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ABSTRACT. We consíder polarized part1t1on relations concerning partit1ons into an infiníte 
number of píeces and also partitions defined on products of higher dimension. We use an infinite 
version of the method of induced coloring which i., frequent in Finitc Ramsey Theory. Sufficient 
conditions on cardinals },_, ~, ... , >-n, /3 are giYen m order to •tisfy the polarized partition 
relation 

Ài 
1,1, ... ,1 

/3 

lt is shown that the sirnplest infinite dimensional polarized partition relationa fail under the 
assumption of the u:iom of choice, and that under certain largc cardinal hypotesis, there are valid 
polarized partition relations defined ou the union of all the finite dimensional powers of a 
cardinal. 
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The S'}'Ste'!me.uc rnJdy of polenze<I pm-tition relatioru 'l'm 111itie.~ed t>y trdõ: e.nd 
Rado m IER l Sterpnski he.<I a1rea<fy ol>t&ned $()me rerul ts tn (Si l Later on, :trdõ:. Bainal 
an<I Rado purn.ied th.is ffl)fyin another e.rtide(DIRl inverne-e.une m&n.ly polsrued 
pm-tition relatioru <iefine<i tn producu of dimennon 2 ln tlu.s note we W1ll <hscuss rome 
cases of pertitloru of luiber dim.ension UStng a method iruptred in the fmtte Rarns,ey 
Jheon- (see !G .R .S D 

Def1D.ition : Let KJ...o.,/, an<J s be cardinal$. Tbe pertition rymbo1 

mearu that for e"fet"T r· IÃ11 11" (Ãz 1t2x ... xf>-.J 11" .. s. there are sets H1cÃ1. 
H2Õ-2, ··- H11 e>..,. 'i'ith lHil z «-i for i:l,....n, an.d ~ - suc.b. tha1 
r (íH1 !'11(H2f2x .. .x.(ftnf11) •{EI 

tben 

Proof: foUo~ immediate1y from the 

It is aJ.so easy to shO'Y that 1f n<m. 

The n.m infinite C8Se of a multidimentiooal polariZe4 pertition faw. indee<l 

is eanl.y seen to be false by defin.ini F(i.j}c() if i<j and F(i,j)=l othen-ise. 

ln th.is peper ff vtl1 restrict our anention to the <:me in Thich kt"kz- ..... kti•l. 
aod in tbis C8SC n may omit tbe exponents in the partition ryml>ol. 

Ve st~ by pro'ffllg a tem.me concerning prodUCU of dimension tvo {i.e . n•2) 



Lea.aa. l.el K) be infirute c:erdinalJ such that -z,. < con. then. for any & < con. 

li J li la. 
Proof Let F :Kxl. be it ven Define an equivalence relauon on ). by 

a.-,B +-+ '91« F(ta.):F{?,,6) The number of equivalence c1- is ii~ by 
!"&Fó••z---<con Therefore there is em equivalen<:e clest B of airdulal.ity '-· 

Define byG(l),=F(ta) for anya.«B Stnce cofk.~. there mUSl be aset 
!CK.. IAl=K. on 'Wtu<:h G is <:On#lant. Cleerly. !~ u homCJieDeous for r o 

This rerult s.m.pro'V'eS Lemma ~2.6 of [V l Yhlcb onlf de8ls 'With l)M"titioru ioto 
tvo pte<:es . 

Ve 'V111 nov<:0ru1der polarized pertilion re1auom ofhte'her dimermon. the 
previous proof is e:r:tended to tlus case 

Leaaa: Suppose >.\, >.2, ..• >..a are mt'mite caninels suc:h that cof '-t•t>zÃi for 
i=12, ... ,n . Then 

rJ[:.:r••J 
,._ ,._ 

for all f;- <:Of>..1. 

