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ABSTRACT: ln this papcr ·;. e prcsent a lhcory of the gcnc:ra.lized magnetic monopole 
without string. which is dis1inct from Dirac"s original theory and also dístinct from lhe 
topological lheory of thc monopolc. Our thcory is fint fonnnlatcd in thc Oifford 
bundle fonnalism; and i.n thc particular case of eJcctrodynamics wc deducc fr :n 
Maxwell equations lhe gencralized Lorcntz force anel thc cquations o{ morion o( charges 
and monopolcs. Wc discus.s thc C011scrvation lav,s and thc problcm of thc Lagrangian 
fonnalism. Wc obtain Dir.ic quam:ization conditíon in two diffaan Wll)'S. 

Fmally, wc pn:__c;cnt a priocipal fibtt boncDc formubtion of our thcory using the spliced-
borJlc concept with gaugc group GxG. whcre G is tbc pugc groap of thc thcory 
witboot monopoles.. 

1.INTRODUCTION 

ln this paper wc prcsenr thc thcory o( lhe magnetic monopolc without string. By this wc 
mcan that in our thcocy the clcctromagnetic ficld geuaatcd by charges and monopoles is 
described by a gcneralized potcntial wbich is thc sum (tn thc Oifford bundlc) of a 1-
form anda 3-fonn ficld, whicb are singular only • the Jocarion of thc charges and 
monopolcs. 
Our approach contruts with thc one by Dirac wbcrc an unphysical singularity callcd 
string (wbere tbc potentw is singular) is introdua:d in arder 10 bc possible to dcscnoe 
thc clectromagnctic field aC charges and monopo1es diroogh a singlc potcntial whicb is a 
1-form ficld (scc §3). 
A1so it is W01'th-whilc ., compaae .,.. lhcory, whae no chance in rhc eopology oC 
space-timc occurs. 'llrith the l0pOlogjcal monopolc dlcory íannulated as a principal fibc:r 
lhcory with group U(l). lndccd. ia such a tbcuy tbc monopole appean as a hole in 
space-time wluch has lbcn lhe ooa amai aopology R2xS2. AJÍ this is described in 
§2,§3 and §4. 

C-) Wcrt donc with patial support from: FAPESP, 0a"q, FAP, mM-BRASJL-1 OJR-ITAUA 
O) 0n 1c:a,oe an amence from 1MECC. UNJCAMP 



ln our approach 10 thc monopolc problem using thc OüTord bundlc fonnalism (§5). ,i,e 
are able 10 deduce from Maxwell equatioos thc conscrvari011 laws and thc con-ect 
coupling of clectric a.nd magnetic panides to lhe clecmnnacneàc field. Wc are: 
consequenlly ablc 10 dcri'1C lhe motion equ.aúon:s for- electric and magnetic panicles. ln 
§4 we discuss also Dirac'~ quantizalion condiãoo using two diff=nt mahods_ ln §6 
wc cfurass the problem of thc Lagrangian formalism wben monopolcs are presem. 
Although thc Oiffon:I bundle fonnalism secms 10 be a perf ect malhffllarical design Ítlf' 
thc generali~ elcctrodynanrics wilh monopoles W'ilhoot strings it is insufficient for 
introducing analogous monopoles for non abelian gaugc: theories- We then, produce in 
f7 a monopolc theory without string in normal way_ lndecd. we are able, to associatc 
v.ith lhe nvo potentials of thc theory of §5 a c-onnection ín an appropruue spliccd 
bundlc. ln this way wc obtain thc geomettizaãon of the 1hcory as a principal fiber 
bundlc with gauge group GxG and then nsc thc full appar.nns of thesc thcories to obtain 
lhe fidd equation, etc. 

ln §8 wc prcsent our conclusions. 
Toe papcrconta.in Appendices A.B,C. 1hal intmducc respecrively thc Oiffon:I bandle 
formalism and tbe ncccssary ingndiems falhe. fmmnlarioo of lhe: a:hcory of §7 as a 

fiber hlmdlc lhcory. 

2.sTA1''DARD ELECTRODYNA~ncs IN INSTRL~SIC FORM 

Let (M,h,V) be a Loram:ian manifoJdlll, and Ic and f respcctively a 1-form and 1. 2-

form fields O\ICf l'.flie.. Jc and F are scctions of lhe Hodgc Bundlc (see Appendix 

A)J. Thc MaxwcD cquarions in me 5PllCC an: 
dF = O, ôF =-Jc (1) 

whc:n: d is lhe eXtoior dcrivative (difT=tiaI) and li is the Hodge codiffacntial (sec 
Appeodix A for dctails). Let xP. • J.t == 0.1,2,3, be a chart for Udd. Lec 
(OO=odxº,81,82,83) be ao crthononnal sysran in 'f'tU. Thcn, foc XE U WC hne 

dle idtnrif">eations f'b=='rl,w 9'1 ®SEIV; 11tN = diag ,(+l .-1.-1.-1 )]: 

[ 

o E1 
I½ E,] 

·E1 o -~ B2 ; 
FJIV = (Je)p. = (pe,·1ei,-11:7.-IC3) (2) 

-1½ B3 o -B1 

-1½ -1½ B1 o 

2 



whcft; "t ;:;(Ei.El,Ei) is lhe doaric field. T! »(B1.B1,B3) is lhe magncuc fidé and 

Pc and .)e re:specrivcly charge and ~úcs. Whc9 spzic.-ámc is fia:.. 
rhen lhac aist cbans valJd for aD M whae and ia 11m e.a 
eqs..{l) are equivaler. . 1D 

(a} 

(J) 

v:rJ "'o (b) 

whc.n: dF=O is equivalent lD the bomogencom eqvaóom (3b) and 6F =-Je is 

e.qmvalent 10 the inhomogencoos cquations (3a). 
To complete thc fommbtion oí cl.as:sicaJ eJ~ it is oc:c:eua1 1D U.O,.. dlc 
ooopling betwecn lhe clc:cmc cum:nn aod thc fickk. 
This is done afrcr wc inmxlucc thc cooccpt. of a charged panic1e as a trip1e (me. e. l'). 
wbac mc>0 is said to bc lhe mass of tbe panidc. ee R is sa:íd ., bc tbc oL mr 
particlc: md ; R is a foturC-poiming time-like C'IJrl!CÍl). Wc -,.. inbodm:e 
tbe;, 

LORENTZ POSTULA TE: Toe cquatiou oí motion of cb:argal panides is giw:n bf 
lhe cquation 

du e F a? =m <P,-> (4) 

where p=my.. is th.;. IDIJIJJOltwn, sd is 1hc propcr-tíme. .,. is lhe ...:Jocily arme 
elc:aricpaniclc. F=FJlydx~ and cF(pJ iscalled lhc l.acnz-fon:e.. 

3.STANDARD ELECTRODYNA.,nCS AS A. PRINCIPAL FIBE'R 
BUNDLE mEORY 

Thc model of elcctrodynamics as a PFB- ís a rono-s M.Let (M.h. V) bc a Lmcaui:m 
manifold and lct bc a PFB with gn,ap U(l)c{cil,9eR} and wim Ue ,. . 
aJgcbra U(l)=(<ri.o.eRJ. 

A 
Let m be a connection 1-form OYa P. te_. meAl(P, U(])). an:l let 
bc a local seaion.. Toe puDback of <0 is lhe clearom:ignctic porenria1. and wc ..mte 

4D1J = au co = -iAu (.5) 

C-) Sec Appcnáa B fo.- dctails.. 



Toe c:lecbumagnctic fidd (0- =d<o) Tdaôvc 10 is 

illv ""Fu= d.A.u (6) 

Jf ov:V-+P is another local se=tion, lhen from lhe f3CI dw U(l) is abclwl wc bzve 

f:sa: eq. (B 18)) tha1 fu=Fv. Ir íollows that the cur.ra~ ofthe CXlODClCÓoll is in mis 
case a 2-fom:i which is wcll deímed in lhe base manifold M; ío othc:r words. lhe 
elcctranagnáic ficld is gauge imrariant. 
Then, fwng UcM, if AeAl(U.R} is the pote.Dti.al <'">, the field is F=dA •ith 
A=<Apdxll, anel FJl'o~A,J- From Bianch.i idc:otity it follows th3S 

dF =O (bomogeoeous ~Il cquations) O) 

As Jbcn: :are no mtSOnS for 6F 10 bc 11f1.ll ,we pi!: 

6F,,,-Je fmhomogolCIOUS Maxwdl CQUlllb(mS) 

wbcre.Je is the am-ent OIIMmJl here introdua:d in a pmcly-~ 
way. Eqs (1) are thc Maxwc:Il cquaticms im:roouccd io §1 [c:qs(l)}. 

4.THE MONOPOLE 

(T) 

Wc put a qoestion: How can wc modify Maxwell eq_uations in arder to describc 
also magnetic monopoles. 1n arder ro unde.rstand lhe problems associated wilh lhe 
Cltistmcc of lhe monopole we consida hae (M.h. V) as bdng a Mink0'11-ski spa~-time. 
lkn. is a global coordimue S)"SICD (xll) in M whcre Maxwcll equations have the 
fom, of eqs (3). Tbe natural gucss for intmduc:ing monopoles is ro gem:Dlizc 
pheaumenolop:ally cqs (3) imo 

V. J! = Pc 1t a'lt _. 
Vx =~ Jc (a) 

(1) 

V.TI• Pm 1t alf --Vx = T+ J m (b) 

Tbc rnagnctic particles (mc:w,opoles} are modeJJed as Jriplcs (mg,g.a} whelc 
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mz ER• is üic mass or thc monopole. gE R is m magnetic charge and cr: is a 
futurc-pc:rinting rime like curve. Toe Lorernz fm:c in thisc:asc is posmlau:d 1D be 

wbcrc Tis lhe Lorentz faaor. 
Thc intrinsic formulation of eqs (8) in thc Rod~ buudlc n:ad 

(a) 
(b) 

(9) 

(lO) 

_wbcx lc- alrc:ady introduet:d (eq. (2)). is thc pliDrommological dcctric ewrcnt l-f0m1 
and 1111:::(p.,-jm) is thc pM-nomenologiaz/ Jll3gnetic ~r 1-fmm. 
Bcfc.-e go on. it is necena:ry to cmphasize dm cqs (8) are invamnl Dllder the 
transf onnatioos 

lt ~' cose + lt·sine 
-lt• SiD8 + lf•c:ose 

J: J: • cose + fr:'sin8 
Pe' cos8 + Pm 'sin8 

f.! -J:' sin8 + s:·cos8 
-Pc' sin8 + Pm'cos8 

(11) 

As a consequencc of this faa, we see that if the ratio c/g d ali particlcs in nalllTe is a 
universal constam, ie, Je=lclm, k a coostant, thm i1 is a aJways possiblc to choose an 
angJe in eq (11) such lhat eqs (8) transforro into eqs (3), i.c., lhe usual Maxwell 
equations. ln lhat case lhe label electric charge ex magJlCtic would be arbitrary. ln 
what foll<>W$ v,,c supposc that I~ Um-
Jt is a wcil lcnown faa that the mstence m a Larronfia,1 f onnalinn for the 
electrodynamícs oi charged d~ctric panü:la ff!StS on tbc fact that wc c:an write 
F=dA , for an M, sincc in this case lhe canonical momentmn of a gi"Yffl cbarged 
e1cdric parrlclc e is 

02) 

w~ 1\1 is lhe kineuc; uJ01,1C1:dllm and 
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(13) 

Now, a magnetk monopole g at lhe origin ofthe cuordina1c sysri:m (xll) in M creares 

a .magnctic field sarisfying V-lf = gó(i\ 

lf lhe magnetic field is dcfined globally by a potential A. singular ooly at thc: origin 

7 =O, i.e~ F=dA. (or 1! =Vx~). thCII the magne:tic flux throogh any doscd surfacc 
S oontafoing g must vanish. Jndcc:d, cJS=O and by S1akes theorem 'WC havc 

isF=fasA=O or 

JS E.d~ = JS (Vx"X)..d~ 

(14) 

where ris any d05ed in S . Toe moraJ of cq (14) is the foTI~ing: If the ficld of 
a magneóc monopolc is IO be described by a si11gle pmrnrial A lhen at l=t onc 
assmnption nsed to deducc c:q (}4) must fail to hold. We have at least three possfble 
solutions for the fotmalation of the monopole theorr. 

