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Resumo

Uma analogia bem formulada pode em alguns casos ser uma ferramenta de raciocinio bas-
tante eficiente. Quando devidamente aplicada, pode ressaltar conexdes que seriam dificeis de
enxergar por outro modo. Nesta tese, aplicamos métodos comumente associados a area de
pesquisa em Modelos Analogos a Gravitagao (Analog Gravity) para analisar alguns aspectos
da propagacao de ondas no buraco negro de Banados, Teitelboim e Zanelli (BTZ).

A area de Modelos Analogos a Gravitacdo ocupa-se de estabelecer conexdes (tanto tedricas
como experimentais) entre sistemas gravitacionais e sistemas de outras areas da fisica, com o
objetivo de entender mais profundamente ambos os sistemas.

Inicialmente apresentamos uma breve visdo geral a respeito dos conceitos basicos envol-
vidos no estudo de Modelos Analogos a Gravitagio, e apresentamos o espaco-tempo que pre-
tendemos analisar (o espaco-tempo de BTZ).

Em seguida, apresentamos um modelo analogo para o espaco-tempo de BTZ, o qual é ba-
seado no escoamento unidirecional de um fluido heterogéneo. Mais adiante, analisamos a
excitacdo dos modos caracteristicos de oscilacdo (modos quase-normais) do campo escalar no
espaco-tempo de BTZ em termos do modelo analogo obtido.

Finalmente, apresentamos um modelo analogo baseado no bocal de Laval — um bocal com
seccdo transversal variavel que inicialmente converge e posteriormente diverge, formando
uma garganta na regido central, e que comumente é usado para acelerar o ar — e analisamos o
efeito que a imposicdo de condigdes de contorno de Robin no infinito espacial exerce sobre a
dinamica no seu interior. Estudamos ainda os efeitos causados por estas condi¢des de contorno
por meio do modelo analogo apresentado.



Abstract

A well-designed analogy can sometimes provide a very effective way of reasoning. When
properly applied, it may highlight conections that are difficult to see otherwise. In this thesis,
we employ the methods of the Analog Gravity research program to analyse some aspects of
wave propagation in the Bafiados, Teitelboim and Zanelli (BTZ) black hole.

The Analog Gravity program deals with establishing connections (both theoretical and
experimental) between gravitational systems and systems belonging to other areas of physics,
aiming to achieve in this way a deeper understanding of both sides.

Initially, in this work, we give a brief overview of the basic concepts involved in the study of
analog models of gravity and present the spacetime we intend to emulate (the BTZ spacetime).

After that, we introduce a novel analog model of the BTZ spacetime based on the unidirec-
tional flow of a nonhomogeneous fluid. Then we analyse the excitation of the characteristic
oscillation modes (the quasinormal modes) of the scalar field in the BTZ spacetime in terms
of the obtained analog model.

Finally, we introduce an analog model based on the Laval nozzle — which is a convergent-
divergent nozzle with a throat in the middle, usually employed to accelerate air — and analyse
the effect that imposing Robin boundary conditions at the BTZ spatial infinity has on the dy-
namics in the spacetime bulk. We study these effects by means of the analog model presented
here.
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Chapter 1

Introduction

In a broad sense, an analogy can be defined as the process of using the known features of a
particular subject to explain and understand the features of another subject. It is a powerful
cognitive tool for individuals to approach reality in everyday life since it relies on previously
accumulated experiences to draw inferences when one faces new scenarios. However, when
naively employed, an analogy might lead to misleading conclusions, and, in a time of increas-
ing spreading of misinformation, this can ultimately cause irreversible harm to individuals and
to society as a whole.

In the context of science, where criteria are arguably more rigorous, this tool of reason-
ing (analogy) has a wide range of applications. A particularly fruitful area where arguments
based on analogy have thrived is the so-called Analog Gravity (also referred to as analog mod-
els of gravity) [1]. The Analog Gravity research program is based on the observation that
the propagation of classical or quantum fields in curved spacetimes can be mapped into the
propagation of perturbations in background states of systems belonging to other branches of
physics. The time evolution of perturbations is governed by a wave-like equation determined
by a (Lorentzian) effective metric which, in turn, fully depends on the background.

Since the background is governed by equations of motion unrelated to the Einstein field
equations of General Relativity (GR) (2, 3} [4] 5], the approach based on an analog model nat-
urally leads us to think deeply about the fundamental differences among features resulting
uniquely from the curved spacetime structure (which are generally referred to as kinematical
features) and features resulting from the Einstein field equations (which are generally referred
to as dynamical features). In particular, this approach leads us to consider the fundamental role

and differences between Lorentzian Geometry, the Einstein equivalence principle, and GR as
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a whole. For instance, one can show that aspects such as Hawking radiation [6] and horizons,
which are generally thought of as intrinsic to GR, are, in fact, general features of quantum
field theory in curved spacetimes [7, (8, [9] [10], not fundamentally related with gravity.

The seminal work establishing the beginning of the modern period of analog gravity is
Unruh’s paper [7]], published in 1981. The physical system implemented was a perfect fluid,
and the goal was to probe fundamental issues — such as the trans-Planckian problem [11] 12|
13] — regarding Hawking radiation within a context where the microscopic degrees of freedom
of the underlying background were fully understood. The initial motivation to explore the

similarities between this system and gravity can be summarized, in the words of the author,

by:

“This system forms an excellent theoretical laboratory where many of the un-
known effects that quantum gravity could exert on black hole evaporation can be
modelled. (...) At distances of 10™® cm, the assumptions which I use of a smooth
background flow are no longer valid just as in gravity one expects the concept of a
smooth spacetime on which the various relativistic fields propagate to breakdown

at scales of 107% cm."

After the publication of [7], more developments in the same direction were pursued [13]
14] [15, 16, 17, 18, 19]. Aside from that, many other analog models of gravity, implementing
both classical and quantum systems, were discovered in the following years. For instance, we
mention models based on: surface waves in a shallow basin [20]; Bose-Einstein condensates
(21}, 22} 23] 24], nonlinear electrodynamics [25]], etc. For an extensive list, we refer the reader
to the already mentioned review [1]] and the works [26]], [27] and references therein.

Finally, in the last decades, the efforts on the experimental side culminated in the obser-
vation of phenomena such as analog Hawking radiation [28| 29, 30} 31} 32} [33]]; superradiant
amplification [34]]; and the quasinormal ringing of an analog black hole [35] 36]]. For an ac-
count of the current state of affairs and future prospects of experiments in analog gravity, we
refer the reader to [37].

Although the efforts of the last years have significantly turned towards the experimental
side, it is still worth considering analog models from a theoretical perspective since thought
experiments and toy models often provide insightful grounds to test GR effects by means

of systems governed by simpler laws. It is with this spirit that we approach the problems
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considered in this thesis, but before presenting the specific subject of this work, we still have
to discuss some essential points in order to put things in perspective.

The description of wave propagation in GR is usually formulated in the context of globally
hyperbolic spacetimes. For this kind of spacetime, the wave motion is completely determined
by a wavelike equation together with proper initial conditions. However, when one drops the
assumption of global hyperbolicity, the wave time evolution is no longer uniquely determined
from the equations of motion together with proper initial conditions. Indeed, spatial infinity
now plays a fundamental role in the dynamics, and appropriate boundary conditions are re-
quired in order to fully describe the motion in bulk. A spacetime lacking global hyperbolicity
is also referred to as a nonglobally hyperbolic spacetime.

As an example of nonglobally hyperbolic spacetime, we mention the anti-de Sitter space
(AdS) [5,3]], a maximally symmetric solution of General Relativity with a negative cosmologi-
cal constant. In AdS spacetime, null geodesics can reach spatial infinity for a finite value of the
affine parameter, which means that information can effectively flow through spatial infinity.
In work [38]], the authors characterized the non-dynamical boundary conditions at the confor-
mal boundary of the two-dimensional anti-de Sitter space, AdS,, using an analog model based
on a perfect fluid flowing radially into/from a sink/source. They showed that the boundary
conditions at the AdS, conformal boundary are encoded into the phase difference between cir-
cularly symmetric waves falling into the sink/source and waves reflected. By regularizing the
velocity profile of the fluid in the vicinity of the sink/source — which at the analog spacetime
level corresponds to deforming AdS, at its infinity —, it was found that appropriate boundary
conditions are automatically imposed according to the specific form of the function used to
perform the regularization [39].

Another interesting example of nonglobally hyperbolic spacetime is the Bafiados, Teitel-
boim and Zanelli (BTZ) black hole [40], which is a solution to (2+1)-dimensional GR with a
negative cosmological constant. The rotating BTZ black hole has many properties in common
with the Kerr black hole [2} 4,41]]. For instance, it is stationary and axisymmetric and (in the
non-extremal case) has an inner and an outer horizon [42] [43, [44]. Nevertheless, instead of
asymptotically flat, the asymptotic structure of the BTZ black hole is ruled by the AdS; geom-
etry. The BTZ black hole also has a timelike conformal boundary at its spatial infinity, so that
information can reach spatial infinity in finite time, reflecting the lack of global hyperbolicity

of this spacetime.
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Our focus in this thesis is to emulate the effects resulting from the presence of the BTZ
conformal boundary on wave propagation by means of properly designed analog models.
The main physical observables we will consider are the quasinormal modes (QNMs) [45, 46,
47, characteristic vibrations that depend only on the background spacetime parameters. For
asymptotically flat black holes, the effective potential describing wave propagation vanishes at
spatial infinity so that we have a plane wave behavior for the field there. Hence, in this case, we
can define QNMs as mode solutions of an eigenvalue problem obeying ingoing (plane wave)
boundary conditions at the horizon and outgoing (plane wave) boundary conditions at infinity.

On the other hand, for asymptotically curved black holes (which is the case o the BTZ
spacetime), aside from the difficulty imposed by the lack of global hyperbolicity, the effective
potential does not vanish at spatial infinity, and no plane wave (neither ingoing nor outgoing)
boundary conditions can be fulfilled there. Thus we cannot distinguish ingoing modes from
outgoing modes at spatial infinity [48] 49]. Hence the definition of QNMs, in this case, will
necessarily involve the prescription of boundary conditions describing the state of the field
and the energy flux at infinity. In the particular case of the BTZ black hole, the spatial infin-
ity corresponds to a timelike conformal boundary, and the necessity of boundary conditions
highlights the fundamental role played by the boundary in the description of the dynamics in
bulk.

We are going to use two different physical systems as analog models to investigate scalar
wave propagation in the BTZ black hole. First, we will consider the canonical case of acoustic
waves propagating in an inviscid barotropic fluid. We will show that when the fluid pressure

p and density p obey the simplest non-trivial equation of state

P =cp, (1.1)

with the sound speed ¢ being a constant, we can find profiles for the physical quantities (v, p,
p) so that acoustic waves in the fluid are equivalent to massless scalar waves propagating in
the static BTZ black hole.

The second system we use to model the BTZ geometry is an isentropic gas flowing within
a Laval nozzle. The Laval nozzle is a convergent-divergent nozzle with a throat in the middle,
usually employed to accelerate air. When the ends of the nozzle are submitted to a sufficiently
strong pressure difference, a transonic flow is achieved [50, 51]. In such a case, an acoustic

horizon (the point where gas velocity equals sound speed) forms at the nozzle throat. In a Laval
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nozzle, all the physical quantities describing the fluid (p, p, v, c, ...) can be determined from
the cross-sectional area A of the nozzle. Thus, by judiciously prescribing an area profile, one
can emulate the effective potential for massive scalar waves traveling in spherically symmetric
spacetimes [52} 53]].

We have organized this thesis in the following manner. First, in Chapter [2| we present
a general view of the Analog Gravity framework. As a prototypical system, we consider the
propagation of acoustic waves in the bulk of an inviscid fluid in motion. We derive the effective
geometry to which the waves couple and discuss how the concepts of GR can be carried to
other physical contexts. We also discuss how the effective geometry inherits some properties
from physical spacetime.

In Chapter (3] we review some basic concepts concerning the geometry of the BTZ black
hole and the quasinormal modes of the scalar field propagating in this spacetime. In partic-
ular, we show how the boundary conditions at spatial infinity influence the dynamics in the
spacetime bulk.

In Chapter |4} we introduce an analog model for the BTZ black hole by performing appro-
priate coordinate transformations on the effective metric presented in Chapter[2] We find that
our model] effectively maps the BTZ conformal boundary into a location at finite distance in
laboratory. After that, we numerically solve the nonlinear equations of motion of fluid dy-
namics to study the excitation and decay of quasinormal modes in the analog BTZ spacetime.
The material in this chapter was published in [54].

In Chapter |5 we consider acoustic waves in the Laval nozzle and find a nozzle form such
that the sound propagation mimics the propagation of a conformally coupled scalar field on the
BTZ black hole. We find that the corresponding nozzle has a finite size, with the BTZ spatial
infinity being effectively mapped onto one of the nozzle ends. We show that one can emulate
the implementation of Robin boundary conditions (RBCs) at the BTZ conformal boundary by
properly extending the nozzle. The material in this chapter is based on our work [55].

In Appendix[A] we present a work written in parallel with the research for the main subject
of this thesis. In the work [56], we study the energy flux through spatial infinity of a scalar
field propagating in an asymptotically anti-de Sitter spacetime. We show that in the general
case when there is a superposition of field modes, the boundary conditions of Dirichlet and
Neumann types are the only boundary conditions compatible with the assumption that the

spacetime is isolated.
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Appendix [B|gives a brief introduction to the theory of scalar field propagation in nonglob-
ally hyperbolic spacetimes. We start by introducing the basic tools of the formalism and then

apply them to the case of the BTZ spacetime.
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Chapter 2

General Features of Analog Models

In this chapter, we present a general view of the basic concepts and mathematical machinery
of the Analog Gravity research program. We start by deriving the canonical result that acous-
tic waves propagating in the bulk of a nonhomogeneous fluid are equivalent to a scalar field
propagating in an (effective) spacetime endowed with a metric determined by the background
state of the fluid. After that, we discuss how the kinematical and dynamical aspects of Gen-
eral Relativity (GR) relate to the description in terms of the effective geometry obtained. We
also discuss the causal structure of the analog spacetime and how some concepts of GR (as
horizons and ergoregions) can be naturally defined at the analog spacetime level. Finally, we
present a general approach unifying the description of systems that can be treated in terms of
effective/analog geometries. The material in this chapter is widely known in the field and our

exposition is strongly based on the references [} 26 8.

2.1 The Effective Metric

The fundamental equations of motion for a classical fluid with velocity field given by (¢, X)

and density p(t, x) are [57] the equation of continuity

ap o
— +V- =0, 2.1
o (pv) (2.1)
and the Euler equation
dv w ] =
Py =Pl T0 )v] ; (2.2)
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where F represents the net force acting upon a volume element of the fluid.
We assume the fluid to be nonviscous so that the internal surface forces are only those
due to pressure p. Additionally, we consider the Newtonian gravitational potential, ¢, and an

external bulk force due to an arbitrary potential, ®, so that the total force is given by
F = —Vp— pVp — pva. (2.3)

Further assuming that the flow is irrotational (V x v = 0), and the fluid is barotropic (this

means that pressure depends only on the density), we can rewrite the Euler equation (2.2) as

o  Vp 1,

— =L _v|P+p+0 2.4
= [ (2.4)

Taking (¢, X) as the velocity potential (v = —Vi/) and defining enthalpy by

Py vp
h(p) = / , so that Vh = —, 2.5
D= o) ) @
the Euler equation can be recasted as the Bernoulli equation
1

—%+5(V¢)Z+h+¢+®:0. (2.6)

Given an initial profile for the density p and velocity potential i/, and a barotropic equation
of state, p = p(p), the dynamics of the fluid is completely determined by Eqgs. and (2.6). In
order to find the equation of motion for acoustic disturbances in the fluid, we linearize these
equations around a background solution. We do this by considering the full solution of Egs.
and as being the sum of a contribution due to the background state (with physical
quantities denoted by , Uy, po, ... ), plus a contribution due to the linear acoustic perturbations
(with physical quantities denoted by /1, V1), p1)s --- ), plus a contribution due to second order
perturbations, and so on. Of course, we assume that the amplitudes of the perturbations are
small when compared to the amplitude of background physical quantities.

Linearizing the equation of continuity yields

2 >

—;;0 +V- (pol)o) =0, (27)
a - -
PO 1y [paybo + potin)] = 0. (2.8)

ot
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From the barotropic condition, it follows

h(p) = h(po + epay + O(€?) = hy + 2L 1 0(e?). (2.9)

Po

Substituting this relation in the linearized Bernoulli equation (2.6), gives

o
a‘ﬁt" + = (Vo) +ho+¢d+D=0 (2.10)
3‘//@) 0]
- Vifp = 0. 2.11
o % — Vo V) = (2.11)

Here we are assuming that the variations of the fluid physical variables do not affect the
external potentials ¢ and @, that is, we do not allow back-reaction. Putting differently, in the
present case, linear disturbances are insensitive to variations in the external potentials.

From Eq. (2.11), we have

d >
P = Po [ lgl) + vy 'Vl//(1)] ) (2.12)

and using the barotropic assumption, it follows

d d d .
Py = (aZ) Py = <8z> Po[ l/(;f) +vo-W(1>]a (2.13)

where the subscript ‘0’ in the derivative (dp/dp), means that we evaluate it with respect to
the background state of the flow.
Substituting this last result into the linearized equation of continuity Eq. (2.8), we find the

wave equation for acoustic perturbations
0 Wa | - . (9p Wy | -
—— + 5V Vi — +0p-V = 0.
{ <ap> Po [ o vo - V1) } {Po V) — o <ap OPo ot vo - V1)

(2.14)
Given a background state solving the Eqgs. and (2.10), we determine the propagation

of the perturbation in the velocity potential ;) by solving Eq. (2.14). Having obtained ¢/(;), we
can use Egs. and to find the disturbances in the pressure and density, respectively.
Thus it follows that Eq. fully determines the time evolution of acoustic waves in the
fluid.
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To recast the wave equation (2.14) in a form suitable to direct application of the Lorentzian

differential geometry mathematical machinery, we define the auxiliar 4 x 4 symmetric matrix|

-1 -}

fw(t,f):%’ e e | (2.15)

o 2Qij i
Bl (05 vovo) |

where c stands for the local speed of sound and is given by

2 _ (9
c = (ap>0' (2.16)

Introducing (3 + 1)-dimensional coordinates x** = (¢, x"), the wave equation (2.14) can be

rewritten as?]

3, (fo¥)) = 0. (2.17)

In this form, the acoustic wave equation remarkably resembles the equation of motion for a

minimally coupled massless scalar field propagating in a curved spacetime

oy = \/L__gay (y=gg"ay) =0, (2.18)

where o = V,V¥ denotes the d’Alembert operator, and V, stands for the covariant derivative.
In order to accomplish the correspondence between these equations, a necessary condition

is
J-gg" =" (2.19)

Assuming that Eq. holds, we find

4
g="2. (2.20)

1Greek indices run from 0 to 3, and latin indices run from 1 to 3.
2All over the text, we will denote the partial derivative with respect to the y-th coordinate in the traditional

form
d

B gk’
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and the inverse effective metric

g/”(t,;‘c’)zL e e | (2.21)

—vy i (28 — vivg)
Inverting g"”, we finally find the effective metri

(2 —w)) © -

gyv(t,f):% e | (2.22)

v i 8
“4x4

We note that the effective metric has a signature (—, +, +, +), which makes 8w infactaLorentzian
metric. Along the text, we will sometimes refer to the spacetime with geometry described by
Eq. as the analog spacetime.

The description in terms of Eq. with metric given by Eq. is completely equiv-
alent to the description given in terms of Eq. (2.14). Nevertheless, the formulation in terms of
the effective metric makes an approach inspired in the physics of fields propagating in curved
spacetimes much more attainable.

It might be enlightening to look at the derivation of the obtained description in the opposite
direction. Indeed, if we start with an effective metric, we can ask what constraints a particular
fluid has to satisfy in order to reproduce the respective effective geometry. From Eq.
we can in principle identify the fluid degrees of freedom. After that, we have to check if
these quantities obey the fluid equations of motion Egs. and (2.2). By judiciously adding
an external driving potential, we can always fulfil the Euler equation, Eq. (2.2). Thus, the
realization of the effective geometry will be constrained only by the equation of continuity,
Eq. (2.1). In fact, by implementing this kind of reasoning we were able to find analog models
to the equatorial sections of the Schwarzschild and Reissner-Nordstrom black holes in [58]].

