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“The perfect gift.

A girl trapped in a box.

She only dances when someone else opens the lid,
when someone else winds her up.

If this is a story I'm telling,

I must be telling it to someone.

There’s always someone, even when there is no one.
Iwill not be that girl in the box.”

-(The Handmaid’s Tale.)



Resumo

Esta dissertac¢do € inspirada no trabalho desenvolvido por Shilnikov, onde é observado
um comportamento interessante em campos vetoriais suaves, onde uma trajetoria
conecta um ponto de equilibrio a si mesmo. Este tipo de trajetéria é chamada de
orbita homoclinica. Shilnikov estudou um tipo especial de 6rbita homoclinica, que
conecta um ponto de “sela-foco” a si mesmo e, além disso, estudou o comportamento
do campo vetorial préximo a tal 6rbita. Como o estudo de campos vetoriais suaves
por partes é de nosso interesse, tendo em vista a grande utilidade desses campos para
desenvolvimento de modelos aplicados, Novaes e Teixeira buscaram generalizar o
conceito de 6rbita homoclinica, (particularmente a 6rbita homoclinica de Shilnikov)
para o contexto de campos suaves por partes no artigo Shilnikov problem in Filippov
dynamical systems, onde observaram um resultado anélogo ao de Shilnikov. Posterior-
mente, Novaes, Ponce e Vardo provaram a existéncia de um comportamento cadtico
proximo a tal orbita em Chaos induced by sliding phenomena in Filippov systems. Por
fim, Carvalho, Novaes e Goncalves mostraram a existéncia desta 6rbita em um modelo
biolégico em Sliding Shilnikov connection in Filippov-type predator-prey model.

Palavras-chave: Orbita Deslizante de Shilnikov, Campos Vetoriais Suaves por Partes,
Bernoulli Shift, Caos.



Abstract

This dissertation is inspired by the work developed by Shilnikov, where an interesting
behavior is observed in smooth vector fields, where a trajectory connects an equi-
librium point to itself. This type of trajectory is called a homoclinic orbit. Shilnikov
studied a special type of homoclinic orbit, which connects a “saddle-focus” point to
itself, and furthermore, he studied the behavior of the vector field near such an orbit.
As the study of piecewise smooth vector fields is of interest, given their great utility
in the development of applied models, Novaes and Teixeira sought to generalize the
concept of homoclinic orbit (particularly Shilnikov’s homoclinic orbit) to the context of
piecewise smooth fields in the article Shilnikov problem in Filippov dynamical systems,
where they observed a result analogous to Shilnikov’s. Subsequently, Novaes, Ponce,
and Vardo proved the existence of chaotic behavior near such an orbit in Chaos induced
by sliding phenomena in Filippov systems. Finally, Carvalho, Novaes, and Gongalves
demonstrated the existence of this orbit in a biological model in Sliding Shilnikov
connection in Filippov-type predator—prey model.

Keywords: Sliding Shilnikov Orbit, Piecewise Vector Field, Bernoulli Shift, Chaos.
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Introduction

In classical theory, differential equations are closely related to vector fields.
To study real-world problems, many researchers develop mathematical models using
ODE:s (Ordinary Differential Equations). However, in order to achieve a better approxi-
mation, it was necessary to develop the study of piecewise smooth vector fields. In the
case of smooth vector fields, linear algebra provides tools for the qualitative study of
these solutions. On the other hand, to understand the concepts of trajectory, singulari-
ties and stability of a piecewise vector field, we assume the Filippov convention, (1),
which is necessary for a good notion of trajectory.

So we can approximate real problems by numerical models, even if these
problems are “strange”. Some interesting behavior was observed by Shilnikov (2, 3),
where he studied a “homoclinic” connection, i.e., a trajectory of a smooth vector field,
which connects an equilibrium point to itself. Then, he establishes the homoclinic
Shilnikov orbit, which we are going to introduce formally. First, consider the vector
field given by
X = f(x),

wherefe C'(U), r > 1,and U c R3. Assume that the vector field admits an equilib-
rium point p € R3 such that the eigenvalues associated with the point p are given by
A1, A2 and A3, with A; € R and A,, A3 are complex conjugate with part real nonzero. If
signly # sign(Re(A2)) = sign(Re(A3)), then we say that p is a saddle-focus.

Definition 0.1 (Shilnikov’s homoclinic orbit). Letx = f(x) as given above and sup-
pose that this vector field admits a saddle-focus equilibrium point. Associated with
the eigenvalue A, there exists an invariant curve that we call W, and, associated with
the complex eigenvalues A, and A3, there exists a sub-manifold of dimension 2 that we
callWs. A Shilnikov homoclinic orbit is a solution of the vector field that connects the
saddle-focus to itself.

Now we introduce the result that inspired this work, which determines a
chaotic behavior on a smooth differential equation system.
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Figure 1 — Example of a Shilnikov homoclinic orbit.

Theorem 0.2 (Shilnikov). Consider the following differential equation system

= px—wy+P(x,y,2 1)
wx +py+Q(x,y,2, 1) (1)
Az+R(x,¥,z, 1)

z

where u is the bifurcation parameter, P(0,0,0, 1) = Q(0,0,0,u) = R(0,0,0,u) = 0,
Ap < 0 and w # 0. Assuming that the system 1 admits a Shilnikov homoclinic orbit
namelyT, if | % |< 1 then there exists infinitely many periodic orbits in a neighborhood

of T. If] % |> 1, thenT is isolated of periodic orbits. The condition | % |< 1 is called
Shilnikov Condition.

In order to generalize the study of Shilnikov, we define an equivalent result
for piecewise vector fields, the sliding Shilnikov orbit. Furthermore, we can verify that a
vector field with such an orbit presents a chaotic behavior. This dissertation is organized
as follows:

1. In chapter 1, we introduce some basic concepts for the study of smooth vector
fields;

2. In chapter 2 we generalize the concepts in chapter 1.1 for piecewise vector fields;

3. In chapter 3 we define our main object of study, the sliding Shilnikov orbit, and
study the behavior of a piecewise smooth vector field close to the orbit;

4. In chapter 4 we study, using ergodic theory, the chaotic behavior of a sliding
Shilnikov orbit;
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5. Finally, in chapter 5, we prove that a biological model admits such orbit.
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Chapter 1

Preliminary

The objective of this chapter is to provide an introduction to fundamental
concepts and findings in the theory of smooth vector fields. To accomplish this, we
will explore the local behavior of vector fields, establish the connections between
differential equations and dynamical systems, and review essential results mentioned
in section 1.1.In section 1.2, we delve into the examination of the global behavior of a
dynamical system, focusing on its stability properties. Moving on to section 1.3, we
introduce the concept of bifurcation and specifically explore a notable type known as
the saddle-node bifurcation. In both section 1.4 and section 1.5, we provide precise
definitions for a first integral of the vector field and establish formal definitions for
periodic orbits and limit cycles. Additionally, we present Dulac’s criteria. Finally, in
section 1.6, we investigate the behavior of a predator-prey system.

Let’s begin with a classical definition.

Let U be an open subset of R”, and C!(U) represent the set of C!-vector
fields defined on U. We define a dynamical system as a function ¢ (¢, x) that is defined
forall + € Rand x € U. This function describes the manner in which points x € U
"move" or evolve over time. To formalize this concept, we state the following definition:

Definition 1.1. LetU — R" be an open subset. A dynamical system in U is a C'-map
$p:RxU—U,

where ¢;(x) := ¢(t, x) satisfies the following properties:
* po(x) =xVxeU;
* (o s)(x) = Pras(x).

It is worth noting that in general, if ¢, (x) represents a dynamical system on
U, then the function

d
fx) = %(Pt(x) =0
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defines a C!-vector field on U.

In this context, the function ¢, can be interpreted as the time map associated
with the flow x = f(x). Conversely, if we consider the differential equation

X =f(x), (1.1)

it generates a smooth dynamical system, also known as a smooth vector field. This
is because the time map of the flow, given by ¢,, is well-defined and continuously
differentiable for all € R.

1.1 Local Behavior of a Vector Field

In this section, we recall some basic definitions and results that will be used
in this paper. Let’s introduce the following definition:

Definition 1.2. Consider an open subset U — R" and suppose that f is continuously
differentiable on U. A function x(t) is a solution of the differential equation x = f(x)
onaninterval I c R ifx(t) is differentiable on I and satisfies x(t) = f(x(t)) forallt € I
wherex(t) € U.

Given xy € U, we say that x(t) is a solution of the initial value problem

{ = f(x) 02

x(to) = Xo
on the intervall, ifty € I, x(ty) = xo, and x(t) is a solution of the differential equation
x=f(x)onl.

This definition establishes the concept of a solution to a differential equation
and an initial value problem associated with the differential equation x = f(x). It speci-
fies that a function x(7) is considered a solution if it satisfies the equation x(t) = f(x(t))
for all ¢ in the given interval I, where x(¢) belongs to the open subset U. Additionally,
for an initial value problem, a solution x(¢) should fulfill both the differential equation
and the specified initial condition x(#y) = x at a specific time 7.

In general, the system will have a solution if f is continuous, but the con-
tinuity of f is not sufficient to guarantee the uniqueness of the solution. Additional
conditions or assumptions may be necessary to establish the uniqueness of solutions.

Example 1.3. The initial value problem
. a2
X = 3x3 ’ (1.3)
x(0) = 0

has two different solutions through the origin. Indeed, we have that x,(t) = 0 and
x2(t) = t3 are two solutions of the system 1.3.
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Now we recall the Fundamental Existence-Uniqueness Theorem.

Theorem 1.4. Let U — R" be an open subset containing a point xo and assume that
f € CYH(U). Then there exists an € > 0 such that the initial value problem 1.2 has a
unique solution x(t) on the interval [ty — €, to + €].

A proof of this theorem can be found in (4).

The existence-uniqueness theorem is typically formulated in a local context.
To apply this theorem to a more general and “interesting” space, it is necessary to
consider the additional condition that the solution x(¢) depends continuously on the
initial condition xj. In light of this, we can consider the following complementary
theorems:

Theorem 1.5 (Dependence on Initial Condition). Let U be an open subset of R" con-
taining xo and assume that f € C*(U). Then thereexistsane > 0 andV < U such that,
forally €V, the initial value problem

X = fx)
x(o) =y
has a unique solution x(t,y) in [ty — €, to + €] x V.

Theorem 1.6 (Dependence on Parameters). Let U be an open subset of R™*™

the point (xo, o), with xy € R" and py € R™. Assuming that f € Cl(U), then there exists
ane > 0andV < U such that for all (y, p) € V, the initial value problem

x = flow
x(to) =y ’

containing

has a unique solution x(t,y, p) in [to — €, to + €] x V.

In addition, we have the unique solution of 1.1 defined on a maximal interval
of existence. These results can be found in (4).

The following local theorem demonstrates that in the vicinity of a hyper-
bolic equilibrium point xj, the nonlinear system x = f(x) exhibits similar qualitative
behavior as the linear system x = Ax, where A = Df (xp).

Let’s establish some concepts regarding the local structure of a system of
differential equations.

Definition 1.7. Two autonomous systems of differential equations, such asx = f(x) and
X = Ax (where A = Df (xp)), are said to be topologically equivalent in a neighborhood
of xy if there exists an open set U containing xy, and a homeomorphismh : U — V,
wherexy € V andV is an open set, such that trajectories of x = f(x) in U are mapped to
trajectories of x = Ax inV by h, while preserving the orientation with respect to time.
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Studying the behavior of a nonlinear vector field can sometimes be chal-
lenging. However, there are certain conditions under which the local behavior of a
nonlinear vector field is topologically equivalent to that of a linear vector field. In this
context, the following results hold.

Theorem 1.8 (Hartman-Grobman, (4)). Let U be an open subset of R" containing xo,
f € CHU) and ¢, be the flow of the nonlinear system 1.1. Suppose that f (xo) = 0 and
that the matrix A = Df (xo) has no eigenvalue with zero real part. Then there exists a
homeomorphism H of a neighborhoodV of xy onto an open set W containing the origin
such that, for eachy € V, thereis an open interval I, — R, containing zero, and

Ho¢(y) =e™H(y), Vt € I,

Theorem 1.9 (Hartman, (4)). Let U be an open subset of R" containing xo, f € C*(U)
and ¢; be the flow of the nonlinear system 1.1. Suppose that f(xo) = 0 and that the
matrix A = Df (xo) has all eigenvalues with a negative (or positive) real part. Then there
exists a C1—diffeomorphism H of a neighborhoodV of xo onto an open setW containing
the origin such that, for each'y € V, there is an open interval I, — R, containing zero,
and

Ho¢(y)=e™H(y), Vt € I,

This theorem is of great importance to the study of the derivative of a first
return map defined on a neighborhood of the object that we are interested in, the
sliding Shilnikov orbit.

