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Abstract. The so-called Ladyzhenskaya model is analyzed from a non-autonomous dynamical system point of view, for
weak and strong solutions. Existence of attractors when forces are time-dependent is ensured in several universes with
different tempered parameter conditions, and also for fixed bounded sets. Attraction is proved in L? and WP norms and
relationships between these families are also established.
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1. Introduction

Some fluids including polymer melts and solutions, as well as liquids in which small particles are in
suspension, in mathematical physics, are called non-Newtonian fluids. This kind of fluids, unlike the
Newtonian fluids, cannot be adequately described assuming a constitutive relation for the Cauchy stress
linear in the symmetric part of the velocity gradient. Non-Newtonian fluids cover a broad variety of
materials of widely differing material structure, leading to diverse constitutive relations for the stress
tensor, what implies the existence of many different non-Newtonian models (see, for instance, [7]).

The model we are interested in was introduced and treated by O. A. Ladyzhenskaya [12-14], sometimes
called the modified Navier—Stokes system or the Ladyzhenskaya model (see also Lions [16, pp. 207-221]
or the seminal monograph by Malek, Necas, Rokyta and Ruzicka [18, Section 5] or in the more recent by
Feireisl and Prazék [8, Ch. 7 & 8] and the references therein).

The so-called Ladyzhenskaya model deals with an homogeneous and incompressible fluid without
thermal effects which reads

% —divS(Du) + div(u @ u) + Vp = f in Q x (7, 00),
divu =0 in Q x (7, 00), (1)

u(z,7) = ur(z) in Q,
u(z,t) =0 on 9N x (7,00),
where Q@ C R® (n = 2 or n = 3) is a bounded domain with Lipschitz boundary, 7 € R, as usual Du
denotes the symmetrized gradient of the velocity field u, i.e. Du = %(Vu +VuT'), pis the pressure, f the
external force and the stress-tensor S : RE % — RN is assumed to satisfy the following conditions (cf.
[8])
S(0) =0,
(S(D1) =S(D2)) : (D1 = D2) = vi(1+ p(|D1| + |Da))P~2| Dy — Da|?, (2)
S(D1) = S(D2)| < erva(1+ p(|D1| + |D2l))P~2| Dy — Dsl,

where the positive constants v; and v, are the so-called generalized viscosities, and p = (va/ 1/1)1/ (»=2)
(with the convention that p = 0 for p = 2). [By the way ¢; is another positive constant; the same ¢; > 0
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will be supposed in the sequel, constants depending on the parameters of the model.] Examples of non-
Newtonian tensors are for instance those of power-law type S = (7 + Do|Du|P~2) Du. These assumptions
above imply coercivity and control of growth for the tensor S

S(D) : D > ca(v1|D|* + 15| DIP), |S(D)| < e3(vi|D| + 1| DIP™1) for p > 2. (3)

There are some difficulties in analyzing the dynamics of non-Newtonian fluids in comparison with
Newtonian fluids. Even though it would be possible to consider the three-dimensional case with the
uniqueness of solutions, with p large enough, there would be some additional obstacles in proving the
asymptotic compactness of the process. Roughly speaking this happens because higher regularity results
(say H?) are not available. In this way, we have to explore the p-integrability of the solutions as well as
the regularity of the time partial derivative.

The study of the asymptotic behavior of solutions is crucial not only for the long-term understanding
of the behavior of solutions and their internal structure, but for each complete model itself, as regularity
and uniqueness issues, minimal dissipative conditions and so on. Concerning the asymptotics associated to
(1), in the autonomous case the analysis is rather satisfactory (stability, attractors, exponential attractors,
fractal dimension, Lyapunov exponents, perturbed models, etcetera). We may mention [2,10,11,17,19,23],
and [8, Sec. 7] among many others.

Under the presence of time-dependent forces (e.g. due to fluctuations or device controls), the framework
becomes non-autonomous. This means that the dynamical analysis can be performed in several senses:
uniform attractors seek a fized photo in the phase-space; skew-product flows do similarly but under a
driving system; random dynamical systems and (deterministic) pullback attractor theories look for time-
dependent families whose sections attract in suitable senses. These objects point out dynamical properties
of the evolution in time of the trajectories, that help to go deeper in the understanding of the model, for
instance, after invariance, of regularity and uniqueness issues.

Regarding this non-autonomous case, very recently, Yang et al. [25] proved the existence of finite-
dimensional pullback attractors for a simplified model where divS(Du) was replaced by (v+vg || Vu|32)Aw.
The advantage of this change is that the modified model enjoys nice properties of uniqueness and regular-
ity. Although a completely different non-Newtonian model (fourth order), also worth to mention several
contributions to the existence of pullback attractors from Zhao and collaborators [27-30].

The goal of this paper is to investigate the existence of dynamical systems and pullback attractors
associated to (1), both without or with uniqueness and in different norms. The structure of the paper is
as follows. Section 2 is devoted to recall briefly the abstract functional setting of the problem, focusing
on weak and strong solutions, existence, regularity and uniqueness issues. Since uniqueness is unknown
when p is not large enough, we summarize the main ingredients on pullback attractors for processes
in a (possibly) multi-valued framework in Sect. 3. Time-dependent universes and relationships between
attractors are also presented here. Section 4 deals with the asymptotic of weak solutions in L?-norm.
The assumptions on forces are minimized, and an energy method is developed. Worth to emphasize here
that the uniform estimates allow arbitrarily large choices of the tempered parameter for the case p > 2,
in contrast to the Newtonian case where the range of values of the parameter is (upper) constrained
by the first eigenvalue of the Stokes operator. The parameter in a tempered universe is a measure of
the growth of the perturbed initial data when a very long phenomena takes place, but such that this
tracking property of the sections of a pullback attractor still holds. This will lead to infinite attractors of
respective tempered universes, both suitably ordered (cf. Theorem 23 and Remark 25.) Finally in Sect. 5
strong solutions to (1) are considered. We pay the price of uniqueness to ensure the results proving
them through the Galerkin approximations. Under additional regularity of the force term, deriving the
equation, attraction in WWP-norm is obtained, again with an infinite family of objects, related with those
of the previous paragraph. Actually, we conclude proving that they coincide under a suitable stronger
assumption on the force.
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2. Abstract Setting of the Problem and Known Results

In order to fit the problem in an abstract functional setting let us recall the usual functional spaces
involved. Denote V := {¢ € C°(Q)" : div = 0}, H is the closure of V in the L?(Q)"-norm and (for a
general ¢ € [1,00)) V, the closure of V in the W4(Q)"-norm. In H we will denote by (,-) the standard
scalar product in L?*(Q)" and the corresponding norm by |- |. The norm on V, will be the L%-norm of the
gradient of an element (thanks to the Poincaré inequality). V* denotes the topological dual of Vg, (-,-)
the action among these spaces, and || - || the norm in V* (without referring to ¢ if no confusion arises).

