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Resumo
A tese é composta de duas partes em relação as G2-estruturas. Na primeira parte, vamos
descrever o espaço de G2-estruturas Sp(2)-invariantes de dimensão 10 sobre o espaço
homogêneo S7 = Sp(2)/Sp(1), em que S7 é a esfera 7-dimensional. Nesta parte, foi
formulado um Ansatz geral para as G2-estruturas que realizam os representantes em cada
uma das 7 possíveis classes isométricas de G2-estruturas homogêneas. Mais ainda, as bem
conhecidas G2-estruturas quase-paralelas na esfera redonda e esmagada acontecem em
polos diferentes de uma S3-família, cujo equador é uma nova S2-família de G2-estrutura
cofechadas satisfazendo a condição divT = 0.

Na segunda parte, nos estudamos o cofluxo laplaciano de G2-estruturas proposto por
Karigiannis, McKay and Tsui in [25] sobre variedades de contato Calabi-Yau usando
como valor inicial a G2-estrutura dada por Habib e Vezoni em [22] encontrando uma
singularidade. Nós demostramos que a métrica e o volume colapsam nesta singularidade.
Também analisamos soluções, tipo soliton do cofluxo laplaciano de G2-estruturas sobre
variedades de contato Calabi-Yau dadas por Sá Earp e Lotay em [32].

Palavras-chave: G2-estruturas, G2-fluxo, espaços homogêneos.



Abstract
In this thesis we deal with two topics in G2-geometry, the first goal is to describe the
10-dimensional space of Sp(2)-invariant G2-structures on the homogeneous 7-sphere S7 =
Sp(2)/Sp(1) as Ω3

+(S7)Sp(2) ' R+ × Gl+(3,R). In those terms, we formulate a general
Ansatz for G2-structures, which realises representatives in each of the 7 possible isometric
classes of homogeneous G2-structures. Moreover, the well-known nearly parallel round and
squashed metrics are defined by different pairs of poles in an S3-family, the equator of
which is a new S2-family of coclosed G2-structures satisfying the harmonicity condition
div T = 0.

In the second part, we study the Laplacian coflow of G2-structures proposed by Karigiannis,
McKay and Tsui in [25] on Contact Calabi-Yau 7-manifolds using the initial coclosed
G2-structure given by Habib and Vezzoni in [22] and finding a singularity. We show that
the metric and the volume collapse at this singularity. Also, we analyze soliton solutions
of the Laplacian coflow on Contact Calabi-Yau 7-manifolds using G2-structure given by
Sá Earp and Lotay [32].

Keywords: G2-structures, G2-flow, Homogeneous spaces.
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Introduction

Geometric flows have proven to be a powerful tool in geometric analysis to solve a variety
of geometric and topological problems. In the case of G2-geometry, they provide a method
to search for metrics with G2 holonomy, which are then Ricci-flat, on an oriented, spin
7-manifold M by varying a G2-structure, given by a non-degenerate 3-form ϕ on M , so
that it becomes torsion-free. Flows in G2-geometry were first introduced by Bryant [9]
and have been studied by several authors (see for instance [1, 7, 27, 25, 24, 20, 34]).

We may then define the full torsion tensor of the G2-structure ϕ as T := ∇gϕϕ, where
∇gϕ is the Levi-Civita connection of gϕ. Pairs (M7, ϕ) which satisfy T ≡ 0 (i.e. so that
ϕ is torsion-free) are called G2-manifolds and complete examples are very difficult to
construct, especially when M is required to be compact. Fernandez and Gray [16] showed
that the torsion-free condition is equivalent to ϕ ∈ Ω3

+ being both closed and coclosed,
i.e, dϕ = 0 and d∗ϕϕ = 0 respectively (where ∗ϕ is the Hodge star defined by the metric
and orientation induced by ϕ). This alternative viewpoint of the torsion-free condition
as a system of nonlinear PDE is fundamental to G2 geometry and to geometric flows.
Thus, given a smooth manifold, are there any best (or nicest, or most distinguished)
G2-structures on M? The question remains natural when restricted to special kinds of
manifolds or particular classes of G2-structures, like the set of all G2-structures with the
same associated metric, left-invariant G2-structures on a given Lie group, etc.

G2-Geometry on the sphere has attracted significant interest over the past decade, perhaps
most notably in the classification of homogeneous structures by Reidegeld [39], the
description of 7-dimensional homogeneous spaces with isotropy representation in G2 by
Munir & Le [42] and the study of the 7-sphere’s calibrated geometry by Lotay [30] and
Kawai [26]. In particular, G2-structures on Sp(2)/Sp(1) was described in [35]. Since, each
Sp(2)-invariant G2-structure on S7 is determined by a G2-structure on p ' ToS7 which is
invariant by the Ad(Sp(1))-action, i.e. Ω3

+(S7)Sp(2) ' Λ3
+(p∗)Ad(Sp(1)) (see [35]) and S7 is

spinnable, the map (see [23, Eq(11)])

B : ϕ ∈ Ω3
+(S7) 7→ gϕ ∈ Sym2

+(T ∗S7),

associating a Riemmanian metric to each G2-structure, is surjective. Each preimage
subset Bϕ := B−1(gϕ)Sp(2), consisting of the homogeneous G2-structures defining the same
Riemannian metric, is called the (Sp(2)-invariant) isometric class of ϕ.

Bϕ ' (a, D · SO(3)),

for each gϕ ∈ Sym2
+(T ∗S7)Sp(2) and the space of Sp(2)-invariant G2-structures on S7 '

Sp(2)/Sp(1) is described by the homogeneous manifold Ω3
+(S7)Sp(2) ' R+ × GL+(3,R),
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via the isomorphism Ω3
+(S7)Sp(2) ' Λ3

+(p∗)Ad(Sp(1)) and the map

Θ : R+ ×GL+(3,R)→ Λ3
+(p∗)Ad(Sp(1))

(a, D) 7→ Θ(a, D) = ϕa,D.

We know from [43] that, up to isometry, any Sp(2)-invariant metric is a multiple of the inner
product expressed in terms of an oriented left-invariant coframe e1, . . . , e7 ∈ Ω1(S7)Sp(2) by

gr = 1
r6

1
(e1)2 + 1

r6
2
(e2)2 + 1

r6
3
(e3)2 + r1r2r3

(
(e4)2 + (e5)2 + (e6)2 + (e7)2

)
, (1)

with r1, . . . , r3 > 0 and r := (r1, r2, r3). The corresponding isometric class of G2-structures
is parametrised by

ϕ(r,h) = 1
(r1r2r3)3 e

123

+
(r2r3
r2

1
(h2

0 + h2
1 − h2

2 − h2
3)e1 + 2r1r3

r2
2

(h1h2 − h0h3)e2 + 2r1r2
r2

3
(h1h3 + h0h2)e3

)
∧ ω1

+
(
2r2r3
r2

1
(h1h2 + h0h3)e1 + r1r3

r2
2

(h2
0 − h2

1 + h2
2 − h2

3)e2 + 2r1r2
r2

3
(h2h3 − h0h1)e3

)
∧ ω2

+
(
2r2r3
r2

1
(h1h3 − h0h2)e1 + 2r1r3

r2
2

(h2h3 + h0h1)e2 + r1r2
r2

3
(h2

0 − h2
1 − h2

2 + h2
3)e3

)
∧ ω3,

(2)

with (h0, ..., h3) ∈ H a unit quaternion parametrising a SO(3)-transformation and ω1, . . . , ω3 ∈
Ω2(S7)Sp(2) as in (2.11).

