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Resumo
Esta tese investiga o espaço de módulos de feixes tangentes logarítmicos Tf de hipersu-
perfícies reduzidas V pfq em P2 e sua "n-liberdade", um conceito introduzido com base no
comprimento de um esquema de dimensão zero Z, que é definido como o sub-esquema
de zeros de uma seção global de Tf de grau mínimo. Construímos uma estratificação do
espaço projetivo. Além disso, exploramos invariantes numéricos associados a curvas planas
para vários graus e implementamos um algoritmo de "força bruta"para gerar polinômios
de grau superior.

Palavras-chave: Feixe de diferenciais. Esquema Quot e famílias de feixes. Feixes sem
torção.



Abstract
This thesis investigates the moduli space of logarithmic tangent sheaves Tf of reduced
hypersurfaces V pfq in P2 and their "n-freeness", a concept introduced based on the length
of a zero-dimensional scheme Z which is defined as the zero-subscheme of a global section
of Tf of minimal degree. We construct a stratification of the projective space. Additionally,
we explore numerical invariants associated with plane curves for various degrees and
implement a "brute-force" algorithm to generate higher-degree polynomials.

Keywords: Sheaf of differentials. Quot schemes and families of sheaves. Torsion-free
sheaves.
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1 Introduction

Let f P krx, y, zs be a homogeneous polynomial over some algebraically closed
field k defining a curve C and denote d` 1 “ degpfq.

1.1 Introduction
The partial derivatives Bxf, Byf, Bzf are homogeneous polynomials of degree

d and they form a function of locally free sheaves ∇pfq defined by pBxf, Byf, Bzfq P
HomOP2 pO‘3

P2 ,OP2pdqq, the gradient map of f . Because we are in the projective plane, the
kernel of ∇pfq is locally free TC . So

0 Ñ TC Ñ O‘3
P2 Ñ OP2pdq (1.1)

and if we denote IJ the ideal sheaf associated to the ideal pBxf, Byf, Bzfq then

0 Ñ TC Ñ O‘3
P2 Ñ IJpdq Ñ 0 (1.2)

is exact, TC is called the logarithmic tangent sheaf of C.

Such sheaves have been extensively studied e.g. (SAITO, 1980), (DIMCA;
SERNESI, 2014). We also cite (MARCHESI; VALLÈS, 2019) which heavily inspired this
thesis, we are interested in particular on the zero dimensional scheme Z of length n (Z is
the zero-subscheme given by a nonzero minimal degree global section of Tf , definition 36).

1.1.1 Moduli
One of our main objectives is to construct a moduli space of logarithmic tangent

sheaves of reduced hypersurfaces in P2. We describe the idea:

Fix the degree d, we have that ∇pfq P HomOP2 pO‘3
P2 ,OP2pdqq – H0O‘3

P2 pdq,
then ∇pfq is an element of the k-vector space generated by monomials in a direct sum.

Now projectivize the vector space Wd :“ H0O‘3
P2 pdq over k forming a projective

space PWd of dimension 3dimkpH
0OP2pdqq´1, we will show that any such ∇pfq is inside a

linear subspace ofWd. Furthermore it defines a projective variety (irreducible) of dimension
dimkpH

0OP2pd`1qq´1 given by the image of an injective linear map ∇1
d : H0OP2pd`1q Ñ

Wd (Lemma 16). Now we have a projective morphism ∇d :“ Pp∇1
dq : PH0OP2pd`1q Ñ PWd

and its image Yd :“ imp∇dq is irreducible and closed.

We will then define (Theorem 21) a stratification of PWd with respect to the
Hilbert polynomial of imphq where we now view h P Wd as a morphism. Each stratum Zi
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is locally closed with the property that the Hilbert polynomial of imphq is the same Pi for
any rhs P Zi Ă PWd. We then consider the intersections νd,j :“ Zj X Yd and ask for the

strata of Zj with Hilbert polynomial Pj “
ˆ

d` 2
2

˙

´ j of degree zero (a constant). This

implies that imphq “ Ihpdq define a zero-dimensional scheme of degree j. In particular
Ihpdq is of the form IJpdq where IJ is the Jacobian ideal of some f homogeneous of degree
d` 1.

Each stratum Zj induces a flat family of quotient sheaves, then the repre-
sentability of the Quot functor implies that we have morphisms Zj Ñ QuotPj O‘3

P2 which
we then restrict to νd,j.

Now each stratum νd,j is inside the image of ∇d, this implies that we have
a stratification of square-free global sections in H0OP2pd` 1q corresponding to reduced
curves with h0OJ “ j.

1.1.2 n-freeness
Consider the following diagram where f is homogeneous of degree d` 1:

OP2p´aq OP2p´aq

TC 3OP2 IJpdq OP2pdq

IZpa´ dq Q :“ cokerσ IJpdq

σ1 σ

∇f

α

Another objective is to study and understand the role of the zero-dimensional subscheme
Z. If Z has length 1 then Tf is said to be nearly-free. A theorem given by (MARCHESI;
VALLÈS, 2019) states that a nearly-free bundle is uniquely determined by the point Z
and the minimal degrees a, d´ a corresponding to generators of Tf .

We consider the cases where Z has length n in (36) and we call Tf n-free. There
is then an equation (4.7) involving n, j, d, a:

n` j “ d2
´ a.d` a2. (1.3)

Where n “ 0, ..., d2 (n “ d2 if j “ 0, that is, f has no singularities) and j is the number of
singular points.

We pose the question whether every value of n is realizable. For cubics and
quartics the values n “ 2 and n “ 5 (respectively) seem to be missing.
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1.1.3 Numerical invariant associated to plane curves
We compute explicitly the values of n, j, a for each normal form of plane curves

of degree d “ 3, 4. We also implement a "brute-force" algorithm and show it can recover a
polynomial representing each case. This algorithm is used to generate polynomials of higher
degrees (d=5,6) where we also recover interesting cases from the literature (irreducible
free curves with one singular point of multiplicity d-1).
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2 Preliminaries

2.1 Basic definitions
Fix the following notations:

• k is an algebraically closed field of characteristic 0

• hipFq :“ dimkpH
i
pFqq

• extipF ,Gq “ dimkExt
i
OX
pF ,Gq

2.1.1 Sheaf of differentials
We begin this section with a general definition of the Kähler differential of a

morphism of schemes:

Definition 1. Let π : X Ñ S be a separated morphism of schemes and consider the fiber
product, its natural projections and the diagonal morphism (which is a closed immersion)

p1, p2 : X ˆS X Ñ X (2.1)

∆ : X Ñ X ˆS X (2.2)

The closed immersion ∆ induces a closed subscheme defined by an ideal sheaf ID. Locally
on affine patches ID is just the kernel of the multiplication map

ÿ

i

si b ti ÞÑ
ÿ

i

siti and

ID “ px0 ´ a0, x1 ´ a1, ..., xn ´ anq where xi, ai are local coordinates for each copy of X.

Then the Kähler module of differentials is defined to be the OX-module ΩX{S “

∆˚ID{ID2.

Remark 2. (Stacks project authors, 2021, Tag 07HX) The Kähler module of differentials
comes with a morphism OX Ñ ΩX{S taking a local section s P OXpUq to ds :“ p˚2s´ p

˚
1s “

p1b s´ sb 1qmodpI2
Dq. We denote Ωi

X{S :“
i

ľ

ΩX{S and Ω0
X{S :“ OX . Then there is the

algebraic de Rham complex defined by the differential d above: it is the unique complex of
the form

0 Ñ OX Ñ Ω1
X{S Ñ Ω2

X{S Ñ ... (2.3)

such that in degree 0 the morphism is the differential d.

Let S “ Specpkq and X Ñ Specpkq a k-scheme. We may omit "Spec" and just
write k instead if no confusion arises.

https://stacks.math.columbia.edu/tag/07HX
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Definition 3. Let
p´q

˚
“ HomOX

p´,OXq

be the dual functor and

p´q
˚˚
“ HomOX

pHomOX
p´,OXq,OXq

be the double dual functor taking a OX-module F to the OX-module F˚ and F˚˚ respectively.

Definition 4. The sheaf is TX “ TX{k :“ HomOX
pΩX{k,OXq “ Ω˚X{k.

Let X “ Pn be the projective space over k, there is a sequence called the Euler
sequence:

0 Ñ ΩX{k Ñ OXp´1q‘n`1
Ñ OX Ñ 0 (2.4)

and its dual version using the tangent sheaf

0 Ñ OX Ñ OXp1q‘n`1
Ñ TX Ñ 0 (2.5)

The next theorem is a classical theorem which will be used a few times along
this thesis.

Theorem 5. (HARTSHORNE, 2013, Serre Duality, Thm 3.7.1) Let X “ Pn over k as
before, let ωX{k :“ Ωn

X{k – OXp´n ´ 1q be the dualizing sheaf of Pn and F a coherent
OX-module. Then for any i “ 0, ..., n

ExtipF , ωX{kq – Hn´i
pFq˚ (2.6)

are naturally isomorphic k-vector spaces.

2.1.2 Hilbert polynomial

Definition 6 (Hilbert polynomial). Let X be a projective scheme over a field k with
fixed ample line bundle OXp1q, F a coherent sheaf on X and hipX,Fq :“ dimkH

i
pX,Fq

(each H i
pX,Fq is a finite k-vector space). Under those conditions we define the Euler

characteristic of F to be χpFq “
ÿ

iě0
p´1qihipX,Fq and the Hilbert polynomial of

F by PF : m ÞÑ χpF bOX
OXpmqq. Both are additive over exact sequences and PF is a

polynomial in Qrms.

We now list some observations that will be useful for the main result:
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Remark 7. Let Y Ñ X be a closed immersion with X projective over k and IY be the
quasi-coherent ideal sheaf on X. Then we have the defining exact sequence of OX-modules

0 Ñ IY Ñ OX Ñ OY Ñ 0 (2.7)

X is Noetherian because it is a projective scheme thus IY is coherent and PIY
is well

defined. Since the Hilbert polynomial is additive for exact sequences of coherent sheaves we
have:

PIY
“ POX

´ POY
(2.8)

If dimpY q “ 0 we have that OY pmq “ OY and POY
“ h0

pX,OY q. Then:

PIY pdq “ POXpdq ´ h
0
pX,OY q (2.9)

h0
pX,OY q is the length of the zero-dimensional projective subscheme Y . Furthermore, if

Y is reduced, lengthpY q represents the set-theoretical number of points of Y .

Example 1. Let X “ P2 and IY “ pBxf, Byf, Bzfq be the ideal sheaf defined by the partial
derivatives of f “ a1z

4
` y4

` 2xy2z ` x2z2 for some a1 P k. For a1 “ 0 we have that Y is
zero dimensional and non-reduced consisting of the point p1; 0; 0q with length 7.

Definition 8. (HUYBRECHTS; LEHN, 2010, Definition 6.1.1) Let pF ,Gq be a pair of
coherent OX-modules. Then the Euler characteristic of the pair pF ,Gq is

χpF ,Gq “
ÿ

i

p´1qiextipF ,Gq (2.10)

Suppose that F is locally free, then we may rewrite the Hirzebruch-Riemann-
Roch Theorem using the Euler characteristic of a pair of sheaves:

Theorem 9. (HUYBRECHTS; LEHN, 2010, Lemma 6.1.1)

χpF ,Gq “
ż

X

chpF˚
qchpGqtdpXq (2.11)

We will use this equation in the next chapter.

2.1.3 Quot-scheme and families of sheaves

Definition 10. (HUYBRECHTS; LEHN, 2010, Definition 2.1.1) A flat family of sheaves
on the fibers of a morphism of schemes f : X Ñ S is a coherent sheaf F on X which is
flat over S, that is: for any x P X we have that Fx is flat over the local ring OS,fpxq.

