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Abstract

We present sufficient conditions for a family of positive definite kernels on a compact
two-point homogeneous space to be strictly positive definite based on their expansion
in eigenfunctions of the Laplace—Beltrami operator. We also present a characterisation
of this kernel class. The family analyzed is a generalization of the isotropic kernels
and the case of a real sphere is analyzed in details.
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functions - Two point compact homogeneous spaces - Spheres

Mathematics Subject Classification 33C45 - 41A05 - 41A58 - 42A82 - 42C10 -
43A85 - 43A90

1 Introduction

During the last five years, there has been a tremendous number of publications stating
new results on positive definite kernels on spheres, see for example [1, 2] and reference
therein and a smaller number studying other manifolds [3—10] including two-point
homogeneous manifolds, tori, Euclidean spaces and products of these. Most of the
results focus on isotropic positive definite kernels, which are kernels that only depend
on the geodesic distance of their arguments. Isotropic kernels are used in approximation
theory, where they are often referred to as spherical or radial basis functions [2] and
are for example applied in geostatistics [11]. They are also of importance in statistics
where they occur as correlation functions of Gaussian random fields [12].
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There are few results on non-isotropic kernels among them the axially-symmetric
kernels discussed in [13].

This publication will characterize (strictly) positive definite kernels with a specific
series representation, which are not necessary isotropic but include the isotropic ker-
nels as special case. We prove the result for all two-point homogeneous manifolds but
study the specific implications in detail for the case of the d-dimensional sphere. The
results are the first, known to the authors, that show that strict positivity definiteness
can be obtained with significantly less positive coefficients in the series expansion
compared to the isotropic case.

We will briefly summarize necessary definitions in the first section and prove the
abstract result for kernels on two-point homogeneous spaces in the second section.
For the d-sphere we derive explicit conditions for the strict positive definiteness of
convolutional kernels and in the process prove a new estimate for the absolute value
of spherical harmonics, these result are given in section three.

1.1 Definitions and notation

We assume that the manifold M is two-point homogeneous. Therefore it is isomorphic
to one of the following five cases as proven in [14],

M=s%" M=pPI'(R), M= PI"1(C), M= P!"I(H), M= P'%Cay).

From [15] we take the following well established results. There exists an
orthonormal base of L2(M)) such that each function in the basis f ik 1s smooth and

Afjk=Mfix, keN, j=1,...,m
where

O=M <M <M<...<A<,..., limXiy=+4o00,
{—00

are the distinct eigenvalues of the Laplace-Beltrami operator on M, denoted by A, and
my, is the dimension of the eigenspace Hj corresponding to .

The met{ic ir} Misd(&, ¢) = arccos (£, ¢) when Ml is a sphere, otherwise d (&, {) =
2 arccos | (%, %) |, where &,  are arbitrary class representatives. The famous addition
formula reads

my
3w @ Fa@) = P& (cos (d(E.£)). &.¢ €M, (1)

j=1

where

o FrB+DHRk+a+p+DI'k+a+8+1)
k= Tl@+B+2Tk+B8+1D)

@ Springer



Strictly positive definite non-isotropic kernels... Page 3 of 14 4

and throughout Pk(“”3 ), denotes the Jacobi polynomials normalized by

Fk+oa+1)
F'k+ Dl(@+1)

PP (1) = 2)

The coefficients satisfy o = %, B takes one of the values (d —3)/2, —1/2,0, 1, 3,
in the order of the five manifolds being studied.

Definition 1 A kernel K : M x Ml — C is called positive definite on M if the matrix
Ke ={K (&, 0)e ez

is positive semi-definite on C!E! for arbitrary finite sets of distinct points & C M.
The kernel is strictly positive definite if Kz is a positive definite matrix on C!Z! for
arbitrary finite sets of distinct points .