Let me now briefly describe the contents: Chapter 1 we discuss relevant preliminary results on
G2-structures. In chapter 2 we present a detailed study of the space Ω3

+(S7)Sp(2) of Sp(2)-invariant
G2-structures on the homogeneous 7-sphere Sp(2)/Sp(1) obtaining following Theorem:

Theorem 3. Let ϕ(r,h) be the G2-structure given by (2) with r1 = r2 = r3 = r−1/3. Then each
S3-family of G2-structures

Br := Θ({r} × SO(3)) = B−1(gr)Sp(2) ' S3

determines a distinct isometric class. Moreover, in terms of the equator and poles

S2 ' {(h0, h1, 0, h3)} and NS ' {(0, 0,±1, 0)},

we characterise the following torsion regimes in each isometric class Br, up to the diffeomorphism
Φ:

1. The coclosed G2-structures correspond to {r} × S2 and {r} ×NS.

2. The nearly parallel G2-structures correspond to { 3√2} × S2 (round) and { 3
√

2/5} × NS
(squashed).

3. The locally conformal coclosed G2-structures correspond to {1} × S3.
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Furthermore, there are no locally conformal closed or purely coclosed structures in Br.

In Chapter 3, our goal is to study the Laplacian coflow of G2-structures, introduced by Karigiannis,
McKay and Tsui [25]1 which is given by

∂ψt
∂t

= ∆ψtψt, (4)

where ψt := ∗tϕt is the Hodge dual of the G2-structure ϕt (here, we write ∗t := ∗ϕt) and
∆ψt := (dd∗t + d∗td) is the Hodge Laplacian of gt := gϕt on 4-forms. If M is compact, critical
points of this flow (4) are then Hodge duals of non-degenerate 3-forms which are closed and
coclosed so that the corresponding G2-structures are torsion-free.

Motivated by the article of Habib and Vezzoni [22], we consider a contact Calabi–Yau 7-manifold,
which is a triple (M7, η,Φ,Υ) where (M7, η,Φ) is a Sasakian manifold (and η is the contact
form) with transverse Kähler form ω = dη, and Υ is a nowhere vanishing transversal form on
D = ker η of type (3, 0) satisfying

Υ ∧Υ = −iω3 and dΥ = 0.

Hence, on contact Calabi-Yau 7-manifolds there exists a natural G2-structure defined by

ϕ = η ∧ ω + Re Υ,

with corresponding dual 4-form

ψ = ∗ϕϕ = 1
2ω

2 − η ∧ Im Υ.

Since ψ is manifestly closed (as ω and Υ are closed and ω ∧Υ = 0 by type considerations), we
see that ϕ is coclosed and the torsion of ϕ is encoded in

dϕ = ω ∧ ω.

we consider a family of G2-structures

ϕt = fth
2
t η0 ∧ ω0 + h3

t Re(Υ0)

for ft, ht ∈ R where ω0 = dη0 on a contact Calabi-Yau (M7, η0,Φ0,Υ0) and we prove the
following.

Theorem 5. Let (M7, η0,Φ0,Υ0) be a contact Calabi-Yau 7-manifold. The family of coclosed
G2-structures ϕt on M7 given by

ϕt = p(t)−1/10η0 ∧ ω0 + p(t)3/10 Re Υ0; (6)

ψt = 1
2p(t)2/5ω2

0 − η0 ∧ Im Υ0, (7)

where p(t) = 10t + 1 and t ∈ (−1/10,∞), solves the Laplacian coflow (4) with initial data
determined by ϕ0 = η0 ∧ ω0 + Re Υ0.
1 In [25] the flow (4) is written with an additional minus sign on the right-hand side, but this seems

incorrect given the works on the Laplacian flow [7, 34] and the modified Laplacian coflow [18].
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Remark 8. We see that if M7 is compact then the volume of M determined by the G2-structure
ϕ on M is:

H(ϕ) := Vol(M,ϕ) = 1
7

∫
M
φ ∧ ψ.

Along the Laplacian coflow solution given in Theorem 3.22 for a compact contact Calabi–Yau
7-manifold we have that

H(ϕt) = (10t+ 1)3/10H(ϕ0).

Hence, the Hitchin functional on the cohomology class [ψ0], which is just H(ϕt), tends to infinity
as t→∞ and tends to 0 as t→ −1/10. In particular, the Hitchin functional is unbounded on
[ψ0].

We see that the Laplacian coflow in Theorem 3.22 has singularities. In the analysis of singularities
of flows of G2-structures, as can be seen for example in the work of Lotay and Wei [29] and later
work of Gao Chen [11], it is useful to study the quantity

Λ(x, t) = (|Rm(x, t)|2gt + |T (x, t)|4gt + |∇gtT (x, t)|2gt)
1
2 . (9)

Considering this, we compute Λ(x, t) for the family (3.23) obtaining the following.

Theorem 10. Let ϕt be the solution to the Laplacian coflow (4) given by (3.24) on a contact
Calabi-Yau manifold (M0, η0,Φ0,Υ0). Then, for t ∈ (−1/10,∞) and x ∈M we have Λ(x, t) given
in (9) is given by

Λ(x, t) =
(
p(t)−2/5|RmD0

0 |
2
0 + kp(t)−2)1/2 (11)

where k > 0 is a constant.In particular, for t ∈ [β, γ] ⊂ (−1/10,∞) and sup
M
|RmD0

0 |0 ≤ C we
have

Λ(t) = sup
M

Λ(x, t) ≤ Kp(t)−1(1 + cp(t)8/5)1/2
for c,K > 0 constant.

Also, we present definitions and important results about compactness for Ricci-like flows [12, 20]
which will be used to show that the solution of the Laplacian coflow (3.23) with singularity in
t = −1/10 is collapsing as follows.

Theorem 12. Let (M7
0 , η0,Φ,Υ0) be a contact Calabi–Yau 7-manifold and ψt the solution of

the Laplacian coflow given by (3.23) with t ∈ (−1/10,∞). Then ψt is volume collapsing and
collapsing with respect to the normalized metric at −1/10.

We also study solitons for the Laplacian coflow of coclosed G2-structures, which are expected to
play an important role in understanding the local behaviour of the flow at singularities. It is
well-known, and easy to see from the viewpoint of the Laplacian coflow as the gradient flow of
the Hitchin functional, that the only possible compact solitons which are not torsion-free must
have λ > 0 (See section 3.4).
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Motivated by the article Lotay and Sá Earp [32], we analyse solitons on a contact Calabi-Yau
manifold M . In general, there are no shrinking solitons for the coflow. Furthermore, In particular,
we show that for a coclosed G2-structure ϕ with associated metric g and a vector field X on M ,
we have an orthogonal decomposition

LXψ = 4
7div(X)ψ + Curl(X)[ ∧ ϕ+ ∗iϕ

( 3
49div(X)g − 3

14(LXg)
)
, (13)

where iϕ : C∞(S2T ∗M) → Ω3(M) is the injective map given in (1.6). In particular, any
infinitesimal symmetry of the coclosed G2-structure ϕ generated by a vector field X satisfies

LXg = 0 and Curl(X) = 0.