We restrict our attention to the case where X and S are k-schemes:

Let S be a Noetherian scheme over an algebraically closed field k and f : X Ñ S

a projective morphism with fixed OXp1q an f -ample line bundle on X. Let H be a coherent
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OX-module and, for any S-scheme T , let HT :“ π˚X{TH denote the pullback of H by the
natural projection πX{T : X ˆS T Ñ X. Consider the functor

QuotPH{X{S : pSch{Sq˝ Ñ Sets

defined on objects by QuotPH{X{SpT q :“ tq : HT � Fu , the set of all T -flat families of
quotient sheaves with Hilbert polynomial P P Qrλs, and on morphisms QuotH{X{Spg :
T 1 Ñ T q it sends HT Ñ F to HT 1 Ñ p1 ˆ gq˚F . Then it follows that QuotPH{X{S is a
representable functor, in other words there is a S-scheme (namely QuotPH{X{S) and a
natural isomorphism of functors MorSch{Sp´, Quot

P
H{X{Sq – QuotPH{X{S.

Remark 11. Let f : Y Ñ QuotPH{X{S be a morphism of schemes. Then

MorSch{SpY,Quot
P
H{X{Sq – QuotPH{X{SpY q

hence any f is naturally mapped to a family of quotients parameterized by Y .

The tautological family is defined by applying the Quot functor to the projective
scheme representing itself and taking the identity morphism Id:

Id PMorSch{SpQuot
P
H{X{S, Quot

P
H{X{Sq – QuotPH{X{SpQuot

P
H{X{Sq. (2.12)

It is a coherent sheaf G on QuotPH{X{S ˆS X such that any family of quotients of H can
be defined as a pullback from G (see (HUYBRECHTS; LEHN, 2010, p.41 Tautological
Family)).

The construction of the Quot scheme was introduced by Grothendieck. We cite
references (GROTHENDIECK, 1961) or (NITSURE, 2005) for the existence:

Theorem 12. (NITSURE, 2005) Let S be a Noetherian scheme, π : X Ñ S a projective
morphism, and L a relatively very ample line bundle on X. Then for any coherent OX-
module H and any polynomial Φ P Qrλs, the functor QuotΦ,LH{X{S is representable by a
projective S-scheme QuotΦ,L

H{X{S.

We also have that torsion-freeness is an open condition:

Theorem 13. (MARUYAMA, 1976, Section 2) Let F be a family of sheaves on X

parameterized by S, suppose that s P S such that Fs :“ F |Xˆtsu is torsion-free. Then there
is S 1 Ă S open such that Fs is torsion-free for any s P S 1.

Last theorem guarantees us that the torsion-free quotients form an open set of
the Quot scheme. We denote this open set QuotPtf (with appropriate sub-indexes X,H, S).
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3 Construction of Moduli

3.1 Definitions and computations
Now fix the following setting: Let X “ P2, f P H0

pOP2pd ` 1qq a square-
free homogeneous form for some positive integer d and Wd :“ HomOP2 pO‘3

P2 ,OP2pdqq –

H0
pO‘3

P2 pdqq as k-vector space. Let IJ be the Jacobian ideal given by the partial derivatives
of f0, f1, f2 of f , it defines a zero-dimensional scheme J with length j :“ h0

pOJq. Remark
(7) gives the following lemma:

Lemma 14. The Hilbert polynomial of IJpdq is PIJ pdq “

ˆ

d` 2
2

˙

´ j

Since the set of monomials of degree d form a basis for the k-vector space
H0OP2pdq we can define (fixing basis) a linear morphism acting as a gradient map:

Definition 15. Let ∇1
d : H0OP2pd`1q Ñ Wd be a k-linear morphism taking each monomial

to the partial derivatives ∇1
d “ pBx, By, Bzq. Explicitly,

xiyjzk ÞÑ pi.xi´1yjzk, j.xiyj´1zk, k.xiyjzk´1
q

for i` j ` k “ d` 1.

We can visualize what is happening with the coordinates paijq under each
partial derivative by writing down each array.

Example 2. Let d` 1 “ 4, fix B “ tmij “ x4´i´jyizj | i, j P Zě0 i` j ď 4u a basis for
H0OP2p4q and B1 “ tm1

ij “ x3´i´jyizj | i` j ď 3u basis for H0OP2p3q.

Let f “
i`jď4
ÿ

i,jě0
aijx

4´i´jyizj P H0OP2p4q and g “
i`jď3
ÿ

i,jě0
bijx

3´i´jyizj P H0OP2p3q,

we can formally represent f and g as matrices:

Mf “

»

—

—

—

—

—

—

–

a00 a01 a02 a03 a04

a10 a11 a12 a13 0
a20 a21 a22 0 0
a30 a31 0 0 0
a40 0 0 0 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

,Mg “

»

—

—

—

—

–

b00 b01 b02 b03

b10 b11 b12 0
b20 b21 0 0
b30 0 0 0

fi

ffi

ffi

ffi

ffi

fl

(3.1)

Then Bxpfq, Bypfq, Bzpfq P H0OP2p3q and:

MBxpfq “

»

—

—

—

—

–

4a00 3a01 2a02 a03

3a10 2a11 a12 0
2a20 a21 0 0
a30 0 0 0

fi

ffi

ffi

ffi

ffi

fl

, MBypfq “

»

—

—

—

—

–

a10 a11 a12 a13

2a20 2a21 2a22 0
3a30 3a31 0 0
4a40 0 0 0

fi

ffi

ffi

ffi

ffi

fl

,
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MBzpfq “

»

—

—

—

—

–

a01 2a02 3a03 4a04

a11 2a12 2a13 0
a21 2a22 0 0
a31 0 0 0

fi

ffi

ffi

ffi

ffi

fl

Lemma 16. ∇1
d defines an injective morphism ∇d : PH0OP2pd ` 1q Ñ PWd such that

∇dprf sq “ rBxf, Byf, Bzf s. Furthermore, the image of ∇d is a projective variety of dimension

dimpim∇dq “

ˆ

d` 3
2

˙

´ 1.

Proof. ∇1
dpfq “ 0 implies that every partial derivative is zero identically, which means that

f does not depend on x, y, z and hence it is the zero vector. An injective linear morphism
φ : V Ñ W defines an injective algebraic morphism of projective spaces Pφ : PV Ñ PW

with dimpimpPφqq “ dimPV “ dimPH0OP2pd` 1q “
ˆ

d` 3
2

˙

´ 1.

Definition 17. Let Yd :“ imp∇dq Ă PWd, by our last lemma it is a projective variety of

dimension
ˆ

d` 3
2

˙

´ 1

3.1.1 Applying flattening stratification

Definition 18. For a scheme S, a stratification of S is a finite set tS1, ..., Smu of locally
closed subschemes of S such that every point s P S is in exactly one subset Si.

We will use the following result:

Corollary 19. (MUMFORD, 1964, Flattening Stratification p.60) Let f : X Ñ S be a
morphism which can be factored X Ñ Pn ˆ S Ñ S, explicitly, f “ π2 ˝ i where i is a
closed immersion and π2 the canonical projection. Let F be a coherent sheaf on X, then F
defines a stratification pZiq on S where Zi are indexed by Hilbert polynomials Pi so that:

• The induced sheaf F bOS
OZi

has Hilbert polynomial Pi on Pn ˆ Zi

• if i “ j then Pi “ Pj

The stratification is flat in the sense that F bOZi
is a flat family of sheaves on the fibers

of f (Definition 10) for each i.

The next definition will fix some notations for our main theorem.

Definition 20. Let P2 be the projective plane over a field k, d ě 0 an integer and consider
Wd “ pH0OP2pdqq‘3 as a vector space over k. Let Xd :“ P2

ˆ PWd, p : Xd Ñ P2 and
q : Xd Ñ PWd be the projections and denote OP2pdq� OPWd

p1q :“ p˚OP2pdq bk q
˚OPWd

p1q
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Theorem 21. There is a finite set of locally closed subschemes ZPi
Ă PWd indexed by

distinct numerical polynomials Pi such that PWd “
ğ

i

ZPi
with the following property: If

h P Wd has projective class rhs P ZPi
, then the Hilbert polynomial of imphq “ Ihpdq is Pi

Proof. Since HomXˆkY pA � B,A1 � B1q – HomXpA,A
1
q bk HomY pB,B

1
q, there is a

non-zero global section σ P 3H0OP2pdq bk H
0OPWd

p1q that corresponds to a morphism of
sheaves

σ : 3OP2 � OPWd
Ñ OP2pdq� OPWd

p1q (3.2)

It defines a subscheme T Ă P2
ˆ PWd induced by the cokernel of σ:

3OP2ˆPWd

σ
Ñ OP2pdq� OPWd

p1q π
Ñ OT pd, 1q Ñ 0 (3.3)

Let IT be the ideal sheaf of T , then we have

0 Ñ IT α
Ñ OP2 � OPWd

Ñ OT Ñ 0 (3.4)

where we denote α to be the inclusion morphism. IT is the kernel of a morphism of
coherent sheaves thus it is also coherent. We also have that impσq “ IT pd, 1q, hence there
is an exact sequence:

0 Ñ kerpσq Ñ 3OP2ˆPWd

σ
Ñ IT pd, 1q Ñ 0 (3.5)

Applying Corollary 19 on the coherent sheaf IT pd, 1q gives us a finite set of lo-
cally closed subschemes Zi Ă PWd with the property that the induced sheaf IT pd, 1q|P2ˆtrhsu

has constant Hilbert polynomial Pi for any rhs P Zi, this property is accompanied with
flatness over Zi: The coherent sheaf IT pd, 1q|Zi

on P2
ˆZi is a flat family over Zi. (Definition

10)

Pick rhs P Zi and apply the restriction to the fiber P2
ˆ trhsu:

0 Ñ kerpσq|P2ˆtrhsu Ñ 3OP2ˆtrhsu
σ
Ñ IT pd, 1q|P2ˆtrhsu Ñ 0 (3.6)

The sequence is exact because the first Tor appearing involves IT pd, 1q|Zi
, which is flat

over Zi and thus has no torsion on the fiber P2
ˆ trhsu.

We have defined a flattening stratification Zi parameterizing ideal sheaves
defined by three homogeneous forms with Hilbert polynomial Pi. Each Zi is locally closed,
i.e. closed inside an open set of PWd. In particular there are strata Zj with Hilbert

polynomial of the form Pj “

ˆ

d` 2
2

˙

´ j corresponding to twisted ideal sheaves IJpdq

with J zero-dimensional scheme of length j generated by three homogeneous forms of
degree d, we will now focus on Zj with this particular Hilbert polynomial Pj.
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3.1.2 Applying representability of Quot functors
In this subsection we will use the property that the Quot functors are represented

by the quasi-projective Quot schemes. The objective is to define a flat family of quotient
sheaves IJpdq (twisted ideal sheaves) parameterized by some subscheme of the Quot
scheme.

Definition 22. Let j be a non-negative integer, Zj be a stratum corresponding to the

Hilbert polynomial Pj “
ˆ

d` 2
2

˙

´ j and denote νd,j “ Zj X Yd where Yd “ im∇d. Then

νd,j is locally closed and we also define νd :“
ğ

jě0
νd,j Ă PWd, note that νd is a finite union

of locally closed subschemes.

Remark 23. An element in rhs P νd,j is of the form rhs “ ∇dprf sq “ r∇pfqs P PWd. Since
h P Wd “ HomOP2 pO‘3

P2 ,OP2pdqq and rhs P Zj we have that imphq “ Ihpdq is a twisted
ideal sheaf of a length j zero-dimensional subscheme. Furthermore Zj induces a flat family
of sheaves on P2 given by the coherent sheaf IT pd, 1q|Zj

on P2
ˆ Zj.

