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Resumo

A tese é composta de duas partes em relagao as Gg-estruturas. Na primeira parte, vamos
descrever o espaco de G2-estruturas Sp(2)-invariantes de dimensao 10 sobre o espago
homogéneo S” = Sp(2)/Sp(1), em que S’ é a esfera 7-dimensional. Nesta parte, foi
formulado um Ansatz geral para as Ga-estruturas que realizam os representantes em cada
uma das 7 possiveis classes isométricas de Gg-estruturas homogéneas. Mais ainda, as bem
conhecidas Gs-estruturas quase-paralelas na esfera redonda e esmagada acontecem em
polos diferentes de uma S*-familia, cujo equador é uma nova S*>-familia de Gy-estrutura

cofechadas satisfazendo a condicao divl = 0.

Na segunda parte, nos estudamos o cofluxo laplaciano de G2-estruturas proposto por
Karigiannis, McKay and Tsui in [25] sobre variedades de contato Calabi-Yau usando
como valor inicial a Gs-estrutura dada por Habib e Vezoni em [22] encontrando uma
singularidade. Nos demostramos que a métrica e o volume colapsam nesta singularidade.
Também analisamos solugoes, tipo soliton do cofluxo laplaciano de G2-estruturas sobre

variedades de contato Calabi-Yau dadas por S& Earp e Lotay em [32].

Palavras-chave: Gs-estruturas, Go-fluxo, espagos homogéneos.



Abstract

In this thesis we deal with two topics in Gg-geometry, the first goal is to describe the
10-dimensional space of Sp(2)-invariant Ga-structures on the homogeneous 7-sphere S7 =
Sp(2)/Sp(1) as Q3 (ST)@ ~ R* x GIT(3,R). In those terms, we formulate a general
Ansatz for Go-structures, which realises representatives in each of the 7 possible isometric
classes of homogeneous Gs-structures. Moreover, the well-known nearly parallel round and
squashed metrics are defined by different pairs of poles in an S3-family, the equator of
which is a new S*family of coclosed G-structures satisfying the harmonicity condition
div T = 0.

In the second part, we study the Laplacian coflow of Ga-structures proposed by Karigiannis,
McKay and Tsui in [25] on Contact Calabi-Yau 7-manifolds using the initial coclosed
Ga-structure given by Habib and Vezzoni in [22] and finding a singularity. We show that
the metric and the volume collapse at this singularity. Also, we analyze soliton solutions
of the Laplacian coflow on Contact Calabi-Yau 7-manifolds using Gs-structure given by
Sa Earp and Lotay [32].

Keywords: Ga-structures, Go-flow, Homogeneous spaces.
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Introduction

Geometric flows have proven to be a powerful tool in geometric analysis to solve a variety
of geometric and topological problems. In the case of Go-geometry, they provide a method
to search for metrics with G, holonomy, which are then Ricci-flat, on an oriented, spin
7-manifold M by varying a Go-structure, given by a non-degenerate 3-form ¢ on M, so
that it becomes torsion-free. Flows in Ga-geometry were first introduced by Bryant [9]
and have been studied by several authors (see for instance [1, 7, 27, 25, 24, 20, 34]).

We may then define the full torsion tensor of the Go-structure ¢ as T := V9%, where
V9 is the Levi-Civita connection of g,. Pairs (M, ) which satisfy 7' = 0 (i.e. so that
© is torsion-free) are called Go-manifolds and complete examples are very difficult to
construct, especially when M is required to be compact. Fernandez and Gray [16] showed
that the torsion-free condition is equivalent to ¢ € Qi being both closed and coclosed,
i.e, dp = 0 and d*,¢ = 0 respectively (where *, is the Hodge star defined by the metric
and orientation induced by ¢). This alternative viewpoint of the torsion-free condition
as a system of nonlinear PDE is fundamental to G, geometry and to geometric flows.
Thus, given a smooth manifold, are there any best (or nicest, or most distinguished)
Go-structures on M? The question remains natural when restricted to special kinds of
manifolds or particular classes of Go-structures, like the set of all Go-structures with the

same associated metric, left-invariant Go-structures on a given Lie group, etc.

Go-Geometry on the sphere has attracted significant interest over the past decade, perhaps
most notably in the classification of homogeneous structures by Reidegeld [39], the
description of 7-dimensional homogeneous spaces with isotropy representation in Gg by
Munir & Le [42] and the study of the 7-sphere’s calibrated geometry by Lotay [30] and
Kawai [26]. In particular, Gy-structures on Sp(2)/Sp(1) was described in [35]. Since, each
Sp(2)-invariant Gy-structure on S is determined by a Gy-structure on p ~ T,S” which is
invariant by the Ad(Sp(1))-action, i.e. Q3 (S7)%P® ~ A3 (p*)AEPMW) (see [35]) and ST is
spinnable, the map (see [23, Eq(11)])

B:pe (ST — g, € Sym?(T*S"),

associating a Riemmanian metric to each Go-structure, is surjective. Each preimage
subset B, 1= B’l(gw)sp(Q), consisting of the homogeneous Gs-structures defining the same

Riemannian metric, is called the (Sp(2)-invariant) isometric class of .
B, ~ (a,D-50(3)),

for each g, € Sym? (7T*S7)*@ and the space of Sp(2)-invariant Go-structures on S7 ~
Sp(2)/Sp(1) is described by the homogeneous manifold Q2 (S7)%*® ~ RT x GL*(3,R),
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via the isomorphism 2 (ST)SP@) ~ A2 (p* YyAdSPM) and the map

©: R"xGLT(3,R) — Ai(p*)Ad(Sp(l))
<a’D) = @(CL, D) = Pa,D-

We know from [43] that, up to isometry, any Sp(2)-invariant metric is a multiple of the inner

product expressed in terms of an oriented left-invariant coframe €', ... e” € Q'(S7)5P@ by
1 1 1

9o = g€+ o (@ + (@ + rirars (€ + (P + (P + (7). (1)
r1 ra r3

with r1,...,73 > 0 and r := (r,r9,r3). The corresponding isometric class of Go-structures

is parametrised by

_ 1 123
Peh) = (r17ro73)3
+ ("”i’"?’ (h2 + 12 — h% — h2)e! + 2%(1@2 — hohs)e? + 21—”(h1h3 + hoha)e®) A wr
1 2 T3
+ ( 7 3 (hihs + hohs)e! + L3 5= (hg — hi + h3 — h3)e? + 2—2(h2h3 — hohl)e3> A wo
T r3 r3
oT3 r
+ ( 5 2 (hihg — hohs)e! + 2—(h2h3 + hohy)é? 7{22 (h2 —h3 —h3 + hg)e3) A ws,
T T3 3
(2)
with (ho, ..., hg) € H a unit quaternion parametrising a SO(3)-transformation and wy,...,ws €

Q%(ST)*? a5 in (2.11).

Let me now briefly describe the contents: Chapter 1 we discuss relevant preliminary results on
Go-structures. In chapter 2 we present a detailed study of the space Q3 (S7)%P() of Sp(2)-invariant
Go-structures on the homogeneous 7-sphere Sp(2)/Sp(1) obtaining following Theorem:

Theorem 3. Let ¢, 5 be the Ga-structure given by (2) with r1 =ry =r3 = r~1/3. Then each
S3-family of Go-structures

B, :=0({r} xSO(3)) = B_l(gT)SP(Q) ~S3
determines a distinct isometric class. Moreover, in terms of the equator and poles
S? =~ {(ho, h1,0,h3)} and NS =~ {(0,0,+1,0)},

we characterise the following torsion regimes in each isometric class B,, up to the diffeomorphism
b

1. The coclosed Ga-structures correspond to {r} x S* and {r} x NS.

2. The nearly parallel Go-structures correspond to {V/2} x S* (round) and {{/2/5} x NS
(squashed).

8. The locally conformal coclosed Ga-structures correspond to {1} x S*.
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Furthermore, there are no locally conformal closed or purely coclosed structures in B,..

In Chapter 3, our goal is to study the Laplacian coflow of Ga-structures, introduced by Karigiannis,
McKay and Tsui [25]" which is given by

0
L= At (1

where vy := x4 is the Hodge dual of the Go-structure ¢; (here, we write *; := *,,) and
Ay, = (dd™ +d*d) is the Hodge Laplacian of g; := g,, on 4-forms. If M is compact, critical
points of this flow (4) are then Hodge duals of non-degenerate 3-forms which are closed and

coclosed so that the corresponding Geo-structures are torsion-free.

Motivated by the article of Habib and Vezzoni [22], we consider a contact Calabi—Yau 7-manifold,
which is a triple (M7,n,®, T) where (M7, n, ®) is a Sasakian manifold (and 7 is the contact
form) with transverse Kéahler form w = dn, and T is a nowhere vanishing transversal form on

D = kern of type (3,0) satisfying
TAYT=—-iw® and dY =0.
Hence, on contact Calabi-Yau 7-manifolds there exists a natural Go-structure defined by
p=nAw+ReT,
with corresponding dual 4-form
Y= x,p0 = %cﬂ—n/\ImT.

Since v is manifestly closed (as w and T are closed and w A Y = 0 by type considerations), we

see that ¢ is coclosed and the torsion of ¢ is encoded in
dp =wAw.
we consider a family of Ga-structures
@i = fihino A wo + hi Re(Yo)

for fi,hy € R where wg = dny on a contact Calabi-Yau (M7,770,<I>0,T0) and we prove the

following.

Theorem 5. Let (M7, ng, &g, To) be a contact Calabi-Yau 7-manifold. The family of coclosed

Go-structures oy on M given by

@ = p(t) 009 Awo + p(t)3/° Re To; (6)
1
Y = ip(t)Q/E)wg — 1o AIm Yo, (7)

where p(t) = 10t + 1 and t € (—1/10,00), solves the Laplacian coflow (4) with initial data
determined by wg = ng A wg + Re Yg.

1 In [25] the flow (4) is written with an additional minus sign on the right-hand side, but this seems

incorrect given the works on the Laplacian flow [7, 34] and the modified Laplacian coflow [18].
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Remark 8. We sce that if M7 is compact then the volume of M determined by the Ga-structure
pon M is:

H(p) = Vol(M, o) = % /M b,

Along the Laplacian coflow solution given in Theorem 3.22 for a compact contact Calabi—Yau
7-manifold we have that
H(pr) = (10t + 1)3 19 ().

Hence, the Hitchin functional on the cohomology class [1g], which is just H(p;), tends to infinity

as t — oo and tends to 0 as ¢ — —1/10. In particular, the Hitchin functional is unbounded on

(0]

We see that the Laplacian coflow in Theorem 3.22 has singularities. In the analysis of singularities
of flows of Ga-structures, as can be seen for example in the work of Lotay and Wei [29] and later

work of Gao Chen [11], it is useful to study the quantity
1
Alw,t) = ([Rm(z, t)[7, + [T (x, 6)|g, + VT (,t)[7,)7. (9)
Considering this, we compute A(z,t) for the family (3.23) obtaining the following.

Theorem 10. Let oy be the solution to the Laplacian coflow (4) given by (3.24) on a contact
Calabi- Yau manifold (Mo, no, ®o, To). Then, fort € (—1/10,00) and x € M we have A(x,t) given
in (9) is given by

Az, t) =(p(t) 2P| RmP* 2 + kp(t) %)/ (11)

where k > 0 is a constant.In particular, for t € [5,7] C (—1/10,00) and sup \Rmé)‘)]() < C we
M

have

A(t) =sup Az, t) < Kp(t) "L (1 + ep(t)®/%)"/?
M

for ¢, K > 0 constant.

Also, we present definitions and important results about compactness for Ricci-like flows [12, 20]
which will be used to show that the solution of the Laplacian coflow (3.23) with singularity in
t = —1/10 is collapsing as follows.

Theorem 12. Let (Mg,n0,<I>,To) be a contact Calabi—Yau 7-manifold and i, the solution of
the Laplacian coflow given by (3.23) with t € (—1/10,00). Then v is volume collapsing and

collapsing with respect to the normalized metric at —1/10.

We also study solitons for the Laplacian coflow of coclosed Ga-structures, which are expected to
play an important role in understanding the local behaviour of the flow at singularities. It is
well-known, and easy to see from the viewpoint of the Laplacian coflow as the gradient flow of
the Hitchin functional, that the only possible compact solitons which are not torsion-free must
have A > 0 (See section 3.4).
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Motivated by the article Lotay and S& Earp [32], we analyse solitons on a contact Calabi-Yau
manifold M. In general, there are no shrinking solitons for the coflow. Furthermore, In particular,
we show that for a coclosed Go-structure ¢ with associated metric g and a vector field X on M,

we have an orthogonal decomposition
4 b .73 . 3
Lxp = ?dIV(X)ﬂ) + Curl(X)” Ap + *zw(Edw(X)g - ﬁ(ﬁxg)), (13)

where i, : C®(S?T*M) — Q*(M) is the injective map given in (1.6). In particular, any

infinitesimal symmetry of the coclosed Go-structure ¢ generated by a vector field X satisfies
Lxg=0 and Curl(X)=0.

The above result give an idea about soliton solutions of Laplacian coflow. Concluding that in the

particular case of CCY manifolds, we may strengthen this result as follows:

Proposition 14. Let (M,n,®,Y) be a closed contact Calabi-Yau 7T-manifold, fibering by M=V

over the Calabi-Yau 3-fold (V,w, J,Y). For each € >0, a St-invariant Go-structure given by
e =enAw+ReT (15)
Ye = %wQ —enAIm7T. (16)

Then, any solitons (Y, X, A) for the Laplacian coflow (4) inducing the metric g on M must

have X° € Q' (M) harmonic and
A =¢% (17)
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1 (Go-geometry

In this introductory chapter we briefly review about Ga-structures, introducing important
definitions that will be used in the following chapters. These can be found e.g. in [9, 18, 23, 27, 39].

1.1 Linear Go-structures

In this section, we will give the main results about the group Gs that will be needed.

The octonion O is an 8-dimensional real division algebra which is normed, i.e. it admits an
inner product (-,-) such that |uv| = |u||v| for all u,v € Q. Analogously to the set of quaternion
numbers H, the octonion product defines a skew-symmetric bilinear map x : ImQ x QO — Im Q

by u X v := Imuwv, which turns to be a cross prodct, in the sense that

uxv Luw, and |uxol®=|u*lv]* - (u,v)?® Vu,veImQ.

Then, we can define a 3-form given by
d(u,v,w) = (u X v,w).

With respect to a suitable oriented and orthonormal basis {ej,--- ,e7} of Im O, the 3-form ¢ is

written as

b= 128 | ol45 | (16T 4 (246 _ 25T _ 34T _ 356 (1.1)
where ¢% .= ¢! A el A ¥ and {e} is the dual basis of {e;}. We identify R” = Im Q. Therefore,
the subgroup of GL(7,R) that fixes ¢ is the compact, connected, simple Lie group Gz (see [6]).

Definition 1.2 (The group Ga).

Go = {h € GL(7,R) : h*¢ = ¢}

The group Gy acts irreducibly on R” and preserves the metric and orientation for which the basis
{e1,ea, -+ ,er} is an oriented orthonormal basis. The Hodge star operator determined by this

metric and orientation will be denoted by *4. Note that in particular Go also fixes the 4-form

*¢¢ — 64567 + 62367 + e2345 + 61357 o e1346 o 61256 o 81245.

The group Go acts transitively on the unit sphere S® ¢ R”. The stabilizer subgroup of any
non-zero vector in R7 is isomorphic to SU(3) C SO(6), so that S® = G5/SU(3). Since SU(3) acts
transitively on S° C RS, it follows that Gy acts transitively on the set of orthonormal pairs of

vectors in R”.

Sometimes the e-symbol will be useful to describe the algebra go = Lie(Gs). It is the totally

1 )
skew-symmetric symbol which defines ¢ as ¢ = 6 Z gijre’ k¥ or equivalently, e; x ej = Z €ijkChk-
i7j7k k
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Then, the Lie algebra gs of Go described as a subalgebra of s0(7) can be given as
go = {A = [aij] € so(7): Zaijgijk = O,Vi}.
7,k

On the other hand, cross-product left-multiplication defines a seven-dimensional subspace of
50(7),
q7 = {[vij] ‘v E R7,vij = Z5ijk<v,€k>},
k
such that s0(7) = g2 @ q7. This is a reductive decomposition for the (symmetric) homogeneous
space RP” = SO(7)/Gs.

1.1.1 Definite form

The dimension of Gy is 14, therefore, by dimension count, the GL-orbit of ¢ in A%(V*) is open
and diffeomorphic to GL(V)/Ga. We denote the orbit by A% (V*) and call the elements of A% (V*)
as definite 3-forms on V. Note that A% (V*) has two components, since GL(V') does and since

Go is connected. Each component is the negative of the other.

The canonical map S : A3 (V*) — A*(V*) defined by S(p) = *,¢ is a double covering onto an
open set A% (V*) in A*(V*), which will be referred to as the space of definite 4-forms on V. The
GL(V)-stabilizer of an element 1 € A% (V*) is then isomorphic to £Gs = G U (G2 - (—idy)).

Thus, a definite 4-form on V defines an inner product on V' but not an orientation.

1.1.2 The Gy-decomposition of exterior forms

In this section, we avoid writing R” and let V be a vector space of dimension 7. Although G
acts irreducibly on V and hence on A'Y(V*) and A®(V*), it does not act irreducibly on AP(V*)
for 2 < p < 5. In order to understand the irreducible decomposition of A?(V*) for p in this range,
it suffices to understand the case p = 2 and p = 3, since the operator *4 induces an isomorphism
of Go-modules AP(V*) = AT7P(V*).

In [8], it is shown that there are irreducible Ga-modules decompositions
A2 (V) =A%, (V*) @ AF(V7) (1.3)
AP(V) =AT (V) @ AF(VF) @ A (V7), (1.4)

where AL(V*) denotes an irreducible Go-module of dimension d. For p =4 or p = 5, adopt the

convention that Ah(V*) = *(Azl_p (V*)). These summands can be characterized as follows:

AZ(V*) ={,g(a N *p0) 1 € AV}
={a e A*(V*):aA¢=2%sa}

ALV ={a e (V) :iahd=—xsa} =g,
A(V*) ={r¢:r € R} (1.5)
A (V*) ={xg(ang) :a e A(VH)}

Ay, (V) ={a e A3(V*):and=0 and aAxgsp=0}=1is(S5(V*)),
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where,the notation gg is the musical isomorphism b : V — V* induced by the Gs-invariant inner
product (-, )¢, the Lie algebra of G, namely go C V ® V™, is identified with gy =0 ®1)(g) C
A*(V*) € V* ® V*. This space is an irreducible Go-module since Gy is simple. On the other
hand, consider the linear mapping ig : S*(V*) — A*(V*), defined on decomposable elements by

ig(ao f) = aNxy(B Axgd) + B A (@A *p9). (1.6)

The mapping iy is Go-invariant and one can show that S*(V*) = Rgys @ S3(V*) is a decomposition
of S%(V*) into Ga-irreducible summands which is the scalar multiple of g4 and the traceless factor
S2(V*) ¢ S*(V*). Evidently, i, is nonzero on each summand and it is therefore injective. Hence,
the image is(S3) C A3(V*) is 27-dimensional and irreducible. Equation (1.5) defines A3, (V*)
as a Go-invariant, 27-dimensional subspace of A3(V*). Thus, by dimension, it must intersect
i,(S3(V*)) and since it is Go-irreducible, is(Sg(V*)) = A3;(V*). Using the e-notation, one can
express the map iy as i¢(hijeiej) = aiklhijej A ek A e, making it evident that ig(9¢) = 3¢. It will
be useful to have a way to invert the map is. Define j, : A*(V*) — S*(V*) by the formula

Jo(V)(0, w) = #4((v1) A (wag) Ay), (1.7)
for v € A3(V*) and v,w € V. It is not difficult to verify that
Jo(ig(h)) = 4h + 2(try, (h))gs,

)
for all b € S?(V*). Note also that js(¢) = 694, while js(AZ(V*)) = 0. Note that is and j, are
not isometries when SZ(V*) and A3 (
satisfies |j(v)|* = 8|y|* while h € S§(

V*) are given their natural metrics. Instead, v € A3-(V*)
V*) satisfies [iy(h)[* = 8|h|%

1.2 Ggy-structures on manifolds

Let M be a manifold of dimension 7. The union of the subspaces A2 (7% M) is an open subbundle
of the bundle A3(T*M) of 3-forms on M.

Definition 1.8. A 3-form ¢ on M that takes values in A% (T*M) will be said to be a definite
3-form on M and the set of definite 3-forms on M will be denoted by Q2 (M).

Each definite 3-form on M defines a Ga-structure on M in the following way: let F denote
the principal right GL(V')-bundle over M consisting of V-coframes u : TM — V. Given any
¢ € Q% (M), define a Ga-bundle

Fo={ue€hom(T,M,V):2€ M and u"(¢)= ¢} (1.9)

Every Go-reduction of F (i.e., Go-structure on M in the usual sense) is of the form F, for some
unique ¢ € Qz’r (M). For this reason, a 3-form ¢ € Qi(M ) by abuse of language, will be usually

called a Go-structure.

Definition 1.10 (Associated metric, orientation and vector cross product). For any ¢ € Q% (M),
denote by g,, *, X, the metric, Hodge star operator, and vector cross product on M that are

canonically associated to ¢ where g, and volume form vol, satisfy the following

69, (X,Y)vol, := (X1p) A (Yp) A .
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The metric go and orientation determine a Hodge star operator *,. Therefore, there exists

associated dual 4-form 1) such that ¢ = *.