1.2 Global Behavior of a Smooth Vector Field

This section aims to extend our concepts and realize a global study of the vec-
tor fields. Now we generalize the notions of topologically equivalent and topologically
conjugate vector fields.

Definition 1.10. Consider open subsets Uy, U = R", and let f € C*(Uy) and g € C1(Us).
The two autonomous systems of differential equations

= f(x) (1.4)
and
X =g(x), (1.5)

are said to be topologically equivalent if there exists a homeomorphismh : Uy — Us
that maps trajectories of 1.4 onto trajectories of 1.5 while preserving their orientation
with respect to time.



Chapter 1. Preliminary 19

IfU; = U, = U, then the systems 1.4 and 1.5 are said to be topologically
equivalent on U, and the vector fields f and g are said to be topologically equivalent on
U.

This definition clarifies that two systems of differential equations are topo-
logically equivalent if there exists a homeomorphism that maps trajectories of one
system to trajectories of the other system while preserving their orientation in time.
Furthermore, if the systems are defined on the same open subset U, they are considered
topologically equivalent on that subset, and their vector fields are also regarded as
topologically equivalent on U.

In the given context, it is important to note that while the homeomorphism
h preserves the orientation of trajectories over time, it is not necessarily required to
preserve the parameterization of trajectories. However, if h does preserve the parame-
terization by time, then the vector fields f and g are said to be fopologically conjugate,
which can be defined as follows:

Definition 1.11. Let U,V < R" and f € CY(U), g € CY(V). We say that f and g are
conjugate if there is a homeomorphismh : U — V such that h satisfies the conjugacy
equation h o f = g o h. We say that the vector fields f and g are C" -conjugate, if the
homeomorphismh isC'.

In order to study the global behavior of a dynamical system, we have to
extend our results. The following theorem guarantees the global existence of a solution
on a topologically equivalent system to Equation 1.1.

Theorem 1.12 ((4)). For f € CY(R") and each x, € R", the initial value problem

f(x)
L+|f(x)] (1.6)

X0,

x(t)

has a unique solution x(t) defined for allt € R. So 1.6 defines a dynamical system on R",
and 1.6 is topologically equivalent to 1.1 on R".

Theorem 1.13 ((4)). Suppose that U is an open subset of R" and that f € CI(U). Then
there exists a function g € C*(U) such that

defines a dynamical system on U and 1.7 is topologically equivalent to 1.1 on U..
The study of topological equivalency between vector fields guarantees cer-

tain “stability” on a neighborhood of some vector field. In the next chapter, we general-
ize this concept to piecewise vector fields.
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1.3 Saddle-node Bifurcation

In this section, we explore some illustrative examples of bifurcations that
arise in nonlinear systems. We begin by noting that the concept of bifurcation involves
perturbing a vector field and observing the resulting changes in its behavior.

Consider a system described by the equation:

x = fu(x) = f(x, 1), (1.8)

where p € R. We assume that f, is a C* function that depends on the parameter p.
A bifurcation occurs when a significant alteration in the system’s structure can be
observed, typically resulting from changes in the parameter .

Example 1.14. Consider the first-order equation

X = fu(x) =x% + .

Then, if u = 0, the equation has a single eigenvalue at x = 0. Since f;(0) = 0 and
7(0) = 2 # 0, for u > 0 this equation has no equilibrium points and, for u < 0 has a
pair of equilibrium points ++/—u. Then we have the following bifurcation diagram:

X

4

Figure 2 — Bifurcation diagram for the example 1.14.

We focus on a certain type of bifurcation, called saddle-node bifurcation. In
a saddle-node bifurcation, a distinct behavior can be observed based on the location
of the parameter value p and a specific interval I along the x-axis. The behavior of the
differential equation in this bifurcation can be summarized as follows:

e If u < po, there exist two equilibrium points within the interval I.

e If u = po, there is a single equilibrium point within the interval I.
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e If u > po, there are no equilibrium points within the interval I.

To specifically identify this type of bifurcation, we rely on the following theorem:

Theorem 1.15 (Saddle-Node Bifurcation, (5)). Suppose that

X :fu(x)

is a first-order differential equation for which the following holds:

L fuo(XO) =0;
2. f;io (x0) = 0;
3. fli/o (x0) # 0,

af Ho

4. —
ou

(x0) # 0.

Then, this differential equation undergoes a saddle-node bifurcation at u = py.

Consider the following example:

Example 1.16. Let the system
(1.9

<
Il
|

<

{x = x*+pu

I

-

Figure 3 — Phase-portrait of the system 1.9 when u < 0, u = 0 and p > 0, respectively.

When p = 0, the system described by equation 1.9 possesses a single equilib-
rium point, specifically located at the origin (0, 0). Notably, trajectories along the y -axis
converge towards the origin ast approaches infinity. On the other hand, the remaining
solutions move towards the right and diverge to infinity as t tends to infinity.

In the case where u > 0, the system exhibits x > 0, causing all solutions
to move towards the right. As a result, the equilibrium point ceases to exist. On the
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other hand, when u < 0, a pair of equilibrium points emerges: .1 = (1/—u,0) and
A2 = (—+/—n,0). The point Ay represents a saddle point, while 1, corresponds to a sink,
attracting nearby trajectories.

1.4 First Integrals

In this section, we introduce the concept of a first integral, which plays
a crucial role in the analysis of differential equation systems with non-hyperbolic
equilibrium points. Specifically, when dealing with two-dimensional vector fields, the
phase portraits of the system can be fully characterized by the presence of a first integral.
Consider the vector field of the form

X = f(x),

wherex € U < R"and f € C"(U), r > 1. A function with scalar values F : U — R is
called a first integral of the vector field above, if it is constant along its trajectories, that
is, F(x(t)) = ¢, where x(¢) is a trajectory and ¢ € R. Then, F(x) is a first integral if, and
only if, satisfies

(VF(x), f(x)) =0,

for all points x where F is defined.

Additionally, itis worth noting that the level surfaces of the function F remain
unchanged under the flow of the vector field. As a result, for two-dimensional vector
fields that possess a first integral, the trajectories of the vector field lie entirely within
the level curves of the function F. This property further aids in understanding and
visualizing the behavior of the system.

Figure 4 — 3D plot of the first integral F of the vector field 1.10.
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Example 1.17. Consider the following differential equation system on R?

¥

and the function F : R?> > R given by F(x,y) = x2 +y2%. Let (x(1), y(t)) bea
solution of our system and note that

y
—X

(1.10)

<VF(X’.V)’f(x’y)> = ((2x, 2y), (yr —x)) =2xy — 2yx =0.

Therefore, the function F is the first integral of the system.

1.5 Periodic Orbits and Limit Cycles

As observed earlier, it is convenient to consider the system 1.1 as defining a
dynamical system or a smooth vector field ¢(z, x) on the open subset U. For any point
x € U, the function ¢ (-, x) : R — U represents a trajectory of the system 1.1 passing
through the initial point x in U. We can define the notion of w-limit points and a-limit
points for trajectories of the system 1.1 as follows:

Definition 1.18. A pointp € U is an w-limit point of the trajectory ¢ (-, x) of the system

1.1 if there exists a sequence (t,) € R such that lingO t, = oo and lingO ¢(ty, x) =p.
n— n—

Similarly, a point q € U is an a-limit point of the trajectory ¢ (-, x) if there
exists a sequence (t,) € R such that lingO t, = —oo and lingo ¢(ty, x)=4q.
n— n—

The set of all w-limit points of a trajectory T is called the w-limit set of T,
denoted by w(T). Similarly, the set of all a-limit points of a trajectory T is called the
a-limit set of T, denoted by a(T).

These concepts allow us to analyze the long-term behavior of trajectories
and provide insights into the stability and asymptotic properties of the system.

We can define the concept of a cycle or periodic orbit in the system 1.1 as
follows:

Definition 1.19. A cycle or periodic orbit of the system 1.1 is a closed solution curve
that is not an equilibrium point of 1.1.

A periodic orbitT is called stable if for every € > 0, there exists a neighborhood
U, of T such that forallx € U, andt > 0,d(¢ (¢, x),T) < €. In other words, all trajectories
starting sufficiently close toT remain close toT for all future time.

A periodic orbit is called unstable if it is not stable, meaning that there exist
trajectories starting arbitrarily close toT that eventually diverge fromT.
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A periodic orbit is called asymptotically stable if it is stable and for any point
x in a neighborhood U ofT, the distance between ¢ (t, x) andT approaches zero ast tends
to infinity, i.e., thrg@ d(¢(t,x),T) =0.

The stability properties of a periodic orbit provide information about the
long-term behavior of trajectories in the system and can help us understand the stability
and convergence of solutions. Notice that cycles of the system 1.1 are periodic solutions
of this system. The minimal value T for which ¢/(t + T, x¢) = ¢ (¢, xo) is called the period
of the periodic orbit ¢ (-, x9). We now consider periodic orbits of a planar system 1.1.

Definition 1.20. A limit cycleT in a planar system 1.1 is a cycle of 1.1 that serves as the
a-limit or w-limit set of a trajectory of 1.1, excludingT itself.

A limit cycleT is classified as stable if it is the w-limit set for every trajectory
within a certain neighborhood of T. This means that all trajectories starting sufficiently
close toT convergetoT ast tends to infinity.

Conversely, if T is the a-limit set for every trajectory within a neighborhood of
T, thenT is considered an unstable limit cycle. In this case, trajectories starting sufficiently
close toT diverge fromT ast tends to negative infinity.

Limit cycles play a crucial role in the dynamics of nonlinear systems, repre-
senting recurring patterns or periodic behavior. Their stability properties determine
whether the system’s trajectories converge to or diverge from the cycle, providing valu-
able insights into the long-term behavior of the system.

Example 1.21. Consider the following system of differential equations with o > 0
X =—y+owx(l—x*—y?
y=x+wy(l—x*—y%

Making a polar change of coordinates, we have x = r cos 0 and y = rsinf and the system

¥

Multiplying () by cos 0 and (++) by sinf, we can find i:

s XXty
’

on the new coordinates is:

7 cos @ —rsenff, (»)

isend+rcosff.  (xx)

Similarly, _ ‘
s YX —Xy
=T

Replacing x, %, y, y, we have the new system

{ i =or(l—r?)

0=1
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Solving these ODE’s, we get

1+(

~1/2
r(t,rg) = —l)e_z“”] and 0 =t +c,ceR.

Oﬂl\)l —

Figure 5 — Phase-portrait of the examplel.21.

~1/2

Whenry =1, thenr(t,r) = [1 + % —1|e 2! : =1 = ry. On this initial
valuer(t,1) =1 forallt € R, so the circle of radiusr = 1 is a closed orbit of our system
of period2x. Forr < 1,7(r) > 0 and forr > 1, 7(r) < 0. So the trajectory starting on a
pointr < 1 is increasing. On the other hand, the trajectory starting on a pointr > 1 is

decreasing. So, the limit cycle is stable.

Our last theorem of this section establishes conditions under which the
planar system has no limit cycles.

Theorem 1.22 (Dulac s Criteria, (4)). Let U be a simply connected region on R? and
f € CH(U). If there exists a function g € C*(U) such thatV - (gf) is not identically zero
and does not change its sign in U, then the system 1.1 has no closed orbit lying entirely
inU.

1.6 Predator-Prey Systems

Mathematicians Alfred Lotka and Vito Volterra developed a model that seeks
to solve a very interesting type of problem, the prey-predator problem. This model
deals with two species that share an environment, where prey have plenty of food



Chapter 1. Preliminary 26

available animals and predators feed on prey. Note that a model represented by only two
populations cannot express the different types of events existing in the environment,
thus ignoring important factors such as climate or human actions, but the study of a
simple model is what makes it possible, later, to advance in research to understand
advanced phenomena.

To model the interaction between predators and prey, we consider a system
involving two species: the predators (denoted by y) and the prey (denoted by x). We
make the following assumptions:

* The prey population x is the total food supply for the predators;

¢ In the absence of predators, x grows at a rate proportional to the current popula-
tion, i.e.,if y = 0, X = ax where a > 0;

e When y # 0, x decreases at a rate proportional to the number of predator-prey
encounters.

We can model this system using the differential equation x = ax — bxy, where b > 0 rep-
resents the interaction strength between predators and prey. This equation describes
the dynamics of the prey population.

Next, let’s consider the predator population (y) and make the following
assumptions:

* In the absence of prey, y declines at a rate proportional to the current population,
i.e,ifx =0,y =—cywherec > 0;

e When x # 0, y increases at a rate proportional to the number of predator-prey
encounters.

Combining these assumptions, we arrive at a simplified predator-prey sys-
tem:

(1.11)
y = —cy+dxy.