Theorem 24. Fix an integer j ě 0 such that Pj “
ˆ

d` 2
2

˙

´ j is the Hilbert polynomial
corresponding to the stratum Zj. There is a natural morphism of schemes φd,j : νd,j Ñ
Quot

Pj

tf pO‘3
P2 q taking r∇f s to pIJpdq,O‘3

P2 Ñ IJpdqq P Quot
Pj

tf pO‘3
P2 q where IJ is the Jacobian

ideal of f .

Proof. Consider the flat family of sheaves IT pd, 1q|Zj
parameterized by Zj. For each

rhs P Zj we have that imphq “ Ihpdq is naturally a torsion-free quotient of O‘3
P2 , thus our

family of sheaves must be an element of QuotPj

tf
O‘3

P2 pZjq. By representability (Remark 11)
of QuotPj O‘3

P2 this family must correspond to a morphism of schemes:

ψj : Zj Ñ Quot
Pj

tf pO‘3
P2 q (3.7)

The restriction of ψj to νd,j yields the desired morphism

φd,j :“ ψj|νd,j
: νd,j Ñ Quot

Pj

tf pO‘3
P2 q (3.8)

Remark 25. Consider the morphism φd,j : νd,j Ñ Quot
Pj

tf pO‘3
P2 q from our previous lemma.

Following Remark 11, we have that φd,j P Morpνd,j, Quot
Pj

tf pO‘3
P2 qq – QuotPj

tf
pO‘3

P2 qpνd,jq

defines a family of ideal sheaves Id,j flat over νd,j. The kernel Gd,j in equation 3.6 also
has vanishing first Tor, thus it is also flat over νd,j. Gd,j represents logarithmic tangent
sheaves defined by ∇f with J of length j.

Proposition 26. Let f P H0OP2pd` 1q, then Tf :“ kerp∇fq is locally free of rank 2
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Proof. Consider the following exact sequence:

0 Ñ Tf Ñ O‘3
P2 Ñ IJpdq Ñ 0

Notice first that rkIJpdq “ 1 and being the kernel of coherent sheaves, Tf is coherent
of rank 2. Furthermore Tf is reflexive because kerpF � Gq is reflexive if F locally free
and G torsion-free. Finally, it is locally free since we are in P2 and the singular locus of a
reflexive sheaf must be at least of codimension 3 ((OKONEK; SCHNEIDER; SPINDLER,
1980)).

Let rq : O‘3
P2 Ñ IJpdqs be an element parameterized by νd,j Ñ QuotQtf pO‘3

P2 q

where Q is the polynomial Q :“ PIrhspdq “

ˆ

d` 2
2

˙

´ j. There is the following estimation

for dimrqsQuot
Q
tf pO‘3

P2 q:

Proposition 27. (HUYBRECHTS; LEHN, 2010)

hompTf , IJpdqq ě dimrqsQuot
Q
tf pO‘3

P2 q ě hompTf , IJpdqq ´ ext1pTf , IJpdqq (3.9)

We need one technical lemma:

Lemma 28. Let Tf be locally free as before, then:

H2
pTf˚ b IJpdqq – H2

pTf p2dqq (3.10)

Proof. Apply the exact functor p´q b Tf˚ to the sequence

0 Ñ IJpdq Ñ OP2pdq Ñ OJpdq Ñ 0

so that we have

0 Ñ IJpdq b Tf˚ Ñ OP2pdq b Tf˚ Ñ OJpdq b Tf˚ Ñ 0.

Tf is a rank 2 locally free sheaf, hence Tf˚ “ Tf pdq. And dimJ “ 0 implies that we can
write OJ “ OJpdq. So

0 Ñ IJ b Tf p2dq Ñ Tf p2dq Ñ OJ b Tf Ñ 0 (3.11)

Using the functor of global sections and again the fact that J is zero-dimensional:

0 “ H1
pOJ b Tf q Ñ H2

pIJ b Tf p2dqq Ñ H2
pTf p2dqq Ñ H2

pOJ b Tf q “ 0 (3.12)

A brief computation using the Riemann-Roch equation (2.11) and the previous
lemma yield the following theorem:
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Theorem 29. χpTf , IJpdqq “ hompTf , IJpdqq ´ ext1pTf , IJpdqq “ 7´ j ` 3dp5` dq{2

Proof. First notice that Tf is locally free. Then

ext2pTf , IJpdqq “ ext2pOX , Tf˚ b IJpdqq “ h2
pTf˚ b IJpdqq “ h2

pTf p2dqq

where last equality comes from our previous lemma. Now use Serre Duality (2.6) so that

h2
pTf p2dqq “ ext0pTf p2dq, ωP2q “ h0

pTf p´2d` dq bOP2p´3qq “ h0
pTf p´d´ 3qq “ 0

.

Thus the Euler characteristic is just

χpTf , IJpdqq “ hompTf , IJpdqq ´ ext1pTf , IJpdqq (3.13)

Next we use the equation (2.11)

χpTf , IJpdqq “
ż

P2
chpTf pdqqchpIJpdqqtdpP2

q (3.14)

and chpTf pdqq “ p2, d,
2j ´ d2

2 q, chpIJpdqq “ p1, d,
d2 ´ 2j

2 q, tdpP2
q “ p1, 3{2, 1q.

chpTf pdqq.chpIJpdqq.tdpP2
q “ p2, 3d, 3d2 ´ 2j

2 q.p1, 3{2, 1q “ p2, 3` 3d, 3d2 ´ 2j
2 ` 2` 9d

2 q

, hence
ż

P2
chpTf pdqq.chpIJpdqq.tdpP2

q “
14` 15d` 3d2 ´ 2j

2 “ 7´ j ` 3dp5` dq
2
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4 Properties of Log bundles

4.1 Zero-subscheme of a global section
Fix the following setting in this subsection: Let a be the least positive integer

such that H0Tf paq “ 0. Since Tf paq is a rank two bundle there is a zero-dimensional
scheme Z satisfying the following exact sequence ((BARTH, 1977)):

0 Ñ OP2p´aq Ñ Tf Ñ IZpa´ dq Ñ 0 (4.1)

We can also justify the existence of the ideal sheaf IZ within the problem
of Bourbaki sequences, which gives an explicit construction of Z. We cite (DIMCA;
STICLARU, 2020) for the usage of Bourbaki ideals for logarithmic tangent sheaves on P2

and note that (DIMCA; STICLARU, 2020, Theorem 5.1 (1)) implies on equation (4.7).

4.2 Algebraic setting

4.2.1 Bourbaki sequences and Bourbaki ideals
Let R be a commutative Noetherian ring and M a finitely generated R-module.

Then a Bourbaki sequence is defined to be and exact sequence of R-modules:

0 Ñ F ÑM Ñ I Ñ 0 (4.2)

such that F is free and I is an ideal of R. I is said to be a Bourbaki Ideal of M . We have
the following problem concerning the existence of a Bourbaki sequence:

Given R a commutative Noetherian ring and 0 Ñ F
φ
Ñ M with F

and M finitely generated R modules with F free. When does 0 Ñ F Ñ M Ñ

cokerpφq Ñ 0 becomes a Bourbaki sequence?

Theorem 30. (BOURBAKI, 1998, Theorem 6.8.4) Let R be a Noetherian integral domain
and M a finitely generated torsion-free R-module. Then there is a free submodule F of M
such that M{F is isomorphic to an ideal I of R.

The next definition establishes the explicit algebraic connection between the
first syzygy module and its sheafification Ef “ Tf p´1q:

Definition 31. (DIMCA; STICLARU, 2020) Let ARpfq denote the graded S “ Crx, y, zs-
module of first syzygies defined by ARpfqk :“ tpσ0, σ1, σ2q P S

‘3
k |

ÿ

i“0,1,2
σi.Bipfq “ 0u. Then

the sheafification Ef of ARpfq is a rank two vector bundle on P2 and Ef “ Tf p´1q.
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If σ is a nonzero syzygy of minimum degree a then

0 Ñ Sp´aq
.σ
Ñ ARpfq Ñ Bpf, σqpa´ dq Ñ 0

where Bpf, σq is a Bourbaki ideal.

During the next section we focus on properties of Tf that can be deduced using
simple operations on exact sequences of sheaves.

4.3 Global sections and syzygies
Let f P krx, y, zs be homogeneous of degree d`1 and Tf its logarithmic tangent

sheaf with inclusion π : Tf Ñ O‘3
P2 . We now have two exact sequences:

0 Ñ Tf π
Ñ O‘3

P2
qf
Ñ IJpdq Ñ 0 (4.3)

and
0 Ñ OP2p´aq

σ
Ñ Tf Ñ IZpa´ dq Ñ 0 (4.4)

where we denote qf to be the restriction of ∇pfq : O‘3
P2 Ñ OP2pdq to its image IJpdq and

σ1 a non-zero global section of Tf paq of minimum degree a.

The next proposition gives a correspondence between elements of ARpfqa
(Definition 31) and morphisms σ : OP2p´aq Ñ Tf where we identify σ P H0Tf paq.

Proposition 32. Let σ1 : OP2p´aq Ñ O‘3
P2 be in ARpfqa for some f homogeneous and a

non-negative integer, that is: σ1 “ pσ10, σ11, σ12q with σ1i homogeneous of degree a satisfying
ÿ

i“0,1,2
σ1i.Bipfq “ 0. Then there is an unique global section σ : OP2p´aq Ñ Tf of degree a

such that π ˝ σ “ σ1.

Proof. We denote ∇f : O‘3
P2 Ñ OP2pdq and consider the sequence (4.3) and apply the left

exact functor HomOP2 pOP2p´aq,´q so that we have an exact sequence:

0 Ñ HomOP2 pOP2p´aq, Tf q π˝´Ñ HomOP2 pOP2p´aq,O‘3
P2 q

qf´
Ñ HomOP2 pOP2p´aq, IJpdqq

(4.5)
The composition ∇f ˝ σ1 P HomOP2 pOP2p´aq,OP2pdqq – H0

pOP2pa ` dqq is given by the
polynomial

ÿ

i“0,1,2
σ1i.Bipfq which is zero since σ1 P ARpfqa. Then by exactness of the previous

sequence we have that σ1 must be an element in the image of HomOP2 pOP2p´aq, Tf q π˝´Ñ
HomOP2 pOP2p´aq,O‘3

P2 q. In other words we have a σ P HomOP2 pOP2p´aq, Tf q such that
π ˝ σ “ σ1. The uniqueness of σ comes from the injectivity of π ˝ ´.
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The uniqueness gives us a correspondence of global sections of Tf paq and first
syzygies σ1 of the map ∇f corresponding to the composition

ÿ

i“0,1,2
σ1i.Bipfq “ 0. If a is the

least integer such that Tf paq has non-zero global sections and σ1 P H0Tf paq then we have:

OP2p´aq OP2p´aq

Tf O‘3
P2 IJpdq OP2pdq

IZpa´ dq Q :“ cokerσ1 IJpdq

σ σ1

∇f

qf

where
0 Ñ IZpa´ dq Ñ QÑ IJpdq Ñ 0 (4.6)

is exact by the snake lemma: the first morphism is injective because of the identity
OP2p´aq Ñ OP2p´aq and its cokernel is IJpdq because O‘3

P2 Ñ Q is surjective.

Example 3. Consider the arrangement given by f “ xyz, then ∇f “ pyz, xz, xyq and
denote by J the scheme defined by ∇f , C “ V pfq has 3 double points and 0 triple points.
Thus we have the following diagram

OP2p´1q OP2p´1q

Tf O‘3
P2 IJp2q OP2p2q

IZp´1q Q :“ cokerσ1 IJp2q

σ σ1:“
„ x
´y
0

 ∇f

qf

But qf ˝ σ1 “ 0 since ∇f ˝ σ1 “ 0, then impσ1q Ă kerpqf q and hence σ1 defines the
section σ. Let n be the length of Z, we use the Chern classes of Ip2q and Q to conclude
that n=0: cpIZp´1qq “ 1 ´ t ` nt2, cpQq “ 1 ` t ` t2 and cpIJp2qq “ 1 ` 2t ` 3t2. But
cpIZp´1qqcpIJp2qq “ cpQq and hence n “ 0. Thus Tf is free.