We can define a metric on the space of forms and it will be explained below. Let (M, ¢) be a
smooth 7-manifold with Go-structure. In a local coordinate system (x1,--- ,x7), a differential

k-form o on M will be written as

1 o
o= Hail...ikdx”"'”“,
where the sum is taken over all ordered subset {iy,--- i} C {1,---,7} and ,..;, is skew-
symmetric in all indices, i.e., o;..;, = a(e;,--- ,€;,.). So, the interior product of a k-form is
given by )
€510 = Wajil...ik_ldfﬁilmikil.

A Riemannian metric g on M induces on QF := QF(M) the metric g(dz?, dz’) := ¢¥, where (g%)

denotes the inverse of the matrix (g;;). Then, for decomposable k-forms we have
gi1j1 .. giljk
g(dx™ ™ dgdt k) =det | 1 ... , (1.11)
gikh . gikjk

thus, using this convention, the inner product of two k-forms o = dz % and 8 =

1
k!

gail"'ik

ﬂjl...jkdle"'j’“ is given by
g(a, B) = ail"'ik/le"'jkgiljl o 'gikjk-

The metric also determines the Levi-Civita connection V, and a manifold M is called a Go-
manifold if Vo = 0. Note that this is a nonlinear partial differential equation for V, since
V depends on g which depends on ¢ in a non-linearly way. Such manifolds have Riemannian

holonomy Holy (M) contained in the exceptional Lie group Ga C SO(7).

Remark 1.12. On a Riemannian manifold, metric compatible Go-structures are parametrized by
sections of an RP’-bundle, or alternatively, by sections of an S”-bundle, with antipodal points
identified.

Also, in the context of Go-structures will be necessary to give some definitions which will be

needed later. Given a tensor v, the rough Laplacian is defined by

Ay =gV, Vyy = —V*V7, (1.13)
whereas the Hodge Laplacian defined by ¢ or ¢ will be denoted by A, or Ay respectively.

For a vector field X, define the divergence of X as
divX =V, X% (1.14)
This operator can be extended to a 2-tensor :

(div3)y = V*Bap- (1.15)
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Furthermore, for a vector X, we can use the Ga-structure ¢ to define a Curl operator, similar to

the standard one on R3:
(Curl X)® = (V,X.)p. (1.16)

This Curl operator can then also be extended to a 2-tensor :

(Curl 6)ab = (Vmﬁna)@bmn-

Note that when B is symmetric, Curl 5 is traceless. We can also use the Go-structure 3-form to

define a commutative product « o 8 of two 2-tensors a and 3

(o B)ab = CamnPopge’ ™. (1.17)

Note that (a0 8)" = (a o §*). If & and § are both symmetric or both skew-symmetric, then

(o 0 B) is a symmetric 2-tensor. Also, for a 2-tensor, we have the standard matrix product

(aB)ab = 0 Bro-

Proposition 1.18. [29, §2] The 3-form ¢ and the corresponding 4-form 1 satisfy the following

identities.

Contractions of ¢ with ¢

Pabetp™™ =42 (1.19)
PabjP"h =67,k (1.20)
PapaP’jk; =9pj9ak — Ipk9aj + Vpgjk- (1.21)

Contractions of @ with ¢

Pijta?" =0

Pijqh"hy =40k (1.22)
‘Pipqwijkl =0pjPakl — Jia¥pkl T Ipk¥jql
Ikq¥jpl + IpiVikg — GigVikp- (1.23)
Contractions of ¥ with ¢
wabcdwal;nn =49em9dn — 49engdm + 2wabmn (124)
¢abcd¢nf(:d :24gam (125)

Vabeath ™ =168

Remark 1.26. In [2], Berger classified the possible holonomy groups of simply-connected, irre-
ducible and non-symmetric Riemannian manifolds. Berger’s classification is given in the following
table
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Dimension | Holonomy group Remarks

n SO(n) Generic Riemannian manifold
2m U(m) Kéhler
2m SU(n) Calabi-Yau
4q Sp(q) Hyper-Kéahler
4q Sp(q) - Sp(1) Quaternionic-Kéhler

Go Go-holonomy

Spin(7) Spin(7)-holonomy

Manifolds with SU(m), Sp(q), Sp(q) - Sp(1), G2 or Spin(7) holonomy are called manifolds with
special holonomy. With exception of the manifold with holonomy Sp(q) - Sp(1), all other special

holonomy manifolds are Ricci-flat. In particular, Go-manifolds are always Ricci-flat.

Proposition 1.27 ([16]). The Ga-structure corresponding to ¢ is torsion free if, and only if ¢

is both closed and coclosed, i.e.
dp =0, dxp=dy=0.

Definition 1.28. There are four independent torsion forms 7y € Q°, 7 € Q!, » € 9%4 and
T3 € 937 corresponding to a Ge-structure ¢ € Qi such that dy and di can be expressed as

follows

dp = 10t + 311 A p + xT3,
dyy =4r AN+ 12 A .

(1.29)

We call 1y the scalar torsion, T the vector torsion, T the Lie algebra torsion and 13 the symmetric

traceless torsion.

The torsion forms can be explicitly computed from ¢ and ¢ by means of the following identities:

1
=15 *e (A xpdp) = 5 *e (¢ N x,de)), (1.30)

Ty = — ko, (dep) + 4%, (71 AY), T3 =%, (dp) — To — 3%, (T1 A ).

1
o =7 *p (¢ A dyp), 1

Definition 1.31. The full torsion tensor is a 2-tensor T satisfying Vip;u = T i and
Tz-j = ivmmnwﬂmn where T;; = T'(0;,0;) and Tij = Tipg’®. Since T € T'(T*M @ T*M) ~
S ~0aS, 002, where S = T'(S*(T*M)) and Sy denote those sections h € S that
are traceless with respect to the metric g on M, then it is expressed in terms of the torsion forms

as

T 1 1
T = Zogso —x(mL AY) — 57’2 — Z](T27). (1.32)

Remark 1.33. Starting from Vipae = Tim g™ Ynabe and using proposition 1.18, we have that
Voijkt = =Tmi0jkt + Tmjirt — Tmkiji + Tmiijk (1.34)

Some special classes of Ga-structures are defined or characterised as follows:
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Parallel or torsion-free: dp = 0 and d * ¢ = 0, or equivalently, ¢ is parallel with respect to

the metric gy, i.e., V9@ = 0.
e closed or calibrated: dp = 0.
e coclosed or cocalibrated: d x ¢ = 0.
e Nearly parallel: dp = ¢ * ¢ for a constant c.
o Locally conformal closed or locally conformal calibrated: dp = 6 A ¢ for some 6 € QY (M).
e Locally conformal coclosed: dp = 191p and dy = 0.

e Purely coclosed: dp = #7135 and d¢ = 0.

1.2.1 Ricci curvature

Another interesting topic in this thesis is the singularity analysis which is important to find
the quantity A(zx,t) given by (9) where it is composed of Ricci curvature norm. Therefore, we
introduce some definitions related to Ricci curvature in this section. Let ¢ be a Go-structure
which determines a unique metric g on M, then we have the Riemannian curvature tensor Rm
of g on M given by

R(X,Y)Z :=VxVyZ —-VyVxZ - Vxy|Z,

and R(X,Y,Z,W) = g(R(X,Y)W, Z) for vector fields X,Y,Z, W on M. In local coordinates
denote Ryjp = R(0;,0;,0k,0;). Recall that Rm satisfies the first Bianchi identity:

Rijki + Rikij + R = 0. (1.35)
We also have the following Ricci identities when we commute covariant derivatives of a (0, k)-tensor

Q

k
(VNj — VjV,»)ailiQ...ik = Z Rz’jis Oy g 11 ig -

s=1

Karigiannis [23] derived the following second Bianchi-type identity for the full torsion tensor.

Lemma 1.36. [23, §4, Theorem 4.2]

1
vlT]k - VjT%k; = (§Rz]mn - szT]n) onmn'

We consider the Ricci tensor, given locally as R;;, = Rijklgj L

Proposition 1.37. [23, §4, Proposition 4.15] The Ricci tensor of the metric g associated to the

Go-structure @ is given locally as

Rip = (ViTy — VTa)g' + t0(T) Ty — T Ty + Tom Tjthd ™
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Lemma 1.38. /20, §2, Lemma 2.1] The torsion tensor T satisfies the following identities
(VT)atp = — (Ta@) T + T% 2o + (tr T) (T 2p)
0 =d(trT) — div(T") — (Tp)T"
Ric = — sym(Curl T* — V(T1p) + T? — tr(T)T)
1 1
ZRiC* =Curl T + §T oT
R =2tr(Curl T) — (T, T) — tr(T?) + (tr T)?

7
where (Ric*)ap = Runpg™ ¢y and P(T, T) = YapeaT**T. Note that from (1.32) trT = 17
and T ip = —67].

The following proposition provides useful properties of a coclosed Go-structure and its full torsion

tensor T'.

Proposition 1.39. [18, §2, Proposition 2.3/ Suppose we have a coclosed Go-structure on a
manifold M with 3-form . Let p =i,(h) € Q3 where h a symmetric tensor, then the exterior

derivative du s given by
dp :%(tthrh — (T, h))p — (Vtrh —divh)’ A ¢
4 wip(Curl hap) + %T & hap + (Th)ay — %(tr B Ty — %(tr T)he).  (1.40)
Furthermore, the torsion tensor T satisfies the following identities

divl =d(tr T),
Curl T =(Curl T,
Ric = Curl T — T? + tr(T),
R=(trT)* — T2

(1.41)

1.2.2  Nearly parallel Go-structures

In the above section, we defined nearly parallel Go-structures, i.e., dp = ¢ * ¢ for a constant
c. Several authors have studied nearly parallel Ga-structures [17, 4, 30, 26] and it will help to
understand the behavior of Go-structures on the homogeneous space S7 = Sp(2)/Sp(1) in Section
2.4, specifically Theorem 2.54, where the well-known nearly parallel round and squashed metrics
occur naturally on different poles in an S3-family, the equator of which is a new S?-family of

coclosed Go-structures.

Proposition 1.42. [5, §8, Theorem 45]

Let (M, g) be a complete T-dimensional Riemannian manifold with a nearly parallel Go-structure.
Then the holonomy Hol(g) of the metric cone (C(M),q) is contained in Spin(7) where C'(M) =
R* x M and § = dr? +r2gy; with r € RY. In particular, C(M) is Ricci-flat and M is an Einstein

manifold.
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The sphere S” with its constant curvature metric is isometric to the isotropy irreducible space
Spin(7)/Gz. The fact that Go leaves invariant (up to constant) a unique 3-form and a unique
4-form on R implies immediately that this space has a nearly parallel Go-structure as explained

in detail below. Then, we begin by defining distinguished differential forms on R” and R®.

Definition 1.43. Let R” have a coordinates (x1,--- ,27) and (zq.--- ,z7) a coordinates for R,
We define a 4-form ~ on R® by:

= dx0123 + d$0145 + dw0167 + d$0246 o d:130257 o dx0347 o d.fC0356

+ dz®7 4 dx?37 4 @a?35 4 @x135T — gpt316 — gp1256 — gp 1247, (1.44)

Notice that v is self-dual. If ¢ is the Go-structure given by (1.1) and we decompose R® = R @ R”
then
v =dz® A ¢ + xo, (1.45)

where *¢ is the Hodge dual of ¢. By identifying R® with C* in the usual way, we can decompose
~ as follows .
v=gw Aw+ Re(T),

where w and T are the standard Kahler form and holomorphic volume form on C*. It is also
worth observing that if H are the quaternions and we identify R® with H? in an appropriate way,
then by [10] we have that

15 145 1

2
V= QwI + SWI T HWK:

where wr, wy, wi are the Kahler forms associated with the triple of complex structures (I, J, K)

given by the standard hyperkahler structures on H?.

Definition 1.46. Write R®\ {0} = R™ x S7 with r being the coordinate R™ and S” the unit

7-sphere. Then, since v is self-dual, we may define a 3-form on S via the formula
Vo) = T0dr A @l + 7% 0, (1.47)

where * here denotes the usual Hodge star on S”. Moreover, the fact that dy = 0 implies that
dyp = 4 % p. By comparing (1.45) and (1.47) it is clear that ¢ is a positive 3-form on S” and
the associated metric g, is the round metric on S with constant curvature 1. Thus, ¢ is a

Goy-structure on S7.

There are three examples of nearly parallel Go-structures (see [17, §4, Table 3]). One of them is

the so-called squashed 7-sphere which we explain below.

If we identify R® 22 C* via R® 5 (zg, 21, -+, 27) — (20 + i1, 2o + ix3, 24 + ix5, T6 + i27) =
(21, 29, 23, 24) € C, then v given by (1.45) is described as

1
’y:§w0/\w0+ReT0

.4
where wy = % Z dz? A dZ’ and Ty = dz'?* are the standard Kéhler form and the holomorphic
j=1
volume form on C*, respectively.
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In [26], Kawai obtain the second nearly parallel Go-structure on S” by canonical variation.

Consider the following Lie groups:

Sp(1) = {a1 + asj € H: ay,az € C,|ag|* + |ag)® = 1}

Sp(2) = {C € GL(2,H) : C  Preserves the metric on H?}
={CeU@l):C'JC=J}
= {(u, Ju, JO) : u,v € C, |u| = |v| = 1, (v, u)¢c = (v, Ju)c = 0},

J o\ 0 -1
where J = (O ,), J = ( 0 ) and (-,-)¢ : C* x C* — C is the standard Hermitian
metric on C*.

Let Sp(1) x Sp(2) act on H? by

(¢;A) - (q1,92) = a(q1, 42)" 4,

where (g, A) € Sp(1) x Sp(2), (q1,q2) € H?. Via identification (21, --- ,24) € C = (21 + 227, 23 +
247) € H2, the Sp(1)-action on C* is described as

(a1 + azj) - u = aju + asJu, (1.48)
where u € C*, and Sp(2) C U(4) acts on C* canonically. By definition, the Sp(1)—action
commutes with the Sp(2)—action.

The actions of 4, j, k € Sp(1) induce complex structures I, I, I3 on C*, respectively, and hence
induce the 3-Sasakian structure {&;, 7;, ®;, g}i=1,2,3 on 87, where g is the standard metric S7, and
a vector field & € X(S7), a 1-form n; € Q'(S7) and (1,1)—tensor ®; € C*(S”, End(TS")) are
defined in Appendix B. Note that the following conditions are satisfied:

Piyo=Pi0Pip1 —Nig1 V&G = —Pig1 0 Py + 15 @ i,

iv2 = Pi(&ir1) = —Pit1 (&),

Nit2 =N © Pit1 = —nir10P;
where i € Z/3. These tensors are described explicitly as follows.

& = —i(21, 22, 23, 24)"
& = (22, —71, 71, —73)"

& =i(z3, —71, 71, —23)"

4
7 = Im (Z zjdfj), Ny +in3 = —21d2? + 29dzt — z3d2* + 24d23
j=1

4
dm = —i Z dziz = —=29(®1("),-), d(n2 +ins) = —2(dz"? + dz3)
j=1
Moreover, we define the canonical variation § of the Riemannian metric g on M by

dlvsy = 5%glvxv,  Glaxr = Calusns  Gluxy =0 (1.49)
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for s,t > 0. Now, applying the canonical variation to a Riemmanian submersion 7 : S”T— 5t =

1
HP*, we obtain the second nearly parallel Go-structure @ on S”. Denote by w; = §d77i((')T7 ()7) €

1
Q2(ST) the covariant differentiation of S where 7 : TS” — H is the canonical projection. In

other words, we have
1 1 1
wi = gdm + a3, w2 =gdnz+s1, ws = Gdns Mo

1
since [&;,&i+1] = 2&i42 for i € Z/3. In general, it is well know that idm = —g(P;(-),-). Then we
deduce that
W; = —g(q)i(-)T, ()T) for i= 1,2,3.

Proposition 1.50 ([17]). Define the Riemannian metric §, a 3-form ¢ € Q3(S7) and the 4-form
x@ € QYST) on ST by

dlyxy = (§>29|vw, Jlrxn = (\35>QQ|H><H7 dlHxy =0,

27 /1 3
o= | =23 + E N N ws |,
25<5 123 pat 7 z)

A}l
I

*
A}l
I

27 /1 & 3
%@Zw? + 3(7723 Awi +m31 Aws + 112 /\w3)>-
i=1

Then ¢ is nearly parallel Go-structure and *@ is a Hodge dual of ¢ with respect to §g. We call
(S7,%,§) the squashed ST.

Note that in [26], the canonical variation g is given by (1.49) in a more general way than in [17],
where the canonical variation is denoted by ¢° = g and ¢ = 1. Then, the following Lemma and

Proposition with canonical variation g® will be the key for Theorem 2.54.

Lemma 1.51. [17, §5, Lemma 5.3] The manifold (M",¢°) is Einstein if and only if s = 1 or
s=1/5.

Proposition 1.52. [17, §5, Theorem 5.4] The manifold (M7, g°) admits a nearly parallel Go-

structure for s = 1/5.

1.3 Hodge Laplacian of Go-structures

In section 3.4, we study soliton solutions of the Laplacian coflow on contact Calabi-Yau manifolds.
We give the decomposition of the Hodge Laplacian of the closed Ga-structure being used in
Proposition 3.86 which refers to find properties respect to the following equation Ay — A\ +
Lxy = 0.

Proposition 1.53. /20, §2, Proposition 2.2] Suppose ¢ defines a Ga-structure. Then A, o =
X ) +i,(h) with

X =—divT
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1 1 1
h = — —Ric* + 6(R +2|T*)g —T'T — 3 (T0)(Tp)

4
1 1 1
+ 4 ToT+ T oT! = ST o T +sym (T)(T) — (T)(T )
In particular,
trh= 2R+ 4yT|2
rh=- -
3 3

Lemma 1.54. [37, §3, Lemma 25] Let ¢ be a coclosed Go-structure. Then, ¢ has the following

properties:
. 1 .
1. divrer = ?V(tr T) —divl
1
2. i(Curl 197 + (Curl 797)") = — Curl T and tr(Curl T) = 0.

3. (Tory)==((trT)?g— (trT)T) —ToT and tr(T o T) = (tr T)* — |T|%.

| =

1
Where To7 = ?(tr T)yg—T.

The following Lemma is proved in [18], but with a different orientation for the Go-structure.
Since signs will be crucial for our applications, we work out the proof again, in our convention.
Then, let ¢ be a coclosed Go-structure, i.e. d x ¢ = 0. Then (1.29) implies 71 and 75 are both
%gij — Je(73)ij,
so T' is a symmetric 2-tensor. Since, dy = 791 + *73, we have that the Hodge Laplacian of ¢ = %

equal to zero. From (1.32) we have that the torsion tensor T satisfies Tj; = T}; =

is equal to

Aytp =dd™p + d*dyp = d = de
:dTo/\go—i-Tgw—i—To*Tg—l—dTg. (1.55)

Lemma 1.56. Let ¢ be a coclosed Go-structure on a manifold M with associated metric g. Then,
2 4 5
Ayt = GR+3ITRw @ [@6rT) A g

1 1
@ #pip  — Ric + T (R—2ATP)g + tx(T)T =21 = ST o T).

Proof. For a co-closed Ge-structure, the Laplacian of v is

Ay = dry /\¢—|—702w+7'0*73+d7'3. (1.57)
We can decompose A1) as:
3
Apth =Y’ N @ #iy(s) = ?(trs)w@Y" A @ @ iy (3), (1.58)

where Y is a vector field and 3 is the trace-free part of s € S?. Now, we apply Proposition 1.39

to 73 = i,(7o7) and use Lemma 1.54 to obtain

dr = %d(tr T)Ne
1 1 1 1 (1.59)
+ *iw( — CurlT + §T o To7 + §(T7'27 + (T7'27)t) — §(tr T)7o7 — 6<T, 7'27>g>.
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4
Using the identities 79 = = tr(T), 3¢ = *i,(g), and (1.59) in (1.57), we obtain

(T1o7 + (T127)")

1 1
Aytp =d(trT) A + i ( — Curl T + S(Tomm)+ 5

1 16 1
—(trT —(trT)%g — =(T .
+ o3 D)mr + T (0 T)g = (T 7r)g)

1
Now, replacing 797 using mo7 = ?(tr T)g — T, as well as using T o g = (trT")g — T', Proposition
1.39 and Lemma 1.54, we have

1 1 1
App =d(VirT)’ Ay + m( —CwlT = SToT - T + 6(trT)2g - 6|Ty2g). (1.60)

Therefore
2 2 4
tr(s) =§((trT)2 +|T?) = it gITﬁ (1.61)
1 1
§=—Ric+ (R 2|T%)g + tr(T)T — 27?2 — 57T,

Y =VtrT. (1.62)

The result then follows. O

1.4 Ricci-Like flows

In this section we state the evolution equations for several important geometric quantities under
the Go-structures following [23, 18, 11, 24], and then write some important remarks. We study
the critical points Ge-structures of the energy of ¢, given by (2.58) being Proposition 2.55 a
result of what I collaborated. On the other hand, the Laplacian flow and compactness analysis
given by [29, 11] was used to study a singularity of the Laplacian coflow, taking the dilaton in
our case. For this reason, we give a review about the Laplacian flow. Also, the Laplacian coflow
studied in [20] was important in the results of soliton solutions of Laplacian coflow on contact

Calabi-Yau manifold. Moreover, I collaborated in every Proposition and Theorem of Section 3.1.

Lemma 1.63. [23, §3] If ¢(t) satisfies the equation

829 = X)) +ip(e (h(2)), (1.64)

then we also have the following equations

dg
n =2h,
ovol
W —tr(h)VOl,
o .
En =iy(h) — X N,
oT
=VX — Curlh+Th — (T)(X up). (1.65)

ot
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In [11], Chen defined a class of reasonable flows of Ga-structures that satisfy the following general

conditions:

1. The metric should evolve the Ricci flow to leading order and be no more than quadratic in

the torsion, that is

dg

ot

where ® is some multilinear operator involving g, ¢, ¥, C' is a constant and L is some linear

—2h = —2Ric+Cg+ L(T)+T®T, (1.66)

operator involving g, @, ¥.

