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Resumo

Nesse trabalho nés comecaremos apresentando o problema do subespaco invariante e o con-
ceito de operador universal, estabelecendo a conexao entre esses dois topicos. Ainda, enun-
ciaremos e provaremos alguns resultados cléssicos da teoria dos espacos de Hardy, mais es-
pecificamente, do espaco de Hardy-Hilbert H?. Apresentaremos um maquindrio que comeca
de topicos considerados classicos como operadores de composicao e fatorizacao canonica até
topicos mais avangados como a funcao de contagem de Nevannlina e o espectro de funcgoes

interiores.

Posteriormente, analisaremos os subespacos invariantes em H? de um operador de composicao
(denotado por Cy,) cujo simbolo que o define é afim. Os subespagos invariantes minimais,
que sempre sao gerados por uma funcao f € H?, estao relacionados a um dos problemas em
aberto mais cldssicos da teoria de operadores: o problema do subespago invariante (PSI).
Mostraremos ainda que sob determinadas condi¢oes envolvendo o comportamento de fungoes
proximo ao ponto 1 temos respostas positivas ao PSI. Além disso, provaremos que o numero
de zeros da funcao f interfere na dimensao desses espagos e iremos propor uma abordagem
para unificar dois casos conhecidos de universalidade.

Para finalizar, classificaremos totalmente quais espagos modelo sao invariantes pelo operador
de composigao Cy,. Ainda, seguindo a mesma linha de raciocinio, mostraremos quais espacos
de Beurling sao invariantes por tal operador de composi¢ao; nesse caso obteremos um resul-
tado dicotomico. Conexoes desses resultados com o cldssico operador de Cesaro e ideias para
futuros trabalhos serao mencionadas no final do texto.

Palavras-Chave: operadores de composicao; espagos de Hardy; operadores universais;
subespacos invariantes.



Abstract

In this thesis we begin by talking about the invariant subspace problem, universal operators
and the connection between this topics. Also, we state and prove some classic results from
the theory of Hardy spaces, more specifically, of the Hardy-Hilbert space H2. We present a
machinery that contains topics considered classic such as composition operators and canoni-
cal factorization, but also has more advanced topics such as the Nevannlina counting function
and the spectrum of inner functions.

Moreover, we analyze the invariant subspaces in H? of a composition operator (denoted by
Cs,) whose defining symbol is affine. Minimal invariant subspaces, which are always gener-
ated by a function f € H?, are related to one of the most classic open problems in operator
theory: the Invariant Subspace Problem (ISP). We show that under certain conditions in-
volving the behavior of functions near to the point 1 we have positive answers to the ISP.
Furthermore, we prove that the number of zeros of f and the dimension of these spaces are

connected. We propose also an approach to unify two known cases of universal operators.

Finally, we classify which model spaces are invariant by the composition operator Cy, ob-
taining a complete characterization in this case. Furthermore, following the same line of
reasoning, we tried to understand which Beurling spaces are invariant by such a composition
operator; in this case we obtained a dichotomic result. These results are related with a classic
operator called the Cesaro operator. Ideas for future works are mentioned in the end.

Keywords: composition operators; Hardy spaces; universal operators; invariant sub-

spaces.
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1 Introduction

In the field of function theory and operator theory, the composition operators are one of
the main classes of operators. Imagine a collection of complex or real functions defined on a
set X. If ¢ : X — X is any map, then it makes sense to define the operator C,f := f o ¢.
This kind of operator is always linear because

CoAf+9)=Af+g)op=Afop+gop=AC,(f)+Cy,(g)

where f, g are functions defined X and ) is a scalar. However, we can not go further in a
general context; the other properties of Cy depend on the space X and on the function ¢.

There is an extensive literature that deal with these objects in many contexts. The books
[13] and [39] present some of the classical spaces of analytic functions (for example, the Hardy
spaces HP(D), the Bergman spaces AP(D) and the Dirichlet space D) and develop a theory
of composition operators on these spaces. In this text we will deal basically with the space
H?*(D) = H?. As a field of research, this area has been much explored and a kind of result
that is central in the area is the following:

C,, has the property (A) if, and only if, ¢ has the property (B).

Of course, one-side implications are very common also. Concrete results are for example
[30, Theorem 5.1.15] which classifies all the composition operators that are normal and [,
Theorem 2.2] which is about the cyclicity and hypercyclicity of composition operators.

In the field of general functional analysis one of the major open questions is the Invariant
Subspace Problem (ISP). It belongs to a class of problems that can be stated in relatively
simple terms but the complete solution remains a mystery. The general version of the ISP is
the following: let B be a Banach space, if T' € B(B) (the space of bounded linear operators on
B), is it true that T has a non-trivial invariant subspace? By a non-trivial invariant subspace
we mean a closed subspace M C B such that M # {0}, M # B and T (M) C M. Due to the
effort of many mathematicians, actually we can deal with the following important particular
case of the above question:

Let H be a complex, separable and infinite dimensional Hilbert space. If T € B(H), is it

true that T has a non-trivial invariant subspace?

In the next chapter, we will explain how the above version of the ISP is obtained. Note
that the simplification above imposes certain hypotheses over the underlying space H and
nothing is assumed about the operator 7. Thus, one way to reason in a slightly distinct
direction is to consider properties of the operator T' to obtain solutions for particular cases.
Historically, this approach was very successful. For example, in 1973 Lomonosov ([29]) proved
that if there exists a compact operator S such that ST = TS then T has a non-trivial
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invariant subspace. This result today is known as Lomonosov’s Theorem. In 1978 Brown ([3])
showed that every subnormal operator (i.e, an operator that admits a normal extension) has
a non-trivial invariant subspace. Recently, in 2019 Tcaciuc ([12]) showed that every operator
T € B(H) admits a rank-one perturbation F' € B(H) such that 7"+ F has a non-trivial
invariant subspace.

There are a lot of possible approaches to the ISP; we refer to the detailed monograph of
Partington and Chalendar [10] for some of the modern approaches. One of these methods
(which will be used in this text) is based on the concept of a universal operator introduced
by Rota in [37]; universal operators can be thought of as operators with a very special
family of invariant subspaces. We comment also that while we were writing this text, Per
H. Enflo published a preprint in arXiv in which he claims the solution of the ISP; Enflo
solution’s appears to use only “basic” functional analysis and thus these ideas are not directly
related with our approach here. But how exactly does our approach work? How composition
operators and universal operators work together?

Due to the remarkable work of Nordgren, Rosenthal and Wintrobe (see [33]) we know
that if ¢ : D — D is a hyperbolic automorphism (i.e, the two fixed points belong to the unit
circle T) then Cy — A is universal for every A in the interior of the spectra of ¢. Recently, this
result was extended by Carmo and Noor [9, Theorem 3.1] to non-automorphic hyperbolic self-
maps of the disk. This recent result leads us to study a special type of composition operator
denoted by Cj, which will be the central point of our discussion in the next chapters. All
these concepts can be connected in the following statement:

The ISP has a positive solution if, and only if, every minimal invariant subspace of Cy,

has dimension 1.

This claim will be proved in the next chapter. With this is mind, it is clear that the in-
variant subspaces of Cy, are directly related with a major open question. But these operators
are interesting by themselves because it is not trivial to classify which spaces are invariant
under a composition operator. Moreover, another famous operator, called the Cesaro opera-
tor, will play a role. Thus, in general, this text can be viewed as an effort to understand the
invariant subspaces of Cy,. After this introduction, the reader will find three chapters and
one appendix.

The first of them is called Preliminaries, as the name suggests, here we exhibit some
background results involving the ISP and the Hardy space H?. We start by explaining and
proving results related with the ISP and the simplification that we comment above, we also
provide a detailed proof of Caradus criterion and applications. Next, we present the Hardy-
Hilbert space H? showing facts about this space that we thought to be necessary for the next
chapters. Once H? is introduced, we focus on composition operators in this space and in

particular, we will show a detailed proof of Littlewood’s subordination theorem. After this,
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we will present also a classical tool used by J. Shapiro in his seminal work ([10]) that helps
us to compute the norm of composition operators. We finalize the chapter talking about the
canonical factorization as well Beurling and Model spaces. All the statements in this chapter
are known in the literature.

The next chapter is called Minimal Invariant subspaces of a universal operator. This
chapter is based in a recent work of Noor and Carmo. Using the results proved by them in
[9] we will study the ISP using the operator Cyp,. All the minimal invariant subspaces are
generated by some function f € H? and this leads us to study properties of these generators
to obtain properties of the corresponding invariant subspaces. Our first original contributions

appear in this chapter. We will prove the veracity of the equivalence
M is minimal <= dim M =1

for some subspaces M that have functions with some specific properties. The behaviour of
these functions at the point 1 will be crucial and an important hypothesis (that we will call
EB) related with the derivative of this function will be considered. Moreover, the zero set
of the functions will play a role and we end this chapter suggesting a unified approach to
simplify the proofs that hyperbolic composition operators have universal translates.

In the last chapter, called About some types of invariant subspaces of Cp, our main
question is the following: which Model spaces and which Beurling type spaces can be invariant
under Cy, 7 To obtain the answers we used some recent results. Some of them appear in a
paper due to S. Bose, P. Muthukumar and J. Sarkar (see [3] and [32]) and the others are in
the work of E. Gallardo-Gutiérrez, J. Partington and W. Ross (see [21] and [22]). For the
case of model spaces, we obtain a complete characterization. In the case of Beurling type
spaces we obtain a dichotomic result that again shows us the relevance of the point 1 in the
same way as the last chapter. To finish this chapter we highlight a connection between these
results and the invariant subspaces of the Cesaro operator. We comment also about ideas
for future works.

The goal of the appendix is to provide a precise reference for some results that we used in
the text. All of these results are in general proved in courses of Functional Analysis, Measure
Theory or Complex Analysis.

We will finish this introduction with the following general comment: one of the goals of
our text is to be pleasant to read even to readers that have no previous contact with the area.
This approach makes sense if we think that the PhD thesis is some kind of legacy for future
students and we believe sincerely in this approach. We will prefer at many times write the
details rather than hide them to obtain a smaller text. In the case of theorems that we will
not prove, we provide a precise reference. We wish all readers a good experience with this
text.
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2 Preliminaries

The goal of this chapter is to provide the reader some background results to understand
the chapters 3 and 4. We start talking about the general version of the ISP and then we
focus on the space H?, which will be one of our main objects in the text.

2.1 The Invariant Subspace Problem and Universal Operators

Definition 2.1.1. Let B be a Banach space and T' € B(B) (the space of all bounded linear
operators defined on B). A subspace M of B is called T-invariant or simply invariant
if M is closed and T(M) C M. The subspaces {0} and B are called the trivial invariant
subspaces. A T-invariant subspace, M, is called non-trivial if M # {0} and M # B.

This concept is enough to know the following version of the ISP: let B be a Banach space
and T' € B(B) a non-null operator. Does T" have a non-trivial invariant subspace?

If we allow the real scalar field then the I.SP has a negative answer. A classical example
is any rotation operator T, in R? (with angle o not equal to a entire multiple of 27 rad) .
In fact, if M is a subspace of R?, M # {0} and M # R? then M NT (M) = {0}. So, the only
invariant subspaces of T are the trivial ones.

T (M) M

The operator T’z

Of course if dim B = 1 the only subspaces are {0} and B. So, in this chapter we will
suppose always that dim B > 1 and that the scalar field of B is C. Only to clarify the
terminology, we will say that the ISP is true for B if every operator T' € B(B) admits a
non-trivial invariant subspace. Similarly, we will say that the ISP is false for B if there
exists an operator 7' € B(B) such that the only invariant subspaces of T are the trivial ones.
Moreover, the notation Lat(T') will appear in some moments, this is the collection of all
invariant subspaces of some operator T, i.e,

Lat(T) ={M | M is a T-invariant subspace }.
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Let us narrow our range of spaces now. In 1980 Per H. Enflo [15] constructed a non-
reflexive Banach space, B, and an operator T' € B(B) such that the only T-invariant
subspaces are the trivial ones. In 1985 Charles J. Read [36] found a more concrete counter-
example in [' (which is not reflexive). So the ISP has a general negative answer when we
allow non-reflexive Banach spaces.

Due to these results, actually we can deal with one of the following versions of the ISP:

e Let B be a reflexive Banach space and 7' € B(B) a non-null operator. Does T" have a

non-trivial invariant subspace?

e Let H be a Hilbert space and 7' € B(H) a non-null operator. Does T" have a non-trivial
invariant subspace?

Note that the first version is more general because every Hilbert space is reflexive but our
choice here is the second case. From now on we will deal with Hilbert spaces. As we will see,

this case has some benefits. The first benefit is a consequence of the next proposition.
Proposition 2.1.2. Let H be a Hilbert space (with dimension greater than 1). Then:
a) If H is non-separable then the ISP is true for H.
b) If T € B(H) is such that 0,(T) # 0 then T has a non-trivial invariant subspace.
c¢) If dim H < oo then the ISP is true for H.

Proof. a) Let T € B(H), choose x € H — {0} and consider M = span{x, Tz, T?z,...}. It
is clear that T(M) C M. Let us prove that M is T-invariant. If m € M then there exists a
sequence of elements (my)gey € M such that my kzoo . The continuity of T' ensure that
Tmy, — Tm. So T'm € M because (Tmy)ren € M. Moreover, M # {0} because x € M and
M # H otherwise, by Lemma A.0.3 applied with A = {x, Tz, T?x, ...} we conclude that H
is separable. Thus M is a non-trivial invariant subspace.

b) Let A € 0,(T). If f is an eigenvector associated to A then consider M := span{f}.
Note that M is non-trivial, it is closed (because is finite dimensional) and is invariant because
T(af) =a)f € span{f} for any o € C.

¢) In the finite dimensional case we have 0,(T") = o(T) for any operator T' € B(H). We
are dealing only with the complex scalar case, so (7)) # () due to Theorem A.0.2. Item c)

follows now from b).

A consequence of the proof of item a) is that if T(M) € M then T(M) C M where M
is any subset of H. A more interesting consequence of this proposition is the following: the
only unsolved case of the ISP is when H is infinite dimensional and separable. In this case,

the Riesz-Fischer Theorem (see Theorem A.0.4) ensure that H is isometrically isomorphic to
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I2. So we can focus our effort in [2 or at our favorite separable infinite dimensional Hilbert
space due to the following proposition.

Proposition 2.1.3. Let Hy, Hy be isomorphic Hilbert spaces. Then the ISP is true for H,
if, and only if, is true for Hs.

Proof. Suppose that the ISP is true for H; and let T' € B(H,) an arbitrary non-null operator.
Consider S : H; — H, an isomorphism, then the operator S™' 0T o S : H;, — H; has a
non-trivial invariant subspace that we call M. Then S(M) is a non-trivial invariant subspace
of T'(S(M) is closed because S is an isomorphism and non-trivial because S is, in particular,
a bijection). We are done. |

There are a lot of possible approaches to the ISP at this moment. We suggests the book
[10] to learn about different methods. In this text, we will use one of these methods, based

in the following concept developed by Gian Carlo Rota in [37].

