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l,0t T bc u top'lln<1iral zp;irr> <1nrl )Pt c 1,'r;m) !0 •h,. l~1n.1d• "1~1,r-

of all bounrled continuous i:eal-valuc<l éunc iuns on T, cq .uppcd W1lh Lhe 
sup-norm , llfll e s1.1p• f(t)I; t E T . When T is CO!' ,aC' , CblT; IR)c CIT;lR), 

the sp:icc of ,.i 1 can t l nuow; rPn l-vn l 1c-t' Lrnct í e r.:s nn T. ln L'tJ ; e ,se 1 L 

is ·,P.?11 kna,,IT' Lhat any closccl suu,1 l •Jcur<.1 /\ of C'T;lJll ts pro im1n 11 
and scveral proofs have L•.en prcscr· cd. fr th ond 1hrd I l I E i< r-n<l, ·l th1 

rcsult b:,r provin<J thn ny cl0scd su1,i t rr hr.i of e (T: rn for o:Jr't''.lCt 

'l', has thc relativc L'I byr,hev ccntcr propcrty 1n C(T;JPJ. /\i.,p!yi11C1 L'iis 
rcsult to thc algebra /\ = ClT;Ul) 011c nc.ts that C{l';ffil, for 1u·r>Jct 

T, .idmits Chebyshcv c,·nlers . 'l'lilt: 1r•s11lt w,11: nl,L<.11twd tu,· l.r,l>I lly 
Kadcts and Zamyatin 161, ,1ncl for ,,r,y r;c..1rr,.ic.t T by ,~.irk , v1 l 71 1• ,1,s 

extended by }lach 181: indc-cu, it follows 1rom .1 n~.::; 3 and 4 of M<l 181 

Chebyshev centcr propcrty in ('!'; JR) anel • l,_ m,m h 'C'Cnt B;Cb'T;lRl) 

at Ch(T,m, is lower semicontinuous . See also lnch 171. The resJl 

admits Chcby:;hcv centcrs, for o1ny L'>1oloqic,tl s•.ict T, w.Js .ilso 10Uccc 
Franchetti and Cheney 14 1. AI l lht'St' rcsuJ ts wei:e qenPral i zcr1 ,md cxtcJ'ldc,<l 

by Prolla, Chiacchio and Rovcrsi l 101, who show~d lh.1l .iny closc<l sub-
~,lr.Jcbr,"l h e c;b(1'; UO, f<.r .1n dtbit I iri t« ,, ,t,,11c.1J •:.1 JC"• 

rela tive Chebyshe•J center roper y iri br t'i Ct IT; :R 

·, t1 .. 1; 11, 

map B - cent(f\;l.J is I.ipschitz cont.in.JO'.lS ln •he :1 usdor•f r, t.ric '¾t ·,:i,_ 

Lipschi tz constant nol grcater than 2 . This rcsult wc,s ptaved isinq "-""Ong 

oth~r things the Stone-Weietstrass Theore~. Since wc 
this theorem to a description of thc closurc of A·, 

exLe~ded recently 
for co:--..,act T ! see 

[ 111 or 1121), it is n,1tural to atcmpt to c>xt. nd this rc-sult nf l 101 to 
the,uniform closure o[ ,..+. Our Thcorcm 3 b<:>low achicvc-s thi s (1biN·ti.vc, 

even for Ar r L(T;IR). 

Let us explain our notation and ter"linoloriy. t·,r ary Ban~ch space 
E , the open and closcd balls of center " and ra1liu:- r ,,... ,'e.no ed, 
respectivcly, by B(a;r) and B(a;r) . 1f V ,; ,rny non- rrµt, subRclof L 
and a E E , then 

disL(a;V): - inflll.i - vil; v C V). 