2. The vector field X is at most linear in V1" and at most quadratic in T":

X=LVT)+ L(T)+ L(Rm)+T®T + C. (1.67)

3. The torsion tensor should evolve AT to leading order, be at most linear in Rm and VT,

and at most cubic in T":

T
%t:AT+L(VT)+L(Rm)+Rm®T+VT®T

YL+ T®T+T®T®T. (1.68)
4. The flow (1.64) has short-time existence and uniqueness.

Thus, the flows that satisfy properties 1-4 are called Ricci-like flows. This is appropriate because
a variety of techniques which were originated from the study of the Ricci flow have been applied
to these flows. In particular, under the Ricci flow, invariants of the metric Rm, Ric, R, all satisfy
heat-like equations. Therefore, it is appropriate that for a Ricci-like flow of a Go—structure, the
torsion, which is an invariant of the Ga-structure, also satisfies a heat like equations (1.68). This
is important because then VFT and |T'|* also satisfy heat-like equations and this is necessary to

be able to obtain estimates using the maximum principle.

Using techniques developed by Shi for the Ricci flow and their adaptation to Ge-structures given
by Lotay and Wei [29], Chen then showed that a reasonable flow must satisfy the following
Shi-type estimate.

Proposition 1.69. [11, §2, Theorem 2.1] Suppose (1.64) is a Ricci-like flow of Go-structures
such that the coefficients in equations (1.64), (1.66), (1.67) and (1.68) are bounded by a constant
S. Let By(p) be a ball of radius r with respect to the initial metric g(0). If

|Rm(z, 1) gy + 1T (2, 8) 5y + IVT (2, 1) g0y < S (1.70)
for any (z,t) € B,(p) x [0,to], then
IVERm(2,1)| g0y + VT (2, t) |y < C(k,7, 8, T) (1.71)

for any (z,t) € B, /2(p) X [to/2,t0] for all k =1,2,3,...
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Note that in the Laplacian flow studied by Lotay and Wei in [29], the quantity A(z,t) =
(IRm(x,t)] gy + VT (2,1)|g) is analogous to (1.70). This is because in the case of a closed
Go-structure, |T'|> = —R < C|Rm)|. Therefore, the norm of the torsion can always be bounded in
terms of the norm of Rm. For other torsion classes, and in particular, coclosed Go-structures,
this is no longer true, therefore |T')? needs to be included in (1.70). Using the estimates from the

above theorem, Chen then derived an estimate for the blow-up rate on a compact manifold.

Proposition 1.72. [11, §5, Theorem 5.1] If ¢, is a solution to a Ricci-like flow of Go-structures

on a compact manifold in a finite maximal time interval [0,tg), then

(NI
Q

2 4 2
SJI\I/[p (|Rm(x,t) o TT (@, )]y, + VT (z,1) gt) = to—t (1.73)
The estimate 1.73 shows that a solution will exist as long as the quantity of the left-hand side of
(1.73) remains bounded.

A classic example of a Ricci-like flow of Gs-structures is the Laplacian flow of Ga-structures that

was introduced by Bryant [9]:

?;: = Agp. (1.74)
If the initial Ga-structure is closed, then this property is preserved along the flow. It is then natural
to think of (1.74) as a flow of closed Gg-structures. In this case, the fact that 7% = —T and Lemma,
1.38 give us the following results: Ric* = 4Ric+T ®T and R = 2tr(Curl T) — (T, T) — tr(T?) =
—|T|?; thus by Lemma 1.38, we have Ric* = 4Ric+T®T and R = 2 tr(Curl T)— (T, T)—tr(T?) =
—|T|2; using Proposition 1.53 we have h = —Ric + T ® T'; and so substituting in Lemma 1.63,
we conclude that condition 1 in the Ricci like-flow holds. Moreover, we have that divl’ = 0 in

this case (see [31]), and hence X = 0. Using Lemma 1.63 and h = — CurlT + T ® T, we have

%;F =Curl(CulT) + VI @ T+T®T & T. (1.75)

On the other hand, in [20] is given the following formula when 3 is 2-tensor

Curl ((Curl B)Y) = —AB' + V(divh) + Rm@® B+ T @ VA + (VT)@ S +T®Tof  (1.76)

where ! denote transpose and ® is some multilinear operator involving g, ¢, 1. Then, using
(1.76) into (1.75) together the facts that Curl T is symmetric, T' is skewsymmetric, and divT = 0,

allows to express (1.75) as

T
%t:AT+Rm®T+VT®T+T®T®T.

Therefore, the Laplacian flow is a Ricci-like flow. Finally, short-term existence and uniqueness of
the flow (1.74) has been first proved by Bryant and Xu in [9]. In [29, 31, 28], we can find more
properties of this flow, as well as details of the above calculation. The results in Proposition 1.69

and 1.72 are extensions of similar results for the Laplacian flow of closed Gg-structures in [31].

In the study of singularities, a fundamental tool is the Cheeger-Gromov type compactness
theorem and using techinques developed by Shi for the Ricci flow, Lotay and Wei proved their

adaptation to Gg-structures (see [31]).
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Proposition 1.77. [29, §7, Theorem 7.1] Let M; be a sequence of smooth T-manifolds and for
each i, let p; € M; and p; be a Ga-structure on M; such that the metric g; on M; induced by p;
1s complete on M;. Suppose that

1/2
sup seujg (|V§j‘1Ti(:B)|§i + |V§ingi (x)|§l) < 00 (1.78)

for all k <0 and
inf inj(M;, gi, pi) > 0, (1.79)

where T;, Rmyg, are the torsion and curvature tensor of @; and g; respectively, and inj(M;, g;, p;)

denotes the injectivity radius of (M;, g;) at p;.

Then there exists a T-manifold M, a Ga-structure ¢ on M and a point p € M such that, after

passing to a subsequence, we have

(M;, i,p;) = (M, p,p) as i— oo.

Therefore, Theorem 1.77 reduces the problem of finding singularities models to finding sequences
of points and times for which the corresponding dilated solutions have a curvature bound. In [29],
Lotay and Wei give shi-types estimates with respect to the quantity (|Rm(p,t) 52% +|VT(p,t) zt)%,
which Gao Chen [11] extends as

A(z,t) = ([Bm(p, )2, + [T(p, )5, + VT (p,1)[2,)? (1.80)

for a local version of shi-type estimates for Ricci-Like flows of Ga-structures and as in the Ricci
flow, we are interested to analyse singularities of the Laplacian coflow from (3.31). The property
of being k-noncollapsing below a scale p is preserved under Cheeger-Gromov limits, and this is

useful in the study of singularity models.

The original k-noncollapsing theorem of Perelman for Ricci flow in [38] requires the Riemannian
curvature bound. In [11], Chen use the Perelman’s ideas for Ricci-like flow and express in the

following proposition.

0
Proposition 1.81. [11, §/, Theorem 4.2] Let 7% = —2R;; + Ej;j be the geometric flow on

a compact manifold M™. Then there exists a positive function k of four variables such that if

T
0<p§po<oo,0<§§t0§T<ooand
to
/ (fo + p° — t) sup | E|2dt < oo, (1.82)
0 M

to
then g(to) is k(g(0), T, po,/ (to + p? — t)) sup | E|?dt) —non-collapsing relative to upper bound of
0 M

scalar curvature on scale p.

We conclude with the following proposition which shows that any blow-up limit at finite time

must be a manifold with maximal volume growth rate whose holonomy is contained in Gs.
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Proposition 1.83. Let p(t) be a solution to a reasonable flow of Ga-structures on a compact

manifold M" in a finite mazimal time interval [0,T). If
T
/ (T — t) sup |T|*dt < oo,
0 M

and

1
R+|T*) =o0(=—
Sﬁp“ |+1T1%) O(T—t)’

Then there exist a sequence ti, — T, x;, € M such that

Qr=Aapty)= sup  ([Rm2+|T)* +|VT]A)"? = oo
€M, te[0,tg]

and (M, Qiﬂgo(tk),ng(tk),xk) converges to a complete manifold My, with a torsion-free Ga-

structure (Yoo, Joos Too) Such that
volg.. (Bg (Too, 7)) > kr”

for some k >0 and all v > 0.
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2 Homogeneous Go-structures on ST =

Sp(2)/5Sp(1)

In order to understand the isometric flow on homogeneous spaces, we take the particular case
ST = Sp(2)/Sp(1) and analyse the isometric class of Sp(2)-invariant Ga-structures and then
describe the Sp(2)-invariant Ga-structures with divI’ = 0, i.e., critical points of the Dirichlet

energy functional on this class:
E:pebB — / T, |*vol, € R.
M

Note that it is indispensable to know \T¢]2. Therefore, we focus on two aspects, the first one is to
describe the isometric class of Sp(2)-invariant Ga-structures which is described by a SO(3)-orbit
(Proposition 2.24) showing also explicitly ]T@\Z in this class which is necessary to find the torsion
forms 79, 71, 72 and 73 and thus conclude Proposition 2.55 and Theorem 2.54 using this results
in Section §2.5 and, the second one is to describe the Sp(2)-invariant Ge-structures of B, with
divl’ = 0 showed in Proposition 2.66, i.e. critical points of the Dirichlet energy functional. More
generally, we will make the blanket assumption that all the variational problems we consider are
restricted to a given isometric class concluding Theorem 2.67 about the set Crit(E|g,) for r > 0

which is proved in §2.5.1.

2.1 Go-structures on homogeneous spaces

In this section, we will give a survey of Lauret’s approach to G-invariant Ga-structures on
homogeneous spaces [27]. Also, we use a classification of homogeneous spaces G/H admitting
G-invariant Ga-structures which will be useful to describe isometric Sp(2)-invariant Ga-structures
on S” = Sp(2)/Sp(1).

Consider the action of a Lie group G on a manifold M. A (r, s)-tensor v on M is G-invariant if

h*~y = ~, for each h € G, where
h*ly(Xla T 7XT'7a17 e ,Oés) = V(h*le T 7h*XT7 (h_l)*ala ) (h_l)*as)'

for Xq1,---, X, e (TM) and «y, - -+ ,a5 € I(T*M). In particular, when M = G/H is a reductive
homogeneous space, i.e., g =t @ p with Ad(k)p C p for all k € K, any G-invariant tensor -y is
completely determined by its value 7., at the point zg = [1¢] € G/H, where v, is an Ad(K)-
invariant tensor at p = T, M, i.e., (Ad(k))* Yz, = Yz, for each k € K. Given x = [hxg) € G/H,
clearly v, = (R 1) *vz,.

Let p be a real vector space of dimension 7 and let ¢ be a Ga-structure, then it belongs to the
open orbit GL(p) - ¢ C A3p*. Let us fix a positive 3-form ¢ € GL(p) - ¢ C A3p*. Since the orbit
GL(p) - ¢ is open in A®p*, we have that its tangent space at ¢ satisfies

0(gl(p))p = A%p*,
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where 6 : gl(p) — End(A3p*) is the representation obtained as the derivative of the natural left
GL(p)-action on 3-forms h -4 = ¢p(h~t- A~ A1), that is,

H(A)ﬁ: _B(A7,) _5(3143)_5(7’14)7 VAGQ[(p)a B€A3p*
The Lie algebra of the stabilizer subgroup Ga(p) := GL(p), = G is given by

g2() == {A € gl(p) : 0(A)p = 0} = go.

We consider the orthogonal complement subspace q(¢) C gl(p) of ga(p) relative to the inner
product on gl(p) determined by g, (that is, tr AB"). The irreducible Ga(i)-components of q()
are q1(p) = RI, the one-dimensional trivial representation, the (seven-dimensional) standard
representation q7(y) and qa7(¢), the other fundamental representation which has dimension 27.

Summarizing, each positive 3-form ¢ determines the following Ga(p)-invariant decompositions:

gl(p) = g2(0) @ a(w),  alp) = ai(p) ® ar(p) © q27(p), (2.1)
s0(p) =92 D q7(p), sym(p) =dqi(p) © qa7(¢), qar(p) = symy(p),

where so(p) and sym(p) are the spaces of skew-symmetric and symmetric linear maps with

respect to g,, respectively, and symg(p) := {A € sym(p) : tr(A) = 0}.

If we identify sym(p) with the space S?p* of symmetric bilinear forms by using (-, -), then the
linear isomorphism i, : S%p* — Adp* @ A3,p* satisfies i,(h) = —20(h)yp; in particular, for every
v € A3p*, there exists a unique operator @~ in q(p) such that

v =0(Q)p,

and we have that i,(Q) = —27.

A 7-manifold endowed with a Ga-structure (M, ¢) is said to be homogeneous if the Lie group of

all symmetries or automorphisms,

Aut(M, @) := {f € Diff : f*¢ = ¢}

acts transitively on M. It is knwon that Aut(M, ¢) is a Lie group, it is indeed a closed subgroup of
the Lie group Iso(M, g,) of all isometries of the Riemannian manifold (M, g,,). Each Lie subgroup
G C Aut(M, ) which is transitive on M gives rise to a presentation of M as a homogeneous
space G/H, where H is the isotropy subgroup of G at some point o € M, and ¢ becomes a
G-invariant Ga-structure on the homogeneous space M = G/H. As in the Riemannian case, G is
closed in Aut(M, ¢) if and only if K is compact. In the presence of a reductive decomposition
g =t @ p (that is, Ad(H)p C p) for the homogeneous space G/H, where g and ¢, respectively,
denote the Lie algebras of G and H, every G-invariant Gg-structure on G/H is determined
by a positive 3-form ¢ on p = T,G/H (the tangent space at the origin o of G/H) which is
Ad(H )-invariant. This means that (Ad(h)|p) - ¢ = ¢ for any h € H, or equivalently if H is
connected, f(adZ|y)e =0 for all Z € ¢.
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Compact homogeneous manifolds admitting invariant Gs-structures

In this section we use a classification of homogeneous manifolds G/H admitting G-invariant
Go-structures where G is a compact Lie group and H is a closed Lie subgroup (not necessarily
connected) of G (see [39, 42]). We describe all connected subgroups of Gz. The semisimple

subalgebra of all semisimple Lie algebras including go have been classified in [15].

Definition 2.2. Let G be a compact connected Lie group and H be a closed connected subgroup
of G. We call G/H S*'-reducible if there exists a Lie group G and a covering map 7 : G x ull) -G
such that H C 7(G). Otherwise, G/H is called S'-irreducible.

Lemma 2.3. [39, §3, Lemma 3.4] Let G/H be a seven-dimensional homogeneous space which
admits a G-invariant Go-structure. We assume that G acts effectively on G/H. In this situation,
there exists a vector space and an isomorphism ¢ : T,G/H — R such that CHC_l C Go, where
H is identified with its isotropy representation and Go with its seven-dimensional irreducible

representation.

The converse of the above Lemma is also true:

Lemma 2.4. [39, §3, Lemma 3.5] Let G/H be a seven-dimensional homogeneous space such that
G acts effectively and there exists a vector space isomorphism ¢ : T,G/H — R” with CHC™ C Go.

In this situation, there exists a G-invariant Go-structure on G/H.

Lemma 2.5. [39, §5, Lemma 5.2] Let G/H be a compact homogeneous space which admits a
G-invariant Ga-structure. Moreover, let G act almost effectively on G/H. In this situation, the

following statements are true:

1. dimg=dimbh+ 7.
2. G is a compact and g is the direct sum of a semisimple and an abelian Lie aLgebra.

3. rank h € {0,1,2} and rank g # rank h( mod 2). If rank b = 1, the dimension of the centre
3(g) of g is less than or equal 3. If rankh = 2, dim 3(g) < 1.

4. Let G =G x U(1) and H = H' x U(1). If the second factor of H is transversely embedded
into the product G x U(l), G/H is G’ -equivariantly covered by G,/Hl.

5. Let m be the orthonormal complement of b and g with respect to an Adg-invariant metric
g. The restriction of the adjoint action Adg to a map H — gl(m) is equivalent to the

isotropy action of H on the tangent space.

Proposition 2.6. [39, §1, Theorem 1]

1. Let G/H be a seven-dimensional, compact, connected, homogeneous space which admits
a G-invariant Ge-structure. We assume that G/H is a product of a circle and another

homogeneous space and that G acts almost effectively on G/H. Furthermore, we assume
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G H G/H No(r) naG,
U(1) {e} " 28 35
SU(2) x U(1)* {e} S3 < T 28 35
SU(2)% x U(1) {e} S% x 9% x St 28 35
SU(2)% x U(1)? U(1) 9% x 5% x St 10 13
SO(4) x U(1)? SO(2) VA T? 10 13
SU(2)% x U(1) SU(2) S% x 9% x St 4 5
SU(3) x U(1)? SU(2) S° x T? 7 10
SU(3) x U(1) U(1)? SU(3)/U(1)* x S* 4 5
Sp(2) x U(1) Sp(1) x U(1) CP? x S! 3 4
Gy x U(1) SU(3) S8 x St 2 3
Table 1 — S'-reducible
G H G/H no(7) ng,
SU(3) U(1) Nt 10 13
SU(3) U(1) N0 6 7
SU(3) U(1) NP with k1€Z,k<I<0,kl>1 4 5
SO(5) SO(3) Vo2 4 5
Sp(2) Sp(1) ST 7 10
SO(5) SO(3) BT 1 1
SU(2)? U(1)? Q- 4 5
SU(3) x U(1) U(1)? NF with [ €7 arbitrary 4 5
SU(3) x SU(2) SU(2) x U(1) MO 3 4
SU(3) x SU(2) SU(2) x U(1) N 2 2
Sp(2) x U(1) Sp(1) x U(1) S 3 4
Sp(2) x Sp(1) Sp(1) x Sp(1) ST 2 2
SU(4) SU(3) ST 2 3
Sp(7) Gs ST 1 1

Table 2 — S'-irreducible

that G and H are both connected. In this situation, G, H and G/H are up to a covering
one of the space from Table 1 and the dimensions ng, (no(r)) of the space of all G-invariant

Go-structures (metrics) on G/H are shown in Table 1.

2. Let G, H and G/H satisfy the same conditions as before with the single exception that
G/H is not a product of a circle and another homogeneous space. In this situation, G,
H and G/H are up to a covering one of the space from Table 2 and the dimensions ng,
(mo(r)) of the space of all G-invariant Ga-structures (metrics) on G/H are shown in Table
2.

3. Any of the G/H from Table 1 or Table 2 admits a G-invariant cocalibrated Go-structure.

If G/H is from Table 2, it even admits a G-invariant nearly parallel Go-structure.

In Table 1 and 2, N*! denotes an Aloff-Wallach space, V*? (V5?2) denotes the Stiefel manifold
of all orthonormal pairs in R* (R%), and BT is the seven-dimensional Berger space. The following

Lemma and Theorem answer how many of such structures exist on G/H.

Lemma 2.7. [39, §7, Lemma 7.1] Let G be a compact Lie group and H be a closed subgroup
of G such that G/H admits a G-invariant Go-structure. As usual, let g be the Lie algebra of G,
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h of H and p be the orthogonal complement of b in g with respect to an Adp-invariant scalar
product on g. We denote the set of all H-invariant elements of an H-module V by V. The set
of all G-invariant Ga-structures on G/H can be bijectively identified with a subset of (A3p*)H.

Moreover, this subset is open.

Lemma 2.8. [39, §7, Lemma 7.2] In the situation of above Lemma, the map
7 (%) = (%)

which maps a Ga-structure to its associated metric is surjective.

The statement of the above lemma can be understood as follows: For any G-invariant metric g
on G/H there exists a G-invariant Go-structure such that its associated metric is g. Moreover,

the space of all such Ga-structures is of dimension ng,.

2.2 Sp(2)-invariant Go-structures on S” = Sp(2)/Sp(1)

Go-Geometry on the sphere has attracted significant interest over the past decade, perhaps
most notably in the classification of homogeneous structures is given by Reidegeld [39] some
examples was given in Table 2, the description of 7-dimensional homogeneous spaces with isotropy
representation in Go by Munir & Le [42] and the study of the 7-sphere’s calibrated geometry
by Lotay [30] and Kawai [26]. The main results that i collaborated in [35] are given in this
section: Proposition 2.24 about isometric Sp(2)-invariant Ga-structures on S” and Proposition

2.49 finding torsion forms for an specific case of Sp(2)-invariant Ga-structures.

We begin with a reductive decomposition of ST = Sp(2)/Sp(1) as a homogeneous space. Let

A* = AT be the Hermitian transpose, consider the Lie algebra
sp(2) == {A € gI(2,H) | A+ A" = 0},

and fix its basis

i 0 i 0 k0 00
v = ,'U: ,'U: ,62 y
! 00 2 00 s 00 ! 0 i
00 0
€9 = , €3 = — _
2 O] 3 B

Define the embedding sp(1) C sp(2) as the subalgebra generated by {vy,vs,v3}, corresponding
to the reductive splitting

sp(2) =sp(1) ®p with p:=sp(1)t = span(ey, ..., e7), (2.10)

with respect to the canonical inner product (A, A2) = Re(tr(A143)). A straightforward compu-

tation shows that

ad(sp(1))e; =0, for 1=1,2,3,
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ad(sp(1))ps = pa, with py = span(eq, es, €6, 7).

In terms of the trivial submodules p; = span(e;), we have the irreducible ad(p(1))-decomposition

P =p1DPpoDps D py. Consider the 2-forms on py

wy = et 40wy =t e Wy = e e (2.11)

2

and notice that w? = w3 = wg, = 2¢4567

and w; A wy, = 0, for any | # m.