It is important to point out that the discussion developed in this section entails two relevant

distinct spacetimes:

3In the particular case of acoustic waves, this metric is also commonly referred in the literature as “acoustic
metric” and “Unruh’s metric”. We opt to use “effective metric” because of its applicability to analog models based
on physical systems of any kind.
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(i) the physical spacetime, with geometry described by the Minkowski metric

_Clight 0 0 0
0 1 00
Nuv = , (2.23)
0 010
0 0 0 1

where cjign; stands for the speed of light. The fluid elements move in Newtonian space
plus time and couple only to this metric (i.e., fluid elements do not “feel” the effective
metric). Aside from that, we point out that since we derived the dynamics of propagation
from classical equations of motion — Egs. and —, we are, in fact, assuming that

the fluid motion is completely non-relativistic, [] < Ciigh.

(ii) the effective/analog spacetime, with geometry described by the effective metric Eq. (2.22).
The acoustic waves couple only to this metric and do not “feel” the metric of the physical

spacetime.

2.2 Kinematics and Dynamics

The equations governing the dynamics of the effective metric will depend on the underlying
physics of the system being considered. In the specific case of acoustic waves propagating
in an inviscid fluid, the fundamental physical laws are the equation of continuity, Eq. ,
Euler’s equation, Eq. (2.2), and the barotropic equation of state, p = p(p). On the other hand,
metrics of spacetimes of GR obey the Einstein field equations [2} 3, [4} 5]. Thus, by means
of analog geometries, we are, in general, only able to simulate kinematical aspects —such as
the effects of an externally imposed geometry on the fields and trajectories of particles— of
GR. The simulation of dynamical aspects is a much more subtle question, and we refer the
interested reader to 26, 59] for further discussions.

Although not entirely equivalent to GR, the study of analog models of gravity can still
lead to a deeper understanding of gravity specifically providing plenty of concrete physical
contexts that allow one to distinguish intrinsic aspects of GR (resulting from Einstein field

equations) from generic aspects of physics in curved spacetimes.
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Arguably one of the most interesting results obtained by the approach based on analog
models is the realization that the emission of Hawking radiation is a purely kinematical effect,
which only depends on the existence of a horizon and does not depend on the Einstein field

equations [[10} 9].

2.3 Causal Structure

At any event in Minkowski spacetime, the definition of the notions of past, present, and future
rely on the concept of light cone [60], which is the region generated by trajectories of light rays
in the high wavelength (small frequency) limit. The light cone is fundamental to understanding
the causal structure of the Minkowski spacetime. In general Lorentzian curved spacetimes, the
local causal structure is the same as that of Minkowski space. However, light cones can now
be warped by the underlying spacetime geometry. The light cone is now described by null
geodesics of the spacetime metric.

Let us see how these notions are directly carried over to the analog spacetime described

by the effective metric Eq. (2.22). First, we take ansatz
Y(x") = A(x") explin®(x")], (2.24)

where A(x*) and ©(x*) are amplitude and phase functions, respectively, and  is the frequency
w ~ A7' (In GR, the small wavelength scale is set by the curvature of spacetime, while in
acoustics, this is fixed by the interatomic distance of fluid particles). Substituting Eq.
into Eq. , at leading order, we find the eikonal equation

g"9,00,0 = 0. (2.25)

Hence the gradient of the phase, k, = 9,0, is a null vector field normal to the family of
constant-phase hypersurfaces ©(x*) = const. Taking the derivative of Eq. and using the

identit V,k, = V,k,, one can straightforwardly show that

k'V,k" = 0, (2.26)

*This identity follows immediately from the fact that k,, is a gradient.
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and thus conclude that the integral curves of k, are null geodesics of spacetime. The vector
field k, defines a null congruence [[61]], which is a family of null geodesics with tangent vectors
given by k.

In the eikonal limit, the wavefront propagates along a null congruence. In the case of sound
waves governed by Eq. (2.18), this corresponds to the geometric acoustics limit in which sound
rays propagate along null geodesics of the effective metric. Since null geodesics are invariant
with respect to conformal transformations of the metric, from (2.22), we see that sound rays
are insensitive to the background density of the fluid, and depend only on the local sound
speed and velocity of the fluid.

For a detailed analysis of the eikonal wavefront propagation and a comparison with the
full wavefront determined by the exact solution of Eq. (2.18), we refer the reader to [62] and
[63]. For a discussion concerning general aspects such as global causal structure and maximal

analytic extensions of analog spacetimes, we refer the reader to [64].

2.4 Horizons and Ergoregions

Because the Minkowski metric of the physical spacetime provides a natural definition of “at
rest”, we can define the notions of horizon, ergoregion, ergosurface, and trapped surface (12} [4]
in a relatively simple manner, with much less work than that required to define these objects
in GR.

First, let us consider the timelike vector induced by the Newtonian time (9/9t)" = (1,0, 0,0).

CANACAN ,
8uv (5) (5) = gp = —(c" —v°). (2.27)

At a supersonic region ([o] > ¢), a subsonic particle cannot appear stationary with respect to

Then

an observer located at a region such that [J| < ¢. Thus any region of supersonic flow is an
ergoregion. The boundary of an ergoregion is an ergosurface. The analog of this notion in
GR is the ergosphere that surrounds a spinning black hole: a region where space moves with
superluminal velocity with respect to distant observers [2,[41]].

Let us now consider a region in space enclosed by a 2-surface and such that the fluid veloc-
ity points inwards and its normal component is greater than the speed of sound everywhere.
A sound wave emitted from the interior of this region cannot escape and will be trapped in-

side the surface. Such a surface is said to be an outer-trapped surface. Inner-trapped surfaces
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can be defined similarly by demanding the fluid velocity to point outwards and to have a nor-
mal supersonic component everywhere. The acoustic trapped region is defined as the region
containing outer-trapped surfaces, and the acoustic apparent horizon is the boundary of the
trapped region. Finally, the acoustic event horizon is defined as the boundary of the region

from which null geodesics cannot escape.

2.5 Generalization: Lagrangian approach

The existence of analog models with very distinct physical natures, ranging from condensed
matter to fluid dynamics, suggests the existence of a deeper common structure shared by these
systems. In fact, in this section, we will see that propagation of acoustic waves in a fluid is just
one instance of a much larger class of systems that can be described in terms of an effective
geometry.

Let us consider a scalar field, ¢, with dynamics given by an arbitrary Lagrangian which

depends on the field and its first derivatives, £(9,4, @). First, we write the field as

31, %) = Go(t, %) + €i(t, %) + %gbz(t, 2) 4+, (2.28)

where € is a perturbation parameter (which we take being “small"); ¢, is a background state;
¢1 is a linear perturbation; ¢, is a second-order perturbation; and so on.
We want to study the dynamical evolution of linear perturbations on the background state,

so we expand the Lagrangian around ¢,

L 2 L L
L@ 9) =Lyt )+ | 50 RS ‘;—% ]+g[a(§_¢ay¢z+j_¢¢¢z}
€* o°L 2 2 ;
_[a@qﬁ)a(am) %"""51"’”451”—3(9 LT aag), | T O
(2.29)
Now we consider the action
91 = [ a*x £@,6.9), (230)

>In this section, we consider a (d + 1)-dimensional spacetime, with Greek indices ranging from 0 to d.
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integrate by parts, and use the Euler-Lagrange equations,

d oL a£—0 2.31
(om) 5% .

to eliminate linear terms and obtain

S[$] =Sl¢ol
6_2 d+1 32—£ 32[,
i / o { <a(a~¢)9(av¢)> ot o (a(augb)asb) ] ” ¢1}
O, (2.32)
Hence the equation of motion for linear disturbances is
o*L 92L
g Km) ¢Oav¢1] B [— o o (a(ayqs )] ¢1 =0, (2.33)

which is a second-order differential equation with position-dependent coefficients (notice that
these coefficients depend implicitly on the background ¢y).

In order to accomplish a geometrical interpretation, we proceed as in Sec. and identify

v e o*L
sl (a(am)a(avqs)) ’ .
Taking the determinant of this equation
@-1/2 _ L
(-g) det{—a(ay 6. ¢)} (2.35)
so that )
o) = (—det] 2L Ny )L
#60= (4t 3 5069 | %) oyl ¢ (2:50)
and the effective metric becomes
PLys Y@ oL B
w0 = (< sman)l)  [lmaman)l] - e

The equation of motion for linear perturbations is then

[0(g($0)) = V(o) 1 = 0, (2.38)
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where the notation for the d’Alembert operator, o(g(¢,)), emphasizes its dependence on the

background state of the system. The background-dependent “mass term” is given by

o= (e {aimam ) (ams gl
e 9(9,8)9(0,9) | |,, ogop " |9(9,4)0¢

The linearized equation Eq. describes the propagation of perturbations on the fixed

(2.39)

$o

background ¢,. In fact, Eq. is going to be hyperbolic — and, as such, will have wave-like
solutions — if and only if the effective metric g,,(¢,) has Lorentzian signature [22]. Therefore,
we conclude that any physical system with dynamics described by a Lagrangian depending
only on a single scalar field and its first derivatives, and such that the metric given by Eq.
has Lorenzian signature, will allow a description of wave propagation in terms of an effective
spacetime.

That the barotropic irrotational perfect fluid considered in Sec. |2.1|belongs to the class of
systems introduced in this section results from the fact that (i) the equations of motion for the

fluid can be derived from the Lagrangian [65]

£(.2,8) = pd + (V) + u(p), (2.40)

where v = —V¢, and u(p) is the internal energy density; and (ii) the corresponding effective

metric for acoustic disturbances has a Lorentzian signature. []

SFor a complete derivation of the effective (acoustic) metric Eq. (2.22) starting from the Lagrangian Eq. (2.40),
we refer the reader to [65].
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Chapter 3

The BTZ Black Hole and its

Quasinormal Modes

In this chapter, we introduce the Bafiados, Teitelboim and Zanelli (BTZ) black hole [40] and
the quasinormal modes associated with the scalar field in this geometry. We first discuss the
BTZ spacetime causal structure, and after that we calculate the mode solutions and obtain the
equation that determines the quasinormal frequencies obeying various Robin boundary condi-
tions (including those of Dirichlet and Neumann types). The concepts and results presented in
this chapter will lay the ground for the development of the forthcoming chapters. The results
in this chapter are by no means original [42] 43| 44, [45| 46| (66} 67]].

3.1 The BTZ Black Hole

The rotating BTZ black hole is described by the metric [40]

ds* = ~(N*Yde* + (N2 2dr + P (dg” + N*dtY, (3.
where
2 2\ 1/2
1__ roJ o__J
N- = ( M + 2 + 4r2> , N? = o2 (IJ| < MI). (3.2)

The metric Eq. (3.1) is stationary and axially symmetric, with Killing vectors 9, and 9,,.
One can check that the metric Eq. (3.1) is a solution to the Einstein field equations in (1+2)-
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dimensions,
1
R, — Eg”VR +Agw =0, (3.3)

with cosmological constant given by A = —1/I?. The constants M and J are the mass and the
angular momentum of the BTZ black hole [43,44]]. Note that M is a nondimensional quantity
in the units used here.

The BTZ black hole share many properties with its (1+3)-dimensional counterparts. For

instance, the surface where gy, = 0, i.e., the surface determined by
r'= Terg, (3.4)

with 7.y = MY, is an ergosphere, so that an observer with r < r.y is dragged along by the

black hole rotation and cannot remain static. Besides, the values

1/2

] 2
1- (W) ] , (3.5)

for which the metric has coordinate singularities, determine an event horizon (r = r;) and a

Cauchy horizon (r =r_).
In the next chapters, we will consider only the static (J = 0) BTZ spacetime. In this case,

the metric Eq. (3.1) reduces to

2 d2
dSZ:_(_Mﬂ_)dm;
(—M

oy + r’do®, (3.6)
E +7)

and we haver_ = 0,7, = rey = M2
In order to have a clearer picture of the causal structure of the BTZ geometry, it is useful

to transform to Kruskal-like coordinates [42]

(3.7)
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1/2
_ o rn—r . M1/2
U—(r:+r> smh( lt>,
0<r<n (3.8)

1/2
_ - M2
V= (%) cosh ( ; ) ,

where we have defined r;, = r, = M'/?[. In these coordinates the metric Eq. |3.6|is given by

r+r,)?

g2 = ) Mh) (—dV? + dU?) + ridg?. (3.9)

N AV %
N s,
N s,
N 7
N 7
N 7
N 7
N 7
~ 7
\\ //
~ 7

S o T = 0 ///

t = const.

Figure 3.1: Kruskal diagram for the static BTZ black hole.

Figure shows the Kruskal diagram for the BTZ static black hole. We note that null
geodesics (i.e., those with ds* = 0) travel along straight lines with slope 45°. Note that we have
suppressed the angular coordinate so that each point in Fig[3.1| actually represents a circle in

the BTZ spacetime.



CHAPTER 3. THE BTZ BLACK HOLE AND ITS QUASINORMAL MODES 30

Let us interpret the diagram in Fig. First, when r > r, the Eq. (3.7) yields

UZ_szr—rh

S 3.10
r+rnr, ( )

from where it follows that r = oo is mapped onto the hyperbola U?—V? = 1. Similarly, the lines
r = const. correspond to hyperbolas in the (U, V) plane, and as r decreases, the hyperbolas

degenerate to the lines V = £U at the event horizon r = r,. On the other hand, since

v M2t
T= tanh < > , (3.11)

[

we see that lines t = const. correspond to straight lines in the (U, V') plane. Thus the exterior
of the BTZ black hole corresponds to the set A = {(U,V)|U >V and U > -V}.

Analogously, when r < r,, we see from Eq. that lines r = const. are mapped onto the
hyperbolas

VZ—Uzzrh_r

. 3.12
r, +r ( )

In particular, the singularity r = 0 is mapped onto the hyperbola V? — U? = 1. On the other
hand, from Eq. (3.8), we now have

1/2
% = tanh (Ml t> , (3.13)

and t = const. lines are still mapped onto straight lines in the (U, V') plane. The interior of the
BTZ black hole corresponds to the set B={(U,V)|V >U and V > —U} in the (U,V) plane.
The set C = {(U,V)| V > U and V < —U} corresponds to an exterior region of BTZ disjoint

from A, and can be covered by the coordinate patch

U= - (%)1/2 cosh (Mll/zt> ,

V= (%)1/2 sinh (Mll/zt> )

The set D = {(U,V)| V < U and V < —U} corresponds to a white hole, and can be covered by

r,<r<oo (3.14)

the coordinate patch

1/2 )
— . /2
rZ—r) sinh (M t),

1/2 »

_ /2

= —(—rh ’) cosh(M t).
rh+r l

(3.15)
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Figure 3.2: Penrose diagram for the static BTZ black hole.

By the same argument used to interpret the lines r = const. and ¢t = const. in regions A and
B, one can see that we have again lines r = const. corresponding to hyperbolas and lines
t = const. corresponding to straight lines.

The diagram of Fig. 3.1 can be further simplified if we consider the transformation

(3.16)

with p,q € (-, ), which leads us to the Penrose diagram represented in figure
Let us now interpret this diagram. Since r = oo corresponds to the hyperbola U? — V? = 1,

we have that

(3.17)

1:U2—V2:tan<p+q)tan<p_q) _ COSgTCosp

2 2 /] cosq+cosp’
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which implies cos p = 0, and we conclude that r = co is mapped onto the lines p = +7/2 in the
(p. q) plane. We will refer to p = £7/2 (or, equivalently, to r = o) as the conformal boundary
of the BTZ spacetime. By similar reasoning, we conclude that r = 0 is mapped onto the lines
q = +r/2, and the horizon is mapped onto p = +q.

The Penrose diagram of fig. 3.2|allows us to illustrate the lack of global hiperbolicity of the
BTZ spacetime in a very intuitive way. Indeed, let us suppose we have given smooth initial
data on a spacelike hypersurface ¥ at the exterior region of the BTZ spacetime. The state of an
observer at the event E will depend not only on the information coming from the intersection
of his/her past light cone with . In fact, to determine the state of the observer at E, we need
to know what happens at the conformal boundary during the time interval indicated by the
dashed line in Fig.

The indetermination of the dynamics in this static nonglobally hyperbolic spacetime can
be overcome by prescribing proper boundary conditions at r = co. The details of the process
of implementing boundary conditions in such spacetimes are not trivial since the equation
of motion usually leads to a singular Sturm-Liouville problem [68]. One way to circumvent
such dificulties is to apply Wald and Ishibashi’s formalism [[69] [70, [71]. In this case, one can
recover unique deterministic time evolution for the dynamics. In Appendix Bl we present a
brief introduction to this formalism and its application to the propagation of a scalar field in
the BTZ spacetime.

We present Appendix [B| for the sake of completeness since it will not be fundamentally
essential to the discussion on the forthcoming chapters. In fact, in Chapter [4] we emulate the
dynamics of a massless scalar field, for which only Dirichlet boundary conditions at infinity are
allowed. On the other hand, in Chapter |5, we consider a conformally coupled field, for which
general Robin boundary conditions are allowed. Nevertheless, since the effective potential on
the radial equation is regular in this case, we can implement Robin boundary conditions in the

traditional way of solving regular Sturm-Liouville problems [72]].

3.2 Quasinormal Modes

When an isolated system (such as a finite string, a membrane or a cavity filled with electro-
magnetic radiation) is perturbed, its internal degrees of freedom are excited, and the resulting

dynamical evolution is described by a superposition of characteristic vibrations known as nor-
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mal modes [[73, 74, [75]. The frequencies of these modes do not depend on the configuration
of the initial perturbation and are, therefore, intrinsic properties of the system. Moreover,
they completely describe the dynamics since, at any time, the state of the system is given by
a superposition of such normal modes.

On the other hand, in the case of a field propagating in the vicinity of a black hole, energy
will always leak out from the system through the horizon (and possibly through infinity),
which means that we cannot, in general, treat a black hole as a conservative system. The
characteristic modes of oscillation, in this case, are the quasinormal modes (QNMs) [45] (76,
46, [47]. The corresponding frequencies, the quasinormal frequencies, are complex numbers
with a real part corresponding to an actual frequency of oscillation and an imaginary part
corresponding to a damping factor accounting for the energy leaking out from the system.

Similarly to what happens in conservative systems, the quasinormal frequencies will in
general depend only on the black hole parameters (mass, angular momentum, charge) but
not on the particular form of the initial perturbation. Nevertheless, an important distinction
between normal modes and QNMs is that the latter, in general, do not describe the dynamics
completely at any time [77]. In fact, the usual response of a black hole after a perturbation
undergoes three stages [78]]: (i) the prompt response, determined by the initial perturbation;
followed by (ii) the intermediate phase, which is dominated by the QNMs; and (iii) the final
phase, usually governed by a power-law tail.

As an example of how QNMs arise in the description of oscillations on a black hole back-
ground, let us make some comments on the characterization of QNMs as solutions to an eigen-
value problem. To keep things simpler, we consider a scalar field propagating on a spherically
symmetric spacetime.

After separating time and angular variables, the problem can be reduced to the equation

)

d—rf + V()Y (r) = 0*Y(r), (3.18)

where ¢ is the radial component of the field ¥, V(r) is the effective potential, r. is the tortoise
coordinate, and w is the eigenfrequency. For instance, in the case of the Schwarzschild black

hole, the effective potential is given by [79]

V(r) = (1 — %>
-

[([-}- 1) 2M 9
) + r—3 +pu, (319)
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where M is the black hole mass, p is the field mass, ¢ is the angular quantum number, and the
tortoise coordinate is

r*:r+2Mln<L—1>. (3.20)
oM

We are interested in studying wave propagation in the exterior region of the black hole. For
the Schwarzschild spacetime, this corresponds to the region r, < r < oo, where r, = 2M is the
Schwarzschild radius. In terms of the tortoise coordinate, Eq. (3.20), this region corresponds
to —oo <1, < o0,

To determine the eigenmodes of Eq. (3.18), we need to impose some conditions at the
boundaries of the system (i.e. at the horizon and spatial infinity). On the horizon, we have
V =0, and the field behaves as {/ ~ e*™. Since QNMs correspond to waves that take energy

out from the system, we should impose the boundary condition
Y~ e, r, > —oco (r—r,), (3.21)

which is referred to as an ingoing boundary condition, meaning that the wave goes into the
black hole. Notice that we are assuming a Fourier mode decomposition such that ¥ = e ™ x
(spatial variables), which indeed implies an ingoing wave at the horizon, ¥ ~ e+,

In the Schwarzschild case (and for asymptotically-flat spacetimes in general), we have V =
0 at spatial infinity, and again the plane wave behavior ¥ ~ +e**“™. Now the appropriate

boundary condition is

Y~ e, r. > o (r > ), (3.22)

which corresponds to outgoing waves at infinity, ¥ ~ e,

The boundary conditions and determine a discrete infinity set of QNMs, {¥,},
with complex eigenfrequencies {w,; n =0, 1, 2, ...}. The real part of w gives the actual fre-
quency of oscillation, and the imaginary part gives the inverse damping time of the corre-
sponding mode. The quasinormal frequencies are usually sorted by the magnitude of their
imaginary part. We use an integer label n, called the overtone number, and take the least-
damped mode (or fundamental mode) corresponding to n = 0.