Definition 2.1.4 (Rota’s universal operator). Let H be a Hilbert space. An operator U €
B(H) is said to be universal for H if for any non-null operator T € B(H) there exists M
an invariant subspace of U, a a non-null complex scalar and S : M — H an isomorphism
such that oI = SU|MS_1.

The existence of universal operators is not trivial, but as proved in [37], it is always
possible to find universal operators in separable Hilbert spaces. It is hard to prove that an
operator is universal using the definition. Until recently the main method for identifying a
universal operator has been the Caradus criterion (see Theorem 2.1.6). Pozzi (see [35])
generalized this classical result and obtained the following theorem that we will call the
Caradus-Pozzi criterion.

Theorem 2.1.5 (Caradus-Pozzi criterion). Suppose that U € B(H) satisfies:
1. Ker U is infinite-dimensional.
2. Im(U) has finite codimension.

Then U is universal.

Recall that the codimension of a subspace M C H is defined as the dimension of the
quotient space H/ 2y Which is equal to the dimension of M L if M is a closed subspace. For
the sake of completeness and historical relevance, we present here also the classical Caradus
Criteria and a proof for it.

Theorem 2.1.6 (Caradus Criterion). Let H be an infinite dimensional separable Hilbert
space and U € B(H). If ker(U) is infinite-dimensional and U is surjective then U is universal
for H.
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Proof. Let K = Ker(U). We define U = Uy : K+ — H, note that I is one-to-one since
the domain is U1 and U is surjective: in fact, if y € H then U(x) =y for some z € H, as
K is closed we can write H = K @ K+ and then z = x; + x5 where z; € K and x5 € K.
Moreover, y = U(z) = U(xy) + U(xy) = U(xy) = U(xy). Define V = U : H — K+
Furthermore, let W : H — K be an isometric isomorphism (Riesz-Fischer Theorem). With
this notation we have the following properties:

UV =Idy, UW=0 Ker W=1{0}, and Im(V)=K".

Now we will check the definition of a Universal Operator. Let T' € B(H). Choose A € C* such
that [M||T|||V]| < 1 and let = |A|||T||||V||. Note that the series > N*VFWT®* is absolutely

k=0
convergent because

D INVIWTH < T IFIIVIFIWINITIS < (V)0 < oo
As B(H) is a Banach space, absolutely convergence implies convergence, so > N\WVAWTH =

k=0
J € B(H). Note that W+ A\VJT = J and

UJ =UW +\VJT) =0+ MdyJT = \JT.

If we can prove that Im(J) is closed, Im(J) € Lat(U) and J : H — Im(J) is an
isomorphism, then the above equation show us that U is universal.

e Im(J) is closed: Let y € Im(J), choose a sequence (x,),en € H such that J(x,) — y.
Let P : H — K be the orthogonal projection, applying P in the equation J(z,) =
W(x,) + \VJT (x,) we obtain

PJ(x,) = POW(x,) + \VJIT (x,)) = W(z)
because W(z,,) € K and Im(V) = K*. So, W(z,) — Py. Since W is an isometry, so
x, — x for some x € H which implies that J(x,) — J(z) and then y = J(z).
e Im(J) € Lat(U): This is clear from UJ(x) = A\JT(x) = J(A\T(z)) for all x € H.

e J: H — Im(J) is an isomorphism. Of course J is surjective and continuous. If
J(x) =0 then W(x) +AVJT(z) = 0 and so W(z) and then x = 0. The open mapping
theorem ensures that J is in fact a isomorphism (H and I'm(.J) are Banach).

This finishes the proof of the Caradus Criterion. |

Remark 2.1.7. The first hypothesis of Caradus criterion is a necessary condition to an

operator U be universal. In fact, suppose that U is universal and choose a non-null operator
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T € B(H) such that ker(T) is infinite dimensional (for example choose T'(e;) = 0 for every
odd number i where {e;}nen is a Hilbert basis for H). Then

ST aT = Up S~

for some « € C, M € Lat(U) and S : M — H an isomorphism. Then U S~ (e;) =0 for
every i odd. Since S~ is an isomorphism the set {S7(e;) | i odd } is linearly independent
and infinite. This show us that Ker U is infinite dimensional.

Example 2.1.8. Let H be a separable infinite dimensional Hilbert space. We define:

B(H) = {(hy)zen | by € H and Y [lyll7 < oo}

jEN
It is not hard to show that I>(H) is a separable Hilbert space with the inner product given by:

oo

<$a y>l2(H) = Z(hm gn)H

n=0

and is clear that the backward shift operator S(ho, hi, ha,...) = (hi, ha, ...) is a bounded linear
operator in this space. Note that:

e Ker(S) is infinite dimensional: If {dy,ds, ...} is a Hilbert basis for H (countable and
infinite since H is separable and infinite-dimensional). Consider x; = (d;,0,0,...) €
I>(H) for all i € N. Note that S(x;) = 0 for all i € N and {x;}ien s a linearly
independent set because {d;}ien is linearly independent.

o S is surjective: If (hy, ha,...) € *(H) then S(0,hy, ho,...) = (h1, ha, .. .).
By Caradus Criterion, S is a universal operator in I*(H).

Let us establish the connection between Rota’s Universal Operator and the ISP. Let
T € B(H) be any operator, in Lat(T') consider the order given by inclusion of sets. We say
that {0} # M € Lat(T) is a minimal invariant subspace if it is minimal with respect
to this order, i.e, M € Lat(T) is minimal if for all N € Lat(T') such that N C M we have
N = {0} or N = M. We begin with following simple but crucial remark about the minimal
invariant subspaces.

Remark 2.1.9. Let T € B(H). If M € Lat(T) is a minimal invariant subspace then
dim M = oo ordim M = 1. In fact, if dim M > 1 but it is finite, then consider the
operator S = Ty : M — M. The operator S is an operator in a finite dimensional space
with dimension greater than 1, so it has a non-trivial invariant subspace N by Proposition
2.1.2. In particular, N € Lat(T) and {0} C N C M; this contradicts the minimality of M.
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The connection between the ISP and the concept of Universal Operator is given by the
following theorem:

Theorem 2.1.10. Let H be a separable infinite dimensional Hilbert space and U € B(H) be

a universal operator. Then, are equivalent:

1. The ISP is true for H, i.e, every non-null operator T'€ B(H) has a non-trivial invari-

ant subspace.

2. The minimal invariant subspaces of U are one-dimensional.

Proof. 1) = 2). Let M € Lat(U) such that dim M = oo, by Riesz-Fischer Theorem
(see Theorem A.0.4) there exists an isometric isomorphism S : M — H. Then the operator
R=S5o0Up oS ~! € B(H) has a non-trivial invariant subspace N by the hypothesis. Note
that S™!(N) is closed because S is an isomorphism. Moreover,

{0yc S Y N)ycM

where the equalities never occur because otherwise N = {0} or N = S(M) = H; that is not
possible because N is not-trivial. So, if M is minimal the only possibility is that dim M =1

2) = 1). Using the universality of U we can choose a € C, M € Lat(U)and S : M — H
an isomorphism such that o7 = S o Uy 0 S~1. So, M is not minimal because dim M = oo
and we can choose {0} € N C M such that N € Lat(U). Note that oT(S(N)) C S(N)
because Ujy(N) € N, moreover {0} C S(N) C N otherwise N = {0} or N = S™'(H) = M.
As S(N) is closed (S is an isomorphism) we conclude that S(N) is a non-trivial invariant
subspace for oT. It is clear that Lat(aT) = Lat(T') and we are done. |

There are some points that we want to emphasize about the above proposition: this
equivalence gives us the possibility to work with only one operator instead of analyze all
operators. However, this operator must be universal and of course this is a non-trivial
property. As in general a universal operator is not unique, our choice of a specific universal
operator can smooth or not the situation, depending on “how good” is the operator. In
chapter 3 we will work with a specific universal operator and comment about others. For

now, we will finish this section making a connection with the adjoint operator.

Remark 2.1.11. Let T' € B(H). Then a closed subspace M of H is T-invariant if, and
only if, M+ is T*-invariant. In fact, suppose that M is T-invariant. For everyy € M+ and

x € M we have
(x, T*y) = (Tx,y) =0

because Tx € M. So T*y € M+ and M~ is T*-invariant. The same argument proves the
other direction.
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The application M — M+~ defines a bijection between the set of minimal invariant sub-
spaces of T" and the set of maximal invariant subspaces of 7™, this can be checked easily using
the definitions and the above proposition. So, Theorem 2.1.10 can be rephrased in terms of
maximal invariant subspaces: the ISP is true for H if, and only if, all the maximal invariant
subspaces of U* have codimension equal to 1.

2.2 The Hardy-Hilbert Space

In the last section we saw that the ISP for Hilbert spaces is equivalent to the ISP for
one separable infinite dimensional Hilbert space. Perhaps the most popular example is {2,
but our choice in this text will be the Hardy-Hilbert space of the disk, some kind of complex
analysis brother of 2. In chapter 3 we will connect the concept of universal operator with a
special kind of operators called the composition operators.

This section is devoted to present properties of this space and some important concepts
involving it. We will enunciate some classical structural results as the Poisson integral formula
and the existence of the radial limit almost everywhere (a.e). Some properties will be proved
but the most part will be referenced. The main reference for this section is [30] and we
suggest this book for anyone who wants a solid and detailed introduction to the area.

Definition 2.2.1. The Hardy-Hilbert space of the disk, denoted by H*(D) or simply H?, is
defined as:

H*(D) ={f:D — C | f is analytic and f(z) = ianz" ,i lan|? < oo}

n=0 n=0

So the functions in the Hardy-Hilbert space are precisely the analytic functions defined
on D whose expansion in Taylor series around 0 produces a sequence of square-summable
coefficients. Remember that the coefficients of the expansion of an analytic function around
any point are unique, so the definition make sense. Of course this is a complex vector space

with the classical definitions and it becomes a Hilbert space if we define a inner product given

by

(f.9) =) anbn
n=0

where f(2) = > a,2" and g(z) = > b,2". A short way to proof that is considering the map
n=0 n=0
T : H? — [? given by

T(f) = (ag, a1, ...) where f(z) = Zanz”.

n=0
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It is not difficult to prove that this map is an isometric isomorphism between these two
spaces, so H? is a separable infinite dimensional Hilbert space.

A very special class of functions in H? are called the reproducing kernels defined as follows.
For every w € D we define the reproducing kernel at w as the function k,, : D — C given
by

1
u(2) = 1—wz

The reproducing kernels will play a central role in the future. We will show the main
properties of these functions and some consequences. We comment that the next lines show
us that H? is a Reproducing Kernel Hilbert Space (RKHS) (see [34] for the definition and
more details). For any w € D the expression

Kuw(2) =1+wz+ (W) +...

T 1-wz
show us k,, € H? because |w| < 1. Moreover for any f € H?*(D) a direct computation implies
that

K

(fihw) =) a0 = Zanw” = f(w).
n=0

Il
=)

n

As a consequence of this basic properties we can prove the following estimate:

Lemma 2.2.2. For any f € H? and any w € D we have

/1]
w < —————
|[f(w)] < e
Proof. Note that [[ky||? = (K, Kw) = —1_|1w|2. By Cauchy-Schwarz inequality we have

/1l

[F(w)] = [(f )| < L F Rl < Wiria

Moreover, this growth estimate allow us to find a relation between the convergence of
functions in H? and the classical locally uniform convergence of functions. The next result
will be used many times in the text.

Theorem 2.2.3. If (f,)nen € H? is such that f, — f in H? then f, — [ uniformly on

compact subsets of D.

Proof. Let K C I be a compact set. Fix e > 0, as K is a compact subset of D there exists
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0 < R < 1 such that |z| < R for any z € K. Let ng € N such that for any n > ny we have

£ — [l < ev/1 = R2.
So

|ful(2) = f(2)] < o= 1 W= I Vz € K and Vn > ny.

V1—|z2 V1-R?

There is an alternative characterization of when an analytic function belongs to H?. The

proof consists in writing | f(re?)|? as a series and uses the following well known identity:

2T 2T
1 L 1 .
— / ety — — / e — 6,
2T 2 ’

0 0

Theorem 2.2.4. Let f : D — C be an analytic function. Then f € H? if, and only if

2m

1 .

sup —/|f(rela)|2d9<oo.
0

0<r<1 2m

Moreover, if this is the case then

2

2m
1 )
191 = ( sup 5 [ 1e) s
0<r<1 7TO

Proof. See [30, Theorem 1.1.12]. |

A direct consequence of this alternative characterization, which is not trivial from the
definition, is that H> C H? where

H® ={f:D— C | fis analytic and bounded }.

As usual the sup norm is denoted by ||f||.c and by definition ||f||s := sup|f(z)| where
z€eD
feH™.
Now, let us show that is possible to see H? as a subspace of some space of square summable
functions: consider the space L*(T) = L*(T, £*) where m is the Lebesgue measure. It is
known that L*(T, &) is a Hilbert space with the inner product given by:
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(0:1) = 5= [ ate” eTas

where g, h € L*(T). For each n € Z the function u, : T — C given by u,(e?) = " belongs
to L*(T) and the collection {u,, | n € Z} is a Hilbert basis for L*(T) (see for example [35]).
This means that if g € L*(T) then we can write

g = Z<g’ Up ) Uy -

nel

We define H*(T) as the closed subspace of L?(T) such that the negative terms of the above

sum vanishes, i.e,

H(T) = {f* € L*(T) | (f*,un) =0 Vn <0},

By Bessel inequality, > |[(f*, u,)[* < co. So for each f* € H?*(T) we know that f* =

n=0
ST {f*, un)u, and we can associate the function f € H? given by f(z) = > (f*, u,)z".
neN n=0

It is possible to see that the map T'(f*) = f defined as above is an isometric isomorphism
between H?(T) and H?. For any f(z) = . a,2" € H> and 0 < r < 1 we define f, : T — C
n=0
given by

[e.9]

fr(ew) _ f(rew) _ Zanrneiné"

n=0
Clearly f. € H*(T). The precise relation between f and f* is more deep (see Theorem 2.2.8
below); for now the following proposition that relates f. and f* is enough for our purposes.

Proposition 2.2.5. Let f(z) = Y. a,2" € H?. Then

n=0
lim || f* = fillg2er)y = 0
r—1

Proof. For a given € > 0 we can choose ny € N such that
= €
2=

because the series Y |a,|* converges. Moreover, choose 6 € (0,1) such that for all 7 € (,1)
n=0

no—1

D lanf (1= <
n=0

DN
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The following estimate finishes the proof:

00 2
1F* = fellmzey = | D (an — anr™)
n=0

=D a1y

=0

no—1 00
= Z |an|2(1 - Tn)Q + Z |an|2(1 - Tn)Q

n=0 n=ng
< € I €

—+t-=c

2 2

It is a known result of measure theory that L? convergence implies that a subsequence
converges almost everywhere (see [17, Chapter I1]). So the last proposition implies that there
exists an increasing sequence of real numbers (7 )ren such that f*(e) = klim fr (€) almost

—00

everywhere. In particular, if f € H? is analytic at a neighborhood of D then f*(e?) =
lim £, () = f(e).
—00

For all r € [0,1) we define the Poisson kernel as the function P, : R — R, given by

1—7r?
1—2rcosty +r?