The above result give an idea about soliton solutions of Laplacian coflow. Concluding that in the
particular case of CCY manifolds, we may strengthen this result as follows:

Proposition 14. Let (M,η,Φ,Υ) be a closed contact Calabi-Yau 7-manifold, fibering byM7 → V

over the Calabi-Yau 3-fold (V, ω, J,Υ). For each ε > 0, a S1-invariant G2-structure given by

ϕε = εη ∧ ω + Re Υ (15)

ψε = 1
2ω

2 − εη ∧ Im Υ. (16)

Then, any solitons (ψε, X, λ) for the Laplacian coflow (4) inducing the metric gε on M must
have X[ ∈ Ω1(M) harmonic and

λ = ε2. (17)
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1 G2-geometry

In this introductory chapter we briefly review about G2-structures, introducing important
definitions that will be used in the following chapters. These can be found e.g. in [9, 18, 23, 27, 39].

1.1 Linear G2-structures
In this section, we will give the main results about the group G2 that will be needed.

The octonion O is an 8-dimensional real division algebra which is normed, i.e. it admits an
inner product 〈·, ·〉 such that |uv| = |u||v| for all u, v ∈ O. Analogously to the set of quaternion
numbers H, the octonion product defines a skew-symmetric bilinear map × : ImO×O→ ImO
by u× v := Im uv, which turns to be a cross prodct, in the sense that

u× v ⊥ u, v, and |u× v|2 = |u|2|v|2 − 〈u, v〉2, ∀u, v ∈ ImO.

Then, we can define a 3-form given by

φ(u, v, w) := 〈u× v, w〉.

With respect to a suitable oriented and orthonormal basis {e1, · · · , e7} of ImO, the 3-form φ is
written as

φ = e123 + e145 + e167 + e246 − e257 − e347 − e356, (1.1)

where eijk := ei ∧ ej ∧ ek and {ei} is the dual basis of {ei}. We identify R7 = ImO. Therefore,
the subgroup of GL(7,R) that fixes φ is the compact, connected, simple Lie group G2 (see [6]).

Definition 1.2 (The group G2).

G2 = {h ∈ GL(7,R) : h∗φ = φ}

The group G2 acts irreducibly on R7 and preserves the metric and orientation for which the basis
{e1, e2, · · · , e7} is an oriented orthonormal basis. The Hodge star operator determined by this
metric and orientation will be denoted by ∗φ. Note that in particular G2 also fixes the 4-form

∗φφ = e4567 + e2367 + e2345 + e1357 − e1346 − e1256 − e1245.

The group G2 acts transitively on the unit sphere S6 ⊂ R7. The stabilizer subgroup of any
non-zero vector in R7 is isomorphic to SU(3) ⊂ SO(6), so that S6 = G2/SU(3). Since SU(3) acts
transitively on S5 ⊂ R6, it follows that G2 acts transitively on the set of orthonormal pairs of
vectors in R7.

Sometimes the ε-symbol will be useful to describe the algebra g2 = Lie(G2). It is the totally
skew-symmetric symbol which defines φ as φ = 1

6
∑
i,j,k

εijke
ijk, or equivalently, ei× ej =

∑
k

εijkek.
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Then, the Lie algebra g2 of G2 described as a subalgebra of so(7) can be given as

g2 =
{
A = [aij ] ∈ so(7) :

∑
j,k

aijεijk = 0, ∀i
}
.

On the other hand, cross-product left-multiplication defines a seven-dimensional subspace of
so(7),

q7 =
{

[vij ] : v ∈ R7, vij :=
∑
k

εijk〈v, ek〉
}
,

such that so(7) = g2 ⊕ q7. This is a reductive decomposition for the (symmetric) homogeneous
space RP7 = SO(7)/G2.

1.1.1 Definite form
The dimension of G2 is 14, therefore, by dimension count, the GL-orbit of φ in Λ3(V ∗) is open
and diffeomorphic to GL(V )/G2. We denote the orbit by Λ3

+(V ∗) and call the elements of Λ3
+(V ∗)

as definite 3-forms on V . Note that Λ3
+(V ∗) has two components, since GL(V ) does and since

G2 is connected. Each component is the negative of the other.

The canonical map S : Λ3
+(V ∗)→ Λ4(V ∗) defined by S(ϕ) = ∗ϕϕ is a double covering onto an

open set Λ4
+(V ∗) in Λ4(V ∗), which will be referred to as the space of definite 4-forms on V . The

GL(V )-stabilizer of an element ψ ∈ Λ4
+(V ∗) is then isomorphic to ±G2 = G2 ∪ (G2 · (−idV )).

Thus, a definite 4-form on V defines an inner product on V but not an orientation.

1.1.2 The G2-decomposition of exterior forms
In this section, we avoid writing R7 and let V be a vector space of dimension 7. Although G2

acts irreducibly on V and hence on Λ1(V ∗) and Λ6(V ∗), it does not act irreducibly on Λp(V ∗)
for 2 ≤ p ≤ 5. In order to understand the irreducible decomposition of Λp(V ∗) for p in this range,
it suffices to understand the case p = 2 and p = 3, since the operator ∗φ induces an isomorphism
of G2-modules Λp(V ∗) = Λ7−p(V ∗).

In [8], it is shown that there are irreducible G2-modules decompositions

Λ2(V ∗) =Λ2
14(V ∗)⊕ Λ2

7(V ∗) (1.3)

Λ3(V ∗) =Λ3
1(V ∗)⊕ Λ3

7(V ∗)⊕ Λ3
27(V ∗), (1.4)

where Λpd(V
∗) denotes an irreducible G2-module of dimension d. For p = 4 or p = 5, adopt the

convention that Λpd(V
∗) = ∗(Λ7−p

d (V ∗)). These summands can be characterized as follows:

Λ2
7(V ∗) ={∗φ(α ∧ ∗φφ) : α ∈ Λ1(V ∗)}

={α ∈ Λ2(V ∗) : α ∧ φ = 2 ∗φ α}

Λ2
14(V ∗) ={α ∈ Λ2(V ∗) : α ∧ φ = − ∗φ α} = g[2

Λ3
1(V ∗) ={rφ : r ∈ R} (1.5)

Λ3
7(V ∗) ={∗φ(α ∧ φ) : α ∈ Λ1(V ∗)}

Λ3
27(V ∗) ={α ∈ Λ3(V ∗) : α ∧ φ = 0 and α ∧ ∗φφ = 0} = iφ(S2

0(V ∗)),
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where,the notation g[2 is the musical isomorphism [ : V → V ∗ induced by the G2-invariant inner
product 〈·, ·〉φ, the Lie algebra of G2, namely g2 ⊂ V ⊗ V ∗, is identified with g[2 = ([⊗ 1)(g2) ⊂
Λ2(V ∗) ⊂ V ∗ ⊗ V ∗. This space is an irreducible G2-module since G2 is simple. On the other
hand, consider the linear mapping iφ : S2(V ∗)→ Λ3(V ∗), defined on decomposable elements by

iφ(α ◦ β) = α ∧ ∗φ(β ∧ ∗φφ) + β ∧ (α ∧ ∗φφ). (1.6)

The mapping iφ is G2-invariant and one can show that S2(V ∗) = Rgφ⊕S2
0(V ∗) is a decomposition

of S2(V ∗) into G2-irreducible summands which is the scalar multiple of gφ and the traceless factor
S2

0(V ∗) ⊂ S2(V ∗). Evidently, iφ is nonzero on each summand and it is therefore injective. Hence,
the image iφ(S2

0) ⊂ Λ3(V ∗) is 27-dimensional and irreducible. Equation (1.5) defines Λ3
27(V ∗)

as a G2-invariant, 27-dimensional subspace of Λ3(V ∗). Thus, by dimension, it must intersect
iφ(S2