{ X = ax— bxy
This system captures the dynamics of predator-prey interactions. To study the prop-
erties of such systems, we can refer to the result presented in (5). It provides valuable

insights into the behavior and stability of predator-prey systems.

Theorem 1.23 ((5)). Every solution of the predator-prey system, except for the equilib-
rium point and the coordinate axes, is a closed orbit.



27

Chapter 2

Filippov System

The objective of this chapter is to introduce the fundamental concepts of Fil -
ippov systems. The dynamics of these systems cannot be determined using the classical
theory of smooth dynamical systems. Therefore, the first step in understanding these
systems is to establish the notions of trajectory, orbit, and singularity. In section 2.1,
we define Filippov’s convention, and in section 2.2, we examine the singularities of a
piecewise vector field. Finally, in section 2.3, we extend the concepts of topological
equivalence and topological conjugacy to vector fields.

2.1 Filippov's Convention

Let U be an open bounded subset of R3 andlet K = U be its closure. We
define the set C" (K, R®) as the collection of all C” vector fields X : K — R3. Additionally,
we introduce Q] (K, R?) as the space of piecewise vector fields given by:

X if h 0,
Z(x) = X R = 2.1)
Y(x) if h(x) <0,
Here, X and Y belongto C" (K, R®),and 1 : K — Ris a differentiable function
with zero as a regular value. The notation often used for Equation 2.1is Z = (X,Y),
and it is referred to as a Filippov system. The set = = h~1(0) represents the switching

surface of codimension 1.

It is worth noting that C" (K, R®) is equipped with the C” topology, while
Q) (K, R%) is endowed with the product topology. The switching manifold = can be
divided into regions exhibiting different dynamical behaviors. For any p belonging
to X, we define X h(p) as the Lie derivative of 1(p) in the direction of the vector X (p).
Considering the notation in Equation 2.1, we can state the following:

e 3¢ c X isreferred to as a crossing region if Xh(p)Yh(p) > Oforp € X.
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) L

Figure 6 — Sliding, crossing, and escape regions, respectively.

e ¥° c X isreferred an escaping region if Xh(p)Yh(p) < 0 with Xh(p) > 0 and
Yh(p) <O.

e ¥° < X isreferred as a sliding region if Xh(p)Yh(p) < 0 with Xh(p) < 0 and
Yh(p) > 0.

This definition does not include the points of tangency, which are points where one of
the two vector fields is tangent to Z. These points are on the boundary of the regions
>¢ 2% and X, that we will denote by 0%°, 0Z° and 0X¢, respectively. If p € X, then the
trajectory passing through p is the concatenation of the trajectories of the vectors X
and Y by that point.

Y ' |

Figure 7 — Sketch of the crossing region.

To understand the flow of Z = (X, Y) on the region ¢ U X° we define a new
vector field:

Definition 2.1. In the context above, for allp € ¢ U X° we define the sliding vector field

of Z, called Z, by:

_ Yh(p)X(p) = Xh(p)Y(p)
Yh(p) — Xh(p)

Z(p) 2.2)
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Figure 8 — Sketch of the sliding vector field

To facilitate the analysis of the orbits of the sliding vector fields, it is advan-
tageous to introduce the normalized sliding vector field,

Z(p) = Yh(p)X(p) — Xh(p)Y (p). (2.3)

The normalized sliding vector field has the same phase portrait as Z but with
the direction of the flow reversed in the escape region. So we can define the trajectory
of the Filippov system given by 2.1.

Definition 2.2 (See (6)). Letwz(t, p) be the local trajectory of x = Z (x) passing through
a pointp € R® ata timet € I, © R, whereyz(0,p) = p and0 € I, denotes the interval of
definition of w;(t, p). The Filippov’s conventions can be summarized as follows:

e Ifh(p) > 0 (resp. h(p) < 0), then Z(p) = X(p) (resp. Z(p) = Y(p)), and the
trajectory is defined as v (t, p) = yx(t, p) (resp. yz(t,p) = yy(t,p)) fort € I,.

e Forp € X° such that Xh(p) > 0 and Yh(p) > 0, the trajectory is defined as

yz(t,p) = yy(t,p) fort € I, nt <0 andyy(t,p) = yx(t,p) fort € I, nt > 0.
When Xh(p) < 0 andYh(p) < 0, the definition is the same but with reversed time.

e Forp e 2° U 2 such that Z(p) # 0, the trajectory is defined as w(t, p) = y5(t,p)
fort e I,.

e Forp e 02° U 0%° U 0Z° such that the definitions of trajectories for points in X on
both sides of p can be extended to p and coincide, the trajectory passing through p
is considered to be the same as this extended trajectory. We refer to p as a tangency
regular point.

» For any other pointp wherey,(t,p) = p forallt € R, we have singularities of the
vector fields X, Y, and Z. This includes tangency points in’s that are not regular,
which we refer to as singular tangency points.
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2.2 Singularities

Now we present the definitions of singular points of the Filippov system
Z=(X,Y)eQ.

Definition 2.3. A pointp € X is a tangency point of X if Xh(p) = 0. We say that a
tangency point x € X is a visible fold of X (resp.Y) if (X)*h(x) > 0 (resp. (Y)*h(x) < 0).

N

Figure 9 — A visible and invisible fold regular points of X, respectively.

Reversing the inequalities we call the tangency point invisible fold.

Definition 2.4. A pointp € X is a Z-regular point of the vector field X (resp.Y), if
Xh(p) #0 (resp.Yh(p) #0).

In this case, for a visible fold p € X of X such that p is a -regular point of Y,
we say that p is a fold-regular point of Z with respect to X or a fold-regular point of X.

Figure 10 — A fold-regular point of Z with respect to X

So, the singularities of the Filippov system 2.1 can be classified as follows:

* p € X (resp. Y) such that h(p) > 0 (resp. h(p) < 0) and X (p) = 0 (resp. Y(p) = 0);
e p e x° U 3 such that Z(p) = 0 and we say that p is a pseudo-equilibrium of Z;

* pe 0z U 0zf u 0%’ the tangency points of Z where Xh(p) = 0or Yh(p) = 0.
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Any other point of Z is called a regular point.

Definition 2.5. When p* is a hyperbolic singularity of Z, it is referred to as a hyperbolic
pseudo-equilibrium. Specifically, ifp* € Z° (resp. £°) is an unstable (stable) hyperbolic
focus of Z, then p* is classified as a hyperbolic pseudo-saddle-focus.

2.3 Structural Stability and Topological Conjugacy

We can generalize the concepts of vector fields topologically equivalent of
the section 1.2.

Definition 2.6. Let Z; and Z, € Q'. We say that Z, and Z, are topologically equivalent
if there exists a homeomorphism ¢ : U — U satisfying (Zz,) = Xz, and sending orbits
of Z, to orbits of Z, preserving time orientation.

Definition 2.7. We say that a Filippov System Zy = (Xo, o) € Q' is structurally stable if
there exists an open neighborhood B — Q" of Zy such that, if Z = (X,Y) € B is a Filippov
System, then Z and Zy are topologically equivalent.

Proposition 2.8 (See (7)). GivenZ = (X,Y) € Q; (K, R3),ifq € 02° L %® isa fold-regular
point of Z with respect to X, then the sliding vector field Z is transverse to < at q and
there exists a neighborhoodV of q such thatU =V n (02° U 0Z°) and Z |y is structurally
stable.

Proof. For Z = (X,Y) we denote X,Y € C" by X = (X,X2,X3) and Y = (11, V>, V3).
Consider h(x,y,z) = zand g € £ = h~!(0) such that Xi(g) = 0, X?h(g) > 0 and
Yh(q) # 0. For p € £° U Z° we have the sliding vector field
Z(p) = Yh(p)X(p) — Xh(p)Y(p) _ Ys(p)X(p) — X3(p)Y (p)
Yh(p) — Xh(p) Y3(p) — X3(p)
and Xh(p) = X3(p). Now, for g we have

)

= . WB@X(q)
2@ ==y

- Z(q) = (X1(q), X2(q), 0).
Now,

(Z(q), VXR(q)) = ((X1(q), X2()), (X3 (9), X5 (4)))-

On the other hand, we have

X*h(q) = (VXh(q), X (q)) = (X3 (), X{ (), 0), (X1 (q), X2(q), X3()))-

Since X%h(q) > 0, we have (Z(q), VXh(q)) = X*h(q) > 0 and the sliding vector field Z
is transverse to 0X at q. The structural stability property follows from Proposition 5.2
found in (7). |
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Chapter 3

Sliding Shilnikov Orbit

In order to generalize the study of Shilnikov, Novaes and Teixeira ((8)) defined
an equivalent result for piecewise vector fields, the sliding Shilnikov orbit and analyzed
the behavior of the systems that exhibits such an orbit. In section 3.1, is presented the
sliding Shilnikov orbit and state the main results for this chapter. In section 3.2, we
construct a first return map in the neighborhood of the sliding Shilnikov orbit, which
will be used to prove the theorems in section 3.3.

3.1 Statement of the Results

The following definition introduces the concept of sliding Shilnikov orbit.

0%*

o

ZS

Figure 11 - Sliding Shilnikov orbit.

Definition 3.1 (See (8)). Let Z = (X,Y) be a piecewise continuous vector field having a
hyperbolic pseudo-saddle-focus p* € X° and let g* € 0X° be a visible fold-regular point
of Z with respect to X such that:
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e the backward trajectory of Z starting at q* follows the sliding vector field Z and
converges top*.

* the forward trajectory of Z, starting at q*, intersects the switching surface only at
crossing points before reaching p*. It eventually reaches p* at a finite timety > 0

Through p* and q* we can characterize a sliding loopT. We callT a sliding Shilnikov
orbit. We denoteT* =T n X andT® =T n Z°.

IfZ, = (Xu, Yu) € Q" isa 1-parameter family of Filippov systems breaking the
sliding Shilnikov orbitfor u # 0, then this family is referred to as a splitting of I'y. The first

Figure 12 — A splitting of Ty.

main result in this part demonstrates that if Z, € Q" exhibits a sliding Shilnikov orbit,
then any neighborhood U < Q" of Z; contains infinitely many topological equivalence
classes of vector fields. This result is proven in subsection 3.3.1.

Theorem 3.2 ((8)). Assuming that Zy = (Xo,Yy) € Q" belongs to Q" and has a sliding
Shilnikov orbit Ty, and considering U — Q" be a small neighborhood of Z,, we can
conclude the following:

There exists a function f : U — R, with 0 as a regular value, such that Z € U
admits a sliding Shilnikov orbit ifand only if f (Z) = 0. Moreover, there are in U infinitely
many topological equivalence classes of Filippov vector fields present.

The second main result in this part is a version of Shilnikov’s Theorem
concerning the existence of sliding periodic orbits of Z, that are 1-periodic within
a neighborhood of a sliding Shilnikov orbit. The proof of this result is presented in
subsection 3.3.2.

Theorem 3.3 ((8)). Assuming that Zy = (Xo, Yo) € Q" and has a sliding Shilnikov orbit

Ty, and considering Z,, = (X,,,Y,) € Q" as a splitting of Ty, the following statements hold:

e for u = 0, every neighborhood U — R3 of Ty contains countably infinitely many
sliding periodic orbits of Zy;



Chapter 3. Sliding Shilnikov Orbit 34

e LetW — R3 be a small neighborhood of Ty. Then, for each |u| # 0 sufficiently
small, W contains at least a finite number N (u) > 0 of sliding periodic orbits of
Zyu. Moreover, N (u) — oo when p — 0.

3.2 First Return Map

Studying the first return map in a small neighborhood V' < 0%° of ¢* allows
us to comprehend the behavior of a system near a sliding Shilnikov orbit. Therefore,
consider Zy € Q;, as a Filippov system that possesses a sliding Shilnikov orbit I'y, and
let Z, represent a splitting of I'y.

Consider x; € 2* and v € R® with h(v) > 0. Let y;(t,x;) and yx(t,v) de-
note the solutions of the differential systems induced by Z and X, respectively. These
solutions satisfy the initial conditions:

(0, x5) = x; and yx (0, v) = v.

Take r > 0 sufficiently small such that 7, := B,(g*) n 0% is a subset of the
fold line, where B, (g*) < X is the ball with center g* and radius .

We have the following claim:

Claim 3.4. Forr > 0 sufficiently small, we can find a functiont : n, — R%, such that
wx (t(xs), xs) € X° and this contact is transversal for all x; € ;.

Proof. From Definition 3.1, there exists ty > 0 such that yx (f, ¢*) = p* € £° and the
intersection of this flow with X° is transversal at p*.

So we define the function

f: Rxn —R"
(t’xS) '_’h(wX(t’xS))-

Then, f(t, q*) = h(wx(to, q*)) = h(p*) = 0since p* € X.