The amount of results concerning different notions of solutions in the modern theory for PDE problems
is wide. Indeed it is even more involved for non-Newtonian fluid models depending on the parameters
and the regularity of the data (e.g. cf. the above cited monographs [8,18] and the references therein).
Roughly speaking, while assuming more regular data and functions in the system (and larger values of the
parameters) strong solutions can be obtained; on other hand, weakened assumptions or smaller values of
parameters only allow to gain weak solutions, or by last (the most general case) measure-valued solutions.
Here we will be mainly concerned with weak solutions (of course, under suitable values of the parameter
p related to the dimension n). We recall the basic notion and existence result for our purposes.

In what follows we assume that f € L¥ (R; V).

loc

Definition 1. A weak solution to (1) is an element v € L>(7,T;H) N LP(1,T;V,) for any T > 7 such
that

T T
/ /(—u@ﬂp — (u®@u): Do+ S(Du) : Dp)dxdt = / uro(, - )de —|—/ fodzdt (4)
r JO AL

Q
for any ¢ € C°([r,T) x Q)™ with divy = 0.
If larger enough values of the parameter p (related to the dimension n) are assumed, we may consider

the following functional operators to reformulate the problem. Namely, we borrow [17, Lemma 2.8, p.
504] to define the operator T by

/TT<T(U)(t)’U(t)>dt = /TT/QS(DU) : Dvdxdt.

Then it satisfies T : LP(1,T;V,) — Lp,(r, V) ifp > 1.
On other hand the operator B defined by

T no.T
0
/ (Blu)(®), o(t)dt = Y / / (23 ) =i, v, ) dadlt
T =177 Q a:I"j
satisfies B : LP(7,T;V,) N L>°(7, T; H) — L¥ (1, T} Vy)ifp>1+2n/(n+2).
In this way taking p > 1+ 2n/(n+ 2) the abstract formulation of the problem (1) in a free-divergence
space arises

du
— 4+ Tu+ B(u) = f,
4 Tu+ Blu) = f
whence a solution u satisfies ‘Cll—“; e L} (;C(T, 03 Vp*) Actually any element of the class of weak solutions

can be taken as a test function in the weak formulation. This leads to uniform estimates, and by last
(through compactness and monotonicity arguments) to an existence result, continuity properties and
energy equality (cf. Remark 3 below), which will be essential in order to study the long-time behavior).

Theorem 2. (Existence; e.g. cf. [12-14], [16, Théoréme 5.1], [17, Theorem 2.14], [8,18])

(i) Suppose p > 1+ 2n/(n+2), f € Lfo/c(R; V) and u, € H. Then there exists at least one weak
solution to problem (1).
(i) Besides the above, if p > (n+ 2)/2 then the weak solution to (1) is unique.
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Remark 3. From above and the regularity of f, any weak solution (ensured by (i) provided that p >

1+ 2n/(n + 2)) satisfies v’ € L7 ;C(T,OO; V5). Therefore there exists a representative in the class with

u € C([r,00); H) and the following energy equality holds
t t
lu(t)|* + 2/ / S(Du) : Dudzdr = |u(s)|* + 2/ (f(r),u(r))dr Vr<s<t.
s JQ s

It will be convenient at some stage of the paper to assume that S has a potential, i.e. there exists
® € C?(R™™; Ry ) with
Idp®(D) =S(D),
95®(D) : (B® B) > vi(1+ p|D])P~2|BJ?, (5)
05 ®(D)| < cavi(1+ p|D|)P2.
Observe that this means control from above and below for ®(D) for any D € R™*™ namely
esvr(1+ ulDI)P2|DJ2 < B(D) < cgun (1 + ul DIy 2| DJ. (6)

Assuming that S has a potential, it can be shown a regularizing effect in the problem for a more
regular external force. Actually, we have the following result.

Proposition 4. ([2, Theorem 3.3], [8, Theorem 7.32]) Consider T, 7 € R with T > 7, u, € H and
fe L2 (RyL?()"). Assume that p > 2 if n = 2 and p > 12/5 if n = 3. Then, any weak solution
associated to the initial condition u, satisfies

0
we L®(r+e,T;V,) and ai; € L*(r+¢,T; H)
for all e > 0 such that T +¢ < T. If ur € V), then we can take € = 0.

Recall the Korn inequality, which relates the norms of the gradient and of the symmetrized gradient.
Namely, for any ¢ € Wol’q(Q)”, 1 < g < 00, there exists a constant ¢(q) > 0 such that

IVelly < (@) Dellg-

For short we denote ¢y = ¢(2) and ¢y = ¢(p). We also recall the Poincaré inequality
Mv]? < Vo2 Yo € Vs,

where ) is the first eigenvalue of the Stokes operator with homogeneous Dirichlet boundary conditions.

3. Non-autonomous Multi-valued Dynamical Systems and Pullback Attractors

In this section we recall briefly some well known concepts and results concerning multi-valued non-
autonomous dynamical systems and about the existence and relationships of minimal pullback attractors.
They are just included for the sake of completeness and for the convenience of the readers, and for their
proofs we refer for instance to [22] (for the autonomous case) or to [4, Section 2] or [3,6,21] among many
others. Nevertheless, it is worth to mention that when uniqueness holds for the considered problem, the
theory exposed below reduces to the standard non-autonomous dynamical system theory of pullback
attractors for single-valued closed processes (e.g., cf. [9]).

Given a metric space (X,dx), and denoting R? = {(¢t,s) € R? : t > s} and P(X) the family of
nonempty subsets of X, we recall the notion of multi-valued (semi-)process.

Definition 5. A multi-valued map U : R2 x X — P(X) is a multi-valued process on X if
(i) U(r,7)z ={z} for any 7 € R and all z € X.

(ii) U(t,7)x C U(t,s)(U(s,7)x) for any 7 < s < t and all x € X, where U(t,7)B := ),z U(t,7)z for
any B C X.