PT(¢) -

Of course 1 — 72 > 0; moreover as cost) < 1 it follows that 0 < (1 —r)? < 1 — 2rcost + r?
and thus P, is in fact a well defined positive function. The next theorem uses the Poisson

kernel to establish a connection between f and f*.

Theorem 2.2.6 (Poisson Integral Formula). If f € H? and re® € D then

2w
1 )
— %/f*(eze)}?r(e—t)de.
0

Proof. For all zy € D the function ., is analytic at a neighborhood of D and as we commented

above
1

- 1— Z—Oeie
Thus )
) = Foahan = (o) = [ 16 (g ) 0
T
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In view of the geometric series

1
1 — zpe=%

4 1

T

=1+ 207 4 22720 4 23730

we note that

because f* € H*(T). Consequently

fe) = [ 1) (ot + o 1) @
T

and the result follows from computation below, where z, = re®;

1 L 1— 12
1—zpe ' 1— z5et 1 — re—itei® — peite—i0 4 peite—ilpe—iteid
_ 1—r?
1= r(e~itei® 4 eite=if) 4 2
B 1—r?
1 —2rcos( —t)+r2
= P.(0—1).

27
An immediate consequence of the above formula is that 5~ [ P.(0 —t)d = 1, where
0

r € [0,1) and t € R. This follows by considering f as the constant function 1.

Let us back to the duality between H? and H?(T); maybe the most important fact about
this is some kind of “pointwise” relation between f and f*. Given a function f € H? the
radial limit of f at a point € € T is defined as

lim f(re®).

r—1-

The above limit may not exist at some point e € T as the following example show us.
First, note that the function f(z) = (1 — z)~™ belongs to H? because f € H*>, we also
comment that if n € N and n > 2 then log(n) € R — Q (to prove this you can argue by

contradiction or use the seminal Lindemann-Weierstass Theorem).

Example 2.2.7. The radial limit of f(z) = (1—2)"™ does not exist at the point 1. Consider,

for example the sequence (1 — 2%)”@\1. Of course, this sequence converges to 1 as n — oo and
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1 —mi 1 —m ‘ . 4
(1 . (1 . 2_n)> — (2_n> — e*ﬂz(log(l)flog(Q ) — enmlog(Q).

So the sequence (f(1— %))neN is equal to the orbit of the irrational rotation Ryjoge) : T — T
given by Ry (e?) = e™o9@)e? qt the point 1 € T. This orbit is dense in the circle T by
the irrational rotation theorem (see [23, p.6-26]). In particular, the limit lim f(r) does not

. r—1-
exist.

Nevertheless, the set of points in the circle such that this limit does not exist is small
in the measure sense. This fact is a consequence of Poisson Integral Formula proved above
and the remarkable Fatou’s Theorem (see [30, p. 15]). With these tools, we obtain a precise
relation between f and f*:

Theorem 2.2.8. If f € H? then the radial limit lim f(re) exists for almost all 6 and

r—1—

lim f(re) % f*(e)

r—1-

Proof. See [30, Corollary 1.1.28]. [ |

2.3 Composition Operators

In this section we will see the basic facts about composition operators in the Hardy-
Hilbert space. In particular, we will present a complete proof for the fact that composition
operators are well defined on H?. In the end of the section we focus in some terminology
about the symbols that define the operators.

Let ¢ : D — D be an analytic function. We define the composition operator with
symbol ¢, denoted by Cj, as the operator defined on H? and given by Cyf = f o ¢ for all
f € H*(D). Of course C,f € Hol(D) because the composition of analytic functions remains
analytic; a direct computation show us that Cy is a linear operator and that Cy(f - g) =
(Cof) - (Cyg)if f-g,f, g € H?.

Two non-trivials facts that we will need here about this operator are the following:
Im(Cy) C H? and C, is a bounded linear operator. This is the content of the next theorem,
sometimes called Littlewood’s Subordination Theorem in the literature. To prove it we

need the following lemma.

Lemma 2.3.1. If f € H? then for all re' € D we have

27
e < o [ 1P @R PO - 0,
0
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Proof. By Poisson Integral Formula (see Theorem 2.2.6) we can write

21
1 *( 1
= g/f (eYP.(6 — t)db.
0

The measure g defined by u(A) = 5= [ P.(0 — t)d6 is such that p < m where m is the
A

d
Lebesgue measure, moreover it is clear that the Radon-Nikodym derivative d—’u is given by
m

% P,(60 —t). This implies
27r/f ) —td@-/f (e”)dp(0).

As ris fixed and 0 < 7 < 1 we have 1 —2rcos(0 —t)+7r*> > (1—7r)? > 0 and then P,.(6 —t)
is bounded above by some constant K,. Thus

/|f ) [2du(6) /|f (€D 2P(6 — )dh < K| f*]* < 0.

where || f*||* means the norm of f* in the space L*(T,4%). This implies f* € L*(T,p).
Applying Holder’s inequality to the functions f* and 1 we obtain

forel < [ 1 @ldus)

1
2 2

S

™

<| [1rEpaue | | [ 1au)

2

S GG RGN
0

2
because % [ P.(6—t)df = 1. The result follows by squaring both sides of the above inequality.
0

[
In the next theorem some facts about harmonic functions will be used. We refer to [11]

or [11] if the reader is not familiar with this topic and wants a precise reference.

Theorem 2.3.2. If ¢ : D — D is an analytic function then the operator Cy : H> — H? i

well defined and it is a bounded linear operator. Moreover,
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1+ [¢(0)|
1—[o(0)]

Proof. Consider the function v : D — R given by

1G]l <

2w

u(rety = % / FH(ED)2P.(0 — £)d6.

0

Using the previous lemma we conclude that
|f(re™)|* < u(re™) Vret € D.

As ¢(D) C D we obtain |f(é(re™))|* < u(é(re)) Vre® € D and then

27 27

1 , 1 , 4

Gy / [f($(re")PPdt < o / u(g(re™))dt  Vre' € D.
0 0

Now, note that

27
1 *( 1
— 5 [ £ R0 - 1yt
s
0
2
1 0 |2
=— [ |f ()| P-(t — 0)do
2ﬂ/\<6ﬂ (t—0)
1 + ret=0)
— 19
__/|f |§R(_ Z(te))de
1 . 0 1+ rei=9
=R %/|f(€)| (m df
=5 (5o [1rene (G )
N 2 et — rett
0
where we used that P, is an even function and made some computations. Writing re = z

2
1 o o (€042
o) = o 17O (5 ) ao
0

we note that
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is an analytic function due to [11, Theorem 5.4].

Recalling that the real part of an analytic function is harmonic the above discussion
show us that u is harmonic. Moreover, from basic complex analysis it is known that the
composition of an analytic function with a harmonic function is again a harmonic function,
thus u o ¢ is harmonic. Hence the mean value property for harmonic functions (see [I1,
Chapter X]) implies that

u(¢(0)) = i/u(gzﬁ(reit))dt Vret € D

and consequently
2m
1 i
ICfI? = Ilf 0 ¢ll72 = sup 2—/|f(<25(7‘6 NPt < u(@(0)) (%)
0<r<1 &7
0
Moreover, we note that for all » € (0, 1] we have

B 1—r? < 1—r? 1+
1 —2rcos( —t)+7r2 = (1—r)2 1—7

Pr(e_t)

which implies that

2w

e = 5 [P EORRG- 00 < () 17 = (120 ) I v €D

1—r 1—7r
0

or more briefly

14|z
w2 < (o) Ml veeD

Using (x) and the above equation we conclude that

[CaslP < uto(o)) < (A 171

which implies that Cy is a bounded linear operator. The promised estimate about the norm

follows by considering the supremum over all f € H? with ||f||z = 1.
[

The last theorem establishes that Cy is always a bounded linear operator if ¢ is an analytic
self-map of the disk. It is natural to expect that properties of the operator C can be deduced
from the symbol ¢ and vice-versa, in fact, we have a lot of examples of this approach in the
literature. We refer to the books [13], [30] and [39] for concrete results about compacity,
normality, fixed points and related properties.
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Recall that for every analytic nonconstant map ¢ : D — D the set ¢(D) is a domain
(an open connected set) by the open mapping theorem for analytic functions. Thus if f €
Ker(Cy) then f(¢(D)) = {0} and this implies f = 0 by the principle of analytic continuation.
In particular, no composition operator can be a universal in the sense of Rota by Remark
2.1.7. However, we will see in section 3 that some translations of them are universal.

Another important property of the composition operators, is the relation between their
adjoints and the reproducing kernels: if ¢ : D — D is analytic and w € D then for all f € H?

we have

(f; Corw) = (Cof k) = (f 0 &, k) = f(d(w)) = ([, Kow))-

From this computation we conclude that:
Proposition 2.3.3. If ¢ : D — D is an analytic map and w € D then Ciry, = Kg(w)-

To finish this section we will establish some terminology about the symbol ¢ that will be
used in the next chapter. It is a well known result in complex analysis that every automor-
phism of the disk (i.e, an analytic bijection of the disk) has the form

a—z

9(z) = A

where A is a unimodular constant and a € D. If ¢ is not the identity transformation and

1—az

has a fixed point in D then we say that v is an elliptic automorphism. We recall also the
famous Denjoy-Wolff fixed point theorem.

Theorem 2.3.4 (Denjoy-Wolff). Let ¢ be an analytic self map of D other than an elliptic

automorphism.

o [f 1y has a fized point ¢ € D then Y™ — q uniformly in the compact parts of D and
[ (q)] < 1.

e If ¢ has no fized point in D then there is a point p € T (called the Denjoy- Wolff
point of 1) such that "™ — p uniformly in the compact parts of D. Moreover the radial
limit of Y at the point p is p and the point p is called the attractive fixed point.

Proof. See [39, Chapter V]. [ |

Remember that a nonconstant map ¢ defined on C is called a linear fractional trans-
formation if there exists a, b, ¢,d € C such that
az+b

¢(z):cz+d Vz e C.

Each element ¢ as above can be extended to a function defined on Cy, = CU {oo} (the

one-point compactification of C) in the following way: if ¢ = 0 we define f(oco0) = oo and
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if ¢ # 0 then we define f(—%) = oo and f(co) = 2. If ¢ = 0 then oo is clearly a fixed
point of ¢, moreover the other fixed point is given by the solution of (a — d)z + b = 0; if we
suppose that ¢ is not the identity function (which means that a« = d and b = 0 can not occurs
simultaneously) then the last equation has at most 1 solution. If ¢ # 0 then the solutions
of ¢(z) = z are the solutions of a quadratic equation and thus ¢(z) = 2z has at most two
solutions in C.

Thus every linear fractional transformation distinct from the identity has at least one and
at most two fixed points in C,. In our work we will deal with linear fractional transformations
that preserves the disk, i.e, we will consider all the linear fractional transformations ¢ such
that ¢(D) € D. This set will be denoted by LFT (D). All this discussion leads us to the
following definition:

Definition 2.3.5. Let ¢ € LFT (D) without fized points in D. We say that
e ¢ is parabolic if the unique fixed point of ¢ is the attractive fized point in T.

e ¢ is hyperbolic if ¢ has an attractive fived point in T and another fized point that
belongs to Cs, — D.

Example 2.3.6. The maps ¢(z) = 2L and (z) = Z:i are both hyperbolic. The first has 1
2

2 1
and oo as fized points while the second has 1 and —1 as fized points. The map ¢(z) = ;1:2 18

an example of a parabolic map with the only fized point being 1.

2.4 Nevannlina Counting Function and Shapiro Theorems

Another crucial point in our work is to use the remarkable paper of Shapiro where he
characterizes the essential norm (i.e, the norm of an element in the Calkin algebra) of a
composition operator (see [10]). We will define in the next pages the Nevannlina counting
function, a tool that appears in Shapiro’s work. We need some preliminary arguments to
ensure that this function is well defined.

Lemma 2.4.1. Let 0 < R <1 be a constant, if R <z <1 then1l —x = log(%). Le, there

exists positive constants Cy,Cy (that does not depend on x) such that

Ci(1— 1) < log (i) < Co(1— 1) Vr € (R 1).

Proof. Remember the integral definition of the logarithm function for x > 0:

xT

1
1 2 1
log(z) = /Zdt =l —log(x) = /Zdt'

1



34

For R < x <t <1 we have

—
VAN
| =
IN
8]

and integrating in ¢ over [z, 1] we obtain

1 1 1
1 1 1
/1dt§/¥dt§/§dt — 1—x§—log(as)§5(1—as).

As R < z and —log(z) = log (£) we conclude that

T

1—x§log(l> S%(l—x).

Thus it is enough to choose C; = 1 and Cs = % to finish the proof.
[ |

Definition 2.4.2. Let ¢ : D — D be a non constant analytic map. We define the Nevannlina
counting function, denoted by Ny, for each w € D — ¢(0) as

> g (i), ifwe o)~ {6(0)}.
Ny(w) = { ze67 {w)

0, ifwég D).
with each point z € ¢~ w} occurring as many times as its multiplicity.

Let us explain why the Nevannlina function is well defined. Of course, for w ¢ ¢(ID) this
is clear. Now, fix w € ¢(D) — {¢(0)}. The sum

= (t)

z€p~Hw}

is a series because we are summing over all z € D such that ¢(z) — w = 0; since the number
of zeros of an analytic function is always countable (apply the compact exhaustion principle
in D and the analytic continuation principle) this sum is a series and we need to check the
convergence.

For that, we will use Lemma 2.4.1. We can write {z, }nen = ¢~ {w}. There exists R > 0
such that |z,| > R for all n € N, otherwise, since ¢ is analytic at 0 we can use the analytic
continuation principle again to conclude that ¢(z) = ¢(0) for all z € D and so ¢ is constant.
Using Lemma 2.4.1 we obtain a constant Cy > 0 such that

> log (é) = i (log|z—1n|> < Cy <i(1 - |zn|)) .

z€¢_1{w} n=1 n=1
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Moreover, ¢ € H*® and so ¢ —w € H*. In particular ¢ —w € H?. So, {2, }nen are the
zeros of a function in the Hardy-Hilbert space. In particular, this sequence satisfies Theorem
2.5.7 and then

Cs (Za - yzny)> < 0.

n=1
We conclude the convergence of the desired series. To prove the results that motivate this
section the Nevannlina counting function is one of the main tools. The other is the following
identity due to Littlewood and Paley (recall that dA(z) := Ldady).

Theorem 2.4.3. (Littlewood-Paley Theorem) Let [ € H?, then

1P = /(0 |2+2/|f |zOg<‘ |) A(2)

where A 1s the area measure in D.