0(V ∗)) and since it is G2-irreducible, iφ(S2
0(V ∗)) = Λ3

27(V ∗). Using the ε-notation, one can
express the map iφ as iφ(hijeiej) = εiklhije

j ∧ ek ∧ el, making it evident that iφ(gφ) = 3φ. It will
be useful to have a way to invert the map iφ. Define jφ : Λ3(V ∗)→ S2(V ∗) by the formula

jφ(γ)(v, w) = ∗φ((vyφ) ∧ (wyφ) ∧ γ), (1.7)

for γ ∈ Λ3(V ∗) and v, w ∈ V . It is not difficult to verify that

jφ(iφ(h)) = 4h+ 2(trgφ(h))gφ,

for all h ∈ S2(V ∗). Note also that jφ(φ) = 6gφ, while jφ(Λ3
7(V ∗)) = 0. Note that iφ and jφ are

not isometries when S2
0(V ∗) and Λ3

27(V ∗) are given their natural metrics. Instead, γ ∈ Λ3
27(V ∗)

satisfies |jφ(γ)|2 = 8|γ|2 while h ∈ S2
0(V ∗) satisfies |iφ(h)|2 = 8|h|2.

1.2 G2-structures on manifolds
Let M be a manifold of dimension 7. The union of the subspaces Λ3

+(T ∗xM) is an open subbundle
of the bundle Λ3(T ∗M) of 3-forms on M .

Definition 1.8. A 3-form ϕ on M that takes values in Λ3
+(T ∗M) will be said to be a definite

3-form on M and the set of definite 3-forms on M will be denoted by Ω3
+(M).

Each definite 3-form on M defines a G2-structure on M in the following way: let F denote
the principal right GL(V )-bundle over M consisting of V -coframes u : TM → V . Given any
ϕ ∈ Ω3

+(M), define a G2-bundle

Fϕ = {u ∈ hom(TxM,V ) : x ∈M and u∗(φ) = ϕx}. (1.9)

Every G2-reduction of F (i.e., G2-structure on M in the usual sense) is of the form Fϕ for some
unique ϕ ∈ Ω3

+(M). For this reason, a 3-form ϕ ∈ Ω3
+(M) by abuse of language, will be usually

called a G2-structure.

Definition 1.10 (Associated metric, orientation and vector cross product). For any ϕ ∈ Ω3
+(M),

denote by gϕ, ∗ϕ ×ϕ the metric, Hodge star operator, and vector cross product on M that are
canonically associated to ϕ where gϕ and volume form volϕ satisfy the following

6gϕ(X,Y )volϕ := (Xyϕ) ∧ (Y yϕ) ∧ ϕ.
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The metric gϕ and orientation determine a Hodge star operator ∗ϕ. Therefore, there exists
associated dual 4-form ψ such that ψ = ∗ϕ.

We can define a metric on the space of forms and it will be explained below. Let (M,ϕ) be a
smooth 7-manifold with G2-structure. In a local coordinate system (x1, · · · , x7), a differential
k-form α on M will be written as

α = 1
k!αi1···ikdx

i1···ik ,

where the sum is taken over all ordered subset {i1, · · · , ik} ⊂ {1, · · · , 7} and αi1···ik is skew-
symmetric in all indices, i.e., αi1···ik = α(ei1 , · · · , eik). So, the interior product of a k-form is
given by

ejyα = 1
(k − 1)!αji1···ik−1dx

i1···ik−1 .

A Riemannian metric g on M induces on Ωk := Ωk(M) the metric g(dxi, dxj) := gij , where (gij)
denotes the inverse of the matrix (gij). Then, for decomposable k-forms we have

g(dxi1···ik , dxj1···jk) = det


gi1j1 · · · gi1jk

... · · ·
...

gikj1 · · · gikjk

 , (1.11)

thus, using this convention, the inner product of two k-forms α = 1
k!αi1···ikdx

i1···ik and β =
1
k!βj1···jkdx

j1···jk is given by

g(α, β) = αi1···ikβj1···jkg
i1j1 · · · gikjk .

The metric also determines the Levi-Civita connection ∇, and a manifold M is called a G2-
manifold if ∇ϕ = 0. Note that this is a nonlinear partial differential equation for ∇, since
∇ depends on g which depends on ϕ in a non-linearly way. Such manifolds have Riemannian
holonomy Holg(M) contained in the exceptional Lie group G2 ⊂ SO(7).

Remark 1.12. On a Riemannian manifold, metric compatible G2-structures are parametrized by
sections of an RP7-bundle, or alternatively, by sections of an S7-bundle, with antipodal points
identified.

Also, in the context of G2-structures will be necessary to give some definitions which will be
needed later. Given a tensor γ, the rough Laplacian is defined by

∆γ = gab∇a∇bγ = −∇∗∇γ, (1.13)

whereas the Hodge Laplacian defined by ϕ or ψ will be denoted by ∆ϕ or ∆ψ respectively.

For a vector field X, define the divergence of X as

divX = ∇aXa. (1.14)

This operator can be extended to a 2-tensor β:

(divβ)b = ∇aβab. (1.15)
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Furthermore, for a vector X, we can use the G2-structure ϕ to define a Curl operator, similar to
the standard one on R3:

(CurlX)a = (∇bXc)ϕabc. (1.16)

This Curl operator can then also be extended to a 2-tensor β:

(Curl β)ab = (∇mβna)ϕ mn
b .

Note that when βab is symmetric, Curl β is traceless. We can also use the G2-structure 3-form to
define a commutative product α ◦ β of two 2-tensors α and β

(α ◦ β)ab = ϕamnϕbpqα
mpβnq. (1.17)

Note that (α ◦ β)t = (αt ◦ βt). If α and β are both symmetric or both skew-symmetric, then
(α ◦ β) is a symmetric 2-tensor. Also, for a 2-tensor, we have the standard matrix product
(αβ)ab = α k

a βkb.

Proposition 1.18. [29, §2] The 3-form ϕ and the corresponding 4-form ψ satisfy the following
identities.

Contractions of ϕ with ϕ

ϕabcϕ
abc =42 (1.19)

ϕabjϕ
ab
k =6gjk (1.20)

ϕapqϕ
a
jk =gpjgqk − gpkgqj + ψpqjk. (1.21)

Contractions of ϕ with ψ

ϕijkψ
ijk
a =0

ϕijqψ
ij
kl =4ϕqkl (1.22)

ϕipqψ
i
jkl =gpjϕqkl − gjqψpkl + gpkψjql

gkqψjpl + gplψjkq − glqψjkp. (1.23)

Contractions of ψ with ψ

ψabcdψ
ab
mn =4gcmgdn − 4gcngdm + 2ψabmn (1.24)

ψabcdψ
bcd
m =24gam (1.25)

ψabcdψ
abcd =168

Remark 1.26. In [2], Berger classified the possible holonomy groups of simply-connected, irre-
ducible and non-symmetric Riemannian manifolds. Berger’s classification is given in the following
table
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Dimension Holonomy group Remarks
n SO(n) Generic Riemannian manifold

2m U(m) Kähler
2m SU(n) Calabi-Yau
4q Sp(q) Hyper-Kähler
4q Sp(q) · Sp(1) Quaternionic-Kähler
7 G2 G2-holonomy
8 Spin(7) Spin(7)-holonomy

Manifolds with SU(m), Sp(q), Sp(q) · Sp(1), G2 or Spin(7) holonomy are called manifolds with
special holonomy. With exception of the manifold with holonomy Sp(q) · Sp(1), all other special
holonomy manifolds are Ricci-flat. In particular, G2-manifolds are always Ricci-flat.