In the case of the BTZ black hole (and for asymptotically-curved spacetimes in general), one
does not have V = 0 at spatial infinity, so that outgoing boundary conditions are not available
there [48] 49]]. This issue can be addressed by prescribing appropriate boundary conditions at

the BTZ spatial infinity, as we will see in the next section.
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For a comprehensive treatment of the many important features of QNMs we refer the

reader to the review articles [45, [76] [46| 47]], thesis [80} 81} [82]], and references therein.

3.3 QNMs of the Scalar Field in the BTZ Black Hole

In this section, we calculate the QNMs of the scalar field ¥ propagating on the BTZ back-
ground. We first consider generalized Robin boundary conditions at spatial infinity, and then
show that for the particular cases of Dirichlet and Neumann conditions, we can obtain the
QNMs exactly.

The equation of motion for the scalar field is
(0 —m)¥ =0, (3.23)

where the d’Alembert operator, o = V, V¥, is calculated with respect to the BTZ metric Eq. (3.6),

and the effective mass squared is given by
m; = i’ +ER, (3.24)

with p being the mass of the field and & being the coupling constant with the Ricci scalar
R =—6/I%.

Separating variables by the ansatz

— Me—ia)teim(p’

Y(t,r,p) = D (3.25)
and transforming to the tortoise coordinate
) r
ne=-onn arcoth (W) , (3.26)
and substituting into Eq. (3.23), the equation of motion reduces to the radial equation
SV ) = w0, 3.27)

2
dr?
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where the effective potential is given by

3 M2, 4am* + M M2y,
Veg(rs) =M (E + m?) csch? ( ] ) + (T) sech? ( ] > : (3.28)

Note that the transformation Eq. (3.26) maps the horizon r, = IM'/? to r, = —oo, and the

spatial infinity r = oo to ., = 0. We also notice that for generic values of mg the potential
blows up at the conformal boundary, which, in turn, leads to a singular Sturm-Liouville prob-
lem [68], so that boundary conditions cannot be directly imposed at r. = 0. On the other
hand, when mg = —3/4l* the potential is regular, and one can impose boundary conditions
by the usual procedure prescribed by the theory of regular Sturm-Liouville problems. This
case corresponds to a conformally coupled field (u* = 0, £ = 1/8), and we will be particularly
interested in considering it in Chapter |5\ However, for now, let us keep things as general as
possible and proceed with the calculation of the QNMs with generic mé.

As shown in Appendix [B|[[} one can impose generalized Robin boundary conditions at
infinity for ¢y when —1/I° < m{ < 0, so we will assume this is the case hereafter in this
section. The general solution to Eq.[3.27|can be written as a linear combination of the linearly

independent fundamental solutions {2, ¥/N},

Yo(r) = N, [cos (YD (r) + sin ¢y (r)] (3.29)

where { € [0, ] parametrizes the generalized Robin boundary conditions [83} [67] and y/”
is chosen as the principal solution, i.e., the unique solution (up to scalar multiples) such that
rh_rg YD /¢ = 0, for every solution ¢ that is not a multiple of /2. We say that the other linearly
independent solution /% is a non-principal solution. Note that a non-principal solution is not
unique since, for any constant k, the function /2 + ki is also a non-principal solution.

Let us now find 2 and /Y. It is convenient to choose units such that

.M .
V. = Tr*, w = W&), (330)
so that the radial equation becomes
ayFr) o o A2 n
—% + Veg(FIY (7)) = O*Y (7, (3.31)

ISee the case (ii) in section and note that v = 1 + I’mg.



CHAPTER 3. THE BTZ BLACK HOLE AND ITS QUASINORMAL MODES 37
where the nondimensional effective potential is given by
A 3 . 4am® + M R
Ver(7,) = <Z + lzmg) csch® 7, + (m4—M) sech? 7, (3.32)
Changing to the new coordinate and wave function
z = sech® 7, (3.33)
Vo(2) = 2°(1 — 2)'(1 — 2)V/*F,(2). (3.34)
and substituting these into Eq. (3.31), we find
d’F, dF, A B
z(1-2) +[(1+2a) — Ca+ 21+ 1)z] — + + —C|F,(z) =0, (3.35)
dz? dz z(1-2z) 1-z
where
A2
A=—a*— %, (3.36)
Zmz (2)2
B:a2—12+1+—§+? (3.37)
2
m
C=—+(a+1)] 3.38
Tk (@t ) (339)
If we take o and A so that A= B =0, i.e.,
io 1 ———
a=—-——, A== <l+ 1+lzm§), (339)
2 2
and further define the auxiliar quantities
im im
a:a+)l+m, b:a+l—m, c=1+2a, (340)
the Eq. (3.35) can be rewritten as
d*F, dF,
z(1—2) +[c—(a+b+1)z] — —abF,(z) =0, (3.41)
dz? dz

which is the known hypergeometric differential equation [84].
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When none of ¢, c —a—b,a—bisan intege a convenient pair of linearly independent

solutions for Eq. (3.41) is

Ff(z) = yF(a,b;a+b+1—c;1—2), (3.42)

FNz)=(1—-2)*",F(c—ac—byc—a-b+1;1-2), (3.43)

where ,F; stands for the standard hypergeometric function

o (@);B);
Fi(a,b;c;z) = A 3.44
2L ZJ: (C)j it ( )
and (x); indicates the Pochhammer symbol
x);=x(x+1)...(x+j—-1). (3.45)
The corresponding solutions for Eq. are
YP(2) = 2°(1 — 2" (1 —2)V*,Fi(a,b;a+ b +1—c;1 — 2), (3.46)
YN(@2) = 2°(1 - 2)" (1 —2) V) F(c —a,c —b;c—a—b + 1;1 — 2), (3.47)
which behave nearr = oo (z = 1) as
Yoz > 1) =(1-2), (3.48)
YNz > 1) =1 -2)"", (3.49)
so that
D
lim Y@ (1-2)"". (3.50)

z—1 ‘/’f)](z)

Since we assumed m} > —1/I%, it follows that A > 1/2 and hence

Vo2 _

lim

S YN@)

The other cases can be treated similarly, and we will not pursue them here. The reader interested in the this
case is referred to [83]).

0, (3.51)
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which implies

lim Vo(2) =
=1 e YD(z) + ey D(2)

0, (3.52)

for ¢, # 0, and shows that /°(z) is the principal solution.
Before imposing the ingoing boundary condition at the horizon, it is convenient to express

the general solution in terms of another set of independent solutions, that is,

Yul(2) =c1 2°(1 = 2)'(1 = 2)/* yFa(a, bi ; 2)

+e,z2 %1 -2 (A -2) V4, Fa—c+1,b—c+1;2—c;2). (3.53)
From this, it follows that
V(P = —00) o ¢ 4 cyetiO (3.54)

and in order to have only ingoing waves at the horizon, we should take ¢, = 0. If we addition-

ally use the transformation [85]]

I'(c)'(c—a-0>)

I'(c —a)(c—b)

L gyet I'c)fa+b—-c)
I(a)I'(b)

oFi(a,byc;z) = JFi(a,b;a+b—c+1;1-2)

+( JFi(c—a,c—b;c—a—-b+1;1—2), (3.55)

the solution becomes

—a—b bh—
o) = | T =Dy (Ol s
Comparing this expression with Eq. (3.29), we find
Ila+b—-c) | I'(c—a-D>)
Os(g)—l“(a)l“(b) = 31n(§)r(c — D) (3.57)

For each { € [0, ], the solutions of Eq. (3.57) will determine a discrete set of quasinormal
frequencies. We note that, in general, this equation cannot be analytically solved so that in
most cases, one has to rely on numerical methods. However, when { = 0 or { = /2, we can

solve Eq. (3.57) exactly. Indeed, since the gamma function has poles on negative integers, for
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{ = 0, we have that
a=-n or b=-n, (n=0,1,2,3...), (3.58)
solve Eq. (3.57) and yield the frequencies

m  M?
O)Z:ET—I 7 (2n+1+‘[1+lzm§>, (¢ =0). (3.59)

Similarly, we find that for { = /2, the poles of the gamma function correspond to

c—a=-n and c—b=-n, (n=0,1,2,3...), (3.60)

which gives the frequencies

m  M? /s
O)Z:ET—I 7 (2n+l—,[1+lzm§>, <§=E> (3.61)

We note that the obtained frequencies Eqgs. (3.59) and (3.61) agree with the results of [66]

and [67]. The boundary conditions { = 0 and { = x/2 are usually referred to as generalized
Dirichlet and Neumann boundary conditions. This terminology is motivated by the case of the

conformally coupled field, for which we have
© =0, £=-, (3.62)

so that mf = —3/4I%. One can see this by using Eqs. (3.46) and (3.47) to calculate

dy./dr.

J = —cot{ =, (3.63)

where we defined the parameter —co < f < oco. Notice that Eq. is the usual Robin
boundary condition imposed at the boundary of a regular Sturm-Liouville problem. Besides,
we have that { = 0 corresponds to f = —oo, so that /(7. = 0) = 0, which is the known
regular Dirichlet boundary condition. By the same reasoning, we see that { = 7 /2 (f = 0)
corresponds to the regular Neumann boundary condition, (dy,,/dF.)|;.-o = 0.

Inspired by this discussion, in the general case (non-conformally coupled field), we say that

a solution with { = 0({ = 7 /2) obeys a generalized Dirichlet (Neumann) boundary condition at
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spatial infinity. In the same way, the other values of { € [0, 7] correspond to solutions obeying
generalized Robin boundary conditions at infinity.

Before ending this section, we note that, for the conformally coupled field, Egs. and
(3.63) yield

I'(c—a-b) T(aI'(b)

= - 3.64
b I'c—a)'(c—b)T(a+b-c) (3.64)
which after using Egs. and reduces to
or (2 — 10)?
p= —(14 = )2 : (3.65)
riG-%

for a mode with zero angular momentum, m = 0. This result will be used to check the consis-

tency of the analog model of the conformally coupled field introduced in Chapter
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Chapter 4

Hydrodynamical Analog Model of the
BTZ Black Hole

In this chapter, we present an analog model for the Bafiados, Teitelboim, Zanelli (BTZ) black
hole based on a hydrodynamical flow. We numerically solve the fully nonlinear hydrodynamic
equations of motion and observe the excitation and decay of the analog BTZ quasinormal
modes in the process. We consider both a small perturbation in the steady state configuration
of the fluid and a large perturbation; the latter could be regarded as an example of formation

of the analog (acoustic) BTZ black hole. The material in this chapter is based on our work [54]].

4.1 Introduction

In the work [58]], we have proposed a hydrodynamical analog model for a class of spherically
symmetric metrics (which include the Schwarzschild and Reissner-Nordstrom spacetimes).
That model was based on the propagation of acoustic waves in the bulk of an inviscid fluid
and governed by the effective metric Eq. (2.22). Besides, that model required a careful fine-
tuning of the physical parameters of the flow, namely its local velocity and sound speed. The
local fluid velocity can be directly set up, in principle, by applying a suitable external force to
the fluid. However, the local speed of sound is much less amenable to external control since it
is determined by the relevant equation of state, which describes the internal forces in the flow
and depends on the nature of the fluid.

In this chapter, we apply the method introduced in [58]], but now we do not start by fixing

the spacetime we want to emulate. Instead, we start by assuming that the equation of state for
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the fluid is as simple as it gets so that the local speed of sound is constant throughout the fluid
(see Eq. (4.13)). Interestingly enough, the curved spacetime that results from this procedure is
the celebrated BTZ spacetime introduced by Banados, Teitelboim and Zanelli in [40]).

As mentioned in Chapter 3, an important characterizing property of black holes is how
they respond to perturbations in the metric. Upon perturbation, a black hole goes, in general,
through a transient stage that depends on the source of the perturbation. After that, the system
can be characterized by a spectrum of complex quasinormal frequencies that depend only on
the black hole parameters [45] 46}, 47]. The corresponding QNMs describe the characteristic
ringdown that occurs as a response to the perturbation. As noted in the previous chapter, the
ONMs are usually defined as the modes satisfying ingoing boundary conditions at the black
hole horizon and outgoing boundary conditions at infinity. This definition works perfectly fine
for asymptotically flat spacetimes (Schwarzschild and Kerr black holes, for instance). However,
the situation is subtler in the case of asymptotically curved spacetimes. In part, this results
from the difficulty in distinguishing ingoing and outgoing waves at infinity. Moreover, for an
asymptotically anti-de Sitter spacetime, the lack of global hyperbolicity gives rise to another
issue: the initial conditions are not sufficient to uniquely determine the time evolution of a
field, and extra boundary conditions at spatial infinity are required [69, 70, [71] (see also the
Appendix [B). These boundary conditions influence all types of wave phenomena [56| 67, [86]],
including, in particular, the quasinormal modes.

In this chapter, we are interested in analyzing the characteristic quasinormal decay of the
BTZ black hole in terms of the analog nonlinear phenomenon that takes place in the fluid
as a response to perturbing its flow. Our goal is, therefore, to use an ideal fluid to probe the
quasinormal decay of a scalar field in BTZ via the observation of the decay rate of sound waves.

The next sections are organized as follows. In Sec. we find the flow background pa-
rameters corresponding to the emulation of the BTZ spacetime by an effective metric. In Sec.
we numerically solve the equations of fluid dynamics for a small perturbation in the veloc-
ity field propagating on the background found in Sec. Using the known BTZ quasinormal
frequencies [66], we show that the field intermediate-time and the late-time behaviors are well
described by a superposition of QNMs. After that, we consider an example of the formation
of an analog BTZ black hole and use this fully nonlinear process to observe the excitation and

decay of the analog BTZ quasinormal modes.
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4.2 Analog BTZ Black Hole

Let us consider an inviscid barotropic fluid flowing in two spatial dimensions. Let x, y, and t be
the spatial and time coordinates with respect to an inertial frame of reference in the laboratory.

Following [58], we start with a stationary one-dimensional velocity profile given by

u(x,y) = v(x)x. (4.1)

The equation of continuity (2.1) then implies that

p(x) (4.2)

_ k.
@)l

where k is a constant.
Substituting the expression for the density profile Eq. (4.2) into the (2+1)-dimensional ver-
sion of Eq. (2.22), the effective metric can be written as

[—(c* —v))dt* — 2vdtdx + dx* + dy*], (4.3)

where c is the local speed of sound. Note that the metric Eq. is fully determined by the
background flow configuration. The constant @ was introduced for convenience in order to
make the factor (a®k? /c*v?) dimensionless.

Let us define a new timelike coordinate

T=t+ / GO N (4.4)

() — ()
so that the metric becomes diagonal

a’k?

c2(x)v3(x)

c*(x)

ds" = c2(x) — v¥(x)

{— [cz(x) - vz(x)] dT* + dx* + dyz} . (4.5)

Following [58]], we define an angular coordinate ® = y/L (mod 2r), where L is a characteristic

length of the analog model, and a radial coordinate]

akL
R(x) = im, (4.6)

ISince the velocity v(x) can be positive or negative, we choose the sign in (4.6) so that R(x) is always positive.
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which was chosen as the function that multiplies the resulting d®* in Eq. (4.5). In terms of the

new coordinates (T, R, ©), the metric now reads

o’k  R%(x)

R(x)/1?
EOMEE

2§22 ,
[1 - C4z(xx)R2(x)] R Z(X)

ds? = — dT? +

dR* + R*(x)d©?, (4.7)

where R’(x) = dR/dx. We now demand that this metric be in the Schwarzschild gauge so that
g11 = —k*/goo. This requires that R(x) obey the differential equation

c2(x)R*(x)

R = S

(4.8)

Up to here, the argument is valid for a generic (position-dependent) speed of sound. How-
ever, in contrast with [[58], where we considered position-dependent speed of sound configu-
rations (with their ensuing contrived equations of state), here we will analyze the simpler case
of a constant speed of sound. In this case, Eq. can be immediately integrated to yield (up

to a trivial translation in x)

LZ
R(x) =——, (49)
x
where we took, for simplicity, x = ¢ and we chose the negative sign at the right-hand side so
that R(x) is positive and increasing for x € (—o0,0).
As a result, the effective metric takes the form

21.2 2 21.2 2\ 1
ds? = — <_“ L R—) dT? + (—“ L R—) dR? + R%d6". (4.10)

ct L2 ct L2

We recognize as the metric of a static BTZ black hole, Eq. (3.6), with mass M = a?k?/c*
and curvature radius [ = L. We note that the horizon (R = R, := IJM) and conformal
boundary (R = o) of the BTZ spacetime are realized at x = —L/+/M and x = 0, respectively,
in this model. We will denote the boundary x = 0 of the laboratory by £. Notice that the

constant M is dimensionless in this spacetime.



CHAPTER 4. HYDRODYNAMICAL ANALOG MODEL OF THE BTZ Brack HOLE 46

4.3 Time Evolution and Analog Quasinormal Decay

As we have seen in chapter |2 the equations of motion for an inviscid fluid subjected to an
externally imposed body force are given by Egs. (2.1) and (2.2). For convenience, we rewrite

these equations as

d R
e +V- ( pv) =0, (continuity equation) (4.11)
W\ r .

p [5 + (v . V) v] =-Vp+ f, (Euler equation) (4.12)

where ]? denotes the external force applied upon a volume element of the fluid, and the pressure

p now satisfies the equation of state

p=cp, (4.13)

with constant c, as discussed above.

We are concerned with two-dimensional flows with physical quantities varying along x
only. More explicitly, density and pressure will depend only on x [i.e., p = p(x), p = p(x)],
the velocity v will be given by (4.1), and the external force density will be given in terms of a

driving potential ®(x),
]?(x) = —pVd = —po, P x. (4.14)

The external potential is taken to be fixed, which means that it is insensitive to backreaction,
as in [1}[8]. Therefore, the discussion of [87] does not apply to the present Wor (nor to [58]).

With the assumptions made above, the equations of motion simplify to

9:p + 9, (pv) =0, (4.15)

p(0; +v9,) v = =0, p — pd,d. (4.16)

The fluid configuration that implements the results of the previous section can be obtained

from Eqs. (4.2), and (4.9), which determine the background velocity

vo(x) = (%) X, (4.17)

2For a discussion concerning the issues of implementing an external force upon a flowing fluid, we refer the
reader to [88]].
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and the background density

o) = - (%) L (418)
(04

X

From the Euler equation (4.16)), we find the external potential

®(x) = c*log (%) — (%) x; (4.19)

We now consider perturbations of the above steady-state configuration of the fluid and
follow the evolution of the relevant physical quantities in time. In order to do that, we nu-
merically solve the nonlinear fluid equations and compare the result with what would have
been the corresponding evolution on the BTZ black hole. As we show in the following, the
propagation of the fluid in this regime allows one to recover the mechanism of excitation of
quasinormal modes at the black hole level. We do this for both a small perturbation and a
large perturbation; the latter could be regarded as an example of the process of formation of
an acoustic BTZ black hole.

We note that since the effective geometry described by Eq. couples to a massless scalar
field, it follows from the discussion in Appendix [B|that only generalized Dirichlet boundary
conditions are allowed to be imposed at x = 0. This, in turn, implies that the acoustic black

hole will have quasinormal modes given by Eq. (3.56) with mg = 0, which means that

Yo(2) x Y2(2) = 2°(1 - 2)*(1 - 2 V4, F(ab;a+b+1—c1-2), (4.20)
where
z=1-R}/R?, o= —%, A=1, (4.21)

and a, b, c, are given by (3.40). The corresponding frequencies will be

m 1/2
w=+——2i
l l

(n+1), mn=20,1,2,3... (4.22)

From Eq. (4.20), we can show that the field ¥ satisfy

oY

Yo =0 R

— 0. (4.23)
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From v = —V¥ and Eq. (2.13), we see that on the analog model end, these boundary conditions
correspond to vanishing perturbation in the velocity and density profiles at x = 0.

A nice feature of our model is that it maps the black hole spatial infinity to the physical
(finite) boundary £ of the system at the laboratory, at x = 0. Hence, the boundary conditions
at x = 0 that are required by the sound propagation in the fluid can be naturally chosen to
emulate the massless scalar field in the BTZ spacetime. For the fluid motion, these boundary
conditions ensure that the energy flux across the boundary £ is zero. At the spacetime level,
these boundary conditions mean that information can neither escape to nor come from the

spatial infinity.