Proof The proa! JS bJ inducuon on w2. For ns2 "ft bave the resUl.t by the 
pre'Vious propositton. ' 

Suppose the rerult hol~ fOf" nzk. imd let F:>.1><12x ... As before. "ft 

define an equnalence retauon - on l.11+ 1 by 
a.-f, <=t For ~I (a.1, a.2, .. ,a.t)el.1x:>.2x .. .xl.11 . F(«i, a.2, . a.11.a.) s f(a.1 . a.2, 

... .1111,,6) 
The numl>er of equival.ence classes is the ~t'T (>.1x>.211: •• .xl.11>r,. vhtch 

is f{J.t) .B! • z.\t By our hypotheru. z.\t < cof(l.«+t }. sn<I thUJ there is a <:less Rt<=l.t of 
cm-dtnaltty "t 

Define nov G .11x>.2x ... bJ G(«1. a.2, ..• <111) s f(«1, <12, ... ,<111.11) for Ml"'f 

By the m<luctive hypothem. there are fttd.1, BZC12, ... IID<I Htôk- 'lith IHi~'-i 

for i• 12, ... ,k ruch that G ,s con.nant on B1xH2x ... xH11. 
Then H1>dizx _.xH11xHt+l u homoteneous for I .O 

Theorea: It K is a stronftl' i.nac:<:essible cardinal 



polariud.pactiuoa re!.auoar ot i».pr ~-- •~ epr 191? 

Leaaa; Let IU be m!irute cardinal! ruch Ultll -z,. < con. then. for Mf, < con. 

[~]--{~], 
Proof Let be ~1ven Defui.e an.equivslence relauon ~ on l bf 

a.~f,.,.. '91« F(!,a.}:F(?,,8) The numt>er of eq"Uiva1ence c1sse& is it~ bf 
jK&~K•ZK<con Therefore there u an equi.valenee el~ B or eardmallty l.. 

Defi.ne byG(?),,FQ,a.) for anT a.eB Smce cor K.>4. there 11.un be a set 
io:..1-,lt,«.. on 'i'b.leh G 1' constant. Clearly !lCB IS bomQiene0\S for f a 

Thu: rerutt1.m.proves t..emma ~2..6 of (V)Tblcb onlJ deels Tlth per-tittoru mto 
tvo p1eees. 

'i'e Vl11 nov coos1der polanzed pertition rellltiom of htiber dimeru1on. the 
preV10Uf proof u extended to thl$ eese 

Leaaa. Suppose lt, 12, .. la ere mf'mite CS1inels such that cof >-t+t>r' for 
t"l.Z~--..n Then f J[:.: r •-J 

,._ ,._ .8 

for all J}< cof l 1. 

Proof The prodt' u by t.nducuon on n)Z_ For n•2 ft ha"t"e lhe rerult by lhe 
preV10Uf proposiuon. • 

Suppose the rerult holdr for D•k. and let r :l t ,a. 2X . Xl,:. l À$ before. ft 

defme an eq,Jlvalenee retauon ~ on lt+ 1 t>y 
a~f, For ~I Ca.1, 0.2, .• a.t)el1xlzx . .xl.11, F(«i, a.2, .• «t,a.) • F(a.1 a.2, 

... .a.11,,8) 

Tbe numl>er o! equivalenee ela.ues is the cardulabtTof (l1x>.2x •• .xlk),8. 'i'b.lch 
u flt} ..BI • t1r: By our hypotheru. zA11 < cof(l..+t ), SM thus lhere iJ a class Htcl1 of 
eardt.naltry l t 

Define nov G .l1Xlzx by G(a.1, a.2, ... ,«,> • r<«1, Cl2, ... ,Clt,«> for any 

By the uiductive hypotbem. lbere are ft1<=l1 . Bzc::12, ..• an<S B~k- ,nth IB,li-li 
for i• 1.2, .. .,k ruch that G u constant on B1xB2'( ... xB,. 