The process U is said to be strict if the inclusion in (ii) is an equality.
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One of natural extensions of notion of continuity is upper-semicontinuity, and reads as follows. A multi-
valued process U on X is upper-semicontinuous if for any pair (¢,7) € R2, the mapping U(¢,7) : X —
P(X) satisfies for each x € X and neighborhood N (U (¢t, 7)x) of U(t, T)x that there exists a neighborhood
M of z such that U(t,7)y C N(U(t,7)x) for any y € M.

In the context of non-autonomous dynamical systems it seems more suitable to consider not only fixed
(bounded) sets for applications but a universe D, that is, a nonempty class of families parameterized in
time D = {D(t) : t € R} C P(X). This is due to the fact that a perturbation in data does not affect only
the spatial position but also a possible change in time as we will see below (this is originally motivated
by the random dynamical system theory). A universe D is said inclusion-closed if given two families D
and D' with D € D and D’ = {D'(t) : t € R} C P(X) with D'(t) C D(t) for all t € R, then it holds that
D' eD.

The key ingredients for the establishment of an attraction object are absorption and asymptotic
compactness.

Definition 6. A family Dy = {Do(t) : t € R} is pullback D-absorbing for a multi-valued process U if for
any t € R and D € D there exists 7(D,t) < t such that U(t,7)D(7) C Dg(t) for all 7 < 7(D,t).

Observe that we do not require that the absorbing family above belongs to the universe.

Definition 7. Given a family Dy = {Do(t) : t € R}, a multi-valued process U : R2 x X — P(X) is
pullback Dy-asymptotically compact if for any ¢ € R and sequences {mn} C (—00,t] and {z,} C X with
Tn — —o0 and x, € Dy(7,) for all n, it holds that any sequence {y,} with y,, € U(¢t, )z, is relatively
compact in X.

A multi-valued process U is said pullback D-asymptotically compact if it is pullback ﬁ-asymptotically
compact for any D € D.

The minimal components (in the sense of attraction) that we aim to collect are the omega-limit
families. Namely, given a family D = {D(s) : s € R} C P(X), the omega limit set of D by U at time ¢
(when it make sense) is defined by

=N - X
AD,t) = JUt7)D(r) .

s<tT<s

Now the above combine to give the following result (cf. [4, Theorem 3]).

Theorem 8. Consider an upper-semicontinuous multi-valued process U on a metric space X with closed
values, a uniwerse D, a pullback D-absorbing family Dy = {Dy(t) : t € R} C P(X) and assume that U is
pullback Dg-asymptotically compact. Then the family Ap = {Ap(t) : t € R} given by

- X
Ap(t)= |J AD.t) VteR
DeD
is the minimal pullback D-attractor, i.e. it satisfies the following four properties: (i) [compact sections]
Ap(t) is a nonempty compact subset of X for each t € R; (ii) [attraction] Ap is pullback D-altracting,
ice. limy__ oo distx (U(t,7)D(7), Ap(t)) = 0 for any D € D and all t € R, where distx(-,-) denotes the
Hausdorff semi-distance in X between two subsets of X; (iii) [negatively invariance] Ap is negatively
invariant under the process U, i.e. Ap(t) C U(t,7)Ap(7) for any t > 7; (iv) [minimality] if C = {C(¢) :
t € R} is a family of closed sets which pullback D-attracts under U, then Ap(t) C C(t) for all t € R.
Moreover, it holds that Ap(t) C mx for any t € R. Besides this, if Ap € D and U is a strict
process, then Ap is invariant under U, i.e. Ap(t) = U(t,7)Ap (1) for any t > 7. If Dy € D has closed
sections and D is inclusion-closed then Ap € D.
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Observe that a pullback attractor fulfilling only conditions (¢)—(ii¢) above does not need to be unique
(cf. [20]). Condition (iv) of minimality gives uniqueness. On the other hand, when the attractor Ap € D,
then it is also the unique family of closed subsets in D satistying (ii)—(ii7).

Next result is useful when we need to compare several attractors, for instance in regularity framework.
It is inspired in the single-valued case [9, Theorem 3.15] but valid for a multi-valued process (cf. [4,
Theorem 4]).

Theorem 9. Consider two metric spaces {(X;,dx,)}i=1,2 with continuous embedding X1 C Xo, respective
universes D; in P(X;) fori =1, 2 and D; C Ds. Assume that U is a multi-valued process in both spaces,
i.e. U:R% x X; — P(X;) fori=1, 2. For each t € R denote
Ait)y= |J MDit) . i=12,
D,eD;

(the subscript i in the omega-limit symbol A; means w.r.t. the respective topology). Then A;(t) C Ax(t)
for allt € R.

Moreover, Ay(t) = Ax(t) for all t € R if the following two conditions hold: (i) Ai(t) is a compact
subset of X for allt € R; (it) for any Dy € Dy and t € R there exist a family D1 € Dy and a t%

1

such that U is pullback ﬁl—asymptotically compact, and for any s < t*f) there exists a 75 < s such that
1
U(s,7)Ds(1) C D1(8) for all T < 5.

An immediate consequence of the above results—but worth to recall for applications—are relating
attractors for a general universe (usually given by tempered condition as will be seen below) with that
of the universe of fixed bounded sets, denoted by Dy, i.e. De DY if D={D(t)=B:teR} with B a
nonempty bounded subset of X. Then we have the following

Corollary 10. Under the assumptions of Theorem 8, if Dx C D then Apx (t) € Ap(t) for all t € R.
Moreover if there exists T' € R such that U,<p Do(t) is bounded in X, then Apx(t) = Ap(t) for all
t<T. -

Remark 11. If the problem considered guarantees uniqueness, then the associated process through the
solution operator becomes single-valued. Then the above results in this section can also be applied.
Actually they reduce in such case to standard results in autonomous (e.g. cf. [24]) and non-autonomous
(e.g. cf. [9, Section 3]) dynamical system theories.

4. Uniform Estimates and Attractors in H

In this section we study the asymptotic behavior of solutions to (1) analyzing the existence of the minimal

pullback attractors in the H-norm for various universes.

In what follows, we assume that p > 1+ 2n/(n + 2) and that f € Lf;C(R, V).

We denote by ¥(7,u,) the set of weak solutions to (1) in [, +00) with initial datum u, € H. Theorem
2 on the existence of weak solutions to (1) guarantees that W(r, ) is not empty. Moreover, we can define

a multi-valued map U : Rz x H — P(H) given by
Ut,Tur = {u(t) :ue ¥(r,u)}, wur€H, 1<t

Next result establishes that the multi-valued map is a strict multi-valued process which is a direct
consequence of the translation and concatenation properties of weak solutions.