4.3.1 Small perturbation and QNM excitation

Let us consider as initial conditions a configuration for which v is slightly perturbed from the

steady state configuration v, at a given point x,:

v(t = 0,x) = vy(x) + dv(x), (4.24)
plt = 0,%) = po(x) + Sp(x), (4.25)
with
_ =)
dv(x) =Ae 2, (4.26)
dp(x) =0. (4.27)

We choose units such that « = k = ¢ = 1; the black hole mass then becomes M = 1. For
simplicity, we also choose the width L as L = 1. The exterior region of the black hole is then
mapped into the interval —1 < x < 0, with x = —1 corresponding to the horizon, and x = 0
corresponding to spatial infinity.

To simulate Dirichlet boundary conditions at infinity, we should impose that the distur-

bance vanishes at x = 0,

dv(x =0) =0, (4.28)

dp(x =0)=0. (4.29)
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In order to avoid numerical difficulties, we impose boundary conditions at x = —e, with € > 0

being a sufficiently small parameter instead of at x = 0. More explicitly, we require

u(t,x = —€) = vy(—e€), (4.30)

p(t,x = —€) = po(—e). (4.31)

We solved the system given by Eqgs. and for v(t, x) and p(t, x) with the software
Mathematica [89]| Figure [4.1] shows the obtained time evolution of a perturbation initially
centered at xo = —0.5. We see that the initial disturbance splits into two portions: one goes
towards the horizon and falls into the supersonic region (x < —1). The other goes towards
x = 0 and, around t ~ 0.6, is reflected at the boundary and redirected towards the horizon.
Although the expression of the analog metric is degenerate at the horizon (as it occurs for a
Schwarzschild black hole, for instance), the fluid physical quantities and their corresponding
perturbations are both well defined there. We see that these physical quantities are also well

defined in the supersonic region (x < —1).

3We used its NDSolve routine with a MaxStepSize set to 0.001. Our calculations showed good numerical
convergence, with the same results for values of € ranging from 107> to 1077.
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Figure 4.1: Time evolution of an initial perturbation in the background velocity (top) and
density (bottom) given by Egs. and (4.27). The parameters were chosen as € = 1077,
A = 0.1, 0 = 0.00005, and x, = —0.5. The perturbation splits into two portions. One goes
towards x = 0 and is reflected at time ¢ ~ 0.6. The other goes towards the horizon and falls
into the supersonic region (x < —1).
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Quasinormal decay

As discussed in Chapter[3] it follows from the general theory of wave propagation on black hole
spacetimes that the response to a perturbation on the background geometry has, in general,
three distinct stages [78,190]]: (i) the early time response, which depends highly on the initial
conditions; (ii) the intermediate-time regime, which is dominated by a QNM ringing; and (iii)
the late-time regime, which is governed by a power law tail. Mathematically, the quasinormal
modes arise from the poles of the Green’s function associated with the wave equation, and the
power law tail comes from a branch cut on the Green’s function domain.

However, differently from the Schwarzschild and Kerr black holes, where a branch cut on
the Green’s function frequency domain gives rise to a late-time power law tail 78|91, 92]], the
Green’s function associated with wave propagation on the BTZ black hole has no branch cut

on the w-complex plane. One can see this by noting that the Green’s function in this case is

given by
(oo (rew) ’
Wb g if rl<r,
G(r.,r;0) = (4.32)
Yn(reow(riw) - /
Wb if r.<rl,

where ,(r., ) and (1, ) are linearly independent solutions of the radial equation Eq. (3.31)

for the massless field behaving as
Un(r., w) ~ e, at the horizon (r, —» —) (4.33)
and

Veolre, ) ~ YP(2(r))

~ 221 -2 A -2)Y*,F(a,bja+b+1—¢1—2), (4.34)

with z(r.) = sech®r,, at spatial infinity r, = 0. The W (w; /4, V) stands for the Wronskian of
the solutions ¥,(r.) and /(r.), that is,

ai‘:" — Yool ”)(Zf‘ (4.35)

W(w; Yh, Yeo) = Y1, )



CHAPTER 4. HYDRODYNAMICAL ANALOG MODEL OF THE BTZ Brack HOLE 52

From the discussion in Chapter 3| we see that possible choices for ¥/, (r., ©) and Vo (r., ©)

obeying conditions (4.33) and (4.34) are

Un(re, 0) =2%(1 — M1 - z)_l/4 oFi(a, b;c; z), (4.36)

Yeor, ) =02 (2(r)) = 2°(1 — 2)*(1 — 2 V4, F(ab;a+b+1—c1—2), (4.37)

where z should be seen as a function of r, given by z = sech®r.. Thus, because neither 1/, nor
¥ has a branch cut on the w-complex plane, it follows that the Green’s function in Eq.
also does not have a branch cut. As a result, the late-time behavior of the solution for the field
¥ is governed by a quasinormal (exponential) decay/’

In the following, we fit the intermediate and late-time behavior of our numerical solution,
at a fixed position of observation x,,, to a linear superposition of the first N quasinormal

modes [50]. We take

N
u(C;t) = vo(xpps) + Z C,e i omlt=t), (4.38)

n=0
where wy are the frequencies given by Eq. (with M =1 = 1) and C = (Cy, C,C,, ...,Cy)
are fitting parameters. We note that only frequencies with m = 0 are excited since nothing
depends on the analog angular coordinate y = L[| We find the quasinormal approximation

by minimizing the integral

E(C) = / [0t x) — (G, (4.39)

The time interval (¢;, t,) should be chosen within the time domain where the numerical solution
u(t, x) is dominated by the QNM decay.

Figure [4.2| shows the numerical velocity profile (solid curve) at fixed position x = x,; =
—0.3 as a function of time. We see the initial perturbation passing through the observation
point around t ~ 0.3. The reflected pulse comes around t ~ 0.85. After ¢ ~ 1 the quasinormal
modes govern the signal decay. We also see in Fig. [4.2| the quasinormal fitting obtained from
Eq.(4.38) for N = 0 (red dashed curve), N = 1 (green dotted curve), and N = 3 (blue dot-dashed
curve). The corresponding parameters C, are listed in Table

“For a thorough discussion on this point, we refer the reader to [93[90].
SWe note that modes with nontrivial angular dependence (m # 0) cannot be considered in this model unless
we impose periodic boundary conditions identifying the lines y = 0 and y = L.
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Figure 4.2: Numerical waveform v(¢,x = —0.3) (black solid curve) and quasinormal modes

for a perturbation on the analog BTZ background. The parameter ¢ was chosen as 10~7. Top
right: quasinormal approximation to late-time behavior. The red dashed curve represents the
least-damped mode (N = 0), the green dotted curve represents the sum of the first two modes
(N = 1), and the blue dot-dashed curve represents the sum of the first four modes (N = 3).
The integral was calculated with t; = 1.5 and t, = 5.

Table 4.1: Parameters C, for the quasinormal approximation in the scenario of a small pertur-
bation on a steady background flow.

Co -0.000983912 -0.000757182 -0.00078922
G, -0.000340095 -0.000230737
C, -0.0000441535
Cs -0.0000469776

4.3.2 Large perturbation: acoustic black hole formation

As another example of excitation of quasinormal modes, we now consider a possible scenario

for the formation of the acoustic BTZ black hole. As an initial state for the system, we set a
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particular configuration where the fluid starts with zero velocity everywhere and let it evolve
while subjected to the same external potential given by Eq. (4.19). Here it is worth recalling
that the analog gravity framework can only probe kinematical aspects of GR, as opposed to
dynamical aspects emerging from the Einstein field equations. As such, the model presented
in this section does not emulate the actual dynamical evolution of the BTZ spacetime metric.
The purpose of this example is to illustrate one possible formation process for the analog BTZ
black hole and to analyze the corresponding excitation of its quasinormal modes.

To simulate this scenario numerically, we have taken the initial conditions

v(t =0,x) =0, (4.40)

pt = 0,x) = po(x), (4.41)

and solved the fluid equations and with the software Mathematica [89]E] Figure
shows the velocity profile at the observation point x = —0.3. We again found the contribution
of the quasinormal modes to the waveform by using the fitting function (4.38). The values
found for C, are listed in Table

We observe from Fig. [4.3that the initial phase of the transition takes place roughly between
t ~ 0.8 and t ~ 1.6. After that, the quasinormal modes govern the signal. We also see the late-
time behavior of the velocity field (black solid curve) together with quasinormal profiles for
the least-damped mode, N = 0 (red dashed curve), a superposition of the first two modes,
N =1 (green dotted curve), and of the first four modes, N = 3 (blue dot-dashed curve). After
the quasinormal regime, t > 4, the flow approximately reaches equilibrium at the steady state

configuration of the acoustic BTZ black hole.

The boundary conditions were again given by Eqs. (4.30) and (4.31), with the results being the same for
values of € ranging from 107 to 1077, This time we used the routine NDSolve with a MaxStepSize set to 0.005.
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Figure 4.3: Numerical waveform v(¢,x = —0.3) (black solid curve) and quasinormal modes

for an example of the formation of the acoustic BTZ black hole. The parameter ¢ was again
chosen as 1077. The first phase of the transition occurs roughly between t ~ 0.8 and t ~ 1.6.
After that, the quasinormal modes govern the signal. Top right: quasinormal approximation
to late-time behavior. The red dashed curve represents the least-damped mode (N = 0), the
green dotted curve represents the sum of the first two modes (N = 1), and the blue dot-dashed
curve represents the sum of the first four modes (N = 3). The integral was calculated
witht; = 1and t, = 5.

Table 4.2: Parameters C, for the quasinormal approximation on the scenario of formation of
the analog BTZ black hole.

Co 0.074547 0.0808317 0.0812623
Cy -0.00942706 -0.0113435
G, 0.00208244

Cs -0.000485368
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Chapter 5

BTZ Black Hole in a Laval Nozzle

In this chapter, we introduce an analog model for the conformally coupled scalar field on the
BTZ black hole. The model is based on the propagation of acoustic waves in a Laval nozzle.
Since the BTZ black hole is not a globally hyperbolic spacetime, the dynamics of the scalar field
is not well defined until extra boundary conditions are prescribed at its spatial infinity. We
show that quasinormal modes satisfying Dirichlet, Neumann, and Robin boundary conditions
in the BTZ black hole can be interpreted in terms of ordinary QNMs defined with respect to
an appropriately extended nozzle. We also discuss the stability of our model with respect to

small perturbations. The material in this chapter is strongly based on our work [55]].

5.1 Introduction

In this chapter, we introduce an analog model for the conformally coupled scalar field on a BTZ
black hole based on a Laval nozzle, which is a convergent-divergent nozzle with a throat in the
middle, usually employed to accelerate air [51]]. By establishing a sufficiently strong difference
of pressure between the nozzle ends, a transonic flow regime can be achieved. On one side of
the nozzle, there is a subsonic flow; on the other side, a supersonic flow is established. The
sonic point (where air velocity equals sound velocity) is located at the nozzle throat.

We find that the obtained nozzle has a finite length, with its end corresponding to the
spatial infinity of the BTZ spacetime, so that our analog model effectively maps the exterior
region of the BTZ black hole into a finite region of the Laval nozzle. Since the effective potential
governing the wave propagation does not vanish at the nozzle end (which corresponds to the

BTZ spatial infinity), we still cannot impose plane wave outgoing boundary conditions to
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find QNMs. In order to circumvent this problem, we consider a family of extensions for the
nozzle. We choose the extensions in such a way that the corresponding effective potentials go
to zero in the new end. By doing this, we recover the plane wave behavior, and we can thus
impose outgoing boundary conditions and find the ordinary QNMs of the extended nozzle
(corresponding to BTZ spacetime + extension). In this way, we interpret the QNMs of the
conformally coupled scalar field on the BTZ black hole (which do not obey outgoing boundary
conditions at spatial infinity) in terms of ordinary QNM:s of acoustic waves in the nozzle (which
do obey the usual outgoing boundary conditions). We find that the ordinary QNMs can be
sorted according to their parity and show that odd ordinary QNMs correspond to QNMs in the
black hole which satisfy a Dirichlet boundary condition, and even ordinary QNMs correspond
to black hole QNMs obeying Neumann or Robin boundary conditions.

Finally, we use a result from the dynamics of the scalar field in the BTZ black hole [67] to
discuss the stability of our model under linear perturbations.

This chapter is organized as follows. In Sec. we briefly review the equations of acous-
tics in the Laval nozzle and apply the method of [52] to find the nozzle for which acoustic
waves correspond to those of a conformally coupled field on the BTZ black hole. In Sec.
we consider continuations of the effective potential of Sec. [5.2]to find extensions for the nozzle
previously obtained. We also show how one may use the ordinary QNMs of acoustic waves
to emulate QNMs obeying Dirichlet, Neumann and Robin boundary conditions at BTZ spatial

infinity. After that, we discuss the stability of our model under small perturbations.

5.2 The Nozzle Analog to the BTZ Black Hole

5.2.1 Conformally coupled field propagating on the BTZ black hole

The equation of motion for the scalar field ¥ conformally coupled to the static BTZ geometry
is obtained taking p* = 0 and £ = 1/8 in Eq. (3.24) so that Eq. (3.23) becomes [94} [95]

3
<D+E)\P:0, (5.1)

where the d’Alembertian operator, o = V, V¥, is calculated with respect to the spacetime metric

Eq. (3.6).
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The radial equation in this case is given by Eq. (3.31) with the effective potential

N am* + M
Verz(F.) = <m4—M> sech®7,, (5.2)

Note that we have rescaled r, and w so that 7, = (M'/?/D)r, and & = (I/M"/?*)w, as in Eq. (3.30).

We intend to simulate the scalar field propagation determined by the effective potential
Vistz(7.) in terms of acoustic waves propagating in an appropriately designed Laval nozzle. In
order to achieve this, we need to know how the shape of the nozzle determines the wave prop-
agation. In what follows, we review the fundamental equations of fluid dynamics in the Laval
nozzle and show how the cross-sectional area determines the effective potential for acoustic

waves.

5.2.2 Wave propagation in the Laval nozzle

Let us take the x coordinate along the axial direction of the nozzle. We consider air as a perfect
fluid flowing in a quasi-one-dimensional regime [51]], where physical quantities vary along the

x axis only. The equations of motion are then the continuity and Euler’s equations,

al‘ (PA) + ax (PUA) = 0’ (53)

p(0; +v9,) v = —0,p, (5.4)

where p is the air density, p is the pressure, v is the air velocity, and A is the nozzle cross-

sectional area. Furthermore, we shall assume the gas is isentropic

po<pl, (5.5)

where y = 7/5 stands for the heat capacity ratio of air.
Assuming an irrotational flow, v = 9,®, and defining the specific enthalpy h(p) = [ p~'dp,
Eq. reduces to the Bernoulli’s equation

9, + % (0,®)* + h(p) = 0. (5.6)

To derive the linearized wave equation for sound, we first rewrite (p, ®) as the sum of a

contribution corresponding to the background flow (p, ®) and a contribution corresponding
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to the acoustic disturbance (§p, ¢). The background and perturbation satisfy

p= p+dp, p>16pl,
(5.7)
o= O+4, |0, D| > |9,|.
Following [50], we define the auxiliary quantities
_pA_ p4 (5.8)

RN
f(x)=/ bldx (5.9)

ez —v¥
H,=g"* / dte!TOlg(t, x), (5.10)
dx
= | —————, 5.11
. c°/cs<1—w> G-11)

where ¢, = \/8p/ op = \/yﬁ/ p is the local sound speed, cy is the stagnation sound speed,
constant over the isentropic flow, and M = |v|/c, is the Mach number. In terms of these

quantities, the wave equation reduces to

d’H,
- +V(x)H, = x*H,, (5.12)
dx?
where
k=2 (5.13)
Cso

and the effective potential is given by

1
)

V(x.) = : (5.14)

gdg _1(dg)’
2dx? 4 \dx,

The effective potential V(x.) characterizes the dynamics of acoustic waves in the gas flow.

For a transonic flow in a Laval nozzle, all the nondimensional quantities (p/po, p/po, M, ...)
are uniquely determined by the function A(x.)/A;,, where Ay, is the cross-sectional area at
the throat of the nozzle [51, 50]. In particular, the function g(x.) and the effective potential
V(x.) are also completely determined by A(x.)/As,. On the other hand, A (and hence all other
physical quantities) can be fully determined in terms of g by the equations relating the physical

variables in the nozzle.
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Let us see more closely how one can express the physical quantities in terms of g. First,

we note that it follows from Egs. (5.5) and (5.8) that

pA

§ S0 (5.15)
and from [51]], we have
1/2
A -1 1 _\ -1 _
(_> L P <ﬁ> P (5.16)
A ny Po Po
where pj is the stagnation density and
y — 2(y—1
= —\— . 5.17
Ny 5 (Y n 1) ( )
Since Eq. (5.12) is invariant under rescaling of g, we take the coefficient in Eq. (5.15) so
that
A p
Ny Ath Po

g= (5.18)

) <£_>(y—1)/2'
Po

With the assumptions above, we can implement the same reasoning of [52] to find the

physical variables in terms of g:

A , 5.19
Ath 1— 41— g—Z ( )

_ 1-y
<ﬁ> —2¢% (1-J1-g?), (5.20)

Po
¢ = il , (5.21)
\/Zgz (1-J1-g72)

M = y% (2g* (1-J1—g72) —1). (5.22)

Xe = — (5.23)
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and

A

19)
K= — =2 =2 (5.24)
Cso CS()T L

where L is a characteristic length in the nozzle and a characteristic time interval was chosen

as T = L/cy. Equation (5.12) then yields

d2

17 © +V(%,)H, = &*H,, (5.25)
x~k

where the dimensionless effective potential is given by

2¢ 1 (dg\’
2 a\dx

1 |gd
V(&) = — g (5.26)

5.2.3 Inverse problem

The calculations above show how the nozzle shape, given by A(x.), determines the wave prop-
agation in the nozzle by means of the effective potential V(x.). We now want to find a nozzle
shape which mimics the effective potential VBTZ for perturbations in the BTZ black hole back-
ground.

As mentioned before, all physical quantities describing the flow in the Laval nozzle can
be determined from the cross section A. On the other hand, given an effective potential, say
V = Virz, we should be able to find g by solving Eq. (5.26). This, in turn, determines the shape
of the nozzle by means of Eq. (5.19). A boundary condition for g is given by imposing that the

air and sound velocities are equal at the acoustic horizon, |v| = ¢, so that, from Eq. (5.22),

| _L—i (527)
8lhorizon = zﬁ\/m - \/g .

Before equating VBTZ to the effective potential in the nozzle, we need to relate the radial
coordinate r of the BTZ spacetime to the coordinate along the nozzle x. In order to achieve

this, we identify the respective tortoise coordinates, d7, = dx.. From Egs. (5.11), (5.21) and
(5.22), we have

G- di - cod% \/ 2(1-J1-g?)dx
T e=M) - g (1-J1-g?) - 1]

(5.28)
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so that

dﬁ_l—y%l[Zgz(l—‘/l—g‘z)—l]

o (- g

, (5.29)

where x is the nondimensional coordinate related to the coordinate along the nozzle by x =
x/L.

Since the tortoise coordinates for the nozzle and for the BTZ spacetime were made identi-
cal, we can now equate the effective potentials, Eqs. and (5.2), to obtain

G _ gy
28() 4Gy

= Virz (7). (5.30)

where the prime indicates differentiation with respect to 7., g’ = dg/dr.. This equation can be

simplified by the substitution [53]]

g(#) = h*(F) (5.31)
so that
') + Varz(FOR(E) = 0. (5.32)

To obtain the configuration of the nozzle corresponding to the effective potential in Eq.

(5.2), we have to solve Eq. (5.32) and use Eq. (5.31) and the boundary condition Eq. (5.27) to
determine g. Then, by Egs. (5.19) and (5.29), we can find the cross section A as a function of

the coordinate x along the nozzle, such that the sound propagation now mimics a scalar field

propagating on the BTZ spacetime.

5.2.4 The Laval nozzle for the conformal scalar field propagating on

the BTZ black hole

To keep the calculations as simple as possible, we are going to consider the mode solution with
angular momentum m = 0 (the case m # 0 can be treated in a similar fashion and is briefly

discussed at the end of Sec.|5.3.3). In order to solve Eq. (5.32), we change to the new variable

u = tanhr,, (5.33)
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which turns the differential equation Eq. (5.32)) into

d*h dh
(1- uz)ﬁ - Zud— +v(v+1Dh =0, (5.34)
u u

where we have defined v = —1/2. The differential equation Eq. is the well-known

Legendre’s equation and has the linearly independent solutions [84]

hi(u) = P, (w), hy(u) = Qu(u), (5.35)

which are known as Legendre functions of the first and second kinds, respectively.
Returning to the coordinate r. ] we have that the general solution to the differential equa-

tion (5.32) can be expressed as a linear combination
h(r.) = c1hy(r.) + cohy(r.), (5.36)
where ¢, c;, are constants and
hi(r.) = P_%(tanh r), hy(r.) = Q_%(tanh r.). (5.37)

Since hy(r.) diverges at the horizon (r, - —), we take ¢; = 0. The boundary condition

Eq. (5.27) then determines c, so that

h(r.) = ;\/%Qé(tanh ri). (5.38)

Having obtained h(r.), we use Egs. (5.31), and to find the cross section A as
a function of the coordinate along the nozzle. The lateral section of the resulting nozzle is
represented by the black solid curve in Fig. where we also plotted the effective potential
(red dashed curve). The exterior region of the BTZ black hole corresponds to the subsonic
region (x > 0).