THE DIRAC STRP\'G: A way 01It of this dil~ was fonnd by Diracf2l.Imagine 
an inf"mitely thin solenoid ex~ng fonn _, to the origin in the x3-axis of the {xll} 

coardinate .sy.stem.. Its fidd 1f sol satisfies V-15 sol =O and is given by 

Jt sol = 4!r3 f + g8(-z)Ô(x)Ô(y)C (15) 

whc:R is thc unitary vecttr in the x3 dirciction and 9(ç) is the Heaviside functian. This 

magnetic field diffcn from tbe ficld of the mooopole Jt = g 7 /4m3 

onJy by lhe contribmion g8(-z}6(it~}l'. due fD tbe solenoid. Writing H ...r=VxA , 
wehave 

(16) 

Tbe Jine occupied by lhe solaioid is cal'lcd the Dirac.string. Wc e~ solve eq (16) for 

X obtaining 



'X(1') =L. J - cose (p 
4it:r sin8 

(17) 

-a·herc 4, is Lhe unirary veeu>r in thc ~Mction of t!ie spherical coordinatc systc::m in 
R3. Eq.(17) shc:7ws Ya)' dcarly 1hc singularity ín lhe negative z-uis (8-=Jt). Using 

this ~miai ínvafid,ues the ~ucnoo ol eq (14). 
lt is fundamental to observe tha1 lhe fine OCCllpicd by the String can be chani,;:d into 
anothcr arbiÍrary tine in R3 swting a, lhe origin. by a gauge transformation 
A~A-.L VQ wberc !l: Rl~R is a diff=tiablc function. 

4-. 

This faa shows that lhe Dirac srring is a non physical object. Dirac in 1931 t2l and thcn 
ín 194.8f3l devclopal, using the po1cntial givcn by eq (17) 1 Lagr.mgian lhcury for the 
morioo of a charg~ r-3l'ticlc in lhe ficld of a monopolc. ln particular in 1931 srudying 
the quantum vcrsioo of lhe lhcory bc found thc ramous quantizarion condition<•l 

(18) 

We v.ill obtain this condition in our theory (§5) nsing a proc:cdurc differcnt from the onc 
Dse4 byDirac.. 
To cnd. Y.'C tnust observe that in ilie case oC thc quantum fonnulation of thc motioo of 
charges and monopoles v.ith su-ing are non-lrivfal problemas which have not been 
solved in a Slltisúctory way (4,5}. 

THE TOPOLOGICAL :\IOXOPOLE: We saw in §3 that, interpTeting tbc 
clectromagnetic connection as a I-form ddi.ned globa!ly over a principal U(l) bundlc 
ovcr ?,..{. provides an altcmativc description for the clcctJ"OOynanrics of charged 
panides. ln this case cqs (3) hold good instead of eqs (10) and we meet the question: 
Can Maxwell cquatians [eqs (3) J accomodare thc existence ofmagnetic monopoles?f7l 
Tbe answer is yes : ali wc nC"ed is a siruation when: does not uist a global defined 
potcntial StJCb that F=dA. This happens ifthe PFB ,1t:P-+~i with group U(l) is non 
bivial. sincc lhe e.ústencc of a global scction (gauge) au would provide a way 10 define 
lhe potential iA=<JÚ CD globalJy ovcr spacc-time M . As ali fibrc bundle ovcr a 
contracnole paracompal base space an: trivializablef71, we must choose as base of our 
PFB a nonccmtTocnõ/e space-timc. Tirls can be done by dclcting che world tine of the 
magnetic monopole from Minkowst.i space. We choosc thcn M=R4 - (pole world-
line} 
ln lhis theory the magnetic mooopole is then of topological origin: it is a hole in 
Minl.owski spacc-timc! 

{~} ln gcncnl - use anirs such dQl 1):. 1 
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Since M=R2xS~ and Rl is contraen1>le, lhe classifiatioll of lhc PFB's JCP~M with 
group U(l) rcdo~s 1D the classification of the PFB"s :1t:P-+Sl ..-itb grogp U(l). 
Thcdassification is givc:n by thc fim group of bomotopy 1t1(U(l))=x1(S1)==Z. Thc 
integer n. corcsponding ao lhe clcmenc of x1(S1), is obtaincd by c:alcuwing thefirst 
ChUJI class oí P, c1(P)E H2{S2,R) over- s2 

[ scc :Milnor-Stasbc:ffl61). Qoanriry C]{P) is givcn by 
o 

C1 (P) = - 2'ti (19) 

n is lhe emvatmc of thc clectromagnetic fidd. The nmnbcr 

(20) 

is an imegcr called lhe first Oiern-number and it classifies aJ1 nonequiva.lent PFB 
with fiber S1 and then i1 also classifi~ aJl soluóons of 1\-mwen eqwiôon in 

R3-{0} ::S2. T.nis inreger n is called lhe mngneric charge of t'ie mcmopolc. 
Let then. S2 bc descn"berl by rwol:Ípen ser.s H+ and H.. a., d le\ OS8~ ; ~x 
be the coordiruues of R+ and H... 

Lc:t U(l) S1 bc descn1>c.d by thc coordmates efll',~ 
H+r'8. is a thin band around the equator parametrized by "I'. 11ic PFBit:P-+S1 
with group U(l) is then deocnuposable inro two local trivializaóons. 

ff+x U(J), coordínatc:s (8,q,,ei''I'+) 

H_ x U(l ), coordínates (8,cp,ei'I'" _) 

Tiie transition functions gH+R· :H+ ri H. U(l) are functions of and thcreforc are 
dcmcnts of U(]). We lhen relate H+ with H. by 

(21) 

For the rcsnlting srrucrurc to be a manifold, n mast bc an integer. 1lús mcans that thc 
fibcrs- IIJ(fst be indentified wbcn we compJere a rum around the equator. This .is 
csscntia.lly the topological vc:rsícn ofDirac quantizaóon condition f7l. 
When n=O, we ha~ a b'ivial PFB;P(n""Ü)=S2xS1. When n=l we havc 1be famoas 
Hopf fibratioo of S3 ,P(n:=l)=S3 , whicb desctões a monopole with charge n=J. For 
a gcncraJ ne Z we a PFB conesponding 10 a monopolc with charge n . As we 
aln:ady said II co.,espo,Jds 10 lhe fim Oiem class and is gm:n byeq (20). Let us do thc 
cxplicit calculations. Considc:r tbcn a conocction m dcfincd globally over lhe PFB 

whith group U(l) such that lhe "pull-baclcs" for two local trivíalu:ations 
HtaJC 



(22) 

The choice ofthe mmsirion fn1JC:tion e"' +=l:i-+ cm..-_ [cq.(19)] implícs tbe puge 
transíonnaJion ~=A..+.!... d~. 

2111: 

Theporenrials thatsatisfy MaxweDeqoations [V,lf=O] in S2:R3-{0) andarc 
regular in H+ and I-l an: giVCTI by 

A~ = 4nw (cose - 1) d' = .E._ xdv -vdJ1. 
... ,., 4:11: z ± r (23) 

Toe dcciromagnetic field on R+vI-l ís given b)· 

F = d~ = :11: sin 8 d8 A d q, = - 4r.r3 (x dyA d% + y dzA cb; + z dxA dy) (24) 

Using eq (20) we gct 

CJ = 2x J c1(P) =-J F 52 51 

""...:J F+ - f f_ = f CA+ - A+): ( H+ IL 51 Js1 :zx-..-

Wc see from eq (23) that A± aR singular along the •strings• - z and +z ,respecti~ly, 
where they are n0t defined. ln the Dirac formulation local cha:ns havc not been ddined, 
k+ being osed for ali R3 -{01: this is thc soon:e aC the (ficticious) .. String" 
singularities. 
We cnd this "resume" about tbc topological magnctic monopolc with lhe obsC'1'vatioD. 
lhac in the U(l) gauge th~ of el~gnctism thc discrcteness oC the mrimy 
iq,n:scntations ofU(J) iropiics also l:he quantintion of' e1caric charge m. To sce tbis, 
considcr a one-dimensionaJ unitary ~tion. aC U(l) on e. Le... 

p:U(l)-+U(l); exp(u~m) 

Thc c:ondilion a(t+2lt~+2ml,whc:n: ne Z, gives a=n.. Assuming a minimal c:oupling 
of thc cJcctromagnetic porcrnfal A with thc mancr fi~ of thc type ( p. C ).[scc App. 
C]wchavc 

Dp.'P = aJl 'I' - p • (O)c~ 'P = aJl 'I' - ineA,. T (25) 
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S'mce lhe electromagneric p01cntial cooples -., al1 charged fie1ds. e is fued! 
We mentioned at the bcgining o( §4 that lhcr-c are 1hrcc possible ,i.-ays ro formolatc 1 

monopole thccry. Wc ah-eady eumined: (i) lhe Dirac. monopole with Slrin&, and (ii) lhe 
IOpOlog:ical mooopole. 
ln (i) 'WC nave nnpbysjcal singnlaritics.. and in (n) [which men lO an cxtremely 
bautiful thcory] wc rreed 11> changc lhe topology of the spacc:-timc manifold. 
We now prescnt in §5 a theory of magneric rno,,.opoles witlwut string, with a 
gcneratized potential. wbich is formulated in the Clifford bundle over spacc:-ómc (for 
ddinitions sec Appendix A). Thc: TCSUlting thcory rivalizes in mathcmatical bc::aury with 
lhe 1opologica.l mooopole theory aJthough it dcsviates from lhe main strcam ofprcsent 
theoretical pbysics which gives cmpbasis to me Lagnmgian formulation.. ln § 6 wc: 
p-esent a g~011 of tbe theory of thc: monopole tt-:cq Witboat s:rring as a PFB • 
lhc:ory with gangc group GxG using i;be spiiccd bandleamccpl and wha"c G is a gangc 
groop of si.mdard gange tbcory. 

5.THEORY OF llAGNETIC MO~OPOLES wrnmur STRING 1N 
MJNKOWSKI SPACE. 

We leamed in Appendix A that. aroong othcn, we C3II the of a 
algcbra 1D eAP(T 1 • M) and., then., we can dcf'111e thc Oiffoni bundle ovc:r space-rilne 
M • C(M). We know that in C(M) lhe natmal dcm-ativc opa-ator is the Dirac opi%310r 

-P'V~ (26) 

'f- =dxP in tbe case of a natural basis and V ;i is lhe usual covariant derivativc. 

ln what foilows wc n:sllict oorsclves (for simplicity) to rhc case wbcre M is the 
space-timc.aod thCll 

whcre 1'---rv-i>J'-. 
WeJcnow"tbal. 

and 

(27) 

(29) 

We lhc:n am wrire cquarlons (10 a) and 00 b) descn'bing lhepLeuomeDDJogjcal theory 
of monopolcs and charges as 
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We now define generaliud poteraial fl!l chc ouamity 

(31) 

Applying lhe apc:nta" e li) a, WC gel lhe sum r,f 1 0-form. t1l'O 2-fonm aud 4-form, i.c.. 

and imposing thc Lorentz gauge il-a=O=<l~=Op....,("f°' a~ a',=O o"btain 

F as a 2-fonn, i.c. 

F = a;,,a + õ.(fa') (32) 
Wc get a1so that 

To s-ee lhe power o{ the Clifíard-fonnalism, wc now d~ thc cotlSCIYation-lawi; and 
the cooplings of the elearomagner:ic ficld to elcetric charge and lllllgnetic monopolc.. 

CONSERVATION LAWS ANO GE:-.:ERALIZED LORENTZ FORCE: 
Lct us obsenrc lhat from eq (30). by applying lhe anri-automOlphisro + (reversion), we 
gct lhe cquation 

(36) 

wh= thc symbol d" Te{crs ro thc fact ÜJ3t the Dirac opcr.att actS on 1he right; i.e.: 
F+d"½= --<la(F µv rP "f"'f'-. 

Mu1tip1yirig eq (30) by P" m the Jcft and eq (3.7) by F on lhe right. and summing both 
equations, we gci 

Defining morrowz 

li 



r 

cq (37) c.m bc wrinen as 

Now. from eq. (38), wc get immeó.iarely that SJ!+:.5µ and SJ.l=-S11 .w~ the bar 
indicatey thc ínversion. i.c., thc main aulomOTl)hism defü1ed in Appendix A. Thc 
anique objects in thc Clifford algebra of differcntial forms thal satisfy these c.qmitions 
are lhe 1-forms. We call thc:: quantities SJl lhe en.ergy-momenrum 1-forms. Toe reason 
for such name is that EJlY=S1.1 • Y" 3J'C the compoocnts of the symmnric enaty 
l'II011lentum tensor oflhe electrormigne::ic ficld, as wc show below. 

Jnpan:ic:war s-0 = -½ F F'{J. F~Ff' :anel. v.-riting r-Jt-y5T!, we get by projecting 

iDto the Pauli-AJgebra (se.e Appendix A'f the fo1lówing splitting into two qumrities 

Sº-f' = U-+ ~o ;tJ -1 (~ + 1P); ~o sJtx Tf. (40) 

which we recogniz.c as lhe CDCTgy-density md thc Poynting vcctor of the 
electromagnetic ficld, ~cly. 
M~ generally we haYC 

= fllO'f'-"'l'l d + ½ Tl"v F al!pill 

Writing. 

and projecting and Km on the Pauli-Algebra we get 

(41) 

(42) 

(43) 

12 



Wc see. ihc::n. thar and Km rc::pn=scnt the Lm-cna: ÍOla:5 thar act an the clectric 
charges and lhe magneric monopolc::s, rcspcaivcly. As thls rault has bcat dcrived only 
fron:I lhe Maxwell equations. we arrivc at lhe ronclimon thar the Lc.-entz fcn:cs (elccoic 
and magnetic) need 001 be posrulated. as is usually dane (scc § 2). 