Proposition 1.27 ([16]). The G2-structure corresponding to ϕ is torsion free if, and only if ϕ
is both closed and coclosed, i.e.

dϕ = 0, d ∗ ϕ = dψ = 0.

Definition 1.28. There are four independent torsion forms τ0 ∈ Ω0, τ1 ∈ Ω1, τ2 ∈ Ω2
14 and

τ3 ∈ Ω3
27 corresponding to a G2-structure ϕ ∈ Ω3

+ such that dϕ and dψ can be expressed as
follows

dϕ = τ0ψ + 3τ1 ∧ ϕ+ ∗τ3,

dψ = 4τ1 ∧ ψ + τ2 ∧ ϕ.
(1.29)

We call τ0 the scalar torsion, τ1 the vector torsion, τ2 the Lie algebra torsion and τ3 the symmetric
traceless torsion.

The torsion forms can be explicitly computed from ϕ and ψ by means of the following identities:

τ0 =1
7 ∗ϕ (ϕ ∧ dϕ), τ1 = 1

12 ∗ϕ (ϕ ∧ ∗ϕdϕ) = 1
12 ∗ϕ (ψ ∧ ∗ϕdψ), (1.30)

τ2 =− ∗ϕ(dψ) + 4 ∗ϕ (τ1 ∧ ψ), τ3 = ∗ϕ (dϕ)− τ0ϕ− 3 ∗ϕ (τ1 ∧ ϕ).

Definition 1.31. The full torsion tensor is a 2-tensor T satisfying ∇iϕjkl = Tmi ψmjkl and
T ji = 1

24∇iϕlmnψ
jlmn where Tij = T (∂i, ∂j) and T ji = Tikg

jk. Since T ∈ Γ(T ∗M ⊗ T ∗M) '
S ⊕ Ω2 ' Ω0 ⊕ So ⊕ Ω2

7 ⊕ Ω2
14 where S = Γ(S2(T ∗M)) and S0 denote those sections h ∈ S that

are traceless with respect to the metric g on M , then it is expressed in terms of the torsion forms
as

T = τ0
4 gϕ − ∗(τ1 ∧ ψ)− 1

2τ2 −
1
4(τ27). (1.32)

Remark 1.33. Starting from ∇lϕabc = Tlmg
mnψnabc and using proposition 1.18, we have that

∇mψijkl = −Tmiϕjkl + Tmjϕikl − Tmkϕijl + Tmlϕijk (1.34)

Some special classes of G2-structures are defined or characterised as follows:
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• Parallel or torsion-free: dϕ = 0 and d ∗ ϕ = 0, or equivalently, ϕ is parallel with respect to
the metric gϕ, i.e., ∇gϕϕ = 0.

• closed or calibrated: dϕ = 0.

• coclosed or cocalibrated: d ∗ ϕ = 0.

• Nearly parallel: dϕ = c ∗ ϕ for a constant c.

• Locally conformal closed or locally conformal calibrated: dϕ = θ ∧ ϕ for some θ ∈ Ω1(M).

• Locally conformal coclosed: dϕ = τ0ψ and dψ = 0.

• Purely coclosed: dϕ = ∗τ3 and dψ = 0.

1.2.1 Ricci curvature
Another interesting topic in this thesis is the singularity analysis which is important to find
the quantity Λ(x, t) given by (9) where it is composed of Ricci curvature norm. Therefore, we
introduce some definitions related to Ricci curvature in this section. Let ϕ be a G2-structure
which determines a unique metric g on M , then we have the Riemannian curvature tensor Rm
of g on M given by

R(X,Y )Z := ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z,

and R(X,Y, Z,W ) = g(R(X,Y )W,Z) for vector fields X,Y, Z,W on M . In local coordinates
denote Rijkl = R(∂i, ∂j , ∂k, ∂l). Recall that Rm satisfies the first Bianchi identity:

Rijkl +Riklj +Riljk = 0. (1.35)

We also have the following Ricci identities when we commute covariant derivatives of a (0, k)-tensor
α:

(∇i∇j −∇j∇i)αi1i2···ik =
k∑
s=1

R m
ijisαi1···is−1mis+1···ik .

Karigiannis [23] derived the following second Bianchi-type identity for the full torsion tensor.

Lemma 1.36. [23, §4, Theorem 4.2]

∇iTjk −∇jTik =
(1

2Rijmn − TimTjn
)
ϕ mn
k .

We consider the Ricci tensor, given locally as Rik = Rijklg
jl.

Proposition 1.37. [23, §4, Proposition 4.15] The Ricci tensor of the metric g associated to the
G2-structure ϕ is given locally as

Rik = (∇iTjl −∇jTil)ϕ jl
k + tr(T )Tik − T j

i Tjk + TimTjnψ
jmn
k .
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Lemma 1.38. [20, §2, Lemma 2.1] The torsion tensor T satisfies the following identities

(∇T )yψ =− (Tyϕ)yT + T 2yϕ+ (trT )(Tyϕ)

0 =d(trT )− div(T t)− (Tyϕ)yT t

Ric =− sym(CurlT t −∇(Tyϕ) + T 2 − tr(T )T )
1
4Ric∗ = CurlT + 1

2T ◦ T

R =2 tr(CurlT )− ψ(T, T )− tr(T 2) + (trT )2

where (Ric∗)ab = Rmnpqϕ
mn
a ϕ

p
b and ψ(T, T ) = ψabcdT

abT cd. Note that from (1.32) trT = 7
4τ0

and Tyϕ = −6τ1.

The following proposition provides useful properties of a coclosed G2-structure and its full torsion
tensor T .

Proposition 1.39. [18, §2, Proposition 2.3] Suppose we have a coclosed G2-structure on a
manifold M with 3-form ϕ. Let µ = iϕ(h) ∈ Ω3 where h a symmetric tensor, then the exterior
derivative dµ is given by

dµ =1
2(trT trh− 〈T, h〉)ψ − (∇ trh− divh)[ ∧ ϕ

+ ∗iϕ(Curlh(ab) + 1
2T ◦ hab + (Th)ab −

1
2(trh)Tab −

1
2(trT )hab). (1.40)

Furthermore, the torsion tensor T satisfies the following identities

divT =d(trT ),

CurlT =(CurlT )t,

Ric = CurlT − T 2 + tr(T ),

R =(trT )2 − |T |2.

(1.41)

1.2.2 Nearly parallel G2-structures
In the above section, we defined nearly parallel G2-structures, i.e., dϕ = c ∗ ϕ for a constant
c. Several authors have studied nearly parallel G2-structures [17, 4, 30, 26] and it will help to
understand the behavior of G2-structures on the homogeneous space S7 = Sp(2)/Sp(1) in Section
2.4, specifically Theorem 2.54, where the well-known nearly parallel round and squashed metrics
occur naturally on different poles in an S3-family, the equator of which is a new S2-family of
coclosed G2-structures.

Proposition 1.42. [5, §8, Theorem 45]

Let (M, g) be a complete 7-dimensional Riemannian manifold with a nearly parallel G2-structure.
Then the holonomy Hol(g) of the metric cone (C(M), g) is contained in Spin(7) where C(M) =
R+×M and g = dr2 +r2gM with r ∈ R+. In particular, C(M) is Ricci-flat and M is an Einstein
manifold.