Figure shows the relation between the x coordinate along the nozzle and the radial
coordinate r of the BTZ black hole. We observe that x has a finite upper limit, at x.,q =
0.417306. Hence the obtained nozzle has a finite length, with the upper limit of x being mapped

into the spatial infinity of the BTZ black hole. In other words, this means that the exterior

!Hereafter, we will drop the hat in 7, to keep the notation simpler.
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Figure 5.1: (Black curve) Lateral section of the Laval nozzle corresponding to the conformally
coupled scalar field. The region x > 0 (x < 0) corresponds to subsonic (supersonic) flow. The
sonic point (where the fluid velocity equals the sound velocity) is located at the throat x = 0.
(Red dashed line) Nondimensional effective potential for acoustic waves in the subsonic region.

region of the BTZ black hole is mapped into a finite region in the laboratory, with the spatial
infinity of the BTZ spacetime being mapped into the right end of the nozzle.

It follows that, in order to determine the acoustic wave propagation in the nozzle com-
pletely, it is necessary to prescribe a boundary condition at its right end. At the BTZ space-
time level, the necessity for a boundary condition at spatial infinity comes from its lack of
global hyperbolicity [95] 69, 70| [71]], as we already mentioned in Chapter [3| Therefore, via
the correspondence found above, our model simulates the needed boundary conditions at the
conformal boundary of the BTZ spacetime by appropriate boundary conditions at the nozzle
(finite) right end.

The boundary conditions that are compatible with sensible dynamics for the scalar field
propagating in the BTZ spacetime were studied in [95] and are also presented in Appendix B}

In particular, for the conformally coupled scalar field, we have that Robin boundary conditions
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Figure 5.2: The nondimensional coordinate along the nozzle x as a function of the nondimen-
sional radial coordinate 7 of the BTZ spacetime. The coordinate x has a finite upper limit,
Xend = 0.417306, which means that the corresponding nozzle has a finite length. The upper
limit in the coordinate x is mapped into the spatial infinity of the BTZ spacetime.

(RBCs),

dy /dr.
¢ r«=0

= p, (5.39)

lead to an unambiguous time evolution. In this case, f = +oo corresponds to the Dirichlet

boundary condition at infinity, ¢

condition, dy/dr.

r.=0 = 0, and = 0 corresponds to the Neumann boundary

r—o = 0. Aside from that, in [67], Dappiaggi et al. calculated the effect of
RBCs on the quasinormal modes of the scalar field in the BTZ black hole. In the next section,
we propose a nozzle configuration appropriate to realize QNMs obeying RBCs in the BTZ black
hole.
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5.3 Robin Boundary Conditions in the BTZ Analog Nozzle

5.3.1 Nozzle extension

We have seen above that the nozzle, which mimics the BTZ spacetime, would abruptly end
at a finite distance from the throat, at x = x.,q = 0.417306. In what follows, we continue the
nozzle in such a way that the usual boundary condition for QNMs at its far right, x — oo,
induces RBCs at X pq. In the 7, coordinate, this corresponds to extending the potential Vg7 (r.)
to the region r. > 0 (recall that the original range of the coordinate r is from —oo to 0).

We will consider the following extension of Vyr(r.) for r, > 0:

sech®r, +ad(r.), (5.40)

am?* + M
Verr(r,) = [—

where 6(r,) is the Dirac delta function, a is a constant, and —co < r, < oo . We note that, for
—oo < r, < 0, this effective potential reduces to Eq. . Moreover, for r, — oo, V¢ goes to
zero, and we recover the plane wave behavior, typical for asymptotically flat spacetimes, for
the field (i.e., ¥ ~ e*“™, whenr, — o). In particular, this implies that usual outgoing boundary
conditions for QNMs can now be imposed in the extended model. The delta function term has
the effect of producing a shape change in A(x) at x = 0 (see Fig.[5.3), which will be explored
in what follows to implement the RBCs in the BTZ spacetime.

Let us calculate the shape of the extended nozzle, which corresponds to the extended po-
tential above. We do this by solving Eq. with V(r.) given by Eq. (5.40).

For r, < 0, the calculations are identical to the case treated in the previous section. Thus,

the corresponding solution is given by Eq. (5.38). For convenience, we now denote this solution
by A(r,),

RO, = %\/%Q;(tanh re). (5.41)

For r, > 0, we have

KA (1) = ehy(r) + eoha(r), (5.42)
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with hy(r.) and hy(r,) given by Egs. (5.37). We now have to match these solutions at r, = 0 to

find the constants cy, c,. First, continuity requires
KO(r, — 07) = h(r, — o). (5.43)

The other boundary condition is obtained by integrating Eq. inside an arbitrarily small
neighborhood of r, = 0, which leads to

dh®™>
dr.

dh®
re=0" dr. *

= a h(0). (5.44)

re=0"

This equation shows that a characterizes the shape change of the nozzle at x = 0 (see Fig. [5.3).
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Figure 5.3: Lateral section of the extended Laval nozzle with different values of the parameter
a. Each value determines a different extension for the effective potential. Since the wave
phenomena is mainly determined by the effective potential, different values of a will lead to
different quasinormal spectra. Notice that we have translated the x axis by X — X — Xenq SO
that now the origin X = 0 corresponds to BTZ spatial infinity, and the horizon corresponds to
Xp = —Xend = —0.417306.

Using Egs. (5.43) and (5.44)), we find

3 rla

\/322

3
7 [ r—f] , (5.46)

(5.45)
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so that

h(r,) = \/% Q_% (tanhr.) 0(-r.)
3

+ \% {—#ZZ)A}P_é(tanh r.) +

4

wa 2
—+_
T

r(3)’

where 0(r.) stands for the Heaviside step function. The nozzle shape can then be determined

Q_i(tanhr,) } o(r.), (5.47)

by following the steps discussed in Sec. Figure [5.3| shows nozzle extensions obtained for
some values of the parameter a.

We note that the diverging behavior of the cross-sectional area as x — oo does not spoil the
one-dimensional character of the motion because one can always make A(x) vary as slowly as
desired by suitably choosing units for x. As pointed out in [52]], this is equivalent to “pulling”
the nozzle along its axis. In the present case, such a pulling means that we consider a BTZ

black hole with a larger ratio [/M"/2.

5.3.2 Quasinormal modes of the extended nozzle

Quasinormal modes are characteristic vibrations that describe the energy loss of a system after
a perturbation [45]/47,/46]]. In principle, they can appear in any physical context involving open
systems (not only black holes) [[77]]. Quasinormal modes in a black hole background are usually
defined as mode solutions satisfying ingoing boundary conditions at the horizon (¢, ~ e 7",
asr, —» —o0), and outgoing boundary conditions at spatial infinity (i/,, ~ €, as r, — o). This
definition works perfectly well for asymptotically flat spacetimes, since the effective potential
coupled to the field vanishes at infinity. However, for asymptotically curved spacetimes, the
effective potential is not zero at infinity, and one cannot distinguish ingoing from outgoing
modes there [48 49| 67]].

As mentioned before, in contrast with the situation in asymptotically curved spacetimes,
the effective potential of our extended nozzle vanishes at . — +oco. Hence one can define

QNMs by the usual asymptotic behavior

Y, ~ e, r, — —00, (5.48)

Y, ~ e, 1 o> foo. (5.49)



CHAPTER 5. BTZ Brack HoLE 1IN A LAvAL NOZZLE 69

The asymptotic conditions and completely determine the acoustic QNMs in the
Laval nozzle. We will refer to modes satisfying Egs. and as ordinary quasinormal
modes.

Quasinormal modes obeying Robin boundary conditions in the BTZ black hole were pre-
viously analyzed in [67]. In what follows, we will use the ordinary QNMs of acoustic waves
in the nozzle to emulate QNMs of the conformal scalar field obeying RBCs in the BTZ black
hole. In order to achieve this, we now calculate the former explicitly.

First, we note that the general solution of Eq. can be written in terms of the inde-
pendent solutions given in Egs. and if we take m? = —3/41% so that

. 3 iw 3 iw 3
D —iw
r.) = —tanhr, (sechr, F|=—-—=~——=;Z;tanh’r, |, 5.50
v2(r) (sechr,) 21<4 - ) (5:50)
. 1 w1l io 1
N —iw 2
r.) = (sechr, F|l-—-——,-——;—;tanh’r, | . 5.51
UN G = )21(42422 ) 5:51)

However, for our purposes in this chapter, it is convenient to consider another pair of linearly

independent solutions. In order to achieve this, we first write the formulas [84]

P7(x) = cos (%(p + 0)) wi(p, 0, x) + sin (%(p + 0)) wy(p, 0, x), (5.52)

Qy(x) = —% sin <%(p + 0)) wi(p,0,x) + % cos (g(p + o)) wy(p, 0, x), (5.53)

where P](x) and Q7 (x) are Legendre functions of the first and second kinds, respectively, and

2T (6 + 2+ 1) .y p op o 11

wi(p,0,x) = 2 25 2 (1—x2) o F) (————,———+—;—;x2>, (5.54)
JrT(E-2+1) 2 272 2 22
20917 (£ 4+ 2 4+ 1) —o/2 1 p op

wy(p,0,x) = 2 j x(l—xz) 2F1< ————— ,— — —+1; ,x2> (5.55)
AT+ 2722

Taking p = —1/2, 0 = iw and x = tanh 7, in Eqs. (5.54) and (5.55), it follows that

wi(p, o, x) < YN (r,) and wy(p,0,) < YL (r.). (5.56)

Thus, from Egs. (5.52) and (5.53)), we see that one can represent the general solution of Eq.
(5.58) in terms of the linearly independent solutions

¥1(r.) = P ,(tanhr,), Yo(r.) = Q19 ,(tanhr). (5.57)
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Let us now impose the conditions at the boundaries of the system in order to determine

the QNM:s. First, let us denote by 1~ and /> the solutions of

&)

2o T Verr () = oo (), (5.58)
r*

with effective potential given by Eq. (5.40), for . < 0 and r, > 0, respectively.
For r, < 0, the boundary condition (5.48) implies

¢§f>(r*) = w sinh(r)'(—iw)y,(r.) — 217&) cosh(mw)T(—iw)y,(r.). (5.59)
For r, > 0, we have

YU(r) = an(n) + caa(r). (5.60)

Before considering the behavior at r, — oo, we match (9 and /) at r, = 0. Continuity

requires

YO, - 07) =y, - 07). (5.61)
We also require that
d ((o>) d ((U<)
g— - 3— = ay(0), (5.62)
Ve =0+ Ve lr.=0-

which is the condition obtained by integrating Eq. (5.58) inside an arbitrarily small neighbor-
hood of r, = 0.
Solving Egs. (5.61) and (5.62), we find the constants c¢; and ¢, as functions of the parameter

a. After that, we expand > near r, — +oo,
¥ (r.) ~ D(w, a)e™™ + E(w, a)e™". (5.63)

The coefficients of the asymptotic expansion Eq. (5.63)) are

D(w.a) _mesch(ro)(—iw) | 2%“ma N 2 (5.64)
T 2il(iw) r¢-e©) r(-iw)’| '
4 2 2
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oo

(5.65)

IS
o

. ia AT
E(w,a) = —icsch(rw) — Z[csch(na)) - l]F

e Ry
ENHISSIN TN T

Hence the quasinormal frequencies of the extended Laval nozzle are given by solutions of
D(w,a) = 0. (5.66)
From Eq. (5.64), we see that ordinary quasinormal frequencies can be divided into two sets.

First, since the Gamma function has poles at negative integers, the frequencies

i
on=—>(n+3), n=0123 . (5.67)
satisfy Eq. (5.66) for any value of a. The second set of quasinormal frequencies is given by the

solutions of

L (5.68)

In the following, we analyze the resulting quasinormal modes for both cases, Egs. (5.67)
and (5.68). For convenience, we will divide the case of Eq. (5.68) in (i) a = 0 and (ii) a # 0.

Dirichlet quasinormal modes

Let us first consider the QNMs with frequencies given by Eq. (5.67). Using the expressions for
9 and >, Egs. (5.59) and (5.60), we find

1 nt3
Yy P(r) = -T (—Zn - 5) Pj;z (tanhr,), (5.69)

which is defined in —co0 < r, < co. From the transformation formula [84]]

3 3
Pzri“ (tanhr,) = C,sinhr, cosh? te oF <—n, -n; 5; tanh® r*) , (5.70)

T2
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where
(=122 (n + 2)
= , (5.71)
J7T (=n - ;)
we see that
Y. =0)=0. (5.72)

Since 1" is a solution of Eq. obeying ingoing boundary conditions at the horizon r, =
—oo, it follows from Eq. that, when restricted to —co < r, < 0, the ordinary QNM lﬁ,(lD)
can be interpreted as a QNM satisfying a Dirichlet boundary condition at BTZ spatial infinity.
Moreover, we note that these modes are odd functions with respect to the tortoise coordinate
1+, and do not depend on the value of the parameter a. We also mention that the frequencies
given by Eq. are the known Dirichlet quasinormal frequencies in the BTZ background
given by Eq. (withM =1=1,m = 0, and m? = —3/4?). Besides, the QNMs y/?,
Eq. (5.69), are proportional to the Dirichlet solutions found in Chapter [3| Eq. (3.46), with ©
given by Eq. (5.67). Figureshows P forn =0, 1, 2.

Neumann quasinormal modes

For a = 0, the frequencies solving Eq. (5.68) are given by
i
o =5 @k+1), k=0123, . (5.73)

When k is odd, k = 2n + 1, these frequencies reduce to Dirichlet frequencies, Eq. (5.67), and
the corresponding modes are given by Eq. (5.69). On the other hand, when k is even, k = 2n,

we have

W, = —é(4n +1). (5.74)

The mode solutions in this case are given by

1 ntl
yWNM(@r) =T (5 - 2n> Pf;z (tanhr.,), (5.75)
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Figure 5.4: The spatial part of the ordinary quasinormal modes of acoustic waves in the ex-
tended nozzle as functions of the nondimensional tortoise coordinate, and frequencies given
by Eq. (5.67). These QNMs are odd functions with respect to 7.. For —eo < 7, < 0, these mode
solutions can be interpreted as QNMs of conformally coupled scalar waves obeying a Dirich-
let boundary condition at spatial infinity of the BTZ spacetime. Note that these modes do not
depend on the parameter a. Legend: the red dashed line represents the QNM with n = 0, the
green dotted line represents the QNM with n = 1, and the blue dot-dashed line represents the
ONM with n = 2.

and are defined in —oo < r, < oo. Using the transformation formula [[84]]
1 1
PETZ (tanhr,) = C, cosh™ 2 r, F (—n, ;s tanh? r*) , (5.76)
2

where

B 22maT (n+ %)2

Cp= —7 , (5.77)

we see that l//,SN ) is an even function with respect to the coordinate r.. Moreover, from the

expressions above, it can be shown that

dys”

=0. 5.78
ar. (5.78)

r=0
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Figure 5.5: The spatial part of the ordinary quasinormal modes of acoustic waves in the ex-
tended nozzle as functions of the nondimensional tortoise coordinate, and frequencies given
by Eq. (5.74). These QNMs are even functions with respect to 7.. For —co < 7, < 0, these

mode solutions can be interpreted as QNMs of conformally coupled scalar waves obeying a
Neumann boundary condition at spatial infinity of the BTZ spacetime, f = a = 0. Legend:
the red dashed line represents the QNM with n = 0, the green dotted line represents the QNM
with n = 1, and the blue dot-dashed line represents the QNM with n = 2.

Hence, when restricted to —co < r, < 0, the ordinary QNMs, lﬁ,(lN), correspond to QNMs
satisfying a Neumann boundary condition at the spatial infinity of the BTZ black hole. We
note that the frequencies given by Eq. (5.74) are the Neumann quasinormal frequencies for
the conformally coupled scalar field in the BTZ background found in Chapter (3| (Eq. (3.61)
withM =1=1,m =0, and m? = —3/4I%). We also mention that the modes ¢, Eq. (5.75), are

proportional to the solutions given by Eq. (3.47) with o given by Eq. (5.74). Figure 5.5/ shows
Yy forn =0, 1, 2.

Robin quasinormal modes

For a # 0, we cannot exactly solve Eq. (5.68) for w. Nevertheless, we still can show that the

corresponding QNMs are even functions with respect to r.. Initially, we use Eq. (5.59) and
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substitute Eq. (5.68) into Eq. (5.60) to find

dy>) dy Jr2er(1 — iw)
S == =_ — (5.79)
* =07t * |re=0" T (A_L - 7)

Let us define ¢(r.) in 0 < r, < o0 by ¢(r.) = ¥/(9(~r.). Since the effective potential is even, it

follows that ¢(r.) is a solution of Eq. (5.58) in 0 < r, < co. Moreover, we have

$(07) = y$2(07), (5.80)
d iy
ﬁ B =—g—;: - (5.81)

Then, by the uniqueness of the solution of Eq. (5.58) obeying conditions (5.80) and (5.81), we
conclude that /(9(-r.) = ¢(r.) = ¥)(r.). The solution in the entire interval —co < r, < o0

can then be written as

Yy B =y O0)0(-r) + P10, (5.82)

from where it follows directly that /‘®)(r,) is an even function.

Another property of /‘® is found by substituting Eq. (5.79) into Eq. (5.62),

dy /dr,
ﬂ=% _7=—§. (5.83)

Hence, when restricted to —co < r, < 0, we can interpret the ordinary QNM, gbC(OR), asa QNM in
the BTZ black hole satisfying a Robin boundary condition at spatial infinity with f = —a/2.
Let us analyze Eq. (5.83) more closely. First, using Eq. (5.68), we can rewrite it as

(5.84)

Taking into account the formula [[84]]

['(2z) = 7~ V22%7'1(2)r (z + %) (5.85)
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with z = 3/4 — iw/2, we find

1 (1 3
T(=—iow)=n22ioir (- )0 (2-2). (5.86)
2 4 2 4 2

Substituting Eq. (5.86) into Eq. (5.84), it follows that

o (3- %)’
p= VR (5.87)
0G-%)

which agrees with the expression Eq. (3.65) for the frequencies of quasinormal modes obeying
RBCs.
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Figure 5.6: Real (Top) and imaginary (bottom) parts of the spatial component of the ordinary
quasinormal modes of acoustic waves in the extended nozzle as functions of the nondimen-
sional tortoise coordinate, and with frequencies given by solutions of Eq. (5.68). These QNMs
are even functions with respect to 7.. For —co < 7, < 0, these mode solutions can be interpreted
as QNMs of conformally coupled scalar waves obeying a Robin boundary condition with
f = —a/2 = =2, at spatial infinity of the BTZ spacetime. The frequencies were calculated nu-
merically and sorted by increasing magnitude of the imaginary parts. Legend: the red dashed
line represents the least-damped QNM, with the frequency given by w, = 0.628244 — 1.21348i;
the green dotted line represents the QNM with the frequency w; = 0.711933 — 2.69836i; the

blue dot-dashed line represents the QNM with the frequency w, = 0.501734 — 4.54024i.
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Figure [5.6| shows some ordinary QNM modes of the extended nozzle with a = 4 and fre-
quencies given by solutions of Eq. (5.68). The quasinormal frequencies are w, = 0.628244 —
1.21348i, w; = 0.711933—-2.69836i, w, = 0.501734—4.54024i. These ordinary QNMs correspond
to QNMs satisfying an RBC in the BTZ spacetime with f = —a/2 = —2.

Summarizing the results in this section, we calculated the ordinary QNMs of acoustic
waves in the extended nozzle and showed that all of them have definite parity: odd ordinary
ONMs correspond to QNMs in the BTZ black hole satisfying the Dirichlet boundary condi-
tion; even ordinary QNMs correspond to QNMs in the BTZ black hole satisfying Neumann or
Robin boundary conditions. This provides (at least in principle) a nice way to realize Robin
boundary conditions at the conformal boundary of the BTZ black hole by means of an analog
model. Notice that, since for arbitrary initial data both types of QNMs (odd and even) allowed
by Eq. will be excited, in order to observe mode solutions corresponding to QNMs obey-
ing, say, Robin or Neumann boundary conditions, one has to consider time evolution of even
initial data.