Proof. See [18, Theorem 4.35]. |

We will use explicitly (and prove now) two results proved by Shapiro related with the
Nevannlina counting function. But first, remember that every analytic function ¢ can be

written as ¢(z, y) = u(z, y)+iv(z,y) where u and v are real functions. A simple computation

Ju

shows us that for any 2o € D we have ¢'(2) = 3=

(z0) + ng(zo) Using the Cauchy-Riemann
equations we deduce that

, ou’ ov?
() = 5 (20) + 5

pe (20) = det | §

2u () gZ(zo)].

a2 (20) 32 (20)

Thus the change of variable theorem (see Theorem A.0.7) takes the following form:

/ £ (., y)ddy = / (f 0 &) (w,9)|¢' (v, ) Pdudy

() Q2

where €2 is an open set of C and ¢ : 2 — C is analytic.

Theorem 2.4.4. If g is a non-negative measurable function in D and ¢ is a nonconstant

analytic self-map of D then
/ 2 1
[ stwINuwiiaw) = [ o216/ () lor A

Proof. By the principle of analytic continuation the analytic function ¢’ vanishes on an at
most countable set and all the zeros of ¢’ are isolated. Let Z be the set of zeros of ¢'; the
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restriction of ¢’ to the open connected set D — Z never vanishes and thus for every point of
D — Z there is an open set containing this point such that ¢ is a homeomorphism (by the
inverse function theorem). Note that D — Z can be written as the countable union of disjoint
semi-closed polar rectangles, that we call R,,, and on each R, the function ¢ is one-to-one.
Now we denote by %, the inverse function of the restriction ¢ : R,, — ¢(R,). The change of
variable formula and the discussion before the theorem show us that

GBI () log A = | gwnog () dA(w)
/ (i) a1= [ atwros ()

" = ;(w)xqsmn)(w)log ) dA(w)
D/ (!%(w)I)

R, if we consider the sum of the above integrals with respect to n we obtain:

AS]D:U

neN

G621 () log A(2) S oo (w)log | ——) | dA(w).
D/ (| |) / ( (wn(wﬂ))

To finish the proof, it is enough show that

Zqu R (W) log (W) = Ny(w)  ae

To do this, note that if w € D — {¢(0)} is such that w ¢ ¢(D) then by definition Ny(w) =0
and the equality ¢(D) = |, cy #(R,) show us that the left side of the above equation is also
0. Now, suppose that w € ¢(D) — ({¢(0)} Ud(2)); if 2 € ¢~ {w} there exists exactly one set
R, such that z € R,,. Thus ¢(z) = w € ¢(R,,) and the term log(m) = log(ﬁ) appears
once in the sum in the left side of the above equation. Moreover, since ¢(z) = w ¢ ¢(Z) we
see that the multiplicity of z is one and then the term log(ﬁ) appears exactly once in the
sum that defines Ny(w). Since ¢(Z) is countable it has zero measure and thus we obtain the

equality almost everywhere. [ |

Theorem 2.4.5. If ¢ : D — D is analytic then Vg € H*(D) we have

ICagl? =2 [ 19/(w)PNaw)dACw) + lg(o(0))



Proof. From the Littlewood-Paley Theorem applied for the function g o ¢ it follows that

lgo 1P — lg(o( —2/|go¢ >|2zog(| |)dA<>

=2 / PP tog (7 ) dA)

But from Theorem 2.4.4 applied to f = |¢'|* we deduce that

/|g DRI >|210g(| ,)dA —2/|g ) PN () dA(w)

and the result follows.

2.5 Canonical Factorization, Beurling and Model spaces
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One of the major results from the theory of Hardy spaces is called the canonical fac-

torization. In the present section, using this factorization, we will define some concepts (in

particular, some subspaces of H?) that will be important in chapter 4.

On the way to enunciate this theorem for H? functions we need to introduce some con-

cepts. The shift operator in H? is denoted by M, : H?> — H? and defined by M, (f) = z f(
where f € H?. It is not difficult to see that M, is well defined and is a bounded linear operat

(in fact an isometry) in H2.

Definition 2.5.1. Let f € H?. We say that:

1. f is an outer function if span{f, M. f, M2f, ...} = H>.

2. f is an inner function if |f*(e?)] = 1.

2)

or

3. f is a singular-inner function if f is nonconstant, inner and f is zero-free in D.

There are some alternative characterizations of these concepts.

Theorem 2.5.2. A function S € H? is a singular inner function if, and only if, S can

written in the form

2T

1 0
S(z) = Nexp ~5- / Z“’ i_ jdu(@) VzeD
0

be

where \ is a unimodular constant, p is a positive, finite and reqular Borel measure in [0, 27].

Moreover, u L m where m is the Lebesgue measure in [0, 27].

Proof. See [30, Theorem 2.6.5].
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Using Theorem A.0.8 for the map f : (0,27] — T given by f(f) = ¢ we see that

2

v £+
| G = [ e
0 T

where v is the pushforward measure of u by f. Since f is a bijection and p is singular to m
the measure v is singular to the Lebesgue measure in T, which is defined as the pushforward
measure of the Lebesgue measure m defined on (0, 27| by the map f. Thus the above theorem

can be restated using measures in T.

Example 2.5.3. Let n € T and L > 0. Consider the point mass measure defined on T by
v(A)=L ifne Aandv(A) =0 ifn ¢ A. In this case:

1 §+zdy(§):_K<77+z)

Cor -z n—=z
T

where K is a positive constant. Thus the functions of the form

eiK( Zi_z )

(K >0)

are all singular inner functions.

Theorem 2.5.4. A function G € H? is outer if and only if there exists a unimodular constant
A such that

2w
1 ei@ +z *( 10
G(2) = Aexp %/ <ew - Z) log |G*(¢1*)|d6
0
for all z € D.
Proof. See [30, Corollary 2.7.8]. [
Definition 2.5.5. Let {z; }ren € D. We say that {zx }ren satisfies the Blaschke condition
if
D> (1= |zl) < oo
k=1

Moreover, if s € NU {0} we define the Blaschke product with zeros {zx}ren C D and multi-
plicity s at 0 as the function
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Theorem 2.5.6. Let {zx}ren € D a Blaschke sequence and s € N. Then the function B
defined as above is an inner function whose zeros are exactly the sequence {zy}ren, counting

multiplicities, and 0 which is a zero of multiplicity s.
Proof. See [30, Theorem 2.4.13]. |

If 21, ..., z, are elements of D then we define the Blaschke product B with zeros zq, ..., 2,
and multiplicity s at 0 in the same way. In this situation, as the product is finite, it is possible
to see that B is in fact analytic in a neighborhood of D.

Every inner function © can be written as a unimodular constant multiple of © = BS,
where B is the Blaschke product formed by the zeros of © and S, is a singular inner function
(v is the measure that appears in the representation given by Theorem 2.5.2 ). See [30,
Corollary 2.4.14].

The next theorem tells us that the zeros of functions in H? must go to the boundary with
a certain speed.

Theorem 2.5.7. Let f € H? not null. If {z}ren are the zeros of f then {zx}ren satisfies
the Blaschke condition, i.e,

S0 <

k=1

Proof. See [30, Corollary 2.4.10]. |
With these concepts, we present the canonical factorization theorem:

Theorem 2.5.8. If f € H? is not null then we have a unique factorization
f=ABSO

where X 1s a unimodular constant, B is a Blaschke products formed exactly by the zeros of f,
S is a singular inner function and O is an outer function. Moreover,

LF1 = 1lOII
Proof. See [18, Theorem 4.19]. |

The canonical factorization, as we said, is one of the major results about H? and can
be naturally generalized to the Hardy spaces HP. Another major result of this area is the
celebrated Beurling theorem which gives us a complete characterization of the invariant
subspace of the shift operator M.,.

Theorem 2.5.9 (Beurling’s Theorem). FEvery invariant subspace of M, other than {0} has

the form ©H?, where © is a inner function.
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Proof. See [30, Corollary 2.2.12]. [ |
Motivated by the above theorem, it is common to consider two special subspaces of H2.
Definition 2.5.10. Let © be an inner function. Then:
o A space of the form ©H? is called a Beurling type space.
o A space of the form (OH?)* is called a Model space.

The model spaces are, by definition, the orthogonal complements of Beurling type spaces.
By Beurling Theorem and by Remark 2.1.11 we conclude that the model spaces are exactly
the M:-invariant subspaces.

To finish this chapter we will make some comments about the boundary behaviour of
some H* functions. Consider a function f € H* such that || f||oc < 1. We say that a point
z € D is a regular point of f if z € D and f(z) # 0 or if z € T and f has an analytic
continuation in a neighborhood V' of z with |f(w)| =1 for every w € V N T.

Definition 2.5.11. Let f € H*. We define the resolvent of [ as:
p(f) :={z€D | zis a regular point of f}

and we define the spectrum of f as:

o(f) =D —p(f).

Let © € H™ be an inner function. Then z € D is a regular point of O if, and only
if, z € D and ©(z) # 0 or if z € T and © has an analytic continuation in a neighborhood
V. In fact, to check this we only need to verify that |©(w)| = 1 for every w € V NT. This
is clear because we know that [©(e?)| & 1, so given w € V N'T we can choose a sequence
(Wn)nen € T such that w, — w and |©(w,)| = 1. Thus |©(w)| = 1 because O is analytic at
w.

The following theorem will be important for us in the next sections.

Theorem 2.5.12. Consider f € H® such that || f|ls <1 and let A € D. Then are equivalent:

1. A€ p(f)

2. Either A € D and f(\) # 0, or A € T and there exists ¢ > 0 such that

1 =1, neTnB(\e

and

inf{|f(2)|: z€e DN B(\¢)} > 0.
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Moreover, if f = © is a inner function with singular inner part S, then

o(©) = {z eD | liminém |O(w)| = 0} = Z(0) U supp(v)
Proof. See [18, Theorem 5.4] |

In the above theorem supp(v) is the support of the measure v, defined as:

supp(v) = {6 €T | v({&e" | —e <t <e€}) >0 Ve > 0}.

Thus the support of p consists on the points in the circle such that any open symmetric arc
centered at this point has positive measure. The functions f € H* such that ||f]e < 1
are called the Schur functions and the set of all such functions are denoted by S. Thus the
above theorem holds exactly for the functions in the class

S={/eH* [/l <1}
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3 Minimal Invariant subspaces of a universal operator

The main purpose of this chapter is to study the minimal invariant subspaces of a specific
universal operator, denoted by Cy,, which was studied recently by Carmo and Noor in [9].
It is not hard to see (and we will prove soon) that if M is a minimal invariant subspace of
Cy, then

M = K; = span{f,Cy f,CZ f... )

for every f € M — {0}.

With this remark in mind it makes sense to study the spaces Ky using known properties
of the function f. This leads us to introduce the notion of eventually bounded functions
and prove the main results of the chapter. We will exhibit a class of functions for which the
claim

Ky is minimal < dim Ky = 1.

is true. In a general way these hypotheses are related with the behaviour of the function
f near to the point 1. Moreover we will show some relations between the number of zeros
of f, the dimension of the space Ky and the ISP. In the end of this section we provide a
universality criterion based on the work of Pozzi (see [35]).

3.1 Carmo-Noor Universal Operator
For each 0 < a < 1 we define the function ¢, as ¢,(z) = az+ 1 — a for every z € D. Note
that ¢, € LFT (D) because
laz+1—a| <|az|+|[1—a|]<a+1—a=1

A simple computation show us that the fixed points of ¢, are 1 and oo which means that ¢,
is of hyperbolic type. By Theorem 2.3.2 the composition operator Cy, given by

C¢af = fo¢a

is a bounded linear operator in H?.
For any function f € H? we define K as the closure of the span of the orbit of f under
Cy,, more precisely:

Ky = span{f,Cy, f,C2 f,...} = span{f, f o ¢a, f 0 $2,...}.

This definition will play a central role from now on due to the next proposition.

Proposition 3.1.1. If f € H? then K; is a Cy,-invariant subspace. Moreover if M is a
minimal Cy, -invariant subspace, then M = Ky for any f € M — {0}.
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Proof. The fact that K is a Cy, -invariant subspace follows exactly by the same argument
that we used in item a) of Proposition 2.1.2. For the second claim, note that if f € M — {0}
then

{0} C span{f,fo¢a, fods...} S M

because f belongs to M, M is Cy, -invariant and M is a subspace. Since M is closed consid-
ering the closure in the inclusions above we obtain {0} C Ky € M and then the minimality
implies Ky = M as desired. [ |

Note that for all n € N and z € D we have

$a(2) = ¢, (az +1—a)
= ¢ *(a(az+1—a)+1—a)
= ¢ %(a’2 + 1 —d?)

=a"z+1—a" = g (2).

This property is called the semigroup property and allows us to write

Ky = span{f. f o ¢u, f © baz, .. }.

In 2022 Carmo and Noor generalized a famous result of Nordgren, Rosenthal and Wintrobe

(see [33, Theorem 6.2]) proving the following theorem.

Theorem 3.1.2. [U, Theorem 3.1]. If ¢ € LFT(D) then Cy— X is universal on H? for some
A € C iof, and only if, ¢ is hyperbolic.

Moreover, it is not hard to see that for every A € C and T € B(H) we have Lat(T) =
Lat(T — \) and thus the minimal invariant subspaces of an operator T" and the translations of
T are the same. Combining this fact with Theorem 2.1.10 we obtain the following Corollary
which is crucial for the next section:

Corollary 3.1.3. Let a € (0,1) and ¢, : D — D as defined above. Then the ISP has a
positive solution if, and only if, every minimal invariant subspace of Cy, has dimension 1.

3.2 The minimal invariant subspaces K,

The aim of this section is to study the minimal invariant subspaces M (which are of the
form M = K, by Proposition 3.1.1) of Cy,, using properties of the function g. By Corollary
3.1.3 if we understand all these spaces we have the answer to the ISP.



44

Our first original contribution is the result below, it says that if g has a “good” behaviour
around 1 then we have an answer in the positive direction. This theorem resembles another
theorems obtained by Matache (see [31, Theorem 2]), Gallardo-Gutiérrez and Gorkin (see
[20, Proposition 2.1]) while they work with the hyperbolic automorphisms.

Theorem 3.2.1. If g € H*(D) with lirr% g(z) = L#0 (z — 1 within D), then K, contains
z—

the constants. In particular if K, is minimal, then g = L and dim K, = 1.

Proof. There exists a § > 0 such that if z € D and |z — 1| < § then |g(2) — L| < 1. In
particular, for every z € B(1,) NID we obtain

9() < lg(z) = D)+ L] <1+ L] =

As ¢pn(D) = a"D + 1 — @™ are circles with center 1 — a” (converging to 1) and radius a"
(converging to 0) there exists ng € N such that for all n > ny we have ¢, (D) C B(1,§) N D.
So, given re? € D we conclude that a"re® + 1 —a™ € B(1,5) N D and so

|g 0 Gan (re®)|> = |g(a"re® +1 —a™)|> < K* Vn > ny.

Consequently we get

1Csgl? = llg 0 danlP = sup — / 100 6w (re ) Pd8 < K2 V> o,

0<r<1 2

This shows that the sequence (Cy,, )
a"z+1—a" — 1 asn — oo and then

nen 18 bounded. Moreover, for each z € D we have

gopan(2) =g(a"z+1—-a") — L.