Chapter 1. G2-geometry 24

The sphere S7 with its constant curvature metric is isometric to the isotropy irreducible space
Spin(7)/G2. The fact that G2 leaves invariant (up to constant) a unique 3-form and a unique
4-form on R7 implies immediately that this space has a nearly parallel G2-structure as explained
in detail below. Then, we begin by defining distinguished differential forms on R7 and R8.

Definition 1.43. Let R7 have a coordinates (x1, · · · , x7) and (x0. · · · , x7) a coordinates for R8.
We define a 4-form γ on R8 by:

γ = dx0123 + dx0145 + dx0167 + dx0246 − dx0257 − dx0347 − dx0356

+ dx4567 + dx2367 + dx2345 + dx1357 − dx1346 − dx1256 − dx1247.
(1.44)

Notice that γ is self-dual. If φ is the G2-structure given by (1.1) and we decompose R8 = R⊕R7

then
γ = dx0 ∧ φ+ ∗φ, (1.45)

where ∗φ is the Hodge dual of φ. By identifying R8 with C4 in the usual way, we can decompose
γ as follows

γ = 1
2ω ∧ ω + Re(Υ),

where ω and Υ are the standard Kahler form and holomorphic volume form on C4. It is also
worth observing that if H are the quaternions and we identify R8 with H2 in an appropriate way,
then by [10] we have that

γ = 1
2ω

2
I + 1

2ω
2
J −

1
2ω

2
K ,

where ωI , ωJ , ωK are the Kahler forms associated with the triple of complex structures (I, J,K)
given by the standard hyperkahler structures on H2.

Definition 1.46. Write R8 \ {0} = R+ × S7 with r being the coordinate R+ and S7 the unit
7-sphere. Then, since γ is self-dual, we may define a 3-form on S7 via the formula

γ(r,p) = r3dr ∧ ϕ|p + r4 ∗ ϕ|p, (1.47)

where ∗ here denotes the usual Hodge star on S7. Moreover, the fact that dγ = 0 implies that
dϕ = 4 ∗ ϕ. By comparing (1.45) and (1.47) it is clear that ϕ is a positive 3-form on S7 and
the associated metric gϕ is the round metric on S7 with constant curvature 1. Thus, ϕ is a
G2-structure on S7.

There are three examples of nearly parallel G2-structures (see [17, §4, Table 3]). One of them is
the so-called squashed 7-sphere which we explain below.

If we identify R8 ∼= C4 via R8 3 (x0, x1, · · · , x7) 7→ (x0 + ix1, x2 + ix3, x4 + ix5, x6 + ix7) :=
(z1, z2, z3, z4) ∈ C4, then γ given by (1.45) is described as

γ = 1
2ω0 ∧ ω0 + Re Υ0

where ω0 = i

2

4∑
j=1

dzj ∧ dzj and Υ0 = dz1234 are the standard Kähler form and the holomorphic

volume form on C4, respectively.
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In [26], Kawai obtain the second nearly parallel G2-structure on S7 by canonical variation.
Consider the following Lie groups:

Sp(1) = {a1 + a2j ∈ H : a1, a2 ∈ C, |a1|2 + |a2|2 = 1}

Sp(2) = {C ∈ GL(2,H) : C Preserves the metric on H2}

= {C ∈ U(4) : CtJC = J}

= {(u, Ju, Jv) : u, v ∈ C4, |u| = |v| = 1, 〈v, u〉C = 〈v, Ju〉C = 0},

where J =

J ′ 0
0 J

′

, J ′ =

 0 −1
−1 0

 and 〈·, ·〉C : C4 × C4 → C is the standard Hermitian

metric on C4.

Let Sp(1)× Sp(2) act on H2 by

(q, A) · (q1, q2) = q(q1, q2)tA,

where (q, A) ∈ Sp(1)× Sp(2), (q1, q2) ∈ H2. Via identification (z1, · · · , z4) ∈ C4 7→ (z1 + z2j, z3 +
z4j) ∈ H2, the Sp(1)-action on C4 is described as

(a1 + a2j) · u = a1u+ a2Ju, (1.48)

where u ∈ C4, and Sp(2) ⊂ U(4) acts on C4 canonically. By definition, the Sp(1)−action
commutes with the Sp(2)−action.

The actions of i, j, k ∈ Sp(1) induce complex structures I1, I2, I3 on C4, respectively, and hence
induce the 3-Sasakian structure {ξi, ηi,Φi, g}i=1,2,3 on S7, where g is the standard metric S7, and
a vector field ξi ∈ X(S7), a 1-form ηi ∈ Ω1(S7) and (1, 1)−tensor Φi ∈ C∞(S7,End(TS7)) are
defined in Appendix B. Note that the following conditions are satisfied:

Φi+2 = Φi ◦ Φi+1 − ηi+1 ⊗ ξi = −Φi+1 ◦ Φi + ηi ⊗ ξi+1,

ξi+2 = Φi(ξi+1) = −Φi+1(ξi),

ηi+2 = ηi ◦ Φi+1 = −ηi+1 ◦ Φi

where i ∈ Z/3. These tensors are described explicitly as follows.

ξ1 = −i(z1, z2, z3, z4)t

ξ2 = (z2,−z1, z4,−z3)t

ξ3 = i(z2,−z1, z4,−z3)t

η1 = Im
( 4∑
j=1

zjdz
j
)
, η2 + iη3 = −z1dz

2 + z2dz
1 − z3dz

4 + z4dz
3

dη1 = −i
4∑
j=1

dzjj = −2g(Φ1(·), ·), d(η2 + iη3) = −2(dz12 + dz34)

Moreover, we define the canonical variation g̃ of the Riemannian metric g on M by

g̃|V×V = s2g|V×V , g̃|H×H = t2g|H×H, g̃|H×V = 0 (1.49)
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for s, t > 0. Now, applying the canonical variation to a Riemmanian submersion π : S7 → S4 =
HP 1, we obtain the second nearly parallel G2-structure ϕ̃ on S7. Denote by ωi = 1

2dηi((·)
ᵀ, (·)ᵀ) ∈

Ω2(S7) the covariant differentiation of 1
2ηi where ᵀ : TS7 → H is the canonical projection. In

other words, we have

ω1 = 1
2dη1 + η23, ω2 = 1

2dη2 + η31, ω3 = 1
2dη3 + η12

since [ξi, ξi+1] = 2ξi+2 for i ∈ Z/3. In general, it is well know that 1
2dηi = −g(Φi(·), ·). Then we

deduce that
ωi = −g(Φi(·)ᵀ, (·)ᵀ) for i = 1, 2, 3.

Proposition 1.50 ([17]). Define the Riemannian metric g̃, a 3-form ϕ̃ ∈ Ω3(S7) and the 4-form
∗ϕ̃ ∈ Ω4(S7) on S7 by

g̃|V×V =
(3

5
)2
g|V×V , g̃|H×H =

( 3√
5

)2
g|H×H, g̃|H×V = 0,

ϕ̃ = 27
25
(1

5η123 +
3∑
i=1

ηi ∧ ωi
)
,

∗ϕ̃ = 27
25
(1

2

3∑
i=1

ω3
i + 3

5(η23 ∧ ω1 + η31 ∧ ω2 + η12 ∧ ω3)
)
.

Then ϕ̃ is nearly parallel G2-structure and ∗ϕ̃ is a Hodge dual of ϕ̃ with respect to g̃. We call
(S7, ϕ̃, g̃) the squashed S7.

Note that in [26], the canonical variation g is given by (1.49) in a more general way than in [17],
where the canonical variation is denoted by gs = g and t = 1. Then, the following Lemma and
Proposition with canonical variation gs will be the key for Theorem 2.54.