Hence, we can interpret the QNMs as modes with (complex) frequencies having definite
parity. This is expected by the way the nozzle is extended. Such an extension has a resulting
even effective potential given by Eq. so that, with the asymptotic behavior given by Eqgs.
and (5.49), parity is respected. Moreover, Egs. and show that this extension

represents two images of the same Cauchy problem with boundary conditions

iwr,
ww ~er, T = 09,

dy,
Bo(r) + 4(r) =0, 1. >0,

where d/dn represents the normal derivative pointing toward r, = 0. In this way, the quasi-
normal frequencies obtained in such “extended configuration” are precisely the ones found in
the BTZ spacetime, Eq. (3.65), with the correspondence a = —2.

Before closing this section, we mention that the lack of smoothness at the junction of the
extended nozzle, resulting from the Dirac delta in the effective potential, is an idealization
that could be removed, for instance, by considering a finite potential barrier in Eq. . In
fact, taking a sufficiently small ¢ > 0, a barrier with width 2e and height a/2¢ leads to a

smooth nozzle with quasinormal frequencies arbitrarily close to the frequencies calculated

via Egs. (5.67) and (5.68). This means that the Dirac delta in the effective potential and the

resulting nonsmooth nozzle do not represent a significant limitation of our model.
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5.3.3 Stability

For black holes in asymptotically flat spacetimes, mode solutions growing exponentially in
time (Im[w] > 0) appear as a result of energy extraction from the background spacetime by
the mechanism of superradiance [96]].

In the case of the rotating BTZ black hole, Dappiaggi et al. showed that exponentially
growing modes occur for a subset of RBCs [67]. There are two types of such modes: (i) modes
corresponding to superradiant instabilities, which extract energy from the black hole; and (ii)
modes arising from AdSs; bulk instabilities [97], which do not extract energy from the black
hole. In both cases, angular momentum is extracted from the black hole.

Because our model does not account for black hole rotation, no superradiant modes occur
in the quasinormal spectrum determined by Eq. (5.66). On the other hand, since in the analog
spacetime there exist exponentially growing modes that are not superradiant, we still have
reason to ask if, for some value of a, such modes are allowed in our model.

According to [67]], modes with Im[w] > 0 occur for RBCs with f greater than a critical

value f.,

ﬁ > ﬁc, (5.88)
which, in our case, is given b
2T%(3/4)
= —————. 5.89

In terms of a, this means that unstable modes are expected to appear when

AT2(3/4) 2, (3
< —m = —;F (Z) s (5.90)

where we have used Euler’s reflection formula, I'(z)['(1 — z) = mcscnz, with z = 3/4, to
establish the last equality.
From the perspective of the Laval nozzle, the expression under the square root in Eq. (5.19)

shows that the sectional area is well defined only for g > 1. One can see that this is, in fact, the

case when r, < 0 by noting that A< is a strictly increasing function in the interval —co < r, < 0,

The case of m = 0 mode of the conformally coupled scalar field in the static BTZ black hole corresponds to
parameters k = 0 and > = —3/4 in [[67]]. The parameter f§ for RBCs used here relates to the parameter { in [67]

by f = —cot{.
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and has a minimum at r, — —oo. Since

T

lim Q_%(tanh r.) = > (5.91)
T —>—00
we see that this minimum is given by
lim A9(,) = 3 > 1. (5.92)
Ty —>—00 V5

Thus, we conclude that g(r.) > 1 in —oo < r, < 0, for any value of a.

For r, > 0, there are two cases to consider:

(i) a<—344<§>, (5.93)
2 4

(ii) a2—~3T4<§>. (5.94)
2 4

In Sec we show that for the case (i) there always exists 7, such that g(#.) < 1 and, hence,
our model is not well defined when a obeys inequality (5.93). On the other hand, we show that
when a obeys inequality (5.94), the values of g(r.) are always greater than 1 so that our model
is well defined.

From this discussion, it follows that our model is well defined only for

2 3
azamHz——4“<—>, (5.95)

2 4

and, from the discussion before and including Eq. , we conclude that unstable mode
solutions never occur in this model. This result unveils a nice feature, namely that the allowed
nozzle configurations automatically reproduce only the boundary conditions that are always
consistent with the stability condition in the BTZ spacetime.

As a last comment, we mention that although we have restricted ourselves to mode so-
lutions with zero angular momentum (m = 0), the case of m # 0 can be treated in a similar
fashion if we take the black hole mass as M = m?, which turns the effective potential of Eq.
into V(%) = (5/4) sech®7,. As in the case of m = 0, the nozzle has a finite length, and one can
emulate RBCs by extending it with the addition of a delta function term ad(r.) to the potential.
Our other results still hold in this case, namely: the odd (even) ordinary QNMs correspond to

QNMs obeying Dirichlet (Neumann or Robin) boundary conditions at the BTZ conformal in-
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finity; and our model is well defined for a > a,;,, for a certain a,,;,. The minimum value a;,
still constrains the range of allowed boundary conditions to an interval —co < 8 < B, but
NOow Puax is smaller than the corresponding critical value f, (and therefore the allowed noz-
zle configurations again reproduce only the boundary conditions that are consistent with the

stability condition in the BTZ spacetime).

5.3.4 Behavior of g(r.) for a obeying inequalities and

In this section, we prove the claims made after inequalities (5.93) and (5.94). Initially, let us
suppose that a satisfies Eq. (5.93). Noting that

lim Q :(tanhr,) = +oo, (5.96)
re—>+00 2
it follows that
lim A(r,) = —c. (5.97)
rs—>+00

Hence we conclude that there exists 7, such that A*)(#,) = 0. For this 7., we have g(#.) < 1,
and our model is not well defined for case (i).

Let us now analyze case (ii), given by inequality (5.94). From Eq. (5.47), we have that

h(>)(r*) = \/% { ;Q_;(tanh r.) + #;)4 [Q_%(tanh r.) — %P_%(tanh r*)] }

4

> \/%P;(tanh ), (5.98)

where we have used the condition and the fact that
0 i (tanhr,) > %P,%(tanh r) (5.99)
for 0 < r. < o0, Inequality follows from the relation [84]
p3
Q. (tanhr,) = EP,%(— tanhr,) (5.100)

and the fact that Q¥ is an increasing function in —co < r, < o0.
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Since
P_%(tanh r.) > 1, 0<r, <oo, (5.101)
the result (5.98) implies

>) 3
() > \/; > 1. (5.102)

Thus it follows from Eq. that g(r.) > 1 whenever the constraint is fulfilled, which

means that our model is well defined for a in case (ii).
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Chapter 6

Conclusion

One of the main insights of the Analog Gravity research program is the realization that the
spacetime (effective) description arises as an emergent (low-energy) feature of a much more
complex underlying physics. In this sense, studying analog models of gravity (especially based
on quantum systems) may provide hints on some of the requirements a Quantum Theory of
Gravity should meet. Aside from that, this research program offers lots of ground to investigate
and test gravitational effects even at the classical level, as recent experimental observations
have shown [34, 35, [36]].

On the theoretical side, after introducing some general features of the Analog Gravity pro-
gram in Chapter 2| we have employed its mathematical machinery to investigate an instance
of the very interesting class of nonglobally hyperbolic spacetimes. In such spacetimes, we
cannot characterize the solutions of the wave equation only in terms of an initial state so that
the conformal boundary of the spacetime plays a fundamental role in the determination of the
dynamics in bulk.

In this thesis, we have specifically considered the case of the static BTZ spacetime, which
represents a black hole solution of the Einstein field equations of gravity in (2+1) dimensions
with a negative cosmological constant, which was briefly introduced in Chapter |3} along with
a discussion on its quasinormal modes.

After the introductory discussion in Chapters[2jand 3] in Chapter 4] we introduced a novel
analog model for the BTZ black hole based on a unidirectional flow of a nonhomogeneous
fluid. Specifically, we have considered a barotropic fluid obeying a simple equation of state,
which corresponds to a constant local speed of sound. The physical quantities describing the

flow were considered to vary along just one direction. In particular, the flow velocity field



CHAPTER 6. CONCLUSION 84

pointed to a fixed direction in the laboratory reference frame. The coordinate describing the
direction of the flowing fluid was mapped into the radial coordinate of the analog spacetime.
Following the steps introduced in [58]], we were naturally led to find the effective acoustic
metric as that of the well-known static BTZ black hole, Eq. .

A nice feature of our model is that the outer region of the BTZ black hole is mapped
into a finite region in the laboratory. In particular, the BTZ conformal boundary is mapped
into the boundary £ at the laboratory, which is at a finite distance from the acoustic horizon.
Thus it follows that, on the analog model end, the extra boundary condition (at the conformal
boundary) required to determine the time evolution of the field uniquely can be naturally
interpreted as a boundary condition (at the boundary &) for the sound propagation in the
laboratory.

After that, still in Chapter [4} we considered flow configurations with both small and large
deviations from the steady state. In the latter case, we numerically solved the nonlinear equa-
tions of fluid dynamics and followed an example of the formation of the acoustic BTZ black
hole. In both cases, we examined the excitation and decay of the associated QNMs.

In Chapter [5, we introduced an analog model for the BTZ black hole, which is appropriate
to analyze the QNMs resulting from Robin boundary conditions at its corresponding conformal
infinity. Applying the procedure first introduced in [52], we found a Laval nozzle configuration
for which acoustic waves traveling on the flowing gas mimics a conformally coupled scalar
field propagating on the BTZ black hole. We found that the obtained nozzle had a finite length
and that the spatial infinity of the BTZ spacetime was mapped into one end of the nozzle.
From there on, we considered nozzle extensions corresponding to effective potentials formally
extending the BTZ black hole beyond its conformal infinity. We also noticed that, with respect
to the tortoise coordinate, the extended model represents two copies of the same initial value
problem so that the ordinary QNMs of waves in the nozzle can be obtained by extending the
BTZ mode solutions into the region beyond its spatial infinity while preserving parity.

After finding the ordinary QNMs in the extended nozzle, we showed that these modes can
be used to simulate QNMs in the BTZ spacetime satisfying Dirichlet, Neumann and Robin
boundary conditions at its conformal boundary. Finally, we showed that the range of the
parameters for which our model is well defined corresponds precisely to the range of Robin

boundary conditions that allow only stable QNM:s.
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ABSTRACT

We revisit the propagation of classical scalar fields in a spacetime, which is asymptotically anti-de Sitter. The lack of global hyperbolicity
of the underlying background gives rise to an ambiguity in the dynamical evolution of solutions of the wave equation, requiring the pre-
scription of extra boundary conditions at the conformal infinity to be fixed. We show that the only boundary conditions that are compatible
with the hypothesis that the system is isolated, as defined by the (improved) energy-momentum tensor, are of Dirichlet and Neumann

types.
Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0078118

I. INTRODUCTION

The anti-de Sitter (AdS) spacetime is the classic solution to the vacuum Einstein equations in the presence of a negative cosmological
constant. It has the highest possible degree of symmetry since it is maximally symmetric. Despite this apparent geometric simplicity, the
AdS spacetime has remarkable properties that make it a particularly interesting background for the study of classical and quantum fields. In
particular, it is a non-globally hyperbolic spacetime, implying that the solutions of the wave equation are not fully determined from initial
data.! This requires the prescription of extra boundary conditions at its spatial infinity in order to have a unique solution for the Cauchy
problem.” Physically, the lack of global hyperbolicity is related to the fact that information propagating in AdS can reach spatial infinity in
finite time, which allows the energy to leak out of the spacetime. As a result, the AdS spacetime does not give rise, in general, to an isolated
system.

This problem has been addressed in Refs. 3 and 4 within the context of supergravity in (1 + 3)-dimensions. Besides analyzing the stability
of the anti-de Sitter background with respect to small scalar perturbations, these works show that the boundary conditions that make the
improved energy functional positive and conserved are restricted to the Dirichlet and Neumann types.

Given the arbitrariness on the choice of the boundary condition at the conformal boundary, Wald and Ishibashi defined in Refs. 2, 5,
and 6 a sensible prescription for obtaining the dynamics of a propagating field on AdS.” By requiring that the field propagation respects
causality and time translation/reflection invariance and, what is most important, also has a conserved energy functional, it was shown that
the non-equivalent types of sensible dynamics are in one-to-one correspondence with the positive self-adjoint extensions of the spatial part
of the wave operator. These self-adjoint extensions are obtained by choosing suitable boundary conditions at the conformal infinity. The
resulting conserved energy functional, however, is not that extracted from the improved energy-momentum tensor T),. In fact, it can be
shown that it arises from the subtraction of a boundary term from the energy functional coming from T,,.” This boundary term van-
ishes for Dirichlet or Neumann boundary conditions, and in this case, the newly defined (conserved) energy matches the usual energy,
which is already conserved. For every other—generalized Robin—boundary condition, there is an effective contribution of the boundary
term to the newly defined (conserved) energy functional, showing that there is an effective flux of energy through the conformal boundary
of AdS.

J. Math. Phys. 63, 042501 (2022); doi: 10.1063/5.0078118 63, 042501-1
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In any event, Robin boundary conditions have recently spawned great interest in the context of quantum field theory in asymptotically
anti-de Sitter spacetimes and several authors analyzed the consequences implied by these boundary conditions on the quantization of the
scalar field (see, for instance, Refs. 9-13 and references therein). As a matter of fact, the introduction of Robin boundary conditions is often
motivated by the desire that the system be isolated, as explicitly stated in Refs. 10, 11, and 13. One of the goals of the present work is to clarify
this issue and show that generic Robin boundary conditions are incompatible with the requirement that the spacetime be isolated.

More precisely, this paper is concerned with the Cauchy problem associated with the wave equation

(O-m)Dd=0 (1)

in an asymptotically anti-de Sitter spacetime, where m? = u* + E% and £ is a constant, which couples the field to the curvature scalar % . This
coupling modifies the usual energy-momentum tensor obtained by the variation of the action with respect to the metric. In what follows, we
use the resulting improved energy-momentum tensor to define the energy functional. Our aim is to establish the boundary conditions for
which the system spacetime + field can be considered as effectively isolated, a point which, as mentioned above, has occasionally been a source
of confusion in the literature. It turns out that this is equivalent to finding the boundary conditions for which the conserved energy functional
defined by Wald and Ishibashi is equal to the one extracted from the improved energy-momentum tensor. We emphasize that our analysis
takes into account only classical fields. In the context of quantum fields in curved spacetimes, the prescription of Wald and Ishibashi leads to
a vanishing (renormalized) energy flux (T;,) (see Ref. 13).

This paper is organized as follows. In Sec. II, we obtain an asymptotic expression for the scalar field at spatial infinity. This is done by
means of a Green function that encodes the dependence of the solution on the initial data and boundary conditions. Our analysis differs from
that in Refs. 3, 4, and 6 in that we only assume that the spacetime is asymptotically AdS; we thus make no assumption (except for certain
technicalities to be explained below) about its bulk structure. In Sec. I1I, we discuss the requirements on the boundary conditions at spatial
infinity for the system spacetime + scalar field to be effectively isolated. We find that the only boundary conditions that are compatible with
this assumption are the (generalized) Dirichlet and Neumann boundary conditions. Finally, in Sec. IV, we discuss our results and make our
closing remarks.

Il. ASYMPTOTIC BEHAVIOR OF THE FIELD

Let M be a stationary n-dimensional spacetime, which is asymptotically AdS. We choose coordinates {t,7,01,...,0,—2} such that the
metric on M satisfies

d 2
Ao ~ dstys = —(1 +72)dE + 1+—’r2 +17dQl,, @)

where ds q is the line element in AdS, and dQ;_, is the metric on the (1 - 2)-dimensional unity sphere.
We separate variables for the scalar field and consider the ansatz

O(t,1,0) = 2 ¢e(r 1) Ye(6), (3)
@

where {{} represents the set of integer indices labeling the hyperspherical harmonics Y¢(6). The wave equation (1) can then be written as

Lu[¢] =0, )

where L,; is a second order differential operator of the form

Lt = u”(r)8:0; + v'(r)0; + q(r), i,j=rt (5)
When dealing with problems such as (4), it is common practice to consider a time dependence of the form ¢~ and then to solve the
resulting time-independent problem. However, when considering non-conservative systems (for instance, when energy can flow through the
boundaries), with w being a complex number, such an approach leads to extra mathematical difficulties, which, in turn, make it difficult to
physically interpret the resulting solutions.*”'® When the spacetime bulk contains a black hole, such an approach allows for the determination
of the quasinormal mode spectrum of the system. However, the quasinormal modes do not provide a complete set of eigenfunctions, and
hence, an arbitrary initial condition cannot be expressed in terms of them.
As discussed in Ref. 14, one can overcome this difficulty by taking the initial conditions into account from the beginning. A suitable
mathematical tool for implementing this strategy is the Laplace transform'”

J. Math. Phys. 63, 042501 (2022); doi: 10.1063/5.0078118 63, 042501-2
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Abe(t,1)} = de(w,r) = /tootpe(t, r)e“ dt. (6)

0

Applying the Laplace transform to (4), we obtain an ordinary differential equation,

Po(a ) 8@ *‘5(‘“) +Pi(w, )8¢(w’ " 4 Po(w, ) (1) = A1), @)

for each w, with .#(w, r) taking care of the initial conditions. We omitted the index ¢ to not clutter notation.
Equation (7) can be rewritten as a Schrodinger-type equation,

“y
i W= f(re), 8)
by using a suitable change of variables
$—i rors )

which maps 7 into an interval (rF™",7™™). This is to be determined by the specific form of the metric. The solution of Eq. (8) can then be

found by the standard Green’s function method and can be expressed as

P(w,rs) = Mv;h(wirﬁf fw, 7)) Woo (w, 73 )dry + WT(wl;;)] ,m..,f(w )W (w, 1y )drl. (10)

Here, W[{},, /o | is the Wronskian of the solutions ¥/, and /e, of the homogeneous equation associated with (8),

A A S a‘i/oe _ 81?/}7 N
Wr [, ¥ ] = W, " oy, Ve (11)

The function {, should be determined after imposing some condition at 77", deep into the bulk. This could be a regularity condition at
the “origin” r = 0 when M = AdS or a condition at the event horizon when M contains a black hole. On the other hand, the function § is
determined from the boundary conditions at the conformal infinity, rex,

Assuming initial data with compact support, we find the following asymptotic approximation:

P(w,r4) ~ (W) oo (W 14 ) asr = 1y, (12)

with & (w) = (1/ W[, Yoo ])fr;:f(w, )W (w, % )dr,. Inverting the transformation (9) leads to

¢(w,7) ~ 7 (0)Poo(w, 7) asr — oo, (13)

where oo (w, ) is a solution of the homogeneous equation associated with (7) obeying some boundary condition at spatial infinity. The
inverse Laplace transform then yields

o(t,r) ~ i[:::syi(w)(ﬁw(w, r)eiiwdw (14)

asr — oo.

We note that the boundary conditions affect the resulting scalar field by means of the solutions of the homogeneous equation, ¥, (w, 7+ )
and oo (w, 7+ ), while the initial data are encoded in f(w, 7+ ). Equivalently, the transformation (9) allows one to interpret the dependence
of the solution on the boundary conditions in terms of [the fundamental set of solutions of the homogeneous equation associated with (7)]
{dp» Poo }» while its dependence on the initial conditions is given by .#(w, 7).

Since our aim here is to study the flux of energy at the conformal boundary, we will not fix any specific conditions on the field in the
bulk other than requiring the usual regularity conditions, such as initial data with compact support and finiteness of the integrals associated
with the asymptotic approximations. As a matter of fact, the convergence of these integrals depends on the analytical structure of the Green’s

J. Math. Phys. 63, 042501 (2022); doi: 10.1063/5.0078118 63, 042501-3
Published under an exclusive license by AIP Publishing



Journal of

99
Mathematical Physics ARTICLE scitation.orgljournalljmp

function, which, in turn, depends on the boundary conditions deep inside the spacetime bulk. Hence, the convergence of these integrals must
be treated differently for each spacetime. Throughout this work, we will assume that it is always possible to find an approximation such as
(14) for the spacetime at hand.