S0 (Cg,n9),en converges pointwise to L. By [13, Corollary 1.3] (Cy,.9),,c converges weakly
to the constant function L. So L belongs to the weak closure of the convex set

spand{g, Cy, 9, C;ag, .

which is equal to the norm closure by Mazur’s Theorem (see Theorem A.0.5). So L € K,
and hence K, = K, since L # 0. |

Remark 3.2.2. The proof above works in the same way if lin} g(z) = 0 but the conclusion
2=

about minimality is not true, in fact the conclusion in that case is a trivial information:
0e K,.

Every function g € A(D) (where A(D) denotes the disk algebra) such that g(1) # 0

satisfies the above hypothesis; thus for such functions K, is minimal if and only if g is
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constant. Note that we can not apply the theorem for simple H? functions like g(z) =
24+ 23 — 22 — 21 We will see soon some ways to deal with this situation.
For now we can at least solve this problem for polynomials due to the following basic but

N .
interesting property of Cy,: if p is a polynomial of degree N, say p(z) = > a;2’ then
=0

Ce.p(2) =plaz+1—a) = Zaj(az +1—a)

is again a polynomial of degree N. Thus the orbit of p by Cy,, i.e, the set {p, Cy,p, C’;ap, .

contains only polynomials of degree N and consequently the set K, = span{p, Cy,p, C’;a Dy}
is contained in the finite dimensional space of polynomials of degree at most N. We summa-
rize this discussion in the following proposition for future citations.

Proposition 3.2.3. If a € (0,1) and p is a polynomial of degree N then Cy p is again a
polynomial of degree N. In particular K, is always a finite dimensional space and thus is

minimal if and only if dim K, = 1.
Proof. Follows from the above discussion and from Remark 2.1.9. |

Now we will focus in more general situations. In [9] the authors already had the idea that
the behaviour of g around 1 is a key point and they used the notion of radial limit at 1 to
divide the problem in three cases. Here, corroborating this intuition with Theorem 3.2.1 we
propose a similar but new division according to the behaviour of the sequence of complex

numbers (g(1 — a™))nen. More precisely, we will consider three cases:

A) g(1 —a™) converges to a number L # 0.
B) ¢(1 —a™) converges to 0.

C) ¢g(1 —a™) does not converges.

Of course this three cases covers all the possibilities. We define, for each n € N, D,, as the
open disk with center 1—a™ and radius a”, i.e, D,, := B(1—a",a") (see the picture below for a
geometric vision). We say that an analytic function f defined on D is eventually bounded
(EB) if there exists a number ng € N such that f is bounded in D,,, (and consequently, it is
bounded in every D,, for n > ny).
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— {z | Re(z) =1}

Figure 2: The disks D,, = ¢ (D) shrinking to the point 1.

To obtain our results, we begin with technical lemma.

Lemma 3.2.4. If g € H? is such that ¢' is eventually bounded then

/ g (w)|* Ny, (w)dA(w) = 0 as n — .

D

Proof. Let ng € N such that ¢’ is bounded in D,,,. Applying Theorem 2.4.4 for f = |¢'|*> and
¢ = ¢4 We obtain:

[ 15 RNy waA(w) = [ 19"z + 1= o)l (2)Flos A

1
< /C’a271 log ﬂdA(z) =a™K (n>ng)
z
D
where C'is a constant such that |¢’(a™z +1 —a")|* < C for all n > ng and K is the constant
given by C' times the integral of log ‘71| over D. So, if n — oo then a*" — 0 and we conclude

the proof. ]

Another important tool is the following family of functions: for each s € C Hurst showed
in [25, Lemma 7] that the functions f,(z) := (1 — 2)® belong to H? if and only if R(s) > —1.
For R(s) > —1 these functions are eigenvectors of Cj,:

C¢afs(z) = fs o Qba(Z) = fs(az +1- a)
=(1—-az—14a)’

= (a(l —2))* = a’f(2).
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With this in mind, we are able to proof a central result in the section. Recall that a
sequence of complex numbers (z,)nen is called bounded away from zero if there exists a
constant M such that |z,| > M > 0 for all n € N.

Theorem 3.2.5. Suppose that f = f.g for some g € H? and Re(s) > 0. If ¢ is eventually
bounded and there exists a subsequence of (g(1 — a™))nen which is bounded away from zero,
then fo € Ky. So, K¢ is minimal, if and only if, dim Ky = 1.

Proof. By hypothesis f € H? (because f, € H*) and we can choose a subsequence (g(1 —
a"))geny which is bounded away from zero, i.e, there exists a constant M such that |g(1 —
a™)| > M > 0. As fs is an eigenvector we obtain by a direct calculation the following

relation:

C’;L;f = C;Lffsg =a" f, qu

Using the expression obtained above, Theorem 2.4.5 and Lemma 3.2.4 we obtain:

o 2 LCikg ?
a™sg(l — a™) — /s ) - g(l — am™) — /s )
2
Y
[ fs]] S \ (1= am) ) |
e [ ] g—am) )
- 2Hf8||oo g(l . a”k) NCf)a"k (w)dA(w) + g (1 _ ank) 1
2 fs 2 , n—00
< ALl /| W) Ny, (w)dA(w) 22 0.

This means that f; is the limit (with respect to the H? norm) of a sequence of elements living
in span{f,Cy, f,...}, i.e, fs € Ky and by minimality, Ky = Ky,. We are done because f; is
an eigenvector. [ |

Corollary 3.2.6. Suppose that g € H? is such that ¢’ is eventually bounded and there exists
a subsequence of (g(1 — a™))nen which is bounded away from zero then 1 € K,. So, K, is
manimal, if and only if, dim K, = 1.

Proof. Apply the above theorem to s = 0. [ |

The result above corrects an error in [9, Theorem 4.2] which rendered the conclusion
incorrect. The hypothesis of ¢’ being EB is in fact necessary, as the following example
demonstrates.

Example 3.2.7. Choose g(z) = fi(z) = (1 — z)lgﬁ where t = 1322 in Corollary 3.2.6. Then

271 27

g(l — an) — (an)loga — eloga

1 " ;
oga” __ 6271'277, =1
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for alln € N and in particular (g(1 — a™))nen is bounded away from zero. But for r € (0,1)

2m
loga

1
r—1

2mi 1 27 Jog(1—1) r—1

eloga

lg'(r)]

7 OO

- logar —1
which shows that g’ is not EB. Then K, = Cg because g is a Cy,-eigenvector and 1 ¢ K.

As a consequence of these results, we have a partial solution from case A) and C):

Theorem 3.2.8. If g € H? belongs to case (A) or (C) defined above and ¢’ is EB, then K,
is manimal if and only if dim K, = 1.

Proof. If g belongs to case (A) then (g(1 — a™))nen converges to a non-zero number, say
L. Then, there exists ng € N such that for every n > ng, |g(1 —a") — L| < ‘Qﬂ and then
lg(1—a™)| > % > 0 for n > ng. If g belongs to case (C) then the radial limit does not exist,
and in particular it is not 0. So we can find an € > 0 and a subsequence (g(1 — a™))gen such

that |g(1 — a™)| > € > 0. The result follows by Corollary 3.2.6. [

As the reader may have noticed, the case B), when g(1—a™) — 0 is actually our problem.
However (B) (and another cases) can be solved if there is some generator g which is analytic
at 1. These was one of the main results (proved incorrectly) in [9].

Theorem 3.2.9. Suppose that g € H? is analytic at 1. So, K, is minimal, if and only if,
dim K, = 1.

Proof. Notice that as ¢ is analytic at 1 then ¢’ is analytic at 1, so ¢’ is eventually bounded.
If g(1) # 0 then we are in the case A) and we are done by the above theorem. Suppose
that g(1) = 0, then g(z) = (1 — 2)®h(2) in some on some open ball V' around 1, where K
is multiplicity of the zero 1, h analytic at V' and h(1) # 0. Choose ny € N such that for
all n > ngy, D, C V. Note that A’ is eventually bounded because h’ is also analytic at V.
Moreover,

g0 ¢an(2) = a" (1 = 2) o dun(2).

So h o ¢gn € H™ because h is bounded D, (in particular, h o ¢,n € H?). As the function
f = fxho ¢ = 9% gatisfies the hypotheses of Theorem 3.2.5, we conclude that fx €

a0 K

Kfihogng = Kgogng S Ky So K, = Ky, by minimality and we are done. [ |

We conclude this section by considering case (B) more carefully. Even with the EB
hypothesis over ¢’, case (B) appears to be delicate. However if g(1 — a™) has a subsequence
that converges to 0 at a sufficiently slow rate, then we can still obtain a positive result.

Theorem 3.2.10. Suppose that g € H? is such that ¢’ is EB and there exists 0 < € < 1
and a constant L > 0 such that |g(1 —a™)| > La™(=9 for some subsequence (ny)en. Then
1 € Ky, and K, s minimal if and only if dim K, = 1.
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Proof. The computations are very similar to the last result:

- - e
g(1 —am) ) 1-— a”k )
2
9
- 9 4
‘O¢ank (g(l—ank) ) 9
gw) | gl—am) I’
S0 —am) N (w)dA(w)—l—‘g(l_ank) 1

_ /|g1—a”k TN, () A ()

l9'( ”kw+1—ank)\ / ) .
n loc —dA
/ ank)P |¢a k(w)| 0g |w‘d ('UJ)

IN

1 1
2 [ O —a* log —dA

/ L2a2nka—2nkea 08 |U}| (U))
= a® M 250

where C' is a upper bound for the values of ¢’ in some open ball Dy, and M is a constant.
This proves the result. u

To obtain a complete solution for case (B) under the EB hypothesis over ¢/, it is natural
to ask what happens if g(1 — a™) — 0 faster than required by Theorem 3.2.10. For instance
if

lg(1 —a")| < a?
then the next result shows that the series Y Cj,_, g converges in H?.

n=1

o
Proposition 3.2.11. Let g € H? with ¢ an EB function. Then h := Y Cy,..g converges

n=1

absolutely if, and only if, > |g(1 — a™)| converges in C. Moreover h € K.

n=1

Proof. Suppose Y |g(1 —a")| converges in C. Using Theorems 2.4.5 and 2.4.4 we conclude
n=1
that for all n > ng (where D, is a ball in which ¢’ is bounded)

IConngll? = / 16/ () 2Ny (w)dA(w) + [g(1 — a™)

1
- / /(0" + 1= ") 00 (2)log 7 A(:) + la(1 =)

<a”L+|g(1—a")
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where L is a positive constant. So

1Cs. gl < Va2 L +]g(1 —am)]2 < a™VL+ |g(1—a™)| for n > ny.

o
Since a < 1 and Y |g(1 — a")| < oo, the comparison test implies
n=1

> 1Csmgll < oo.
n=1
The reciprocal follows from

IComgl? = / 16/ ()P Ny, (w0)dA(w) + [g(1 — a)P 2 |g(1 — a™)?

and by the comparison test again. [ |

Under the hypotheses of Proposition 3.2.11 if we define hy := Y >°, Cy.. g, then h € H?
obviously implies all h, € H? for k > 1. In this case, if K, is a minimal invariant subspace
for Cy, then we must have K, = K}, for all k € N. Notice that if some h; were independent

of the rest (say h; ¢ span{h;i1, hito,...}), then K}, would properly contain K, for k > I
and in particular K, can not be minimal. This leads us to conjecture that

Ifge H* and Y. Cy,.g € H?, then K, is minimal if and only if g is a Cy, -eigenvector.
n=1

3.3 The role of Z(f)

In this section we present some results showing how the cardinality of the zero set of f
affects the dimension of K. The basic idea is that the shrinking property of the orbits allows
us to consider the behaviour of the functions in smaller disks. We will use the notation Z( f)
to denote the set of zeros of f in D and by |Z(f)| the cardinality of this set.

Proposition 3.3.1. If 0 < |Z(f)| < co then dim K> 2.

Proof. By the hypothesis of finite zeros, we can choose a number 0 < K < 1 such that f is
zero-free in the annulus D — B(0, K) (for example, K := max{|z| | z € Z(f)}). Moreover,
we can choose ny € N such that for every n > ng, f o ¢.(D) CD — B(0, K).
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D  fodun(D)

Figure 3: Choosing K and ny.

If n > ng we claim that {f, f o ¢4} is a linearly independent set. In fact, consider any
scalars «, 5 € C such that af + ff o ¢pgn = 0. If zg € Z(f) we have

Bf o ¢an(20) = af(20) + Bf © pan(20) =
and since f o ¢4n is zero-free, we conclude that § = 0 and, consequently, a = 0. [ |

This result has the following interesting consequence: If the ISP is true, then every K;
with f satisfying the above hypotheses is necessarily non-minimal. On the other hand if K
is minimal for such an f, then the ISP is false. Next we study the cases when |Z(f)| =0 or
|Z(f)| = oo, then Ky can be either minimal or not. The first case is more simple:

Example 3.3.2. Consider g1(z) = 22+ 1 and go(2) = 1 — z. Both functions are zero-free in
the disk; moreover Ky, is minimal because go is an eigenvector and Ky, is not minimal due
to Theorem 3.2.1 or Theorem 3.2.9.

For the case when |Z(f)| = oo we will use the following result:

Proposition 3.3.3. Let w € D. If f(w) # 0 but there exists ng € N such that for all n > ng
we have f(a"w +1—a") =0 then Ky is not minimal.

Proof. In fact, if Ky is minimal then K; = Kjop ,, and consequently (Ky)* = (Kfog,n, )"
Considering the reproducing kernel x,, we observe that sy, € (Kfog,n, )+ since f(a"w + 1 —
a™) =0 (n > ng) but k, ¢ (K;)* because f(w) # 0. This is a contradiction. |

Example 3.3.4. The sequence {Ggn(0) o> = (1 — a™)n>2 is a Blaschke sequence because

Z 1-—(1—a")| = Z a™ < 0o. Consider B the Blaschke product associated to this sequence

n=2 n=2
(in particular B has infinitely many zeros). We can write B as
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B ﬁ 1—a"—2z
n=2 (1 - an)z .
Note that B(0) # 0 but B(a"0+ 1 —a") = B(1 —a") =0 for n > 2, so by the previous

remark Kg is not minimal.

The only remaining case is an example of some f € H? such that K; minimal and

1Z(f)] = oo

Example 3.3.5. Let a = % Consider the function f = ey + fs where s = 137;1 and eqy s the

constant function 1. Since
Couleo+ fo) = o +a'fy = eo + avia f, = eo + fi.
it follows that eq + fs is a Cy, eigenvector. So Ky is minimal. Moreover, note that
o+ f)(1—vV2) =1+ fi(1 —v2) =1+ ez '%82 = | 4 ¢~™ =,
Now, consider the sequence {¢an(1 —/2)}neny € D. Then
(0 + fo)(dan (1= V2)) = Cf (eo + f)(1 = V2) = (e + f)(1 = V2) = 0

and thus we conclude that f has infinitely many zeros in D.

The next result of this section strengthens Proposition 3.3.1 and shows we can always
find a function in K that is orthogonal to another certain functions in K.

Proposition 3.3.6. Suppose that 0 < |Z(f)| < oo and let zy € Z(f). There ezists a non-zero
g € Ky such that (g,h) =0 for every h € K; such that h(z) = 0.