Lemma 1.51. [17, §5, Lemma 5.3] The manifold (M7, gs) is Einstein if and only if s = 1 or
s = 1/5.

Proposition 1.52. [17, §5, Theorem 5.4] The manifold (M7, gs) admits a nearly parallel G2-
structure for s = 1/5.

1.3 Hodge Laplacian of G2-structures
In section 3.4, we study soliton solutions of the Laplacian coflow on contact Calabi-Yau manifolds.
We give the decomposition of the Hodge Laplacian of the closed G2-structure being used in
Proposition 3.86 which refers to find properties respect to the following equation ∆ψψ − λψ +
LXψ = 0.

Proposition 1.53. [20, §2, Proposition 2.2] Suppose ϕ defines a G2-structure. Then ∆ϕϕ =
Xyψ + iϕ(h) with

X =− divT
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h =− 1
4Ric∗ + 1

6
(
R+ 2|T |2

)
g − T tT − 1

2(Tyϕ)(Tyϕ)

+ 1
4T ◦ T + 1

4T
t ◦ T t − 1

2T ◦ T
t + sym

(
(T )(Tyψ)− (T t)(Tyψ)

)
In particular,

trh = 2
3R+ 4

3 |T |
2

Lemma 1.54. [37, §3, Lemma 25] Let ϕ be a coclosed G2-structure. Then, ϕ has the following
properties:

1. divτ27 = 1
7∇(trT )− divT

2. 1
2(Curl τ27 + (Curl τ27)t) = −CurlT and tr(CurlT ) = 0.

3. (T ◦ τ27) = 1
7
(
(trT )2g − (trT )T

)
− T ◦ T and tr(T ◦ T ) = (trT )2 − |T |2.

Where τ27 = 1
7(trT )g − T .

The following Lemma is proved in [18], but with a different orientation for the G2-structure.
Since signs will be crucial for our applications, we work out the proof again, in our convention.
Then, let ϕ be a coclosed G2-structure, i.e. d ∗ ϕ = 0. Then (1.29) implies τ1 and τ2 are both
equal to zero. From (1.32) we have that the torsion tensor T satisfies Tij = Tji = τ0

4 gij − jϕ(τ3)ij ,
so T is a symmetric 2-tensor. Since, dϕ = τ0ψ+∗τ3, we have that the Hodge Laplacian of ψ = ∗ϕ
is equal to

∆ψψ =dd∗ψ + d∗dψ = d ∗ dϕ

=dτ0 ∧ ϕ+ τ2
0ψ + τ0 ∗ τ3 + dτ3. (1.55)

Lemma 1.56. Let ϕ be a coclosed G2-structure on a manifold M with associated metric g. Then,

∆ψψ = (2
3R+ 4

3 |T |
2)ψ ⊕ (d trT ) ∧ ϕ

⊕ ∗ϕiϕ
(
− Ric + 1

14(R− 2|T |2)g + tr(T )T − 2T 2 − 1
2T ◦ T

)
.

Proof. For a co-closed G2-structure, the Laplacian of ψ is

∆ψψ = dτ0 ∧ ψ + τ2
0ψ + τ0 ∗ τ3 + dτ3. (1.57)

We can decompose ∆ψψ as:

∆ψψ = Y [ ∧ ϕ⊕ ∗iϕ(s) = 3
7(tr s)ψ ⊕ Y [ ∧ ϕ⊕ ∗iϕ(s), (1.58)

where Y is a vector field and s is the trace-free part of s ∈ S2. Now, we apply Proposition 1.39
to τ3 = iϕ(τ27) and use Lemma 1.54 to obtain

dτ3 = 3
7d(trT ) ∧ ϕ

+ ∗iϕ
(
− CurlT + 1

2T ◦ τ27 + 1
2
(
Tτ27 + (Tτ27)t

)
− 1

2(trT )τ27 −
1
6〈T, τ27〉g

)
.

(1.59)
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Using the identities τ0 = 4
7 tr(T ), 3ψ = ∗iϕ(g), and (1.59) in (1.57), we obtain

∆ψψ =d(trT ) ∧ ϕ+ ∗iϕ
(
− CurlT + 1

2(T ◦ τ27) + 1
2
(
Tτ27 + (Tτ27)t

)
+ 1

14(trT )τ27 + 16
147(trT )2g − 1

6〈T, τ27〉g
)
.

Now, replacing τ27 using τ27 = 1
7(trT )g − T , as well as using T ◦ g = (trT )g − T , Proposition

1.39 and Lemma 1.54, we have

∆ψψ = d(∇ trT )[ ∧ ϕ+ ∗iϕ
(
− CurlT − 1

2T ◦ T − T
2 + 1

6(trT )2g + 1
6 |T |

2g
)
. (1.60)

Therefore

tr(s) =2
3
(
(trT )2 + |T |2

)
= 2

3R+ 4
3 |T |

2, (1.61)

s =− Ric + 1
14(R− 2|T |2)g + tr(T )T − 2T 2 − 1

2T ◦ T,

Y =∇ trT. (1.62)

The result then follows.

1.4 Ricci-Like flows
In this section we state the evolution equations for several important geometric quantities under
the G2-structures following [23, 18, 11, 24], and then write some important remarks. We study
the critical points G2-structures of the energy of ϕr given by (2.58) being Proposition 2.55 a
result of what I collaborated. On the other hand, the Laplacian flow and compactness analysis
given by [29, 11] was used to study a singularity of the Laplacian coflow, taking the dilaton in
our case. For this reason, we give a review about the Laplacian flow. Also, the Laplacian coflow
studied in [20] was important in the results of soliton solutions of Laplacian coflow on contact
Calabi-Yau manifold. Moreover, I collaborated in every Proposition and Theorem of Section 3.1.

Lemma 1.63. [23, §3] If ϕ(t) satisfies the equation

∂ϕ(t)
∂t

= X(t)yψ(t) + iϕ(t)(h(t)), (1.64)

then we also have the following equations

∂g

∂t
=2h,

∂vol
∂t

= tr(h)vol,
∂ψ

∂t
=iψ(h)−X ∧ ϕ,

∂T

∂t
=∇X − Curlh+ Th− (T )(Xyϕ). (1.65)
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In [11], Chen defined a class of reasonable flows of G2-structures that satisfy the following general
conditions:

1. The metric should evolve the Ricci flow to leading order and be no more than quadratic in
the torsion, that is

∂g

∂t
= 2h = −2Ric + Cg + L(T ) + T ~ T, (1.66)

where ~ is some multilinear operator involving g, ϕ, ψ, C is a constant and L is some linear
operator involving g, ϕ, ψ.

2. The vector field X is at most linear in ∇T and at most quadratic in T :

X = L(∇T ) + L(T ) + L(Rm) + T ~ T + C. (1.67)

3. The torsion tensor should evolve ∆T to leading order, be at most linear in Rm and ∇T ,
and at most cubic in T :

∂T

∂t
=∆T + L(∇T ) + L(Rm) +Rm~ T +∇T ~ T

+ L(T ) + T ~ T + T ~ T ~ T. (1.68)

4. The flow (1.64) has short-time existence and uniqueness.

Thus, the flows that satisfy properties 1-4 are called Ricci-like flows. This is appropriate because
a variety of techniques which were originated from the study of the Ricci flow have been applied
to these flows. In particular, under the Ricci flow, invariants of the metric Rm, Ric, R, all satisfy
heat-like equations. Therefore, it is appropriate that for a Ricci-like flow of a G2–structure, the
torsion, which is an invariant of the G2-structure, also satisfies a heat like equations (1.68). This
is important because then ∇kT and |T |2 also satisfy heat-like equations and this is necessary to
be able to obtain estimates using the maximum principle.