We note that. due IO the_ symmec-y SJV=E"JI, we can lllrin: aµEI-""= ~E"'P= 
=àµ_ (SV --f-)=d-Sv . Then c:q (39) can be wri nen 

Toe inteip~tation of cq (39) is no-A' clear. Toe equation 

(391 

(39") 

expresses very clearly the !act thar the energy momentum of lhe field is not conseJVed. 
ÕµS"';t() when m.ara (described by J..,.J,..) is pn:sent Aaually. ooe expect5 that only 
lhe total cnergy momenrum of field and currentS bc coosaved. 

rr-write lhe r.b.s. of cq (39') as -dµMI'"", witb 

(44) 

then eq (39) assumes lhe structme of a global conscnr11óon eq112tion 

(45) 

whcre Mµv plays lhe role of the symmerric energy momenrum of malter (i.e. of lhe 
currents). 

THE M0TION EQUATJ0NS DERIVED FROM MAXWELL 
:EQUATIONSf9J: ln analogy ro what happcns in general re.Iativity, tbe identification 
of MI-IV wilh the acmal encrgy -momentum tensor of the matter cunents /eads dim;tly 
to the motion equations. 

Let os show this in lhe simple, but casíly gcnenJjzable, case m which lhe ficld 
F is generated by a singlc clectric charge e anda singlem:ignetic charge g .Bc in faet. 
thc c1ectric and magncric mancr representa:l by lhe triplcs (mc,e,y) and (mg,g,cr) soas in 
§3 and §4, rcspective1y. The most general s:ymmetric tensor that we can wrin: 10 

represent mane.ris lhení20] 
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-=-111e Jds6(x-'J(s))"f•®'T• -m1 Jds•li('l.-cr(s'})a.@'a• (46) 

1D c:a:nponems, writing xll()(s))=lP(s);xll(o(s'))=yfl{s'), wc 

( dzP. dz" ( a a dvll dv" 
MJlYa.-llle Jds 6( xª- za) ds ds -ma Jd(' 6( X - y ) ds' (46') 

Incidentally, it is Ic= Jds6(x - y(s))y., la= Jdsó(x - a(s'))o., 

whcrcfrom it follows d•Jc"" d-Jm =O. 
Now, comparing c:q (44) wit!1.eq (~.and rccaJijng eqs (43). it is immediatcly 

scalthat 

wlrlcb are thc corTOCl equations qw morima d c:lcdric and magneric charges. 

DIRAC QUA:"lo'TIZA TION CO~-nITJON: ln StDdying the motion of an eJectric 
charge in thc ficld of a monopole (neglccting radiativc effcctS), the lcinctic cncrgy ofthe 
charge is conserved. Taking in what follo'I\~ xµ as the relative coordinates and m as lhe 
reduccd mass. wc can adopt as quantum Hamilmnian the quantity :1f-inp2 ,p=dr/ds 

s-+-r(s)=(x<'(s).xí (s)) with lhe ordinary postuiatcs (c=b=l} 

(Xj ,x;J = 0 ; [Xj ,Pj] = i Ôij (48a) 

(R ,Pj] = ÍEijk.Bk (48b) 

The quantizaion mJcs givcn by cqs (48) uc salisfac:IOiy, sinoe. e.~ thc angular 

momentum "T = "t x 1-eg ""t /4x OOC3 COiWiUk. irith 7(, anel Ui .Jj) =ÍEijllt., 

Morcover, from thc Elm:nfcst relation (==í(( .-"]. it follows the Lorentz-íorce 
expression 

14 



Wc would liJcc io sirc::ss berc that thc Jacobi idcmity is 'loiolatcd for the JJi 0S, 

I cim.ÍPi ,l Pj.PtJJ .. e V. lf (49) 

so that lhe conjugated momc;.ata Pi do not close a Lic algebra undcr the COODDDtatm 

product whcnever V-lf ...O fi.c .. • •hen monopoles are presenc). lncidcntally lci us ittall 

that V. T/ ..O corrcsponds also ro I vfolarion o( Bianchi's idcnõty in thc standanl U(l) 
tbcory of c}ec(J'Omagnetism as PFB (§4). This has as a consequencc that a PFB for_ 

electromagnetism witb our monopolcs can bc irnplemented only by making TCSOUrCe fO 

•sp]ice.d" U(J)>c U(I) bundlcs: as we shall show aplicity in §7. 
Eq (49) does imply that the momcnra Pi (conjugarcd 1D lhe coordinatcs x(i 

cannOl play the role al canonical rnornenlll m my (local) 1...agrangian wbatSOYa. ln fact.. 
il such a L.agrangian mstcd, lhe.o lhe Jacobi cquation woutd be automatically 
satlsficd<->. This then j ustifies che wcn known fact thal lhen: dq_cs no( cxist usillg lhe 
classical tensor calculus a ugrangian which yield simultaneously the field equations 
and lhe cqu.ations of mori011 of chargcd particlcs and magnaic monopolc:sf10J. 

Happily enough. this is DOt a problem when we use the Oifford formalism, 
sint:e knowing lhe ficld equations does already mcan knowing also lhe cquatiom .of 
malKIII of electric and magoetic cha,-ges. 

Wc now show' mai eq (48) implies lhe Dirac quamizatian aJJ!djtion. lnda:d. if 

the·opcrawn U(~) !!! cxp[i°t • pJ. with 4t. any euclidian vccn:r (;i e R3 ). ha'W: to 

yield a projcctive ~ation of lhe mmslation group in thc Hilbert of om 
chargc,-monopole system, thc associative Jaw, in panicular, must bc satisfied 

E.xplicit alculations.. nsing eqs (48} and (49), rhen yield: 

wbcrc is lhe magneõc ficJd flux CJt155ing thc surfacc of dlC IClrahcdmn individuarcd 

bJ lhe three vecrors -/. 1f. ""t. The compaol>iliry of eq. (49) md cq. (50) requircs 
ccl>=2:n:n. H one monopolc onJy is localizai insidc: thc eettahedroo. lhen: 

{º) N01c lha! a ononii:al momeutma., .is lhe one. pes,cnc inc,q (12), mahs-- 111!:R, bõc.ause now 
havc lWO IJOl':DtialS a and • o.· 
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3.. •=- ,DEZ 4,t 
(5J) 

Note that eq. (51)implies lhat "f --t -; , whn m:ans trul'I CYCD in lhe case wbat the 

dc:etti,c charge and lhe lDOOCJPOlc are bosons they 0111 be in an. half-mtcgral spin Statc. 

GENERALJZATJO~ OF J\tA.,"DELSTA.M A.PPROACHf18]: Let t(x,Il be the 
Mandeswn pa1h _depcndent wave function1>9J Í<ll" a clurged panide in an oroinary 
clectromagneric ficld Fe=oa=cJa. I( cp(x} is thc usual wavc function ofthc panicle and 

A 

--e }« is lhe classir.:al aa:ion, we 
r 

IP(x)ap( J -iea) (52) 
r 

whe:R. ris lhe arbitrary padl fJom --,X. lf moase 1WO palhs r md f" differing 
cnly fc:r I finile pan. WC gCf (using Srob:s thc:on:m) 

ll 

t(x..0-:s f(JLJ)ap( 1 -ieda:) (53) 

where s is an arbiuaiy sarf'aee 5tJCh lba'C as=r-r. 
Haw to gau:ralizc eq (53} for the case when thc charge e interacu with tbe 

clcdromagnetic pcxential m==a - ~"! Lct as introducc the following 

lnfcraction postulatc (IP): 1lle introdnction of an clcctric charge e, rcpresemed 
by the path dependCDl wnc-fimction Q(xJ). wúh the gcncniizcd deazanagnetic field 
F; aro is givcn by 

t(x.Ij = +(x.I)cxp( J -ieF) 
s CS4) 

We now show that IP impties die Dirac: qua:ntiz:ation c:onõnion, being thcn 
compatibte with thc alllllDUlalicn relations gi~n by cqs. (48). 

lf C(l. (54) is., bc indcpendcnt OÍ lhe surfac:c S, S0 that cJS,,.r.r • WC IDD.Sl 

hne 

c:xp( t ~fo(da. - •da1) ; 1 (SS) 

whcn: Só is a doseei sntflll%. By Srokes thcuran we can write eq (54) as 
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cxp( f ie•Sda.') • 1 (S6) 
V 

Sapposing. now, that wc bavc ooc mooopolc insick V ud tlm J•=(tli{°t),0,0.Q). 
1111d talõng jn10 acwunr thal: O a'=-(d6ttid)a'=-&14'=1-. we 

ap( I ic•Jm>= exp(-ic:1>= 1 
•v 

6.LAGRA."\GUN FORMALIS:\I: 

(S7) 

ll is wcU lcnowof•.10.121 that lhcrc does 1101 ~rist a local lag:rangían ,iririch gi~ 
siomhancotis]y the equarion of morion oí electric charges and magnetic monopoles, as 
wcD as the fic:ld equatioos of the gencnfized electromagnetic fie1d. "Toe :recent claim by 
Fi:ybergc:rf131 that lhis is possi"blc. widlin lhe Cliffonl algdn formalism is --s.equinu 
Dll'Cnaw'Show. 

We SW1 by coo.sidering thc dassica! actiaa. ,/::JfcC+Jff ftr rhc imcra:lion of 
a chaq:cd pa:nicle -.rirh rhc elcaromagneôc ficld C1=0p did'. We hnc 

b 
Ji:=!fcC+JfE =- J (ys-ca,i:dxJI) (58) 

• 
Now, lhc variation oi can beYriaen in two independcnt ways: 

(59&) 

b b 
~~=-e J (a.p.dxll} = - J <Fe)µvdx"' k" 

• a 
whilc the variation of ~eis 

b 
Acc = Jm&Dp 6Jdl :(<,O) 

a 
whc:rc indicatcs thal r, rhc equihlm.um path of iD1cgmion fmm a., b bas bccn 
changed into r by an arbimay infinitesimal funaim. &dl, sucb dm j &d1(a}=l5xl'{b)= 
-O. Moreovcr dS=â-r; CIIC.-

Comparison o< cqs (59 a) and (59 b)suggesa:d m frybe.gall3J the foDO'lll,l'úlg 
idcntiíication (dCJlff =dxlll'dx"): 

J J do:"" s 
b 

e:> J dxP8xY 
• 

(61) 
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Hc inrerp~tc:d c:q.(61) as having lhe following geomeaical meaning: lhe swfar...c S, 
spanning thc loop formcd by r and r; has an iníinitesúmtl width. ~. lhus rcducing 
the surfacc mzegral 1D a Une integral. 

'Ihe IP suggcsrs lhe possíblc aistencc of a gcncralm:d- acúon .Jr--',c+J\. siJn 
eq (54) suggesrs that 

61 Ai-= -e J F ""-e J (Fe -y5Fa) 
s s 

(62) 

whc:r-e F = clID ;:da - ,6da' = Fe - -,S F .. 

To proceed with our ana1ysis.. we are going 10 ase beJo,i,• (m thc n:maining pan of lhis 
secôon) tbe Oifford bundle C(~M) instcad of C{tª:M) . ln othe. word5., wc are going 
to use mulrivecton instead of ma1ri forms. Obviously there is :a canonical iSOUlOfJ)hisur 
(.5ee Appendix A) betwcea multivectors and mulrifonns, and iD tbe follini-ing '1.'C: 

~au i:he multivector- m multifon:n b)· thc ~lena-. Lcuing 
eµ(Jl={),J .2.,3] be an onhooorma.l basis of T ~M aml ~ev the recipnx:aJ basi.s, 
the .Dirnc opc:raro,- when acting on mohivectors is tben ~JA . The fundamemal 
psieudo-SCll.lar is now es==cae~ .By using cq C/9 a) n::ad!: 

6- At.c = - J tt.ch =- -e f F .da s s 
whc:rc tt=eXs,t(x):P- • à=dxllc.p. and da = {d:xflNfxY)e,A, . 

ln J:Ci18] çonsideiro thc foDowing geuc:raliztd actioa 

b 
Jri. = - J (cx..dx + c5a'.dx) 

a 
Yhich is nort-ClOIM:ntio since it is lhe sum of sc:alar and psc:udo-sc:alar term5. 

Fryberge:r ~instead oí .• lhe action 

b 
Ãi = J < a.dx + es«'.dx > 

a 
whtac 1he braclt!u mean lhe scllar pan. 

Now lhe variatian oC is 

b b 

(59a') 

(63) 

(6-1) 

6x, Jlj = -e J (Fe)µvdxll lix" - e J e5(Fin>11-vdxfl 6x• (65) 
a a 



lt is qw1e obvious that 1hc: s.econd rcrm OD lhe right band side of eq (65} carmot 
bc combinai with 61-le, that does DO( COlltains a pscudo-scaJar pan.Now, Frybergc:r 

IWTÍteS tbe sequcncc o! .. Jdeutities" 

~- I s 

J esCF->i,nA11J1Nixv 
s 

b 
a J (*Fm)µvdxll õx.V 

1 

(66) 

(661 

Wbik eq (66) is correa, it does not í.mply bowC'VCf eq (66'}, sincc eq. (66) forwards a 
pseudo-scalar and eq (66j a scalar. 