Proof. Let zy € D a zero of f and consider the continuous map FE,, : Ky — C which is
exactly the restriction of the evaluation map at zy defined on H2. Note that E,, is surjective
because there exists n > ng such that C3 f(z) # 0. So,

which implies that Ky © Kerg, is a one-dimensional space. Let g € Ky © Kerp, anon-null
element. Thus (g, h) = 0 whenever h € K is such that h(z) = 0.
[

We end this chapter with a result that highlights a connection between cyclicity and
universality. We note that the best known examples of universal operators are adjoints of



53

analytic Toeplitz operators Ty f = ¢f for ¢ € H®, f € H? or those that are similar to them
(see [12] and [20]), and all such coanalytic Toeplitz operators are cyclic (see [13]).

Our universality result is based in the Caradus-Pozzi criteria and give a direction for a
future work (see the discussion after the next theorem). The definition of a cyclic operator

will appear in the next chapter (see Definition 4.1.1) but we will use it now.

Theorem 3.3.7. If T € B(H) is a cyclic operator with closed range and with infinite di-

mensional kernel then T is universal.

Proof. By the Caradus-Pozzi criterion (Theorem 2.1.5) it is enough to prove that T'(H) has
finite codimension. In fact for any cyclic 7' the dimension of T'(H )= is either 0 or 1. Although
this is known to experts, we provide a proof for the sake of completeness. Let f be a cyclic
vector for T € B(H) and define N := span,»,{T"f}. Let P : H — N* be the orthogonal
projection onto N+. Now let g be any element in T(H)*. Then we have (g,7"f) = 0

for n > 1 and consequently g € N+. Since f is a cyclic vector, we can find a sequence

gn € span,,5o{T™ f} such that g, — g. If we write g,, = a,, f +1,, where the o, are scalars and
t, € N, then we obtain «,, f +t, — ¢g. Applying P to this we conclude that o, Pf — Pg=g¢g
and hence g = aPf for some a € C. Since g is an arbitrary element of T'(H)*, the latter
space is at most one-dimensional. Finally codim T'(H) = dim T(H)* < 1 because T has

closed range and the result follows. [

Recall that if ¢ € LFT(D) is hyperbolic then Cy— X is universal for all eigenvalues A\. The
classical proof of the automorphic case (see [33]) and the recent proof of the non-automorphic
case (see []) are both elaborate and involved. An elegant proof of the automorphic case was
found recently by Cowen and Gallardo-Gutiérrez (see [12]). Theorem 3.3.7 suggests a possible
approach to simplify both proofs: this approach is based on showing that the range of Cy — A
is closed for some eigenvalue A, rather than proving surjectivity. It is known that when
¢ € LFT(D) is a hyperbolic map then the composition operator Cy is hypercyclic, and in
particular cyclic (see [, Theorem 1.47]). Also for every A € C and bounded linear operator
T we have

span{f, Tf7 T2f7 .- } = Span{fv (T - )\)f7 (T - )\>2f7 .- }
It follows that T is cyclic if and only if 7'— X is cyclic. Thus for all A € C the operator Cy, — A

is cyclic whenever ¢ is hyperbolic. Moreover for A in the point spectrum of ¢, the kernel of
Cs — A is infinite dimensional ([13, Lemma 7.24 and Theorem 7.4]). Therefore the closure of
the range of Cy, — A gives universality by Theorem 3.3.7. For now, we do not have a simple
proof of this fact.
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4 About some types of invariant subspaces of Cy,

Recall from the last chapter that the minimal elements of Lat(Cy,) are related with the
Invariant Subspace Problem. The main goal of this chapter is to understand which Model
and Beurling type spaces are invariant under Cy,, i.e, to understand which of these spaces
are in Lat(Cy,). Moreover, we will see some interesting connections with another topics
including linear dynamics and the Cesaro operator that are not directly related with the ISP.

4.1 Some aspects about the dynamic of Cj,

In this section we begin by proving some dynamical properties of the operator Cy,. One
of the most classical definitions in linear dynamics is the following:

Definition 4.1.1. Let T be a bounded linear operator in a Banach space X. We say that:

e T is hypercyclic if there exists x € X such that Orb(z,T) := {x, Tz, T?z,...} is dense
in X. In this case, x is called a hypercyclic vector for T.

e T is cyclic if there exists v € X such that span{z, Tz, T?x, ...} is dense in X. In this
case, x 1s called a cyclic vector for T.

We commented in the end of the last section that the composition operator Cy, is a
hypercyclic operator (see [I, Theorem 1.47]). It is interesting that the hypothesis that we
used during the last section excludes the hypercyclic possibility, more precisely:

Proposition 4.1.2. Let f € H? be a hypercyclic vector for Cy, where a € (0,1).

o Ifn>1 then f™ (the n-th derivative of f) is not eventually bounded (EB).

e lim f(1 —a"™) does not exist. In particular, f is not analytic at 1.
n—oo

Proof. e Let f be a hypercyclic vector for Cy,. Suppose on the contrary that f ) is EB
for some n > 1 and consider e,(z) = 2z". Then there exists a subsequence (szl f)ien

such that Cf;if — e, as | — oo. Note that for every g € H? we have (g,¢,) = w,
SO
)"
()"0 g e
(Cout>end = n! N n!

because f™ is EB and (a®)" = (a™)* — 0 as | — 0o. On the other hand
(Coutren) = e en) = lleall”

Thus e,, = 0 which is absurd. This contradiction establishes the result.
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e We will argue by contradiction again. Suppose that lim f(1 —a™) = L and pick a
n—oo
function ¢ € H? such that g(0) # L. As f is hypercyclic there exists a subsequence

(Cgf f)ren such that Cg: f — g. Since H? convergence implies pointwise convergence
we obtain

f(L=a") = (Cyr f)(0) = 9(0).

This is a contradiction.
[ |

Remark 4.1.3. Note that the proof of the second item above shows us that any hypercyclic
vector f has the property that (f(1 — a™))nen S a Sequence that contains subsequences con-

verging to any complex number. This means that {f(1 — a), f(1 —a?),...} = C. Until now,
we are not able to give a concrete example of a hypercyclic vector; however, this seems to be

a general difficult problem in linear dynamics as commented in [1, p. 264].

In the above theorem we saw some hypotheses that are not compatible with hypercyclicity,
we can ask now if the same is true when we change hypercyclicity by cyclicity. The answer
is no and this can be viewed as a consequence of the characterization of when a reproducing
kernel is a cyclic vector. This will be our next theorem.

There is a classical way to prove that some vector is cyclic: by Proposition A.0.1: f € H?
is cyclic (i.e, Ky = H?) if and only if {f, f o ¢, f © Pu2, ...} = {0}. We will use this idea

many times without explicit remarks.

Theorem 4.1.4. Let ko, € H? be a reproducing kernel (o € D). Then ko is a cyclic vector
for Cy, if and only if o # 0.

Proof. 1f k, is cyclic then « # 0, otherwise k, = ko = 1 and K, is the space of constants
functions. For the other direction, let x, with a # 0. Note that 1 — @ + @a # 0, otherwise
1 =@(1 — a) and this is not possible because @, (1 — a) € D. Thus

l1-a+aoa

ba(2) = 1 1 1 1
a © = == — .
“ l-alaz+1—a) l1—@+@w—aez l—-—a+aa\1-— 2=

We observe that a function of the form h(z) = ; where y € C belongs to H? if, and only

if, y € D; so € D. Consequently, for every a € (0,1) we have

1—a+aa 7+aa

Ga = —_1 —
Ko O = K__oa .
“ “ 1l —a+aa t-otee

Now let f € H? such that (f, Kq © @gn) = 0. Then f(— a+aan> = 0 for every n € N. As the
sequence {m}neN is a sequence of distinct points (because a # 0), =54 — 0 and f
is analytic at 0 we conclude that f = 0. Thus K, = H>. |
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Every reproducing kernel k,, is analytic at a neighborhood of D. In particular, the same

is true for all derivatives of x,. As a consequence, kD s eventually bounded for all [ € N

and k(1 — a™) = ky(l) = 2= as n — oo. So, as promised, this show us that Proposition
4.1.2 is not more true when we change hypercyclic vectors by cyclic vectors. Another class
of functions that are cyclic vectors of Cy, and are analytic in a neighborhood of D are the

following Blaschke products.

Theorem 4.1.5. Let B(z) = 2= where z; € D — {0}. Then B is a cyclic vector of Cy,.

1-z1z

Proof. We will argue as in the above proof. Let f € H? such that (f, B o ¢gn) = 0 for all
n € N. Our objective is to prove that f = 0. First, note that

z1—a"z—14+a"
1 —Zz(a"z+1—a")
z1—1+a" az

Bo ¢a"(z) =

1—z1a"z —z1 + z1a® 1 —7Z{a"z — z1 + z1a™
z1—14+a" 1 a” z

- = ne= . zZia™z - = ne=— B zZia™z
1—Zz14+a"z7 \ 1 T 1—Zz14+a"z; \ 1 Torramsr

thln
1—z14+amz1

of the above theorem, this is an element of ID and then

Let us define for each n € N the number 7, , := for notation reasons. By the proof

z1— 1+ a" a”
Bo¢pyn = ———— e n_MZ/{,ML
1—214+a™z; 1—Zz1+a"z

where M, denotes the shift operator (multiplication by z) in H2 Thus

0= <faB o ¢a”> = <f7 ﬂ’%na,n> - <f7 LMZ"@]Q’”>

=%z +a"z1 -7 +a"Z

z71—14+a”

— a” f = f(0)
T l-z tay (o tonan) = I —2z+a"z < z ’Kna’n>
— Mf(ﬁa,n) _ a” (f — f(O)) (M)

1—2+a™z 1—2z4+a"z z

a-lta a" () — £(0

- 11—nf(77a,n) - ~ (77 z?an ( ) .
— 21+ a"z 1—Z1—|—a21 e

o z—1l+a” 1

S l—z +arzy f () “ (f(Maym) — £(0)) (%)

where we used that M*(g) = %(0) for every g € H%. Now, note that lim 7,,, = 0. So, if we
n—oo

let n — oo in the above equality we obtain:
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0= tim (5 )~ = Gaa) = £00) = (222 50

n—oo \ 1 — 21 + a™2; 21 1—2

because f is in particular continuous at 0. Then f(0) = 0 and by (%)

0— (2_1_1—+an _ l) F(am) = (Z_l_l—Jran) F(am) =

l—z14+a"zy = 1—214+a"zn

1
Zf(na,n)
for each n € N which implies f(7,,) = 0 for at least infinitely many numbers n € N because

( Zi—14+a™
1—z14+a™z1
1. Then f is null in a sequence of distincts points that goes to 0. The analicity of f at 0 is

enough to conclude that f = 0. We are done. |

) converges to a number of modulus 1 and the modulus of % is greater than
neN

Remark 4.1.6. The above theorem shows a difference between the non-automorphic and the
automorphic hyperbolic case. It was shown in [19, Proposition 3.4] that no finite Blaschke
product can be a cyclic vector of a composition operator induced by a hyperbolic automorphism.
Moreover, note that hypotheses of the above two theorems excludes exactly the functions 1
and —z, respectively. These vectors are never cyclic due to Proposition 3.2.5.

The result above is not more true for general Blaschke products as the following example
show us.

Example 4.1.7. Consider the sequence (1 — a™),en; note that this is a Blaschke sequence

because >, 1 — |1 —a™ = > a™ < oco. So the Blaschke product whose zeros are 0 (with
n=0 n=

multiplicity one) and (1 — a™)nen is well defined and we call it B.

Consider the constant function 1 = ro. Note that (B, ko) = B(0) = 0 and for every
natural number n we have

(B0 $un, ko) = B o ¢n(0) = B(1 —a") =0

Thus B is not a cyclic vector because kg € {B, B o ¢, ...} .

4.2 Invariant Model spaces

In this section we will characterize which Model spaces are invariant under Cy,. A first
step in this direction should be an example of a Model space that is invariant:

Example 4.2.1. For all n € Ny let e,(z) = 2" and consider the model space (e, H*)*. If
n =0, (e,H?*)* = {0} which is of course Cy,-invariant. If n > 1 we claim that (e, H*)* is
the space of polynomials of degree at most n — 1: in fact, let p(z) = ag + ... + a,_12""1 and
consider e,g € e, H®. Thus e,(2)g(z) = bpz™ + bi2"™ + ... for certain scalars and we see
that {p,eng) = 0 and therefore p € (e, H*)*. This show us one inclusion, the other inclusion
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is true because if g € (e,H?)* then (g,e,) = 0 for all m > n by considering the products
ene; for 1 > 0. By Proposition 3.2.3 whenever p is a polynomial Cy,(p) is again a polynomial
with the same degree of p; thus for every n € Ny (e, H*)* is Cy, ~invariant.

Despite the simplicity of this example we will show in the next pages that there are no
model spaces of the form (©H?)* that are invariant subspaces of Cy, unless © = e, for
some n € Ny. To obtain this conclusion we will need two recent results due to S. Bose, P.
Muthukumar and J. Sarkar.

Theorem 4.2.2. [72, Theorem 2.1] Let © be an inner function and ¢ be a holomorphic
self-map of D. The following are equivalent:

1. ©H? € Lat(Cy).

2. @gSD € S (The Schur class).
Oop
. Hee.
3 o €
Oop
. H?.
4 —g €

Theorem 4.2.3. [72, Theorem 4.3] Let © be an inner function and let p(z) = az+0b, a # 0.
Suppose o(z) =

az
1—bz’

z € D. The following are equivalent:
1. (6H*)* € Lat(C,).

Qoo
e

3. ©OH? € Lat(C,).

2. € H*.

The idea of the next pages is to apply these general theorems and to use the concrete
symbol that we have to obtain the results. We proceed with the following lemma.

Lemma 4.2.4. Let a € (0,1). Then for all 6 € (0, 27]

ae

i0
’1—6i9+aei9 -

and if
aet®

‘1—6194-@6’9

or some 0 € (0,27] then e = 1.
f (0,27]
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Proof. We can write € = x + iy with 22 + y?> = 1. A direct computation show us that the
above inequality is true if, and only if|

lal> < |1 =€ +ac®)? = |1 —2 — iy + ax + aiy|* = (1 — z + ax)® + (y(a — 1))
Computing the right site we obtain:

(1—z+azx)*+ (y(a—1))* = 1-2z+2°+2ax — 2a2® + a’2* + y*a® — 2ay® + y*

2:1 9
=  2—-2x+2ax —2a+ a”.
Thus the inequality is true if, and only if,

a?<2-2r+2ar—2a+a* < 0<l-r+ar—a< (1-2)(1—-a)>0

As (1 —a) >0 and (1 —z) > 0 the first claim is true. For the second claim, note that this is

equivalent to a? = 2 — 2z + 2az — 2a + a2, i.e, equivalent to
(1—z)(1—a)=0

and this implies * = 1 and consequently y = 0. We are done. |

The next theorem show us that if (@ H?)* is invariant then the only possible zero of © is
0.