Recall that we denote by 91(87)81’(2) the bundle of Sp(2)-invariant Ga-structures on S’, and by
Sym? (T*S7)**() the bundle of Sp(2)-invariant Go-metrics. As sets, the following equivalences
hold (see Lemma 2.7)

. Ad(Sp(1)
(8P = AL (p) M) ~ (CL(p) - )

and
Sym?2 (T*S7)%P(2) ~ Sym? (p*)AdEP(),

where the left GL(p)-action is defined by © - := (©71)* for the Ad(Sp(1))-invariant morphism
© € GL(p) and the 3-form ¢ € Ai(p*)Ad(Sp(l)). Looking into GL(p)24PM) | the splitting (2.10)

establishes the inclusion
h

in such a way that, for any (z,y) € p with = € p; @ pa ® p3 ~ sp(1) and y € py ~ H, we have
Ad(h)(z,y) = (x, hy). The equivariance condition Ad(h) o © = © o Ad(h), for each h € Sp(1),

implies
D
0= with D € GL(p1 ®p2®p3) and a€ R~ {0}
alyxa

We highlight that A3(p*) has only two open GL(p)-orbits, generated by two Gy-structure ¢ and

AdSP(D) has two open orbits induced by open subsets of GL(p)Ad(Sp(l)) ~

GL(p1 @ p2 @ p3) x R\ {0}, corresponding to the orbit of a Ad(Sp(1))-invariant Ge-structure ¢

a ¢. Likewise, A®(p*)

or @.

In accordance with [39], we denote by ng, the rank of the bundle Q2 (ST)*() and by no(7)
the rank of Symi(T*S7)Sp(2). The following Lemma contains an alternative proof of Reidegeld’s
assertion that ng, = 10 and ng(7) = 7. It provides moreover an explicit description of all Sp(2)-
invariant Go-structures and their induced Sp(2)-invariant metrics, in which p is identified with
the tangent space of S” at the orbit of the identity o = Lsp(2)Sp(1). Furthermore, it distinguishes

Ad(Sp(1)) Ad(Sp(1))

the open subset in GL(p) which parameterises A% (p*) :

Lemma 2.12. [35, Lema 1.1] Consider the homogeneous space Sp(2)/Sp(1) with the reductive
decomposition (2.10). The Ad(Sp(1))-invariant Ga-structures on p have the form

o= ade'? + (ozle1 + e’ + a363) Awi + (5161 + Boe? + ﬁge?’) A wa

X , \ (2.13)
+ (y1€” + y2e” + 13€”) A ws,
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the coefficients of which satisfy
a1 G Q3
a-detD71 > 0, with Dl.= b1 B2 B3 1 Pp1 D P2 DPp3s — P1 D P2 D P3.
772 8
Moreover, the Ad(Sp(1))-invariant inner product on p, induced by (2.13), is given by
> (DD | 0

det(ljfl)LlX4 , (214)

B a
= det(D1)2/3

9
a3

and the induced orientation is parametrised by a € R~{0}. In particular, ng, = 10 and no7) = 7.

Remark 2.15. We have that the Go-structure ¢ induce a symmetric definite bilinear form

B:p xp— R, defined by
Bij := Blei, €j) = (eixp) A (ejap) A pler, €z, ... e7). (2.16)

By a long and straightforward computation, we get

By = 6a®(a} + 57 +~3) Bia =Bg1 = 6a®(ajas + B162 + 7172)
By = 6a*(B5 + B3 +73) Bag =Bsa = 6a®(aaas + P23 + 7273)
B3z = 6a®(a3 + B3 +73) Bz =B3; = 6a®(ajas + 163 +7173)

By = 601 (B2y3 — B372) — 602 (B1v3 — B371) + 6a3(B1y2 — foy1) for k=4,5,6,7,

Bij =0 otherwise.

Assembling the coefficients oy, Bk, vx (k= 1,2,3), we construct the matrix

Q] Qg a3

D'=| B B2 B

M2 98
Expressing the coefficients of (2.16) as
3 -1 -
Bij = 6’((DD) 7, 6,5 =1.2,3, (2.17)
By = 6det(D ), k=4,5,6,7,
we see that det(B) = 67a’(det(D1))S. For the definiteness of (2.16), we have
Bj; €Ry, VYje{l,..,7} <= a,det(D7!) € Ry. (2.18)

For the second part of the Lemma, recall that the inner product on p induced by ¢ is given by

(see [24])
1 B;;
i3 = 6279 det(B)1/0”
Condition (2.18) then guarantees the positive-definiteness of the inner product, which indeed takes
the form (2.14), by (2.17). Finally, the orientation \/det(g) = 6~7/% det(B)Y/? = a(det(D~1))?/3
is determined by the sign of a € R \ {0}.
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We fix henceforth an orientation by setting a > 0. Notice that Ad(Sp(1))-invariant Ge-structures
are parametrised by G := RT x GL1(3,R) (with positive orientation). Indeed, the invariant

3
Gy-structure (2.13) can be written as ¢ = (D(a)"!)*po where pg = e'* + Zei A w; is the

i=1
canonical Go-structure and
a
— D! 0 ap Qz ag
_ det(D—1))1/3 _
D(a) b= (det( ) (det(D_l))l/G for D' = Br B2 B3 |,
’ a7z i Mmoo N
for the pair (a, D) € RT x GL*(3,R). This yields a surjective map
©:(a,D) € R* x GLT(3,R) = ¢ = (D(a) ") pp € A% (p*) 24P, (2.19)

2.3 Distinguishing homogeneous Go-metrics

In [43], W. Ziller describes how the seven-parameter family of Sp(2)-invariant metrics falls into
isometry classes, which depend on four parameters. We will now apply his approach to the
Go-metrics of Lemma 2.12; in order to simplify the description of the space of Sp(2)-invariant

Go-structures, as a seven-parameter family.

The Sp(2)-invariant Gg-metrics are described in (2.14) by seven polynomials in ten variables.

Given a positive symmetric matrix of the form

= (ae/(ileﬁD) (a\?’/dleﬁD)t € GL(3,R), (2.20)

straightforward diagonalisation yields A € SO(3) such that S = AQA!, with Q = diag(r},73,73)
(if det A = —1 take A = —A). Furthermore, the 3-dimensional group SO(3) can be described
using the surjective homomorphism Y : Sp(1) — SO(3) given by

h2+h? —h2—h2  2(hiha — hohs) 2(hihs + hohs)
A:="T(h)=| 2(hihy + hohs) h2—h?+h3—h3 2(hohs—hoh1) |, (2.21)
2(h1hs — hohs) 2(hohs + hohy)  hi — h3 — h3 4 h3

for h = ho + h1i + hej + hsk € Sp(1).

The embedding
10
h € Sp(1) — € Sp(2
p(1) (0 h) p(2)

induces a conjugation Cj, := Ly 0 Rj,-1, by elements of Sp(1) and a diffeomorphism of Sp(2)/Sp(1).
Its differential acts on p by the standard representation on p; ®pa@ps ~ sp(1) and the Sp(1)-right

action on pg ~ H. In particular, its action at the orbit of the identity is
(dCh)o(x,y) = (hazh,yh) = (T(h)z,yh), for (x,y) € p.
Notice that (dCh), identifies the inner product (2.14) with
2 AY(DD") 1A | 0

T+ —1\2/3 det D_l )
det(D—1)2/3 e(a?))‘[4><4

where A = T(h).
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Hence, Sp(1) acts on Sp(2)/Sp(1) by isometries. Setting 7 = det D, this inner product takes the

form

1 1 1 717273
9= 5"+ S+ U+ o752 (@ + (@) + (9 + (1)), (2.22)
1 2 3 1
1
since a® = 1t 0 and fr = Aey (for k = 1,2,3). Therefore the Sp(2)-invariant metrics of

Lemma 2.12 are parametrised by (r1,79,73,74, h) € R* ~ {0} x Sp(1), provided 717573 > 0.

The following result reformulates a well-known condition of isometry between homogeneous

metrics of the underlying S” = Sp(2)/Sp(1), but from the point of view of Ga-structures.

Definition 2.23. Two Ga-structures q, @2 will be called isometric if they induce the same

metric under (2.16).

Proposition 2.24. Two Sp(2)-invariant Go-structures, described by (a, D), (@, D) € Rt x
GLT(3,R), are isometric if, and only if, @ = a and D = D - A with A € SO(3).

Proof. Let ¢ and @ be Go-structures described by (a, D) and (@, D), respectively. Consider the

induced bilinear forms B, B given by
Bij := B(ei,ej) = (eiap) A (ejap) N p(er, ez, ..., e7)..

According to theRemark 2.15 2.12, if ¢ and (@ are isometric, then

Bij Bij .
= = =1,...,7.
adet(Dfl)Z/S 6det(D*1)2/3, 1, )] ) 3

Equivalently,
CLQ(DDt)fl aQ(f)Bt)fl

det(D=1)2/3 " det(D—1)2/3

, (2.25)
a3 det(D7Y) = a® det(D7Y)
and therefore
DDt (DDY)
@det(DPF @ det(DS s
a® det(D) = @*det(D) > 0
Define A := D7'D, so that D = D - A. Then AA* = I and det(A) = jiigg% > 0, since

D,D € GL™(3,R), which actually implies det(A) = 1, hence A € SO(3) and a = a. Conversely,
if D=D-Aanda= a, it is easy to verify that (2.25) holds, thus ¢ and @ are isometric. O

By definition, the map ©(a, D) = @4, p = ¢ given in (2.19) is surjective. Consider (a, D), (a, D) e
R* x GL*(3,R) such that ©(a, D) = ©(a, D). Then D(a)'D(a) € G(po) ~ Gg, where

<p0:6123+61/\w1+62/\wz+e3/\W3.
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In particular, the Go-structures ¢, p and ¢~ 5 are isometric, so Proposition 2.24 implies @ = a
and D = D - A, with A € SO(3). Then, we have

D(@) ' D(a) = (AT‘L%) € Go.

From the invariance (D(a)"1D(a))* o = @0, we deduce that A = I3y3, so the map © is injective.
concluding that the space of Sp(2)-invariant Ga-structures on S” ~ Sp(2)/Sp(1) is described by

the homogeneous manifold

03 (ST)%P@ ~ R x GL*(3,R),

via the isomorphism Q3 (ST)3P(2) ~ A% (p*)24P(D) and the map

O: RF x GLH(3,R) — A? (p*)ME0(D)
(CL, D) = G(aa D) = Pa,D-

Since ST is spinnable, the map [23, eq. (11)]
B:pe (ST g, € Sym? (T*ST),

associating a Riemmanian metric to each Go-structure, is surjective. Now, using the above
affirmation and considering the isomorphism Sym? (T*M )5P(2) ~ Sym? (p)A4P() " we obtain
the surjective map B o ©, where B(y) = g, assigns the corresponding Ad(Sp(1))-invariant inner
product induced by ¢ € Ai(p*)Ad(Sp(l)).Moreover, by Proposition 2.24, ker(Bo©®) = {1} x SO(3),
and therefore, the corresponding space of Sp(2)-invariant Ge-metrics is an isomorphism which is
given by.

Sym? (1"87)%) ~ R* x (GL*(3,R)/SO(3)). (2.26)

In particular, the moduli space of Sp(2)-invariant Riemannian metrics described in [43] corre-

sponds to the 4-manifold

Sym? (1787)%) /Iso(S) = RT x SO(3)\(GL* (3,R)/SO(3)).

We conclude with some observations regarding the linear algebra of the degrees of freedom
contained in a pair (a, D) € RT x GL1(3,R). By (2.20), the matrix a~!/det(D~1)D is a square
root of the positive symmetric matrix S. However, S admits another representation in terms
of the eigenvalues 77,732,732 and the orthogonal matrix P = Y(v) (v € Sp(1)) obtained from

eigenvectors:

S =CC" where C=PyQ and /Q=diag(ry,rs,r3). (2.27)

If the matrix S can be written in the form (2.27), then was shown in [35, Proposition 1.4] that
there exists A € SO(3) such that

1

a/det(D)

D =CA. (2.28)
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Moreover, for any (a, D) € RT x GLT(3,R), there exists (rq, ...,74,v, h) € R {0} x Sp(1)? such

that
1 I
a= \3/7’177"727“3 > 0’ D= { r1r:r3’r(v)\/©}’r(h)' (229)

In summary, from the expression of D in (2.29), the elements inside the square brackets determine

the metric. So, up to isometry, we have

rirars
Girrrarar) = 2(€) 5 (@) + (@ + f 52 (€4 + () + () + (1)), (230)
1 2 3 4

The isometric family of Ga-structures ¢ := ©(p, vy s ry) 18

L o3 5/ 7273 12 2 2 2\ 1
= — hi +hy —hs —h
¥ T1r2T3e + rir%( o +hi—hy —h3)e
T 17T
+23 %(hﬁm — hoh3)€2 + 2§/¥(h1h3 + h0h2>63> N wq
4T3 473
ToT T
+ (2 3 55 (hiha + hohs)e' + {l 5o (h3 — h3 + h3 — h3)e? (2.31)
7"47"1 T‘4’I"2

+ QW(}LQ}LB - h0h1)€3> N wo + <2 3 %(hlhg — h0h2)€1
4'3 4"1

r rr
+2 féﬁ (hohs + hohi)e? + \S/E(hg —h?—n2+ hg)e3> A ws,
4" 2 4173

According to the reductive decomposition sp(2) = sp(1) @ p, where Ad(Sp(1))p C p, the tangent
space of S7 at the identity class o = Lsp(2)Sp(1) is identified with the Ad(Sp(1))-invariant

complement vector space p. Moreover, each Sp(2)-invariant Ge-structure on S” is determined
by a Go-structure on p ~ T,S” which is invariant by the Ad(Sp(1))-action, i.e. 91(87)Sp(2) ~
A3 (p*)A4SPM) | From the identification 91(87)513(2) ~ RT x GL*(3,R), each such isometric class
is described by a SO(3)-orbit (Proposition 2.24):

03 (STPP 5  +— (a,D) € RY x GLT(3,R), with B, =~ (a, D -SO(3)),

for each g, € Symi(T*S7)Sp(2).

2.4 Gy-structures in different isometric classes

We now propose an approach to explicitly parametrise and study different isometric classes of

Sp(2)-invariant Go-structures on S7. By considering Sp(2)-metrics only up to isometries, we

Ad(Sp(1))

describe the reduced space Sym%r (p) in terms of just 3 parameters.

Set r = (r1,79,73), with r1, 79,73 > 0, and consider the Ga-structure

1 TorT3 rirs r17r9
r = 736123 -+ Tel A w1 + 7262 A w2 —+ T@S A\ w3, (232)
(rirors) T r5 3
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with dual 4-form

Py 1= *Qp = (r1r2r3)2w—% + T—geu A w3 — T—zel?’ A wg + Le23 A w1
2 rir3 r2r2 rar3 ’
and induced Go-metric
g = :?(61)2 + :g(e;?)2 + %(63)2 + rirars((eh)? + (€2)2 + ()2 + (e7)2). (2.33)

Proposition 2.34. [9, Eq. 3.6] Let M7 be a manifold with Go-structure such that ¢ induces the
Riemannian metric g. Then all the other Go-structure on M inducing the same metric g can be
parametrized by a pair (f, X) € C(M) x X(M) where f is a function and X is a vector field
satisfying f* + \X\z = 1. The explicit formula for the Ga-structure oy x) corresponding to the
pair (f, X) is

o) = (F7 = 1 X)) — 2f (X ) + 2X° A (X ). (2.35)

where 1 = xp and the norm of X is taken with respect to g.

Remark 2.36. In [35, §2, Lemma 2.1], was shown that the Ga-structures of the form (2.52)
can be expressed according to Bryant’s description of isometric Go-structures as sections of a
RP"-bundle for Sp(2)-invariant Go-structures. Then, if the isometric Go-structures o(f,x) and
¢ in (2.35) are Sp(2)-invariant, then f must be a constant function and X is a Sp(2)-invariant

vector field. In particular, the Go-structure (2.31) has the form
© = Pho,X) = (hg — | X*)or — 2ho(X 2tpr) + 2X° A (Xopy) for RE 4+ |X|? =1,

where X = rShie; + r3hoey + rihses € X(ST)°P?) is an ad(sp(1))-invariant vector of p, and
1 X]? = go(X,X) =1 - h.

In particular, back on M = ST, we can compute the torsion forms of the Go-structures o, given
by (2.32) using the Chevalley-Eilenberg differential

i 1
de'(ej,ex) = —5¢ (lej. exlp),

and the Lie bracket in terms of the basis (2.9) given by

[-, } 1 V2 VU3 (&) €9 €3 €4 €5 €g er

U1 0 21}3 —21}2 0 0 0 —e7 (&1 —E€5 €4

vy | —2u3 0 2v1 0 0 0 —eg —er eq es

V3 2v9 21 0 0 0 0 es —ey —er €6

€1 0 0 0 0 263 —262 er €6 —€5 —€4
€9 0 0 0 —263 0 261 —€g (&rd €4 —€5
es 0 0 0 2e9 | —2e 0 es —ey er —eg
eq er eq —es —e7 eq —es 0 v3 + €3 —V9 — €2 | —V1 + €
es —eg ey €4 —eg —e7 ey —v3 — €3 0 v1 +eq —V2 + €2
€6 es —eq | ey es —eq4 | —e7 | vatey | —v1 —eq 0 —v3 + e3
er —ey4 —e€5 —€4 €4 €5 €6 v — el V2 — €9 V3 — €3 0

(2.37)
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The differentials of the dual basis are

de! = —2¢% — det = el — 26 4 ¢35, deT = —el4 — 25 _ (36
de? = 23 + wo, de® = 16 4 27 — &34, (2.38)
ded = —2e1? — w3, deb = —e!® &2t 4 37,

and, by the Leibniz rule,
dwy = —2¢2 Awsg — 2¢3 A wo, dwo = —2et A w3 + 2¢3 A w1, dwsg= 2¢! A wy + 2¢2 A wi. (2.39)

The Levi-Civita connection V induced by the corresponding left-invariant metric [3] acts on

p ~ T,S7 in the following way:

1
VYo = e (VY en) = Egr([ep,Y]p, em) + ge(U(ep, Y), em)

1 1 1 (2.40)
= §gr([€pv Yip, em) + §9r([€ma eplp,Y) + §9r([em7Y]p7 €p);
where U : p X p — p is defined by
20:(U(X,Y), Z2) = g:([Z, X][p, Y) + 9 (X, [Z, Y]p), (2.41)

and X, Y, Z Killing vector fields in p, note that U is symmetric tensor. We now can introduce

the divergence of a (p,0)-tensor ¥ as the (p — 1,0)-tensor
(divd) (Y1, ..., Ypo1) i=tr (Z = (V29) (-, Y1, ..., Ypo1)).

The full torsion tensor (1.32) of ¢, x), as well as its divergence, can be expressed in terms of

1/3

(ho, X) and (py, 1r, Ty) [14]. Let us consider, from now on, the Ansatz 11 =ro =r3=1""°,s0

the metric prescribed in (2.33) is
gr(u,v) = 13 (u,v), Vu,v €pr Spa D ps and g, (u,v) = %(u,w, Yu,v € py. (2.42)
The corresponding isometric family is
or = 73612 | ((hg + h2— 12 — h2)e! + 2(hihg — hohs)e® + 2(hihs + h0h2)63) Awi
+ (2(hihs + hohs)e! + (hg — hi + h3 — h3)e? + 2(hahg — hoh1)e®) Awp  (2.43)

+ (2(h1hs — hoha)e! + 2(hahs + hoha)e? + (h§ — hY — b3 + h3)e®) A ws.

According to the equation (2.29), we have that ¢, = ©(r.Y(h)) where T is the double cover
homomorphism of SO(3), cf. (2.21). Moreover, the induced dual 4-form is

1
r = ﬁw% + r((h% + h2 — h3 — h2)e® — 2(hihy — hohs)e'® + 2(hihs + h0h2>612) Ao

(0
+7(2(hhs + hohg)e® — (h — h? + b3 = h3)e™® + 2(hohs — hoh1)e'?) A ws
+7(2(h1h — hoha)e® = 2(hahs + hohi)e™ + (B — b — h3 + h3)e'?) Aws.

(2.44)
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To compute the terms dy, and di,, we use the exterior derivatives (2.38) and (2.39):

d(6123) —— B Aw —eP Awy — e Awy,

de' Awy) = =23 Awy + 2B Awy 4 2e1? Aws — w?,

d(e2 Awp) = 2e'3 A wi + 2€23 A wo,

d(e®* Awr) = —2e Awy — 2% Aws,

d(e1 Awy) = 2e% A wy — 2e!3 Awy,

d(e® Awy) = =22 A wy + 2e'3 A wy — 2e!? A ws + w2,

2

d(e3 Aws) = —2e'2 A wy — 2e!3 A ws,

de! Aws) = —2e® Aws —2e? Awy,

d(e® Aws) = 2eB Aws+2e'2 Awy,

d(e Awz) = 2e® Awp + 2P Awy — 26! Awz —wi.

Similarly,

d(e?® A wy) =0, d(e® Awp) = — €3 A w? 4 2e1?3 A ws,
d(e Awy) = — e Aw? — 2e!3 A wy, d(e® Awy) =e3 Awi — 2?3 A ws,
d(e'3 A wy) =0, d(e? Awy) = — el Awd +2e' Awy, (2.45)
d(e?® Aws) =e* Aw? + 26" A ws, d(e'® Aws) =e! Awd —2e1%3 A wy,
d(e'? A ws) =0.