The next theorem simplifies the computations done on Example 3 into an useful
formula:

Theorem 33. Let f be a square-free homogeneous polynomial of degree d` 1, J be the
zero-dimensional subscheme defined by the Jacobian ideal IJ , Tf “ ker∇f the logarithmic
tangent sheaf of f with a the least integer such that Tf paq has non-zero global section with
subscheme Z, zero-dimensional of length n. Then:

n` j “ d2
´ a.d` a2 (4.7)

Moreover if f is non-singular then n “ d2 and a “ d.
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Proof. The equation follows, from the exact sequence corresponding to the third row of
the main diagram, by comparing Chern classes. We will use Chern polynomials cpFqptq
for the computation:

cpIZpa´ dqq.cpIJpdqq “ cpQq (4.8)

where cpIZpa ´ dqq “ 1 ` pa ´ dq.t ` n.t2, cpQq “ p1 ´ a.tq´1
“ 1 ` a.t ` a2.t2 and

cpIJpdqq “ 1` d.t` j.t2, then

cpIZpa´ dqq.cpIJpdqq “ 1` d.t` j.t2 ` pa´ dq.t` d.pa´ dq.t2 ` n.t2

“ 1` a.t` pn` j ` a.d´ d2
q.t2

(4.9)

On the other side we have cpQq “ 1` a.t` a2.t2, by comparing the coefficients we have
that n` j ` a.d´ d2

“ a2.

If f is non-singular then j “ 0 and ∇f : O‘3
P2 Ñ OP2pdq is surjective. By

dualizing
0 Ñ Tf Ñ O‘3

P2 Ñ OP2pdq Ñ 0

we have that
0 Ñ OP2p´dq Ñ O‘3

P2 Ñ T ˚
f Ñ 0

. Since T ˚
f “ Tf p´c1pTf qq “ Tf pdq it follows that H0Tf pd´ 1q “ 0 but H0Tf pdq “ 0, hence

a “ d and n “ 0 from the equation.

Example 4. Consider the diagram from our previous example:

OP2p´1q OP2p´1q

Tf O‘3
P2 IJp2q OP2p2q

IZp´1q Q :“ cokerσ1 IJp2q

σ σ1:“
„ x
´y
0

 ∇f

qf

We have that a “ 1, d “ 2, j “ 3. Using equation (4.7) we have that n “ 4´ 2` 1´ 3 “ 0,
hence f “ xyz is free.

It is possible to compute a free resolution of Tf using the free resolution of
IZ . We can use the Horseshoe lemma to understand the relation of resolutions of IZ and
resolutions of Tf . Explicitly:

Proposition 34. Let Z be the zero-scheme associated to a section σ P H0Tf paq as above
and let

0 Ñ F1 Ñ F0
ω
Ñ IZ Ñ 0 (4.10)



Chapter 4. Properties of Log bundles 27

be a free resolution with quotient map ω. Then we have a free resolution

0 Ñ F1pa´ dq Ñ F0pa´ dq ‘Op´aq ω̃‘σÑ Tf Ñ 0 (4.11)

where ω̃ is some morphism induced by ω.

Proof. Apply the left exact functor HomOP2 pF0pa´ dq,´q on the exact sequence (4.4):

HomOP2 pF0pa´ dq, Tf q Ñ HomOP2 pF0pa´ dq, IZpa´ dqq Ñ Ext1OP2 pF0pa´ dq,OP2p´aqq

(4.12)
But F0 is free and H1

pOP2pkqq “ 0 for any k so the Ext term vanishes and the first
morphism above is a surjection. There is then a morphism ω̃ P HomOP2 pF0pa ´ dq, Tf q
such that the composition

F0pa´ dq Ñ Tf Ñ IZpa´ dq

is ω.

We can now consider the induced morphism ω̃‘ σ : F0pa´ dq ‘OP2p´aq Ñ Tf .
We use the snake lemma to show that ω̃ ‘ σ is surjective and its kernel is F1pa ´ dq,
explaining in details: consider the two columns corresponding to the exact sequences

0 Ñ OP2p´aq Ñ Tf Ñ IZpa´ dq Ñ 0 (4.13)

and
0 Ñ OP2p´aq Ñ F0pa´ dq ‘OP2p´aq Ñ F0pa´ dq Ñ 0 (4.14)

and the morphisms corresponding to the rows id, ω̃ ‘ σ and ω:

Op´aq Op´aq

0 ker ω̃ ‘ σ F0pa´ dq ‘Op´aq Tf

0 F1pa´ dq F0pa´ dq IZpa´ dq 0

σ

ω̃‘σ

ω

ω̃

Then the snake lemma states that the following sequence is exact:

0 Ñ kerpω̃ ‘ σq Ñ kerpωq Ñ 0 Ñ cokerpω̃ ‘ σq Ñ 0 (4.15)

where we used the vanishings of cokerpω̃‘σq and kerpidq. We have then that kerpω̃‘σq –
F1pa´ dq and cokerpω̃ ‘ σq “ 0, which implies that ω̃ ‘ σ is surjective.

Example 5. For n “ 1 we have a free resolution:

0 Ñ OP2pa´ d´ 2q Ñ OP2p´aq ‘OP2pa´ d´ 1q2 Ñ Tf Ñ 0
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Proof. One point is given by the intersection of two lines, in other words the resolution of
IZ must be defined by two linear forms:

0 Ñ OP2p´2q Ñ OP2p´1q ‘OP2p´1q Ñ IZ Ñ 0 (4.16)

So Proposition 34 implies that we must have

0 Ñ OP2pa´ d´ 2q Ñ OP2p´aq ‘OP2pa´ d´ 1q2 Ñ Tf Ñ 0 (4.17)

If n “ 2 there is still only one resolution for IZ hence we can easily describe a
resolution for Tf :

Example 6. Let f be homogeneous of degree d ` 1 and Tf be its logarithmic tangent
bundle. Suppose that the zero subscheme Z of a global section of minimal degree has length
2. So Proposition 34 with the resolution

0 Ñ OP2p´3q Ñ OP2p´2q ‘OP2p´1q Ñ IZ Ñ 0

gives us a sequence:

0 Ñ OP2pa´ d´ 3q M
Ñ OP2pa´ d´ 1q ‘OP2pa´ d´ 2q ‘OP2p´aq Ñ Tf Ñ 0 (4.18)

where M “ rM0px, y, zq,M1px, y, zq,M2px, y, zqs with M0 P H
0
pOP2p2qq, M1 P

H0
pOP2p1qq and M2 P H

0
pOP2pd´ 2a` 3qq.

Since M1 is a linear form, we can choose M1 “ y through coordinate change,
hence we can eliminate any terms of M0,M2 with y in M using elementary row operations
of matrices. In particular, we can write M0 “ ax2

` bxz ` cz2 which implies M0 “

cpx´ c1zqpx´ c2zq for some c, c1, c2 P C. Now there are two cases : c1 “ c2 or c1 “ c2.

If c1 “ c2 then Z is a double point thus we can write M0 “ x2

Then M “ rx2, y, αzd´2a`3
` βxzd´2a`2

s for α, β P C.

If c1 “ c2 then Z are distinct points and we can write f “ xz

Then M “ rxz, y, αzd´2a`3
` βxd´2a`3

s for α, β P C.

In both cases using Serre duality (2.6) to justify the next isomorphism we
have that Tf P Ext1pIZpa ´ dq,OP2p´aqq – H1

pIZp2a ´ d ´ 3qq, and this last vector
space has dimension 2. The case α “ β “ 0 implies that Tf is the trivial extension
Tf “ IZpa´ dq ‘OP2p´aq. But Tf is locally free, hence this corresponds to the free case.
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4.3.1 Nearly-Free Curves
Let C be a reduced curve in P2 defined by a polynomial f P H0

pOP2pdqq and
TC “ Tf as above. The curve C is said to be free if Tf splits as a sum of line bundles, and
is nearly free if Tf fits in an exact sequence

0 Ñ OP2p´b´ 1q Ñ OP2p´aq ‘OP2p´bq2 Ñ Tf Ñ 0

where a, b P N, b ě a. Nearly free vector bundles are completely defined by a point P P P2

and a choice of a, b:

Theorem 35. (MARCHESI; VALLÈS, 2019, Theorem 2.1) Tf is a nearly free vector
bundle with exponents pa, bq P N if and only if there exists a point P P P2 such that Tf fits
in the following exact sequence

0 Ñ Op´aq Ñ Tf Ñ IP p´b` 1q Ñ 0 (4.19)

The sequence above is equivalent to

0 Ñ Op´aq Ñ Tf Ñ IP pa´ dq Ñ 0

We then fix degpfq “ d ` 1. By example 5, we know that a nearly free bundle has free
resolution:

0 Ñ OP2pa´ d´ 2q Ñ OP2p´aq ‘OP2pa´ d´ 1q2 Ñ Tf Ñ 0 (4.20)

Definition 36. Let f be reduced, then we say that Tf is n - free if h0OZ “ n.

We pose the following question: Given d, is every n from 0 to d2 realizable?
This problem will be further discussed in the next chapter.

Theorem 37. Let Z and J be the zero-schemes defined by Tf for some f homogeneous of
degree d` 1 and denote ωJ and ωZ to be the dualizing sheaves of J and Z. Then there is
an exact sequence

OP2pd´ aq
η
Ñ ωJ Ñ OS Ñ ωZ Ñ 0 (4.21)

inducing a short exact sequence

0 Ñ cokerpηq Ñ OS Ñ ωZ Ñ 0 (4.22)

where S is the zero-dimensional subscheme given by σ.

Proof. Since Z and J are zero-dimensional their dualizing sheaves are:

ωJ :“ Ext2pOJ ,OP2q – Ext1pIJ ,OP2q
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and
ωZ :“ Ext2pOZ ,OP2q – Ext1pIZ ,OP2q

Consider now the exact sequence (4.6) and apply the functor p´q˚:

OP2
η
Ñ ωJ

g
Ñ Ext1pQ,OP2q

g1

Ñ ωZ Ñ 0 (4.23)

Now dualize the sequence:

0 Ñ OP2p´aq Ñ O‘3
P2 Ñ QÑ 0 (4.24)

to get
O‘3

P2 Ñ OP2paq Ñ Ext1pQ,OP2q Ñ 0 (4.25)

and note that Ext1pQ,OP2q is a quotient of OP2paq which implies that Ext1pQ,OP2q –

OSpaq for a subscheme S which is the subscheme of zeroes of σ1 (the subschemes are all
zero dimensional, so we drop the degrees):

OP2pd´ aq Ñ ωJ Ñ OS Ñ ωZ Ñ 0 (4.26)

Exactness implies impηq “ kerpgq and thus

cokerpηq “ ωJ{impηq “ ωJ{kerpgq – impgq “ kerpg1q

so the sequence
0 Ñ kerpg1q Ñ OS

g1

Ñ ωZ Ñ 0 (4.27)

can be written
0 Ñ cokerpηq Ñ OS Ñ ωZ Ñ 0 (4.28)

Remark 38. Our last theorem gives a geometrical interpretation: The support of OS

can be seen as the union of Supppcokerpηqq and SupppωZq, but each dualizing sheaf must
be supported on the corresponding zero-dimensional schemes and cokerpηq is given by a
quotient ωJ{ηpOP2pd´ aqq with support inside J .