Toe situation is ~cn IIIOTC confusing in rdf13l. s.ince d:m. author ma j\ ins&cad 
ôr J1i and in lhat case the temi es(t' ,dx make otMouslJ no contnbation ro 
61..,.i-

Having discvssed thc fact that we cann0t writc a gcncralized action evcn m the 
Uifford fonnalism mar yicld me equarions of moóon. onl.y mcntion here tbat it is 
possiõle to writc an actioa Jlr~+J\ which yields lhe penliu:d Maxwell e.quations 
aF=Jéfl.=J. 

This can be dooc by wúting 

(67) 

and varyin g indcpcooently a and a' ; or by making US1C oC Jlr~+ J\ : 

J\= Jd4x (- ½F.F - J m) = Ac+J'-i (68) 

and trcatiog a>=«+-JF as lhe ca.nonical coordinate (aad de:riving formally wii.h 

lO O> and ê10J = F,wbaa doing the variation). Such I procedun; even if not totally 
jmtified, givcs the gcneralm:d Maxwell ~nations,as has been proved in rdf8J. 

To concludc,lc:& us obscrYC that in lhe ordinary ficld thcorics the Lagrangians 
postulatc ín such I way m yieJd lhe fidd and maôon cquation md c:on5a'Ylltion b.ws. 
0n thc contr.uy, ail thcsc thlngs a:ic automatica.Ry obtaincd by o'1r Oifford bunclle 
fonnalism, onc:c rhc fiekl eqnarion -1mown; so that in our mon: u:onomical approocb 
it is rcdundant to look for Lagrangians.. 
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7.SPLICED BUNDU: FORMULATJON or THE THEORY or THE 
GEJ\'ERALIZED J\10NOPOLES WTTHOUT STIUNGn41 

ln wh.at foDoW$ - shaD prcscnt :an cxmmon aí thc thcory of clcn-cdynamics 
with monopolcs osing a g,:ncralizcd potcntial in an arbnrary puge tbeory. We 
cmphasi~ once mon: üw in our theof)• space-timi: ·b.Nc no holcs. 

Tiie mathematic:al stroc:turc wc shaJI osc in om pugc thcory with mooopoies is 
lhe spiiced bund1e x0 :P o P-.M with groop 0)((3 (scc Appendix. C) oblaincd from rwo 

Mkntical PFB acb·onr. descnbying .111 cmiinary g.iugc with group G 
and base thc ~-time). We also obse:rve tha1 in wh• fon~ M may be I general 
Lomltzian marufold witb oon zero curvanue. 

1n 0'1I' t:heory '!WC assoc:iate lhe gaagc pcxemial wi1h 1. axinection m ia 
•12:P o P-, M; ie_ gm:a I cboiceoflhc pugoe m PFB. Tu= x~UxGxG 
wilhthe associ.atcd local scction csu:~'P o"'P ,wcdefine Ci\J='Ou m me gllllge potCDtial 
associated with 1hc chosen gmgc. 

We obsc:Tve lhat exisc (see Appelldix C) t,,t, cou..:c.tioas ai anel CD? iD 
such lhat (l)=eJ[t• 1DJ E&Jt2'" Ir is ftmdameJml1y diffcrem.., -ase, for descnling 

t>z~pcmn:ial, 
e.~ a C0118CC"tiou a,:xzemiea:z-.,__ eA'tP o P. õe6-) m lhe sp1iccd bundlc. « 
O,k two a,nnea:ic,ns mi,'°7EA'cP.Ô} in the origim.l PFB of the theory witboat 

IIIICIDOpOlcs. 
Let -as considc:r flTSt lhe case (a); Lct thm T,p~Ux(GxG) and Tv: 

xikv}-+ VxGxG be two gmga in iti:z: P o and soch mat UnV;,0. and 
' lei be o P znd oV :V-+P o P tbe assuciated Jcx;aJ SCCtiom.. 

Thc lnlnSÍCff:DCC functims ~:UnV--tG><G are -sa:fi dm guv(a)=((g1)uv(x)~}) 
with xe UnV. Sincc 

(69) 

1aJcc:s its n1ues ÍD eee. lhe g:allg'e D'2mfm....aiw betwimt tbc r;nge p0le:fflWS CDu 
and 1Dy c::a bc wriam - the two rcbtions 

ln 1he case ol Slandard tlecnodyuamic:s.. we Qn •'lilc 

(71) 
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with (g1)uv{x) = exp iJ.uv 1nd {!i)uv(x)=«p ivuv. and luv.'IPuv:UrW-,R. 
ln that way a iaugc tnnsformarion oí A 1(U,ÔeÔ,>) c.:orresponds 10 rwo 

i~pendenr gauge_ uanSjonnmioras o( (a>i)o .md (~)ue:A 1(U,Ô). 

ln the case (b) wc h:i~·e t\\'O connecrions ro, and CílJ in lhe Pf'B with 
group G. kt and bc ~'Q gaugcs an let UnV.e0 . 
Let moreover and be the associated local sections. The transition 
function now is guv:UnV-tG. and we haw 

1n lhe~ of Slandard electrodynamic:s -we havc 

Thcse relaôons show that boch poccnrlals (<Oi)u and (COVU ctwl~ by effeas ofthe 
sarne gaugc transformation in c:a.ce (b). Tois malccs dCM lhe diff~DÇC betwcc:n {e.) and 
(b). ln 'flbat follows we adopr tbe dx:rice (a). 

To show the necessity of such a cbok-c., Jet us considCf" first tbe case of 
elcctrodynamics with monopoles dcscribed by two potenrials: ooe rclated to thc eJcctric 
cmirges and the otha to lhe magnetic charges as wc did in § 5. 
Notice that,in the case of standam elmrodynam.ics without monopoles. it is G=U(l) ,._ 
and the gauge potential takc:s its va1ued in iR::G,ie., (ID1)u'"' - iAvdxJJ.e Al(U,iR). 
Toe gauge field is lhcn 

(72) 

CJbscn,c lhar lhe ficld is inva:riant under lhe gauge tnu1Sformm:ion 

(73) 

This Íllformation is int~ted geometric:aJly as a choicc of gaugc. ar Jocal 
lrivialization, and the associated transítioo nmction is g = cxp q: 

As we alre.ady know (§ 2), wc can wrm 
i(O 1)u "' ½ (F0tdXºAdxlc + F1.mdll IAdx .. ) 

.= (E1;dx6Adx• + B1c •(dxºAdxlc)) ; k.,1,m = l.2.,J. (74) 
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and, since C-)2 z -1 applicd to 2-ronns.. me Hodge sw opcnn,r c::hang::s 1t inso 

-lf and "ft illlo ~. Lc:t US now c:onsidc::r lhe clcctrodynmiics wi1h charges and 
monopolcs. Toe ficld only by elc:ctric c:hargc5 caii be descn"bc:d by usual 
potcutiaJ 

(75a) 

Thc ficld ~by 1hc magnelic charges is a dual field: 

(75b} 

The total ficld gma-ar.d' by dectric ill1d magne:ric charges w.i1I be giYen bJ 

(76) 

ln this 1í'ZJ ODC of lhe powtrl:aJ dc=ÕCS the field gmcl'llic.d by elcaric. md ·lhe 
othcl' dic field gcncmcd by magnetic charges. 

Wc abscne 1hat. if we makc two iJldcpe.ndcm pIJgc tr311Sfonmticm 

dlc ficld Fu does oot chan~ lfwc imerpm thc abovc transformatiom as changes in me 
local trivialization of a PFB, we must u.sc a spliccd bundlc (duc to the independena: of 
X and ljl). Ol'lCe we justificd our choice (a), we now go 011 ~Ih lhe lhccxy. 

Let us observe thar thc spliced bundJc of ~'O copies of the PFB has 
eacb point pe P o P with tM) poims of P u1:er .me samc fiber. This pcnnitS 
m to undc:rstand !hat a gaugc transofnnation in xu:P o P conesponds l'D two 

gaagc rransfarmarlom ill Indeed. o F cones:pouis to 
CJ1o=x1o md also 10 o-2,p,.2 o ln dris way wc can associan: 10 a 
given comllCCtk,n a, m P two puge potemiah. Ult.J=<Su' • <D and CD[J=02tt co . Obsa:vc 

that 

(77a) 

and 
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(77b) 

whcic ClllJ and correspond ro gaugc po1enô3Js associared with lhe 1-forms 
,,:?•~ and oe1:2•a,, which are possiblc extertS1ons of o:, ro lhe ~pficed bundle. 
This .shows lhat, givcn ·two connccóons o:>1 and in wc can associare with 
them twodistinct conneaions (l)=,r1•w1 ex2*mi and m=1t'•li½ EBit2*co1 in X12:P 
o P -+M. Wc show in Appendix C that, given a connccrion ó> on lhe spliced bundle. 
wc havc two connecrioos mi anel IDi v,.-el] defined on thc original fiber bundles. 

Wc scc now that, wheo boàJ PFB .a:rc c:qual, tbe connectioos W1 and coi can 
gcneratc anotbercoonection won lhe spliced bundle. We call iil the conne.ction dual to 
<n. 

Observe that wc: havc twJ curvanm:s Qm = oai m and Q<Õ = D(\) ro associared 
to thc connecrions m and Gl . Thesc curvarures must, by the Bianchi idcnritics, sarisfy 

[1ID(o=O and om ID=O - Bcforc WC analyse thesc identiõ-es, w,: muSt understand some 

of tbc propeniês of lhe horizontal fcnns in a spliced bundlc. 

If te J\k(P10P2. d1ed2) w:ith tbe adjoint :rcpresentatiOII d1eci'2, 

thcn n follows , 

(a) wc c:an writc T=1t14't1+:ir¾ w:ith t1e Ãk<P1 ,d'1> and t:?E .<ÍiJ , whc:rc 
we use lhe adjoint rq,rescntations Ad: ,i .. 1,2. 

(b) D'°'t=1*D<•Ht1+Jt"2*I)(-i)lt2 ; for C0=1t1*m1+:lf2*m-i (78) 

(e) Let •12= lhe Hodge operator for 

horizontal forms in P10P2,. (n==d.imcnsion of M) and •1: Ãk {PJ , Ó'1)---¼An-~1.Õ'1) ; 

7"i;~2 .G ... y-+Aa-°k(P:i.G'i> be the Hodge operarors for horizonatl forms jn the original 
PFB. The11-•12t =- x1•(*1 't1)EB1t2*(7"2 t':z). 

We cmploy the relations (a), (b) and (e) in the following way. Retuming to the 

cnrv_atu:re Qme A2(P10P2.d1ed':z) we can wrire O'B=x1·n1~h:2•n2, where 

0 1.flie Ak-(P,Ô) are wcll defmed. Wc now prove that,if m=x1•0lie,rro.>z, wehave 

01 :=Ql8l =l)Cll1<D1 and Il2=0W2 ={)11'2 a>z. 
Jndccd, 
• 1 1 0-=da,+ l [e.m)=d(11rcot$itl'"ft>_i )+ 2 [x1•ati~Cl'>i .xreoiex-2*m:z] 

= xl• l)CD1co1 EB x'l.- om2ci>:2 = xI• nan E9 x2'" OIDl 
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ln this "\1,ã.Y, the Bianchi idenrities aruf [)<Ó QCÕ =O acronfing 
1D (b) are equivaJent, a.nd curcspood to 0-1<zl1=-oer'~ , which thc Bíanchi 
jdentities associated to~ and '°l in,;: P-tM. ln clcctrodynamics.. thcse equatioas 
imply lha! d(01)v=O and d(.Ovu=() , whícb ;,lr;-sjca/1-, mcan lhat bodi thc rrcgnetic 
field of elecnic otigin and 1be electric field of magneúc origin h2ve null divergenccs. 

ln what foll~ we are going 1D generalize thc gauge principleflS) for a g:mgc 
lhcmy '1r'Íth our monopoles. 

Let be %;P o P-t M a spliocd bundlc with groop GxG .md let be 
a ~sc:nlation of GxG. We zemembcr-diat thc space ar 1-jets of thc 

mappings from P 10 V is: 

J(PoP,V)-={(p,v,9) lpe P o P, VE V and 8:TpP o P is Imear} 

We call a Lag:rangian thc mappmg L: J(P o P.~R sudt that,for an (p,Y.8)EJ(Po • 
P,V) and gEGxG, we have 

H L(p,g-1 -,,g-8)-=l.(p,",8) lhen L is said to be G~ -i:n'll'llriant, and in what follmvs 
wc sappose L to lrave drls property. 