For the Ga-structure ¢, from (2.43), with associated 4-form 1, = xp,, substituting the above
equations into dy, and di), yields:

de, = — <8h1h3€12 + 8hohzel® 4+ (3 — 8h3 + 2)623> A wy
+<8h0h1612 —(r® — 8h3 +2)e!® — 8h0h3623> A wo (2.46)
— ((7“3 — 8h? + 2)e'? — 8hghie!d + 8h1h3€23) Aws — (1 — 4h3)w?
diy, = —8har (6123 A (hiws + howy — hawy) + (hse! + hoe? — hie3) A o;%)
Furthermore, we deduce that
sdip, = — 2r%(1 — 4h3)e'? — %((r?’ — 8h3 + 2)e! — 8hohge? + 8hihge®) A wi
— %<8h0h361 — (13 — 8h3 +2)e? — 8h0hle3) A wo (2.47)
- %(Shlhgel + 8hohie? + (r* — 8h3 + 2)e*) Aws,

1
«dib, = Sho <T4h1612 + rthoe’® — rthse® + 7<h3u)1 — howa — h1w3>)- (2.48)
T

We are now in position to compute the torsion forms of these Go-structures.
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Proposition 2.49. The torsion forms of the Go-structure ¢, defined by (2.43) are:

_ 45 2 2
Ty = —%(r (1 —4h2)+(5—8h2))»

3
T = —72(?” + 2)h2 (hgel + h0€2 - hleg),
3
8(r* —1)h 1 1 1
Ty = —(3)2 (h1(2T612 + r—2w3) + ho(2re'3 + 3 wy) — ha(2re® + ﬁwl)),

73 =iy, ((727)i5) = (727)ij (gr)" da’ A (er ;).

1
where the components (To7)ij = Zj¢(73)ij define the matriz

7‘3p3(7“) s(r)hohs  —s(r)hihs
2 | s(r)hohs rpo(r)  —s(r)hoh
2 | —s(r)hihy  —s(r)hohy  3pi(r)

727 =

| (n(r) — (5r° — 4)h3) Laxa

with pr(r) = 7(r3 — 2)hi + (973 — 10)h3 — 4(r®> — 2) ,k = 0,1,3., s(r) = 73> — 2) and
k

Proof. Taking the induced metric g, induced by (2.43), substituting the equations (2.46) and

(2.47) into the formula (1.30), and using the identities w? = w3 = w3 = 2¢1%67

(I # m), we obtain

and w; A wy, =0

4 w? 4
o = —?(r?’(l — 4h2) + (5 — 8h2)) « (6123 A 71) = —ﬁ<r3(1 —4h3) + (5 — 8h§)),
1 808 +2 wi
n=15 " [(7‘) (h1h2612 — hohge!3 — h3h2623> A 71}
_M(
3

h3€1 + h0€2 — h163>.

Now, having in mind the torsion identity for 75 in (1.30), we use the above expression for 71 to

compute:
2(r3 + 2)h
*(7‘1 A 1/17«) = (T—:’;)Q * ((T(hgwl — howg — hlwg) A el?3
+ i( — h3€1 — h062 + h1€3) VAN &2)
r2 2
2(r% + 2)hy 1

. 1 1
23 13 12
= 73 < —rhge®® + rhpe” +rhie° + 2 hgwi — 2 howo — o} h1W3).

On the other hand, we already have an expression for *di, in (2.48), so we obtain

8(7“3 — 1)ho 12 1 13 1 23 1
Ty = —f(hﬂ%e + T—ng) + ho(2re™” + ﬁwQ) — h3(2re™ + T—le)).

Finally, the coefficients of the traceless symmetric 2-tensor 77 are

1 1

(7_27)ab = ngo(T?))ab = Z * (ea—“Pr N epapr A 7—3)7
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where 73 = *dp, — 10, — 3% (71 A ;) is the torsion 3-form. In terms of the dual basis to (2.9),

the torsion 3-form is 5

123
73 =23 + Y Yeae® Awa,
c,d=1

where the coefficients 7123 and 7.4, for ¢,d = 1,2, 3, are obtained from (2.47) and the previous
torsion forms 79, 71. The explicit computation of (727). involves polynomial operations for
h = (ho, h1, ha, h3), subject to the unitary condition hh = 1, which quickly get out of hand. We
resorted to the MAPLE computer algebra system to obtain the expression of 157. However, the
computation can be carried out by systematically applying the operator j, on the basis elements

involved in 73 (cf. Lemma 2.50). O
Lemma 2.50. [35, §2, Lemma 2.6] Given h € Sp(1), consider the linear map defined by
A(x) = hzh, with = € p ®ps D p3,

and denote by (Agp) its induced matriz, in the basis {e1, e, es} from (2.9). Thus, the image of
2 e A(py @ p2 @ p3)* and €™ Aw, € A3p* for m,n = 1,2,3, under the operator Jo are

G %gr(ea,eb), for a,b=1,2,3,
jo(e™ ANwp)ay = 2r(Apndma + Aandnp), for a,b=1,2,3,
jo(e™ Nwp)ay = —TQquAuvempuanng(ea, ep), for a,b=4,56,7,
j¢(6123)a =jo(€™ ANwp)ep = 0 otherwise,

where epqn, = £1 is the sign of the permutation (p,q,n) ~ (1,2,3).

We know from [43] that, up to isometry, any Sp(2)-invariant metric is a multiple of the inner

product expressed in terms of an oriented left-invariant coframe e',... e’ € 91(87)Sp(2) by
IR IR TO IR PV S IRt 4\2 5\2 62 7\2 951
gr = 5 (e) "+ ()" + —(e’)" +rirars((e®)” + ()" + (e”)" + (e")7), (2.51)
L1 Ty r3
with 71,...,r3 > 0 and r := (r1,r2,73). The corresponding isometric class of Go-structures is

parametrised by

P(r,h) = (7’17";«3)36123
+ (Tig?)(h +h3—h3 —hd)e' + 2“—23(h1h2 — hohs)e* + Q—B(hlhg + h0h2)63> Awi
+ (2 = 3 (hihy + hohs)e! + “’;’ (h2 — B2 + B2 — h2)e® + 2%(@13 — hoh1)e?) A ws
+ (zré (hihs — hohg)e! + QT(thg + hohy)e? 7{;2 (h3 — h3 — 3+ h3)e®) A s,
(2.52)
with (hg, ..., h3) € H a unit quaternion parametrising a SO(3)-transformation and wy,...,ws €

0Q%(ST)P?) as in (2.31) below.
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Remark 2.53. The curvature formula [3]

(ROGY)Y, X) = =Y = 21X V], V) = 5 (1Y, X X)

+ ’U(X, Y)|2 - <U(X7X)7 U(Y7Y)>

implies that the invariant metric induced by the isometric family (v/2, ho, h1,0, h3) has constant
sectional curvature K (X,Y) = % On the other hand, Friedrich et al. prove in Lemma 1.51 and
Proposition 1.52 that, on a given 3-Sasakian manifold (M 7 g), the Berger metric g°, obtained
from g by conformal deformation along the 3-dimensional foliation, is Einstein if, and only if,
s=lors=1/ /5. Moreover, it is nearly-parallel for s = 1 / V5. Somewhat similarly, the Einstein
metrics g 35 and g {/275 induced by the Go-structures

2
(\f/;,o,o,il,()) and  (V/2, ho, hi1,0, h3)

1
are homothetic to the metrics g* and g¥5 of [17, Lemma 5.3], respectively:

1 1 1
1
g :Tﬂg% and 9“5:\3/7—09%/%'

Theorem 2.54. Let r1 =1y =15 =1 /3 in (2.52). Then each S®-family of G-structures
B, :=0({r} x SO(3)) = B~ (9,)*"® ~ &’
determines a distinct isometric class. Moreover, in terms of the equator and poles
S? ~ {(hg,h1,0,h3)} and NS~ {(0,0,%+1,0)},

we characterise the following torsion regimes in each isometric class B,., up to the diffeomorphism

O:

1. The coclosed Ga-structures correspond to {r} x S* and {r} x NS.

2. The nearly parallel Go-structures correspond to {¥V/2} x S* (round) and {{/2/5} x NS
(squashed).

8. The locally conformal coclosed Go-structures correspond to {1} x S?.
Furthermore, there are no locally conformal closed or purely coclosed structures in B,.

Proof. Any D € SO(3) is described by h € S® using the double cover homomorphism D = Y (h)
from (2.21). Also recall that the torsion forms in the present case are explicitly computed in

Proposition 2.49.

Claim (i) follows immediately by solving the equations 71 = 0 and 75 = 0, (i.e. dg, = 0), from
which we get
h2:0 or h0:h1:h320.
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For claim (ii), we further impose T97 = 0 (i.e. dg, = 101, and di), = 0), which implies 7> = 2,
for the case hy = 0, and 1> = 2/5, for the case hg = h; = hg = 0. Finally, claim (iii) stems from
the fact that dy, = 41 A ¢, implies dm A ¥, = 0.

To conclude the proof, we use (2.38) to check that dm; = 0 implies 71 = 0. Now, in the coclosed

class, the torsion 0-form can only take the following values:

- (’"7”’)7&0 if hy = 0
T0 — r . ]
12
7(r+)¢0 if ho = hy = hg = 0
Proposition 2.55. The norm of the full torsion tensor (1.32) of p, is

1
T(r)2 = 55 (4% = 147% + 19 + 8(r5 + 2)(r* — 1)13). (2.56)
r

1
Proof. Since each term of the full torsion tensor T'(r) = %gT - (Tl)ﬁ_up,« — 5T T belongs to

an irreducible component of p ® p* = W1 & Wy & Wiy & Woar, respectively, we have

2
T, 1
T(r)]? = %\9742 + o ® + () ar* + Zszlz-

Using the expressions for the torsion forms found in Proposition 2.49, we have
7'3 2 L /3 2 2 1 2
B0, = o (P20~ 413 + G- 84)) = o (0 45— 4% + 213)
For the next term, since 797 is symmetric, we have
4
27| = 02 (pg(?“)2 +49(r® — 2)2h§h3 +49(r® — 2)?h3h3 + 49(r® — 2)*h§h3 + po(r)?

25
+49(r3 — 2)2h2h? + 49(r® — 2)2h2h3 + 49(r3 — 2)%hERT 4 p1(r)? + = (r® — 2)?

16
5
+(5r° = 413 — S (r* = 2)(50° — )13
1
=73 ((152r — 28873 +160)(1 — h3)? — (200r° — 240r® 4 64)(1 — h3)

+ 7518 — 6013 + 12).

For the skew-symmetric part of T'(r), we use the identity goajkcpgk = 6gap:

16 1
()P 1l = 6172 4+ 5% — 1R3(1 — B e + S
8 64
= a2~ kD) + 507 D1~ )
8

(3r® — 4r® + 4)R3(1 — h3).

=
[\

Finally, a simple computation yields the norm of the symmetric part of T'(r):

2
1
%|gr|2 + |7 = ?72((24r6 — 323 + 32)hy — (167° — 4013 + 48)h3 4 470 — 1413 + 19). O
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2.5 A gradient flow of isometric Go-structures

In [24], Dwivedi, Gianniotis and Karigiannis studied the gradient flow of isometric Ga-structures.
This isometric flow is the negative gradient of an energy functional. Also, it was shown that at a
finite time singularity, the torsion must blow up, so the flow will exist as long as torsion remains

bounded. Moreover, in this flow was proved a Cheeger-Gromov type compactness theorem.

Other authors studied this flow in a differently such as Grigorian [21], who regarded this as a
flow of octonion sections and Loubeau and S& Earp [36], who used a more general concept of
a harmonic geometric structure, which is the Go case reduced to critical points of the energy
functional E, that is, Ga-structures with divergence free torsion. This fact was used in [35], where
was analysed this flow for a particular example of homogeneous space, which is ST = Sp(2)/Sp(1).
Moreover, in this section we give important results of the gradient flow of isometric Sp(2)-invariant
Go-structures on sphere S7 = Sp(2)/Sp(1).

Definition 2.57. Define the energy F on the set [p] by
1 2
E(p) = ; /M 1T, [2vol, (2.58)

where [p] denote the space of Ga-structures that are isometric to a given Ga-structure ¢ and

where T, is the torsion of .

Remark 2.59. The energy E on homogeneous space for invariant Ge-structures is given by
1
E(p) = §\T¢]2v01 (2.60)

Definition 2.61. Let M” be a compact manifold with a Go-structure ¢g. Consider the negative

gradient flow of the functional 4F restricted to the class [¢]. This evolution is given by

% = (divT})*py  and  ©(0) = o, (2.62)

We call (2.62) isometric flow of Ge-structures.

The existence of critical points of (2.58), and specifically of minimisers, has been studied using
the associated gradient flow [14, 20, 36]. In [35], the principal aim was to examine the behavior
of the critical points of the energy functional (2.58), restricted to a Sp(2)-invariant isometric
class of ¢,. Its critical points are harmonic Go-structures, characterised by a divergence-free
torsion [19]

divT'(r) = 0.

known as the isometric flow. In [24], Dwivedi, Gianniotis and Karigiannis shown that the isometric

flow preserves isometric classes of Go-structures which is equivalent to

of 1 o
i §<X, (divT;)*) and

X 1

1
= =5 F(divT}) + 5(outh)ﬁ x X, (2.63)

where {¢; = ¢(f,x)} is a family of isometric Go-structures defined by (2.35).
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2.5.1 Harmonic Gy-structures on the 7-sphere

The aim of this section is to compute the divergence of the full torsion tensor for isometric
Go-structures (2.43) with metric g,, and then find critical points of the energy functional E from
(2.58). We first show that, under our Ansatz, the divergence of the symmetric part of the full

torsion tensor will automatically vanish.

Lemma 2.64. Any Sp(2)-invariant symmetric 2-tensor is divergence-free, with respect to the

metric g, induced by the Go-structure p, f rom (2.43).

Proof. The divergence of a 2-tensor S is, by definition, the 1-tensor with coefficients (div.S); =
ViSij, where V is the Levi-Civita connection (2.40) of g,. The basis (2.9) in p is identified with a
frame in T'S” generated by the one-parameter subgroups exp(te;) C Sp(2). Thus, the symmetric
operator U from (2.41) at 0 € S7 is

29, (Ulei e5), ex) = gr([ei, exlps €5) + gr([e), exlp, €i),

using the Lie bracket (2.37) and the inner product (2.42), we get

20(+,+) e1 e es3 e4 es €6 er
el 0 0 0 (1 —=7er | (1—=13eg | (1 —1)es | (r® —1)eq
€2 0 0 0 (3 = 1eg | (1—=r3er | (1 =713)eq | (r® = 1)es
€3 0 0 0 (1 —=73es | (13 =1)eg | (1 —13er | (13 = 1)eg
€4 1—=rer | (P —1eg | (1 —1)es 0 0 0 0
es (1—7eg | (1—73er | (1 —1)eq 0 0 0 0
€6 (3 = Des | (1 —=13eq | (1 —713)er 0 0 0 0
e7 (3 = 1eg | (3 =1)es | (1 — 1)eg 0 0 0 0

(2.65)

We can now compute the divergence of a Sp(2)-invariant 2-tensor S:
(diVS)j ZVZ‘SZ‘]‘ = (ViS)(ei,ej) = ei(Sij) — S(Viei,ej) — S(ei7vi€j) = —S(ez,VZeJ)

as Ul(e;,e;) =0, for any i = 1, ..., 7. Now, since S is symmetric,

ZS e, [e1, eilp) = — 2832 + 25923 + Sy7 + S56 — Se5 — S74 =0
ZS ei, €2, e]p) = — 2513 + 2531 — Sag + Ss7 + Sea — S75 =0
ZS e, [e3, eilp) = — 2821 + 2512 + S5 — Ss4 + Se7 — S76 = 0
ZSeZ, eq, €ilp) = — S17 + Sa26 — S35 + S53 — Se2 + 571 =0
ZSel, es, €ilp) = — S16 — Sav + S34 — Saz + Se1 + S72 =0
ZS% €6, €ilp) = — S24 + S15 — S37 + Sa2 — S51 + S73 =0

ZS eis ler, eilp) = — Sa1 — Ss2 — Ses + S1a + S25 + S36 = 0.
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Note that Z S(ei, e, €;]p) = 0 implies that (div.S); = —S(e;, U(e;, ;). Referring back to table

(2.65), we obtain

(divS); = — u _2r3) (547 + S56 — Ses — 574) =0, (divS)s=— u _2r3) (517 — S26 + 535)7
(divS), = - ;TS) (S57 — Sus + Soa — S75) =0, (divS)s =— a _2’”3) (S16 — Sar — S34),
(divS)s = — a _27«3) (545 — S54.+ Se7 — S?G) =0, (divS)s=— u ;Tg) (524 — S5 + S37>7
(divS)y = — (-r (514 + S25 + 536).

Since S is an Sp(2)-invariant symmetric 2-tensor, it defines a g,-selfadjoint linear operator
Br : p — p, which commutes with Ad(h), for all h € Sp(1):

S(X,Y)=:g9.(8-(X),Y), for X, Y €p.
Let x : p1 & p2 P p3 — pyg be the linear map defined by x = m4 0 8, 0o Z, where 14 : p — py
denotes the projection onto p4 and Z is the inclusion p; @ ps @ p3 C p. It is easy to see that
Ad(h)ox = xoAd(h), for all h € Sp(1), so ker x C p1 Bp2Pp3 and im x C py are Ad(h)-invariant

subspaces, for all h € Sp(1). Since p4 is an irreducible Sp(1)-representation, either im y = 0 or

im y = p4. Yet, by dimensional reasons, the latter cannot hold:
dim(im x) < dim(p; © p2 @ p3) = 3 < 4 = dim(py).
Therefore 5, (p1 @ p2 @ p3) C p1 D p2 @ p3. One may check analogously that f,(ps) C ps. Hence
S(X,Y) =g,(6r(X),Y) =0, for Xepidp2®ps and Y € py,

so, Si; =0, for i € {1,2,3} and j € {4,5,6,7}. In particular, the remaining components (div.S),
k=4,5,6,7, are also zero. ]
Proposition 2.66. The full torsion tensor T(r) of the Ga-structure (2.43) has divergence

4(r3 4+2)(r2 — 1)hg

divT'(r) = (hgel + hoe® — h163>.

In particular, in each of the isometric classes By (see Theorem 2.54), the families {1} x S3,

{r} x S? and {r} x NS are exactly the critical points of the energy functional (2.58).

Proof. Since the full torsion tensor (1.32) of ¢, is Ad(Sp(1))-invariant, we know from Lemma

2.64 that its symmetric part (i.e. 79 and 73) is divergence-free. Hence

1 1
divl = —=d* (11 Ay) — id*TQ =—xd(m A) + 5 * d(m2 A pr)

43 +2)(r3 =1
= (7’ + )(T ) <h2h3€1 + h0h2€2 — hlhgeg)
3r
8(r3 +2)(r3 — 1
L8002~ )
3r
A3 4+ 2)(r* = Dha 1, 2 3
. ( 3e” + hoe 1€ ),

(hzhgel + h0h2€2 — h1h263>
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where d* is the operator which is adjoint to d such that d* : QP(M) — QP! is defined by

d* = (=1)P+D+1 4 dx and the critical points of the energy functional (2.58) are parametrised

by solutions of

o 16(r3 +2)%(r3 — 1)
A

& r=1 or hg=0 or hg=hy =hg=0.

3
|divT(r)] h3(h3 + h? +h3) =0,

These cases correspond to the three families in the second part of the statement. O

Remark 2.67. In the context of Theorem 2.54, for a given r > 0, the set Crit(E|g, ) is described
as follows:

r # 1: the harmonic Gg-structures in the isometric class B, are precisely those parametrised by
the equator {r} x S* or the poles {r} x NS.

r = 1: all the Go-structures ¢ ), with h € S3, are harmonic.

2.5.2 The Ad(Sp(1))-invariant gradient flow of £

In this section we give the main results where the previous theorems and propositions were usedin
the isoemtric flow specializing to the case of Sp(2)-invariant Ge-structures, the pointwise norm
|T'(r)|? was computed with respect to the Sp(2)-invariant metric of S7 in Proposition 2.55 . It is
therefore everywhere constant and equal to the norm of the torsion of the Ad(Sp(1))-invariant

Go-structure ¢, € A3(p)*, hence
Blgr) = 3T (r)Pvol,, (7).
Moreover, the divergence of the full torsion tensor is an Sp(2)-invariant 1-tensor:
(divT ) (p) = Ly ((dLy—1)o(divT, 1) (0) = Ly (divT (r) ) (o),
where p = z - Sp(1) € S7, in particular o = Lsp(2)Sp(1) is the orbit of the identity, and
divT(r) := divT, € (p*)*4EpM),

Let {¢t}1e(—e ) be a solution of the gradient flow (2.62) of the Dirichlet energy functional (2.58).
By Proposition 2.24, a solution with initial condition ¢,, as in the Ansatz (2.43), is parametrised
by

ot = O(r, k(t)h), with h,k(t) € Sp(1) and k(0) = (1,0,0,0).

Letting
m(t) = k(t)h = (m07m1am27m3) € Sp(l)a

the divergence of the full torsion tensor of ¢, is

4(r3 4+ 2)(r3 — 1)mq

divT; .= diva(t) = (mgel + mer — mleS).
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Applying Remark 2.36 to the equations in (2.63), we find the explicit evolution of each component
of m(t):

dmo  2(r3 +2)(r® — 1)ma

a 2 (moms),
d 2(r® +2)(r* — 1
my (r° 4+ 2)(r )mea (m1ms),
. r2 (2.68)
dt = 2 (=mg —my —mj3),
dm3 2T3+2 7'3—1777,2
Remark 2.69. In matrix form, the system (2.68) is a first-order non-linear ODE,
0 0 mog O
dm(t)  2(r*+2)(r® -1 0 0 0
m(t) _ 20 +2)07 = Lm m m(t) = (m(t)) (2.70)

dt 72 -mog —m; 0 —mg

The short-time existence and uniqueness of solutions of (2.70), with any initial value m(0) =
h € Sp(1), follows from the Picard-Lindel6f Theorem, since ¥ : H — H is locally Lipschitz
(polynomial, de facto). Namely,

t
m(t) = h +/ U(m(s))ds, —e<t<e
0
This agrees with the short-time existence results in [14] and [36].