Note that if K is positive definite then it must be Hermitian, that is, K (§,¢) =
K(¢,&) forevery &, ¢ € M.
For this paper we focus on kernels possessing a series representation

00 myg

KE =YY dixfix®fix@), djxeC, 3)

k=0 j=1

with the prior defined basis. This kernel class was for example studied in [16] and [17],
where error estimates were discussed for kernels where all coefficients are positive.
The above defined kernel class include the real valued isotropic kernels having the
form

[ele} mg
KE =Y by fix@fix@), b eR, )
k=0  j=1

for the case where Ml = S¢~! this expansion is referred to as d-Schoenberg series and
well studied for example in [18], but also non-isotropic kernels.
2 Characterizing strict positive definiteness
We note that a kernel of the form (3) is positive definite on M if and only if d; x > 0
forall k € N,j = 1,...,my as proven in [17] Theorem 2.1 and assume positive
definiteness of the kernel throughout the rest of the paper. We define for any such
kernel the set of positive coefficients as

F={({,k): djx >0}

and additionally the sets

Apv:={j:(.k)eF), Ni={(k:keZ, Add #0}

@ Springer



4  Page4of14 J.C. Guella, J. Jager

Theorem 1 For a continuous positive definite kernel of the form (3) the following
properties are equivalent:

1. K is strictly positive definite on M.

2. For any finite set of distinct points E, dea ce fj k(&) =0, foral (j, k) e F
implies ce = 0 for all & € E.

3. For any finite set of distinct points E C M,

Zcé Z Fik@) fix(@) =0, Vk € N, €M,

el JjEAK

implies ce =0, V& € E.

Proof We start with the implication from (1) to (2) and prove by contradiction. Assume
(2) does not hold and there exists a set & and coefficients c¢ € C for which

e Y fia® @ =0,k € N ¢ € M.

EcE JjEAK

Then we immediately deduce

Y ek ) =0,
£,L€B

which contradicts (1).

We prove that (2) implies (1) by contradiction and assume that K is continuous
positive definite but not strictly positive definite. If K is not strictly positive definite
there exists a nonempty set of distinct point E and coefficients ¢z € C not all zero
with

> K (5.0) =0.
E,C€B

This is equivalent to

> dikfixfix =0, )

k=0 jeAy

where f; = deE ce fjx (§) and the sums are interchangeable because of the
continuity of K.

Since we know that all the summands are non negative since the d; ; are non-
negative, the overall sum can only be zero if all summands are. For the indices (j, k) €
JF this implies f; x = 0. We have proven that (2) can not hold because at least one c;
was non zero.

Now we prove the equivalence of (2) and (3). We note that

D Y fix@Fix@ =YD cefin® | Fiu@. Vo eM

130 JEAL jEAr \E€E
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Strictly positive definite non-isotropic kernels... Page 5 of 14 4

Since the eigenfunctions are linearly independent the last is zero if and only if

> e fjuE) =0

EcE
forall j € Ag,and allk € N. O

The last theorem proves that strict positive definiteness is independent of the pre-
cise value of the d; j but is only depending on the set . This justifies that we will
distinguish between sets which induce strict positive definiteness and sets that do not.

The existing results for isotropic kernels on compact two point homogeneous man-
ifolds allow us to derive the following conditions for sets that induce strict positive
definiteness:

Corollary 2 Let M # S~ witha > B be a two-point homogeneous manifold and K
a continuous kernel of the form (3)

e For K to be strictly positive definite it is necessary that N includes infinitely many
integers.
e For K to be strictly positive definite it is sufficient that

L={k:dj;>0, Vj=1,...,m}
includes infinitely many integers.

Proof The statements follow from Theorem 1 together with the characterisation
of strictly positive definite isotropic kernels on two-point homogeneous spaces in
Theorem 3.1 and Theorem 3.3 of [3]. O

The matching result for the case of the d-sphere has already been established in [19]
Theorem 4. Since the original proofs of the results for isotropic kernels used only the
limiting behaviour of the Jacobi-polynomials for k — oo, it is easy to deduce that
removing a finite number of coefficients from F will not change whether F induces
strictly positive definite. In the next section we prove that removing infinite numbers
of coefficients is also possible under certain conditions.

3 The asymptotic approach

To establish condition which require less positive coefficients, we summarize these
known properties of the Jacobi-polynomials from Lemma 2.2 of [3].

Lemma3 1. POP(—1) = (—)*PP @),
2. 1impoo PP OIPEP (D] =0, Vi€ (—1,1),
3 limg e PP QOIPEP (D] = 0 ifa > B.