We denote by Pv(a) the se of all hcst <1pprox1m1n~s to a frcm V, 

i.e., 



"' 

Pv t.1): ''J ( V ; li V - .i'I ,J i <;l (, ;VI 

for ,,11 a E E, wf> say th.:it V 1s r-•~, xoni,.,11 in e. Tf 

B r: E is any bounrlc:d non-cmpty ,;11hr:f't , th, n 

rad(B;V): inf ' sup li f - \' I' ; v • \, 
rr r. 

is callcd the 1ctat.it1 r Cltr•b,,~:•ev "t,1d1u~ c1 .{ B ui!:t '..•,~t ... '"f to'./. V'1'teri 
V= E wc writc simply rad(R) and rall it thc• ('/ •lw1/,,,, •-,,/i11• r< 11 . ·r 

elerncnt v E V such that 

sur lf- vil " r:ad(B;VJ 
f C' B 

is ca 11 ed a H f a ti V(' C /i C b [n li e V C e li 1 (' i P B ll' < ti· 'il' \ P, <' / t ,, V , <1rnl ._,, 

denote by cent(B;V) thc set of ali such PlC-"lPnlf.. \•;'.H·n V 1 , ,!" ,;ti•< 

simply cent(B) and 1.ts elements utc callcd Lhe tr,cl-t,1/r,• ,, t,•:1 o~ 

When cent(B;V) I : for any hounded B !!- , wc say th ,~ V r=:: tl',r 

,teta-t-'ve Clteb!J6Ílrt• cr11tr~ pt"/'~,tr/ in E. Whl"n ,•pnt (l'l-/ 

B , wc say that E admiti CltrbtJlltrv cr11-tc.~1. 

If T is any non-empty sct, wc denote by 
of all bounded reo1l-v,1luc•d :·un·ti011:; d<"fin,.d or 

with the sup-norm 

li [ li sup { ( ( t) : l e.. 'l' 

it becomes a Banach space. When T is a topological spacc, thcn the vec 

tor subspace of all elcments of '~(T;lR) , w1c-h are con•inuo11!: on r, i~ 
denoted by cb (T; IR) . Since is is closed in e~ (T; m l , lt l s , B,mac•, 

space too. When T is compact, thcn all continuous real-valuctl functior.s 

on Tare bounded, i.e., C(T;IRJ = Cb(T;lR) 
topological space T, the space Cb(T,IRJ 

for corrpact T. ror "-r'Y 
is isomt:ltrical ly, alt::r-br_ür..:1.ll~' 

and lattice isomorphic to e (Y.; IR) for some compac 1lausJorf r s,ncc t" . 

When T is a complctely regular lluusdorff space, then wc 1:>.1y t.il:,:, !' t.n 
be the Stone-Cech compactification of T. The set of all f • l.,(T;ffil 

such that f(t) ~O, for any t C 'I', is clcnotr•d t,y <('!';IH) r, r .ir.•; 

subset A C 1., (T, lR) , l\ +: = A (') t,: (T, IR) 

7 
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The fullc,wl11•1 <1,•linlllu11 w ,i,; l11i1od11n•d ln l I0I. 

DEFINITION 1 . Let V be a closed non-empty subset of a Banach space E , 

and let 8 be a class of boundecl non-cmpty subsets of E. 1,c sny U1at lhe 

pair (V , 6) lrn6 p-iopeity (C) rn E, if given BE 8 , w E V, r O and 

E> O such that v n n B(f;r) -f I and llf-wll < r + r for all 
f'-B 

f E B , there exists v E V such that li v -w li L ,rnd llf - vil < r for 
all f E B . 

Let us say that V ha.a p11.oµe~tu (C) 

has property (C) in E , where B(E) is the 

subsets of E . Clearly, if V has property 

vector subgpace such that V C FC E, then 

Banach space F too . 

ili E, if the pair (V, 6 (E)) 

class of all bounded non-errç,ty 
(C) in E, and F is a closcd 

V has property (C) in the 

Thc following resulL WilS provcd in l 10I. Uie,, l'rni,m:ilion 2 . 2 ,rnd 

Theorem 2.4 of (10] . ) 

THEOREM 1. Lct V be a. doH.d 11011-cmpty aubHt o~ a Ba,:aclt 6pacc E. 11 
V ha.6 pll.Ope.11.ty (C) Úl E, a.11d F i6 ,111!f d'oHd vec ta.~ 6ub6pacc o~ E COII 

Ca.i.n.i.ng V , the.n 

(2) The. map B - cent (B ; V) {6 Up6c.hi tz d 11 -f,•11.tú:1w11.6, ,rith 1.<11.1.-/1ttz 

c.on&ta.nt not g1te.a.te.11. tlrnn 2, i.e., 

(3) V Í6 p11.oximina.f cn F. 