Furthermore, pn f(to, q*) = Vh(p™) - X(p*) # 0since p* is a regular point
of X. Then, by the Implicit function theorem, taking an appropriate r, there exists
a function 7 defined on 7, such that r(g*) = t; and f(t, x;) = 0 for all x; € n,. Then,
wx (t(xs), xs) € Z° for every x; € n,. This function 7 is just the time that n, takes to get to
>* under the flow of X. So we proved the claim. |

Now, we define a, := {wx(t(xs), xs); xs € n,} and consider y : n, — a, the
diffeomorphism
y(xs) = yx (7()63), Xs). (3.1)
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Figure 13 — Sketch of the diffeomorphisms y and y,, respectively.

Here this diffeomorphism is well defined because a; is taken as the forward saturation
of . In a similar manner, we can construct a diffeomorphism y, : n — a}. However,
it should be noted that the pseudo-saddle-focus is no longer included within a*.

Claim 3.5. For sufficiently small values of r > 0, the backward saturation of n, through
the flow of Z intersects the curve a, an infinite countable number of times. Moreover, a
first return map n can be defined on a subsetV, 1, that maps into n;.

Proof. Proposition 2.8 establishes that the intersection of I'* and 0Z° at g™ is transversal.
Thus, by choosing a sufficiently small r > 0, the backward saturation 8B, of n, through
the flow of Z converges to p* due to the fact that y5(t, x5) isadiffeomorphism. Therefore

o0
Brna = U]i; (3.2)
i=1

where J; n J; = @ ifi # j and, since p* € a;, lim J; = {p*}.
1—00

For each i € N we define [; := )Fl( Ji) < n,. Since y is a diffeomorphism,
then I; n Ij =gifi ¢jand

lim I; = lim (y ' (J;)) = y ' (lim J;) = {g*}.
1—00 1—00 1—00

Figure 14 — Construction of the intervals J; and I;.
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We point out that there exist a function z; : a,\{p*} — R} such that, for each
y € a;\{p*}, t; is the time such that y; (5 (ys), ys) € 0. Defining

V. = U I (3.3)

ieN

we finally can establish the first return map = : V, — 7, as
7(xs) = Wz (t5 (wx (1(xs), X5)), Y (1(x5), X)) (3.4)

When |u| # 0 is sufficiently small, we can follow the previous procedure to
construct a first return map n, : V! — nf using the splitting system Z,,. However, in
this case, the backward saturation of n! through the flow of Z# intersects a! in a finite
number of connected components. As a result, the set V' will be a finite union of n,,
intervals:

My
vi=)1,
i=1
Here, each interval I/ corresponds to the inverse image of /" under the
diffeomorphism vy,,.

The subsequent result aims to comprehend the behavior of the aforemen-
tioned first return map.

Proposition 3.6 (See (9)). ConsideringV, as defined in 3.3, there exists a sufficiently
smallr > 0 such that |7’ (xs)| > 1 for every x; € V,. As a result, for |u| # 0 sufficiently
small, |7’ (xs)| > 1 holds for every x; € V}'.

Proof. We saw that, for r > 0 small, that the curve a, is transversal to the flow of the
vector field Z and the focus p* is contained in this curve.

Claim 3.7. There exists Ry, R, > 0 such that, for each0 < r < Ry, a first return map
{r 1 ar — ag, is well defined.

Proof. Indeed, since the point p* is a focus of the sliding vector field, we know that, for
a small neighborhood of p*, the trajectories spiral around p* tending to p* in negative
time and, for positive time, these trajectories are increasing. Then, for R; > 0sufficiently
small, there exist > 0 and R, > 0 such that y;(t, ys) € ag, for every point y; € ag,.
Since a, < ag, forall 0 < r < R;, then we can define the first return map

Grar — aR,,

by composing the flow of the sliding vector field . |
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Since p* is a hyperbolic fixed point of {;, define

Z;(xs) = {r(x5) — p’,

and we can see that Zr(p*) = 0. By Theorem 1.9 there exists a neighborhood V' of the
origin and a C!-diffeomorphism H : V' — V' such that

((xs)=HodoH (xy),

with |[1] > 1. As we are just moving our point, the behavior is the same close to p*, so,
without loss of generality, we can assume that there exists a neighborhood V c ag, of
p* and a C!-diffeomorphism H : V — V such that

(r(xs) = Hodo H (xy),

for all x; € V, where |A| > 1.

We can choose 0 < r < R; sufficiently small such that a, < V. So, if
{1 (xs) € V, then ¢f (x) = HAFH ™ (xy)).

Given that the backward saturation B, of n, through the flow of VA converges
to p* € V, we can identify the first connected component of «, that lies entirely within
V n B, as S. The flow of Z induces a diffeomorphism p between S and 7,, while the
flow of X induces a diffeomorphism y (see 3.1) between 7, and a;.

Since p and y are diffeomorphism and S and 75, are compact subsets, so
p’ and y’ admits minimum points. Then, there exists § > 0 and 6x > 0 such that
6 = min{|p'(xs)]; xs € S} and 6x = min{|y’(xs)|; xs € n;}.

Given iy € N, there exists a sufficiently small 0 < r < R; such that (f NS=g

for every 0 < i < iy. Since || > 1 and i is arbitrary, we may assume that &x || > 1.

Finally take YV, as 3.3, for every x; € ‘V;, let m be a positive integer such that
(" (y(xs)) € S. From the continuity of the map (;, there exists a neighborhood W < <V,
of x; such that " (y(w)) € S ¢ V for every w € W. You can see that m > iy. Therefore,
for every w € W, the first return map reads

w(w) = podoy(w)
= p(HA"H™ (y(w))))

Then,

n'(xs) = p'(HA"H '(y(w)))) - (HA"H ' (y(w))))
= P(HW"H '(y(w)))) - (H'(A"H  (y(w))) - A" (H (y(w)) - ¥ (w)
|7’ (x5)| = 6x8|A|™ > 6xS|A|0 > 1.

Then we proved our result. For a splitting the proof is similar. ]
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3.3 Proof of the main results

To establish a common framework for the proofs, we consider the following
assumptions:

Withoutloss of generality, we set h(x, y, z) = zand considerZ = {(x, y,0); x,y €
R} as our switching surface. Let Zy = (Xp, Yo) be a system that possesses a sliding
Shilnikov orbit I'y. This orbit connects the hyperbolic pseudo-saddle-focus p* = (0,0, 0) €
>* (or 2°) to itself and includes the visible fold-regular point g* of Z; with respect to Xp.
Additionally, we assume that the orbit of Z; connecting p* to g* intersects the switching
surface X only at p* and g*.

Let U < Q' be a small neighborhood of Zj. According to the structural
stability property of a fold-regular point (see Proposition 2.8), for each Z = (X,Y) € U,
there exists a fold-regular point g; that lies on a curve of fold-regular points nZ, where
n? — nrand g5 — q* as Z — Zp.

Similar to the approach used in section 3.2, we can deduce that the backward
trajectories of Z starting at points on n? converge to p,, and the forward trajectories of
X, starting at points on nZ, intersect the switching surface transversely along a curve
denoted as a’. Thus, as Z — Zy, we have a” — a;. It follows that Z possesses a sliding
Shilnikov orbit if, and only if, p}, € af.

3.3.1 Proof of Theorem 3.2

Proof. For simplicity, let us consider a; as the curve {(x,0,0) | —r < x < r}. Now, for
any Z e U, the curve a can be represented as a graph y = gz(x) = ¢f + ¢ x + O2(x),

where clzo = CZZO =0, and c; and ¢, are chosen to be sufficiently small in R.

Denote the pseudo-equilibrium p; = (x, y;, 0), then we define the function
f by:
f: U—- R

(3.5)
Z— g7(xz)— Yz

Then f is a C! function and f(Zy) = gz, — ¥z, = 0. To finish the proof, we have to show
that 0 is a regular value of f, i.e, the linear transformation f’ is surjective for every
Z e fX0).

Let Z € U satisfying f(Z) = 0 and take V € Q'. Then, there exist a smooth
curve Z(7) € Q" such that Z(0) = Z and Z'(0) = V. So the derivative of f at Z in the
direction V is given by:

f(Z(T))—f(Z).

FI(2) -V = 2= F(Z(0) o= lim T
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Now, exists 7 > 0 such that Pz(r) =(0,0,0) and gz(r)(xz(+)) = T because the
pseudo-equilibrium p;(r) is not contained in a” (' Then we get that f(Z(7)) = T and,
therefore, f'(Z) - V = 1. This implies that f’(Z) is surjective for every Z € f~1(0), and 0
is a regular value of f.

Consider the splitting Z,, of the sliding Shilnikov orbit I'y. Since the pseudo
equilibrium p,, of Zu is not contained in a! for u # 0, we can observe that the saturation
of n¥ through the backward flow of Zu intersects aj, in a finite number of disjoint sets,
as shown in 3.2. Let n, denote the number of such intersections. Thus, we can find
trajectories of Zy starting at 7}’ that intersect a; in exactly n, points. Furthermore, it
can be noted that the intersection between a! and any trajectory of Zu starting at n}'
contains at most n,, points.

If Z1, Z, € U are topologically equivalent, then the curves 77! and a/* are
mapped to the curves 572 and a2, respectively. As a result, we have Ny, = Ny,,indicating
that the number of intersections between a’' and trajectories of Z; starting at n? is
equal to the number of intersections between a2 and trajectories of Z, starting at 12
This implies the existence of infinitely many topological equivalence classes of Filippov
vector fields in any neighborhood U < Q' of Z. Therefore, the proofis concluded.

3.3.2 Proof of Theorem 3.3

Proof. Using the notation of section 3.2, we are going to prove the first statement of
Theorem 3.3. For x; € = and v € R3 let y5(t, x5) and yx (¢, v) be the flows of Z and X,
respectively. If we consider x; € I;, then there exists ¢ (x;) < 0 and tiX (x5) < 0 such that
&i(xs) = w5 (87 (x5), X5) € J; and yx (15 (x5), &(x5)) € I;. So, define

$i(xs) = WX(tiX(xs)» &i(xs)).

Notice that ¢; isa C” function and, for each i € N, if y € I; and x = ¢;(y), then
m(x) = m(pi(y) = m(yx (5 (), &) = y.

This property implies that a fixed point of ¢; is also a fixed point of 7. By
the Brouwer fixed point theorem, since ¢; is defined from a compact set to itself, for
each i there exists g; € I; such that ¢;(g;) = g;. Consequently, we have n(q;) = g;, which
means that g; is a fixed point of 7. Therefore, we obtain a sliding periodic orbit in I;.

Continuing with this construction, we obtain a sequence (¢;);-,, where g; €
I; and n(q;) = g;. It is worth noting that g; converges to g*. Thus, every neighborhood
of Iy contains countably infinitely many sliding periodic orbits of Z;.
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For the second statement, consider a splitting of 'y denoted as Z,,, where
p,, is not contained in a;'". Let us define the intersection S}’ n a;' » W as a collection of
finite disjoint sets J;, with n, sets in total. As u approaches zero, the value of n, tends
to infinity. By observing that the sliding periodic orbits for each Z, correspond to the
fixed points of ¢! (x3') = yx, (tl.X” (x4), &' (xf)), we can conclude the proof. n
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Chapter 4

Chaotic Behavior Close to a Sliding
Shilnikov Orbit

The purpose of this chapter is to demonstrate that a vector field exhibiting a
sliding Shilnikov orbit displays a peculiar behavior referred, in some contexts, to as
chaos. In Section 4.1, we state the main result for this chapter developed by Novaes,
Ponce and Varao, see (9), and introduce fundamental definitions that will be utilized to
assess the chaotic nature of a system. In Section 4.2, we review properties of functions
that preserve measure on a probability space. Additionally, in Section 4.2.1, we establish
a class of measure-preserving functions known as ergodic functions and provide an
example of such functions known as the Bernoulli shift. Finally, in Section 4.3, we
present a proof of the main result.

4.1 Statement of the Results

The chaotic behavior of a dynamical system is typically characterized by
the presence of an invariant set where the dynamics are transitive, sensitivity to initial
conditions, and set of periodic points is dense. The main result of this chapter guaran-
tees that a Filippov system exhibiting a sliding Shilnikov orbit indeed possesses these
properties and thus has this type of chaotic behavior.

Theorem 4.1 ((9)). LetZ = (X,Y) € Q" be a Filippov system and assume that Z admits
a sliding Shilnikov orbitT. Denote by r the first return map defined onV, in the vicinity
of q*. For sufficiently smallr > 0, there exists a set A — Vr satisfying the following
properties:

e Foreachn € N, there exists a n-invariant Cantor set \,, — A such thatn | A, is
conjugate to the shift on X, x X’. In other words, there exists a homeomorphism
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hy : 2o x £y — A, such thath,, o 0, = w o h,,. Consequently, the dynamics on A,
are transitive, sensitive to initial conditions, and have dense periodic points.

e There exists a homeomorphismh : , x 2 — A = UA” that conjugates the
n

dynamics of o and . Moreover, AL g™ is acompact set. In particular, the topological
entropy of n is infinite.