Tben B1xBzx __ xft11xBt+1 u h<>IDOieneous fbr I .C 

Theorea: ICK.isaru-ooctl'inac<:emt>lecardmal. 



r}[~:] t<roll ••·••··~J«ood .. 
o.,.~ 

Proof Iake l« ruch tbat a.1 a.2,. .. _4a<1. and ~ctJ!l (in fact ft can tau 1 to be 
reg-ulm-) 

Put T(&) • (,26)•. and in e-eneraL fOr eech C8rdinal .s. Br tbe 
lem..ma~~aff 

[ ). J [ l J T(1) T(Ã) 

ra-~<1 ra\,. 
The monotODJCJfT af tbe partition relation aod tbe maccessib1l1ty of K implf 

the destre<l reruJ.t a 

Ve vou!<! li.ke to conn<!er nov products of inftnite dlmension. Vítb tbe axtom 
of cboioe. the nmplest mfmite <hmenn.onal po1arized pertilion relatioas are talse: 

Proo(. Define an equivalenoe relation on K• bf 
f-g :in Um"iim (vbere Um= ft{nE<lll nnn}). 

Plck one element of each equivalence class. and gi~n fet::"'. denote by f the 
chClffltl element from [fj_ , the dess of r. 

(;jnm fet::W. let Df be tbe leen m~ nich tbat t~. ria. Define a partitJon 
by 

(f) /0 lf Of lS e'Ve!l 
F • )1 tf nt is od<I 

Let {H,I iEúl} be II collection of rut>sets ofK such that IHil f01" each tE(I) Ve 
Yill shov that the produc1 IliaoH, is not bomogeneous for r 

Let f&.Il 14,coll,. Tbe tunctions r snd f coinade from nt on: t(k)=f'(k) for a1l kni1 
Define reilt~i by g(n) • f(n) for n-nt and e-(ni) • JOme element of Hllf di.fferent from 
r<n1) Oearty, ,-r (an<I tbw f~i>. l>ut 11t•nrt-l . Thw r<r>-F(c) . a 

iievertheiess. some po1arized pertition relatiotu define<! on lhe union of all 
the firu'8 dimennonel p,ro<tucts of a <:ardinal K can t>e intenwtine. 
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Fi.N\ ve it8le vithOIJI proof the 1'll1.IO~i technie:al l.emma. 

Lemaa Gi-ven measura.t>l~ cerdinals K.1< K.2 emd metlfl.r'ef .u11Wd 112 on K.1 aod 
K.2 respeeti-velT, lhe filter cm Kt>«2 g-enerated bythe seu Cc:Kp«a satuf?in& 

.Lll ((a.Ef(d 112({t!EK2I (a..,B)eC})}) •l 
is a Kt ~mplete :.úu-af1Her O 

I>eíin.ition Tbe pertition ryml>ol 

[~]=~~] 
2 

means the.t for ever;r t'Un<:tion ru_ Kª there are ,eu H1, H;i. ... , lia . ... 
ali rul>seu of K ruch that for all iH, )B1I • l.;, and for all 0)1 r iS constant ao H1xHp: .. xRt,_ 

Theorea . Suppose there u an o-sequell(e Ko«t( ... «.< ... of' mearurat>le 
au-dinlW belOT a cm-dinlll IC,. thcn 

[~J:"f;:l 
2 

for miy sequan<:e of cardinais l(I;' l.1 • .. sucb thllt li< uECIMl for every íem. 

P,oof Vn1ll,h~ m=ff l 
2 

rrom here lhe ~atement of tbe theorem by ~cl.íni the e:ppropnate 
rubsequence of the iequen<:e of memural>le cm-din8ls 

Let r °'U-,K" Let JJi be A m.essure on '4 Ve "ll'lll eomtruct ft:U H o. H 1 .... • 

víth the required properoe: . for thú ptll"p0$e. ve vílJ deftne ft!U 61 n. for sll nE<ll and 

. . n+l n . n n 
i(n. satw),ng '-i e °"i for "n (nEQJ) aod !or n. 4i e te.. tmd ,u.1 (A1 r--1 

fl for e-very IEQ'I, tbe R!t Bi "ll'lll be defmed l>'T Bt • ri....:;: . 