(5) The me-t:11.lc. p1tojec.tlon Pv a.dm-tt.:, a c.011trn1wu6 61•tec.tio11. 

REMARK . The Hausdorff metric dH is defined as follows : 

inf { r > O ; A e B + r u , B e A + r u l 
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where U (v r E; 'I vil e 11, for any pair /\, li ,r bound,•d anel non-enpty 

subsets of E . 

., (T; ID) 'li ' 

t/io. 1, 10' lUllj paJ1 ·,1 , h e K ,tt.i "> o t lt (" t101c t, 011 ((w f l) A h)' (•~· -

b fc119~ to K. let T e 
e T, ,,,,1 1 e i }' 

o 
( f ( ,: ; e a, o (,. a, ( r T 

o 
l 1 V - K º' ( { V - K , ( t-0 { ,,, ,.,, :,, '1 : 1, (l' ; II•) 1: 1 o 
( 1)- (5) o~ T/1 e.o"-~"' l o.~ e t,!J~ 

PROOF. We have to prove th<1l V has proper y f' 1 in : , (T; ffi) , nd Ã • 

suffices to show that V= K has propr:rty (t") iTJ . ('!'; IR) . Indc<>d , 1\, 

is closcd tno .:mel if w,h C K0 , Lhcn by h11 Jt,~is 'l ((w t,) sh)v(w -

btlon,3s to K, sinc:c w ,1nrl h t,,-.)rrnq t o ,:. 'low, if w,· t ,k.- t 1 \.,· 

then w(tl e h(t) =O, and therefore g(t) - O. Hencc 'J l K0 

We clüim thi'lt K has propí'rty (C") in 9 ('!';Til. Tnd,'<•l, IN l\ r V..(T;JP) 

be a bounaed non-empty subset, 

with K n ') B(f;rl ;. and 
fEB 

h E K such that llf - h li ,. r 
Then v E K ünd li v - w 1: < t 

let w e K , r ' o anu ... o bE" GlVC'.'n 

llf - w li < r + for ,11 f E: II Choosc 

for all f F 1\ J,-t v ((w, ), h)v(w- ). 

We claim that Ir - vil ,. r fvr .::11 f ç n. 

Indeed, let x E T and f n bc qivcn. 

CASE l. r .. , - ·,1f•1) 1 

Then v(x) h(xl and f (x) - v(x) f(x) -h (XI r 

CASE 2. h(x) - w(x) t 

Then v(:,) w(x) + r arrl -r ,. frx) - h (·-:) ., : (•, - .,;t 1- + ( - r. 

CASE 3. h (x) - w(x) ,. 
- f 

Then v(x) = w(x) - ,: and -r = - (r + ·) + r ,. f (~:) - ·,, (x) + ,. :lx) - h 'x) 
< r D 

REMARK. I t is obvious from thc proof of Theorem 2 , thil when ver " sel 

K C i.00 (T ;m) is such that, for any pair w,h E f{ and , 'O U..r: fnnr-tinn 

((w + E)Ah) v(w - E) belongs to K, thcn thc se K0 Ir• r; f(ll - o 
for all t E T0 ) has the some property, for any subsc T0 e T. 11 •ncc, 

to cach corollary listcd bclow, therc- is ü corr,-.sponrlinq rf'r.ult fqr K0 , 
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whcnever K0 is non-cmpty. Mosl of thc time wc will not sli1te explicitly 

the corresponding corollary. 

COROLLARY l. Le t a,b E 1 (T; IR) wi ti, a < b eet V = 1 a , bl: = 

{h E t"' (T;IR) ; a(xl < h(x) b(x) , (' a.U X E T) a•id f l' f E ib,(T;m). -
Then (1)- (5) 01 Tli co1 cm 1 aH t,uc. 