In light of the aforementioned theorem, let us introduce the following defi-
nitions:

1. Invariant Set: A subset A of the state space is said to be an invariant set under a
map or flow if, once a point belongs to A, its image under the map or flow also
belongs to A;

2. Topologically Transitivity: A dynamical system is topologically transitive on an
invariant set A if for every pair of nonempty open sets U and V in A, there exist
x € U, atrajectory of ¢(t, x) of the system and #, > 0 such that ¢(#, x) € V;

3. Sensitivity to Initial Conditions: Sensitivity to initial conditions refers to the
property of a dynamical system where arbitrarily close initial conditions can lead
to significantly different trajectories over time;

4. Dense Periodic Points: A set of periodic points is said to be dense if it is densely
distributed in the state space, meaning that for any open subset of the state space,
there exists at least one periodic point within that subset.

These definitions lay the foundation for understanding the behavior of the
first return map  in relation to the sliding Shilnikov orbit and establish the chaotic
nature of the Filippov system.

We are going to introduce some basic notions and results that we use to
prove Theorem 4.1.

4.2 Measure-Preserving Maps

In this section we present the concepts of probability space and measure
preserving maps.

Definition 4.2. A probability space is a triple (X, A, L), where X is a topological space,
A isa o-algebra and A is a measure on (X, A) such that \(X) = 1.

Given (X, A, 1), the probability of an event in some set B occurring is A(B).
We recall the definition of a measurable map:
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Definition 4.3. Let (X, A, 1) and (Y, M, v) be probability spacesand f : X — Y. We
say that f is measurable if for all B € M, f ' (B) € A and we say that f is measure-
preserving if forall Be M, A(f~YX(B)) = v(B).

To understand the notion of a measure-preserving map, let us consider an
intuitive example:

Example 4.4. Consider S' = R/Z the unit circle. We can put the normal Lebesgue
measure from the real line onto S'. DefineR, : S — S whereR,([x]) = [x + a], for
a € R. SoR, is the rotation of the circle by a.

We observe that R, is measurable. Furthermore, R, is measure-preserving
with respect to the Lebesgue measure. Indeed, notice that rotation does not change arc
length. Thus, the pre-image of any measurable set ifs just a collection of arcs of the same
length.

4.2.1 Ergodicity

In this subsection, we will define a sub-class of measure-preserving maps
called ergodic maps. Ergodicity is a crucial property in dynamical systems as it signifies
that the dynamics cannot be “broken down” into simpler or reducible measurable
dynamics. It implies a specific type of chaos within the system with respect to a given
measure. Let (X, A, 1) be a probability space.

Definition 4.5. Amap f : X — X is ergodic if f is measure-preserving and for every
B € A such that f~1(B) = B(mod (0)), then either A(B) = 0 or A(B) = 1.

Ergodicity is clearly a stronger condition for maps than being measure-
preserving. In fact, let us consider what happens if f is measure-preserving but not
ergodic. Then, there exist at least one set B € A such that A(B) € (0,1) and f~!(B) = B.
But note that A(X\B) € (0, 1) and f ! (X\B) = X\B. Thus, we can break such map f into
two simpler maps f |g and f [x\p-

With the notation of Theorem 4.4 we have the following lemma.

Lemma 4.6. Consider the circle S = R/Z with Lebesgue measure and the standard
Borel o -algebra. Let a € R\Q an irrational number. Then the rotation by a, denoted by
Ra, 1s ergodic.

Proof. Itis an elementary result in dynamics that the orbit under R, of every point in
S'is dense. Thus, na mod Z is dense in S' for all n € N. Let B = S' such that R,(B) = B.
Fix ¢ > 0, then there exists a continuous function f € L!(S!) (because continuous
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functions are dense in L') such that

| f—axslhi<e

Because B is invariant under R,, we can apply the triangle inequality to see that
I foRe—FIhs<llfoRg—xs i+l xs—fIh<2e

Notice that, R} = x + na mod Z, so we have that

| f(x+na) - f(x) |h<2e

forall n € N and x € S'. Because the orbit na is dense in S! and f is continuous, we
have that
| f(x+t— f(x)|h<2e (4.1)

forall t € S'. We can apply Fubini’s theorem to see that

/l f(x)— f(x+1t)dt | dx
/ | f(x)— f(x+1)|dxdt

< 2¢

If- / Fdr I

N

where the last inequality holds by 4.1. Notice that our choice of f gives us that

| xs —flh<eand || f(¢)dt — p(B) 1< e.

Therefore, applying the triangle inequality we have

e = 0B <l o~ £ 141 £ = [ fode 1l [ fode - i) 1< te

Because our choice of € was arbitrary, we must have that y is constant almost every-
where. Hence, u(B) is either 0 or 1 and R,, is ergodic. [

4.2.2 Bernoulli Shifts

In this subsection, we will examine the behavior of the one-sided Bernoulli
shift and establish its ergodicity. Let us begin by defining the relevant sets. Given a
natural number n € N* := N\{0}, we define X = {0,1,...,n — 1} and X* = {1,..., n}.
We denote the space of all sequences of natural numbers between 0 and n — 1 as
2, =1{0,1,...,n—1}", and theset =} = {1,..., n}".

These sets are countable product spaces, where each coordinate takes values
from a discrete compact set. By Tychonoff’s theorem, see (10), both %, and X} are
compact, equipped with the product topology induced by the discrete topology on the
spaces X and X*, respectively.
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We can define a metric in this space that generates the product topology as
follows:

d:3, x%, >R

0, ifx; = y;forall j e N,
4 {Cspjens (yeien) = S where m = max{a e N : x(i) = y(i),]i] < a)
This metric quantifies the difference between two sequences by considering the first
index at which they differ. If the sequences are identical, the distance is zero. Otherwise,
the distance is determined by the reciprocal of the power of 2 corresponding to the

first differing index.

We can interpret each element of X as a possible outcome of an experiment.
Let each outcome have probability py, ..., p,—1, respectively. In particular we have:

We will use these probabilities to construct a probability measure on X,,. Let A be our
o-algebra (the set of all subsets of X) and for B € A we define

p(B)= > py
XEB

where py is the probability of event x. A probability measure u on X, can be constructed
by extending our measure of X.

Definition 4.7. Given j € N and m values a, ..., an, € X, a cylinder is the set defined by
C(jsar, ... am) ={(x)i eN: Xjp1 = a1, Xj12 = A2, o0, Xjym = A}

The disjoint union of such cylinder sets form an algebra which generates
the Borel o-algebra on Z,,. Thus, we can take u as the product measure p". This mea-
sure is characterized by its values on cylinders. So, the measure u of some cylinder
C(j; a1, ..., am) is given by

m
p(C(j;ar, ... am)) = Hpﬂi'
i=1

Such p is called a Bernoulli measure. Acting on X, we will consider a class of maps
that “shift” the position of a sequence to the left or the right by some integer amount.

Definition 4.8. The one-sided Bernoulli shifto : X, — X, is the transformation where,
Jorany (xj) € Zn, o((x})) = (Xj+1)-
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Now we can see that ¢ is measure-preserving for any Bernoulli shifto : Z,, —
>,.Infact, fixk e Nand ay, ..., a,, € X. Let C(k; ay, ..., an) be a cylinder set. Then

o Y(C(k;ay,...am)) = C(k +1;ai, ... am),

SO,

m
pC(k+Ta1,.am) = | | pa = p(C U ar, ... am)).
i=1

So o is measure-preserving.

Theorem 4.9. In the above notation, the left shift o is ergodic under the Bernoulli mea-
sure .

A proof of this result can be found at (11) but we shall prove it for the reader’s
convenience.

Proof. Suppose Ainthe o-algebra generated by unions of cylinder and suppose 0~ (A) =
A. We will show that u(A) = 0 or u(A) = 1 by showing that u(A)? = u(A). Fixe > 0, so
k

we can choose a finite union of cylinder sets C := U{Cf} such that
=1

u(As0) < 4,

where AAC = (A\C) u (C\A) is the symmetric difference. Now we can see that

|u(A) = u(C)| = [u(A\C)+p(An C) — (u(C\A) + (A n C))]
= |uW(A\C) + pu(An C) — u(C\A) — p(An O)|
= |u(A\C) — u(C\A)| 4.2)
< LEL(A\C) + u(C\A)
< 7

How C is a finite union of cylinders, which have finite coordinates that contribute to
the measure of C, then there exists m € Nand B € X,, such that B= 0~ ""(C) and

u(AaB) = p(Ano~"(C)) = (o~ " (A)ao™"(C)) = u(AaC) (4.3)

because 0 '(A) = A and o is measure-preserving. We point out that y(B n C) =
p(B)u(C) = p(C)? because C and B are disjoint in the portions that contribute to
their measures. Now we observe that

AA(C A B) = (A\(C n B)) U ((C n B)\A) = (AaC) U (AAB) (4.4)
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and by 4.2 and 4.3, u(AA(C n B)) < g Finally,

|u(A) — p(A)?| = |u(A) — p(C n B) + u(C N B) — u(4)?|

< |p(A) — p(C A B)| +|p(C n B) — p(A)?|
< 5 +1u(C)? = u(ay?
- g +|p(0)? = WA p(C) + p(A) p(C) — u(A)?|
< g + (O u(C) — p(A)]+ A [|u(C) — u(A)]
< S +20u(C) - p(A)|
< e

Because ¢ is arbitrary, we have that u(A) = u(A)? and the shift map o is ergodic. ]

In the context of a probability space, a measurable automorphism f : X — X
isreferred to as a Bernoulli automorphism if it is measurable isomorphic to a Bernoulli
shift o : £, — X, thatis, f exhibits similar dynamical properties as the Bernoulli shift
on a finite symbolic space %,,.

To prove our main result of this chapter we will work with the spaces 2, x X7.
For each n € N*, on each X, x X; we have the shift on two-coordinates

o (%)), (Ym)) = ((xj41), (Ym+1))-

Let us define
sh = U SF = ({xi}i | AL e Ry | x; |< L, x; € N*Vi}.
neN*

We consider the two coordinates shift
g:3 x 2P 3, x =P,

To simplify the notation, we will denote the restriction of the Bernoulli shift ¢ to the
space Xy x X as oy.

The topological entropy is a crucial numerical invariant that is closely asso-
ciated with the growth of orbits in a dynamical system. It quantifies the exponential
rate at which the number of distinguishable orbit segments grows when observed with
arbitrary but finite precision. In essence, the topological entropy provides a measure of
the overall exponential complexity of the orbit structure using a single numerical value.
It offers valuable insights into the intricate dynamics and complexity of a system’s
orbits.

Definition 4.10. For a compact o -invariant setY — X, x =¥ we define the topological
entropy of o |y as

.1
h0'|r = I’}l—lirolo ;#Pern(a |Y))
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where#Per, (o |y) means the number of periodic points of period n.

As a observation, in the case of the Bernoulli shift o : £, — %, h, = log(n).

4.3 Proof of Theorem 4.1

Proof. Considering the Filippov system X = Z(x) given by 2.1, we denote by ¢(t, x)
its solution satisfying the initial value ¢(0, x) = x. Assuming that Z contains a sliding
Shilnikov orbit T, let p* € =° be a hyperbolic pseudo-saddle-focus, and g* € 0X° be a
visible fold point of Z with respect to X, as defined in Definition 3.1.

Consider a neighborhood n < 0%° of g* for which the first return map 7 is
well-defined. Let a be the forward saturation of n through the flow of X that intersects
>. We will denote the endpoints of n by gp and ¢;, and represent n as [qo, g1]. According
to Theorem 3.3, the set of points in 1 that return infinitely many times to n through the
forward (Filippov) flow of Z is non-empty. Let us denote this set by A, i.e.,

A={x;en|Htn}n tn — 0, d(ty, x5) € n}.

We define 19 = [q0, ¢*] and 11 = [¢”, g1], and consider ap and a; as the intersections of
> with the forward saturation of n9 and 7, respectively. For a point x; € A, we denote
by u.(xs), where x € {0, 1}, as the number of intersections that the forward flow orbit
of x; has with a, before returning to A. In other words,

P (xs) = #H{P(E,x5) N s 0 <t <y},

where ¢, is the first return time of ¢ (zy,, xs) on A.
Notice that p, (x;) counts the amount of times that the flow of Z intersects
a,. Our aim is to construct a map
hp:Zp x £F — A,
that will conjugate the dynamics of o, with . Fix a natural number n > 0 and take a
point (u,v) = ((u;), (vj)) € 2 x Z;. We will define h,((u, v)) by a limit process.