Proposition 2.71. [35, §3, Proposition 3.7] Given any initial value m(0) = h = (ho, h1, ha, h3) €
Sp(1), the ODE (2.70) admits the following unique solution, defined for all t € R:

ma(t) = ha , (2.72a)

4(r342)(r3—1)t
\/(1 —h3)e” T+ h3

2(r342)(r3 —1)t
2

mp(t) = LA . for k=0,1,3. (2.72b)

4(r342)(r3—1)t
\/(1 — h3)e r2 + h3

In the following Remark describes the landscape of limiting harmonic homogeneous Ga-structures

for the flow (2.68) at infinity. This can be seen as a concrete instance of the general theory [36,
Theorem 3 & Remark 22|, which predicts subsequential convergence to a harmonic limit, under
uniformly bounded torsion, hence long-time existence for homogeneous structures. However, in
the present context, we get to be much more precise. Since we’re ultimately studying a gradient
flow, solutions are expected to flow, forwards and backwards, between critical regions, in this
case the equator and the poles of the 3-sphere. This Remark tells us exactly how such gradient

flow lines behave:

Remark 2.73. [35, §3, Theorem 6] Given an initial condition m(0) € Sp(1), let m(t) be the all-

time solution of (2.70) from Proposition 2.71, and let ¢(t) = ©(r, T(m(t)) be the corresponding
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solution of the isometric flow (2.62). Then there exist subsequences ¢ + — oo such that
k

m(tnki) — Mico € Sp(1), and

Ptoo = P(r, T(Mtoo))
are harmonic Ad(Sp(1))-invariant coclosed Gg-structures. According to the parameter r» > 0 and
the hemisphere determined by the initial sign oy := sign(msg(0)) = %1, the flow on the 3-sphere
behaves asymptotically as follows:
r<1: m(—o0) € {r} x §* and m(co) = (0,0, 02,0) € {r} x NS.

r>1: m(oo) € {r} xS? and m(—o0) = (0,0, 09,0) € {r} x NS.



o7

3 The Laplacian coflow on contact Calabi-

Yau 7 — manifolds

The main problem is that it is not known whether solutions to the Laplacian coflow of Gs-
structures actually exist in general, even for an arbitrarily short time. There is a modification of
the coflow (3.11) which does have guaranteed short-time existence, but the critical points are
no longer closed and coclosed 4-forms, so it does not currently appear to be useful as a tool for

studying key problems in Go geometry.

Trying to analyse the Laplacian coflow on contact Calabi-Yau manifolds, we find interesting
results that will be explained below. We give an introduction about important results for the
Laplacian coflow [18, 28] which are going to be very useful in the analysis of the Laplacian
coflow of Go-structures. Then, we show a new example of a solution to the Laplacian coflow of
Go-structures on contact Calabi-Yau manifolds in Theorem 3.22. This solution has a singularity
at t = —1/10. In particular, in Theorem 12 was shown that it is volume collapsing and collapsing
with respect to the normalized metric at —1/10. On the other hand, we analyse solitons on a
contact Calabi-Yau manifold M given in Proposition 3.96 using the important Theorem 3.75
where we show that for a coclosed Ga-structure ¢ with associated metric g, dual 4-form ¢ and a

vector field X on M, we have

Lxy =0 ifandonlyif Lxg=0 and Curl(X)=0.
We start with the following definition.

Definition 3.1. A time-dependent Go-structure ¢; on a 7-manifold M, defined for ¢ in some

interval [a,b), satisfies the Laplacian coflow if for all ¢ € [a,b) we have

0
ot = Aeve, (3.2)

where 1)y = x4 is the Hodge dual 4-form of ¢; and A; = dd* + d**d is the Hodge Laplacian
with respect to the metric g; = g,, and fixed orientation given by g. We will always restrict to

solutions so that ¢; is a coclosed Ga-structure for all ¢, i.e. dio, = 0 for all ¢ € [a, b).

If M" is compact then the volume of M determined by the Ga-structure ¢ on M is:
1
H(p) = Vol(M, ¢) = - /M 6 A . (3.3)

Proposition 3.4. [18, Proposition 3.4 and §4] The flow (3.2) for coclosed Ga-structures %, is
the gradient flow of the volume functional in (3.3) restricted to [x,p] and the critical points are

strict local maxima for the volume functional (modulo diffeomorphisms).

Therefore the evolution of the metric, the inverse metric and volume form are given in the

following proposition:
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Proposition 3.5. [18, §3, Proposition 3.1] Under the flow (3.2), the evolution equations are
given by

gg:2CurlT—|—ToT—i—2T2:—2Ric+ToT+2(trT)T,
ovol 1

— =_(IT] T)?)vol

VL (TP + (T vol,

0

aT:AT—2V(olivT)+Rm®T+(VT)@T+T®T®T,

where ® is some multilinear operator involving g, @, and A denotes the Lichnerowicz Laplacian..

This follows from [21, Lemma 3.1], Lemma 1.56 and the fact that T is symmetric, so Curl(7) is

traceless and

Curl(CurlT) = —AT + V(divl) + Rm®T + (VT)®+T ®T & T. (3.6)

Note that, the V(divT) term in the above equation is due to the negative sign of divT. As it
was shown in [18], the sign of divT" also causes problems at a much more fundamental level: It
prevents the flow (3.2) from being parabolic even along closed 4-forms. The following proposition
gives the linearization of A,. It is easy to see that for closed 4-forms, the symbol will be negative

in the A} direction, but non-negative in A3.
Proposition 3.7. [18, §4, Proposition 4.4] The linearization of Ay at 1 is given by
7['7(D¢A¢)(X) :d(diVX) Np+ l.ot

3 . 1
T1@27(DypAy) (X) =5 *l (Ah + ZHess(tr h) (Atrh)g

_1
2
— sym(Vdivh + Curl(VX)") + l.o.t) (3.8)

where x = *(X ) +i,(h)). Moreover, if x is closed, we can write DyAy as
DyAy(x) = —Ayx — Ly + 2d((divX)e) + dF(x) (3.9)

where 5
Vix) = EV trh —2Curl X (3.10)

and F(x) is a 3-form-valued algebraic function of x.

We see that the term d((divX)p) appears in the linearization (3.9) for exactly the same reason
as the term —V/(divT’) in Proposition 3.5, namely, the wrong sign of the 77 component of Ay.
In [18] is fixed in a modified Laplacian coflow has been proposed:

%—f = Ayt +2d((A —trT)ep), (3.11)

where A is some constant. Since for coclosed Go-structures VtrT = divT, the leading term
in the modification precisely reverses the sign of the A‘% component of the original flow (3.2).
The additional term in (3.11) also allows to prove short-time existence and uniqueness, hence
completing the requirement for (3.11) to be a Ricci-like flow. The proof is given in [18], follows
a procedure similar to the approach taken by Bryant and Xu [7] for the proof of short-time

existence and uniqueness for the Laplacian flow (1.74).
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3.1 New solutions of the Laplacian coflow

Motivated by [22], we consider a contact Calabi-Yau manifold (M7,7,®,Y) (see Appendix A.4),
where (M,n,&, @, g) is a Sasakian manifold with contact form 7 and transverse Kéhler form

w =dn, and T is a nowhere vanishing transversal form on D = kern of type (3,0) satisfying

TAY = —iw® and dY =0.

In this section, we find a new solution to the Laplacian coflow of Go-structures on contact
Calabi-Yau 7-manifolds having singularity at ¢ = —1/10. We shall analyse this solution in Section
3.3.

Proposition 3.12. [22, §6, Corollary 6.8] Let (M,n,®,Y) be a 7-dimensional contact Calabi-

Yau manifold. Then M carries a coclosed Ga-structure defined by
p=nAw+ReT, (3.13)
where w = dn. Furthermore, dp = w Aw and its corresponding dual 4-form is given by

1
)=, = 5(,02 —npAImT. (3.14)

We want to consider the Laplacian coflow starting at the natural coclosed Geo-structure on a
contact Calabi-Yau 7-manifold (M7, 19, ®g, To)

wo = no Nwo + Re Yo, (3.15)
so that )
o = 5&;3 — 1o A Im Y. (3.16)

To this end, we consider the family of Ga-structures given by
ot = fthino A wo + hi Re Yo, (3.17)
for functions f, hy of time only, with
fo=ho=1 (3.18)
Also, we have the induced metric given by
gt = fin® + hign,

and its associated volume form
vol; = fthfn A volp,

where

1 . 1 — 1 _
volp, = gwg = 3T A To = ; Re(Ty) ATm(To),

so that evaluating (3.17) at t = 0 yields (3.15). We easily see from our calculations above that

1
Yy = §h§w§ — fih¥no ATm Yo, (3.19)
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and observe that ¢ = 0 in (3.19) yields (3.16). Therefore, we can calculate the torsion forms of

the Ga-structure y:
1
(r0)e = - (¢t A depr)
1
= = ((fihimo Awo + hi Re(T)) A fihjwi)

1
= oo fhino Awp

6
= —=. 3.20
1
Besides this, we have 7, = ﬁ(gp Adp) =0 and 7o = *(dip) — 4 % (11 A1) = 0, thus ¢, is coclosed.
Furthermore,
(13)t = xdpr — (0)et
6
= 2fZng Awy — %(fthfno A wo + h3 Re(T))
¢
8 6
= ?ft no N\ wg — ?ftht Re(To). (3.21)

We now show a solution of the Laplacian coflow (3.2) on a contact Calabi-Yau manifold given in

the following theorem.

Theorem 3.22. Let (M7,770, D, o) be a contact Calabi-Yau 7-manifold. The family of coclosed

Go-structures oy on M7 given by

@t = p(t) Y0 A wo + p(t)¥ 10 Re To; (3.23)
1
v = 5p(t)*/Pwf = mo A Yo, (3:24)

where p(t) = 10t + 1 and t € (—1/10,00), solves the Laplacian coflow (3.2) with initial data
determined by pg = ng A wo + Re Yg.

Proof. Let (M, no, ®o, To) be a contact Calabi-Yau manifold, {¢;} the family of Ga-structures
given by (3.17) and 9y = *;;. We may compute the Laplacian of y:

Appy = d x dgy
= d ¢ (fehiwo A wo)
= doxe (2t * - 3hiwg)
= d(2f;hy % - fihino A wo)
= d(2f%10 A wo)
= 2f2wg A wo. (3.25)

0
Differentiating (3.19) with respect to ¢ and using (3.25), we can compute (% = A4ty and then

equate the coefficients of g A Im ey and wg to obtain

B, B,
ahf = 4f2, afthi’ =0. (3.26)
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From the second equation in (3.26) and (3.18) we obtain
fr=hi?. (3.27)

Substituting (3.27) into (3.26), we have

gth;* = 4h; 5. (3.28)

The ODE (3.28) can be easily solved and, together with (3.18) and (3.27), we find that

he = (10t +1)Y/1° and  f, = (10t + 1)73/10, (3.29)

In conclusion, we have found a solution to the Laplacian coflow (3.2) with initial condition (3.15)
(or (3.16)), which has data:

@ = (10t + 1) A wp + (10t 4+ 1)1 Re Ty (3.30)

Y = %(IOt +1)%/%w2 — 5o ATm To; (3.31)

gt = (10t + 1) 73502 + (10t + 1) gp,; (3.32)

voly = (10t + 1)%/094 A volp,, (3.33)

where Dy = ker g, defined for all ¢ € (—1/10, c0). O

We notice that this solution to the coflow is immortal (i.e. exists for all positive time), but it
is not eternal, since it fails to exists for ¢t < —1/10. If M is compact, this will be the unique
solution of the general form (3.17) and (3.18), and we see from (3.33) that the volume is indeed

strictly increasing in time, tending to infinity, i.e.,
Vol(M,g) — oo ast — oo.

Definition 3.34. We say that a family of metrics g; for t € [0,T") is uniformly equivalent to the

metric go = g(x,0) if there exist a constant C' < oo such that

9(r,0) < g(a.1) < C(a,0),

forall z € M and t € [0, 7).

Definition 3.35. Let g; be a family of metrics ¢ € [0,T"). Then, g; is uniformly continuous if for
any € > 0 there exist § > 0 such that for any 0 < tg <t < T with t — ty < § we have

|gt - gt0|gt0 <g,
which implies that as symmetric 2-tensor, we have
(1 =2)gty < gt < (14 €)gs,- (3.36)

Proposition 3.37. Let p; be the solution to the Laplacian coflow given by (3.30) with associated
metric (3.32). Then, g; is uniformly continuous (in t) on any compact interval contained in
(—1/10, 00).
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Proof. Consider the family of metrics {g:} given by (3.32) where

gt = go + Bino @ no = awgp, + (ou + Br)no @ Mo

s o (3.38)
=p(t)"/"gp, + p(t)""n0 @m0
with p(¢) = 10t + 1. We define
Fi = gt — g1, = s190 + s2m0 @ no,
where s1 = oy — ay, and s2 = ¢ — ¢,. Therefore
|F 2, =6p(to)™ (p(£) %% = plto) /%) + p(to) > (p(t)"/* — p(t0)'/*)", (3.39)

which implies that g is uniformly continuous on any compact interval contained in (—1/10, co)

as required. ]

Proposition 3.40. [33, §3.2] Let ¢, be the solution to the Laplacian coflow given by (3.30)
with associated metric g, as in (3.32). Let Rmy denote the Riemann curvature tensor of g; and
let Rmé)0 denote the curvature of the transverse connection on Dy induced by the Levi-Civita

connection of go. Then
|Rmyf3, = (14 108)"*/5|Rmg° |2 + co(1 + 10t)

for some constant ¢y > 0.

3.2 Full torsion tensor

For convenience, we denote p(¢) = 10t + 1. Observe that the full torsion tensor for (3.30) is given

T .
by T; = Zogt — (127)¢, where 4(727)¢ = jo, (73). Thus,

6 _
() = =p(H)~", (3.41)
8 _ 6 _
(r3)e = =p(t)”""%n0 Awo — =p(t) "> Re(To).
Let & be the dual vector field of ny, X,Y € Dy and consider ¢; as in (3.30). Since (wp, Yo)
defines an SU(3)-structure on Dy, we have that wy A Re To = 0 and

(X3ReYo) A (YaReYo) Awo = 2¢p, (X, Y )volp,

(3.42)
(X wo) A (YIReYy) ARe Yy = —29D, (X, Y)VOIDO.
Therefore
jor(T3)0) (G0, &) = ()27 54 (wo Awo A T3)
= %p(t)‘4/5 x4 (wi A o)
_ (3')(8)p(t)_11/10, (343)

o ((13)) (&0, X) = 0,



Chapter 3. The Laplacian coflow on contact Calabi-Yau 7 — manifolds 63

Je ()X, Y) = —p(&) 10 (o A X owo AY Sy A 73)
+p()>1 %, (X 2Re(To) AY uipp A 73). (3.44)

Substituting (3.42) into (3.44), we obtain

Jor(T)(X,¥) = =2p(t) 109X, V). (3.45)

Thus, using (3.41), (3.43) and (3.45) we have

-
T = ( Z)tgt — (727)¢
3 ~
= o)~ (p(®) ™m0 @m0 + p(1)/gp)
_ ) (3.46)
—~ 7p(t)_”/1°no ® 1m0 + ;p(t)_s/mgp
3 1.
= —5p(t) 12000 @ no + 5P(t) 0.

In order to understand the tensor T} in (3.46), we use as well as some important properties of
K-contact manifolds. Since (M, ng, ®g, To) is contact Calabi-Yau, it is in particular Sasakian and,
therefore, a K-contact manifold (see Appendix A). It will be useful to find the full torsion tensor

nori.

Proposition 3.47. Let (M,no, ®o, Yo) be a contact Calabi-Yau manifold and let {¢+} be the
solution to the Laplacian coflow given by (3.30) with associated metric (3.32) and torsion Tj.

Then, we have

15

T 1) = p(t) (3.48)
Proof. Note that Ty = r1(t)g + ra(t)n?, where
L\ —3/10
£1(t) =2p(6) /1,
3
1 (1) + 1a(8) = — Sp(t) 1,

Using Lemma A.21 and g = ag + 8 given by (3.38), we compute |T}|?
IT(p,t)[? =Ti(es, €j)Ti(em, €n)gi™gi"
=6 (pt)'7) " (;p(t)_3/10>2 i <_23P(t)”/ 10>2 (%)~
:% ()=t

Note that lim |T}|? = 0. O
t—o0

Proposition 3.49. Let (M,no, ®o, Yo) be a contact Calabi-Yau T-manifold and let {p:} be the
solution to the Laplacian coflow given by (3.30) and initial data determined by vo = noAwo+Re Lo,
with associated metric (3.32) and torsion T;. Then divI; = 0.
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Proof. Let {g: = augo + Bin? = augp + (o + Bt)UQ} be the family of metrics given by (3.32)
where oy = p(t)™%/° and oy + B, = p(t)*/°. Using (3.46), we obtain

_ 1 _
T, = —2p(t) /102 4 P(0) 12g,. (3.50)

Therefore, from Remark A.27, we have, for each k, that

. 1 _
(divTy)e =V9(Ty)i = VI (=2p(t)n°)s; + QVftP(t) Y2(g1)s
= —2p(t)"/1OV % (in;) = —2p(t) /10 (; V¥ n; + 1 Vi)
— 2p(t)"/10 (miwij + mjwij) = 0.
O

Proposition 3.51. Let {¢:} be the solution to the Laplacian coflow given by (3.30) and initial
data determined by @9 = no A wo + Re Yo, with associated metric (3.32) and torsion Ty. Then

IVT|? = cop(t) 2 (3.52)

where ¢y > 0 is a constant.

Proof. We know that V9 g, = 0. On the other hand, by (A.23), we have that Vgéﬁo = Vggﬁo +
A(&o,&) = 0. Also, from Proposition 3.49, we know that divT; = 0, concluding that the only
non-zero terms in V97T; arise from ng—nQ, X € Dy. Moreover, from Remark A.27, we obtain that
(V9in)* € Dy, then

V% @) ) =lp() " VR ()} = Ip(8) " Pw (X, n( )}
=cop(t) " (p(t))~*/® = cop(t) !
with ¢g > 0 constant and g;(X, X) = 1. Hence, using (3.50), we obtain

VLT =] — 2p(t) "/ 1OV 7
=| = 2p(t) 2V (p(t)¥/5n?) |2
=4cop(t) 'ep(t) " = 4eop(t)

)
)

3.3 Collapsing contact Calabi-Yau manifold

In this section, we show that the family of Ge-structures given by (3.30) is volume collapsing
and collapsing with respect to the normalized metric at —1/10. Inspired by the work of Chen
[11], we use the quantity A(x,t) (see Eq. (1.80)) to show that the volume is collapsed.

Let ¢; be the solution to the Laplacian coflow (4) given by (3.30) on (Mjy,no, ®o, To) a contact

Calabi-Yau manifold. In what follows, we will give proofs for both Theorem 10 and 12.
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Proof Theorem 10. Using Proposition 3.40, Proposition 3.47 and Proposition 3.51, we obtain

1
Alw,#) :=sup([Rm(y, g + Ty, t)lg, + VT (y,1)[3,)2

NI

_ _ 15 _ _
=sup (p(t) YOIRmG [+ cop(t) ™ + —;p(t) " + c1p(t) %)

N =

=sup (p(t) 25| Rm& 3 + kp(t)~%)2, (3.53)

whit k£ > 0 constant. Therefore, if sup |Rm|y < C, we have
M

NI

A() =sup A, t) = sup (p(t) " (RmE | + kp()™°)")
M M
<kp(t)"?(1+ cp(t)*/?), (3.54)
where k, ¢ are constant. u

Definition 3.55. Let (M, ¢(t)), t € (T,b) be a complete solution to the Laplacian coflow, where
T € [-00,0), b € [0,00] and 0 € (a,b]. The solution ¢(t) with associated metric g(t) is called
locally collapsing at T if there exists a sequence of points x; € M, times tp — T and radii

e € (0,00) with 7 /t;, uniformly bounded such that the balls By, Tk, 7)) satisfy:

o (curvature bound comparable to the radius of the ball)
[Rm(g(te)| < 7% in By (@r, ),

o (volume collapsed of the ball)

vol, 1,y Bo(t) (ke k)
. g(tr) Pglte) ks "k)
klglolo rl =0

Proof of Theorem 12. We define A(t) = sup A(x,t). Note that it satisfies lim A(t) = oo as t —-
xeM
1/10. We have that the solution ¢; of the Laplacian coflow has a maximal interval (—1/10, c0).