Now given a I.agrangian L: J(P oP ,V)-tR • let Cbc 1he space ol lhe connc:ctions 
m P o P . Define thc action dcnsity by 

whcrc C-(M) are thc sct ofthc C- funcrions on M. 
Wehave, 

.coXx> =- L(p,'P(p).OCil\P(p)) 

(79) 

(80) 

wherc xe M, pe Jt""1{)t) and the gencralizcd wavc fu:nctioo. (ma~ fieJd) dc:sc:nõing lhe 
e]ccu:íc and thc magne,ic particlcs is 'PeAº(P o P,V)= C(P o P,V). 
Thcn L is notonly wdl defincd but is also gangc invariant in thc sensc lhat,fcr att fe 
GA(P o P) , we havc. L(P'I' ,r ro)=l.('P ,(,.)) .GA (P o P} is thc gaugc algcbra of the 
spliced bundlc. prccisc:ly it is thc: space C(Po P,eeÔ) wi1h the adjoinr 
reprcsentation GxG---+GL(bee) 

H ,rc: imposc that L0('1') is siationary ivith n:spca ro 11'. wc oba.in lhe Euler-
Lagrange c:quationsflSl. We show now thal, if wc Jdd an appropriaie tam S(io) lO 



Li.l('i'), ob:aining- then the total ic-tion (L+S)01' .hl}. lhís d:mity 111-'lll ,;c:ncratc no, only 
the Eulcr-L2~ngc equations for 'f b111 also u'lc non-homotcncoos field equarior~ 
Mc,;.c prc:ciscly. these rcsulrs ronow oncc: w-c: imposc that (L+S) ('I' ,co} is st::monJ:'! 
"-ith 1c:spect to the pair ('f' ,(1)). We ... -m sec that thé non--homo&eneous equ:nioru. 

ob~ained in this way corrcspond in lhe case: of clecuodynamic-s IO Mn,n.D cqnations 
111-ith monopoles, nc in § 5. 

Wc: dcfü1e lhe autoaction br 

1 - • S(w)= - 4 nJ=11(.1u,.1u); .1=0m+.nro; 1"u=ou 1' (81) 

wbcn 

ll1~ Ã1( P o P, bet,)x M( P o P. eeÔ) -t R 

is thc metric for horizont.a.1 íorms i11 ( t,$Ô ) (~;th lhe adjoint Tcpresenution). Wc 
obsavc that k12 is lhe KJ-rri..,g-Cman metric in ( t,eb) and that k12<>-19A1..B1eR;}: 

k(A1.B _}+k(A2.Bv, ~hcrc k is lhe Killing-Canan me.me in f; (sec Appcndix. B}. 
Lei os observe that. as S(co) is F-equivariant. i1 is gau&c mvariant as rcquired for lhe 
101oactioo termí1Sl. Let us observe also that, had we construcied thc autoaction 1enn as 
~ 12 (0f0,0'°). therc would be no interacóon ~-ecn chaTges and monopoles. lndeed., 

ta.ke lhe case of electrodynamics ..,,hcrc Qfll:x1•m 1er2"coi.then 0 1 and 0 2 
corrcspond 10 lhe fic:J<h gcnerated by charges and monopc,lcs: 

and thCR a:rc not. in this c.i,;pression. in1eraction terms bcn--ecn thc ficJds 0 1 and Oi-
For S(co), instead. we have 

w~ 1hc inter.icóon ICJ'ID appean uplicitly. 
Bcfo.-c we apply ;hc variational princip1c to d>e ,oca) action, lcl us rcmcmbcr lhe 

ddinition o<dic currenl in IICn:nS of lhe Lagrangia 
d 
dl íJ.. 'P, co +to) 1 t-0 .. 6k1i( P4('i'). a) 

Voe A1 (P o P. ôeô). ln this case JCD('P)e AI (P o P,ôeõ \and WC an writc 
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JW('i')= - ,r 1 •, i e,:-:i • Ji; so that •'C cm a:soc:iatc J I and J ie A 1(P, Ô) to lhe •clcctric:• 

anel "magncôc~ currcnts., respe:c:rively. 
EfTecting thc variation at t-=0 (O=X1•01$xi-<Ji) WC gel 

! l (.e.+ S)('r +n,a>+r-r)µ 

• l L ('P +t't,m)µ + ! l S('P,(l)+t"l')Jl 

.. 

Wc bffe • ...O for- lhe foarfirst tc:rms in cq (84): 

!l t L ('P ,m+r-r)µ e 

d J 1fikc amt+to1, OO'b+tª1>µ.- _ ! Jik(6CDl 0•1 ,O 1)µ dt 
u 

d J 1fik< o-i•un. o'i+t117)µ - - l lik(~.avµ di" 
u 

MCROYCr. ¼ lik( oet +ta1 • .n«r2+102) 

., ! lik( {tDHtt1t;.n'l'l) + :l Jik( Qllll,.QID2+l07) 

d and, at r~ ... -e hnc dt Q«>+ICJ=[)llt o(151 .Thcn 
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!. hk( jlllll+i0J..QM2+ta2) 
dl 
=Ílk( 1)111101 .~+tOl') + lik( 01111 •• 

= lik( SU>l~1) + fik( ~l}.tJv 

and wc OOCWl for lhe last u:nn.in cq (84) 

d f lik( Qllfl +t CJ1..-a"'1-+tGl) dl 
u 

= J (file( ,&mz(.O,lil'l)-a1) + nk( 6!1J2{mCD1_}.tJv}ll 
u 

Now. SDIDllling aD thc tenm obtaiJJc:d IJ1d taking ÍDID llCCaUll mal t, O\ and 
02 ali indcpcndent, and also that 

(85) 

(87) 

(88) 

Eq (86) corRSpOnds to the Euler-Lagrange eqnation. which giw;s thc equation of thc 
gc::ncraiizcd field descnõing cbe motion in P o P or charges and monopoles. W e me not 
going to invcsrlgate in lhis paper the natmc of ('f} . 

Eqs (87) and ('88) can be wrinen. putting O=il1DI +~.as 

which are lhe noo-homogeneous oquations of lhe dieory. 
ln ihc case of clccuodynamcics dic:se equaóons n:ducc to 

(89) . 

(90) 
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(9la) 

(91b) 

whícb we r~cognizc. as the Maxwe..D C(jU3tions for thc electromagnetic ficld + 

•ami generated by dearic anel magnetic charges. We havc for~ and QGl-2 thc 

C(jU31ÍOnS: 

(92) 

sinoe d.QC>i = d00'2=0. Also. sina: QCD1=dCOJ, .ncoi=droi, 'IL'C have 

(93} 

wh~ O =-{dó+ód). 

8.CONCL USIONS 

- Wc prcscnted in lhis papa- l lheory of Dl2.gnetic monopolcs without strings. ln 
order to show lhe crucial differenc.e betwecn our theory anJ lhe usual prcscntationsof 
thc subject , v.-c d~oed bnefly the siru,g thcory by Dirac and thc ropolog:ical 
monopolc theory, -a·bc:re the monopolc appean associated with a chan-ge in lhe topology 
of lhe world manifold (§ 2,3,4). 

ln ordcr to ~í'f'CSS"convcniencJy our theory of lhe gme:ralize.d JXXential, we use 
thc bundk fo~sm dcscribed in Appendix A. ln om- approach, wc show that 
Ma:xv:dl equarions imply lhe correa coupling of lhe clectromagncric ficld tO electric 
charges and magnctic 01000polcs; i.e.. w,: deduce the form of the gencra!ized Lorena 
force {§ 5). From 1h31 we deduce rhe modon cquations of charges and monopoles. 
MoTCOva \li'C derive, from thc qnantlm'I vcrsion of lhe theory the DÍTIIC quantizarion 
condiõon in rv.-o diff'~rrt: ways. 

ln § 6 wc discussed the impossibifüy oí ccmslnleting a local Lagrangian which 
gncs simulwicously lhe motion equations of panicles anel monopolcs and lhe field 
equations. We anivc ar tbe cooc:lusion that, contrary ro ~C%llr claimsll31, ~n in the 
Clilford bundle fonnalism rhis is nor possible. 
Finally in § 7 9,,: presem a gcner.i.liz:aóon of our theocy in § 6 to generalized mooopoles 
associated \\ith an arbítrary gaugc group G. Jn othcr \\'Ords, ?.'C succeed in giving ro 
our theory' a principal fiber bundle slnTCtUrC': a spliccd bundle with group GxG. Wc 
o_btain lhe equarion of lhe generalized ficJd in our lhcory osing in lhe spiiccd bundlc a 
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genenliz:atíon-0( lhe Principie OÍ lhe Statiooary Action. Wt. pasrolatc thc aislcncc af 1 

Lag:rant;ian dcnsity Llll('f'} for thc gc:neralízcd field, lhat de~"'bcs in lhe spliccd 
bandle_ lhe •e1ecvic• and •magnctic• mana; bur wc do na: usc explicitly any Lagrangian 
1D deducc thc e.q11ations of chc gencrafittd matter fieki. lndecd. LlO('f') is usr:d only 1D 
produce lhe cum::nts. Tbc question oí lhe cxistcnc:c of L9('f') 1111d iD íorm in this 
formalism will be investigated in anodic:r papa. 

To p:,nclude. ,ve observe thaI thc approach be:rc d~ st.o.n aplicity mi 

ima-esring intcrplay d: sevcral diff~ bnncha o{ JJl0dem mathc:maria. 
IDgetbc:rm mtrlO shed new 5ght on nrioDS physical probk:ms. 

APPENDIX A 

A L SOME ALGEBRAS AND THEIR RELAT10 :S 
ln A1,, A2 md AJ we íoDow thc prcscntarion c,f Graf1l6l. 

Lct V be I D-dimensional vecl0f" space. ln this subscctioo wc introdoce sanz algebns 
dw will bc 11sefuD 10 dc:rivi: lhe cqaations of motioa ftx electric:al and magnctical 
charges in thc ficld or ma.gnc:tic mooopoJes and dearic charges.. 
Toe llCnSOr algem T(V) ow:: R. is 1hc R-YCCIDI" spac:e oC lhe dim::t sum. afthe pc,wos 

togcthcrwilh thc usm.l tcm<r produa @ or its dc:r:orsns nai. we bnc 

T(V)= ( fl;:. f'h, 3) (A.1.1) 

is Z.graded: (®PV)~®CIV)c®P+CIV and infiniJe-dnu:nsiuuaJ if ~1. AI V is 
t'aJl idcntify V wid> its image @IV 111 T(V) and we also dc:fa 

®oV=R. 
0n TM there are tw0 mq,onam invoJm:i,,e morpbisms ('boch bc:mg 1inr:ar 

mtomorphisms m e~ f!?v. 
(i) tbe main aatomorpbism a 

a(MPB) • a(A}®a(B) • A,.B E T(V) 

a(A)- A il Ale e't and a(A)--A if AIIE.82V • 

(ii)tlle main anti-aulOIIICll'l'hisa Jl. 

(A.l.2) 

(A.1.3) 

(A.1.4) 
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(A. l.5) 

The c.xtcrior Algebn A(V) aver thc R--..cc1or spacc V c:an bc define({ as the: quotient 
algt:bn. T(V)ll o( TM ovcr lhe ni,o 5ided ideal JcT(V) generatcd by lhe dement 
wilh lhe form a0a, where ae V. 

As •sua!, we denote lhe u.Jeriar multipliC'lll:ÍOII by the sii;n A. Since J is 
homogcncous in lhe Z-graduarion of T(V). also A(V) is Z-gradcd: A(V)=eAP(V). 
widl AP(V)AA.Q(V)c:Ar<l(V). As bdore, we: make: lhe identi.fications A1M=V 
and A O(Y)=R .. 
Thc mbspaces .~P(V) are (:>-dimensional and A(V) is 2'Lõunensional For the 
clemcnts AE AP(V) and BE AQM, lhe exterior prodnct is commnrative or 
an~ 

(A.1.6) 

The morpbisms a and oi T(V) pau to the quoócnt A(V) . Dcooting them by tbc 

samc s,mbols C1 .and '• WC haVC': 

à(MB} = a(A)Aa(Bf 

AJ3E T(V) 

lf AeAP(V) a(A) = {-lJPA and ~A)= (-l)P<P•2)1ZA 

(A.1.7) 

(AJ.8) 

(A.I.9) 

Wedefine: as Grassman-Algebra A{V,Q) lhe pair (A(V),Q), consisting ofthc exterior 
algcl,ra A(V) togethcr with the inner product ( , )Q:A(V)x A(V)-4 R induccd ia 
A(V) by a qnadntic form Q QY'CI' V as followJ! 
lf AE AP(V) and BE A Q(V) wi1h . lhen (A..B)Q=O . 
lf A=a,N1211. .. _.Mp and B=bt,...i,iA. .. Abp with aj,bi eA1M, lhen (A,B)Q = 
del (B(~) • wbC're B is thc bilinear- fonn associated 1D Q by 

2B(x.y)_,,. Q(x + y) -Q(x )-Q( y} (A.l.10) 

The c:ze of general a),eN..V) c:au then be -re.duced, due IO the linea:rity,io ( í) and (ii ). 