We finish this chapter with a result on the stability of Tf :

4.3.2 Stability
Let r be the integer such that Tf prq is normalized, that is, c1Tf prq “ 0 or ´1.

We will need to use the following lemma:

Lemma 39. (OKONEK; SCHNEIDER; SPINDLER, 1980) Let F be a normalized rank
2 reflexive sheaf on Pn. Then F is stable if and only if H0

pFq “ 0. If c1F is even then F
is semistable if and only if H0Fp´1q “ 0
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Since a is, by definition, the least positive integer such that H0Tf paq “ 0, it is
possible to tell if Tf is stable looking only at d, a:

Proposition 40. Let f be homogeneous of degree d ` 1 and a the integer such that
H0Tf pa ´ 1q “ 0 and H0Tf paq “ 0. Define r “ d{2 if d even and r “ pd ´ 1q{2 if d odd.
Then Tf is stable if and only if H0Tf prq “ 0 if and only if r ă a.

Remark 41. It follows then that for a cubic and quartic, the sheaf Tf is stable if and
only if a ą 1.

There is another result given by (FAENZI; MARCHESI, 2021) concerning
stability. Although being a general result for PN we state here the particular case for P2.

Theorem 42. (FAENZI; MARCHESI, 2021, Theorem C) Let f be reduced as before, then
Tf is stable if:

j ă pd´ rqpdq (4.29)

where r is the same number given in Proposition 40.

For cubics and quartics this implies that Tf is stable if:

j ă pd´ 1qd (4.30)

The right hand side of the inequality has value 2, 6 for cubics and quartics respectively.

Example 7. Let f “ y4
` 2xy2z ` x2z2

` yz3 and g “ y2z2
` y4

` xz3 be quartics with
singularities A6 and E6. Both curves are absolutely irreducible with Tf stable and j “ 6
(see table at the end of next chapter).
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5 Numerical invariant associated to plane
curves

We compute the numbers n, j, a and list the cases where Tf is stable as a sheaf,
and whether C is GIT-stable.

5.1 Cubics

5.1.1 Reducible Cubics
Let C be a plane cubic, suppose that C is reducible. We can list every possible

combination:

• C is the union of an irreducible conic and a line

– pxz ` y2
qy “ 0 conic and a non tangent line (j=2, a=1, n=1)

– pxz ` y2
qz “ 0 conic and a tangent line (j=3, a=1, n=0)

• C is the union of three lines

– y3
“ 0 triple line (non reduced)

– y2
py ` zq “ 0 double + simple line (non reduced)

– yzpy ` zq “ 0 three concurrent lines (j=4, a=0, n=0)

– xyz “ 0 generic (j=3, a=1, n=0)

5.1.2 Irreducible Cubics
If C is irreducible, then it is well known that we can write C in two forms:

• If C is non-singular then it is projectively equivalent to y2z “ xpx´ zqpx´ λz with
λ “ 0, 1 (Legendre form)

• C is projectively equivalent to y2z “ x3
` axz2

` bz3 (Weierstrass form)

We also have that if C is in a Weierstrass form then it is non-singular if and only if
4a3

` 27b2
“ 0

If C is smooth we already know that it is 4-free. It is known that a irreducible
singular cubic is either isomorphic to a cuspid y2z “ x3 (n,j,a = 1,2,1) or a nodal
y2z “ x3

` x2z (n,j,a = 3,1,2).
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• j “ 0 “ñ Non-singular (n = 4, a = 2)

• j “ 1 “ñ Nodal (n = 3, a = 2)

• j “ 2 “ñ Cuspid and Conic + non tangent line (n = 1, a = 1)

• j “ 3 “ñ Generic lines xyz and Conic + tangent line (n = 0, a = 1)

• j “ 4 “ñ Concurrent lines (n = 0, a = 0)
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5.2 Reduced Quartics
Here we will use the classification of singular quartic curves (where we take the

normal form of each projective class) given in (NEJAD, 2010). By Proposition 40 we have
that Tf is stable if and only if a ą 1.

5.2.1 j=1,2

Singularities Polynomial (n,j,a)

1A1 px3ya1 ` xy
3a2 ` x

2y2a3 ` x
3za4 ` y

3za5 ` x
4
` y4

` xyz2
q p8, 1, 3q

2A1 px4a1 ` x
3ya2 ` x

3za3 ` x
2yza4 ` x

2y2
` x2z2

` y2z2
q p7, 2, 3q

1A2 py4a1 ` xy
3a2 ` x

2y2a3 ` x
3za4 ` x

2yza5 ` x
4
` y2z2

q p7, 2, 3q

5.2.2 j=3,4

Singularities Polynomial (n,j,a)

p1A1, 2A2q pxy2za1 ` x
3za2 ` x

3ya3 ` x
4
´ x2z2

` y2z2
q p6, 3, 3q

3A1 p2x2yza1 ` 2xy2za2 ` 2xyz2a3 ` x
2y2

` x2z2
` y2z2

q p6, 3, 3q
1A3 pxy3a1 ` x

2y2a2 ` y
4a3 ´ x

4
` y2z2

q p4, 3, 2q
3A1 x ¨ px2za1 ` xz

2a2 ` xyza3 ` xy
2
` y2z ` yz2

q p4, 3, 2q
p2A1, 1A2q p2x2yza1 ` 2xy2za2 ` x

2y2
` x2z2

` 2xyz2
` y2z2

q p3, 4, 2q
p1A1, 1A3q p2y3za1 ` 2xy2za2 ` y

4
` x2z2

` y2z2
q p3, 4, 2q

1D4 px2y2a1 ` x
3ya2 ` y

4
´ x3z ` xy2zq p3, 4, 2q

2A2 px3ya1 ` x
3za2 ` x

2yza3 ` x
4
` y2z2

q p3, 4, 2q
1A4 pyz3a1 ` z

4a2 ` y
4
` 2xy2z ` y3z ` x2z2

q p3, 4, 2q
p1A1, 1A3q x ¨ pxz2a1 ` xyza2 ` y

3
` x2z ` y2zq p3, 4, 2q

4A1 x ¨ py2za1 ` yz
2a2 ` xy

2
` xyz ` z3

q p3, 4, 2q
4A1 pxy ` xz ` yzq ¨ pyza1 ` xza2 ` xyq p3, 4, 2q
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5.2.3 j=5

Singularities Polynomial (n,j,a)

p1A1, 2A2q p2x2yza1 ` x
2y2

` 2xy2z ` x2z2
` 2xyz2

` y2z2
q p2, 5, 2q

p1A2, 1A3q p2xy2za1 ` y
4
` 2y3z ` x2z2

q p2, 5, 2q
p1A1, 1A4q py2z2a1 ` y

4
` 2xy2z ` 2y3z ` x2z2

q p2, 5, 2q
1A5 pz4a1 ` y

4
´ 2xy2z ` x2z2

` y2z2
q p2, 5, 2q

1D5 px3ya1 ` x
4
` y4

` xy2zq p2, 5, 2q
1A5 x ¨ pxyza1 ` y

3
` x2z ` xz2

q p2, 5, 2q
p2A1, 1A3q x ¨ pyz2a1 ` xy

2
` xyz ` z3

q p2, 5, 2q
p1A1, 1D4q x ¨ px2za1 ` x

3
` xyz ` yz2

q p2, 5, 2q
p3A1, 1A2q x ¨ pyz2a1 ` xy

2
` y2z ` z3

q p2, 5, 2q
p2A1, 1A3q pxy ` xz ` yzq ¨ pyza1 ` xy ` xzq p2, 5, 2q
5A1 z ¨ y ¨ pyza1 ` x

2
` xy ` xzq p2, 5, 2q

5.2.4 j=6 (nearly-free curves)

Singularities Polynomial (n,j,a)

3A2 px2y2
´ 2x2yz ´ 2xy2z ` x2z2

´ 2xyz2
` y2z2

q p1, 6, 2q
p1A2, 1A4q py4

` 2xy2z ` 2y3z ` x2z2
q p1, 6, 2q

1A6 py4
´ 2xy2z ` x2z2

` 2yz3
q p1, 6, 2q

1E6 px2y2a1 ` x
4
` y3zq p1, 6, 2q

p1A1, 1A5q x ¨ pxy2
` xyz ` z3

q p1, 6, 2q
1D6 x ¨ px3

` xyz ` z3
q p1, 6, 2q

p1A1, 1A2, 1A3qx ¨ pxy
2
` yz2

` z3
q p1, 6, 2q

p1A1, 1D5q x ¨ px2za1 ` x
3
` yz2

q p1, 6, 2q
p1A1, 1A5q pxy ` z2

q ¨ pxy ` yz ` z2
q p1, 6, 2q

2A3 x ¨ px` yq ¨ pyza1 ` x
2
q p1, 6, 2q

p3A1, 1A3q z ¨ y ¨ px2
` xz ` yzq p1, 6, 2q

p2A1, 1D4q z ¨ y ¨ pxy ` xz ` yzq p1, 6, 2q
6A1 z ¨ y ¨ x ¨ px` y ` zq p1, 6, 2q
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5.2.5 j=7,9 (free curves)

Singularities Polynomial (n,j,a)

p1A2, 1A5q x ¨ pxy2
` z3

q p0, 7, 1q
1E7 x ¨ px2y ` xz2

` z3
q p0, 7, 1q

1A7 px2
` yzq ¨ px2

` y2
` yzq p0, 7, 1q

p1A1, 2A3q z ¨ y ¨ px2
` yzq p0, 7, 1q

p1A1, 1D6q z ¨ y ¨ py2
` xzq p0, 7, 1q

p3A1, 1D4q z ¨ y ¨ x ¨ px` zq p0, 7, 1q
Four concur-
rent lines

x2z2a1 ` xz
3a1 ` x

3z ` x2z2
p0, 9, 0q

Note that n “ 5 does not occur, motivating our question of gaps between values of n. We
also see that for the irreducible quartics with singularities A6 and E6 we have j “ 6, a “ 2,
then Tf is a stable bundle, hence we show that there is an example for the projective plane
with sharper conditions on j in contrast with Theorem 42.

5.3 GIT stability for cubics and quartics
Let G “ SLp3q be the reductive group acting on P2. G has a well defined action

on homogeneous polynomials f P Vd`1 :“ H0OP2pd` 1q via g.f “ f ˝ g´1 which induces
an action SLp3q ˆ PVd`1 Ñ PVd`1. In this sense there is a GIT semistable locus PVd`1

ss

and a GIT quotient PVd`1
ss
Ñ pPVd`1

ss
q{{G.

The classification for cubics (HOSKINS, ) and quartics (ARTEBANI, 2009)
with respect to GIT stability is well known. For cubics we have the following:

• Stable locus corresponds to smooth cubics (j=0)

• Semistable orbit given by Irreducible nodal (j=1)

• Semistable orbit given by conic + non tangent line (j=2)

• Semistable orbit given by union of non concurrent lines (j=3)

And for quartics:

• Stable locus corresponds to quartics that are smooth (j=0) or have at most ordinary
double points and cusps (j=1,2)

• Semistable orbit given by reduced quartics with tacnodes (j=3) and (non-reduced)
double conics.
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For the cases d` 1 “ 3, 4 we can manually verify the following remark:

Remark 43. Let f P Vd`1 be homogeneous of degree d` 1 “ 3, 4 defining a curve C. If C
is GIT stable then Tf is a stable as sheaf.

Remark 44. For quartics we have that Tf is stable if a ą 1. This includes every quartic
in our table for j “ 1, ..., 6.