Cons:ider rtKo . One of tbe seu fa«.o I }or- {««o I } bes memure 

one vith to uo . Ce1I it 4 and let i.o be tbe c:onsum.t Vll.lue of F on 



' 
To ôeflne and i.\, notice that for each a&~ (~11 r(o..,8}-0} hai 1,.u-

m.earure one or \,8EK.1I F(a..,6H} has u1-meisrure ona. ln the ftnt case Te ca11 a a 0-

poun. 11nd 1n the sea:ind ire it is e. 1 -p01.0t. Tbe set is the or 0-pointt or the ;et 

or 1-pomu. vbichever heis measure one Yith respect to uo. Let 11 l>e the sppropnate 

Talue. 1.e . ;.:, is lhe iet of 111)0Ults m imd .uo(~)-1 

Rov. for ~h o.d.~ .Lll ({,8EK1I F(a..,6) .si1 }),,1. put 

Á;• n 1 {~d F(a..ftrid llote that .rince "-o .. 1 <11:.1 an<1 Ul 1,U'..1-complete. 
aeJ.õ 

1 
1,11 (A 1H. 

W e procee<i mductively. Sup,pose ft h«ve deri.ned ~- ;.f_ . _ . J.~ ruch that f IS 

k k k k . 
comtant J.õ x ;.1 x .. x Ai 11nd .ui(Ai )=1 for~ 1(k. 

Clemfr the k+ 1-tuples of x 1.t x _ x in two cl~: tuples of type O Mld 

tuples of cype I acc:ording to vhich ar the sett. l.6EKt+1I r(a0, a,, ... . a.11. M=O }or 
{flEt'-t+II F(a.0, a.1 . .. . , a.1:. ,8)=1} has me.mure one Yith respect to _in.1 . Let tt+1e{O.I} be 

ruch that the ~, of tuplei oftype i.t+t ar~- ;.f. _, hm memure one Ttth respect to 

1c k 
the mearure uoxu1x ·- 1u1: on Koi«,1x - >«.1: . Ve th~ ~ : uo({a.od,õ l .u1({a.1EA1) ... 

u1:({ «t6 A!I JJt+ 1 ({,6eli:.1:+1 IF(a.0, G'l\ , -· .a.1:, ,8} = i1rH )),,1 }>-1 .. }),,1. 

k k k . k 
for each tuple (a.e. 0.1 .... P-;.} e Á(Í x J.1 x ... x á.i (10.:). ee11 B(a.0, a., . .... a.i)• 

k k 
l"-1+1 ll Ai+! 1 J.li+ 2({ d.i+i"iÀ1+21 -- Utr+t ({,6Et<.1:+tl t(Clg,. - , 4 . .... a.1:, ,8 

l-it+t }>-t }) ... })sl} . &n<l for (a.o. a.1 , ... ..a1:}. ata.-. «1, _ ,,a1:)= F(Clo., «1 . ... At. 

,8)=i1:+\ }. 
k+t k k 

Veput"'õ •{«Eí.ol1-11(Barlt 

lc+l _k 
41 • '1+ t 1'a-

o:d,(i 



A k:•I. (\ Bt. 
2 k+l .k+l (a0,a2) . 

(dO, c:t,,_>. "'o XÂ2 

and in e-enerat 

Ât•I. n Bk( ) (for10:) 
7 k+l k+I ao. ··· ,"-i•l 

• (ao. a1, ···•ªi·l)e "õ x .. xAi-1 

finally. 

.t+1 
.8-,the compte,eness propet't"Yof each Ui, for a11 i0:+1, lli(~ >=t. 

To complete the proot put for 1!8Ch iEQI, H;.~l.;n· Cle811'f, nr eTef'YiEol, 

J.li(H,) •l an<I for ~n4!0>. f" HoxB1x ... x ª" • fi.J. 0 

'li'e ~d 1ike to point oUI that fi.nite dimennaoal polerized partitiom 'lrith 
fi.nite permneTen on the rigbt hand .side of the arrov hine !"mite solutioru, that is, if 
c1 , c2, ··- e.~ m-e fi.rute cardinais. then there is a fi.rute cardinal 1c ruch that 

1:: 

.às a:n erample. k:S is a rolution for the penition psupertr 

ao<! some k, 8Q:'20 u a solution for 
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