Thc crlfferd Algebra Cf'{,Q) of lhe real vecror spac:c V wirh qU3dratic fonn Q is 
dcfinafas the quoticnt algebra T(V)/J', whcre the two-sided ideal r is gcne:nued 
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by clcmeots d lhe fonn a®a-Q(a).I .- ae V. Ju bd"Of'C, we can idc:Aôfy V 
with its irnagc a C(V.Q). DeAoôag dlc Ciffant..maltipJicarioa by a mnplc 
jmsaposmon. fcr .. be V WC ha9'C 

ab ... z: 2B(a.b) (A.1.11) 

with lhe bifinC2r form B ddincd m (A.J.JO). 
The ideal r.bcing inbomogcoeoas al nai dcgn:e m T{V). indoces a Z2 

grada:tiori of thc Oiffonl Algdn. C{V.Q)=C+(V.Q) $ C- (V .Q). where c+-(V.Q) is 
the imagc of lhe ilcmcms oi C'ffD dcg;rec ill T(V). Sinc:e a(,T)=r, rhc morphisms a 
and iDduce mmprusm5 (dr:sjgnucd bJ lhe same symbals) in C(V,Q): For ail A ,B E 

qv,Q). 
a(AB) = a(A)a(B) (A.l.12) 

A.BeTM 
(A.1.13) 

(A.J.14) 

lapaniaalar.fclr Ae~.Q)ilis a(A~ • .-IIar .-C(V/.1) kis Cl(A)--A. 

A.2..STRUCTURE OF THE CLIFFORD ALGEBRA 
.. tbis sob-secóoa WC 5l.ty me SliwCbliC d lhe CliffiJrd Algebnts and lhcir 

Jdatiom •ith lhcGrassrouw .,\)gdns. 
Firsl. fcx any elcment X of lhe dml ffâal" spac:c V- lct ns define thc 

contracrio11 of an daucnt oi T(V) widl Xe Y. as me ('r ,T(V)) -bilinear map V*x 
T(V)-tT(V) cL dcgRC -1 wilb 

XJJ=O 
a• X(a). ih E Vc'tlY) 
(a®b) =(XJa)&b + a(a) 8(XJb) ; a),E V 

(ln panic:alar, X JXJ wi.11 _.-,,ibee my demmc aí 1lV)) . 
S"mcc XJJ,,:J and XJT=J'. dJC c:uocuc:óoa aJso passes to lhe quotients 

A(V) 11111 QV .,J)ad IO A(V JJ), aal WC haw::: 
if A • BEA(V) ar A(V.Q) 

XJ(AAB) "'(XJA) AB + a(A) AA (XJB) 

And 
XJ (A B) s( XJA) B • a(A) A ()(J B) • ií A .B e QV ,Q) 

with 

(A.2.1) 

(A.2.2) 
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XJa=-0 ifaeR e Aí.V) .A(V,Q).C{V,Q) (A.2.3) 

Now. for ae V, define lhe Q-adjoint to ae V e T(V),A(V). (V .Q). C(V ,Q) ao 
bethcelcment ãeV• iuchlhalforany aEVcA(V,Q) aod be.A(V,Q) dá 
produa avb is dd'~ as 

(A.2.5) 

Then 
ava =Q(a) (A.2.6) 

By the lheorem ou me mriversality ex Oiffon1 Algebrasf211, the v-A.lgebra generated by 
this relation oo thc elemenu of AC'/,Q) is lhe a.ifford-Algetn C(V,Q) with lhe 
Oifford product (designatcd by jusraposirlon.) replaa:d by V • 

C.Onvttscly. if for a Oiffotd.-Algebn. C(V,Q) we define a a pmdt>ct of· 
aeVcC(V.Q) w:im .Be C(V.Q}'is 

1& B ocaB+ lJB , (A.2.7) 

(A.2.8) 
which is lhe defining rclation o( lhe cn:rior- algebn. S°ll'U úa tbc Clífford-Algcbra 
aa=Q(a) , this atmor algebra am bc made a Grassmànn-Algebra. 

This couespondcoc:c of Clifford and GrasSTnanD-'Algebras does DOt depend on 
Q being non-clegenerate.d ar not. ln particular, if ~. the Q-ad".JOÍDt vanishcs and 
C(V ,O)=A(V ,O)=A(V) . 

Anothc:r imporumt observation is that the Grasmann-Algcbra A(V,Q} and thc 
Cli.fford-Algebn. C(V,Q) are isoa>ofphic as vectar spaces OVO" R. Then, thc 
gc:ncram of A(V.Q) are thc genams uf C(V,Q) and vice-vena. 

Thc:n if lct __ . eaJ is a brasis of V. lhe sec of tbc p-~ 
p ,.. 0..1 Ã-_,.n: 

( CQ = 1,C\ ••• l ' C.. , C\I\Cl • C)l'>CJ,-•••-•• • Ctl"\C'21"\C3~ C]l"\Cl-..AC.) 

gc:nmu:cs A(V ,Q) and a1so qv ,Q). Balh are 28 -dimensional algebns. Any clemcnt 
AeA(V,Q) or C(V,Q) c:an bcwriucnas 

• • A= 1: Ap =- 1: {A)p, whcre Ap = {A}p e AP(V) 
p=(I p=(I 

(A.2.9) 
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So 11-c h:rvc dm, ovc::r the dircct sum $AP(V) lhe ÍJ.DC31" spaa:s AP(V). wc can imposc 
lhe structurc of Grassmann Algcb..ã by mems oi " aid Q. as .cn as lhe SIJUCwrc of 
a Oiffonf Algeln; and cach oi lhe n,o p'OChlas cu lic imaccd ., lhe Ollla. as seen 
ab<we. 

For general ckmc:ms, Oifford aid aaior prochx:u1rc Jdaled as foDows:: 

(A.2.10) 

11-hcre hik:=B("f ,-ycr, Ci is lhe dual bash 1D lhe basis ,-ieA1(V); 111d thc product of the 
ckments insidc lhe brackcts in (A.2.11) is the Oifiord -prnmx:t. 

1ne fommlas (A-2.JO) and (A.2.11) f« 1hc spccial c:asc:ulm a ar b e Al(V) 
tcducc to:. 

IVf =-• + iJ~ (A..2.12) 

(A2.13) 

A.3.SOlfE VECTOR BUNl>LES RELATED TO THE COTAl'\GENT 
BUNDLE 

Sincc a1J lhe algebraic $111JCt~ considered above ])05SCSS a R-line2r SITUClUR 

inhcritc:d fonn lhe ~or spacc V, for lheir gcncralization 10 manifo1ds wc will use: the 
fonnalism of thc voctor bundlcs (with additional algetnic stroctun:s). Here M will bc a 
real n-dimensional C--manifold. M~cr. bundles., aoss scctions and maps will bc 
C-. Quantity -rM denotes lhe Tangent Bondle associatc:d to M . 
The basic bundlc for our consuuctions wil1 bc the Cotangu1 Bundlc t'•M of thc 
manifold M. Morc:over. cross sectiom ce Sec (t•M) wil1 bc caDai Honn ficld.s: 
Givco a aoss secion he Se.c(~M x rM }Jct bc lie Scc('tM x'tM) socb lhat.tlJí.ik=6\ 
1n each fiber ri(~) , qmmtiry li1 wiD bc a quadmic íorm OYer lhe CIOlanpt spacc 
T1 •M.Lct m dC1XJle thc paü- (t~Ji) a Rkmannian (or l.orodziattJ Y«10r btuttfk. 

We denote lhe vecus--bundlc. whosc fibtrs AT:r. •M ar. lhe emaa algebru cwc:r 
,V=T a~ the Carta,a-bund/c of atelior diffcn:ntial forms «- M. As is 1tell known. 
on I Carun-bundlc lhe ataior dt!matiN d cm be ---,.dy dm1lclr:ri.zm by thc 
follovring conditions: 

d(A-t-B)= dA +dB 
d(A" B) = dA A B + a(A) ,. dB 

d2 =0 
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JJ (df) -= X(f) 
for any A.Be: Sa.: A~M, fe Aot•M and XE Scc 'tM.. 

ln particular, d wiI1 bc hornogencous d degree +l ia lhe 7,-p1idation ofthe 
óng of cro5$ scctions of At•M == (EB.N' t•M.A). 
Tbc pair (A~M.n ). whcre cach fibcr (A T 1 •MJiJ; ) is I Grassmallll AJgebn, will bc 

called Hodge-bundle oo M with mctric h. 
Jf for any me M , quantity hs is nondegcnmuc. in addiricn to d thcrc is lhe 

dr,ugena 6, which is thc formaily h--adjoint opcrúar« d, ddiaed (7} by: 

(A.3.J) 

whc:re lhe opcraur • (Hodgc StZ" opaator-) is dcfmcd as lhe linear isomDrphism: 

a,.. )f.l 
for- ali p-forms a.t E Sec ~M , whcrc J1 is me wlmnc o-form 

(A3.3) 

Jf (91,92, _. 8•} is a onhonormal basis, thcn J1 can be writtc:u as: 
)&=61.,.__ __ ,.e-

Becausc d'-~ , lhe laplacian for diffc:rcntial forms O = --{d6+ód) am 

be wrinen also as I sqllllR 

(A.3.4} 

A 'f'CC10:r bundlc is caJJed a Clifford-bundle C{t•M,li) if cach fim is a Oüford-
algctn C('r''i;MJi ,J . We can prove that C(~M)i ) is a vce11r bandle associatc IO 

lhe PF'.B f>oo.3) (t-M), i.c.. Q-r-M,n }=PO(l.3) (t•M)xo(l.3) R1,3. 
Jf li is non-degcncmie, is a particular diffacntial opcnur a c:aDcd lhe 

J»a-q,a..,, odd ãl lhe Z2--gr.Kbóon a( Q°r:11M.li.J defincd as folJows: 
For any r-e Scc 't4'Mc Scc C(t•M,h) anel any te Scc 'tM , considcr thc 

biãicm' 11CDS0rial mapa( rype (l,l) given by 

(A.3.5) 



w~ y is ali)> clement of Scc C(t*M Ji) and V1 is thc covariant dcrivativc of V, 
considere.d as clancnt of thc tcnsor-bundlc, ia thc dincrion of t .Recause V 1J'cJ'. V 1 
passes 10 thc quoticnt bundlc q.-,M Ji). Then d is dcfincd zs thc tensorial trace of 
thc rnap: 

i) = Tr (t•Vi) (A-3.6.) 
ln tcmS of a local bafa (-yi I of J-fonn fields ami its dual basis {ej} of 

'YCCtOI" íields. wc can also writc 

a= -,;vei (A-3 .7) 
ln particular, taldng a Jocal coordiantc basis (dxl'} wc havc 

(A.3.8) 
The Dirac Operator can bc rcformolatcd as foílows. Talce any local 

ndgbbourhood OcM with coordinate basis (dxll}. Thcn m U, the qu:mtity 
d=dxµV11 can bc writtcn whcn acting on ve sec (N' ,:• M.n) 

(A.3.9) 

As thc fomlS at lhe right-hand sides of the two last formulas me independent of 
any basis, WC gct 

(A.3.10) 

A.4.TRE GEOMETRIC CALCULUS OF TRE CLIFFORD-ALGEBRA 
ln this section wc show how to do some calcululatioos in thc Cliffoni-Algcbn 

C(V,Q)_ This is particularly imponant in order to obtain tbc results of §5 and §6. 
Hac wc follows Hestcnesl17J, that yields a geomeuíc intetprctation for the 

demcns of thc ClifTord Algebra (and this is the :rcasoo why wc dcsignatc tbis sccúon by 
Geomctric CaJculus)_ 

We havc .secn (Sa:.A.2) that thc Gnrssmann Algcbra is isomoq,hic. as vcctor" 

space, to a Clifford Algcbr.L Then, any Ae C(V,Q) can bc wrincn (eq.(A.2.9)): 
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(A.4.l) 

wherc (A)r is lhe .:-omponent of A in A1{V) _ Due ., lhe above decomposition, thc 
elements of C(V.Q} wiil be called 11Wlciveccors, (or mu1tiforms, dependi.ng on V). 

lf A=(A)r for soroe jmegc:r O :Ç r S: n , lhc:n wc say that A is homogeneous 
at the r-grade. ln this case we will writc A as Ar e A'V . 

1nc: eJemans of NV v.'lll be cailcd, as usual, r-veaors. Now, wc must introduce 
the following products in C(V,Q): 

Tbe innl?r produa ofhomogeneous muJtivecton 

A1-8,: (ArBs), _ s. jf r,s > O 
A1.Br= O , if r=O or s=O 

Tbe inner product o( arbirrary muMvectors is thc:n dcfined by: 

{A.4.2) 

(A.4-3) 

Tbe eqmw!ence of the three expressions on the rigbt side of (A.4.3) is an 
olMoos consequeoce of thc distnoutivity of tTk aiffo.rd product. 

1bc ouJer prodacJ (or exterior produt) of homogcneoos multivcctors 
Ar" Bs = (Ar Bs} r+ s {A.4.4) 

Note that. in contrast to the inner prod1lCI, wc ha-vc ArM~ if J.. = 
(J.)oeR 

The oute:r producr of arb.ill"alj' multivectors is dcfined l:ry 

(A.4.5) 

Now, in tbt: following. kt's dcsignan: thc anti-amomorphism in C{V,Q) (Sec. 
A.l) by +. and call it revasion. 