Choose a sequence of points (x;,t;) such that ¢; — —1/10 and let x; be a sequence such that

K; — 00 we have

1
Mat) = sup (IBm(@ Ol + 7@ 0l + VT Ol5)” (3.56)
xeMte(t;,k;

where T and Rm are the torsion and curvature as usual. We consider a sequence of dilations of

the Laplacian coflow
l/Jz(t) = *pp; = A(l‘i, tz‘)2w(ti + A(.lei, ti)_lt). (3.57)

Therefore
0i(t) = Axi, )32 (t; + Az, ;) 11). (3.58)

and the associated metric g;(t) of ¢;(t) is

gi(t) = A(.%'Z', ti)g(ti + A(aci, ti)_lt). (3.59)
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From the conformal property for the 3-form we have
b =Mp = 3= Ao = Ay = A2Ag,
Thus, for each i, (M,;(t)) is a solution of the Laplacian coflow (4) on the time interval
€ ((=1/10 = t5) Ay, t3), (ki — ti) Ay, )] (3.60)
Given that the torsion forms of a conformal Gs-structure are
fo=A"Y21r, 7 =Am.
Then, the full torsion tensor is equal to T' = /2T Furthermore, we define
1/2
Ay (@) = (V) T, 12,0 + 1R, )2, ) + T, D)) - (3.61)

Satisfying Ay, (7;,0) = 1 so that if £;(t) = t; + A~ (2, ;)¢

|Rmi(,8)[2 ) = A2(1 )“Rm(a7 (D)0

1 ~
|Vgi(t)Ti(;v,t) i(t) N )|Vg(t (t)) ($,ti(t))|§(fi(t))

THER M;-,m'T(‘””f ()0

and we obtain

Ay, (8) =sup [Ay, (2, 8)] = M@, t) " sup [A(z, t; + A (2, 0)t)| < 1 (3.62)
M zeM

for 0 <t < (k; — t;)A(w;,t;). Since sup |Ay, (z,0)] = 1. By proposition 3.37, g; is uniformly

continuous. Let ¢ € (0,1/2] and 6 > 0 be given by the definition of uniformly continous, then if
to = —1/10 + 0 then (3.36) holds for all —1/10 < ¢ < t¢. Suppose i is sufficient large that t; > ¢.
From (3.36), for any x,y € M and t € (—1/10, tg], we have

(1—e)2dg, (z,y) < dg,(2,y) < (1+¢)"%dy, (z,). (3.63)

Therefore, if By, (x,r) denotes the geodesic ball of radius r centred at  with respect to the

metric g, we have
By, (x,(1+¢)""%r) C By, (x,7). (3.64)
Along the Laplacian coflow, the volume form (3.33) increases for ¢t € (—1/10, ¢o], so
volg, (B, (z,7)) < volg, (Bgt0 (z, (14 E)_1/2)T)) (3.65)
Then, for z € M and r < A(z;,t;)"/? we have
volg, (o) (Bgi(o)(az, r)) =A(z4, t,-)7/2volg(ti) (Bg(ti) (3:, A(zi, ti)fl/ZT))

<A(zi, ;)" *vol g (Bg(to)(xv (1+ 5)_1/27“))

<c(14¢)7%7, (3.66)
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for some uniform positive constant ¢. Hence we have

voly, (o) (Bgz-(o> (, 7“)) <er’ (3.67)
for all z € M and r € [0, Az, t;)"/?]. Note that by the definition of Ay, we have

|Rmyg, (x,0)] < sup |Ay, (z,t)] <1 (3.68)
M x [O,(fii—ti)l\(af}i,ti)}

on M. We define r; = A(xi,ti)_l/z and using A(x;,t;) — oo and ¢; — —1/10, we have r?/ti <C

and

o (curvature bound comparable to the radius of the ball)

|Rm(g(t:))| < Alwi, ti) =772,
o (volume collapsed of the ball) Using (3.67), we have

vol, 0y By, 0y (i rl))
91(0)< 9i(0) ’
= <C

L

VOIA($i1ti)g(ti) (BA(Iivti)g(ti) (s, TZ))

7
T

<C

Therefore, if § = a?g, then By(x,r) = Bazg(z,ar) and vol 2, Baz,(z, ar) = a’volyBy(z,r).
So that if o = A(x, )"/, we obtain

A(l’i, ti)7/2VOIQ(t¢) (Bg(ti) (a:i, 7“12)) - A(x“ ti)7/2VOlg(ti) (Bg(ti) (in, TZ)) -0

7 > 7 =
T T

Thus, we have
VOlg(ti)Bg(ti) (:L"b Ti)

1—00 T

= 0.

O

Remark 3.69. Let (Mo, no, ®o, Yo) be a contact Calabi-Yau manifold and v (t), t € (—1/10,00) be
the solution (3.31) to the Laplacian coflow (4), (z;,t;) a sequence of points such that ¢t; — —1/10
and A(z;,t;) in (3.56) and p(t) = 10t + 1 . Taking the family of metrics ¢;(¢) given by

gi(t) =Mz, t:)pi(8) 73702 4+ Az, t:)pi(t) O gp, (3.70)

where p;(t) = p(t; + A(wi, t;) " 't) for t € ((—1/10 — ¢;)A(zi, ;), (ki — t:)A(x4, )], We can rescale
the family g¢;(¢) and see that
Gi = pit) P A (i, t:) " i 8).

Ast — (—1/10 — t;)A(x;, t;) we have that the circle Reeb orbit decrease whilst the transverse

geometry is constant.
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3.4 The soliton equations on contact Calabi-Yau manifolds

In this section, Theorem 3.75 is one of the main results which will be used in soliton solutions in

a particular case of contact Calabi-yau manifolds.

As for many geometric flows, we are interested in considering self-similar solutions, (which only
evolve diffeomorphisms and scalings) since these are expected to be related to singularities in
the flow. Given a 7-manifold M, a Laplacian soliton for the Laplacian coflow (4) for coclosed

Ga-structures on M is a triple (¢, X, \) satisfying
Ayt = Lxp + M) = d(X 1) + A, (3.71)

where diy = 0, A € R and X is a vector field on M. Given a Laplacian soliton (¢, X, \) we can
define, whenever 1+ At > 0, a function p(¢) and a t-dependent family of vector fields X (¢) by

p(t)y =1+ Xt and X(t)=p(t)'X. (3.72)

If we let f(t) be the 1-parameter family of diffeomorphisms generated by X (¢) such that f(0) is
the identity, then we may define

Py = p(t)f(t)"Y (3.73)
and see that
2= JO° (00 + pl0) )
= f(t)" (W + p()d(p(t) ' X )
= ()" (Ay¥)
= Dyt

where we used the fact that
A (k1) = K12 Ay
for any k > 0. Hence, 9, solves the Laplacian coflow (4) and simply evolves scaling and pullback

by diffeomorphisms. From the behaviour of v;, we see that it is natural to call a Laplacian soliton
(¥, X, \) expanding if A > 0; steady if A = 0 and shrinking if A < 0.

Proposition 3.74. [25, §/, Proposition 4.3] If MT is compact, then there are no shrinking or
steady soliton solutions of (3.71), other than the trivial case of a torsion free Go-structure in the

steady case.
The following theorem is of key importance in the analysis of soliton solutions and it will be used
in Proposition 3.86.

Theorem 3.75. Let ¢ be a coclosed Go-structure on a compact manifold M with associated
metric g and let X be a vector field on M. Then,

4 3 3
Lx) = §diV(X)1/J & Curl( X))’ N p @ *iw(Ediv(X)g - ﬂ(ﬁxg)) caenlons, (3.76)

where i, : S*T*M — Q3(M) @ Q3;(M) is the injective map given by (1.6). In particular, any
symmetry X of the coclosed Go-structure ¢ must be a Killing vector field of the asociated metric

g on M.
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Proof. Since  is coclosed, i.e. d x ¢ = 0, we have
Lxy=d(X )+ Xodyp =d(X ).
Let a = X ) so that a;;, = Xlwh-jk and

1 -~
—(Viaju — Vi + Viajy — Vi) dz 7t

Lxy=da= o
i.e,
(LxV)ijrr = Vi — Vg + Viagy — Viage;. (3.77)
We decompose Lx as
Lxth = 7 (Lah) + T3H(Lot)) + a7 (Lxh) = atp + W’ A @ + iy (h), (3.78)

where 7le (QF (M) — Qf(M) denotes the projection onto Qf(M), a is a function, W’ = 9o (W, -)

and h is a trace-free symetric 2-tensor on M. We compute a as follows:

1 1 y
a= §<£X¢Ml}> = ——(Viaju — Vi + Viaji — Viegg) 7™

168
1 gkl L gkly L ikl
= Eviajklww = Evi(a]’klwm ) — Eajk:lviww (3.79)
24 1 oy .
= 53 VilX " gmi) — Exmwmjkl(vilwkl) = ViXi = ?dW(X),

where we used (1.22) and the fact that T;; is a symmetric tensor. To compute Wb, note that
(((+Lx) A ), €™) = HW”,e™),
thus
AW™ = x((*LxP) Ap Ae™) = (e A e™, Lxp)vol)
1 -
= g(ﬁxﬂf)”km%‘jk-

Therefore, we obtain

— %(wa)ijkm%jk _ %(QSivsajkaOijk)
= VX T ) — XU )
= APV ") = X G T g™ i)
= GV X! Xl
%‘Pz’la(vin)gam + %XIQSiTsngnllbmebm

4
=3 Curl(X)q9"™.
Finally, to calculate h observe that

('CXd])mnpiw;nnp + ([’Xw)mnpjwimnp
mnp

(3.81)
= AWtV + V™) + (<o) it + (e () g
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where
(kip(h))mnpi = (ip(h))mnpi = My Wgnpi — Bl bmgpi + hybmngi — Wi mnpq-

Equation (3.81) becomes
mﬁmnpﬂﬁ;mp + (h(r]annpi - h%wmqpi + hgwmnqi - hgwmnpq)w]mnp
mnp

amnpj %‘m "+ (hgannm’ — W bmap; + hg¢mnqj - hgwmnpq)wi

= —48ag;j + hl (494;9im — 49qm9ij + 49¢iGjm — 49qm3ij)

(3.82)
— hi(49¢j9in — 49qn9ij + 494iGin — 49qngij) + 24hi gy,
+ h3(49459ip — 494p9ji + 494i95p — 49qp9ij) + 24h;1'9qi
= —48agij + 56hij.
We can calculate the left hand side of (3.82) as follows
(LxV)mnpitt;"" + (LX) mnpi ;"
= (vmanpi - vnOZmpi + vpO‘nmi - vianpm)¢§nnp
(Vmonpj = Vittmpj + Vptmm; — Vjotnpm) 07
= 3(Vmanpj¢zmnp + Vmanpiwg‘nnp) - vianpmw;'nnp - Vjanpmwz‘mnp
= 3vm<anmw;nnp) - 3anpivm¢;rmp -V; (amnpwjmnp) + amnpviwg'nnp
I(3) TI(7) I11(3) IV (i)
3V (npj ;™) = 3anpi Vinhi™ — Vj(Qmnpti™"™") + cmnp V10" (3.83)
I(5) I1(j) I11(5) 1V (j)
Using (1.24), (1.25), (1.34) and the following expression
X'T ™ orm = (X o@)jmTy™ = (T - (X29))ji = (T (X29))f = —(X o) - T)ij, (3.84)

we obtain that

1(i) = Vin(0npit]"™") = Vin (X gt
= V(X' (4g159™ — 49, 95 + 204,]"))
= 4V, X, — 4divX gij + 2V (X 0,
1() + 1(i) = 4V X; — 4divXgij + Vin(X'9y7") +4ViX; — 4divX gji + Vi (X'035")
= 4(ViX; + V;X;) — 8divXg;;.

For a coclosed Go-structure, we have that T is symmetric. Therefore

TI(0) + T1(§) = ompi Ven "™ + g Vi = X1 Vit + X i V7P
= X Wi (—Timj ™™ + Toppi? =TT + TR 07™)
+ X i (—Tri ™™ + Ti i — Tonpi " + Thipi™)
=4(Xap - T)ij — AT - X sp)ij = 4[X 0, Tj,
IT1(i) + IT1(§) = Vi( X Yimnpt)]™) + V(X Prmnp]™™)
= 24(V, X, + V,; X3),
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IV(Z) = amnpvi¢;nnp = Xlwlmnpv'wmnp
= X %pmnp(—Ti5 ™™ + TP — TP P + TPQ™) = 12(X o - T)ij,
IV(Z) + IV(]) = 12(XJ§0 . T)Z'j + 12(X_|g0 . T)ji = 12[X4(p,T]ij

So, using (3.79) , (3.82) and the above expressions, we obtain
—48ag;; + 56h;; = —12(V; X; + V;X;) — 24div(X)gs5
3 .. 3
hij = Ele(X)gij — ﬁ(leJ + Vin) (3.85)

3 .. 3
= Ele(X)gm - ﬁ(ﬁXg)
Hence, substituting (3.79), (3.80) and (3.85) into (3.78) we obtain (3.76). O

Proposition 3.74 was given in [25] with a different and lengthier proof, and with an additional
minus sign in the Laplacian operator, so the roles of shrinking and expanding solitons are reversed.
On the other hand, in order to understand soliton conditions of coclosed Ga-structures on contact

Calabi-Yau manifolds, we need to undertand better the properties of 7" and the Laplacian coflow.

Proposition 3.86. Let ¢ be a coclosed Ga-structure on a compact manifold M with associated
metric go. If (1, X, X) is a soliton of the Laplacian coflow as in (3.71), then it satisfies

Curl X =0, divi=0, VtrT =0,

2 4 4
= "R+ —|T|> — Zdiv(X
A= SR+ |TI - —div(X),

L 1. 1o 3 ) (3.87)
0 = — Ric + (ﬁR =T - nglv(X))Q +t2(T)T — 2T
1 3
=TT+ 171(Lx9).
Proof. Using Lemma 1.56 and Theorem 3.75, we obtain

0=Aytp = A\p — Lx¢

2 4 1 1
0=(GR+ Ty + ([duT) Ap+ #olp(— Ric + TR —2TP)g + ()T = 2T = ST o T)

4 X /3 3
- (?dlv(X)zp + Curl(X)’ A g + *1¢<4—9d1V(X)g - ﬁ(Exg))) — A\

:(%R—i— §|T\2 — édiv(X) - ANy + (dtr T — Curl(X)b) )

1 3 3
+ i~ Ric + o (R 2ATP)g + te(T)T = 2T° = ST o T — div(X)g + 1 ([,Xg))
Therefore,

2 4 4
0=-R+ -|T> = —div(X) — A
g i+ 5ITI" — ~div(X)
OzdtrT—Curl( X)

:—Rlc—l— (R 2|T\2—idlv( ))g+tr(T)T—2T2—fT T+ ([IXg)

and thus we get (3.87). O
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Moreover, Proposition 3.86 will be useful in the following case which was studied by Lotay and Sa
Earp from the perspective of Heterotic string theory. Therefore, let V' be a Calabi-Yau 3-orbifold

with metric gy, volume form voly-, kahler form w and holomorphic volume form YT satisfying

1, 1
volV:§w ZZReT/\ImT

Let M that the total space of w : K — V is a contact Calabi-Yau 7-manifold. For every € > 0,

we define a S'-invariant Go-structure on K by
e =enAw+ReT (3.88)
Yo = %uﬂ —enAlm Y. (3.89)
The metric induced from this Ga-structure and its corresponding volume form are
ge =e*n* + gy and vol. =en Avoly (3.90)
We have from (3.88), (3.89) and Theorem 3.12 that
do. = ew? and di. =0, (3.91)

Lemma 3.92. [32, §2.1, Lemma 2.4] For each € > 0, the Ga-structure on M defined by (3.88)

has torsion forms

6
7'0:? 71 =0,
8 6
T2 =10 7'3:?5277/\w—?5ReT

Proposition 3.93. Let ¢. be a Ga-structure given by (3.88). Then, its full torsion tensor is

€ 3e3
T=_gv— 0"

5 5 (3.94)

15
and the full torsion tensor norm is given by |T|* = 182 :

Proof. Let £ be the dual to n and X,Y € D and let j be a linear operator given by (1.6), thus

§(73)(6,€) = %o ((€ope) A (€p2) A7)
= xe(en(€w Aen(€w A 2 Aw)
— *5(25477 Awd) = 47853

j(73) (X, €) = 0

J(m)(X,Y) = — (517 A(X2w)A(YIReY) A (—678 Re T))
e (XReT) A (en A (Y ) A (_67E ReT))

e ((XoReT) A (VaReT) A (% Aw))
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using the identity (3.42), we obtain
: 8 8
J(m)(X,Y) = — o€ ke 2 (n A voly) = —?5gV(X, Y)

Therefore

12 5, 2

1.
(7—27)@‘ = 1](7'3)27' = 75 [/ ?59V-

thus, we have

T

4
U
—29V 27]

Using Lemma A.21, we compute |T'| which is given by

T2 = 6(36)" + (- 56%)() 2 =

15 ,

€ (3.95)

O

Proposition 3.96. Let (M,n,®,T) be a closed contact Calabi-Yau 7-manifold, and let w := dn.

For each € > 0, a (locally) S*-invariant Go-structure is given by
e =enAw+ReT (3.97)
e = %wQ —enAIm Y. (3.98)
Then, any solitons (Y, X, \) for the Laplacian coflow (4) inducing the metric g on M must

have X° € QY (M) harmonic and
A =¢? (3.99)

Proof. Let . be a coclosed Go-structure on a closed contact Calabi-Yau manifold. Then, using
(A.26), with a = 1 and 8 = &% — 1, we obtain R, = R — 6(¢? — 1) = —6¢2. Now if (¢, X, \) is a
soliton, then Proposition 3.86 implies that

2 4 4
Ao = 3R+ gyT|2 — div(X),
4
=2 — —div(X).

7

By Stokes’ theorem, after integration, we conclude that A. = 2, as claimed, which in turn also
implies div(X) = 0. But we know from Proposition 3.86 that Curl(X) = 0, so X is actually
harmonic, since AX® = dd*X” + d*dX”, but d*X°* = —diV(Xb) and dX° = Curl X, obtaining
AX" =0. O
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4 Concluding remarks

1. The Laplacian coflow has so far received rather little attention, so there are also many
open problems. Therefore, we would like to conclude the following questions for future

work.

e In view of the relation between Laplacian coflow and modified Laplacian coflow. Then,
what are the critical points of the modified Laplacian coflow on Contact Calabi-Yau

manifolds?

e We consider the following family of Go-structures
1 = fihimo Awo + hi Re T, (4.1)

starting at the natural coclosed Go-structure on a contact Calabi—Yau 7-manifold
and we analyse the Laplacian coflow, finding a solution with a singularity. In the
future work, we can consider other family of Ga-structures with deformations which

stabilize the characteristic foliation F.

2. Given a coclosed Go-structure, the linearization at v of the corresponding Hodge Laplacian
is an indefinite operator where the term that cause Ay to be indefinite is w7(Ay), which is
the component of Ay is the 7-dimensional representation A‘% of Ga. This term is however
determined by divl- the divergence of the Torsion. Therefore, the condition divl’ = 0 may
be thought of as another condition to make Ay elliptic. Then, the future work will be
analyse harmonic G-invariant Ga-structures on G'/H which is divT, = 0 (see [36, 24, 21])
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APPENDIX A - Contact Manifolds

A.1 Contact manifolds

Before defining Sasakian manifolds it will be necessary to define contact structures. Contact
transformations arose in the theory of Analytical Mechanics developed in the 19th century by
Hamilton, Jacobi, Lagrange and Legendre. But its first systematic treatment was given by Sephns

Lie. Consider R*"*! with Cartesian coordinates (z',---, 2" y', - ,y", 2) and 1-form 7 given by

n=dz— ngda:Z (A.1)

It is easy to see that 7 A (dn)"™ # 0. A 1-form on R?*"™! that satisfies this condition is called a,

contact form. Therefore, locally we have the following result:

Proposition A.2. [/] Let n be a 1-form on R*"™! that satisfies n A (dn)™ # 0. Then, there is

an open set U C R*™™ and local coordinates (x',... 2" y,... y", 2) such that n has the form

(A1) in U.

Definition A.3. A 2n + 1-dimensional manifold is a contact manifold if there exists a 1-form 7,

called a contact 1-form, on M such that

nA(dn)" #0

everywhere on M. A contact structure on M is an equivalence class of such 1-forms by the

relation ' ~ n if there is a nowhere vanishing function f on M such that n' = fn.

Definition A.4. An almost contact structure on a differential manifold M>"*! is a quadruple
(M, n,&, @) where ® is a tensor field of type (1,1) (i.e, an endomorphism of T'M), £ is a vector

field, and 7 is a 1-form which satisfies

n€) =1 @&=0, no®=0 (A.5)
Pod=—-id+E@0. (A.6)

The vector field & is called Characteristic vector field or the Reeb vector field. A smooth manifold
with such a structure is called an almost contact manifold . A Riemannian metric on M is said

to be compatible with the almost contact structure if for any fields X, ¥ on M we have

9(2(X), @(Y)) = g(X,Y) = n(X)n(Y). (A7)

An almost contact structure with a compatible metric is called an almost contact metric structure.

In case 7 is a contact form, then (M,n,&, ®,g) is said to be a contact metric structure on M
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and a manifold with such a structure is called contact metric manifold. It follows that a contact

metric structure (M, n, &, ®, g) satisfies
1
W(X.Y) = g(®(X).Y) = Jan(X,Y), X.Y € X(M) (A.8)

For a contact metric manifold (M,n, &, ®, g) we take

nAw" 1

n! 27n!

n A (dn)" (A.9)

voly =

as the Riemannian volume form. A contact metric structure (M, n,&, @, g) is called K-contact if

¢ is a Killing vector field of ¢ and we have

(Vxn)(¥) = 5an(X,¥) (A.10)
r(X,€) = @n(X),
G(R(X,©)Y,€) = (X, Y) = n(X)n(¥), (A11)

where X,Y € X(M), V is the covariant differentiation with respect g, 7 and R are the Ricci

curvature tensor and Riemannian curvature tensor respectively.
Proposition A.12. [/] A contact metric structure (§,n,®, g) is K-contact if and only if V& =
—-P

We say that (M?" ! n ®) is called Sasakian if the metric cone (C(M),dr® + r?g,d(r*n)) is
Kéhler and it satisfies

(Vx®)Y = g(V,§)X — g(X,Y)g, (A.13)
R(X,§Y = g(Y,§)X —g(X,Y)¢ (A.14)

where Y, Z € X(M). A Sasakian manifold is necessarily a K-contact Riemanninan. The vector
field £ is nowhere vanishing, so there is a 1-dimensional foliation ¢ associated with every Sasakian
structure, called the characteristic foliation. Each leaf of F¢ has a holonomy group associated to

it. If S = (&, 7n,®,g) is a Sasakian structure, then dimension of the closure of the leaves is called

the rank of S.