PROOF. It is easy to see that for any pair w,h in la,bl ,the function 

( (w + E) A h) V ( w - f.) belongs to r a, bl. o 

REMARK . Franchetti and Cheney provcd lhe proxirninalily of ,my onlcr intcrval 

in any Banach lattice (see 14, Lemma 3.51) . Roversi proved that I a,b l C 

'i.~,(T;TR) h,15 thc rcl,1tivC' Chrhyshrv rrntrr proprrly in 1 IT; IR) (SC'" 

113, Proposition 2.61). Notice that Corollary 1 aprlics lo the set 

v = {h E 9 ... (T;lR); h(T) e la,bl) whE.-n l a,bl e .ffi. Jnr!ecd lhis c..ise 

corresponds to takc a and b in Corollury l to 1,c const.anl funcL~úns . 

COROLLARY 2 . Let (T,<) be a pHOHinerl Ht a,,rl {'.C( V b(' tl,r 111bict 

o,~ af( f E 9 ... (T;ffil wl11c/1 n,,, 111•11 d,·,·H,nrnq ('([•11 1 • 11,,,r 111r•11•111i11!1l ,,., 

T , and tet E = l (T; IR). Tlten (1)-(5) a~ Tl,cc•Hnl I a~l' t~"e. 

PROCF. 'rhc sct V is ,1 c l oscd !a1 l,!.illicc of i ('l';JH) ind w 1 , bclonq 

to V , for each w E V and ,: > O . D 

REMARK. When T is a topological space and V is ..is in Corollary 1 or 

2 then V n Cb (T , IR) has the sarne property in 9,m (T , .IR) as v , and 

analogous results can be formulated. Roversi had proved that the closed 

sublattice V of Corollary 2 has the rcL.1tive Chebyshcv c.:cnlcr property 

in i 00 (T;IR). (See Proposition 2.4 of 1131. ) 

COROLLARY 3. Let K bc a ci'oHd 611bia tt i e~ (./ 1_,, ('I'; IR) l11c/1 ll1nl 1" \ 
antJ w E K and e: > o , the 6unct-ion1 w + € ai,d w - 1,~ f eng to K. 
Le t T e T , and K : ! f E K; f ( t) o o - o .1 (I' att t (' T o 

1 1 V - K (1' 

V = K and E = i 00 (T; lR) . -then ( l )- (5) o~ Tlir.01tem o •,e ttue. o 

PROOF . Clearly , K satisfies the hypothesis of Theorem 2. 
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REMARK. The hyphotesis o· Corollary 3 are vcrilic·d if K is " <.:losc•d 

sublattice such that K + K e K and K contains the constants; in par-

ticular, if K is a closed sublattice containing the constants which is 

also a convex cone. Ilence Corol lary l 1s .i qener, liz.:.il ion r,f an l•f~,rr,:-:,rn,.11 u,r, 

Theorcrn of Blattcr and Scevcr 121,131. Under the latter liynothcs1s tLey 

proved that K0 is proxirninal in 9 ,,(T ;JR). Their proof uses their throry 

of interposition of funcl.ions. ln I l I ll,L"/ r·,;t il,lr•;l," 1,,rn,iJ,1 ;, , di ,111;1·} 

in terrns of the guasi-proxirnity defined by K on T. The approxirnation 

theorern of Blatter and Seever extends an approxirnation theorem of Nad1bin 

(9, Appendix, § 5, Theorem 61 which proves that any closerl latlice conP 

K C C(T;JR) , containing the constants, is proxirninal in C(T ; lR), for T 

a compact Hausdorff space . (When T0 = ', then Blatlt>r antl Se>0ver's resul 

follows from Nachbin ' s). Nachbin also proveda formula for dist(f;~). 

In [l0J it is considered the case in which V is a closed vector 

subspace of i .. (T; JR) . Then Theor"m 2 take,, thC' fo 11 owi nq simpl ifiC'd fonn. 

THEOREM 2 '. Let V be a cloHd vccto· 6t1b~ptlC~ uj r.,,(T;JR) ltJC/1 t, at , 

~o~anlf 11r:v and, '0 , tl11•~r1111•/r,,11 (, ,lilv(-) /,•l',11q', f,, V. 

Then V lta.i p.topeHlf (C) rn 9 .... (T; m) . 