Wc have. with A,Be C(V.Q): 
(A,.4_6) 

(A+ B)+ =A++ a+ (A.4.7) 
{A+ )o = {A )o (A.4.8) 
a+,.. a • if a= {a )1 (A.4.9) 

It fo1low:. i:m:nediately that tbe tntusio,r. of a Oiffo.rd-product of -=mn is 

(A-4.10) 
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Morcovt:r. wc: have 

(A+ )r = (A )r + '"'(-I)'Cr • r,"Z(A )r 
Using lhe abovc Jdations., we get atso lhe relaôoas: 

(AB )r: (-l)'Cr•~+ A+}, 

<ArBs )e= {Bs +A_. }r-=(-l)'(r· 1}12{BsAr )r 
(ABrC )s= (c+B,.A +} 

(A.•Ul) 

(A.4.12) 
(A4.13) 
(A.4.14) 

Using (A.4.11) and (A.4.12), we fi.nd. for thc nmer llfKi outa" product defined • 
abovc., lhe following reoroering rules:. 

A1.Bs= (-1)'(• • OBs.Ar J ~s (A.4.15) 
ArABr (-l)DBsAAr (A.4.16) 

Thc inner and outcr prodaC'I are defmed obrioasly by oíthe Oifford-
product in the Cliffoni Algcbr.L , 

Note that nsing (A.4.JS) anel (A.4.16) '111'!:-cm show casily thc rclaóuJs: 
l = ~aAr- (-11 Ara) (A.4.17) 
l aN\.-=i<aAc-+ (-11 A.a> (A.4.18) 

andlhen 
aAr = a.A, + v.Aw-

For our applications., the following m impoi l»C 

- Toe iductilJ 

I 
(1 1•1--a.-) = L (-J)k•ta.,<•1--k-31-) 

t=-1 

whac the -4.: means that the kth ve.cttr ís ominc:d from tbe Jmduct. 
-Tbc Fundamrnlllf Formula 

-

(A.4.19) 

(A.4.20) 

ArBs ={ArBs~-sf+ {A.Bs h--s1+2 +- +.(Ar-Bs)....s= L ~Bs>ir-st.2t (A.4.21) 
k=O 

1 wbcre m .. 2(r + s- .. _si). 

Obscrvations: 
Obs. 1. No~ thal the equation (A.4.19) 

Aa.:=•~+~ 
is thc sarne as thc cquation (A.2.5) whc:n the outt:r product ia the Clifford A1~ is 
identified with thc usual 0otcr produa anel •·Ar-= iJ Ar. 
Obs. 2. Note that lhe Clifford i= product betwccn mDllrrccttn wi1h lhe sarne grade 
is giYCn by lhe Gn.ssmann i1D1Upmducl. chat is: 
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Ar-Br = (Ar,Br)Q. 
Bu1 obscrvt lhat. ahhough ( , )Q is defmaf oaly for ckments wiI1I dle 13me 

grade, lhe_ CJifford inaer product ( . ) is ddim:id fcr any elemenu of thc Algebra 
C(V.Q). 
Obs.3. U:sing lhe OiITan:I inner pmd~ cu il:nmducc a ft:rY imponant 
isomorphism for our cak:1Jlus., between AM and A(V'") , as foOfflVS: 

(A.422) 

for ai, a:z ... llr- V 
We use: this isomorphism in §6. h is necc:ss.iry also in arder m rransl.a.~ our 

~t approach inro lhe one in Il!Í=cc::s [8,9]. 
Obs. 4. If V is n-dimensional ,,cc,or space " ·ith a ~nic tensor h witb signaturc {p,q), 

rhen lhe algebra C(V,Q), whcre Q(a)=h(a..a), is uraall)· c!esignated by Rp.q-
Obs .5. Toe Clifford AJgebra Ru (callcd Ui:Rkowski AlgebnorSpace Tune Algetn) 
of the fonns {dxll} is isomorphrc to H(2) quatc:rnionic manices. Toe Dirac complcx 
manices Algebra {'Yµ }, with 'YJ.1 Yv+Yv7).1=2hpv l, is cbe algcbra C(4>=:R4_1-

We havc me: inclusicm R+'-1 = R1.3, whae R+._1 is t.bc evffl pan of Ro-
For comp1eteness, 'lll'e note tmU R3.1 = R(4) is cailed lhe Majorana A!gebra. 
Obs. 6 Wc havc 1he foJJowing TC1ation bcrrwccn 'f=dxO __ dxl and lhe Rodgc: sur 
operator. 

lf fpeAJ>(V), witb Y=T~ -M, rhen 
•rp = (-J)f f Íp (A.4.23) 

whoe the index t dc:pends an the sigrrarure anel on rhe grade o{ f~ 
lnthepaticularcaseof R1,3 we~ •=-f for p=l.2,3 and •=f 

for 0,4. 
Toe product at lhe ri gbt hand side of (A.4.23) is the Clifford product. 

A.S.T.HE PAULI ALGEBRA 
Toe Pauli AJgebn is dcfined as lhe eYCJ1 Sllb-ilgtln. of thc $p3CCNimc algebr:a 

R1,3- Truly, it is lhe OifTord Algebn R3,o of lhe ~idc:an aidimcosional spaoe R3. 

Then. we have tbe isomorphism R+1,3 :.R3,o. This isomorpmsm is givcn by me linair-

c:nc:nsion ol 

whet'c 'Y11:ER1,3 and lo istimc-füce (Jo2=1). 
{A.5.J) 

The Pauli A1gcbra R3.o is isomorphic to C2 (aimplex 2x2 manices); anel 
this is the rcason why physicits can use thc: rcprcsentation of <Ji in termS ofthe ycry 
wcll known Pauli matrices 
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Toe 'f'CCl0S Or. satisfy thc: mulóplic:atioa rale:: 

(A.5.2) 

Tbc producls of ot g::ncntc • tenSOriaJ basis for" Rl,I). wlúcb is a vector-spacc 

witb dime.nsioo • 23=&. Othcr~ elcmcnts of thc brasis tht. bncdiDrs o~= oror=~ 

(OjO!c.-OtO~ and lhe psendoscaJar is 1 = OtOi<Jl. 

Toe elemcm 1 c:ommme •,l'ith ail thc O!hen elcmeJJ!s and 12=-l. 
From the isomorphism (A.5.1) it foDows t.hat: 

O_;t= -ljl (A.5.3) 
md 

(A.5.4) 

We sec tbat for each choi.cc of the art,itrary timc-like vu:t0r "'{o we obtain the 
Fmdi Algebra of 1o by the isomorphism (A..5.1)_ 

Given a vcetor pe Ru , it cln be ~ted by: 

JJlo= J>o+ p 
wbac 

J)F--p-'1o and 1 = P"l& 
1be Dirac opc:rator is a vcctor opmncr. We ha'1C lbcn: 

ao-,ra and V="foM 

Obs.: If Ae R1_3. then 

aA =i}-A + i}AA 
Quantity 'iJ· A is caJled dillUJem;e of A and 'iJM is called CllTf o( A. 

A.PPENDIX B 

(A.55) 

(A-5.6) 

(A.5.7) 

(A.5.8) 

(A-5.9) 

BL GENERAL GAUGE THEORY. THE PRINOPAL FIBER BUNDLE 
APPROACH. 

Ld (M,hV) be a Lorenttian DJ3Jlifoldí11. Let be a principal fibcr 
bondJe PFB with group G (and Llc algebra b). Thc following conditions must hold: 
(i) Given geG, therc wsts a mapping (diffcomorphism) 
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(uj 1t:P-+M is onto. Jf ~(p)e M, the orbi1 of G through p,rl(:x.)=rll.gx) 
=pg. gEG is callcd the fibtc ovcr x=1t(p}. 

ln lhi~ way. giv= pex-l(x), ~exima cfiffeornmphism (noo-canonical) 
O, r-l(x); g_--+ pg. 

(iü) P is locally trivial.. ic. fDT each 11e M, thcre r:xiSI an open sct UcM ,r,:ith 
xeU andadiffcomorptrism Tu(p) = (x(p),Su(p)) 

whc:rc Su :,.l~G bas lhe propcny Su(pg)=Su(p)g. Vge G,Vpe r 1(U). 
To is called a local trivialization (Ln. ora choice of gange. 
We wil.l need also lhe concept of rransition function. Gíven the PFB x:P-+M 

with groop G and two LT, Tu:,r·1(U)---+UxG and wc define 
lhe transition from TO to T v as thc mapping gw:UnV whcre, 

guv(x) = Su(p)(Su(p))-1 ; x :o 1t(p)e UnV (Bl) 
gµv(X} is wcU dmned sina: Su(pg)(S-y{pg),t~su(.p)gSy(p)g-1=-Su(p)gg""l{Syfp>rl 

acSu(p)(Sv(pJrl .and lhe following properties truc 

gw(x) = e .'rixe U ; [ri) guv{x)==(guv (x)r1 •'vx.e UnV 
gvv(x}g,uw(x)g"l.'{J(x)= e. V1<e UnVnW 

ln ordei- 10 link thls abstract thea-y with lhe theory in §2, WC need lhe alllCICpt of 
1 local section aI a PFB with group G, ie. the lllllJ)ping 

M:::>U-+P; XuO"=ldu (BZ) 

Ido is the idcutity in U. 
lt c.m be shown lhat thcn: cxists a mmrra1 ~ndeno: between local secrlons 

and local trivializations. To analyse lhe monopole theory, wc shaJ.l nced abo the 
foilowingf6,3J 

THEOREM: A PFB with groop G is trivial if anel. only if it has a conmruous 
(global) cross scction. 

A trivial PFB is one wbcre P=MxG 
We givc now tmec equivalem dc:finitions of -a corrn.eaion in a PFB. lh::se thra: 

dc:fin:itions conuín ,iOCeSSm')' for me formnilltiou of oor monupole meoiy as 
aPFBtbcory. 

(Cl) A connec1ion is a way toassocialewith peP a subspace HpCTpP sa:h dm: 

(83) 
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Thc mapping ~Hp is C-. Hp is called the Jioriu)lf/oJ subspace and Vp is caI:c:d 
lhe verrica/ subspacc,sucb thal TpP = Hp Vp. 

A 
(C'2) A connecrion is I C- l-f01111 a> over P which l3kcs values in G. lhe Lic Alietn 
o( G , and such that 

A 
(a) g:i'IICII Ae G and A• a vector fie1d dcfmed OI/a" P by 

d 
A~xptA)i...o 

A• is called lhe ju,ulmnenrof f ~ld, 
(b) giYen geG.itis0>pi;:~•X)-=Adr-1Cllp(x), VgeG,peP 

We can write this cquation as 
Rgo (to)..- Adg-Jm(@) 

wbere ro is caJJcd the ronnection 1-form. 
lt is imporun1 1D observe that in general G appears in lhe pbysicaJ thcorics as a 

mamx group throogh iis adjoint rcpresentarion ,. 
G-+GL(G ); 

A A 
ln mch a case, if Ae GL(G ) and Be G, we bave 

(B5) 

Assuming then lhat G is 1. manix group wc have 

(C3) A conne.ctioo associares fcr each local lrivfaliz.ation (1.c.. a choise of gauge) 
A 

a 1-fonn (l)U over U, wilh values in G, with lhe foUov.ing 

compatibility condition: H ~: UnV is lhe iransitim function from Tu 10 T v we 
impose 

cov = (guv)-ldguv + (guvJ"1mu &iv 
whlch we somclimes v.rite in a more compact notation u 

CDy = g-1dg +Ad~1 O>lJ 

(B6) 

(86') 
We uow dcfien the local gauge potential. Given a aJDJlCCl'ÍOD over P. a local 

scctioo lhe .. puD_back .. 

=aüm 
is c:ailcd lhe local gauge potennJJJ. 

(B7) 

Now. gi~ a connecrion 1-form Cll OVCT a PFB with group G, 
we can write each Xe T pP as X=Xv .. xH, wh~ xv is0 vcnical (1.e..x•(XY)=()) 
and XH is horiUJttllll (i.e. w(Xff)=O). 

A A 
H Ak(P,G) is die Sd of all lhe lc-fonns O\ltt P with vaJ~ in G , l.hen if 
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A A 
tp,e A(P,G) wc define cpK eAk(P,G) by 

~CX1--Xi.) = «xr ..... .x:') (BS} 

Notice lhat ~R(X.1 •... .X:11;)=0 if one o! the is Yer1ical. Morcova, tbe CJ.tcrior 
• A 

cuvuianl derivuivc O- oi -.,eAl(P,G) is 
" o-q, = {dq))ff E J\lf+.l(P ,G) (B9) ... 