A.2 Transverse Kahler geometry

Let (M,n,&, ®,g) be a Sasakian manifold, and consider the 1-form 7 called the characteristic
1-form, then it defines a 2n-dimensional vector bundle D, called horizontal subbundle of T M,
where the fiber D, of D is defined D), := kern, for every p in M. Hence we get a decomposition
of the tangent bundle T'M given by

TM =D® L¢

and a sequence of vector bundle

0— Lg — TM S V(Fe) — 0
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where L¢ is the trivial line bundle generated by the Reeb vector field £ and V(F¢) := TM/L¢
which is called the normal bundle of the foliation F¢. There is a smooth vector bundle isomorphism

o : V(F¢) — D such that 7o o = idyy 7). It follows that ® induces a splitting
D QR C = Dl,O D DO,I

where D%! and D'V are eigenspaces of ® with eigenvalues v—1 and —v/—1 respectively. It is
naturally endowed with both a complex structure J = ®|p and a symplectic structure dn. Hence,

(D, J,dn) gives M a transverse Kdhler structure with Kéhler form dn and metric gp defined by

gp(X,Y) =dn(X,JY) (A.15)

which is related to the Sasakian metric g by

g=gp+nemn, (A.16)
Beside of that, a smooth p-form o on M is called basic if

§aa=0, Lea=0

Therefore, let A%, denote the sheaf of germs of basic p-forms, QF, := I'(M, A%) the set of global
sections of Al is called basic on M. Let D¢ denote the complexification of D, and decompose it
into its eigenspaces with respect to J, that is De = D0 @ D!, Similarly, we get a splitting of

the complexification of the sheaf Q} of basic one forms on M, namely
oheCc=03" o0y
We also denote that AT := AP (A}B’O) ® A1 (A%l); and
Q= AP (QL) & A1(0)

Then we have A%, @ C = @ =A%, and
r+s=p

P erC= P Q.
r+s=p

Note that dn € le(D) and it determines a non-vanishing cohomology class in HEI(M ). Relatively
to the Reeb foliation on a Sasakian manifold (M,n, &, ®, g), the usual Hodge star induced a
transverse Hodge operator ¥ : Q% (D) — Q2=*(D) given by
Fy = (=) (y An).
Therefore, we have
ky = %y A 1.
Define 0 and Op by

1
Op : AT — AR
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a- 1
Op : ABT — ARIT

. 1
which is the decomposition of d. Let dg = d|Qz;B. We hace dp = 0p + 0p. Let d = 51(83 —0p).
it is clear that

dpdg =100, d% = (d%)?=0 (A.17)

Let d}; : Q%H — QY be the adjoint operator of dp : Qf, — Q%H. The basic Laplacian Ap is
defined by
AB = *BdB + dBd*B

The Sasakian structure (M, n, &, @, g) also induces a natural connection VP on D given by

(VxY)P if XeD
Y] if X=¢

VRY =

where the subscript D denotes the projection onto D. Therefore, we get
vRri=0, VvR%g;=0 VRdp=0 VRV -VPX=[X Y)P

for any X,Y € T M. Moreover the transverse Ricci tensor Ric! is defined as

2n
Ric"(X,Y) =Y g(VRVDei — Vo VRe — Vi 6, Y)
i=1

for any X,Y € D, where {e1,...,ea,} is an arbitrary orthonormal frame of D. By Tommasini

and Vezzoni in [41] is know that
RicT(X,Y) = Ric(X,Y) + 29(X,Y)

for any X,Y € D, where Ric denotes the Ricci tensor of the Riemannian metric g = g5 + 1 ® 7.

Let us denote by p’ the Ricci form of Ric?, i.e.
pT(X,Y) =RicT (JX,Y) = Ric(Jz,Y) +dn(X,Y)

1

for any X,Y € D. We have that p’is a closed form such that (2—) p represents the first Chern
7r

class of (D, J), this form is called transverse Ricci form of (M,n,&, ®,g).

Definition A.18. The basic cohomology class
1

T or

is called the first basic Chern class of (M,n,&,®,g) and if it vanishes, then (M,n,&, ®, g) is

said to be null-Ssakian.

cp(M) (0] € Hy' (M)

Furthermore, a Sasakian manifold is called n-Einstein if there exist A\, v € C*°(M,R) such that

Ric=Ag+vn®n.
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A.3 D-Homothetic deformations

We now address the general framework proposed by Tanno [40] on contact manifold specifically
we use properties K-contact manifolds to understand the behavior of the deformation metrics
called D-homothetic deformation.Thus, let (M,n,&, @, g) be a K-contact manifold and g the

deformation of the metric g given by
g=ag+pn&mn, (A.19)
for constant « and f satisfying a > 0 and a + 8 > 0. The inverse matrix
g7 = a~lg — a7l B(a+ B)EiE. (A.20)

Lemma A.21. Let (M,n,&,®,g)be a K-contact manifold and let g be a deformation of the
metric given by (A.19). If F' is a symmetric tensor of the form F = s1g + san @ n, then

|FI2 = FijFnng"g" = 60721 + (s1 + 52)*(a + 8) 2. (A.22)
Proof. Using (A.20) and F' = s1g + son ® 1, we obtain
|F2 =F; Fring ™g""
=sta?(7—28(a+ )" + B (a+5)7?)
+ 2515007 (1= Bla+B)") +s5a2(1 — Bla+5)~1)?
=sta (6 + (1 - Bla+8)"")?)
+ 2515007 (1= Bla+ B)")? +s5a2(1 — Bla+5)~1)?
=6a"2s] + (s1 + s2)*(a + B) 2.

O

Denoting by A = V — V the difference of the connections associated to g and g, which is a tensor.

Therefore, the tensor A on a K-contact manifold satisfies
e =—a B(®hng +m;0p). (A.23)

Putting this into
Ry = Ry + ViAL — Ve Al + AL Ajy — ALLAY,
we have
Ry = Ry + a7 'B205®py + oy — ©1Djk) + o> B>(Snmi — dimimi)
+ a” B(Vidim + Vidiny — Vi®n, — Vi@ ).

In the case of Sasakian manifolds, we obtain

Ry = Ripy + o7 ' B(Emgie — me€' g + o 2a+ B)sinyme — o' (2a + B)Skm;nk)

1 ) . ) (A.24)
+a ﬁ(?@;‘bkl + @2@]'1 — @;(I)jk),
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where we have used (A.13) and (A.14). Contracting with respect to ¢ and [, we have

Rjk = Rjr, — 207 'Bgjr + a*B(2(2n + D)a + (2n + 1)3 — B)n;m, (A.25)

Contracting the last equation with (A.20), we get

R=a'R—a%3(2n). (A.26)
where R is the scalar curvature.

Remark A.27. Note that if X € D, then (Vxn)(Y) = (Vxn)(Y) + A(X,Y), and using
1 _
(Vxn)(Y) = 5dn(X,Y) and (A.23), we obatin (Vxn)(Y))* € Dy.

Lemma A.28. Let (M,n,§,®,9) be a K-contact manifold and let G be a deformation of the
metric given by (A.19). If F' is a symmetric tensor of the form F = s1g + sen ® 1, then

(VxF)(Y,Z) = s2(Vx(n@n)(Y, Z) — s19(A(X,Y), Z) — s19(A(X, 2),Y). (A.29)
Proof. we know that Vg = 0 and V¢{ = 0. Using the Levi-Civita connection of g, we have
VxF(Y,2) =X(F(Y,Z)) - F(VxY,Z) - F(Y,VxZ),
substituting V = V + A where A is given by (A.23), we obtain that
VxF(Y,Z2)=X(F(Y,Z)) - F(VxY + A(X,Y),Z) - F(Y,VxZ + A(X, Z)),
using F' = s19 + son ® i, we have

VxF(Y,Z) =X(s519(Y, Z)) + X (san(Y)n(Z)) — 519(VxY, Z) — 519(A(X,Y), Z)
—som(VxY)n(Z2) — s19(Y,VxZ) — s19(Y, A(X, Z)) — son(Vx Z)n(Y)
=51(Vxg)(Y, Z) + 52Vx(n@n)(Y, Z) — s19(A(X,Y), Z) — S19(A(X, Z),Y)
=55Vx(n@n)(Y,Z) — s19(A(X,Y), Z) — s19(A(X, Z),Y).

A.4 Contact Calabi-Yau manifold

In this section we discuss several preliminary properties of the contact-Calabi-Yau manifolds
which will be important to analyse singularities of Laplacian coflow of Go-structures on contact

Calabi-Yau manifolds.

Definition A.30. A contact Calabi-Yau manifolds is denoted by (M, n, ®,T) such that

o (M,n,&,®,g9) is a 2n + 1-dimensional Sasakian manifold.



APPENDIX A. Contact Manifolds 84

e T is a nowhere vanishing transversal form on D = kern of type (n,0):

YAY =cw”, dY =0,

where ¢, = (—1) 51" and w = dn. Furthermore, we have that
T+7T T-7T
ReT i= — % ImT:=~———

2 2i

Proposition A.31. [/1, §3, Proposition 3.4] Let M be a 2n + 1-dimensional compact manifold.
Assume that M admits a Contact Calabi- Yau structure, then the following hold
1. if n is even, then by41(M) > 0;

2. If n is odd, then
bp (M) > 2

bn+1 > 27
where bj(M) denotes the j Betti number of M.

Corollary A.32. [/1, §3, Corollary 3.5] A 3-dimensional compact manifold M admitting contact
Calabi- Yau structure has by (M) > 2. In particular, there are no compact 3-dimensional simply
connected contact Calabi-Yau manifolds. Moreover, the 2n + 1-dimensional sphere has no contact

Calabi- Yau structure.

Proposition A.33. [/1, §3, Proposition 3.6] Let (M,n,&,®, g) be a 2n+ 1-dimensional Sasakian
manifold and D = kern. The following facts are equivalent:

1. Hol°(VP) c SU(n).
2. Ric’ = 0.

Corollary A.34. [}1, §3, Corollary 3.7] Let (M,n,®,T) be a contact Calabi-Yau manifold.
Then (M,n,&,®,g) is a null-Sasakian and the metric g induced by (n, ®) is a n-Einstein with
A =2 and v =2n + 2. In particular the scalar curvature of the metric g associated to (n, ®) is

equal to 2n — 1.

We consider the following two results arising from section [22] which are the following:

Proposition A.35. [22, §6, Proposition 6.5] Let (M,n,&, ®,g) be a compact simply-connected
null Sasakian n-Einstein manifold. Then Hol(V) is contained in SU(n).

Proposition A.36. [22, §6, Proposition 6.6/ Let (M,n,&, ®,g) be a compact simply-connected
Sasakian manifold with c(M) = 0. Then there exist a unique Sasakian structure (M,n',&', @ ¢')
and a basic 1-form ¢ on M such that

g=¢ n=n+( ¥=0-E(®C(o® g¢g=dfo(ided)+n o1,

and the transverse holonomy group of the metric gl is contained in SU(n).
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APPENDIX B - 3-Sasakian manifolds

Definition B.1. Let M be a manifold with a family of almost contact structures {£(r), n(r), ®(r)}
parameterized by points r = (r1,r2,13) € S? C R? on a unit sphere. We say {£(r), 7(r), ®(r)}reg2

is an almost hypercontact structure on M if

d(r)od(r) —nr)@&(r)=—-d(rxr)—(r-r)l
D(r)E(r) = —£(rxr), n(r)od(r)=—nrxr)

For any two r, r €52 Furthermore, a Riemannian metric g on M is said to be a compatible

with (or associated to) the almost hypercontact structure if

9(@(r) X, &(r)Y) = g(X,Y) — n(r)(X)n(r)(Y)

for all r € S2. In such a case {£(r),7(r), ®(r), g}res2 is called an almost hypercontact meteric

structure on M.

We can recover the standard definition of the almost contact (metric) 3-structure via a choice
of an arbitrary orthonormal basis {e1,es,e3} in R® and setting D(ey) = Py, (eq) = & and

n(eq) = 1nq. Hence,

Definition B.2. An almost contact structure (metric) 3-structure {£,, 74, ®a, g}o_; on M is an

almost hypercontact (metric) structure together with a choice of an orthonormal frame on R3.

Proposition B.3. [/, §13, Proposition 14.1.4] There is a one to one correspondence between
almost hypercontact metric structure {£(r),n(r), ®(r), g}res2 on M and reductions of the frame

bundle to the group Sp(n) x ids

Proposition B.4. [/, §13, Proposition 13.1.6] Let M*™*3 be a compact manifold with an almost
contact 3-structure. Then the only possible non-vanishing Stiefel-Whitney classes are wq;(M). In
particular, M is a spin manifold. Furthermore, all the integral Stiefel-Whitney classes W;(M)

must vanish.

Proposition B.5. [/, §13, Theorem 13.1.7] Let M be a compact smooth 7-manifold and let
SU(2) ¢ SU(3) € Gz C Spin(7), where the subgroup of Spin(7) are the stability subgroup fixing

one, two, or three spinors, respectively. Then the following condition are equivalent:

(i) M admits a reduction of the structure group to SU(2),
(ii) M admits a reduction of the structure group to SU(3),
(iii) M admits a reduction of the structure group Ga,

(iv) wi(M)=wy(M) = 0.i.e., M is orientable and admits a spin structure.
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In particular, every compact oriented spin 7-manifold admits an almost hypercontact structure.

Proposition B.6. [}, §13, Theorem 13.4.6] Let M3 be q 3-Sasakian homogeneous space.
Then M = G/H is precisely one of the following:

Sp(n +1) Sp(n+1) SU(m) SO(k)
Sp(n) 7 Sp(n) xZy’ S(U(m—2)xU(1)) SO(k—4)®Sp(1)
Go Fy Eg Er Eg

Sp(1)’ Sp(3)" SU(6)’ spin(12)’ Er’

Here n > 0, Sp(0) denote the trivial group, m > 3 and k > 7. Hence, there is one-to-one

correspondence between the simple Lie algebra and the simply connected 3-Sasakian homogeneous

manifolds.
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APPENDIX C - Collapsing manifolds

The compactness of solutions to geometric and analytic equations, when it is true, is fundamental
in the study of geometric analysis. In this chapter, we state Hamilton’s compactness theorem for
solutions of the Ricci flow assuming Cheeger and Gromov’s compactness theorem for Riemannian
manifolds with bounded geometry. Throughout this chapter, quantities depending on the metric
g (or gi(t)) will have a subscript k, for instance Vj, and Rmy, denote the Riemannian connection
and Riemannian curvature tensor of gi. Quantities without a subscript depend on the background

metric g.

Let (M", g) be a complete Riemannian manifold

Definition C.1. Given p € (0,00] and k > 0, we say that the metric g is k-noncollapsed below
the scale p if for any metric ball B(z,r) with r < p satisfying |[Rm(y)| < r=2 for all y € B(z,7)

and
vol B(z, )

7an

> k. (C.2)

If g is k-noncollapsed below the scale co, we say that g is k-noncollapsed at all scales.

Definition C.3. We say that g is k-collapsed at the scale r at the point x if |[Rm| < r~2 for all
y € B(z,r) and

vol B(z, )

rn

<k (C.4)

The metric g is said to be k-collapsed at the scale r if there exist x € M such that g is k-collapsed

at the scale r at the point z.

Thus g is not k-noncollapsed below the scale p if and only if there exists < p and x € M such
that g is k-collapsed at the scale r at the point x.

Remark C.5. 1. If M is closed and flat, then g cannot be k-noncollapsed at all scales since
| B
|[Rm| = 0 < 772 for all r and vol B(x,r) < vol(M) so that hﬁm vol B(z, 7) = 0 for all
r—00 rn
r e M.

2. If (M, g) is a closed Riemannian manifold, then for any p > 0 there exist k£ > 0 such that

g is k-noncollapsing below the scale p.
we have the following elementary scaling propety for k-noncollased metrics.

Lemma C.6. [15]/ [Scaling property of k-noncollapsed/ If a metric g is k-noncollapsed below

the scale p, then for any o > 0 the metric o’g is k-noncollapsed below the scale ap.

In [13] was showed that k-noncollapsing and a lower bound of a injectivity radius are equivalent.

Lemma C.7. [13] Let (M", g) be a complete Riemannian manifold and fix p € (0, o0].
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1. If the metric g is not k-collapsed 6 = §(n, k) which is independent of p and g such that for
any x € M and r < p, if |[Rm| < r72 in B(x,r), then inj(z) > dr.

2. Suppose that for any x € M and v < p with |Rm| < =2 in B(z,r) we have inj(z) > or
for some § > 0. Then there exist a constant k = k(n,d) , independent of p and g, such
that g is not k-collapsed below the scale p.

The property of being k-noncollapsed below the scale p is preserved under pointed Cheeger-
Gromov limits. We start giving some definitions of convergence of manifolds and Cheeger-Gromov

limits. Then we review the definition of C'°°-convergence on compact set in a smooth manifold
M™.

Definition C.8 (CP-convergence). Let K C M be a compact set and {gi}reN, goo and g be a
Riemannian metrics on M. For p € {0} UN we say that gi converges in C? to goo uniformly on
K if for every & > 0 there exist kg = ko(¢) such that for k > k,

sup sup [V (g — goo)lg < €, (C.9)
0<a<pzeK

where the covariant derivative V is with respect to g.

Note that since we are on a compact set, the choice of a metric ¢ on K does not affect the
convergence. For instance, we may choose g = goo. In regards to C°°-convergence on mannifolds,
with the noncompact case in mind, we have tge following. We say that a sequence of open sets
{Uk}ken in a manifold M™ is an ezhaustion of M by open sets if for any compact set K C M
there exist kg € N such that K C U, for all k > k.

Definition C.10 (C*°-convergence uniformly on compact sets). Suppose {U }ren is an exhaus-
tion of a smooth manifold M™ by open sets and g are Riemannian metrics on Ug. We say that
(Uk, gr) converges in C™ to (M, goo) uniformly on compact sets in M if for any compact set
K C M and any p > 0 there exist ky = ko(XK,p) such that {g}r>k, converges in C? to goo

uniformly on K.

Definition C.11. A sequence {(M}, gk, Ok) }ren of complete pointed Riemannian manifold

converges to complete pointed Riemannian manifold {(Muo, goo, Oco)} if there exist

1. An exhaustion {Uj}ren of Mo by open sets with O, € Uy and

2. a sequence of diffeormophism Sy : Uy — Vi, := B (Ux) C My, with 8(Ox) = Oy
such that (Ug, B [gklv,]) converges in C™ to (Mxo, goo) uniformly on compact sets in M.

When there is a bound on the curvature (recall that when given a singular solution and a suitable
sequence of space-time points, the choice of dilation factors is chosen to guarantee this for the
associated sequence of solutions) and an injectivity radius estimate for a sequence of solutions

for example in the Ricci flow or our case of Ga—structures is using for Ricci-like flow, which
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we explain later. Then, the following compactness theorem provides a subsequence which will
converge in the C°°-Cheeger-Gromov sense. Thus, we give a definition which is related to the

assumption of bounded curvature.

Definition C.12 (Bounded gemetry). we say that a sequence or family of Riemannian manifolds

has bounded geometry if there exist positive constant C), such that
IVPRm| < C,

for all p € N U {0} and for all metrics in this sequence or family. That is the curvature and their

covariant derivatives of each order have uniform bounds.

Let inj,(O) denote the injectivity radius of the metric g at the point O. for sequences of

Riemannian manifolds we have the following convergence theorems.

Theorem C.13. [13/[Compactness for metrics] Let {(Mj}, gk, Or) }ken be a sequence of complete

pointed Riemannian manifolds that satisfy

1. (uniformly bounded geometry)
|[ViRm|, < C, on Mj
for all p < 0 and k where C), < 00 is a sequence of constants independent of k and

2. (injectivity radius estimate)
injgk (Ok) > i() (0.14)

for some constant ig > 0

Then there exist a subsequence {ji}ren such that {(Mj,.gj.,Oj,.)tken converges to a complete

pointed Riemannian manifold (M, oo, Oco) a8 k — 00.

So, the next lemma says the property of being k-noncollapsed below the scale p is preserved

(stable) under pointed Cheeger-Gromov limits.

Lemma C.15. [13] Let {(M}}, gi, Ok)} be a sequence of pointed complete Riemannian manifolds.
Suppose that there exist k > 0 and p > 0 so that each (Mg, gx) is k-noncollapsed below the
scale p. Furthermore assume that (My, gi, Or) convergence to (Mso, oo, Oxo) @n the pointed

Cheeger-Gromouv C%-topology. Then the limit (Mo, goo) is k-noncollapsed below the scale p.

To apply Cheeger-Gromov-type compactness theorem to study time singularities, the no local
collapsing theorem is evident useful. Before of that, we first give the following relation between

volume ratios and injectivity radius in the presence of a curvature bound

Theorem C.16 (Cheeguer-Gromov-Taylor[13]). For any constant ¢ > 0, rg > 0, there exist a
constant ig > 0 such that if (M",g) a n-dimensional compact manifold is a complete Riemannian
manifold with |sect| <1 and if p € Mis a point with

vol(B(p,r)) > e
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for all r € (0,7¢], then
inj(p) > io

1(B
Remark C.17. Since |sect| < 1, by the Bishop-Gromov comparison theorem, if Lﬁ%ro)) >
7o

vol(B(p,r))

/,a?’b

¢ >0, then > ¢ for all r € (0,79], where ¢ depends only on ¢ and n (see [13]).

Definition C.18. The Riemannian metric g on M" is said to be k-non-collapsing relative to

upper bound of scalar curvature on the scale p if for any By(p,r) C M with r < p such that
sup Ry < r~2, we have volgBy(p,r) > kr'™.

By(p,r)

Definition C.19. we say that § is k-collapsed at the scale r at the point = if |[Rm(y)| < r~2 for

all y € B(z,r) and
vol(B(z,r))

rn

<K
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