Using Theorern 2' the following result was proved in ll0I 

THEOREM 3 . Ltt V be a cloied iubalgcbia 04 

Then (1) - (5) oj Tl,eoiem 1 aH t,iu~. 
(T;Il'J, ttnd tr/ E (T; lP) . 

The proof of Theorern 3 is reduced to the case of a closed sub-
• algebra V of C(K;:JR) , where K is a compact H,7usdorff s.ace, anel in 

this case the proof that V satisfies the hypotll esjs of '!'heorcm 2' u:;l!s 

the Stone-Weierstrass Theorern. (See [101 .) Sincc any closed subalttnbra of 

Cb (T; IR) , is closed in 9 . .,, (T ; JR) , Theorern 3 irnpl i es our next resul t. 

COROLLARY 4. Let T be a topotogüaf. ~pc:tC{'. Lc t V Li~ a Cf(i~r.:d ~li[, -
a.tge.b1t.a. ºÓ Cb (T; IR) and eet E = ', (T;JR) "'' E cb ( T; m) . T Ir' " ( 1) - (',) 

o~ Tlteo1t.e.m 1 a.,te_ .t11.ue. . I 5 T i<I RoraUCJ compact, ª"d V i \ ,1 r f ,, i ,,d 
6ubatgeb11.a. 06 C0 (T; :JR) a.nd E ;_ ~(T;JR) , tltrn ( 1) - (5) (11 T 1- •<•~cm 1 
a11.c t11.ue. 
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Let us now cxtend Theorcm 3 and Corollary 4 to thc uniform closure 
of the setor positive elements of a qiven subalqebra A. Firstly , we 
show that our Vf'rsion of thc Stonc-Wcierstr,1ss th,'orcm (1111 or l 12 1) , 
describ!ng thc uniform closure of A+, for AC C(K;IR) , K 
can be uscd to prove that such " clo:;cd convex con s,llisfic:; 
sis of Thcorcm 2. 

co:npact , 
Uic hypo~ 

LEMMA 1. ld A bc ,1 ~ub<1ti1~li,,1 u~ e (K; IR) , 1d1c1t t: i l ,1 r,•,rpuc t 
Hau&do11.66 6pace. Fo'L ana w and h 11 t/1r uni ,u1tm rfo-~u\' o, A' rrnd any 
( > O , tlte 6unctio11 ( (w + l) h h) v (w - e) !,rfc•11!jl> to ti"• uni ,,•~m cf,,-
lultr 06 A+. 

PROOF. Lct g = ((w +E) h h) v (w - E). By Theorer-, 'l, Prolla 1111 thcre 
exists a point x C K such th..il 

clist (gfxl 

where ( X ) is thc equivalence class of X mod. A+ 
' 

i .e., 1 xi= l t E r; 
a (t) = a(x) for all a E A+}. Since both ',I and r. bc:i.ong to the 
uniform closurc of A+ 

' 
they are const .. nt on 1 xi. Lel wo tnd ho be 

constant value of w and h, rcspectively, on lh<" SC"t 1 X j. NotiC<' that 
w > o - o and h > o - o . Hence ( (wn + r) h h ) V 

() 
Cw - ) 

() 
o 

CASE l. Fo.t anq a E: A+ a(x) o. 
ln this case w h = o anrl '1 ( t) - e for al 1 (' 1 X J. HPOCP r') ,, 

llg Q li (X) = o and, since o E + 
A ' dist(q(xl; Aj X)) = o . 

Let f 0 = (((w0 + e) h 

f E A+ and f ( t) g ( t) 
+ dist(g[xl; A[ xi) = O 

h0 ) v (w0 - c))/a(x) .:ind 

for all t E ( x 1 . Hencc 

In both cases , dist (q; A+) O and thcreforo 
uniform closure of A+ in C(K;IR). D 

f = f 0 a . 

l\q-flllxl=O 

Then 

and 

q bclon"s to thc 
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clo~u~e o~ A+ .i11 ~~(T;IR) a.11d t ·t 

o.tem 1 1t11.e l'tur. 

