For each tuple (ag ay. ... ;) € A; x Lf  BOE L-lk (isk), call B?a; ay. . @y

{aje1€ Aik,ll Uit 2({0!4’4»2‘&52' - uxe1 ({BeKya1| Flag . dj @301, .. 0x B

Jiges J=1)) - =1} . And for (ag. ay, .. .ax), Bfa._ ay . an” {pexye1| Flag ay. ...ax.
Bl=ixs1 }
Veput Agd' (a!ﬁk)‘ m(B:)-ll.

Af"- . X

aeAD
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Ahl k
2 * (ao.a.z)
(ao, asz. e Agﬂ e
and in general,

k+1 k
- N et o i) { for 1<k)
(ag ay. ....a;-1 ¢ AO . XAy

finally,
k+1 k

Axar® kel k+lB(a& ay)"
(ag ay. .. ag)eAv

By the completeness property of each y;, for all ick+1, u,-(Aikﬂ 1.

To complete the proof, put, for each iew, Hgm&in. Clearly, for every iewm,
ui(H;) =1 and for everynew, F” HoxHyx . xHq = {in}. O
Ve would like to point out that finite dimensional palerized partitions with

finite parameters on the right hand side of the arrow have finite solutions, that is, if
€1.¢2. ... Cp B are finite cardinals, then there is a finite cardinal k such that

k <1
k <2
EIEE
K o g

As an example, k=5 is a solution for the partition property

HEHE

and some k, 8<k<20 is a solution for

(see, for exampte, [Ca)).
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