@ Springer



4 Page6of14 J.C. Guella, J. Jager

Theorem 4 Let N C Z be an infinite set and Ay C {1, ..., my}, k € N, such that

. cr ZJEA(fl;k(E)fjk(o:Q VE.r €M, ©
keN P

where A} = {1, ..., mg\Ag. Then F := {(j, k) : k € N, j € Ay} induces strict
positive definiteness whenever Ml # S~ In the case Ml = S~ the same relation is
valid under the additional requirement that E == N N2Z4 and O := N N 2Z4 + 1)
are infinite.

Proof We consider the kernel

KEO =Y a Yy fix@®Ffix@), a>0. @

k=0  jeAx

By Theorem 1, proving that KX is strictly positive definite is sufficient for the proof of
the theorem. We see that K is not strictly positive definite if and only if there exists a
set of distinct points E € M and coefficients cg € C such that

dlee Y fik@®Fik@) =0, VkeN, jeAn, ¢ €M ®)

E€B JjEAK

and at least one ¢ # 0, this follows from (3) of Theorem 1. If Ml # se-1 by Theorem
3 we obtain that for £, { e M

> i@ Fr@)

lim

keN Paﬁ(l) fen,
~1

m = _k P,f’ﬁ(cos(d(f;‘,g)) - Z Fik@) fik@) ] =0

keN PP
k (D JEA]

Hence, if we apply this relation to Eq. 8, we conclude that

0=I£ien1\172cg Z fik@ fikQee, ¢ €B.

E€E JjEAK

For the case of the sphere, the same arguments hold for all points £ € 2 with —& ¢

We assume without loss of generalization that a point § € Z if and only if —§ €

as it does not affect the result we aim to prove and simplifies the terminology.
Again, by Theorem 3 we obtain that for £, ¢ € S9~!

m o
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Strictly positive definite non-isotropic kernels... Page 7 of 14 4

IEEEPQ /5(1) j;k Ji. k(g)fj k(&)
~k PP eosd(E.6) = 3 fia®)F =0+ 0 ¢
ket Paﬂ(l) e (cos(d(&, ) ]ZAA Fia@Fx@) | = e+~
Similarly,
JEAL

If we apply both relations to Eq. 8, we conclude that for every ¢ € B

0= lim e Y fik@ @) =+,

EcE jeAk
O=1lim > cc > fix@Fjx@0) = —cs,
E€B jeAk
which implies that c; = c_; = 0. O

The theorem shows that precise implications for the structure of Ay will depend on
the eigenfunctions of the manifold. The derivation of practical conditions is non trivial
but possible, as will be evident from the discussion of the sphere.

4 The asymptotic approach for the d-sphere

Now we focus on the d-sphere, which is the case where « = 8 = (d — 3)/2 and we
present sufficient conditions for which the key assumptions of Theorem 4 are valid.
The sufficient condition will be given in terms of the asymptotic behaviour of |Af | for
k € E and O.

Therefore the main challenge of this section is to derive and estimates for

lfi k@ Fik©l, VE ¢ es!

which holds for all (j, k) € Aj.

4.1 The eigenfunctions on the sphere

On the sphere the eigenfunctions corresponding to the eigenvalues Ay = k (k +d — 1)
are spherical harmonics and the number of eigenfunctions corresponding to the
eigenvalue Ay is denoted by N 4. The numbers are given by No 4 = 1,

Qk+d—2)(k+d—3)!
k!'(d —2)!

Ni,a =

@ Springer



4  Page8of14 J.C. Guella, J. Jager

For & € S4=1 with polar coordinate representation (6, .. ., Gd_l)T satisfying
&1 = cos(0g—1)
& = sin(0y—1) cos(04-2)

&4—1 = sin(fg—1) sin(6z—2) - - - cos(61)
&g = sin(04-1) sin(6g2) - - - sin(6y),

where 6; € [0, 27) and the others 6; € [0, m]. The spherical harmonics of degree
ag—1 can explicitly be given by

d—1
Yor..aqy () = \/%e"““" ]]:[2 Pl (65) ©)
where o1, ..., g1 are integers satisfying
-1 = = o]
and
jf’i(@) = (M)l/z el (sin (9))~C=/2 PZ(H‘(_J.*Z)/D (cos (8)), (10)
L+ 1D/2) TR

where P!, are the associated Legendre functions and

(APt =2) 1/2.
oL 2 (L —0)!