Define Py(u, v) as the points which are in n,,, thatis, Py(u, v) = 1y,. So, if
up = 0 (resp. up = 1), then n,, = no (resp. ny, = m). Now, define P, (u, v) as the points
which are in 7,,, and, before arriving by the first return map to n,,, touches v, times the
segment a,,, that is,

P1(u,v) = {x5 € Po(u, v); pyy (X5) = vo, T(Xs) € My }-

For example, if we consider (u,v) = ((0,1,---),(3,---)), we have Py(u,v) = no and
Pi(u,v) = {xs € no; p1(xs) = 3, w(xs) € M}
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Figure 15 - Example foru = (0,1,---)andv = (3, ).

In general, we define

P (1, v) = {x5 € Pp(u,v); py,,,, (Xs) = U, nm”(xs) € Nuppr }-

Now, if we define the following set
P(u,v) := ﬂPi(u, v), (4.5)
ieN
we get that P(u, v) is a point or a interval since P;(u,v) < P;_1(u,v) and each P;(u, v) is
a closed interval. We want to show that P(u, v) is, in fact, a point.
Claim 4.11. IfP(u,v) n P(u',V') # &, then P(u,v) = P(u',v'). In particular, (u,v) =

(u',v).

Proof. Indeed, we can see that the set P(u, v) is uniquely defined by the behavior of a
orbit passing through the point (u, v). So, if there exists a point (x, y) € P(u, v)nP(u/, V),
then P(u/,v’) there must be the same set of P(u, v). n

Claim 4.12. n(P(u,v)) is of the form P(u', V).

Proof. In fact

n(P(u,v)) :n(ﬂpi((uﬂ,(v,-))): (ﬂn(ﬂ((uj),(vj))))

1

= (P, wwp) = () Pil(ajar), (v522)) (4.6
= Pl(a(u, v)). l
And this concludes our lemma with (v/,v') = o(u, v). [

Claim 4.13. Ifn : A — A is such that |n'(x;)| > 1 for all x; € A, then P(u,v) is a point
forall (u,v) e T, x Z}.
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Proof. Let us consider ¢ as the length measure. We have to show that ¢(P(u,v)) = 0.
Suppose by absurd that ¢(P(u,v)) > 0, then ¢(n(P(u,v))) > €(P(u,v)) > 0. But,
by construction, since 7" (P(u,v)) < nand €(n) = |q1 — qo| < oo, then the family
{n"(P(u,v))} cannot be pairwise disjoint. In fact, if it could be, we would have

1 — qol = ¢(m) = e(|J7"(P(w,v)) = ) 0(x"(P(u,0)) > ) L(P(u,v)) = o=,

and it is an absurd.
Therefore, there must exist ny and n; such that
a™(P(u,v)) na™(P(u,v)) # J.
So by the above lemmas
a™(P(u,v)) = n"(P(u,v)),
and 7" (P(u,v)) = P(u, v) which cannot happen since |7’| > 1. Hence ¢(P(u,v)) =0
and P(u, v) is a point. ]
Defining
Bp:S x 25— A
(u,v) — P(u,v),

by Theorem 3.6 we know that if gy and ¢, are sufficiently close to g*, then |z’| > 1 onn.
This ensures that the functions #,, are well-defined, as stated in the lemma.

Now, considering that the domain of k,,,; contains the domain of &, and
these two functions coincide on the domain of #,, by construction, we can define a
function h : =, x =¥ — A as follows:

(u,v) — hy(u,v), if (u,v) € Z, x =,

Therefore, the function & is well-defined. Moreover, since we have proven that 7 (P (u, v)) =
P(o(u,v)) implies 7 o hy, = hy, o gy, itfollows that r o h = h o 0.

Claim 4.14. The maps h, and h are continuous.

Proof. Let (u,v) € £, x ) and € > 0. So we have
hy,(u,v) = P(u,v) = ﬂPi(u, v),
i

and consider n, such that P, (u,v) = (—¢ + hp(u,v), hy(u,v) + €) n A < n, whichisa
open setin A. We have to show that the preimage of P,,, is an open setin X, x Z;. Indeed,
let ‘W(,,,) be aneighborhood of (1, v) in X, x X given by the cylinder

W) ={(x,1); xi = ui, yis1 = Vis1, i € {0,1, .., 1}
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And the continuity follows since
hn(w(u,v)) = Png-
The proof for the continuity of & is the same. ]

Claim 4.15. Maps h,, and h are homeomorphisms onto their image.

Proof. To establish the homeomorphism property of ,, : £, x £, — A,, we can
demonstrate its injectivity based on Theorem 4.11. Additionally, we can show that the
inverse of h,, is continuous.

To illustrate the continuity of the inverse, let’s consider a point k,(u, v) and
a neighborhood U(u, v) containing (u, v). Here, (x, y) € U(u, v) indicates that the first
digits of the sequences (u, v) and (x, y) coincide.

By exploiting the continuity of the flow, we can assert that for points suffi-
ciently close to h, (u, v), their trajectories must align with the predetermined trajectory
associated with (u, v). As a result, the continuity property naturally follows.

In a similar manner, we can establish the homeomorphism property for A,
analogous to the case of h,,.

The above lemmas imply Theorem 4.1.
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Chapter 5

Sliding Shilnikov Orbit in Filippov
Predator-Prey Model

In this chapteris presented a biological model that exhibits a sliding Shilnikov
Orbit. In the field of ecology, the concept of prey switching refers to the adaptive be-
havior of predators, where they adjust their habitat or diet based on the abundance of
available prey.

This model focuses on ciliates, a type of protist characterized by their animal-
like behavior. These single-celled organisms are commonly found in aquatic environ-
ments and play a significant role in linking the lower and higher levels of marine and
freshwater food webs. The investigation is specifically centered around Lake Con-
stance, located on the border of Germany, Switzerland, and Austria. This lake has been
a subject of scientific study for many years, and based on the existing data, Pilts et
al.,(12), developed a model that captures the dynamics between a predator, its pre-
ferred prey, and alternative prey. This model incorporates a linear trade-off mechanism
that quantifies the predator’s preference between the two types of prey.

Carvalho, Gongalves and Novaes proved in (13) that a dynamical predator-
prey model that incorporates a linear trade-off in the predator’s preference for different
types of prey admites a Sliding Shilnikov Orbit, which is the main result of this chapter.

First, we consider u = (p1, po, P)T, where (py, p2, P) € [R;o’r, then

u=27u)
where

Z(u) = { ((n = p1P)p1, rop2, (eqifprp1r — m)P) if h(p1,p2, P) >0, (5.1)
(np1, (r2 — B2P)p2, (eqafop2 — m)P) if h(p1,p2, P) <O.
with h(p1, p2, P) = p1p1 — aqP2p2.
The switching manifold here is the plane h~1(0) and the variables of model

5.1, p1, p2 and P represents the density of preferred prey, alternative prey and predator
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population, respectively. The parameters q; > 0 represent the preference for prey
i € {1,2}, and a, > 0 is the slope of the preference trade-off. The intercept of the
preference trade-off b, = g» — a,q1 is assumed to satisfy b, > 0. Furthermore, e > 0 is
the proportion of predation that goes into predator growth, ; > 0 and g, > 0 are the
death rates of the preferred prey and alternative prey due to predation, respectively.
Now, m > 0 is the predator per capita death rate per day and r; > r» > 0 are the per
capita growth rates of the preferred and alternative prey, respectively.

We can see that the parameters of the system 5.1 are of the form

6 = (rl’ r2, Clq, 0]1,612,,31,,32, m, e) € R% X Rl?;q X Rf_ = M;
where R? = {(r,12) € R%;r, < r»} and [R{‘Zq ={(aq q1,q2) € R3; g2 = agqu}-

We introduce the main result of this chapter:

Theorem 5.1 ((13)). There exists a codimension one submanifold N of M such that the
Filippov system 5.1 possesses a sliding Shilnikov orbit whenever ¢ € N. Moreover, there
exists a neighborhood U — M of N such that the Filippov system 5.1 behaves chaotically
whenever ¢ € U.

5.1 Proof of Theorem 5.1

First, we make the following change of variables:

x =p1p1, ¥ = agfap2 and z = f1 P.

So, we have
X =pipr, ¥ = agfep. and z = 1 P.

In these new variables, the system 5.1 is given by:

Z(x,y,2) = { X'oy,2) o if h(xy,2) >0, (5.2)
X (x,y,2) ,if h(xyz) <O0.
where
X' (x,y,2) = ((n-—2)x, ny, (eqix —m)z),
e = e o ) (29 m)).

and h(x,y,z) =x —y.

Now the switching manifold X is given by the plan {(x, x,z) € R%x > 0,z >
0}. Since we are searching for a sliding Shilnikov orbit, we wnat to show that the system
5.2 satisfy the properties given in Definition 3.1. First, we are going to study the behavior
of the vector fields and their contacts with the switching manifold .
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5.1.1 Singularities of the system 5.2.

We point out that the behavior of a flow of the vector field X*(x, y, z) can be
understood by studying the behavior of the restricted vector field

Xt (x,2) = ((r — 2)x, (eqix — m)z),
since the system given by X*(x, y, z) is decoupled with respect to y. The equilibrium
points of X*(x, z) are Ey = (0,0) and E; = (%, rl). The Jacobian matrix associated
1
with this vector field is given by

DX*(x, z) = ( noe T ) (5.3)
eqiz eqix —m

and DX*(Ey) have eigenvalues A} = r; and A2 = —m with eigenvectors (1,0) and (0, 1),
respectively. By Theorem 1.8, the equilibrium Ej is topologically equivalent to a saddle
point. On the other hand, the equilibrium E; has pure imaginary eigenvalues, 1] =
iy/mri and A7 = —iy/mr1, so we cannot use Theorem 1.8 is this case. To study the
behavior of the equilibrium point E; we shall construct a first integral for the vector
field as in section 1.4. Define
F:R* - R
5.4
(x,z2) — eqix+z— mlog (eq?m) —r log (ri) —(m+n), 64
1

So we can calculate

(VF(x),X*(x, 2))

<(e671xx— m z —Z rl) ,((n — 2)x, (eqix — m)z)>

(eq1x — m)(n — z) +(z — n)(eqix — m)
0.

It implies that the behavior close to the point E; is a center type. Since
the system X* is decoupled with respect to y and the solution of y = r,y is given by
y(t) = yoe™" with yo > 0, then when t — o, y(t) — o and the trajectories of X* spiral
from {(x, 0, z); x > 0,z > 0} on the y direction until cross X.

5.1.2 Contact points of X* and X~ with X.

Now we have to calculate the Lie derivative of our vector fields with respect
to the function h to determine tangency points. Note that we are looking for visible
fold regular points of Z with respect to X*. Let p = (x, x, z) € Z, then the Lie derivative
of our vector fields are given by

X"h(p) =((1,-1,0), X" (p)) = (n — 2)x — nnx = (1 — r2 — 2)x,
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and

X"h(p) ={(1,-1,0), X" (p)) = nx — (rz - @z)x = (r1 — T+ &z) X.
pr p1

Solving X*h(p) = 0, the tangency points of the vector field X* are living on
thelines S7 = {(0,0,2);z > 0} and S; = {(x, x,r1 — r2);x > 0}
In the same way, the tangency points of the vector X~ are on thelines S; = S}

and S, = {(x, X, W) PX > 0}. How r; > r» > 0 and we are considering points
2

with positive coordinates, the curve S, is not contained on our interested domain.
Studying the sign of the Lie derivative, we have, for p € Z, the following:

* X*h(p) >0=2z<r1 —1;

* X°h(p) <0<=2z>r1 —1
Pi1(r2 — 1)
p2

P1(r2 — 1) -0

B2

* X h(p)>0<=2z>
* X hp)<0ez<

Then the switching manifold can be partitioned into two open regions:

ZC=X"h(p)X h(p) >0={(x,x,2);0 <z <1 — 12},

and
=X"h(p)X h(p) <0={(x,x,2);z2>r — 12}

The tangency points that we are interested in are on the boundary of the sliding region,
so they are in Sjto to. Solving the Lie derivative of order 2 with respect of the vector
field X" for a point g € S;, we have:

(X*)?h(q) = (VX" h(q), X*(9)) = (0,0, —x), X*(q)) = —x(equx — m)(r — 12).

So
(X*)2h(g) =0 < x=0orx = ~-.
eqi
Then, for0 < x < %, we have that (X*)?h(g) > 0 and we define a subset of the
1
curve Sg of visible fold points as S, = {(x, x,r—1n)0<x< %} Our first result of
1

this section proves that the forward saturation of any point in S; through the flow of
X" intersects transversely the switching manifold X in finite time:
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Claim 5.2. Letxg € |0, %) . The forward trajectory of X* passing through (xo, xo, 11 — 12)
1

intersects the switching manifold X transversely at a point denoted as

u(xo) = (u(xo), u(xp), v(xo)).