Lemma 12. The multi-valued map U s a strict multi-valued process in H.

Compactness arguments show that the multi-valued process U is upper-semicontinuous with closed
values.



JMFM Pullback Attractors for Non-Newtonian Fluids Page 7 of 20 30

Lemma 13. Let {u} C H be a strongly convergent sequence to u, in H. Then, for any sequence {u,,} C
U(r,u™) there exist a subsequence of {um} (relabeled the same) and u € ¥(7,u.), such that

U (8) — u(s)  strongly in H for any s > 7. (7)
Proof. Consider any T > 7. Note that from the energy equality for (1), the coercivity of the stress tensor
S (3), and the Korn and Young inequalities, it follows that the sequence {uy, } is bounded in L>°(7,T; H)N
L?(1,T;V,). Therefore, the sequence {ag—tm} is bounded in L¥’ (7,T;V;). By the Aubin-Lions compactness
Lemma, there exist a subsequence of {u,,} (relabeled the same) and u € L (r,T; H) N L?(1,T;V,) with
9t ¢ LV (7,T; V) such that
Uy — v weakly-star in L= (7,T; H),
Um —u  weakly in LP(7,T;V,),
ouy, N ou

i~ 5 Weaklyin LY (r,T; V),

U — u  strongly in L(7,T; H).

These convergences allow to pass to the limit in the weak formulation (4) by using the monotonicity of
S (this can be proved exactly as in [8, Theorem 7.4, p. 176]). Moreover, it is not difficult to check that
u(7) = u,. Consequently, v € U(7,u,).

It remains to prove (7). Observe that {uy,} is equicontinuous in V,* on [, T] and that {uy, } is bounded
in C([r,T]; H). Therefore, by the Arzela-Ascoli Theorem, up to a subsequence, there follows that

Uy — u  strongly in C([1,T]; V).
Hence, by the boundedness of {u,,} in C([r,T]; H) we conclude that
Um(s) = u(s) weakly in H for any 7 < s < T. (8)

Now, since the estimate
S0P < )P +2 [ (70)2(0)d6. T<s<r<T

holds for z = u,, and z = u, it follows that the functions J,,,J : [1,T] — R defined by

T

T (r) = Jtm (P2 — 2 / (F(0), unn (6)) 6,

70) = ) -2 | 1(0),u(0))do,

are non-increasing and continuous (in the class of weak solutions we are choosing the continuous repre-
sentatives in C([1,00); H), ¢f. Remark 3), and satisfy
I (1) = J(r) ae. re(r,T).

To prove that J,,(r) — J(r) for any r € [1,T] consider a fixed t* € (7,T] and an increasing sequence
tr 1 t* such that Jy,(tx) — J(tx) for all k£ > 1. Thus, for any € > 0 there exist M, K > 0 such that

[J(te) — J ()] < for k > K,

[Jm(tr) = J(tx)] <
Since J,,, is a non-increasing function, we have that
() = J(E) < on(tic) — J(L)| + 1T (t) — T(E)] < e

for all m > M, and consequently lim sup J,,, (") < J(¢*). Taking into account that

m—00

/ (F(6), tm(0))d0 — / (/(6), u(8))d,

for m > M.

[N e N e}
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we deduce that lim sup |u, (t¥)] < |u(t")|. Hence, by the weak convergence (8) we conclude that (7) holds

for all s € [r,T]. By taking increasing intervals and a diagonal argument we see that, for a suitable
subsequence, (7) holds true for any s > 7. The proof is complete. O

As a direct consequence of the previous result we have that
Corollary 14. The multi-valued process U is upper-semicontinuous with closed values.

In the following we obtain the uniform estimates leading to the existence of absorbing families and to
the property of asymptotic compactness. Just for clarity in the exposition we split the case p > 2 from
the case p = 2.

Lemma 15. Consider p > 2. Then for any n > 0, there exist positive constants c,, p, and 51 such that
any weak solution to (1) satisfies

t )
mwFﬁfW”MﬁW+@w/e”“ﬂmﬁww+%lVtzr (9)

Proof. From the energy equality for (1), the coercivity of the tensor S (3), and the Korn and Young
inequalities, there follows

1d 2 CQV1
2 dtl ul” +

Ccals
~pP
2¢y

P
=V 2+ 02;2 +i||vu|\g ae t>T.

Choosing % = and denotlng Cuy.p = ——7, after the Poincaré inequality

p’P

d 202V1/\1 CQVQ !
—Jul? + = [ul* + IIV 13 < copllfIE ae t>T (10)

Since we aim to arrive at a similar expression in the LHS with n|u|?, we make the most of the Young
inequality and the remaining term ||Vul[b.
Namely we split in cases depending the value of 7. Actually the only interesting case is n > 2cav1 A1¢y Z,
Denote 0 < =10 — M Consider also C; a constant of the embedding W, ?(Q)" C L*(Q)", i.e.

|u| < Cr||Vullp. Then the Young 1nequahty yields

2 -2
(p _ Q)CIP/(P ) .

2
"LL| < p»‘yP/(P*Q)

puvww

Putting X v

) .
p/2 a7 We gain

Bhuf? < e IVulf + G

(p 2)C2P/(P 2)
pyp/(P—2)

where Cy . Then (10) reduces to

Col9 ’ ~
2 IVull? < el £ + Co.
0

The case n < 2cav1Aicy 2 is simpler, and in any case the above inequality is valid.
Now it is standard multiplying by e”* and integrating in [, t] to arrive at (9). O

d
Sl lel® +

The case p = 2 is simpler, nevertheless we include it for the sake of completeness. Observe that from
(2), for p =2 it holds that ¢ = 1 and v, = 0 in (3).

Lemma 16. If p = 2, for any n € (0,21/1)\1052) there exists a positive constant 3 such that any weak
solution to (1) satisfies

t
hMWééﬂ“WMﬂP+%/?”““W®M@ Ve s T (11)
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Proof. The energy equality and the Korn inequality yield

d 21/1

—|ul? + = |Vul|* <2(f,u) ae. t>T.

dt g

Fix a value n € (0,211 \1¢q ). Arranging coefficients and using the Cauchy inequality in the RHS we
arrive at

d n )\1
£|“|2 + )\—1|Vu\2 < ﬁ”f”i a.e. t>T, (12)

where 3 := 2v1Ai¢cy 2 _ 5 > 0. By the Poincaré inequality, multiplying by €"®, and integrating in [1,1],
(11) holds true. O

The above uniform estimates indicate what type of tempered condition should be involved in the
definition of suitable universes.