5.4 The algorithm
The main purpose for the existence of our algorithm is to be able to generate

concrete examples of reduced plane curves. (See appendix for the definitions of each
function)

1 class dVec ():
2 def __init__ (self ,d):
3 self.d = d
4 P2.<x,y,z> = ProjectiveSpace (2,QQ)
5 self.P2 = P2
6 self. indices = [(i,j) if i+j<=d else None for i in

range(d+1) for j in range(d-i+1)]
7 print(" generating indices ... ",self. indices )
8 self. monomialdict = {}
9 for i,j in self. indices :

10 m = x^(d-i-j)*y^(i)*z^(j)
11 self. monomialdict [(i,j)] = m
12 print("with respective monomials :", self. monomialdict

)
13 def generate_poly (self , CONSTRAINTS = []):
14 coefdict = {}
15 vanishingmonomials = []
16 f = 0
17 for i,j in self. indices :
18 if (i,j) in CONSTRAINTS :
19 coef = 0
20 else:
21 coef = ZZ. random_element (-5,5)
22 if coef ==0:
23 vanishingmonomials .append ((i,j))
24 coefdict [(i,j)] = coef*self. monomialdict [(i,j)]
25 f = f + coefdict [(i,j)]
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26 CHECKSQUAREFREE = (f!=0 and f. is_squarefree ())
27 if CHECKSQUAREFREE == False:
28 #print("f non square -free , rerunning ...")
29 f = self. generate_poly ( CONSTRAINTS = CONSTRAINTS )
30 return f
31 # then substitute zero for i,j in CONSTRAINTS
32 def runexperimentonce (self , CONSTRAINTS = []):
33 f = self. generate_poly ( CONSTRAINTS = CONSTRAINTS )
34 delta = logtest (f)
35 return {"f":f,"delta":delta}
36 def endlessexperiment (self ,LIMIT = 1000 , CONSTRAINTS = [])

:
37 self. experiments = []
38 for k in range(LIMIT):
39 output = self. runexperimentonce ( CONSTRAINTS =

CONSTRAINTS )
40 self. experiments .append(output)
41 def computefrequency (self):
42 from collections import Counter
43 LIMIT = len(self. experiments )
44 self. frequency_sigma =
45 Counter ([ self. experiments [k][’delta ’] for k in range(

len(self. experiments ))]). most_common ()
46 PERCENTAGES = []
47 for k in range(len(self. frequency_sigma )):
48 PERCENTAGES .append(self. frequency_sigma [k][1]/

LIMIT)
49 self. percentages = PERCENTAGES
50 cases = [x[0] for x in self. frequency_sigma ]
51 self. filterpoly = {}
52 for CASE in cases:
53 filterpolytemp =
54 [x[’f’] for x in self. experiments if x[’delta ’]==

CASE]
55 self. filterpoly [CASE ]=
56 [factor(f) for f in filterpolytemp ][0]
57 print("\n Case (n,j,a):",CASE ," with polynomials :

",
58 self. filterpoly [CASE ])
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59 print("\n Table of occurrences : ",self.
frequency_sigma ,", with

60 probabilities :",PERCENTAGES )
61

62 P2.<x,y,z> = ProjectiveSpace (QQ ,2)

Then run the following code for d=3, d=4 and d=5:

1 V = dVec(d)
2 V. endlessexperiment (LIMIT =10000 , CONSTRAINTS = [(0 ,0) ,(1,0)

,(0,1)])
3 V. computefrequency ()

The output for each case is:

d=3:

1 generating indices ... [(0, 0), (0, 1), (1, 0), (0, 2), (1,
1), (2, 0),

2 (0, 3), (1, 2), (2, 1), (3, 0)]
3 with respective monomials : {(0, 0): z^3, (0, 1): y*z^2, (1,

0): x*z^2,
4 (0, 2): y^2*z, (1, 1): x*y*z,
5 (2, 0): x^2*z, (0, 3): y^3,
6 (1, 2): x*y^2, (2, 1): x^2*y, (3, 0): x^3}
7

8 Case (n,j,a): (3, 1, 2) f: x^3 + x^2*y + x*y^2 + y^3 + x^2*
z + 2*x*y*z + 2*y^2*z with singularities : [(0 : 0 : 1)]

9

10 Case (n,j,a): (1, 2, 1) f: x^3 + 2*x^2*y + 2*x*y^2 + y^3 +
x^2*z

11 with singularities : [(0 : 0 : 1)]
12

13 Case (n,j,a): (0, 3, 1) f: (2*x + 2*y + z) * (x^2 + y^2)
with

14 singularities : [(0 : 0 : 1)]
15

16 Case (n,j,a): (0, 4, 0) f: y * x * (x + y) with
17 singularities : [(0 : 0 : 1)]
18

19 Table of occurrences :
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So we managed to recover at least one example for each of the four possible set of pn, j, aq
corresponding to singular reduced cubics.

For quartics we have:

1 generating indices ... [(0, 0), (0, 1), (1, 0), (0, 2), (1,
1), (2, 0), (0, 3), (1, 2), (2, 1), (3, 0), (0, 4), (1, 3)
, (2, 2), (3, 1), (4, 0)]

2 with respective monomials : {(0, 0): z^4, (0, 1): y*z^3, (1,
0): x*z^3, (0, 2): y^2*z^2, (1, 1): x*y*z^2, (2, 0): x^2*z
^2, (0, 3): y^3*z, (1, 2): x*y^2*z, (2, 1): x^2*y*z, (3,
0): x^3*z, (0, 4): y^4, (1, 3): x*y^3, (2, 2): x^2*y^2,
(3, 1): x^3*y, (4, 0): x^4}

3

4 Case (n,j,a): (8, 1, 3) f: x^4 + 2*x^3*y + x^2*y^2 + 2*x*y
^3 +

5 2*y^4 + x^3*z + x*y^2*z + x^2*z^2 + y^2*z^2 with
singularities :

6 [(0 : 0 : 1)]
7

8 Case (n,j,a): (7, 2, 3) f: 2*x^4 + x^2*y^2 + x*y^3 + 2*x^3*
z +

9 y^3*z + 2*x^2*z^2 with singularities : [(0 : 0 : 1)]
10

11 Case (n,j,a): (3, 4, 2) f: (2*x*y + 2*y^2 + x*z + 2*y*z) *
(x^2 + y*z)

12 with singularities : [(0 : 0 : 1)]
13

14 Case (n,j,a): (4, 3, 2) f: 2*x^4 + x^3*y + x*y^3 + x*y^2*z
+ y^3*z

15 + 2*y^2*z^2 with singularities : [(0 : 0 : 1)]
16

17 Case (n,j,a): (6, 3, 3) f: 2*x^4 + x^3*y + 2*x^2*y^2 + y^4
+

18 2*x^2*y*z + 2*x*y^2*z + 2*y^3*z + 2*y^2*z^2 with
singularities

19 : [(0 : 0 : 1)]
20

21 Case (n,j,a): (2, 5, 2) f: x * (2*x^2*y + x*y^2 + 2*x*y*z +
x*z^2

22 + 2*y*z^2) with singularities : [(-1 : 1 : 1), (0 : 0 : 1),
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(0 : 1 : 0)]
23

24 Case (n,j,a): (1, 6, 2) f: y * (x^3 + 2*x*y^2 + 2*y^3 + 2*x
*y*z +

25 y^2*z) with singularities : [(0 : 0 : 1)]
26

27 Case (n,j,a): (0, 7, 1) f: (x^2 + y^2) * (x^2 + x*y + y^2 +
2*x*z +

28 2*y*z + 2*z^2) with singularities : [(0 : 0 : 1)]
29

30 Case (n,j,a): (1, 6, 1) f: (2) * x * (x^3 + y^2*z) with
singularities :

31 [(0 : 0 : 1), (0 : 1 : 0)]
32

33 Case (n,j,a): (0, 9, 0) f: x^4 + 2*x^3*y + x^2*y^2 + 2*y^4
34 with singularities : [(0 : 0 : 1)]
35

36 Table of occurrences : [((8 , 1, 3), 6652) , ((7, 2, 3), 1604)
, ((3, 4, 2), 554) ,

37 ((4, 3, 2), 525) , ((6, 3, 3), 385) , ((2, 5, 2), 212) , ((1,
6, 2), 49) ,

38 ((0, 7, 1), 11) , ((1, 6, 1), 4), ((0, 9, 0), 4)] , with
probabilities :

39 [0.6652 , 0.1604 , 0.0554 , 0.0525 , 0.0385 , 0.0212 , 0.0049 ,
0.0011 , 0.0004 , 0.0004]

So we recover all the 9 possible cases of reduced singular quartics of previous chapter: [(8,
1, 3), (7, 2, 3), (3, 4, 2),(4, 3, 2),(6, 3, 3), (2, 5, 2), (1, 6, 2), (0, 7, 1), (0, 9, 0)] with the
addition of (1, 6, 1) corresponding to the union of a cuspidal cubic with cusp at p0 : 0 : 1q
and a non-tangent line intersecting the cubic at p0 : 1 : 0q and p0 : 0 : 1q, a degree 1 syzygy
is r0, y,´2zs with subscheme of zeroes S corresponding to a point p1 : 0 : 0q.

For d=5:

1 generating indices ... [(0, 0), (0, 1), (1, 0), (0, 2), (1,
1), (2, 0), (0, 3), (1, 2), (2, 1), (3, 0), (0, 4), (1, 3)
, (2, 2), (3, 1), (4, 0), (0, 5), (1, 4), (2, 3), (3, 2),
(4, 1), (5, 0)]

2 with respective monomials : {(0, 0): z^5, (0, 1): y*z^4, (1,
0): x*z^4, (0, 2): y^2*z^3, (1, 1): x*y*z^3, (2, 0): x^2*z
^3, (0, 3): y^3*z^2, (1, 2): x*y^2*z^2, (2, 1): x^2*y*z^2,
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(3, 0): x^3*z^2, (0, 4): y^4*z, (1, 3): x*y^3*z, (2, 2):
x^2*y^2*z, (3, 1): x^3*y*z, (4, 0): x^4*z, (0, 5): y^5,
(1, 4): x*y^4, (2, 3): x^2*y^3, (3, 2): x^3*y^2, (4, 1): x
^4*y, (5, 0): x^5}

3

4 Case (n,j,a): (15, 1, 4) f: 2*x^4*y + x^2*y^3 + x*y^4 + 2*x
^4*z + x^2*y^2*z + 2*x*y^3*z + 2*y^4*z + x^3*z^2 + x^2*y*
z^2 + x*y^2*z^2 + 2*x*y*z^3 + 2*y^2*z^3 with
singularities : [(0 : 0 : 1)]

5

6 Case (n,j,a): (14, 2, 4) f: x^5 + 2*x^3*y^2 + x*y^4 + 2*y^5
+ x^3*y*z + 2*x*y^3*z + y^4*z + 2*x^3*z^2 + 2*x*y^2*z^2

+ 2*y^3*z^2 + x^2*z^3 with singularities : [(0 : 0 : 1)]
7

8 Case (n,j,a): (13, 3, 4) f: x^5 + x^4*y + x^2*y^3 + 2*x*y^4
+ 2*y^5 + x^4*z + x^2*y^2*z + x*y^3*z + 2*y^4*z + x^3*z

^2 + 2*x^2*y*z^2 + x*y^2*z^2 + x^2*z^3 with singularities
: [(0 : 0 : 1)]

9

10 Case (n,j,a): (12, 4, 4) f: x^5 + x^4*y + 2*x^3*y^2 + 2*x
^2*y^3 + x*y^4 + x^2*y^2*z + 2*x*y^3*z + 2*y^4*z + 2*x^3*
z^2 + x^2*y*z^2 + 2*x*y^2*z^2 with singularities : [(0 : 0

: 1)]
11

12 Case (n,j,a): (9, 4, 3) f: x * (2*x^4 + 2*x^3*y + 2*x^2*y^2
+ 2*x*y^3 + 2*y^4 + x^3*z + x^2*y*z + 2*x*y^2*z + y^3*z

+ 2*x^2*z^2 + x*y*z^2 + y^2*z^2 + 2*x*z^3 + y*z^3) with
singularities : [(0 : 0 : 1)]