PROOF . Let K be lhe Stone-Cech conpacti ficiltion of T oqu ipped wi th 

the discrete topology. Then l.~IT;lR) is isome> rically, aly1·brru.mlly ;:,r.d 

lattice isomorphic o ClK;IR). Thí' rcs 11 now :ollows tro:n Lcmn,, and 

Theorcm 2. D 

COROLLARY 5. le( 
06 Cb(T;IR). 1~ 

T b" , topct~g,ca, •: e a11d tet 
V dc,wtr~ t/ir 1111< 6<--~m cto~ui~ ,,, 

PROOF. The algebra A is a suba lqebra ot ,.,(1'; lR) 

sure of A+ in cb (T; mi is the> sl1me (l!; he> uni form 
1- 00 (T; IR) , since Cb (T;IR) is closcd in i,,,(T; IR) [7 

(1 IU f:o.1,q l •• 

11.' '" Cb('l';lR) a.11d 

.ind the uniform elo-

closurr, of A+ in 

COROLLARY 6. Let T be a tocaU,1 C<'mpact ~,i.ur a,,d frt li I e ~• b 

algeb11.a o~ C0 (T;IR). 16 V dcnuto tlic "'" ~,,.,111 cf,,, ~e , < A+ ;,, 

C0 (T;IR) and E= P, (T;IR), tlit•P (1)-(5) O'Í Tliro~r• l ,1·. t~uc. 

PROOF. The algebra A is a subalqcbra of both Cb (T; IR) and ~, (T; IR) 

and the uniform closure of A+ in c0 (T; IR) is the sa,e .:.s Lhe un. ferir 

closurc of A+ in Cb (T; IR) and in 1 . ('!'; IR) , si nce C0 ('!'; IR) is closed 

and (T;IR) . D 

COROLLARY 7. Let T bc a tupot,,9, ,·ai' 

let V + Cb (T; IR) (resp. V " 
+ Cb{T;IR), 

(5) 06 Theo11.em 1 a11.c 

COROLLARY 8 . Let V 

Theo11.rm 1 ake t11.ue . 

Uuc. 

, a,·d I t E ('l';ill . T'c11 (1)-

r: c11 11, - c,1 ( . 

PROOF. In Corollary 7 take T lN with he discrete topoloqy. D 

COROLLARY 9. let ,; > o bc dc6i11ed ('ll T X T. 0.1,d ,rt V r E I ('!';IR); 

f(t) - f(ull < ,p(t,u) 60-t atl (t,u) €' T x T•. T/;•11 11,-' ,,; 1,."" 1 

llll.e t11.1.te. 
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PROOF . It is easily seen that ((w + t) Ah) v (w - helon,Js to V, 

whenever w and h belong to V . Incleed , V 1s a lattice containing 

w • r for any w E V and E :- O . 

As an example of application of Corolla.ry 9, assume that (T,d) is a 

metric space (or cv0n a ps0udo-m0lri,· "f"JC<') ,,nd Ir t ,•( ,tJ) Mrl(t,u)' 

for some fixed M > O anel , E IR. Thcn V consisLs of :Ili f, •~(T;lR) 

such that if(t) - f(u) j / Md(t,u) for all (t,u) E T ' T, i.e., all 
f E Lipa with Lipschitz constant not greater than M . 

In order to state our last corollary le us recal l thc dcfinition of 

CIR(T; IR) whcn T is a locully compact llausclorff spacc. f'or ,rny 

fECb(T;lR) and v E lR, we say that lim fít) = v i:, aiven 
t 

' o 

there exists a compac s11bscl }( r ::;urh h,lt f ( t J - for ,, 11 

t E T t K . Following Arnir and Deutsch 1 1 1, ClR (T; ffi) denotes the 

closed subalgebra of Cb (T; IR) of a 11 functions that have "limi t at in-

finity". Whcn T lN wilh tlH' discrelr lopoloqy, ',/[' Wlll<' {; Cm(N;JH) . 

COROLLARY 10 . Let T be. a eocatf(' compact fia«~dvi(n ~pacc (resp . T = IN 

w~,th tlie. d.i..~01.rtr. topufo9!f), R.rt V C~(T; IR) (rcsp. V c 1 ), a11d Cl'I 

E = 9, 00 (T ; lR) (resp. E = 9,,) . Thrn (1) -(5) o~ Tl1ro~('m 1 a~r trn('. 
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