Definition 17. (Universes in H) For any o > 0, we will denote by DX the class of all families of nonempty
subsets D = {D(t) : t € R} C P(H) such that

lim e°" sup |v]? =0.
TT© veD(T)

Observe that any DX is inclusion-closed. From the tempered condition it holds that the universe of
fixed bounded sets satisfies DX ¢ DI
To prove the existence of a pullback absorbing family, we introduce the class

0
T = {f e L ®V))s [ o)l ds < oc).

From Lemmas 15 and 16 one deduces

Corollary 18. If there exists n > 0 (if p = 2, n € (0,2v1\1¢52)) such that f € I,’;,, then the dynamical
system U in H associated to the weak solutions of (1) has a pullback Df—absorbing Sfamily By = {By(t) :
t € R} € DI with By(t) = By (0,R(t)) where

~ t

C ,
RE(E) = 1+ Tt e / ()P ds i p> 2,

t

R2<t>=1+%e*m / N (s)|2ds ifp =2, (13)

— 00

being 0 = 2V1)\1052 —.

Remark 19. Since If;/ C I},’/ for any o > 7, the estimates leading to the previous result means that for
p > 2 any universe DX (with o > n) will have an absorbing family through U. This will be completed
later in terms of existence of attractors (cf. Theorem 23 and Remarks 24 and 25). Actually, this is not
only valid for a bounded domain Q but also for domains with finite measure (nevertheless the unbounded
case requires more technicalities). On the other hand, the case p = 2 is shown to require a smallness
condition.

To accomplish the existence of minimal pullback attractors, it remains to prove the pullback asymptotic
compactness. To this end, we establish some additional estimates. Again, we consider the cases p > 2 and
p = 2 separately.

Lemma 20. Consider p > 2 and suppose that there exists n > 0 such that f € I,TI’/. Then for any t € R

and D € D]l there eists Tl(ﬁ,t) < t—3, such that for any 7 < Tl(ﬁ,t), ur € D(7), and v € ¥(7,u,),
it holds
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|u(r;yu)| < o1(t) Vorelt—3,t,

/ [Vu(s; 7, ur)[[hds < 02(t) ¥V reft—2,1,
r—1

where
Ch ¢ ,
G =1+ Tt an,e® [ o)z ds
and
Ep Cpc ’
t) = 0 2 t V27:D/ s
a(t) = 0 ghe) + U [ if()2'ds

Proof. Fix t € R. The first inequality can be proved analogously to Corollary 18. Indeed, there exists
71(D,t) <t — 3 such that

67’7('577)|u7|2 <1 vr< Tl(lA),t).
Therefore, it follows from (9) that
lu(rsm,un)|2 < 02(t) Vorelt—3,1, 7 <7m(D,t), uy € D(7),

where g is given above.
Integrating (10) from r — 1 to  we arrive at

Colo T r ’
@ / ) IVu(s)llpds < |u(r —1)|* + Cuz,p/ 1f ()1 ds
0 r—

r—1

which finishes the proof. O

Lemma 21. Consider p = 2 and suppose that there exists n € (0,21/1/\1052) such that f € I?,. Then for
any t € R and D e Df, there exists Tl(ﬁ,t) < t — 3, such that for any T < Tl(ﬁ,t), ur € D(7), and
u € U(7,ur), it holds

lu(r;yur)| < o01(t) ¥V relft—3,t,

/ |Vu(s; 7, ur)|?ds < 02(t) V7€t —2,1,
r—1

where
2 A1 (3—t) ! s 2
) =1+ 3 [ er|po)ds
and
by /\2 t
02(t) = *19 (t)+ F IIf(S)Ilfd&

Proof. The first inequality follows from (11) similarly to the proof of Corollary 18. To obtain the second
inequality, we integrate (12) from r — 1 to r

S v <=+ 5 [ sl

which furnishes the desired inequality. O

Now, we are able to prove the asymptotic compactness of the process. We proceed as in the proof of
Lemma 13 by using the continuous and non-increasing functions J,,, and J.

Proposition 22. Consider p > 2 and suppose that there exists n > 0 (for p = 2, n € (0,211 A1cy ))
such that f € Ip Then, the process U is pullback BO asymptotically compact, where BO 18 the pullback
’Df-absorbmg famzly giwen in Corollary 18.
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Proof. We prove the result for p > 2, the case p = 2 is analogous. Fix t € R and consider a sequence
Tm C (—00,t — 2] such that 7, — —o0 and w,,, € By(7y). We will prove that any sequence {v,,}, where
Um € U(t, Tm)u,,, for all m, is relatively compact in H. We denote by ., € ¥(7,ur, ) a solution such
that w, () = v,

From Lemma 20 there exists Tl(go,t) < t — 3 such that if 7, < Tl(éo,t) for m > mg(t), the
sequence {u,, } is bounded in L*°(t — 2,t; H) N LP(t — 2,t; V) for m > mg(t). Hence, {agt’"} is bounded
in L7 (t — 2,t;\/;7*). The Aubin-Lions compactness Theorem allows to conclude that there exists u €
L>(t—2,t; H)NLP(t —2,t;V,) with % e L (t—2,t; V), such that, up to subsequences, the following
convergences hold

Uy —u  weakly-star in L®(t — 2,t; H),
Um, — u  weakly in LP(t — 2,t; V),
Ouyy,
ot
Uy — u  strongly in L2(t — 2,t; H),

— % weakly in ) (t—=2,4V)),

Um(s) — u(s) strongly in H ae. s € (t —2,t).

Moreover, notice that u € C([t — 2,t]; H) and that u is a weak solution to (1) on (t — 2,1).

Let {t,,} C [t — 2,t] be a sequence such that ¢, — .. Since {un (tmn)} is bounded in H, there exists
v € H such that u,(t,) — v in H (up to subsequences). As in the proof of Lemma 13, by means of the
Arzela-Ascoli Theorem, we can see, again up to subsequences, that

Uy, — u strongly in C([t — 2,t]; V).
Thus, v = u(t.) and
U (En) — u(ts) in H. (14)

To finish it suffices to show that w,, — u strongly in C([t — 1,t]; H). We argue by contradiction.
Assume that there exist € > 0 and a sequence {¢,,} C [t — 1,¢] with ¢, — ¢t* for some ¢* such that

g () — w(t*))] = € ¥m > mo(t). (15)

In analogous way as in the proof in Lemma 13, we introduce the functions J,,, J : [t — 2,¢{] — R
defined by

In(r) = i) =2 [ (10)s (010

90) =) =2 [ (r(6),u(e)as

which are non-increasing and continuous, and satisfy
I (r) = J(r) ae re(t—21).