The formula is taken from [20], Equation (2.5) and «y—1 is the degree of the spherical
harmonic, also, it is after a reparametrization a consequence of Theorem 1.5.1 in [21].
A small difference is that we use

1
Vol(S4-1) /SH Yo (x)Yp(x)do (x) = Sa,p

while [20] uses 1/27 instead of 1/Vol (S?~1), which is solved by adding the first
constant in the definition of jPi. The spherical harmonic is an eigenfunction corre-
sponding to eigenvalue A, ,. We define the index set corresponding to the order k
as

= la= (.)€ 277 oyl ap < - < agoy = k)

The spherical harmonics Y, with a € T, ~! form an orthonormal basis of Hj and
therefore Ir,ffl| = Nig-

@ Springer
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Since jlsi 0 = jlsi () = 0 whenever £ > 0, we have that if x € S?~/~2 where
l<j<d-2

Yo((x,0) =0, aet{ ' whena; #0.

The complement of the set {&; # 0} in the case j = d — 2 only includes the index
a=(0,...,0, k). More generally, we define

jr,f_l ={a € r,f_l, aj = 0}.

4.2 Estimating the absolute value of the eigenfunctions

In order to use |Aj]| in (6) we will derive an estimate of
YoV (@], Yol "\l
which only depends on k and j but as a first step we will prove a new estimate of
Y ()], Y& €SI, Vaerdh\zf .

To determine an upper bound for (10) we note that in Theorem 2 in [22] it is proved
the following inequality

L(1/4)sin@) 4 [Tn+m+1) 1
|P? (cos6)| < @/ )(S;n( ) FEZ—Z—i—l;ml/‘“ m > |n|. (11)

We further need an inequality for the case of half integer coefficients,

|P2Tl/ /22 (cos 0)]. For this we use an estimate for Jacobi polynomials obtained in [23].

We recall the relation between Legendre polynomials and Gegenbauer polynomials
(Equation 14.3.21 in [24])

A =2 +p+1) (G-

Moy —
S T DR e

(x) 12)

and the relation between Gegenbauer polynomials and Jacobi polynomials (Equa-
tion 18.7.1 in [24])

FRA+mTA+1/2) -1
FEOTG A+ 12 +m " (). (13)

Cr(x) =

Thus obtaining that for v > u > 0 withv — pn € N:

27T 42T —pn+ 1) Gt
T+p+ DO+ )1 —x2)=w/2 "k

PrH(x) = (x)

@ Springer



4 Page100f 14 J.C. Guella, J. Jager

2RI+ 2w (v =+ 1) F(H”JFV)F(“H)P(“*“)(X)
TTw+pu+DIA+d—x2)#2 TQu+DIw+1) "F

FO—pn+1D _ ww
=(1— 2\p/2 P s 1 .
(1—x%) ) n (x)

By settling « = 8 in Theorem 1.1 in [23], we have that there exists a constant C < 12
for which

2°T(n+a+1)

1— 2\a/2+1/4 paa <C
( X ) | n (X)| = F(ﬂ+1)]/2F(H+2a+l)

73 (2n + 20 + H~l4,
Combining the last equations we find

1/4F(V_M+1)]/2 1/4

- 2\ — _
P = C(1 =)t s Gu T (14)

Note that this estimate implies an almost similar inequality to the one in Eq. 11 when

v = m and u = n. Now, we estimate jf"i (0) defined in (10) based on P,," and

P,;E:;;lz/ 2), where j > 2 and L > ¢ > 0. When j = 2, we also include the cases

L >|¢.

Corollary 5 For each j > 2 there exists a function C : (0, w) — R such that
iPL(cos®))] = C;O)QL+j - D', L=¢e=0.

Further, we can include the points 0 and w if £ > O.