Wedcfinenow thc OITWllllT~fonn oftbc c:onneaioa me:A1(P,G) as 
O-= [)CID m e A2(P,G) (BIO) 

Wc c:an show dâ lhe C'llnlall'e satisfies lhe C .,-,:an stnumaJ eqnation[2.3] 
.(}CD = O):: de.o+ ½ [ m.,6> l CB 11) 

• " Thc meanin g of thc commut.amr in cq ( 15) is as foDows: Let cpe J\I (P,G) and 
. A . • A 

•eN (P.G). Tbcn [cp;qr)e A1•J(P,G). in sucb a way thai 

wbcrc (JE Perm 0,.2,... . ...,i+j} and (-)O=± Í5 thc sigu e:,( kpollXltatioo. 
/\ 

The brackctSinmer.h.s. al(16)~ the Lle l:ach:lsin G and X.eT,P, n=l, 

-·· .i+j. 
The c:urva1me satisfics a1so a:nain imcgrability c:ondmcn. cal1c:d Bianch:i idcm::ity 

(wtãch in me~ liiaatmc Me c:ailcd thc'boinogc.lCOUS field equations); 
0-0ID=O (BI3) 

Oncc wc cboosc a Jocal scaion ou: U-+P(UcM) • wc 1nrwc a g;rngt: polC'lltial 
altJ assix:ian:d "Mth the conncction vi.a lhe pull-back (C3); 

Now, thc pull-back of !l"' is a&d lhe forct!-field associatm 10 IDi,,J . We have 
Ou-=-ct-Ú O w , (B l 4) 

The Canan stnx:mra1 eqoation is also valid in U ,i.c.. wc bavc 

0= D'9mu = dCGu + ½ [ WU,couJ . (Bl5) • 

Jt i5 imponant to observe that, when (B6) is a mat:rix gnmp. we ihave that. if 
A A 

q,eAl(P,G} anel 7eA1(P,G). thcu 
[ 11, V] "" ,v. 'V - (-ljj "P Mp (B l 6) 

wheff: 'P aod ,P are cunsidcn:d as mattices d"fanns wilh Yllucs in R. and C!)A 'P is 
tbc usual matrix .nalliplicalicn (whcrc me elenrnts at the manices are mnirlplied via me 
cd~ operarar A). Then., wherl. G is • matri.x poap. cq (B 11) and cq (B 15) can be 
wriDcn 

0- - cko + CIY\.OI • (Bl 1') 

(BIS') 



Eq.(1 0)givesthc rulc for lhe tnmfommion or lhe pocorial onder I gaugc 
tr.ms.far..iarion. For t:hcforafidd wc ha~ chc folk,tt.-ing mkfl.lS.J. 

gw: UnV G = fiy = A.d(luv}-rilu (BJ7) 

ín e.ase .,.hai G is a mmi~ group •~ ha1l'C 
0y = (fuyJ-lOuguy (BI8) 

B2. EQu~7ARIA:\T HORIZO:\TAL FORMS 

Lcl GL(V) • g__. g. v I« fE G and ve V bc as usual a n:pregnratioc of 
G in a vcaor sp:::.::e V. By dcfinition. an cquj,·arfa,i: horizorrui1 k-fc-nn (or horizontal k-
fonn, !a WJrt) in P which assmncs ~-alues in V s.rtisfics lhe propcrtie:s: 

Cb1) • CX1r--Xt> = O .. (B.19) 
if at kast onc of thc Xi is vcnical. i.c_J[•JCj = O 

(h:z.) Ii,,(= r1t (B-20) 
D 

Lct llS n:alJ thc sp3CC ofthc k-blrizonta.J íanm ~.V)c:Al(P,V). Observe 
A 

that • aJthough a conncction O>E A1(P,G) bas lhe propc:ny (hi) whcn wc 11:se the 
adjoint rc?fCSentatioo Ad: ir doa not givc zero whc:n applied ro ~cal 

- A vectors and thcn does not bcJong io A 1 (P ,G). Thc: diffen:oc:c ber:wcen rwo connecóons 
- A 't=CI>\- Al(P.G) since satisfies Chi) md (h1). Indeod. r.o, and mi mapa 

A 
given vcrucal vector A •p on irs (uniquc) g12'1Cntor A= :oi(A •)=ci>i(A •)=Ae G 

- A Con,·CJ'SCly, if 'tE A 1(P ,G). also m+t is a ronnecóon, and if 'lllC fix a connection - ,.. 
ro v.-c havt: a 1-J com:spondcncc berwo:n lhe clc:mentsof A 1(P,G) and the conne.ctions 

- A in Jn this way, jf Cll is a cooncctian and "te A 1(P,G), thcn QJ+rr is a cuvc in 
C ,(lhe spatt of connections) v.-hich is~ 10 (i) jp t=O. 

Wc ca:n lhcn charactcrizes A1(P.m =TmC as t:hc tangent Spac% to e. We 
A 

also o!'scn.~ herc tha.t 0CDe A2{P,G} with me adjoint rcp-escnwion. 
We call horizontd functions « pan:icJc ficlds lhe maps 'I': P-t V which 

satisfy only (h2.) ('Pe AO(P.V) i!!!! C(P,V)). Sucli flmctions an: assoc:iatcd 10 the 
quannnn fields of thc pamclcs. 

Thc covuiani dem-ariYC maps llorizll!nlll fmms imo borfaonraJ forms, i.c. 

D»:M(P,V}-+A°k+l(P.V). lndecd, 0--,={df)R gi,- .zau oo vmcaJ vcctors and 
R·,, = , ••. Jt. [)CDq, = R,Cd•)H = (dR*"')H = g-10-, (Observe that me pull-'baclc 
commutcs with thc dilfc:n:nlia.J and lhat ll'ac1wtges only \IO'Úcal componcnt of the 

vcctors). 

we·can showllSJ that for Ua Ã\CP.V) wc havc 
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(bJ) OC°t = dü>+- &\T (B.21) 
Thc symbol ;,. in (113) camcs not only thc usai caerior-pn,duct bul also lhe 

action of G in V. Sucb an acrion comes from the ,cpiescumioa oCG in V.~ givc::n 
by 

(B.2-2) 
I\ 

Wben V= G Tiith dJe adjoint n:presencation, (h3) rc:duc:cs to o-t,,,d-r+[m:r]. When 
t = Qra) this is lhe Bianchi idmtity. 

B3. METRJCS ANO THE HODGE STAR OPERATOR 1N A. .PFB 

Let wilh group G bc a PFB. For eacb pe P ,ac can cboose Hpe:TpP such 
tbn TpP=flpGVp. Weobse:rrcthat~ Rp-+T~ (x=x(p}) 
is an ison,orphism berM:CD Hp and T zM. p 

The metric b of thc spacc-time M cm then be nnspared 1> H~ 1V!ü.cli then -.viil 
hne a metric hp = 1rp• hx. We can alSD de6ne a volume eltmelll µ associatt'.d wuh 
tbe volmne eJemcnt 1,1 in T1 M . This pennítS us 10 define a Hodgc si.ar ope:rator in 
Hp-

(B.23) 

whcrc n=dim Rp=dim M .. 
Due tolhe panition. Tp?;HpSV p and due IO lhe fãa rh:at bori2Dotal forms giw 

z,cro wben applicd to vO"licaJ YCC1m'S. wc can ddinc 

-: Ãk(P.V}-tA•·k(P.V) (B.24) 

Fcr 41)1; Ãk{P,V) and peP wc define (-ip)p as the müque exteP5iou oC •p4PIJ:l-p to a 

(-o-k) form in P with valoes in V which givcs zero wht:n acting on vec1DrS. We 
hne for each local scaion 

(i"cp) = •aú <•> (B.2S) 
whcre Ak(U."Y)~A• k(U,V) is the usuaJ Hodgc sm opam • ddined by thc 
mcuic and thc YOfame danent in M. (sc:e cq (A.3.2}) 

Gi'V'Cl'I • wc cm define ac:odiff"c:rcnóal associated toa connectim 

for-horizontal fc:nns by {COIIlpatewid\cq (A..3.1)): 

S-Ap=(-1)P.-10-iAp .VApeAk{P,V) (B.26) 

Byming • wc cm aJsodcfirle a mcuic for lhe horim,,taJ p-fonm ,,,,-e M(P.R) by 
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Íl: .R)x~(P.R)-tR (8.27) 

wilh ~;'lf=h(q,,.-)µ, bcing µ lhe volume d~ m Hp. 
This mc:lric can bc atende.d also 10 horizontal forms cp,1p'E Ãk(P,V) wlrieh take 

" values in a ve:ctcr spacc V wüfl metric h .Lei f ~) bc a basis ofV, 
" li ~=h~E~ and wrla:: ~E.a, V"''l'°Ea w:ith cp'l.~ °Ak(P,R). 

Wedefine 
" --.,, ,n 7k li h: A-v-,V)xA (P,V)--tR 

fi h (q,,'f') = ~li(cp<1,~)ho.~ {B . 28) 
" " ln lhe case in v.•hich V= G we always use h = h, the bi iDvariaru Killing-Canan mearic 

in & (IS] and WC~ 

fonD !pE: M(P,G ). 

APPEl\'DIX C 

SPUCED Bt.r.\1lLES ANO CONNECTIONS 

Let xi:P1 ;M and 1t2:Pz-+M bc rwo PFB with group G1 and G2 a:nd the 
sarne base space M. Wedc:finc thesct P1oPr={(p1,P2>eP1xP2l Jt1{p1)=1t2(p2)} and 
observe that G1 x G2 acts frccly on the rigbt of P10P2 , <P1,P2)(gi,g2)=(p1g1,P2g:z) . 
. It is easy to see that 1t12:P1oP2-tM wilh n12{PJ,p:z)==1r1(p)=7t2{p) is a PFB with 
group G1 x G2 . We c:aII such a PFB a spliced bundle associate.d to rhe rv.'O PFB 
whlch cnr~ lhe definition. 

We can also introducc rwo other PFB, x-1: P1oP2-tP1 (,r1(p1,J>2)9'l) with 
group G2 and i;2:PJoP2-tP2(n2 {p1,Pl) = p2 whith groap G1, 

Wc havc lhe snuaure of five PFB,rcprescntt.d in Figure l 

0 1 x(½ • • • o, .. ~ç4;?--o, 
M 

Fig. l • TM .splíced bundle PtoP2 and' olh« PFB'S 
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Wc can showflSJ th.at. if6)1eA1(P1.G1) and mzeA2<P2-G2} an: conncctions 
dtfined on thc PFB it1:Pr·--.M :mel x2:P2-M. thcn 

to :c 1t1*«i1 (& r:2•co-i (Cl) 
is 1 on the PFB 1tu:P1oPr-.M . Wc are going to show h~ that., if m 
is • connea:ion on lhe splw:ed there ar.- cow.e..tious mi and mi on me arigmaI 
PFB sucb that 

(C2) 

ln order to prove oor m1emern ler U5 use thc: idcntifications G1-=G1ec>, 
A A A A • 
Gz=OEi:l'Gl in G1 tBG:z,, and consick::r the proja:rioes p':G1~(i:c 1,2).0bserve 
lhat wc = always write 0r-pl(ID) @p2(w). and tben. if we define 6>1 and mi 

throogh tbe relatioas ~•fili =pÍ(m), i=l,.2., obtain CIP 1t1*ro1 eit2'"mz. 
lt remains to bc proved that ro1 and O>i_~- an: well ddinm and are oormettiom. W e 

haYC, for eoifor cxample, that 

Cm.>pi<X1>= p1( Ulp<Xp}> 
pe Py0P2 • 1t1(p) = Pt.XpeTpcP10Pi) and (X)p1 = x-1•(Xp)eT pt(Pl) 

We nmst show rhat mis defürition does not depend oo the choice af p anel Xp . Inileed, 
for p fixai, if XpX'pe Tp(P10P2) and 1t1•p(Xp):=r.l•p( X'p)=Xpp then 

1tl•(XJ>- X' p} = 0 (C3) 
and tben Xp- X'p is a vertical vcctor in thc PFB x1:P10PrP1. The group associatcd 
to this PFB is{½ and wo can writc 

d 
Xp-X'p = dt (p exptA2)1i,.0 (C4) 

A A /\ 
for AE Gz~Making lhe mcntification A2::::0eA,e G16G2 • v.·e obtain that 

COp{Xp - X' p) = O 8 A2 (C5) 
and thm pl((i)p(Xp--X' p}) =0 and pl(Wp(Xp})=pl(eop(X' p)) 
ln dic c:asc n;l(p)=xl(p'ppi. - hne p'91&2 and X'p=R;lx, • and tbca. 

Jt1• (}C pF tt1• (Xp} 

Gtp' {Xp-) • Ad('2)-l'°P (Xp) anel pl(UJp• (Xp·) )= pl (<Dp <Xia)) 

h follows dl1II cot is wen dcímed anel we must now show that it is 11,c::onnecnon. 
T1Je propen:ies (i) and (Ü) of the definition of a cormection are clearly satisficd. We 



ob.scr"W!: lhat, '1rom lhe point of ~w oí thc PFB, x1 :P,~Rh acts so as R(e,g2) 

fn:.n me poim of vic:w m lhe spiiccd bundle: 
91 <Rs1• x.»i> = pl(m(R.(&,.c)• Xpl = pi (Adc.&~-l~p)) = 

= Adc&1)-JPl(mOCp)) = Ad(gl}-J (J)l(XPJ) 

h mis •-ay il is~ dlal, for cacb C'Cl!O.ll«rion Mon Ih: splietd bandlc 
. are rwo conncctions mi on P1 and ll>z oo P2 such that 

m= :,)• mi 611: r 4IDz 

{C6) 
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