13

14 Case (n,j,a): (11, 5, 4) f: 2*x^3*y^2 + x*y^4 + 2*x^3*y*z +
x^2*y^2*z + 2*y^4*z + 2*x^3*z^2 + 2*x^2*y*z^2 + 2*x*y^2*

z^2 with singularities : [(0 : 0 : 1), (1 : 0 : 0)]
15

16 Case (n,j,a): (8, 5, 3) f: z * (x^4 + x*y^3 + x^3*z + 2*x
^2*y*z + x*y^2*z + 2*y^3*z + 2*x*y*z^2) with
singularities : [(-1 : 1 : 0), (0 : 0 : 1), (0 : 1 : 0)]

17

18 Case (n,j,a): (7, 6, 3) f: (x + y) * (x^4 + x^3*y + 2*y^4 +
x^3*z - x^2*y*z + x*y^2*z + x^2*z^2 + y^2*z^2) with
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singularities : [(0 : 0 : 1)]
19

20 Case (n,j,a): (6, 7, 3) f: z * x * (2*x^3 + 2*x^2*y + x*y^2
+ y^3 + x^2*z + x*y*z + y^2*z + x*z^2 + 2*y*z^2) with

singularities : [(-1 : 1 : 0), (0 : 0 : 1), (0 : 1 : 0)]
21

22 Case (n,j,a): (10, 6, 4) f: x^5 + 2*x^4*y + 2*x^2*y^3 + 2*y
^5 + 2*x^4*z + x*y^3*z + y^4*z + x^3*z^2 with
singularities : [(0 : 0 : 1)]

23

24 Case (n,j,a): (5, 8, 3) f: x * (x^4 + 2*x*y^3 + 2*y^4 + x
^2*y*z + 2*x*y^2*z + 2*y^2*z^2) with singularities : [(0 :

0 : 1)]
25

26 Case (n,j,a): (4, 9, 3) f: x^4*y + x^3*y^2 + 2*x^2*y^3 + 2*
y^5 + 2*x^4*z + 2*x^2*y^2*z + x*y^3*z with singularities :

[(0 : 0 : 1)]
27

28 Case (n,j,a): (1, 11, 2) f: z * x * (2*x^3 + x^2*y + y^3 +
2*x^2*z) with singularities : [(-1 : 1 : 0), (0 : 0 : 1),
(0 : 1 : 0)]

29

30 Case (n,j,a): (0, 12, 2) f: y * (x^4 + x^3*y + 2*x^2*y^2 +
y^4 + 2*x^3*z + 2*x*y^2*z + x^2*z^2) with singularities :
[(-1 : 0 : 1), (0 : 0 : 1)]

31

32 Table of occurrences : [((15 , 1, 4), 7009) , ((14 , 2, 4),
1594) , ((13 , 3, 4), 580) , ((12 , 4, 4), 365) , ((9, 4, 3),
159) , ((11 , 5, 4), 90) , ((8, 5, 3), 70) , ((7, 6, 3), 58) ,

((6, 7, 3), 27) , ((10 , 6, 4), 23) , ((5, 8, 3), 14) , ((4,
9, 3), 7), ((1, 11, 2), 3), ((0, 12, 2), 1)] , with

probabilities : [0.7009 , 0.1594 , 0.058 , 0.0365 , 0.0159 ,
0.009 , 0.007 , 0.0058 , 0.0027 , 0.0023 , 0.0014 , 0.0007 ,
0.0003 , 0.0001]

So we find 14 cases, it is possible to eliminate ordinary double points
(cases (15,1,4),(14,2,4),(13,3,4)) and search for triple points or higher multiplicities by
adding constraints, i.e. we can demand ai,j “ 0 for some choices of i, j:

1 CONSTRAINTS = [(0 ,0) ,(1,0) ,(0,1) ,(1,1) ,(2,0) ,(0,2)]
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which results in:

1 Case (n,j,a): (12, 4, 4) f: x^5 + x^4*y + x^3*y^2 + 2*x^2*y
^3 + 2*x*y^4 + 2*x^4*z + 2*x*y^3*z + y^4*z + x^3*z^2 + 2*x
^2*y*z^2 + 2*x*y^2*z^2 + 2*y^3*z^2 with singularities : [(0

: 0 : 1)]
2

3 Case (n,j,a): (11, 5, 4) f: 2*x^5 + x^4*y + x*y^4 + 2*x^4*z
+ 2*x^3*y*z + 2*x^2*y^2*z + x*y^3*z + y^4*z + x^3*z^2 +

2*x^2*y*z^2 with singularities : [(0 : 0 : 1)]
4

5 Case (n,j,a): (10, 6, 4) f: x^5 + 2*x^4*y + 2*x^3*y^2 + 2*y
^5 + 2*x^3*y*z + 2*x*y^3*z + 2*x^3*z^2 + 2*x^2*y*z^2 with

singularities : [(0 : 0 : 1)]
6

7 Case (n,j,a): (7, 6, 3) f: y * (2*x^4 + x^3*y + x^2*y^2 + x
*y^3 + x^3*z + x^2*y*z + x*y^2*z + x^2*z^2 + y^2*z^2)
with singularities : [(0 : 0 : 1)]

8

9 Case (n,j,a): (6, 7, 3) f: 2*x^5 + 2*x^4*y + x^2*y^3 + y^5
+ x*y^3*z + 2*y^4*z + x*y^2*z^2 + y^3*z^2 with
singularities : [(0 : -1 : 1), (0 : 0 : 1)]

10

11 Case (n,j,a): (5, 8, 3) f: z * (x^4 + 2*x^3*y + x^2*y^2 + x
*y^3 + 2*x^3*z + x^2*y*z + x*y^2*z + 2*y^3*z) with
singularities : [(0 : 0 : 1), (0 : 1 : 0)]

12

13 Case (n,j,a): (4, 9, 3) f: x^5 + 2*x^4*y + x^3*y^2 + 2*x^2*
y^3 + 2*x*y^4 + 2*y^5 + x^3*y*z + 2*y^4*z with
singularities : [(0 : 0 : 1)]

14

15 Case (n,j,a): (3, 10, 3) f: y * (2*y^4 + 2*y^3*z + x^2*z^2
+ x*y*z^2 + 2*y^2*z^2) with singularities : [(0 : 0 : 1),
(1 : 0 : 0)]

16

17 Case (n,j,a): (1, 11, 2) f: x * (2*x^4 + 2*x^3*y + 2*x^2*y
^2 + 2*x*y^3 + y^4 + 2*x^2*y*z + 2*x*y^2*z + x^2*z^2)
with singularities : [(0 : 0 : 1)]

18

19 Case (n,j,a): (2, 10, 2) f: x * (x^4 + 2*x^3*y + 2*x*y^3 +
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2*x^3*z + 2*y^3*z) with singularities : [(0 : 0 : 1), (0 :
1 : 0)]

20

21 Case (n,j,a): (0, 13, 1) f: (y + 2*z) * x * (x^3 + x^2*y +
y^3) with singularities : [(0 : -2 : 1), (0 : 0 : 1)]

22

23 Case (n,j,a): (0, 12, 2) f: (x + z) * (x + y) * (x^3 + 2*y
^3 + x^2*z) with singularities : [(-1 : 0 : 1), (-1 : 1 :
1), (0 : 0 : 1), (1 : -1 : 1)]

24

25 Table of occurrences : [((12 , 4, 4), 6680) , ((11 , 5, 4),
1497) , ((10 , 6, 4), 590) , ((7, 6, 3), 475) , ((6, 7, 3),
386) , ((5, 8, 3), 192) , ((4, 9, 3), 122) , ((3, 10, 3),
37) , ((1, 11, 2), 12) , ((2, 10, 2), 6), ((0, 13, 1), 2),
((0, 12, 2), 1)] , with probabilities : [0.668 , 0.1497 ,
0.059 , 0.0475 , 0.0386 , 0.0192 , 0.0122 , 0.0037 , 0.0012 ,
0.0006 , 0.0002 , 0.0001]

We see that new polynomials with singularity of higher multiplicity appears: [((3, 10, 3),
37), ((2, 10, 2), 6), ((0, 13, 1), 2)]

5.4.1 Irreducible nearly-free and free quintics and sextics
An interesting case occurs when we ask for irreducible plane curves of degree

d with a point (say P=(0:0:1)) that is singular of multiplicity d-1. For example, if f is a
quintic then we pass

CONSTRAINTS “ p0, 0q, p1, 0q, p0, 1q, p1, 1q, p2, 0q, p0, 2q, p3, 0q, p0, 3q, p2, 1q, p1, 2qs

so that ai,j “ 0 when i` j ă d´ 1 “ 4:

1 Case (n,j,a): (1, 11, 2) f: (-1) * (-2*x^5 + 4*x^4*y - 4*x
^3*y^2 - 4*x^2*y^3 + 4*x*y^4 - y^5 + 5*x*y^3*z - 2*y^4*z)

with singularities : [(0 : 0 : 1)]
2

3 Case (n,j,a): (0, 12, 2) f: (-1) * (-x^5 - 3*x^4*y + 4*x^3*
y^2 - 2*y^5 + 4*x^4*z) with singularities : [(0 : 0 : 1)]

4

5 Case (n,j,a): (0, 16, 0) f: (-1) * (4*x^5 - x^4*y - 4*x^3*y
^2 - x*y^4 + 3*y^5) with singularities : [(0 : 0 : 1)]

And appropriate conditions for sextics yield:
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1 Case (n,j,a): (1, 18, 3) f: (-1) * (5*x^6 - 4*x^5*y + 2*x
^4*y^2 - 4*x^3*y^3 + x^2*y^4 + x*y^5 - y^6 + 2*x^5*z)
with singularities : [(0 : 0 : 1)]

2

3 Case (n,j,a): (0, 25, 0) f: (-1) * (5*x^6 + 5*x^5*y - 3*x
^4*y^2 + 3*x^3*y^3 - 4*x^2*y^4 - 2*x*y^5 - 3*y^6) with
singularities : [(0 : 0 : 1)]
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APPENDIX A – Algorithm

1 # Basic functions
2 from IPython .core. interactiveshell import InteractiveShell
3 InteractiveShell . ast_node_interactivity = ’all ’
4

5 def generate_quartics ( substitute_parameter =False , field = QQ)
:

6 # using delta_p := (mu_p + r_p - 1)/2 we have g = (1/2)(d
-1)(d -2) - sum_p( delta_p ) for p in Sing(X)

7 R.<x,y,z,a_1 ,a_2 ,a_3 ,a_4 ,a_5 > = PolynomialRing (field ,8)
8 DESCRIPTION = {}
9 f = {}

10 # IRREDUCIBLE
11 # Genus 0:
12 # |Sing(C)| = 3:
13 ## Three nodes with a_i != +-1 and delta = 2* a_1*a_2*a_3+

a_1 ^2+ a_2 ^2+ a_3 ^2-1 != 0 #TODO conditions
14 f[0] = y^2*z^2+x^2*z^2+x^2*y^2+2*x*y*z*( a_1*x+a_2*y+a_3*z

)
15 DESCRIPTION [0] = "3. A_1"
16 ## Three cusps:
17 f[1] = y^2*z^2+x^2*z^2+x^2*y^2 -2*x*y*z*(x+y+z)
18 DESCRIPTION [1] = "3. A_2"
19 ## One node two cusps with a_i != +-1
20 f[2] = y^2*z^2+x^2*z^2+x^2*y^2+2*x*y*z*( a_1*x+y+z)
21 DESCRIPTION [2] = "1. A_1 + 2. A_2"
22 ## One cusp two nodes with a_i != +-1 and delta = (a_1+

a_2)^2 != 0
23 f[3] = y^2*z^2+x^2*z^2+x^2*y^2+2*x*y*z*( a_1*x+a_2*y+z)
24 DESCRIPTION [3] = "2. A_1 + 1. A_2"
25