In other words, the saturation of S, through the forward flow of X* intersects X trans-
m .
versely along the curve {u(xp); 0 < xp < 7}. Furthermore, the following statements
eqi

hold:

m . m
1. Forxy < — sufficiently close to —, we have
eqi eqi

2
u(xo):ﬂ_s(xo_ﬂ)m(xo_ﬂ) ,
eq1 eq1 eq1
2
Mm)=n—m+0(m—lz);
eqi

2. Givenxy € (0, %), forry > 0 sufficiently small, we have
1

u(xp) = xo + O(r2),

v(x0) = 11+ ((2nT(x0)(m — eqixo))r2)/? + O(r;'%),

Here, T (xo) represents the period, whenr, = 0, of the solution (x(t, xo, 12), z2(t, X9, 12)).

Proof. Take (xg, xo, 1 — 12) € S;. The construction of the proof uses the parameter r;, to
control the trajectory of the vector field X* and it will be a bifurcation parameter value.

Let ¢(t, xo,12) = (x(t,x0, 12), y(t, x0, 12), 2(t, X9, 2)) be the solution of X*
such that ¢(0, xo, 72) = (x0, X9, 1 — 12). Notice that:

ox

5(0, x0,12) = ((r — z(t, x0,12))x(t, X0, 72)) |t=0= r2Xo;

0%x 0z 0x

W(O, X0, 12) = —E(t,xo, r2)x(t, xo, 12) + (11 — z(t, Xo, rz))g(l‘,xo, 12) | l=0

= —(eqixo — m)(r1 — 12)Xg + ryXo
= rZx0 + Xo(r1 — 12) (M — eq1%0);
0
%(0, X0, 12) = 12y(0, X0, 12) = I2Xo;
32)’ dy 2
.0 0) ’ = A, 0) ’ = .
2 (0,x0,72) =12 ﬁt( Xo, I2) = I'; Xo

Then we have
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® X(O, X0, rZ) = J/(O, X0, rZ))

0x 0
E(O’ X0, rZ) - 5(0! X0, r2);
0’x 2y

® atz (0! X0, rZ) > ﬁ((’) X0, rZ)'

For ¢t > 0 sufficiently small, we have x(¢, xo, 2) > y(¢, xo, 12). We point out that the
solution x(t, xo, r2) is bounded for every 0 < xp < g, Since the equilibrium point E;
1

is a center, and the solution y(t, xo, 2) is unbounded increasing. Then, it must exist
t1 (xp, r2) > 0 such that

x(t1(x0, 12), X0, 12) = y(t1(x0, 12), X0, I'2)
— xoerztl(xoyrz).

(5.5)

So for each xo we have that exists a time ¢;(xp, r2) such that the trajectory passing
tangentially by (xg, xo, 1 — 12) reaches transversely the switching manifold X at a point

(P(tl (XO, rZ)’ X0, rZ)'
Then we define ’u(xo) = (p(l'l (xO, rz), X0, rg), where u(xo) = X(tl (X(), TZ)) X0, rZ)
and v(xg) = z(t1(xg, 12), X0, 72).

For the second part of the lemma we have to prove that the Taylor series of
u(xp) around % is given by
1

2
m m m
M(XQ):e—ql—g(X()—e—ql)+0(XO—e—ql) .

First, we study the difference x(, xo, r2) — y (£, X0, 12) = x(£, X0, 12) — Xpe"?" around ¢ = 0.
Defining 5(1‘, x0) = x(t, x9, 12) — xpe™', we have:

0(0,x0) = xo — %o = 0;

0'(0,x0) = 12X — 12X = 0;

0"(0,x0) = xo(r1 — r2)(m — eqixo); (5.6)
0"(0,x0) = (r1 — r2)xo(eqrxo(—equxg — 4r2 + 2m) + m(3r, — m));

and then, around ¢ = 0 we have:

xo(r1 — r2)(m — eq1xp) t2+(r1 — 1) xo(eqrxo(—eqixo — 4r2 + 2m) + m(3r2 — m))
2 6

5(1‘, XO)
2

13404 (0).

So we can define a function 6(¢, xy) :=

Since we want to study the behavior when xy is sufficiently close to o we
1

apply the implicit function theorem for the point (0, %):
1
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We have

H(O,ﬁ):Oand # 0.

00 ( m ) _—nm?(n—rn)
eqi

0, —
ot eqr 6eqi

Then, there exists a unique function #;(xp) defined on a neighborhood of % such
1

that r, (%) = 0and 0(%2(xp), xo) = 0 for every xy in this neighborhood. Since we have
1

. . m
u(xp) = x(t1(xp, 12), X0, 12), from the uniqueness of #,, for x sufficiently close to —,

eqa
t1(xo, 12) = t2(xp). Using that,
00 m
t (ﬂ) __ X (0-5) _ —3eq
2\eq a0 (0 ﬂ) mry
r 7 em
we calculate u(xy) and v(xg) around xy = %:
1
m ou ([ m m m \?
o o2 ) o o)
eqi (9x0 eqi eqi eqi
2
:1_3(x0_ﬂ)+02(x()_1) : (5.7)
eqi eqi eqi

2
v(xg) =(n—12)+0> (xo - e—’ZI) .

Finally, for the second statement, we shall prove that given xy € (0, %),
1

there exists a neighborhood U of xy and > > 0 such that u(xp) < % and v(xg) > n
1
for every (xo, 2) € U x (0, 12]. So, we define the following function
9(t, o) = x(t, x9,12) — errzt.

Since (x(t, xo, 12), z(t, Xg, 2)) is periodic in the variable ¢ (because we have predator-
prey system), for r, = 0, denote by T'(xp) > 0 the period of the solution

(X(t, X0, 0)’ Z(t’ X0, 0));
i.e,
(x(T (x0), x0, 0), 2(T (x0), X0, 0)) = (x0, 71)-
We can see that 9(T (xgp), 0) = x(T (xg), X9, 0) — x9 = 0.

Now, using Theorem 1.9, we are going to show that there is a saddle-node
bifurcation occurring at t = T'(xp), where the bifurcation parameter is r» = 0. Notice
that we have the first integral given by 5.4 of the decoupled system, so,

F(x(t!x()) rZ)»Z(t)xOy rZ)) = F(x()! n— rZ)'
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Computing the derivative in the variable r, of the expression above at t = T'(xp) and
r, =0, we get

0x
8—(T(x0),x0, 0) =0.
r

Thus, we get

09
. E(T(xo)»o) = (r —r)xo =0;

029
* =2 (T(x0),0) = ri(m — equxo)xo > 0;
and
09
8_r2(T(x0)’0) = —x0T (xp) < O. (5.8)

Then, by Theorem 1.9, we get the existence of a saddle-node bifurcation at t = T'(xy).
Now, to conclude this proof, we shall explicitly compute the solutions bifurcating from
t =T(xp).

Since 9(T (xp),0) = 0 and g—rﬂ(T(xo), 0) < 0, from the implicit function theo-
rem, exist a neighborhood I; of T (xp) aznd I, of 0 and a unique differentiable function
o : I — I, such that p(T(xp)) = 0and 9(t, o(¢)) = 0forall ¢ € I;.

Moreover,

%—?(T(xo),()) _ (n — 2(T(x0), X0, 0))x(T (x0), X0, 0) _

0 (T (x0)) = — g—Z(T(xo)» 0 —xoT (x0) 0
and
¢"(T(xp)) = rl(zz;(iz;x‘))
For ¢ sufficiently close to T (xg), 2 = p(t), and then,
_ n(m — eqixo) (t — T(x0))% + O3(t — T(x0))° (5.9)

2x0T (x0)

ri(m — eqixo)
2x0T (x0)

Consider now the change s = (t — T'(xp)), then equation 5.9 gives r, =
Os3(|s1*2).
Define the function p : Uy — U, by

ri(m — eqixo)
2x0T (x0)

p(s) = s +0s(]s]*?),

where s € Uy and r, € U; are open neighborhoods containing 0. Since p is differentiable
and p’ is an isomorphism, then, by the inverse function theorem, we get the existence
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of neighborhoods V; and 5 of 0 and a unique differentiable function p : i — V5 such

that

2
x0T (xo) ~o.
ri(m — eqixo)

s = p(r2), p(0) = 0 and p'(0) =

Then, going back through the change s = (t — T'(xg))?, we get two distinct positive
times ¢t = T'(xp) + +/ p(r2) bifurcating from ¢t = T (xp).

given by

Z(trx()’ r2) = Z(t) xO)O) +

Since 1 (xg, 2) is the first return time, we conclude that

n(xo,r2) =T (x0) —/p(r2) 1
= T(x0) — (p(0) +p'(0)r2 + O(13) )’
= T(x0) — (r2(p'(0) + O(12)))®
= T(x0) — 1} (0(0) + O(r))?
= T(x0) — (0 (O)r2)} + O(r))

B 2x0T (x0) z 3
=T (x0) — (rl(m —eqixo) Tz) +0(ry).

(5.10)

Now, we compute, for » > 0 sufficiently small and ¢ close to T'(xp), v(xp) is

0z

- (t’xO)O)r2+O(r22)
ory

= z(T (x0), X0, 0) + %((T(Xo)»xo» 0)(t — T(x0)) + O((t — T(x0))?)
=11+ (eq1x(T (xp), X0, 0) — m)r1(t — T (xp)).

And, finally, we can compute u(xp) and v(xp) for r, > 0 sufficiently small:

2x0T (xo)12 1z 3/2
u(xg) = xpe?100R) = xoexp | raT (xg) — ( r ) +120(1,"")

v(xo)

n(m—eqxo)
= xo + O(12);
1+ (eq1x(T (xo), X0, 0) — m)ry(t1(x0, 72) — T (x0))

2x0T (xo0) : 3
ri(m — eqixo) 1‘2) +0(r) - T(xO))

1
2x0T 2 3
=r+(m—eqixo)n ((rl(njo— S;)l)xo) rz) + O(rzz))
3

(5.11)

=11+ (eq1xo — m)n (T(xo) — (

= 11+ (x0T (x0) (m — equx0)12)? + O(r}).
And this concludes the proof. |

Our next result establishes some conditions that we are going to use to find

the sliding Shilnikov orbit.
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Claim 5.3. Thereexistsa, b, c andd, with0 <a < b < % and0 < ¢ < d, such that
1

0 <u(xy) < % andv(xg) > | forevery(xo, 12) € [a, b] x [c, d]. Moreover, forr, € [c,d],
1

(xo) is differentiable on [a, b] and u' (x9)* +v' (x9)* # 0 for every (xo, 12) € [a, b] x [c, d].
Proof. From the above result, we have that u(xg) > % for xy sufficiently close to
1

n and, for a fixed xj € (O, ﬂ), there exists r, > 0 such that u(x) < n for every
eqa eqi eqi

I e (0» fé] .
. . . — ) m
Therefore, since u(xo) is continuous, for r» < r, there exists x; € (0, J)
1
m m .
such that u(xy) = o and u(xg) < o for xo < x; sufficiently close to x;.
1 1

Moreover, v(xy) > r1, and, consequently, v(xp) > r1 for xo < x; because

(%, r1) is a critical point for the first integral 5.4.
1

Take now x; < xj such that v(x1) > r and u(x;) < %. Thus, from the
1

continuous dependence of solutions on the initial conditions and parameters, we get

. . m
the existence of a, b,cand d,with0O <a <x3 < b < 7 and 0 < ¢ < rp, < dsuch that
eq

0 <u(x) < % and v(xg) > r for every (xg, ) € [a, b] x [c,d].
1

Now, we define
G(tr X0, r2) = x(t) X0, rZ) - errZIy

and we have to show that u is differentiable.