1. ENERGY FLUX IN ASYMPTOTICALLY ANTI-DE SITTER SPACETIMES

We are now ready to study under what conditions the system spacetime + field is isolated, in the sense of having no energy flux through
the timelike spatial boundary at infinity. As discussed in Sec. I, the asymptotic behavior of the solutions of (1) is encoded in ¢ ¢(@,7) (we,
henceforth, reinsert the £ index for definiteness). For each value of /, this function satisfies the homogeneous equation associated with (7) in
the limit r — oo, which is given by

» l(+n-3) m
sin? p cos?

o . 0 R
8—I)z¢w,g(w,p) +(n—-2)sec p csc pa—p(/)oo,g(w,p) +|w ; Pooe(w,p) =0, (15)

where we have changed the radial coordinate to p, with r = tanp. Multiplying the last equation by (tanp)”* and performing the

transformation
» Zy(w,
bl p) = 200P) (16)
(1an p) -
we find
*Zy(w,
TEE) [~ V() za(anp) =0 (17)
where the effective potencial V is given by
Vip) = [6(6 +n-3)+ i(nz —6n+ 8)]csc2p + [in(n -2)+ m?]sec2 p- (18)
We also define
Y
d:n—l,vzz(n 41) +mj (19)
and
a:l(é+€+v—w), (20)
2\2
b:l(il+£+v+w). (21)
2\2

A. A convenient fundamental set of solutions

For the sake of definiteness, let us fix a convenient set {ZED),ZEN)} of linearly independent solutions of (17). Following Ref. 18, we take
these functions as follows.

(i) For v not being an integer,

ZéD)(w,p) = (cos p)%”(sin p)l+%2F1(a, b; 1+ v;cos® p): (22)
ZEN)(w,p) = (cos p)%fv(sin p)H%zFl(a —-v,b-v1-vcos” p). (23)
(i) Forv=0,
J. Math. Phys. 63, 042501 (2022); doi: 10.1063/5.0078118 63, 042501-4
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Z(D)(w p) = (cos p)2 "(sin p) zFl(a,b 1; cos p) (24)
™) ~ Lov, (a)r(b)x 2%
Z, ' (w,p) = (cos p)2""(sin p) {zFl (a,b;1;cos p) In(cos’ p) + Z (k)2 (cos p)
k=1
x[y(a+k)—y(a) +y(b+k)—y(b) -2y(k+1)+2y(1)]} (25)
(iii) For v being a positive integer,
Z(D)(w p) = (cos p)2 Y(sin p) zFl(a,b 1+ v;cos p) (26)
ZEN)(w,p) = (cos p)%”(sin p)l+d; {2F1(a b; 1 + v;cos p) In(cos’ p) + Z ((1 1k() );; (cos p)*
D(=v)« 2k
x [h(k) = h(0)] Z m(cos P) } (27)
where

y(x) = ln I'(x), (28)
h(k) =y(a+k)+y(b+k)—y(1+v+k)—y(k+1). (29)

We note that, depending on the field mass u and coupling constant &, the value of v* can be greater, less, or equal to zero. With no loss
of generality, we will consider v > 0 in the first case and v = ix, 57 > 0, in the last case.

The general solution of (17) can be written in terms of the fundamental solutions above as

Zy = ,_/VZI:COS (ZéD) + sin (ZEN)], (30)

where .47 does not depend on p and { € [0, 7] does not depend neither on p nor on £. We will refer to the condition { = 0 as the generalized
Dirichlet boundary condition and to the function ZED) as the Dirichlet solution. The generalized Neumann boundary condition will be defined
by { = 7/2, and we will refer to ZEN) as the Neumann solution. The other values of { € [0, 7] parameterize the generalized Robin boundary

conditions.
As shown in Ref. 6, the motivation for this terminology comes from the case of a conformally coupled field, for which we have

i} (n-2) _1
w=0 &= a(n-1y " "2 Gy

In this case, the effective potencial (18) is non-singular at p = /2, and the ratio

Z
857/8/)‘ (32)
is well defined. The general solution (30) can be written as
Zi(p) = Gv(p){sin { +cos {(cos p)*" +-- } (33)
with
Gue(p) = i (cos p) ™2 (sin p) = ** (34)
so that the ratio (32) becomes
J. Math. Phys. 63, 042501 (2022); doi: 10.1063/5.0078118 63, 042501-5
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0Z,/0p
Zy

=—cot (. (35)

P=3

We note that { = 0 and { = 7 correspond to Zy|
sponds to 9Z,/9p|,_,/,
In the general case, the effective potential (18) diverges as p goes to 71/2, and the ratio (dZ;/dp)/Z; is no longer well defined. Despite that, the
behavior of G,; Zy as p goes to 7/2 is dictated by sin {, while the behavior of (G, Z¢)/dp is governed by cos {, so it seems natural to define
the “generalized Dirichlet boundary condition” as { = 0 and the “generalized Neumann boundary condition” by { = /2. The other values of
( € [0, 7] parameterize the “generalized Robin boundary conditions.”

p=r/2 = 0, which is the usual Dirichlet boundary condition. On the other hand, { = m/2 corre-
= 0, the usual Neumann boundary condition. Other choices of { € [0, 7] correspond to Robin boundary conditions.

B. The flux at infinity

According to Weyl’s limit point and limit circle theory, the allowed boundary conditions at the endpoints of the interval where a
Sturm-Liouville problem is defined depend on the integrability of the solutions in the vicinity of these points.”'” In the present case,
the solutions of (17) provide an approximation for the field near the point p = /2. The integrability of these solutions depends on the
parameter v.

In what follows, we are going to use the improved energy-momentum tensor of the complex scalar field,””

Top = %(a@ D" + Op® 0, D" ) - %gaﬁ[g'”"apcbaaqf + MEOD" | + E( Rop — gop O ~Va V) OO, (36)

to calculate the energy flux. The Killing vector field k = 8/t gives rise to the formally conserved energy Q* = |g|"2 T ks (0,Q" = 0), and the
energy flux across the spatial infinity is given by

Foo =— lin/l a6, ---db,—> g Q,. (37)
p—mf2

The case v* > 1

This is a simplest instance to analyze. In this case, ZED) is square integrable near p = 7/2, while ZEN) is not. As a result, the generalized
Dirichlet boundary condition must be chosen in this case. With this boundary condition, the energy flux across the spatial infinity turns out
to be zero. We omit the calculation since it is identical to the case 0 < v* < 1, treatedbelow, onceweset once we set {=0.

The case 0 < v < 1

In this case, both solutions are square integrable near p = 7/2. The allowed boundary conditions are therefore of Robin type.
For these values of v, (30) and (16) imply the following asymptotic behavior for ¢eo ¢

Goost (w,p) » Ai(w)[cos ¢ (w,p) +sin {4 (w,p) ], (38)
where
v dv+2 div+d
¢§D)(w>p):(g—p) +]e(w)(g—p) +O[(Z—p) ] (39)
4oy d-y+2 d_y+4
(pgN)(w,P):(g—p) +Ke(w)(§—p) +O|:(72-[—P) ], (40)
with
a(w)bi(w) n-1+60+2v
Jelw) ==~ 12 ’ (41)
_ @2(@)by(w) n-1+60-2v
Kelw) = =77, 2 (42)

as p — /2. Upon substitution of (38) into (14), we obtain the following asymptotic expression for ¢:
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T %‘FV T §+v+2 T %,V T §*V+2
¢o(t,p) ~ cos C(E—p) To(t) + cos C(E—p) Tpe(t) + sin C(E—p) To(t) + sin ((E_I)) T (t), (43)
where
1 +oo+ie —iwt
Z(t) = 7/ (@) N (w)e ™ dw, (44)
27 J —oco+ie
1 +oo+ie iot
Toe(t) = 5 [ (@) (@)e(@)e o, (45)
1 +oo+ie ot
Ta() = 5 f (@) (@)K (@) do. (46)
Using the asymptotic form (43), (36), and (37), we get
T —2v d )
F oo ~ lim sin cos(A+sin(B(f—p) Z—|E%(t)| , (47)
p—omf2 2 ! dt
where
d
A= 5—25(d+1), (48)
1
B:(Z—gyd—zw—f. (49)

We immediately see that by imposing the Dirichlet boundary condition ({ = 0), the flow of energy across the infinity turns out to be
zero.
On the other hand, when ( # 0, we must choose the coupling constant so that B = 0 in order that the energy flux be finite. This leads to

Feo ~sin { cos LAY L7 (0). (50)
L

The integrals defining 7;(¢), £ = 0,1,2. .., depend on the singularity structure of the functions <7, which, in turn, depend on the boundary
conditions in the spacetime bulk and on the initial conditions of the system. As a result, except for very specific field configurations, we must
impose the Neumann condition ({ = 77/2) for the system to become effectively isolated. For general Robin conditions ({ # 0 and { # 7/2), the
energy flux across the conformal boundary is generically not zero.

There is a notable case where the energy flux (50) can be zero without imposing either { = 0 or { = 77/2. For the propagation of a single
mode of frequency w € R, we have 7 (t) ~ e, and then, d|.7(t)|*/dt = 0, and the energy flux (50) vanishes for every Robin boundary
condition { € [0, 7]. However, for the propagation of two field modes, this conclusion is no longer true. More generally, if the scalar field is
composed of a nontrivial superposition of modes of different frequencies, then d|.7, (¢)|*/dt # 0.

In summary, the boundary conditions that make the system scalar field + spacetime effectively isolated in this case are as follows:

(i) ¢ =0 (Dirichlet).
(ii) ¢ =m/2 (Neumann), together with £ chosen such that B = 0.

In particular, for a minimally coupled field (¢ = 0), only the Dirichlet boundary condition gives zero energy flux across the spatial infinity
since in this case, B # 0.

The case v* = 0

As in the previous case, both solutions are square integrable near p = /2 here. The allowed boundary conditions are therefore again of
Robin type.

Moreover, the behavior of both G,; Z, and 8(G,; Z;))/dp are governed by sin { for v = 0. Thus, one can interpret { = 0 (or { = 7) as the
simultaneous imposition of generalized Neumann and Dirichlet boundary conditions. Following the same steps as in the previous case, we
find that the condition of zero flux again requires { = 0 together with & = (n—1)/4n.

The case v* < 0

We now consider the case when v* < 0, i.e., v = ir with 7 > 0. Once again, both solutions are square integrable near p = /2 here. The
energy flow across the spatial infinity is now given by

J. Math. Phys. 63, 042501 (2022); doi: 10.1063/5.0078118 63, 042501-7
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F~ lim > (Ag cos 2{ + By sin 2 + Cy), (51)
R0
where
A= nlm{z%*(t)d%(t) }, (52)
dt
2i
B = 1Re{[(n +2in) -1 +1)( -p) "}Re{%’*(o 20, 53)
2 2 dt
Ce= 51+t - Dref 7 (5 20, (54)

Since the functions sin 2¢ and cos 2{ are linearly independent, we conclude that, in general, the system cannot be treated as isolated for V2 <0.

Once again, a notable exception is given by the propagation of a single mode with frequency w € R. In this case, we have 7(t) ~ &',
and therefore, Re{ﬂ *(t)[d7(t)/ dt]} = 0, which implies that the coefficients B and C in (51) both vanish. Then, by choosing the boundary
condition as { = /4, we can cancel out the energy flux through the conformal boundary.

It is worth mentioning that when M is not only asymptotically AdS, but M = AdS, the differential operator associated with Eq. (17) is
unbounded below for v* < 0. As a result, one cannot find positive self-adjoint extensions of it° so that it is not possible to define a physically
“reasonable” time evolution in this case.”’ In general, one cannot make assertions concerning the positivity of the differential operator associ-
ated with the correspondent radial equation without detailed information about the bulk structure of spacetime. Indeed, the positivity of the
differential operator may be somewhat subtle to be rigorously established even when the bulk structure is fully known.”!

Finally, we note that the calculations in this section could be performed using the canonical (non-improved) energy-momentum
tensor,

Typ = 5 (060 00" + 0 0,0") - S gg[¢70,00,0" + 0" ] (55)

In this case, we find that (i) for v* > 0, only the Dirichlet boundary condition yields a zero energy flux across infinity and (ii) for v* < 0, the
flux is generically nonzero even for the Dirichlet choice. These results are also what one would obtain by formally substituting & = 0 in the
above calculations for the improved energy-momentum tensor.

C. Mode analysis

To conclude this section, we discuss how our results fit with the existing literature. A common approach consists in considering a time
dependence given by ™' and to impose boundary conditions on the radial part for each field mode of frequency w.”” " For simplicity and in
order to make the discussion clearer, let us consider the specific case of n = 3, i.e., of a spacetime, which is asymptotically AdSs.

The allowed values of w for the field eigenfunctions are determined from the boundary conditions in the bulk and at infinity, with w € R
or w € C, depending on the specific conditions imposed. In the following, we will consider both the energy flow due to the propagation of
a single frequency mode w; and the flux due to the propagation of a superposition of modes with frequencies w; and w,. Since we are not
imposing any boundary condition on the spacetime bulk, we will allow w to be complex and then specialize to the case of a real w.

Let us consider the case when 0 < v < 1. Let @; be a mode with frequency w; € C,

D1 (t,p,9) = Bure(p) €M™ (56)

A straightforward calculation shows that the energy flux across infinity for this specific solution is given by

—2v
70 lin} G2 m(on) "Im(w; ) sin ({cos ((1-6&) +sin (B(g —p) }, (57)
p—mf2

where
B:[(%—Zf)(l—v)—f]. (58)

We immediately see that when Im(w;) # 0, only the Dirichlet and Neumann boundary conditions cancel the flux (the latter with & chosen
such that B = 0 as usual). On the other hand, when w € R, the energy flux is null for any Robin boundary condition (0 < { < 7), regardless of
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the coupling constant £&. However, this is only a result of the very particular situation of a single mode solution. Considering the superposition
of even just two modes, ®; and ®,, with frequencies w;, w; € R, we obtain the corresponding flux given by

—2v
202 hrr}z sin(Awt) sin ({cos {(1-6£&) +sin CB(% 7,0) }, (59)
P

where Aw = w1 — w;. Therefore, once again, only the Dirichlet and Neumann boundary conditions are compatible with the hypothesis that
the system is isolated (the latter with & chosen such that B = 0 as usual).

The analysis of the other cases of v leads to the same conclusion. A single mode of real frequency can have zero flux at infinity while obey-
ing Robin boundary conditions. However, as soon as we consider a superposition of modes of different real frequencies (or even a single mode
of complex frequency), generic Robin boundary conditions are not compatible with zero flux at infinity and the results of Subsection I1I B are
recovered.

For the sake of completeness, we repeat this analysis for the case of a real scalar field in Appendix B. The results are essentially the same,
the only difference being that general Robin boundary conditions are not compatible with zero energy flux at infinity even in the case of a
single mode.

We conclude this section by noting that our results do not depend on the bulk structure of the spacetime. Regardless of the bulk, the
only boundary conditions at infinity that make the system effectively isolated are those of Dirichlet and Neumann types. Some particular field
configurations may, of course, have zero flux without conforming to this rule. This is the case of a single mode of a complex scalar field with
real frequency, for which the flux is zero irrespective of the choice of ¢.

IV. DISCUSSION

We have studied the asymptotic behavior of scalar fields in spacetimes, which are asymptotically anti-de Sitter. We determined the
boundary conditions at the spatial infinity for which there is no flow of energy at the conformal boundary. We showed that the only allowed
choices that are consistent with this requirement are the generalized Dirichlet and Neumann boundary conditions (the latter with a specific
choice of the coupling constant). This happens regardless of the theory in the spacetime bulk. The energy flux was calculated using the
improved energy-momentum tensor (36). If we had used the canonical energy-momentum tensor (55) instead, only the Dirichlet boundary
conditions would be compatible with zero flux at the conformal boundary.

In particular, Robin mixed boundary conditions, as considered, for instance, in Refs. 6 and 9-13 (although physically reasonable since
they provide a fully deterministic dynamics), are not compatible with the requirement that the spacetime is an isolated system.

The case of an asymptotically AdS, spacetime can be treated in a similar manner. The fundamental difference is that in this case, the
spatial infinity has two distinct components so that, in order for the system to be isolated, one must demand the energy flow to be (separately)
zero at each of the boundaries. We must then impose two independent conditions at each of the two boundaries. The zero flux condition
constrains those to be, again, of Dirichlet and Neumann types.
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APPENDIX A: PRINCIPAL AND NON-PRINCIPAL SOLUTIONS
For v € R, the function ZED) defined in Sec. I1T A is the only solution (up to a multiplicative factor) such that lim,_, /, [ZED) (p)]Zs (p)]

= 0 for any solution Z, not proportional to ZéD). A solution satisfying this condition is called a principal solution (at the endpoint p = 7/2).

Solutions that are not proportional to ZI(ZD) are called non-principal (at the endpoint p = 7/2).
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We note that non-principal solutions are not unique. In fact, if Z, is a non-principal solution, then Z, + ocZED) is also a solution of this
type for any a € R. It is interesting to ask what would change in our analysis if we replace ZEN) of Sec. I1I A by another non-principal solution
ASUEYACUN yZ(N), y € R. In terms of the new set {Z(D),Z(N) }, the general solution of (17) can be expressed as

Zy = ,/Ve[COS (ZED) + sin (Z((ZN)], (A1)

and the condition { = 77/2 no longer selects the function given in (23). The value of { that selects that function is now

cotzv = (A2)

The energy flux calculated in terms of the new set of solutions is given by

L . . 7T 2 d 2
F o ~ lim sin C{(cos(+ys1n {) A +sin {B(E_P) }(Zdt|%(t)| ) (A3)
{ex

p—om/2

From (A3), we see that the boundary conditions that cancel the energy flux across the conformal boundary are { = 0 (Dirichlet) and { = ¢
(along with & chosen such that B = 0). Therefore, regardless of how the generalized Neumann condition is defined, the boundary conditions

associated with zero flux at infinity are those that select the solutions Z'” and Z™) of Sec. 111 A.

APPENDIX B: REAL SCALAR FIELDS

We discuss in this appendix the behavior of the energy flux across the spatial infinity for real scalar fields. The improved
energy-momentum tensor in this case is given by

Tup = 0a® Op® — %gaﬂ [0, D0 ® + mid’ | + &(Rap — gup O ~Va Vg ). (B1)

The counterparts for real scalar fields of the real and complex frequency cases of the main text are, respectively, given as follows:

(i) cos(wt+8) when w e R;
(ii) e cos(wrt + 8) when w = wg + iwy € C.

Let us consider case (i) separately. Let ®; be a mode with frequency w; € R,

D1(t,p,9) = Ppu,e(p) cos(wit + 81)[Ci cos Lo + Dy sin Lg]. (B2)
This leads to
$u,e(p) % cos (957 (p) +sin (8 (p), (B3)
j=1,2,as p — m/2, where
gb((;;) (p) = (sin p)z(cos P 2F1(a1,b1;cl;coszp), (B4)
¢fé\? (p) = (sin p)e(cos p) 2F (a2, ba; c2; cos” p) (B5)
and
1
a1:5(1+é+v—(u1), (B6)
1
b1:5(1+£+v+w1), (B7)
=1+, (B8)
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az=%(1+€—v—w2), (B9)
1
b2:5(1+€—v+w2), (B10)
c=1-w (B11)
The energy flux across the spatial infinity is then given by
—2v

Fw~ w sin[2(wt+61)]sin { lin} {cos ((1-6£&) +sin (B(g fp) }, (B12)

p—mf2

and we see that this is zero only for the Dirichlet boundary condition ({ = 0) or the Neumann boundary condition ({ = 7/2) with & such that
B = 0. This should be compared to the corresponding result for the complex field, Eq. (57), for which the flux associated with a single mode
was found to be zero even for Robin conditions.

Now, consider the superposition of two modes [still in case (i)], @ and ®,, with

D1 (t,p,9) = du,e(p) cos(wit + 1) [Cy cos Lo + Dy sin £g], (B13)
DOy (1,0, 9) = Pu,e(p) cos(wat + 82)[Cy cos Lo + D, sin Ly], (B14)

with wi, w, € R. The energy flow across the conformal infinity is now given by

—2v
F ~ [cos(wit + 81) + cos(wat + 82)][wr sin(wit + 61) + w, sin(wat + 82)]2sin{ lin}z{cos {(1-6£&) +sin (B(g - p) } (B15)
po

Since the functions sin w;t and cos wjt are linearly independent, the only boundary conditions that do not violate the isolated system hypothesis
are again of the Dirichlet and the Neumann types (the latter with & such that B = 0).

We end by considering case (ii). The real scalar field mode in this case (the counterpart of the complex mode with complex frequency) is
given by

O (t,p, ) = Re[gbwlg(p)]eﬁ‘t cos(art + 81)[Cy cos £ + Dy sin Lg]. (B16)

The energy flux through infinity is now

—2v
Fw P [[31 cos’ (a1t +8)) — oy cos(ayt+ &) sin(ayt+ 61)]2 sin ¢ lin} {cos {(1-6¢&) +sin (B(g —p) }, (B17)
p—mf2

and we see again that the only conditions compatible with the hypothesis that the system is isolated are those of Neumann and Dirichlet (the
latter with € such that B = 0).

REFERENCES

'R. M. Wald, General Relativity (University of Chicago Press, 1984).

2R. M. Wald, J. Math. Phys. 21, 2802 (1980).

3P. Breitenlohner and D. Z. Freedman, Phys. Lett. B 115, 197 (1982).