Theorem 4.2.5. Let © be an inner function. If (OH?)* is Cy, -invariant then ©(z1) # 0
for all zy € D — {0}.

Proof. For the sake of contradiction, suppose that ©(z;) = 0 for some z; € D — {0}. Thus

<®f’ RZ1> = @(21)f(21) =0Vfe H?

which implies ., € (©H?)*. By hypothesis, this is a Cj, -invariant subspace, so K. C
(©H?)*. By Lemma 4.1.4 k., is a cyclic vector (because z; # 0) and thus H? = (OH?)*
which implies {0} = ©H?% So © is the zero function which give us a contradiction. We
conclude that © does not have zeros in D — {0} as desired. The second part follows from the
Canonical Factorization Theorem (Theorem 2.5.8). [

By the above Theorem the only possible inner functions © such that (© H?)* is invariant

have the form O(z) = A2"S(z). The next theorem analyzes the inner singular case.

Theorem 4.2.6. Let M = (OH?) be a model space where © is a singular inner function.

Then M 1is not Cy, -invariant.
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Proof. Suppose that M = (©0H?)* is Cy, -invariant, we will arrive at a contradiction. Con-

az

sider the function o(z) = T(i—ay; Which is an analytic self map of D. Note that

(©00)*(e?) = lim ©oc(re?) = lim O(c(re)) = lim 6 (1 — (arel ) .

r1- r—1- r—1- 1—a)re?

If 0 # 27 then by Lemma 4.2.4 we have (%) € D. Using that © is continuous in D

and |©(w)| < 1 for all w € D because O is nonconstant (see [30, Theorem 2.2.10]) we obtain:

By Theorem 4.2.3 M is invariant under Cy, if, and only if, © H? is invariant under C,. Thus
there exists g € H? such that

a.e

(©00) ()] = <1

Ooo=0C,(0)=0g9g = O(0(2)) =6(z)g9(z) VzeD. (1)
Passing to the radial limits and considering the modulus we conclude that

15 |(©00)* ()] % g* (™).

As g € H? this implies that |g(z)| < 1 for every z € D see for example ([30, Corollary 1.1.24]).
But, if we consider z = 0 in (1) we conclude that

and thus g(0) = 1 because © is inner singular, in particular, zero-free. So by the maximum
module principle, ¢ is constant and g = ¢(0) = 1. Looking at (1) again we conclude that
C,(0) = © and then © is a fixed point. But considering the equality

oo =0C,(0)=06,
passing to radial limits and using the estimates proved above we obtain
12 [(©00) ()] < |07 (e?)] = 1
which is a contradiction. So © is constant and we arrived at a contradiction. [ |

Corollary 4.2.7. Let © be an inner function. If ©(z) = A\z"S(z) for some S inner singular
and n > 1 then (OH?)L is not C,, -invariant.
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Proof. By Theorem 4.2.3 (©H?)* is invariant under Cy, if and only if 9(;" € H® where
o(z) = T Note that

Ooo(z) a"z"Soo(z) a"Soo(z)

O(z) (1—(1—a)2)"z"S(z) (1—(1—a)2)"S(z)

If this function belongs to H* then multiplying by (1_(2# which belongs to H* we

conclude that ng’ € H>. Thus (SH?)' is C,, -invariant using again Theorem 4.2.3. This

contradicts Theorem 4.2.6. [ |

We conclude that the singular inner part cannot appear in the decomposition of the inner
function © above. Moreover, for any scalar A # 0 the spaces e, H? and e, H? are the same;
thus Example 4.2.1 and the work above implies the following consequence which is the main
result of this section:

Corollary 4.2.8. The only model spaces that are invariant under Cy, are of the form
(e, H?)* for some n € Ny.

In what follows we will show some corollaries of our results. Since a model space is a
closed subspace of a reproducing kernel Hilbert space (RKHS), (© H?)* is itself a RKHS and
the reproducing kernels are given by the functions

1 -0(\)O(z)
kS (2) = —— =222

X (2) T
where A is some fixed element in D and z € D (see [18, Corollary 14.12]).

Proposition 4.2.9. If © is inner and non constant and n > 1 the spaces e,(©0H?)* are not

Co, -tnvariant.

Proof. Suppose that this space is invariant and let e,g € e,(©H?)* where g € (O H?)*; then
Cy,(eng) = €, G for some G € (OH?)L. This means that

(az+1—a)"go¢.(z) = 2"G(z) VzeD.

Evaluating at 0 we conclude that g(1 —a) = 0. But there are functions in (@ H?)* that does
not satisfies this condition: the reproducing kernel & given by £ (z) = 1 —©(0)O(z) is such
that k(1 —a) = 1 —0(0)O(1 — a) # 0 (because O is inner and non constant, which implies
that ©(0) and O(1 — a) are in D). |
Corollary 4.2.10. If S is inner singular and n € N then (e,SH?)* is the direct sum of an
invariant and a non-invariant Cy, -subspace.

Proof. 1t is known that
(e, SH?)* = (e, H*)* ® e, (SH?)*
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(see for example [18, Lemma 14.6]) and the result follows from the above proposition and
Example 4.2.1. |

To finish this section, we will present a consequence involving universality. Since the
operator Cy, has some universal translates, the minimal elements of Lat Cy, are specially
interesting because they are related with the ISP as we commented in the introduction. The
next corollary show us that if some minimal invariant subspace is a model space, we have a

positive answer related with the ISP.
Corollary 4.2.11. Suppose that Ky is minimal. If Ky is a model space, then dim Ky = 1.

Proof. 1t is clear that K; = (e, H?)* for some n > 1 due to Corollary 4.2.8. The space
K; = (e, H*)* is finite dimensional and thus Remark 2.1.9 implies the result. |

A more general question inspired by the above corollary is what happens if some minimal
invariant subspace K contains a function g # 0 that belongs to some model space. In this
case, of course K, = K;. We mention here a result that answer part of this question.

Proposition 4.2.12. Suppose that © is a nonconstant inner function such that 1 ¢ o(©)
and let f € (OH?)*. If K} is minimal, then dim K;=1.

Proof. Tt is known that each function f € (©H?)! has an analytic continuation across the
point 1 because 1 € T — 0(0) (see [18], Lemma 14.27). The result follows from Theorem
3.2.9. n

4.3 Invariant Beurling type spaces

If © is a zero free inner function then © = AS, where A is a unimodular constant and
S, is a singular inner function. In this case, by Theorem 2.5.12 we conclude that ¢(0) =

supp(p) € T. If supp(p) has only one point & € T then

otz

Su(2) = (55

for some K > 0 (see Example 2.5.3). The function above is called the atomic singular
inner function with atom &,. Our aim in the next pages is to clarify when a Beurling type
space is invariant under Cyp, and the atomic inner function will play a role in this context.
When the inner function is a Blaschke product, a recent characterization using multiplicity
of zeros was proved in [3].

Theorem 4.3.1 ([3], Corollary 2.4). Let B be a Blaschke product whose set of zeros is
denoted by Z(B) and let ¢ be an analytic self-map of D. Then the following statements are

equivalent:
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e BH? is Cy-invariant.
o multp(w) < multpos(w) for every w € Z(B).

Consider for example the Blaschke product formed by the (simple) zeros (1 — a®"),en.
Every w € Z(B) has multiplicity equal to 1 and B o ¢g2(1 — a**) = B(1 — a*™) = 0. This
means that the zeros of B are all zeros of B o ¢,2 which implies by the above Theorem that
BH? is Cy_,-invariant. Moreover, note that B o ¢4(1 — a®) = B(1 — a®) # 0 and thus using
again the above theorem we conclude that BH? is not Cj,-invariant. We summarize this in

the following example.

Example 4.3.2. The Blaschke product B formed by the zeros (1 — a*"),eny = (1 —a?, 1 —

a*,1—aS,...) all with multiplicity 1 is such that BH* a Cy.,-tnvariant subspace but is not

Co, -tnvariant.

The above example can be adapted to orbits starting in any point: let zo € D and let B
be the Blaschke product formed by the simple zeros (zg, a2 + 1 — a,a’z + 1 —a?,...). The
space BH? is Cy, -invariant because B o ¢,(a"z0 +1—a") = B(a"t2p+1—a™*t) = 0 for all

n € Ny. This basic fact helps us to obtain the following result:

Corollary 4.3.3. Let © be an inner function such that ©H?* is Cy,~invariant. Then there
exists an inner function Y such that {0} C YH? C ©H? and YH? is also Cy,-invariant. In
particular, no minimal invariant subspace of Cy, can be a Beurling type space.

Proof. Let zy € D be any point and consider the Blaschke product B formed by the zeros
(z0,a20 + 1 — a,a’zp + 1 — a*,...). By the above discussion BH? is Cy, -invariant. Define
YT = BO, of course {0} C TH? C ©H? and 7T is inner.

To prove that YTH? is Cy -invariant we argue as follows: by Theorem 4.2.2 we have
Bode ¢ § C H*. Moreover, if Tg = BOg € TH? then

(B o ¢a) _ (Bo¢a) -
TB(@ o gba)(g o gba) - TB@.QQ = Bo

where h € H?. Thus Cy,(YTg) = Th € TH? and we are done. The last claim follows directly
by the definition of minimality.

%92 = Th.

Going back to the general question of when a Beurling type space can be Uy, -invariant
we present our main result of this section. To prove item 2) below we follow an idea that
appears in [22, Chapter VII| for which we give the credit.

Theorem 4.3.4. Let © be a non constant inner function and consider the Beurling type
space OH?. If ©H? is Cy, - invariant, then:

1. 1 €0(0).
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2. If 1 is not a cluster point for the zeros of ©, then o(©) N S' = {1} and 1 € supp(u),
where 1 1s the singular measure associated with ©.

Proof. 1. Suppose by contradiction that 1 ¢ o(©). By Theorem 4.2.2 © H? is C, -invariant
if, and only if,

004,

©
where S = {f € H® | [|f|lxc < 1}. Since 1 ¢ o(©) we know, by the definition of
p(0©), that © has an analytic continuation across some open arc [ in T with 1 € I and
|©(w)| =1 for all w € I. Now, consider the sequence (1 —a™)peny = {Pan(0) }nen. Note

that there exists ng € N such that for every n > ng, we have |©(1 —a")| > 1, otherwise

€S (%)

we conclude that for some subsequence (1—a™) we have 3 > |O(1—a™)| — |O(1)| = 1
by continuity and this is a contradiction. So, for n > ng the condition (x) implies that

O —a™t) < O(1 —a™) <01 —a™)| <1

when we evaluate % at the points {(1 — a")},>n,. Thus

O —a™)[ <Ol —a™)| <1 (o)

As (1 —a™%7) — 1 then letting j — oo in (¢) we conclude that |©(1 — a™)| = 1 which
implies © constant because every nonconstant inner function has image contained in D
(see [30, Theorem 2.2.10]). This is a contradiction.

2. We can write 0(0) = {z1, 29, ... } U supp(u) where p is the measure associated to the
singular inner part of © and (z,),en are the zeros of ©. Let £ € T — {1} such that
¢ € 0(0©). By Theorem 2.5.12 we know that

liminf [©(w)| =0
w—E, weD
As 1 is not a cluster point of the zeros of ©, we can choose my € N such that © is
zero free in ¢gn (D) for all n > mg. By hypothesis © H? is Cy, -invariant and then © H?
is also C¢am0 ,-invariant. By Theorem 4.2.2 we can write © o ¢,me+1 = Og for some

g € S. Note that ™1 + 1 — g™ Tl € ¢ymy (D) (because £ # 1) and

liminf |© o ¢ (w)| = liminf |O(a™ w4+ 1 — a™ )|
w—E, webD w—E, weD

= [O(a™ e+ 1 —a™ )| £0
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because O is zero-free in ¢amo (D). So

it ()] =
which implies g unbounded which is a contradiction. So the only possible point in
o(©)NT is 1. For the last claim, since 1 ¢ {21, 29, ...} the only possibility is 1 € supp(u).
|

It is known that the space e ™ G2 2 (where K > 0 is a constant) is C,-invariant, this
follows from a more general result due to Cowen and Wahl (see [11, Theorem 6]). As a

consequence of this result and of the above theorem we have:

Corollary 4.3.5. Let a € (0,1). The only zero free inner functions © such that ©H? is
Cs, -invariant are ©(z) = Ae HGE) for some K >0 and A\ € T.

Proof. By the above theorem, the unique possibility is 0(©) = supp(u) = {1} where p is the
measure associated to the singular inner part of ©. Thus O is as desired. |

Corollary 4.3.6. Let a € (0,1) and © € H? inner. If ©H? is Cy, ~invariant then ezactly
one of the two following situations happens.

e O(2) = Ae KGED) for some K >0 and |\| = 1.
e O has infinitely many zeros accumulating at 1.

Proof. 1If © is zero free by the previous corollary we have the first case. If © has a zero 2z,
as ©H? is Cy, -invariant we have

004,
O
by Theorem 4.2.2. So ©(azy+ 1 —a) = 0 otherwise this quotient is not an analytic function;
But ©H? is also Cy , invariant because Cy, ,(OH?) = Cy,(Cy, (OH?)) C Cy,(OH?) C OH?.
Using again Theorem 4.2.2 we conclude that

€ H™

@O(baQ

e H™
)

Thus ©(a’zp + 1 — a?) = 0. Repeating this argument for each n € N we obtain ©(a"zy + 1 —
a™) = 0 which implies the desired result. |

Remark 4.3.7. Due to Example 4.3.2 there exists Beurling type spaces that are invariant
under Cy, for some a € (0,1) but are not invariant under all Cy, where a € (0,1) and thus
this functions are in the second case of the above theorem because the atomic inner functions

generates Beurling spaces that are common invariant subspaces, meaning that it is invariant
under all Cy, for all a € (0,1).
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4.4 A connection with the Cesaro Operator

In this section we will highlight a connection of our work in the last sections with a
classical operator called the Cesaro Operator. The connection is based in a recent result
proved by Gallardo-Gutiérrez and Partington in [21] and it is similar to results obtained in

[22].

The Cesaro operator is defined as the operator C : H?> — H? given by

Cf(z)

:é S e sep- {0}

1=¢

0

and Cf(0) = f(0) where f(z) = > a,2" € H?. Using the power series expansion of H?

n=0
functions and integrating term by term we see that the Cesaro operator can be defined also

as

eneE =% (ni 1 Zak> o

n=0

From the last expression it follows from the famous Hardy’s inequality ([24], Chapter
IX) that the operator C is a well defined bounded operator. There is an extensive literature
concerning the Cesaro Operator; classical properties like subnormality, spectra, norm and
many others was studied by many authors for several years (see [7], [27] and [28]). We
mention here that it is possible to define the Cesaro operator similarly in another spaces like
H? for 1 < p < oo but four our purposes H? is enough.

In the recent paper [21], the authors obtained the following result:

Theorem 4.4.1. [21, Theorem 2.1] Let ® = {¢:}i>0 be the holomorphic flow given by
oi(z)=ef2+1—€e" (2€D).