Let us fix e > 0. Observe that t* € [t—1, ¢] and therefore, from above and the continuity and non-increasing
character of J, there exists t — 2 < . < ¢* such that

lim Jm(fe) = J(f5)7 (16>

m—00

and

0<J(t.) = J(t*) <e.
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Since t,, — t*, there exists m. such that i, < t,, for all m > m.. Then,
T (tm) = J(t*) < Jpn(fe) = J(£)
< | Im(Ee) = J(E) + [T (E) — T (t)]
< |Jm(te) = J(E) + €

for all m > m., and consequently, by (16), imsup,,, o Jm (tm) < J(t*) + €. Thus, as € > 0 is arbitrary,
we deduce that

lim sup Jy, (t) < J(t%).

m—00

Taking into account that ¢, — t* and

tm t*

[ @) @)~ [ (s0).u@)a.
t—2 t—2

from above we deduce that limsup,, . |tum ()] < |u(t*)]. This last inequality and (14) imply that

U (t) — u(t*) strongly in H, which contradicts (15). Hence, u,, — w in C([t — 1,¢]; H) which implies

that the multi-valued process U is pullback By-asymptotically compact. (]

We are now in position to establish the main result of this section.

Theorem 23. Consider p > 2 and suppose that there exists n > 0 (for p =2, n € (0,214 )\1062)) such that
fe I};l. Then, there exist the minimal pullback D -attractor

App = {(App (1) : 1 € R),
and the minimal pullback Df—attmctor

Aps = {Apu (t) : t € R},
for the process U : Ry x H — P(H), and the following relation holds:

Apu(t) C Apu(t) C Bo(t) VieR. (17)
Moreover, if f € Lf;c(R; V) satisfies
sup(c* [ sl ar) < oc, (18)
s<0 — 00
then
Apu(t) = Apn(t) VteER. (19)

Proof. Corollaries 14 and 18, and Proposition 22 guarantee that we can apply Theorem 8 to conclude
the existence of Apr and Ap.

The relationships established in (17) follow from Theorem 9 and Corollary 10.

Finally, the last statement is a consequence of the fact that for all T € R, |J,., Bo(t) is a bounded
subset of H. Therefore, it follows from Corollary 10. O

Remark 24. It is not difficult to see that for any pu > 1 > 0 the following two inclusions hold: If;/ - Iﬁ/
and Df C Df. Hence, if f € s (R; V) satisfies f € I};/ for some 1 > 0, as a consequence of Theorem

loc
23, the corresponding minimal pullback Df —attractor ADf exists for any p € [, +00) (1 € [, 201 \1¢y?)
if p=2) and Apx (t) C Apx (t) for any t € R.

Moreover, if f satisfies (18), then

sup(e# [ e f)|Ear) < oo Vi€ ln.+00)
0 0o

s< —
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Therefore, by (19), we conclude that
Ay (£) = Aps (£) = Aps (£) Vi € [n,+00) (1 € [, 201 M6y 2) if p = 2).

Remark 25. The existence of absorbing family for the case p > 2 requires the existence of n > 0 such
that f € If;,. Observe that this gives more generality than the case p = 2. Indeed, if such assumption is
satisfied for p > 2, then the associated process U on each universe Df (1w > m) possesses an attractor
Aps . According to Theorem 9, .ADlz;;l (t) C .AD{L{Q (t) for any ¢t € R for n < p; < po. This also improves the
corresponding results for the existence of pullback attractor for a p-Laplacian parabolic problem recently
established in [5].

5. Pullback Attractors in V,

In this section, we will strengthen the main conclusion of the previous section, Theorem 23, in the sense
that we will show the existence of minimal pullback attractors in the V,-norm. In addition, we will verify
that all these families of attractors are the same object under reasonable assumptions.

From now on, we assume that the tensor stress S has a potential, i.e., there exists a function ®
satisfying (5). This assumption will allow to obtain some estimates for the time partial derivative of the
solution u. Moreover, in order to perform our analysis we consider

p>12/5 ifn=3 and p>2 ifn=2.
This range of p guarantees that problem (1) has a unique weak solution with initial data in V,, cf. [15,

Theorem 7.2] and [2, Theorems 3.2 and 3.3]. Hence we can define the process U on V), for each (t,7) € R2.
Proposition 26. Let f € L7 (R;L*(Q)"™). Then, the map U : R% x V,, — V,, defined by U(t,7)u, =

loc
u(t; 7, ur), where u is the unique weak solution to (1), is a closed process on V.

Proof. u, €V, leads to the solution u € C([7,T]; H) N L*°(7,T;V,). By [1, Theorem 1.6] it follows that
u € Cy((1,T];V,). Hence, u(t) is defined on V,,, for each t € (7, T]. Then the process U is well-defined on
v,

To see that the process is closed, let t € R with 7 < ¢ be given and suppose that {u*} is a sequence
in V, with u® — wu, in V,, as k — oo. Assume also that U(t,7)u? = u(t;7;u*) — v in V,, as k — oo.
We will show that, v = U(t,7)u,. Indeed, we know by (3.6) in [2] that U(t,7)uf — U(t,7)u, in H, as
k — oo. Since V), — H, by the uniqueness of limit, there follows that v = U (¢, 7)u-. O

We next introduce the universes in V.

Definition 27. (Universes in V) For any ¢ > 0, we will denote by D27 the class of all families ﬁvp C
P(V,) of the form Dy, = {D(t)NV, : t € R}, where D = {D(t) : t € R} € DE.

Accordingly, we will denote by ’Dp’ the class of all families D = {D(t) = D :t € R} with D a

fixed nonempty bounded subset of V. Observe that, for any ¢ > 0, Dgp C Df Y and that Df Ve g
inclusion-closed.
Notice that Lemma 15 entails the existence of a Df ’Vp—absorbing family.

Corollary 28. Assume that f € L?, (R; L?(Q)") satisfies f € I};/ for some > 0. Then,

loc
Eo,vp ={Bo,v,(t) = Bu(0,R(t)) NV, : t € R},

where R(t) is given in (13), belongs to Df’v’” and satisfies that for any t € R and any D € D,I;I, there
exists T(ﬁ,t) <t such that

U(t,7)D(1) C Bo,v,(t) forall T < 7(D,t).