4P, Breitenlohner and D. Z. Freedman, Ann. Phys. 144, 249 (1982).

5 A. Ishibashi and R. M. Wald, Classical Quantum Gravity 20, 3815 (2003).

8 A. Ishibashi and R. M. Wald, Classical Quantum Gravity 21, 2981 (2004).

7In fact, Refs. 2 and 5 deal with a general non-globally hyperbolic spacetime, where the lack of global hyperbolicity arises due to a conformal boundary or a naked
singularity. Reference 6 worked, specifically, with the AdS spacetime.

8s. J. Avis, C. J. Isham, and D. Storey, Phys. Rev. D 18, 3565 (1978).

°c. Dappiaggi and H. R. C. Ferreira, Phys. Rev. D 94, 125016 (2016).

19C. Dappiaggi, H. R. C. Ferreira, and C. A. R. Herdeiro, Phys. Lett. B 778, 146 (2018).
"H. R. C. Ferreira and C. A. R. Herdeiro, Phys. Lett. B 773, 129 (2017).

27, Morley, P. Taylor, and E. Winstanley, Classical Quantum Gravity 38, 035009 (2021).
13y, S. Barroso and J. P. M. Pitelli, Gen. Relativ. Gravitation 52, 29 (2020).

T“H.-P. Nollert and B. G. Schmidt, Phys. Rev. D 45,2617 (1992).

SN, Andersson, Phys. Rev. D 51, 353 (1995).

J. Math. Phys. 63, 042501 (2022); doi: 10.1063/5.0078118 63, 042501-11
Published under an exclusive license by AIP Publishing



Journal of 107
ARTICLE scitation.orgl/journal/jmp

Mathematical Physics

6. Berti and V. Cardoso, Phys. Rev. D 74, 104020 (2006).
7We take the parameter of the Laplace transform as s = —iw, in accordance with Refs. 15 and 16. The Laplace transform f(w) of f(t), defined in a certain interval

ty < t < oo, is well defined if there exists A, ¢, and 7, such that
f() <Ae, Vi>r

Under these assumptions, f(w) exists for all w € C such that Im(w) > ¢. For a rigorous approach regarding the existence and unicity of the Laplace transform in
Schwarzschild spacetime, we refer to Refs. 14 and 15.

181, S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products (Academic Press, 2014).

19 A, Zettl, Sturm-Liouville Theory, Mathematical Surveys and Monographs Vol. 121 (American Mathematical Society, Providence, RI, 2005).

20By “reasonable,” we mean precisely the conditions given in Refs. 2 and 5.

2! A. Garbarz, J. La Madrid, and M. Leston, Eur. Phys. ]. C 77, 807 (2017).

J. Math. Phys. 63, 042501 (2022); doi: 10.1063/5.0078118 63, 042501-12
Published under an exclusive license by AIP Publishing



108

Appendix B

Scalar Field Propagation in Nonglobally
Hyperbolic Spacetimes

B.1 Self-Adjoint Operators

In this section, we present the fundamental definitions and theorems needed to characterize
the self-adjoint extensions of symmetric linear operators in Hilbert spaces. We will not prove
the theorems, (the reader is referred to [98] 99, [100] for the proofs). The positive self-adjoint
extensions of symmetric operators play a central role in the framework introduced in [69].

Initially, we will establish some notation and definitions. Let H be a complex Hilbert space
endowed with an inner product denoted by (-, -)3;,and A : D(A) C H — H be alinear operator,
with D(A) being its domain.

Definition B.1.1 (Closure of a set) Let S C H.

1. The functiony € H is said to be a point of closure of S if for every e > 0 there exists some
¢ € S suchthat| ¢ —y |<e.

2. The closure of S is the set of all of its points of closure. We denote it by S.
It is clear from definition that S C S.

Definition B.1.2 The operator A is said to be densily defined in H if D(A) is dense in H, i.e.,
D(A)=H.
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Definition B.1.3 (Closed Operator) Let {#,}, ¢, € D(A), be a sequence in D(A). The operator
A is said to be closed if

limp, =¢ and limA¢p, =19
neN

nelN

together imply that
$p€D(A) and Ap=1.

Definition B.1.4 (Closure of a linear operator) The linear operator A is said to be closable if it
has an extension which itself is a closed operator. If there exists a minimal closed extension, such

extension is called the closure of A, and we denote it by A.

Definition B.1.5 (Adjoint operator) Let A : D(A) — H be a linear operator densily defined in

H. Let us consider the set

DA ={y e H|3y" e H st. (Ap,¥) = (. ¥T), v$ € H}. (B.1)

We define the adjoint AT : D(AT) — H of A by

yt=A'y. (B.2)

Definition B.1.6 A linear operator A : D(A) — H densely defined in H is said to be symmet-

ric if
(Ag.Y) = (. AY), V. € D(A). (B.3)

It follows from this definition that if A is symmetric, then D(A) C D(AT) and AT‘D( P = A

Definition B.1.7 (Self-adjoint operator) A linear operator A : D(A) — H is said to be self-
adjoint if:

(i) A is symmetric,

(i) D(A) = D(AT)

!The notation AT|D( n stands for the operator AT with domain restricted to the set D(A).
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In other words, A is self-adjoint if A = AT,

It is worth to notice that a self-adjoint operator is necessarily symmetric, but the converse

may not be true.

Definition B.1.8 (Essentially self-adjoint operator) A symmetric operator A : D(A) — H is

essentially self-adjoint if its closure A is self-adjoint.

At this stage, we may ask if it is possible to turn a symmetric operator into a self-adjoint
operator. In fact, in some cases, this can be achieved by a suitable enlargement of the domain
of the symmetric operator. In particular, if the operator is symmetric and positive, then there
exists at least one self-adjoint extension, which is the so-called Friedrichs extension [[100].
Before we present the theorems establishing the criteria that a given symmetric operator
needs to match in order to have a self-adjoint extension, we remark a simple important prop-
erty of self-adjoint operators. Let the linear operator A : D(A) — H be self-adjoint, and let

us assume that A™¢ = +i@, then

Filg, §) = (ig, §) = (A, 9) = (9, AT¢) = (¢, +ig) = +i(g, §), (B.4)

which implies that (¢, #) = 0. In other words, if A is self-adjoint, the equation AT¢ = +i¢
admits only the trivial solution. This result indicates that when A is not a self-adjoint operator,
the spaces generated by the solutions of A'¢ = =+i¢ play a significant role in the process
of determination of its possible self-adjoint extensions. This result motivates the following

definition.

Definition B.1.9 (Deficiency subspaces) We define the deficiency subspaces N, and their
deficiency indices (n.,n_) by

N ={p e D(AT)| AT = +iAp, 1> 0} (B.5)

The following theorems show in which cases a symmetric operator A has a self-adjoint

extension and provide a method to construct such extensions in the affirmative case.

Theorem B.1.1 Let A : D(A) — H be a symmetric operator with deficiency indices (n_,n..).

We have three possible cases
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1. Ifn_ = n, = 0, then A is essentially self-adjoint (indeed, this condition is necessary and

sufficient).

2. Ifn_ = n, =n > 1, then A has infinitely many self-adjoint extensions. They are in one-to-
one correspondence to the isometries between Ny and N, parametrized by annxn unitary

matrix U.
3. Ifn, # n_, then A has no self-adjoint extensions.

The following theorem gives us a systematic procedure to construct the self-adjoint exten-

sions in the second case above.

Theorem B.1.2 Let A : D(A) — H be a closable symmetric operator with closure A and
deficiency indicesn_ = n, = n > 1. Let U be the unitary matrix parametrizing the isometries

between N and N',. Let us define the operators Ay : D(Ap) > H
Ard = Ado + i, — iU, (B.6)
where
D(Ap) = {¢p = ¢o + ¢+ +Ug.| ¢ € D(A), §, € N }. (B.7)

Then, each operator Ag is self-adjoint.

Having the results presented in this section at hand, we now turn to their application on

the dynamics of the scalar field in static nonglobally hyperbolic spacetimes.

B.1.1 Prescription for dynamics

Let (M, g,,) be a static spacetime with metric
ds® = =V*dt* + h;dx'dx’ (B.8)

where V2 = —1,7% and r = 9/at is a hypersurface orthogonal time-like Killing vector field.

We wish to consider the Klein-Gordon equation of motion

(- m?)qﬁ =0 (B.9)
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for a scalar field with effective mass mé% = > + R, where p stands for the field mass and ¢ is
the coupling constant with the scalar curvature R. Suppose we specify initial conditions on a

hypersurface X orthogonal to the static Killing field

¢‘2 = o,

T“Va(ﬁ‘z = (]50.

(B.10)

If the spacetime is globally hyperbolic, the initial data (B.10) will determine ¢ in the entire
spacetime. On the other hand, if the spacetime is not globally hyperbolic, the hypersurface
3 is not a Cauchy Surface and data on X will determine ¢ only in the domain of dependence
D(Z). In such a case, we need some kind of prescription in order to determine ¢ everywhere
in spacetime.

Aiming to overcome this situation, we start by rewriting as

P>

= A (B.11)

where the differential operator A : D(A) — H is formally defined by
A =-Vh'D;(VDi$) + m*V?. (B.12)

The operator A is not precisely defined because we did not specify a Hilbert space H nor a
domain D(A) where A is supposed to act. In [69], Wald argues that if we define H as the
space of square-integrable functions on ¥ with measure given by du = V~'d3, where dX is
the natural volume element on X, and the domain of A as the set of smooth functions with
compact support, i.e., D(A) = Cg(Z), then A will be a positivef|symmetric (but not necessarily

self-adjoint) operator.

If we now replace (B.11) by
d2
¢ - —Ap¢ (B.13)

drz

where Ar denotes a self-adjoint extension of A, this allows us to write the solution

$(t) = cos (A,ls/zt) Po + Agl/z sin (A}E/Zt) o, (B.14)

The linear operator A : D(A) — H is said to positive if (i, Ay) > 0, for all € H.
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where the operators cos (AIIE/ zt) and sin (AIIE/ ’t

) are defined using the functional cauculus of
self-adjoint operators [98] [99]. We note that the solution matches the initial data in X
and determines ¢ everywhere in spacetime. Besides, it can be shown that coincides
with the ordinary Cauchy evolution in the domain of dependence of 3, D(X), where Cauchy
evolution is well defined [69]].

The prescription for defining the dynamics of ¢ is then given in terms of a positive, self-
adjoint extension Ay of A. The allowed initial data are given by the functions ¢y, ¢y € D(Ag).
In particular, all initial data with compact support ¢y, § € C°(2) are permitted, since C°(X) =
D(A) C D(Ag). If the operator A has only one self-adjoint extension, the dynamics is then
unambiguously defined. On the other hand, if A has more than one self-adjoint extension,
the dynamics is not completely determined until we pick a specific extension Ag. In the next
section, we illustrate how the process of choosing a specific extension of A is related to the

prescription of extra boundary conditions on certain regions of spacetime. We will consider

specifically the BTZ black hole as an instance of a nonglobally hyperbolic spacetime.

B.1.2 Scalar field in the BTZ black Hole

In this section, we apply the method described in Sec. to the scalar field in the exterior
region of the static BTZ black hole. The spcacetime metric is given by Eq. (3.6), which we

rewrite here for convenience,

2 2
ds? = — (—M+r—> dt2+—dr -
F) T )

where the horizon r, = [</M determines the horizon, M is the mass of the black hole, [ is the

+rde?, (B.15)

anti-de Sitter curvature radius.

We start by separating the field variables with the ansatz

1 —iwt ,im
P, r, ) = Y] § Jmo(r)e” e, (B.16)
Substituting in and changing the radial coordinate to

x = arcoth <L> , (B.17)

Th
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we find the differeential equation

d*f, f 1 f 1
Afp, = ——D2@ 4 M0 2 2|4 T 52y D =0, B.18
fm. dx? sinh?(x) 4| cosh’(x) 4 Jm. (B.18)
where we have defined v* = 1+ m¢ and o = ml/r,.
Since for eigenfunctions
1 —iw1t jimg 1 —iwyt jing
¢1,m = Mfwl,me e, ¢2,n = IT/szz,ne e, (B19)
the inner product is
Gim§20) = [ B bea V8~ b [ 100, forn (B.20)
0

we can consider the operator A in each m-subspace separately. Thus, we will study the (clos-

able and densely defined) operator

d? 1

1 1
st == |V
dx?  sinh®(x)

P IS S P
4| cosh®(x)

o+ -
4

A= (B.21)

initially defined on the set of smooth functions with compact support on %, i.e., C;°(Z). The
underlying Hilbert space is L*([0, ), dx).

Defining the auxiliar parameters

a=11+v+io+iw) b=1(1+v+io—iw) c=1+v (B.22)

the general solution of (B.18) (fora —b = iw ¢ ZED can be expressed asﬂ

fm(x) = Blflm(x) + BZme(x) (B23)

wheré’|
fim(x) = sinh"*/2(x) cosh™ V*(x) ,F, (a, a—c+1l;a—b+1; sechzx) , (B.24)
fom(x) = sinh"2(x) cosh ™"~ V2"(x) ,F, (b, b—c+1;b—a+1; sechzx) , (B.25)

3Fora —b = iw € Z, see [95].
“Hereafter, we suppress the indice w in f,, .
>The same process applied to find linearly independent solutions of Eq. can be used here.
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By, B, are constants and ;F;(a, b; c; x) is the standard hypergeometric function.

Near the horizon, we have the behavior
| fim(x = 00)| ~ ¥, | fom(x > 00)| ~ 7 m), (B.26)

and only one of these functions is square integrable. Which one of fi,, fom is in L%((0, o], dx)
depends on the signal of Im(w). For the root of w?* with Im(w) > 0 (Im(w) < 0) only for, (fim)
is in L?((0, o], dx). With no loss of generality, we can take the root of w® such that Im(w) > 0
and set B, = 0 in (B.23). Supposing 1 + v ¢ Zf|and using the transformation identities for the
hypergeometric functions [85], we can rewrite as

. I'b—a+1I(c—a—-D>) I'b—a+1DI'(a+b—c)
— B h2v
fm(x) 2 Gv(x) sin (x) F(l _ a)F(c _ a) I//lm + F(b)F(l + b — C) 2m| »
(B.27)
where
G,(x) = sinh™""%(x) cosh®*/%(x) (B.28)
and
Yim = oF (b,a;a+b—c+1;1—cosh’x), (B.29)
1//2,,,:2F1(1—a,1—b;c—a—b+1;1—cosh2x). (B.30)

In order to find self-adjoint extensions of A — by applying the theorems B.1.1| and [B.1.2]

— it is necessary first to calculate the deficiency indices, n,, n_. This amounts to find the
square-integrable solutions of AT f = +idf. With no loss of generality, we choose A = 2 for
convenience. Thus, the searched solutions are given by with w replaced by w, =i+ 1.

There are three cases to be considered according to the value of v: (i) v* > 1, (ii) 0 < v* < 1,
(iii) v* < 0. For the case (iii), Garbaz et al. argue in [95] that the operator A is not positive, and
since we are interested in positive extensions, this case can be ruled out. For the other cases,

we have

The case 1+ v € Z can be treated similarly; see [95] for details.
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(i) v* > 1: There are no square-integrable solutions to AT f = +2if. In this case the defi-

ciency indices are n, = n_ = 0 and there is only one self-adjoint extension of A according

to theorem B.1.1]

(ii) 0 < v?* < 1: There are two square-integrable solutions to ATf = +2if, one for each
eigenvalue w? = +2i. In this case the deficiency indices are n, = n_ = 1 and, according
to theorem [B.1.1] there is a one-parameter family of self-adjoint extensions of A. This

family is parametrized by a phase €.

In case (i), the scalar field has an unambiguous time evolution since the self-adjoint exten-
sion of A is unique. On the other hand, in case (ii), there are several self-adjoint extensions, and
we must pick one such extension to completely determine the dynamics of the field. In what
follows, we will describe the relationship between the choice of a self-adjoint extension and
the imposition of boundary conditions at the conformal boundary of the BTZ black hole. This
will allow us to describe the possible evolutions of the field in bulk in terms of the boundary
conditions at the conformal boundary.

Let us focus on the case with 0 < v* < 1 A solution f in the extended domain D(A,) can

be expressed as

fn(x) = fom(x) + fi(x) — € f-(x), (B.31)

where fy, € C;°(Z) and f. are given by (B.27) with w replaced by w, = i £ 1. The asymptotic
behavior of f,, as x = 0 (r — o) is dictated by ¢ = f, — " f_, which is given by

fu(x = 0) = sinh™*V?(x) [av + b, sinh® (x) + ] , (B.32)

where

a, = —2I'(v)e TGOT( v —a)) sin ( 5 9a) , (B.33)
_ i (1 —iw ) L (a
b, = —2I'(—v)e T I - ) sin ( 5 9b> , (B.34)

"The case v = 0 can be treated similarly.



APPENDIX B. ScALAR FIELD PROPAGATION IN NONGLOBALLY HYPERBOLIC SPACETIMES 117

and

T(1-io_) T(1-io_)
Re (r(b,)r(m—a,)) g Re (r(b,—v)r(l—a,)>
I(1-iw_) ’ ST = I(1-iw_)
I )r+v—a-) T(b-—v)I(1-a-)

sinf, = — , (B.35)

with constants a_ and b_ defined using with w replaced by w_. We notice that the
values of « are in a one-to-one relation with the values of the ratio b,/a,, which can be any
real number or +oo. In order to better interpret these boundary conditions, we consider first
the conformally coupled case (v = 1/2), for which the effective potential term in the expression
is regular at the boundary x = 0 and we have
[dfi/dx)| - _b. (B.36)

f’z x=0 v

We see that the choice b, /a, = +oo corresponds to the Dirichlet boundary condition, f%| =0,
x=0
whereas the choice b, /a, = 0 corresponds to the Neumann boundary condition, (d f/ dx)x =

=0
0. The other values of b, /a, correspond to Robin boundary conditions, in which a linear com-
bination of f and df,%/dx is required to vanish at the boundary.

In the general case, v # 0, the potential term in is divergent at x = 0 and the ratio
(d fx/ dx)x:0 = 0 is not well defined. In spite of that, the dominant behavior of G,! f% as x — 0
is governed by a,, whereas the dominant behavior of d(G,' f)/dx is governed by b,. Thus
the condition a, = 0 may be defined as the "generalized Dirichlet boundary condition", whereas
b, = 0 as the "generalized Neumann boundary condition", and the other possible values of b, /a,
define the "generalized Robin boundary conditions".

Having described the possible self-adjoint extensions of the operator A in terms of bound-
ary conditions at x = 0, we still have to ensure that these extensions are positive for the Wald’s
prescription to be well defined. Since the self-adjoint extensions of A are in a one-to-one rela-
tionship with the values of b, /a,, the requirement of positivity will impose some restrictions
onb,/a,. In what follows, we examine what constraint b, /a, should obey in order to guarantee
the positivity of the associated self-adjoint extension A,.

Initially, we recall that it was already argued that (for 0 < v < 1) A is positive in the set
of compactly supported functions defined on ¥. Since the domain of an extension A, of A
is given by the sum (as vector spaces) of C;°(Z) and the one-dimensional space Span{f’}, we

have to show that A, is positive in Span{f?}. In the discussion below, we are going to find a
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sufficient condition for A, to be positive by finding a necessary condition A, would satisfy if
it was nonpositive. The following discussion will make this point clearer.
Firstly, let us suppose that A, is not positive in Span{ £}, then there exists an eigenfunction

f € Span{f¢} such that
Af = 2 f, with  * < 0. (B.37)

Let us take the square root w, = —iA, with A > 0. The asymptotic behavior of f is given by

fx = 0) = sinh™"*2(x) [D Yaml,__;; + sinh® ) E ¢l 2] » (B.38)
where
T —iw)I(v) T —iw)(=v)
B P(bA)F(l +v— a,l)’ B F(bA - v)F(l - al)’ (B'39)

and a,, b, were defined using (B.22) with w replaced by w, = —il. Since f € Span{f¢}, its
asymptotic behavior as x — 0 have to agree with asymptotics (B.31). Hence, we should have
E/D =b,/a,, which implies

2 _ T() b,
" I(-va,’

‘ I, (B.40)

F(b)L - V)

From the theorem 5.2 in [101] we have that the left hand side of (B.40) has a minimum when

A = 0, which means

‘ Lbo) . (B.41)

I'(by —v)

‘ I'(b)
b, —v)

From this inequality and the fact I'(—v)/T'(v) < 0 it follows that a necessary condition for A,

to be nonpositive is

b (- I'(by) [
be o _[FE)||_Io) | (B.42)
ay I'(w) [|T(by —v)
Thus we conclude that a sufficient condition for A, to be positive is
b (- I'(by) [
a, I'(v) [|[T(by —v)
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