A closed subspace M in H? is invariant under the Cesdaro operator if and only if its orthogonal
complement M~ is invariant under the semigroup of composition operators induced by ®,
namely, {Cy, }i>o0-

The bijection between (0,00) and (0,1) given by ¢ — e ' show us that the families

{Cy, }i>0 and {C4, }ac(o,1) are the same. From this we can deduce the following statement:

Corollary 4.4.2. A Beurling type space M is invariant under the Cesaro operator if and
only if M = e, H? for some n € N, where e,(z) = 2".

Proof. If M is a Beurling type space that is invariant under the Cesaro operator then by

Theorem 4.4.1 and the above comment the model space M~ is invariant under the family



67

{Cs,}ac0,1)- Thus Corollary 4.2.8 implies the M+ = (e,, H*)* which proves the first impli-
cation. For the reverse implication, Corollary 4.2.8 implies that the spaces (e, H?)* are all
invariant under the family {Cjy, }oc(0,1) and thus under the family {C,,}/~0. Moreover, the

operator C,, = Id clearly leaves this spaces invariant. This finishes the proof. [ |

Using the results of the last section, we can naturally obtain a result like the above
corollary for Model spaces. In fact, such type of result was obtained by Gallardo-Gutiérrez,
Partington and Ross in [22]:

Theorem 4.4.3. [22, Theorem 7.7] If u is a non constant inner function and (uH?*)* is an

. . . z+1
invariant subspace for the Cesaro operator, then u = u, for some a > 0 where u,(z) = (1)

Note that the above theorem can now be viewed as the first case of the Corollary 4.3.6,
in fact is clear from the proof of this result that if a Beurling type space is invariant for all
Cy, and the function © is not zero free then ©(azy + 1 —a) =0 for all a € (0,1) where 2 is
a zero of ©. This is impossible by the analytic continuation principle. Thus the only option
is the first case of the Corollary 4.3.6.

4.5 Future works

In this section we will talk about some ideas for future works. Motivated by the remarks
in the end of the chapter 3 one of our future ideas is to obtain a simple proof for the fact
that the operators Cy — A have closed range for ¢ hyperbolic and for appropriate A. It is a
known fact of functional analysis that an operator 7" has closed range if and only if 7™ has
the same property, so the question above can be reformulated using the adjoints.

A classical result (see [13, Theorem 9.2]) shows us how to write the adjoint of a com-
position operator using a Toeplitz operator and another composition operator. In the next

proposition, we apply this theorem to obtain an explicit expression for Cy, .

Proposition 4.5.1. Fora € (0,1), n € N and f € H*(D) we have:

« - 1 a"z
O%"f(z) (e =1z + lf <(a” -1z + 1) vzeD

Proof. Note that the normal form of ¢, is

(1—a)
_ Vaz + NG
T

Vva
With this expression, we can apply [13, Theorem 9.2] directly to obtain the above formula. W

Pa(2)

The central question here is if this concrete formula for the adjoint can help us to prove

that some translations like ' — Id are closed range operators; we do not have a concrete
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answer for now. Despite that, the above expression can be used for example, to deduce the
following results about the dynamics of Cl,.

Theorem 4.5.2. Let f € H?, consider Cy, where a € (0,1) and consider any subsequence
of (C},,. f)nen. Then this subsequence converges to 0 or diverges.

Proof. Consider f € H? and pass to a arbitrary subsequence that we denote by (C’*an fnen
for notation reasons . Using Proposition 4.5.1 we conclude that for every z € D

. B 1 a"z n—oo 1
Coun/(2) = (a"—l)z—l—lf((a"—l)z—l—l) 1—zf(0)'

It €7, f diverges, we are done. Otherwise, Cy  f — g where g € H 2 consequently we

have pointwise convergence (i.e., Cj  f(2) — g(z) for all 2 € D). So g(z) = L £(0). If

1—z

f(0) # 0 then g is a constant multiple of ﬁ which give us a absurd because this function
does not belongs to H?. So f(0) = 0, this implies g = 0 and C}_ f — 0. [

Corollary 4.5.3. For every a € (0,1) the operator C3, is not hypercyclic.

Proof. Consider €~ and let f € H? . Then if g € Orb(f, C’;‘;a) there exists a sequence
(C:;ank f)nyen such that C*m f — g in H? norm. This implies pointwise convergence and in
particular Cg . f(0) — ¢(0). As €3 | f(0) = f(0) (look at Proposition 4.5.1) we conclude
that g(0) = f(0). This means that only H? functions that agree with f at 0 can belong to
m, in particular, m # H? for every f € H?. |

These two results show us at least the distinct behaviours of Cy, and Cj , since the
orbits of Cy, f can converge for some functions f (see the proof of Theorem 3.2.1) and Cj,
is hypercyclic. Of course another question based in chapter 3 is to complete the picture of
the eventually bounded case and perhaps to extend these arguments.

About the content of section 4, we recently learned in [22] about the existence of a
Reproducing Kernel Hilbert Space called the Kriete-Trutt space: for any complex number
w € D we define the function g, : D — C given by ¢, (z) = (1—z)ﬁ. A computation writing

1

w as the sum of the real and imaginary part show us that (%) > —35 and thus by [25,

Lemma 7] we conclude that ¢, € H?. Noting that g (z) = (1 — 2)" we conclude also that

{q#rl }nen spans all the polynomials and as a consequence, span{q, | w € D} = H? because
the polynomials are dense in H?. Note the functions ¢, are exactly the eigenvectors
that we used in chapter 3.

We define for each function f € H? the following function:

Kf(w) = {f,qu) VweD.

The Kriete-Trutt space is defined as H = {K f |f € H?}. Since span{q, | w € D} = H?
the map K : H? — H given by K(f) = K f is one-to-one and is, of course, surjective. We

consider in H the range norm, i.e, ||K f||z = || f||zz and thus K is an isometry.
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This space was one of the main tools developed in [27] and [28] to study the subnormality
of the Cesaro operator and there are a lot of open questions related with it (see the last chapter
of [22]). Moreover, Kriete and Trutt (see [27]) also proved that there exists a positive finite

Borel measure in D that we call ;2 such that

/ ip2du = oIl
D

for every analytic polynomial p. An interesting point in the context of this text is that the
support of this measure is a sequence of circles shrinking to 1 (see [22, Figure 4]) in the
same form that happened in section 3 (see the Figure 3.2).

With new results and approaches involving the Cesaro operator and the operators Cy, we
believe that this space can be useful and maybe could be a central object in a future study.



70

References

[13]

[14]

[15]

Frédéric Bayart and Etienne Matheron. Dynamics of linear operators. Cambridge uni-
versity press, (179), 2009.

Vladimir I. Bogachev. Measure theory. Springer, 1, 2007.

Snehasish Bose, P. Muthukumar, and Jaydeb Sarkar. Beurling type invariant subspaces
of composition operators. arXiv preprint arXiv:2004.00264, 2020.

Geraldo Botelho, Daniel Pellegrino, and Eduardo Teixeira. Fundamentos de andlise
funcional. Sociedade Brasileira de Matemdtica, 2012.

Paul Bourdon and Joel H. Shapiro. Cyclic phenomena for composition operators. 596,
1997.

Haim Brézis. Functional analysis, Sobolev spaces and partial differential equations.
Springer, 2(3), 2011.

Arlen Brown, Paul R Halmos, and Allen L. Shields. Cesaro operators. Acta Sci.
Math. (Szeged), 26(125-137):81-82, 1965.

Scott W. Brown. Some invariant subspaces for subnormal operators. Integral Equations
and Operator Theory, 1(3):310-333, 1978.

Joao R. Carmo and S. Waleed Noor. Universal composition operators. Journal of
Operator Theory, pp. 137-156, 2022.

Isabelle Chalendar and Jonathan R. Partington. Modern approaches to the invariant-
subspace problem. Cambridge University Press, 188, 2011.

John B. Conway. Functions of one complex variable 1. Springer Science Business Media,
1978.

Carl C. Cowen and Eva A. Gallardo-Gutiérrez. A new proof of a Nordgren, Rosenthal

and Wintrobe theorem on universal operators. Proc. Amer. Math. Soc., 2017.

Carl C. Cowen and Barbara D. Maccluer. Composition operators on spaces of analytic
functions. Taylor Francis, 1995.

Carl C. Cowen and Rebecca Wahl. Shift-invariant subspaces invariant for composition
operators on the hardy-hilbert space. Proceedings of the American Mathematical Society,
142(12):4143-4154, 2014.

Per Enflo. On the invariant subspace problem for Banach spaces. Acta Mathematica,
158(1):213-313, 1987.



[16]

[17]

[18]

[19]

23]

[24]

[29]

71

Cecilia S. Fernandez and Nilson C. Bernardes Jr. Introdugao as fungoes de uma variavel
complexa. Sociedade Brasileira de Matemdtica, 2013.

Gerald B. Folland. Real analysis: modern techniques and their applications. John Wiley
Sons, 40, 1999.

Emmanuel Fricain and Javad Mashreghi. The theory of H(b) spaces. Cambridge Uni-
versity Press, Vol. 1, 2016.

Eva A. Gallardo-Gutiérrez and Pamela Gorkin. Cyclic Blaschke products for composition
operators. Revista Matemdtica Iberoamericana, 25(2):447-470, 20009.

Eva A. Gallardo-Gutiérrez and Pamela Gorkin. Minimal invariant subspaces for com-

position operators. Journal de mathématiques pures et appliquées, 95(3):245-259, 2011.

Eva A. Gallardo-Gutiérrez and Jonathan R. Partington. Insights on the Cesaro operator:
shift semigroups and invariant subspaces. Journal d’Analyse Mathématique, pages 1-20,
2023.

Eva A. Gallardo-Gutierrez, Jonathan R Partington, and William T. Ross. Invariant
subspaces of the Cesaro operator. arXiv preprint arXiv:2307.06923, 2023.

Karl-G Grosse-Erdmann and Alfred Peris Manguillot. Linear chaos. Springer Science
Business Media, 2011.

G. H. Hardy, J. E. Littlewood, and G Pdlya. Inequalities. Cambrigde Mathematical
Libraryr. Cambridge University Press, Cambridge., 1988. Reprint of the 1952 edition.

Paul R. Hurst. Relating composition operators on different weighted Hardy spaces.
Archiv der Mathematik, 68:503-513, 1997.

Erwin Kreyszig. Introductory functional analysis with applications. John Wiley Sons,
17, 1991.

Thomas L. Kriete and David Trutt. The Cesaro operator in [? is subnormal. American
Journal of Mathematics, 93(1):215-225, 1971.

Thomas L. Kriete and David Trutt. On the Cesaro operator. Indiana University Math-
ematics Journal, 24(3):197-214, 1974.

Viktor lIosifovich Lomonosov. Invariant subspaces for the family of operators which com-
mute with a completely continuous operator. Funktsional’nyi Analiz i ego Prilozheniya,

7(3):55-56, 1973.



[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

72
Rubén A. Martinez-Avendano and Peter Rosenthal. An introduction to operators on
the Hardy-Hilbert space. Springer Science Business Media, 237, 2007.

Valentin Matache. On the minimal invariant subspaces of the hyperbolic composition
operator. Proceedings of the American Mathematical Society, 119(3):837-841, 1993.

P Muthukumar and Jaydeb Sarkar. Model spaces invariant under composition operators.
Canadian Mathematical Bulletin, 66(1):204-217, 2023.

Eric Nordgren, Peter Rosenthal, and F. S. Wintrobe. Invertible composition operators
on H?. Journal of functional analysis, 73(2):324-344, 1987.

Vern I. Paulsen and Mrinal Raghupathi. An introduction to the theory of reproducing
kernel Hilbert spaces. Cambridge university press, 2016.

Elodie Pozzi. Universality of weighted composition operators on [*([0,1]) and Sobolev
spaces. Acta Scientiarum Mathematicarum, 78(3-4):609-642, 2012.

Charles J. Read. A solution to the invariant subspace problem on the space I'. Bulletin
of the London Mathematical Society, 17(4):305-317, 1985.

Gian-Carlo Rota. Note on the invariant subspaces of linear operators. Rendiconti del
Circolo Matematico di Palermo, 8:182—-184, 1959.

Walter Rudin. Real and complex analysis. McGraw-Hill, 1974.

Joel H. Shapiro. Composition operators and classical function theory. Springer Science
Business Media, 2012.

Joel H. Shapiro. The essential norm of a composition operator. Annals of mathematics,
375-404, 1987.

Elias M. Stein and Rami Shakarchi. Complex analysis. Princeton University Press, 2,
2010.

Adi Tcaciuc. The invariant subspace problem for rank-one perturbations. Duke Mathe-
matical Journal, 168(8):1539-1550, 2019.

W. R. Wogen. On some operators with cyclic vectors. Indiana Univ. Math. J., 27:163—
171, (1978).



73

A Appendix

The objective of this appendix is to provide the reader the precise statement of some
background results that we used explicitly in the text as well as the references for their
proofs.

Proposition A.0.1. Let H be a Hilbert space and M C H such that M # (). Then M+ = {0}
if, and only if, span M = H.

Proof. See [20, Lemma 3.3 — 7. |
Theorem A.0.2. If X # {0} is a Banach space and T € B(X) then o(T) # 0.
Proof. See [26, Theorem 7.5 — 3]. |

Lemma A.0.3. Suppose that E is a normed space. Then E is separable if, and only if, there
exists a countable set A C E such that span A is dense in E.

Proof. See [1, Lemma 1.6.3]. |

Theorem A.0.4 (Riesz-Fischer). Every separable and infinite dimensional-Hilbert space is
isometrically isomorphic to 2.

Proof. See [1, Theorem 5.4.4.]. |
Theorem A.0.5 (Mazur’s Lemma). Let E be a Banach space.

a) If K C E is convex then the closure of K in the norm topology is equal to the closure
of K in the weak topology, i.e, I o BE)

b) Assume that (x,)nen C F converges weakly to x € E. There exists a sequence (Yn)nen
made up convex linear combinations of the vectors (x,)nen such that y, — x in the

norm topology of E.

Proof. See [1, Theorem 6.2.1] for item a) and [0, Corollary 3.8] for part b). |
Theorem A.0.6. (The Principle of Analytic Continuation) Suppose that f and g are analytic

in a domain U and (z,)nen is a sequence of distinct points in U such that z, — zo € U. If
f(zn) = g(zn) for everyn € N then f =g in U.

Proof. See [16, Corollary 6.30]. |

Theorem A.0.7. Suppose that Q is an open set in R™ and G : Q — R" is a C diffeomor-
phism. If f is a Lebesque measurable function in G(2) then f o G is a Lebesque measurable
function on Q. If f >0 or f € LY(G(2),m) then

/ flz)dz = /(f o G)(x)|det D,G|dx
@) Q

where D,G is the matriz of partial derivatives given by % with G = (g1, 92, - - -, Gn)-
J
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Proof. See [17, Theorem 2.47] |

Theorem A.0.8. Let pu be a non negative measure and f : X — Y be a measurable map. A
measurable function g defined on'Y is integrable with respect to o f=1 precisely when the
function g o f is integrable with respect to p. In addition, one has:

/g d(po f71) = /(QOf)du

Y X

Proof. See [2, Theorem 3.6.1]. |
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