In particular, the family Eo,vp 18 pullback Df’v”-absorbing for the process U : Rg x Vo — V.
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We next establish some uniform estimates in finite time-intervals when the initial time is shifted
pullback appropriately.

Lemma 29. Assume that f € L} (R; L?(Q)") satisfies f € Iﬁ/ for some n > 0. Then, for any t € R and
De DY, there exists (D, t) <t —2 such that, for all T < Tl(ﬁ,t) and any u, € D(T), it holds

l[u(r; 7 ur)ll1p < Q:s(f) Vrelt—21,
os(t) = max{ai(t), 2(t),s(t)} ifn=3,  os(t)=alt) ifn=2,
with ¢;(t), i =1,...,4 are given in (23), (25), (26), and (27) respectively, and

oa(t) = 2ea(1+ (ea(0))") + 2ea)*ss(t) +2 [ 1F(0)F

where <5 (t) is given in (28) if n =3 or in (29) if n = 2.

0;7,ur) d9 < o4(t) Vrelt—1,t, (20)

ou
815(

where

Proof. The proof will be performed at level of the Galerkin approximations of the solution u (for short

we omit the subscript of the Galerkin approximation). In this way, % can be taken as test function in

the weak formulation
oul2 d ou ou
‘E +%/Q<I>(Du)d:c+ (u Va, E) - (f, E)’

where we have used that S has a potential.
By using Holder and Young inequalities we have that
1| 0u|? 2 2
224+ Le(Dul < 177 +

Jul|%2,_. (21)
p—2
We notice that, from (6), there exist positive constants ¢; and cg such that
crllullf, < [[@(Du)lly < es(1 4+ [lullf ). (22)

To estimate the RHS of (21), we split the proof into three cases: n = 3 with 12/5 < p < 3, n = 3 with
p>3,and n =2 with p > 2.
Case (i): n = 3 and 12/5 < p < 3. By the interpolation inequality, it holds

2(5p—12)
IIUIIsz <CHUII{" *ful e

where C is a constant that depends on 2 and p. Hence, by using (22), we can estimate

( D) _
ull ol

lall? plull’2, < Cllull?,

/\

p(16—5 _12)

p(16—5p)
= *H‘D(DU)II el 5 Juf 55

By plugging this inequality into (21), we arrive at

/\

p(16—5p) 5p—12)

d —_——l
Sl eDu)ll: < |fI>+ —||<I>(Du)|| ull, 57~ Jul 2=

By integrating in time from s to r, where r € [t — 2,¢] and s € [r — 1,7], and applying the Gronwall
Lemma one has

p(16—5p)

JeDu(r)ls < (I(Du(s))l: +/T1 7(0)Pdo) exp(g /Tl (8,57 u(0)] 6557 do).
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Now, integrating in s from r — 1 to r yields

|®(Du(r))ls )
<([ 1owueds+ [ 17@)Fa0)exp(S [ Ju@)ls g u(o)*F dp).
r—1 r—1 Cr Jr—1

By (22) and Lemma 20 we deduce that
[ur; 7, ur)ll1p < <1 (D),

for all r € [t — 2,t], 7 < 71(D,t), and u, € D(7), where

2(5p—12) 167513)

$(0) = —[es1 + 02(0)) + / 1£(6)[2as] GXP(C(m(t)) S (0a(t))

7 t—3

2p

Case (ii): n = 3 and p > 3. Let C be the constant of the embedding WP (Q)" «— L72(Q)". From
(21) we have that
d ~
2@l < fIP + C2lully,
Let us denote U = 1 4 ||®(Du)||1. Therefore, from (22) one has

02

dtu <|fI? + /pu4/P. (24)
Now, if p > 4, since Y > 1, then U*/? < Y. Hence,
d B C?
dtu <|fI*+ T/pu

Integrating from s to r, with r € [t — 2,t] and s € [r — 1,7], there follows

U(r)<1/l(s)+/ril| 0)|?db + 4/p/ Ul

Integrating again in s from r — 1 to r, we have that

") g/T;U(s)ds+/;| (0)[2d0 + ffp /;Z/I(e)de.

By (22) and Lemma 20 we find

[u(r; 7, ur)|[1p < <2(D),
for all r € [t — 2,t], 7 < 71(D, t) and u, € D(7), where
~ .
(1) = ; [(1+ O/ J(1+es(1+ 020)) + /H 1£(6)2as]. (25)

If 3 < p <4, let us consider v = 21;%4. Observe that v € [%, 1). Multiplying (24) by U7~! we obtain
that

1d 02 o
—— (U < |fPU + 24+
ACORS 7 < IfP+ it

since Y7~! < 1. Similarly as before, integrating twice, we arrive at

1 1 C%y (7 ' 2
Loey < (L+ C?/p) | uas+ [ iropa.
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for all r € [t — 2,t]. We conclude from Lemma 20 using (22) that
[ulr; 7 ur) [l p < s3(D),

~

forall r € [t — 2,t], 7 < 7 (D, t), and u, € D(7), where

2 =—([(z+ ff,,) (1 e+ )+ [ tS o) an]) (26)

(&4 v

Case (iii): n = 2 and p > 2. Observe that 5 > 2. Then, by the interpolation inequality,

— 2(p—2) — 4 2(p—2)
||uui%scp|wp T < Tl ™

Integrating (21) from s to r, where r € [t — 2,t] and s € [r — 1,7],

1@ (Du(r))ll < |®(Dus)) 1 + / @) +T [ (@) ()5 do.

Integrating in s from r — 1 to r and, similarly as before, by using Lemma 20 and inequality (22) we arrive
at

[ulr; 7, ur)[1p < <a(t),

forallr e[t —2,t], 7 < Tl(ﬁ,t) and u, € D(7), where

4(0) = (a1 + 22(0) + Tl ()5 (@2(0) 5 + [ |7(@)ap). (27)

Hence, (20) is proved.
Finally, integrating (21) from r — 1 to  with r € [t — 1,¢], and using (20) and (22),

| 5 @)] w <20mur-vlh+2 [ 1P+ [ @R o), 0

<2(14(@OF) +2 [ 1FOPD+ 200 [ (o) .

By using interpolation as in the previous cases, we can estimate

(012, < s5(8) = max{Coa(t) 7% (e2(8)) 55", C(ea(t))?} i m = 3 (28)
and
(8 %2, < <5(t) = Clea()? (@2() % ifm=2. (29)
In this way, we deduce that
/T (fo (0;7,u7)| d < 04(t)

for all 7 € [t — 1,], 7 < 71(D, ), and u, € D(7), where g4 is given in the statement. This finishes the
proof. O

’U.