Proof Indeed, by equation (14) we have that

((j+ 1)/2)'/2

Y4
ST (j 12 1T eSO
2L+ j—1\'? ,
< (%) (sin(0))~U=2/2Csin(6) 2L + j — 1)~ /4
C(sin(9))~G—D/2 , \/a
= QL+ j — D4
V2
Assume ¢ > '0, by (12) we have tljat the function jﬁli (cos(9)) is a multiple of
(sin(0))!Cy YD (cos(8)), hence ;P (+1) = 0. o
Lemma6 Let o € tkd_l\jr,f_l and j € {1,...,d — 2}, then there exist a function

D : S~ — R independent of a such that for any & € S~

d—1
Ya(©) < DE)/Noj j1 [] Qoe+£—1"

t=j+1

@ Springer
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Proof As a result of the representation of the spherical harmonics in Eq.9, we find
that

d—1
Yoroooat &) = Yoy .o, ) T] o™ @0). (15)
=j+1

and &’ is the point on S’ with polar coordinates (61, ..., 0;) and Yy, o is a spherical

.....

harmonic in S/ of degree « ;- By applying the universal estimate

|Ya|,...,aj (5/)| =< Noz_,',jJrl

to the first part, the estimate is a consequence of the summation formula of spherical
harmonics [21] Equation 1.2.8 and applying Theorem 5 to the second part of the
spherical harmonics we conclude that

d—1
Yo < /Najjrr [] Ce@0)@ar+€— 1Y

t=j+1
O

We can restate the last theorem to include all indices and expressing the restrictions
in terms of the point.

Proposition 7 Let & € S~ and Jje €1{2,...,d — 1} defined as je = max({2} U {j |
0; € {0, }}), then there exist a function D : S?=1 — R independent of « such that
forany &€ € S471:

d—1
Ya®)] < DE),/Nay, o1 [ Qaue+e-D™
€=j§+1

4.3 The condition for strict positive definiteness

d—1

Now we use the result of Theorem 6 together with Theorem 4. We assume ;7 C Ay
forall k € E U O and deduce
d—1
Y (E)Ya(O)| < DEDE)Nay 11 [ Qee+L-1D'2 Ve Al (16)
l=j+1

Thereby we find that Theorem 4 is satisfied if

o5 N T Cact =02

1m =
d—3)/2,(d-3)/2

keE aeAi CkPk( )/ ( )/ (1)

@ Springer



4  Page12of14 J.C. Guella, J. Jager

fon 5 N Ticj Qe+ € D2
el CkPk(d—3)/2,(d—3)/2(l)

-
acAy

For a precise description we use

CRk+j—-—Dk+j—-2)!

N js1 = ,
bt kI(j — D!
M52+ 1)@k +d —2)T(k+d —2)
Clr =
¢ rd— Dk + 40
and
Pk(a’—3)/2,(d—3)/2(1) _ r'{d-3)/2+k+1)

T((d —3)/2 + Dk!

where the last equation is taken from [24], 18.6.1. Combining these definitions and
using Ng;,j+1 < Nk j+1 we can show that

Ni,j+1 _d-DCk+j-DI'tk+j—1)
Ckplsd—S)/2,<d—3>/2(1) F(HCk+d—-2)r'k+d—2)

_T@=1 g TCk+))

=TT F@k+d—1)
d—j—1 _ d—1
=3J+j()dl) [T @k+e-1!

Hence, the conditions of the Theorem 4 are satisfied when

hmz 1_[ M:O

acAj =j+1 Zk+e-1
Qag+L—1D'/?
I - =0
im > H %+ 0—1
aeA‘K

We have proven that:

Corollary 8 Any continuous kernel

KEO= Y Y daYa®)Ya(D), dy>0

ke EUO aecAi

@ Springer



Strictly positive definite non-isotropic kernels... Page 13 of 14 4

where E C 274, O C 2Z+ + 1 are infinite sets and jr,f_l C Ay C r,fl_lfora
jel,...,d— 1isstrictly positive definite when
AS AS
lim Al = lim Al =0. (17)

keok@=i=D/2  jegkd—j-1)/2

It is obvious that a smaller value of j allows for a larger number of indices to be
left out of the set A;. One should note that, on the other hand, the number of fixed
indices that need to be included in Ayg, | jr,ffl |, is larger for small j. For example

d—1 kt+d—3)! d—1 d—1
T, | = w la—3t, |=k+1land|s 27 | =1
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