Indeed, from claim 5.2, we know that, for each (xy, 7») € [a, b] x [c, d], we
get the existence of t; (X, 72) > 0 such that ©(# (¥, 72), Xo; 72) = 0.
Observe that

00 oo ox oo
a(fl(xo, ), Xol2) = E(tl(xo; 12), Xof2) — XoT2€

= (rn —r2 —v(xo))u(xp) # 0,

r2t1 (Xo,72)

then, by the implicit function theorem, there exists a unique differentiable function
t2(xo, 1) defined in a neighborhood V of (%, 7»), such that

t2(Xo, 12) = t1(Xo, 12),

and O(t2(xg, 12), X0, 12) = 0for every (xop, 12) € V. According to the uniqueness property, it
follows that #; = ,, which implies the differentiability of #; at (%, 72) and, consequently,
the differentiability of p at xy = Xp and r» = 7». Since (X, 72) was taken arbitrarily in the
compact set [a, b] x [c, d], we conclude the differentiability of u for every (xy, r2).
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Finally, notice that u’(x¢) = v/(x9) = 0 and computing the derivative of the
last identity in the variable xp, we get that xp = %. Then, v/ (x0)? + v'(x0)? # 0 for every
1

(x0,12) € [a, b] x [c,d]. n

5.1.3 The sliding vector field of the system 5.2.

The goal of this subsection is to study the behavior of the sliding vector field
seeking to guarantee the conditions for the existence of the sliding Shilnikov orbit.
Considering the system 5.2, we are going to do another change of variables to make
our work easier. Let w = x — y and p = (x, w, z), then 5.2 is written as

((rn —2)x, nw+x(rp —r —z), (eq1x —m)z), if h(p) > 0,
Zp) = (rlx, nx—(x —w) (rg - @z), (e_qz X —w)— m) z), ifh(p) <O.
p1 agq
(5.12)

where h(p) = h(x,w,z) = w and (x, w, z) € R>¢ x R x R>(. As we defined before, we
can calculate the sliding vector field given by the formula 2.2 and

x(ﬁ1r2+,32r1 B2z )

p1+ P2 p1 + P2

Z(p) = 5.13
) o (e(dqql —q2)(r —r2) 1 . e(f1g2 + dqﬁzth)z) ©6.13)
aq(P1 + B2) aq(P1 + B2)
The vector field 5.13 have two equilibrium points, (0, 0) and
. . agm(pirz + Par) ﬁlrz)
=(x, = , 1+ . 5.14
P =) (e(ﬁ1q2r2 tasbeqir))’ ' Pe 614

Now, we have

m
0<x*<—andz*>rn.
eqi

In order to study the behavior of p* and determine when it can be a hyperbolic pseudo-
saddle-focus, we have the following lemma.

Lemma 5.4. Leté € M and assume that

4(B1 + B2) (r2fr + 11 P2) (Goraf1 + agqir f2)?
m < .
(g2 — agq1)?(r — r2)?Bip5

(5.15)

As such, the following statements hold:
* theequilibrium p* is a repulsive focus;
* thereexistsx € [O, e—’;l) such that the backward orbit of Z of any point of the straight
segment L = {(x,11 —12); X < x < ﬂ} c S} is contained in ° and converges

eqi
asymptotically to the equilibrium p*.
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Proof. The Jacobian matrix of Z at (x*, z*) is given by

agmpP(r2p1 +r1B2)

0 e(B1 + P2)(qar2Pr + agqir1 B2)
o ( - 612r2/31) ~ m(agq1 — q2)(n —r2)p1p2
nn aq B2 (B1 + B2)(Gar2p1 + agqrr1 B2)

Let 1; and 1, be the eigenvalues of the matrix given above. So we have

~ A-—B ~ A+B
Al = and 1, = * ,
C C

where

A= agepr1fym(r — r2)(—aqq + G2),
B = aqﬁze[m(a?,ﬁéqf (ﬁ%m(rl —12)? — 4r{(B1 + Po) (B2 + ,Ber))

—2a4P1P2q192 (,61,62 (m(rl — 1) +4nn(r + rz)) + 4/3§r12r2 + 4,Bfr1r22)

1/2
+ P (’63 (m(n —n)’ - 4r1r22) — 4P fary (11 +12) — 4,5%T§) )] |
C= ZQQﬁze(ﬁl + ﬂZ)(aqﬂqurl + ﬁquTZ)-

By condition 5.15, we have Im(}fj) # 0, and Re(/fj) = g >0, j € {1,2}. Since
the real part is nonzero, by Theorem 1.8, the equilibirum p* is a hyperbolic repulsive
focus of Z and, then, a hyperbolic pseudo saddle-focus. Now we have to show the
second part of the lemma.

Claim 5.5. The vector field Z does not admit a limit cycle lying on the open region
R? = {(x,2);x > 0,z > 0}.

Proof. Let be the function
g: R2P-> R
1 (5.16)
(x,2) — —.
Xz
Since x > 0 and z > 0, the function g is well defined and is C' in RZ. Now,
V - (gZ) is given by the expression

i(l(ﬁlrg + fory — ﬁzZ) i(_ﬂ+1(€(aq6/1 —q2)(r —r2)B1+e(Prgz + aqﬁqu)z)
ox \z B1 + Bo X z aq(Pr + P2)

0z

_ e(qz2 — aqgqr)(r1 — r2) B
aq(pr + B2)z?

> 0, forall (x,z) € [Rf.

(5.17)
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So, by Theorem 1.22, Z does not admits a limit cycle in R?. |

We observe that the sliding vector field Z can be written in the following way

Z(x,2) = Z(x,2) + (O e(aqqn — q2)(n — TZ)ﬂlx)

aq(f1 + B2)
where (Bira + Bori — B2) e(BLdn + agPrd)xz
5 _ 172 + Par1 — p2z)x 192 + dgP2q1
Z(x2) = ( p1+ B2 et aq(B1 + B2) )

Then, Z(x, v) is a predator-prey system with the following first integral:

_ npiL+np N e(aqgq1P2 + q281)x . Baz
p1+ P2 aq(P1 + P2) p1+ B2
B e(agqifz2 + 2f1)x\  r2f1+ 112 ( B2z )
mlo ( agm(pr + f2) biih 8\ np+nps)

_ (B1+ B2)(g2r2Pr + agqiri f2)
(g2 + aqqi B2) (121 + 11 B2)
(g2 — agq1)(r1 — r2)B1(r2f1 + (1 — 2)B2)? -

r21 + 1152
forevery (x, z) > (0,0) with z # z*, we get that the level curves of Fy(ax, z) are negatively

Fo(x,z) = —m

> 0, we can see that Fy(ax*, z*) = 0.

Now, if we take a

How (VFy(ax, z), Z(x,z)) = 0

invariant, i.e., the trajectories of the sliding vector field 7 points outward to the level
curves of Fy. By claim 5.5, the vector field Z has no limit cycles, then the focus (x*, z*)
must attract the orbits of every point in the positive quadrant when t — —oc. Then we
have proved that the focus p* attracts the orbits in the first quadrant. To finish, we have

to show that

Consider ¢(t) the trajectory of Z passing through (r1 — I, %) We define
1

x as follows:

e If there exists t,>0 such that ¢ (z;) € S}, then take X = ¢(t;);

¢ Otherwise, take x = 0.

- m
In both cases, x < —.
eqi

Indeed, if x > %, there would exist a periodic solution passing through
1

(rl — 12, %) and the forward flow of the point (r1 — I, g) by the vector field X*

1 1

which is an absurd since there is no closed orbit in this region. So we have x < —.
eqi
|
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5.1.4 Existence of a sliding Shilnikov orbit and chaotic behavior of 5.2.

Let’s put all the pieces of this puzzle together and guarantee the existence
of a sliding Shilnikov orbit as in definition 3.1. By claim 5.2, we know that the satu-
ration of S} through the forward flow of X* reaches X transversely in a curve p(xg) =

(u(x0), u(x0), v(x0)), where 0 < xp < %'
1

Moreover, from claim 5.3, there exist a, b, c and d, with0 < a < b < a and
1

0 < ¢ <d,suchthat0 < u(xy) < % and v(xg) > r; for every (xp, 12) € [a, b] x [c,d].
1

Then, there exists xy € [a, b] such that (u(xg), v(xg)) = (x¥, z¥). We assume
c <r <d(touseb.3)and

4rov(x0) (v(x0) — (1 — r2))(agqn + g2(v(xo) — 11))?
(r1 — 12)2(q2 — aqq1)*(v(x0) — 11)?

Then, from lemma 5.4, (x*, z*) € Z; is a repulsive focus of Z and there exists X € [0, %)
1
such that the backward orbit of any point in the straight segment L = {(x,r; — r2); X <

x < 7} is contained in Z° and converges asymptotically to p*.
eqi

If x = 0, then from lemma 5.4, we have characterized a sliding Shilnikov
connection through the fold-regular point (xo, xo, 11 — r2) and the pseudo-equilibrium
provided by (u(xp), u(xo), v(xp)) and our job here is done.

Suppose now that x # 0.

Claim 5.6. In the context above, if (x*,z") = (u(xp), v(xp)), thenx < xo.

Proof. We can see that the points (x*, z*) = (u(xp),v(x0)) and (xp, 1 — r2) lie in the
same level set of the first integral F given by 5.4. Define

C = F Y (F(x*, z%)).

Firstly, we have to study the behavior of Z on C. Since we are interested in qualitative
behavior, we just have to study the sign of the following product

(r1 —r2 — z)(eqex(n — z) + ag(—eqinx + mz)) P

aqz(P1 + P2) ’

where (x, z) € C. But we observe that a,; (1 + f2) > 0and, sincez € Z° U Sy, z > 1 — 12,

(VE(x,2),Z(x,2)) =

then we just have to study the sign of

eqax(r — z) + ag(—eqinx + mz).
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So, if we take the equation eqxx(r — z) + az(—eqir1x + mz) = 0, we have a hyperbole
containing points (0, 0) and (x*, z*) and each connected component of the hyperbole
intersects C at most in two points. If we solve the equation in z, then we have:

e(qs — agq1)nx

eqax(r — z) +ag(—eqinx+mz) =0 =z =2(x) = edox — anm
— dq

Now, we observe that

* F(x,z(x)) > F(x*, z%) if (x,2(x)) € ext(C),
* F(x,z(x) < F(x*,z") if (x,z(x)) € int(C),

o F(x,Z(x)) = F(x*, z*) if (x,Z(x)) € C,
and F(x*,z(x*)) — F(x*, z%) = 0. Then, for every x € (0, x*), we have
F(x,z(x)) < F(x*,z") and eqox(r1 — z) + ag(—eqirnx + mz) < 0.

So, (VF(x,z), Z(x, z)) > 0 and the vector field Z points outward C since (x, z) € C and
x € (0,x%).

Finally, let ¢(¢) be the trajectory of Z passing through (r1 — I, %) Since
1

X = nx¢(t;) forsome s, > 0and ¢(z;) € Sy, there existsz; € (0, t;) such that mx ¢ (z;) = x*.
Hence, ¢(t) € ext(C) forr € [}, ;] and X < xp. [

By lemma 5.4, there exists a sliding Shilnikov orbit. To establish the conclu-
sion of our main result, we need to demonstrate the existence of a codimension one
submanifold in M such that the system 5.1 possesses a sliding Shilnikov orbit for any
point ¢ lying on this submanifold.

In fact, we can define the set A as the collection of parameter vectors ¢ =
(r1, 12, aq, g1, G2, P1, P2, e, m) € M that satisfy all the inequalities specified in the preced-
ing constructions. Consequently, for every ¢ € N, the Fillipov system 5.1 exhibits a
sliding Shilnikov orbit.

Claim 5.7. A codimension one submanifold exists within N such that Theorem 5.1 holds.
Proof. By the inequalities constructed on the proofs above and the fact that (x*, z*) =

(u(xo), v(x0)), we define the following functions:

4rav(x0) (v(x0) — (11 — 12))(@gqir1 + q2(v(x0) — 11))*
(n —r2)?(q2 — agq1)*(v(xo) — r1)? ’

@ (X9, 12) =
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(x0) = aqgmuv(xp)
= g + q2(0(x0) — ) u(xo)’
and 5
. Inh
o) = v(xo) — 11’

Let us begin by observing that @ is a positive continuous function and,
as a result, it assumes a minimum value M > 0 on the compact set [a, b] x [c, d].
Additionally, we have /' (x)? + ' (x9)? # 0 for every x, € (0, 7). Indeed, we observe that
/' (x0)% + «'(x9)? = 0if and onlyif 1’ (x9)? + v (x9)* = 0, which would contradict 5.3.

Let us assume, without loss of generality, that there exists xy € (a, b) such
that x’(xo) = 0. By the inverse function theorem, we can locally invert the function .
This means that there exists a neighborhood B of x(xy) and a unique function x ! :
B — (a, b) such that x o k" 1(B2) = B, for any B, € B.

Now, consider ¢ < r» < d,m < M, o € B,and e = 1 o x1(f,). We can verify
that the inequalities of the construction mentioned above are satisfied.

Therefore, for ¢ = (11,12, aq, q1, G2, P1, B2, e, m) € M, we define N N as
follows:

N={EeM:c<rm<dm<M,pcBande =10x 1(B)}.

It is important to note that N represents a codimension one submanifold of
M since it is a graph defined in an open domain. Furthermore, we can establish the
existence of a neighborhood U = M around N such that whenever ¢ € U, the Filippov
system 5.1 exhibits chaotic behavior.

This concludes the proof of our main result of this chapter.
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