We make a further estimate for the time partial derivative of the solution. To this end we require

more regularity on the external force.

Lemma 30. Assume that f € W 2(R L2(Q)") satisfies f € If]’/ for some n > 0. Then, for anyt € R and

loc

De DY, there exists (D, t) <t —2, such that for all 7 < 1,(D,t) and any u, € D(7), it holds

ou
ot (

rTun)| < os(t) Voret—1,4,
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where

of

QA1) = oa(t) 2+ 0(93(’5))%} * /t ot

9T )) df if n = 3,
and

03(t) = 0a(t) [2 + C(Qs(t))P%l] + /t %(9)@9 ifn=2,

t—Q‘
being C = C(p, VlaCOaa)'

Proof. We will make formal computations that can be justified by using the Galerkin approximations of
the solution u. By differentiating in time the first equation in (1), we have

6822 dw(ap( )D(g?>)+dv(%®u+u®%t)+v(g’t’):%{.

Multiplying by %—7; and integrating over €2, we obtain that
d|ou|? 5 ou ou ou  Ou of ou
e O(Du)D(— ) : — ® = =
2dt| ot LoD (Dw) <8t> (8t)dx+/(8t®8t) Vudz <8t 815)

where we have used that dlv( ) = 0.
Bu using the properties of <I> (5) and the Holder inequality, there follows

1d|oui? 2 110f12 1|0u)|? ou (|2
1 p= 2’ ‘ g | = —
2dt ‘ +”1/ + | Dul) D( ) o< 5|5 Talael +luhal 5, (30)
Observe that, by the Korn inequality,
H H /(D dm</(1—|— |Du|)p—2‘D(@)‘2dx
c? 1,2 ~ Ja K ot
and that, by the interpolation inequality, we have that
|50, < %)%H@ s fn=3
2p ot ot B
and
|51, <el5 ™ 15, wne
2p’
By using the Holder and Young inequalities in (30) we arrive at
d | 0u 22 au .
—_ — P— _— f =
dt 3t’ ‘ H12—‘8t‘+’ Clulls ifn=3
and
p|Ou?
~|1Z= ifn=2
alal + 25l <Gl 5] o (g =2
where C' = C(p, Vl,co,CA').
Integrating first from s to r, with s € [r — 1, ] and then integrating in s from r — 1 to r,
ou, |2 " 0u "of " ou
T <2 ’d ’dGC o)) 0’d0,
o) <2 |Geler [ [Zelaerc [ 1m0
for n = 3 and similarly for n = 2. The conclusion follows from Lemma 29. (]

To prove the pullback asymptotic compactness in V,, we follow some ideas used in [26] for the semigroup
of the p-Laplacian equation.

Proposition 31. Assume that f € Wll’Q(R' L?(Q)™) satisfies f € Zf?’/ for some n > 0. Then, the process U
1s pullback Dn -asymptotzcally compact.
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Proof. Let D € Df’v’” and t € R be given. Let u,,(t) = U(t, 7 )ur,, be the unique weak solution to (1),
where u,, € D(7,,) for each m € N and 7,,, — —o0. From Lemma 29, we know that {u,,(¢)} is relatively
compact in H. Without loss of generality, we can assume that {u,,(t)} is a Cauchy sequence in H. In
what follows, we prove that {u,,(t)} is a Cauchy sequence in V.

We first observe that, from the p-coercivity of S (2) and the Korn inequality,

-2
v P

%

[u =27, < (S(Du) = S(Dv), Du — Dv)

for all u,v € V.
Therefore, by Lemmas 29 and 30, we have that

VLU/p_Q p
56) H’U,k — ulHl,p S (S(Duk) — S(Dul),Duk — Dul)
o Buk 8ul
= _(W vl Uz) + ((Uk ® up — w @ ug), V(ug — Ul))
ou ou
< |58 = S o — wl + Nkl pllas = w3,

1ot ot
< 205 (), — wi| + 03(t)ur — w3,
Lemma 29 and the interpolation inequality, for n = 3, give us

2p—3 3
up —w| P |lug —wllf o

g — w3, <C
oy 2p=3 3
< Cplup —w| 7 2(e3(t)) 7

and, for n = 2,

~ 2(p—1) 2
lur — willdy < Clux —wl™ 7 |luk — ]

2(p—1) 2

< Cplur, — w7 (os(t))7.

Plugging these estimates into the previous one completes the proof. O

We are able to obtain the existence of minimal pullback attractors for the process U in Vj,.

Theorem 32. Assume that f € WZI’Q(R;Lz(Q)”) satisfies f € I{;/ for some n > 0. Then, there exist the

oc
minimal pullback Dg’”—attmctor .ADvp = {.ADvp (t) : t € R} and the minimal pullback Df’v’)—attmctor
F F

A,D;’]-I,Vp = {A,DTI,-I,VP (t) : t € R} for the closed process U : RS x V,, — V,,. The minimal pullback Df’v”—
attractor belongs to Df’Vp and the following relationships hold

AD;/,J (t) C ADI{! (t) C AD%{ (t) = .A,Dfli,vp (t) VteR, (31)
where AD}g and ADTII-I are the minimal pullback DY -attractor and the minimal pullback Df—attmctor,

respectively, for the process U : R% x H — H, whose ezistence is guaranteed by Theorem 23.
Finally, if f € I{;/ satisfies (18), then all the above inclusions are actually equalities.

Proof. The existence of the pullback attractor for the closed process U on V},, in the universe D,I,{ ’VP, follows
from Theorem 8, Corollary 28, Proposition 31, and Remark 11. The existence of pullback attractor in
the universe D?’ with the inclusion (31) is given by Corollary 10 and Theorem 9. The last assessment is
a consequence of Corollary 10. O

Remark 85. By (31), in particular, the following pullback attraction result in V, holds
lim disty, (U(t,7)D(7), Apxu (t)) =0 for allt € R and any De Df7

T
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and, if f satisfies (18), then
lim disty, (U(t,7)D, Apx (t)) = 0 for all t € R and any D € DY

T——00

Taking into account Remarks 24 and 25, since all throughout this section p > 2, we conclude

Corollary 34. Under the assumptions of Theorem 32, there exists pullback Df’Vp—attmctom ADH,VP C
"

DE’VP for any > mn, and analogous relationships as in Theorem 32 hold. Moreover, their time-sections
satisfy A,DH,VP (t) C ADH,vp (t) for anyt € R and n < py < po.
K1 Ko
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