26 # |Sing(C)| = 2:
27 ## One node and Tacnode with a_2 != +-1 and delta = a_1 ^2

+ a_2 ^2 - 1 != 0
28 f[4] = z^2*(x^2+y^2)+y^4+2* a_1*y^3*z+2* a_2*x*y^2*z
29 DESCRIPTION [4] = "1. A_1 + 1. A_3"
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30 ## One cusp and Tacnode with a_1 != 1
31 f[5] = x^2*z^2+y^4+2*y^3*z+2* a_1*x*y^2*z
32 DESCRIPTION [5] = "1. A_2 + 1. A_3"
33 ## One node and Ramphoid cusp with a_1 != 0
34 f[6] = x^2*z^2+y^4+2*z*y^3+2*x*y^2*z+a_1*z^2*y^2
35 DESCRIPTION [6] = "1. A_1 + 1. A_4"
36 ## One cusp and Ramphoid cusp
37 f[7] = x^2*z^2+y^4+2*z*y^3+2*x*y^2*z
38 DESCRIPTION [7] = "1. A_2 + 1. A_4"
39

40 # |Sing(C)| = 1:
41 ## One Oscnode with a_1 != 0
42 f[8] = (y^2-x*z)^2+y^2*z^2+ a_1*z^4
43 DESCRIPTION [8] = "1. A_5"
44 ## A_6 cusps
45 f[9] = (y^2-x*z)^2+2*y*z^3
46 DESCRIPTION [9] = "1. A_6"
47 ## Ordinary triple point
48 f[10] = x*(y^2-x^2)*z+y^4+ a_1*x^2*y^2+ a_2*y*x^3
49 DESCRIPTION [10] = "1. D_4"
50 ## Tacnode cusp
51 f[11] = x*y^2*z+x^4+y^4+ a_1*x^3*y
52 DESCRIPTION [11] = "1. D_5"
53 ## Multiplicity 3 cusp
54 f[12] = y^3*z+x^4+ a_1*x^2*y^2
55 DESCRIPTION [12] = "1. E_6"
56

57 # Genus 1
58 # |Sing(C)| = 2
59 ## Two nodes
60 f[13] = (y^2+x^2)*z^2+x^2*y^2+ a_1*x^4+ a_2*x^3*y+a_3*x^3*z

+a_4*x^2*y*z
61 DESCRIPTION [13] = "2. A_1"
62 ## Two cusps
63 f[14] = y^2*z^2+x^4+ a_1*x^3*y+a_2*x^3*z+a_3*x^2*y*z
64 DESCRIPTION [14] = "2. A_2"
65 ## One node and cusp
66 f[15] = z^2*(y^2-x^2)+x^4+ a_1*x*y^2*z+a_2*x^3*z+a_3*x^3*y
67 DESCRIPTION [15] = "1. A_1 + 1. A_2"
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68 # |Sing(C)| = 1
69 ## One tacnode
70 f[16] = y^2*z^2-x^4+ a_1*x*y^3+ a_2*x^2*y^2+ a_3*y^4
71 DESCRIPTION [16] = "1. A_3"
72 ## One Ramphoid cusp
73 f[17] = x^2*z^2+2*x*y^2*z+y^4+y^3*z+a_1*y*z^3+ a_2*z^4
74 DESCRIPTION [17] = "1. A_4"
75

76 # Genus 2
77 # |Sing(C)| = 1
78 ## One node
79 f[18] = x*y*z^2+x^4+y^4+ a_1*x^3*y+a_2*x*y^3+ a_3*x^2*y^2+

a_4*x^3*z+a_5*y^3*z
80 DESCRIPTION [18] = "1. A_1"
81 ## One cusp
82 f[19] = y^2*z^2+x^4+ a_1*y^4+ a_2*x*y^3+ a_3*x^2*y^2+ a_4*x

^3*z+a_5*x^2*y*z
83 DESCRIPTION [19] = "1. A_2"
84

85 # REDUCIBLE : Cubic and line
86 ## Smooth cubic then:
87 ## Three nodes with a_1 != 0
88 f[20] = x*(x*y^2+y^2*z+y*z^2+ a_1*x^2*z+a_2*x*z^2+ a_3*x*y*

z)
89 DESCRIPTION [20] = "3. A_1"
90 ## One node and tacnode with a_1 != 0
91 f[21] = x*(x^2*z+a_1*x*z^2+ a_2*x*y*z+y^3+y^2*z)
92 DESCRIPTION [21] = "1. A_1 + 1. A_3"
93 ## Oscnode with a_1 != 0
94 f[22] = x*(x^2*z+x*z^2+ a_1*x*y*z+y^3)
95 DESCRIPTION [22] = "1. A_5"
96

97 ## Nodal cubic then:
98 ## Four nodes with a_1 != 0 and a_2 -4 a_1 != 0 and a_1 -a_2

!= -1
99 f[23] = x*(z^3+x*y^2+ a_1*y^2*z+a_2*y*z^2+x*y*z)

100 DESCRIPTION [23] = "4. A_1"
101 ## Two nodes and tacnode with a_1 != 0,1
102 f[24] = x*(z^3+x*y^2+ a_1*y*z^2+x*y*z)
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103 DESCRIPTION [24] = "2. A_1 + 1. A_3"
104 ## One node and one Oscnode
105 f[25] = x*(z^3+x*y^2+x*y*z)
106 DESCRIPTION [25] = "1. A_1 + 1. A_5"
107 ## One node and ordinary triple point
108 f[26] = x*(x^3+ a_1*x^2*z+y*z^2+x*y*z)
109 DESCRIPTION [26] = "1. A_1 + 1. D_4"
110 ## D_6
111 f[27] = x*(x^3+z^3+x*y*z)
112 DESCRIPTION [27] = "1. D_6"
113

114 ## Cuspidal cubic then
115 ## Three nodes and cusp with a_1 != +-2
116 f[28] = x*(z^3+x*y^2+y^2*z+a_1*y*z^2)
117 DESCRIPTION [28] = "3. A_1 + 1. A_2"
118 ## One node one cusp one tacnode
119 f[29] = x*(z^3+x*y^2+y*z^2)
120 DESCRIPTION [29] = "1. A_1 + 1. A_2 + 1. A_3"
121 ## One cusp one Oscnode
122 f[30] = x*(z^3+x*y^2)
123 DESCRIPTION [30] = "1. A_2 + 1. A_5"
124 ## One node and Tacnode cusp D_5
125 f[31] = x*(x^3+ a_1*x^2*z+y*z^2)
126 DESCRIPTION [31] = "1. A_1 + 1. D_5"
127 ## E_7
128 f[32] = x*(z^3+x^2*y+x*z^2)
129 DESCRIPTION [32] = "1. E_7"
130

131 # Two conics:
132 ## Four nodes
133 f[33] = (x*y+a_1*y*z+a_2*x*z)*(x*y+x*z+y*z)
134 DESCRIPTION [33] = "4. A_1"
135 ## Two nodes and tacnode
136 f[34] = (x*y+x*z+a_1*y*z)*(x*y+x*z+y*z)
137 DESCRIPTION [34] = "2. A_1 + 1. A_3"
138 ## One node and Oscnode
139 f[35] = (z^2+x*y)*(z^2+y*z+x*y)
140 DESCRIPTION [35] = "1. A_1 + 1. A_5"
141 ## Two tacnodes with a_1 != 0,1
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142 f[36] = (x^2+x*y)*(x^2+ a_1*y*z)
143 DESCRIPTION [36] = "2. A_3"
144 ## A_7
145 f[37] = (x^2+y*z)*(x^2+y*z+y^2)
146 DESCRIPTION [37] = "1. A_7"
147

148 # Conic and two lines
149 ## Five nodes with a_1 != 0,1
150 f[38] = y*z*(x^2+ a_1*y*z+x*z+x*y)
151 DESCRIPTION [38] = "5. A_1"
152 ## Three nodes and tacnode
153 f[39] = y*z*(x^2+y*z+x*z)
154 DESCRIPTION [39] = "3. A_1 + 1. A_3"
155 ## One node and two tacnodes
156 f[40] = y*z*(x^2+y*z)
157 DESCRIPTION [40] = "1. A_1 + 2. A_3"
158 ## Two nodes and triple point D_4
159 f[41] = y*z*(x*y+x*z+y*z)
160 DESCRIPTION [41] = "2. A_1 + 1. D_4"
161 ## One node and D_6
162 f[42] = y*z*(y^2+x*z)
163 DESCRIPTION [42] = "1. A_1 + 1. D_6"
164

165 # Four lines
166 ## Six nodes
167 f[43] = x*y*z*(x+y+z)
168 DESCRIPTION [43] = "6. A_1"
169 ## Three nodes and triple point D_4
170 f[44] = x*y*z*(x+z)
171 DESCRIPTION [44] = "3. A_1 + 1. D_4"
172 ## Four concurrent lines with a_1 != 0,1
173 f[45] = x*z*(x+z)*(x+a_1*z)
174 DESCRIPTION [45] = "Four lines intersecting "
175

176 DESCRIPTION = list( DESCRIPTION .values ())
177

178

179 if substitute_parameter == True:
180 R2.<x,y,z> = PolynomialRing (field ,3)
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181 # generate parameters a_i and substitute
182 g = list ()
183 for poly in f.values ():
184 p = tuple(ZZ. random_element (1000) for k in range

(5))
185 temp = poly ((x,y,z)+p)
186 temp = R2(temp)
187 g.append(temp)
188 return g, DESCRIPTION
189 else:
190 return list(f.values ()), DESCRIPTION
191

192

193 def JacobianIdeal (X):
194 ’’’
195 X: Projective Subscheme defined by method

ProjectiveSpace .subscheme , expected to be
generated by a single f

196 J: Ideal generated by all first partial derivatives \
partial_i f

197 ’’’
198 J = X. Jacobian ()
199 J = Ideal(J.gens () [1:]) # Jacobian with only the partial

derivatives as generators (doesnt matter because f is
homogeneous but Sagemath carries an extra generator if

we dont exclude )
200 return J
201

202 def JacobianSyzygy (X):
203 ’’’
204 X: Projective subscheme
205 Syz: Syzygy module of ideal J
206 ’’’
207 J = JacobianIdeal (X)
208 Syz = J. syzygy_module ()
209 return Syz
210

211 def MinimumDegreeColumn (Syz):
212 ’’’ Auxiliary function for MinimumDegreeSyzygy
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213 Syz: Syzygy module
214 output: dictionary of minimum degree generators
215 ’’’
216 gens = Syz.rows () # list of generators of syzygy
217 mindegree = min ([ max( generator [0]. degree (),generator [1].

degree (),generator [2]. degree ()) for generator in gens
])

218 mindeg_generators = [ generator for generator in gens if
max( generator [0]. degree (),generator [1]. degree (),
generator [2]. degree ())== mindegree ]

219 return {" mindegree_generators ": mindeg_generators , "degree
":mindegree , "len":len( mindeg_generators )}

220

221 def MinimumDegreeSyzygy (X):
222 ’’’
223 X: Projective subscheme
224 mindeg: dictionary of minimum degree generators
225 ’’’
226 Syz = JacobianSyzygy (X)
227 mindeg = MinimumDegreeColumn (Syz)
228 return mindeg
229

230 def logtest ( polynomial ):
231 ’’’
232 polynomial : Homogeneous polynomial in x,y,z
233 value: [n,j,a]
234 ’’’
235 # d+1:= deg(f)
236 d = polynomial .degree () - 1
237 X = P2. subscheme ( polynomial )
238 I_J = JacobianIdeal (X)
239 hilb = I_J. hilbert_polynomial ()
240 a = MinimumDegreeSyzygy (X)[’degree ’]
241 j = hilb (0)
242 n = (d^2-a*d+a^2-j)
243 value = n,j,a
244 return value
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