Using techniques developed by Shi for the Ricci flow and their adaptation to G2-structures given
by Lotay and Wei [29], Chen then showed that a reasonable flow must satisfy the following
Shi-type estimate.

Proposition 1.69. [11, §2, Theorem 2.1] Suppose (1.64) is a Ricci-like flow of G2-structures
such that the coefficients in equations (1.64), (1.66), (1.67) and (1.68) are bounded by a constant
S. Let Br(p) be a ball of radius r with respect to the initial metric g(0). If

|Rm(x, t)|g(t) + |T (x, t)|2g(t) + |∇T (x, t)|g(t) < S (1.70)

for any (x, t) ∈ Br(p)× [0, t0], then

|∇kRm(x, t)|g(t) + |∇k+1T (x, t)|g(t) < C(k, r, S, T ) (1.71)

for any (x, t) ∈ Br/2(p)× [t0/2, t0] for all k = 1, 2, 3, . . .



Chapter 1. G2-geometry 30

Note that in the Laplacian flow studied by Lotay and Wei in [29], the quantity Λ(x, t) =(
|Rm(x, t)|g(t) + |∇T (x, t)|g(t)

)
is analogous to (1.70). This is because in the case of a closed

G2-structure, |T |2 = −R ≤ C|Rm|. Therefore, the norm of the torsion can always be bounded in
terms of the norm of Rm. For other torsion classes, and in particular, coclosed G2-structures,
this is no longer true, therefore |T |2 needs to be included in (1.70). Using the estimates from the
above theorem, Chen then derived an estimate for the blow-up rate on a compact manifold.

Proposition 1.72. [11, §5, Theorem 5.1] If ϕt is a solution to a Ricci-like flow of G2-structures
on a compact manifold in a finite maximal time interval [0, t0), then

sup
M

(
|Rm(x, t)|2gt + |T (x, t)|4gt + |∇T (x, t)|2gt

) 1
2 ≥ C

t0 − t
(1.73)

The estimate 1.73 shows that a solution will exist as long as the quantity of the left-hand side of
(1.73) remains bounded.

A classic example of a Ricci-like flow of G2-structures is the Laplacian flow of G2-structures that
was introduced by Bryant [9]:

∂ϕ

∂t
= ∆ϕϕ. (1.74)

If the initial G2-structure is closed, then this property is preserved along the flow. It is then natural
to think of (1.74) as a flow of closed G2-structures. In this case, the fact that T t = −T and Lemma
1.38 give us the following results: Ric∗ = 4Ric +T ~T and R = 2 tr(CurlT )−ψ(T, T )− tr(T 2) =
−|T |2; thus by Lemma 1.38, we have Ric∗ = 4Ric+T~T and R = 2 tr(CurlT )−ψ(T, T )−tr(T 2) =
−|T |2; using Proposition 1.53 we have h = −Ric + T ~ T ; and so substituting in Lemma 1.63,
we conclude that condition 1 in the Ricci like-flow holds. Moreover, we have that divT = 0 in
this case (see [31]), and hence X = 0. Using Lemma 1.63 and h = −CurlT + T ~ T , we have

∂T

∂t
= Curl(CurlT ) +∇T ~ T + T ~ T ~ T. (1.75)

On the other hand, in [20] is given the following formula when β is 2-tensor

Curl
(
(Curl β)t

)
= −∆βt +∇(divβ) +Rm~ β + T ~∇β + (∇T ) ~ β + T ~ T ◦ β (1.76)

where t denote transpose and ~ is some multilinear operator involving g, ϕ, ψ. Then, using
(1.76) into (1.75) together the facts that CurlT is symmetric, T is skewsymmetric, and divT = 0,
allows to express (1.75) as

∂T

∂t
= ∆T +Rm~ T +∇T ~ T + T ~ T ~ T.

Therefore, the Laplacian flow is a Ricci-like flow. Finally, short-term existence and uniqueness of
the flow (1.74) has been first proved by Bryant and Xu in [9]. In [29, 31, 28], we can find more
properties of this flow, as well as details of the above calculation. The results in Proposition 1.69
and 1.72 are extensions of similar results for the Laplacian flow of closed G2-structures in [31].

In the study of singularities, a fundamental tool is the Cheeger-Gromov type compactness
theorem and using techinques developed by Shi for the Ricci flow, Lotay and Wei proved their
adaptation to G2-structures (see [31]).
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Proposition 1.77. [29, §7, Theorem 7.1] Let Mi be a sequence of smooth 7-manifolds and for
each i, let pi ∈Mi and ϕi be a G2-structure on Mi such that the metric gi on Mi induced by ϕi
is complete on Mi. Suppose that

sup
i

sup
x∈Mi

(
|∇k+1

gi Ti(x)|2gi + |∇kgiRmgi(x)|2gi
)1/2

<∞ (1.78)

for all k ≤ 0 and
inf
i

inj(Mi, gi, pi) > 0, (1.79)

where Ti, Rmgi are the torsion and curvature tensor of ϕi and gi respectively, and inj(Mi, gi, pi)
denotes the injectivity radius of (Mi, gi) at pi.

Then there exists a 7-manifold M , a G2-structure ϕ on M and a point p ∈M such that, after
passing to a subsequence, we have

(Mi, ϕi, pi)→ (M,ϕ, p) as i→∞.

Therefore, Theorem 1.77 reduces the problem of finding singularities models to finding sequences
of points and times for which the corresponding dilated solutions have a curvature bound. In [29],
Lotay and Wei give shi-types estimates with respect to the quantity (|Rm(p, t)|2gt + |∇T (p, t)|2gt)

1
2 ,

which Gao Chen [11] extends as

Λ(x, t) = (|Rm(p, t)|2gt + |T (p, t)|4gt + |∇T (p, t)|2gt)
1
2 (1.80)

for a local version of shi-type estimates for Ricci-Like flows of G2-structures and as in the Ricci
flow, we are interested to analyse singularities of the Laplacian coflow from (3.31). The property
of being k-noncollapsing below a scale ρ is preserved under Cheeger-Gromov limits, and this is
useful in the study of singularity models.

The original k-noncollapsing theorem of Perelman for Ricci flow in [38] requires the Riemannian
curvature bound. In [11], Chen use the Perelman’s ideas for Ricci-like flow and express in the
following proposition.

Proposition 1.81. [11, §4, Theorem 4.2] Let ∂

∂t
gij = −2Rij + Eij be the geometric flow on

a compact manifold Mn. Then there exists a positive function k of four variables such that if
0 < ρ ≤ ρ0 <∞, 0 < T

2 ≤ t0 ≤ T <∞ and

∫ t0

0
(t0 + ρ2 − t) sup

M
|E|2dt <∞, (1.82)

then g(t0) is k(g(0), T, ρ0,

∫ t0

0
(t0 + ρ2 − t)) sup

M
|E|2dt)–non-collapsing relative to upper bound of

scalar curvature on scale ρ.

We conclude with the following proposition which shows that any blow-up limit at finite time
must be a manifold with maximal volume growth rate whose holonomy is contained in G2.
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Proposition 1.83. Let ϕ(t) be a solution to a reasonable flow of G2-structures on a compact
manifold M7 in a finite maximal time interval [0, T ). If∫ T

0
(T − t) sup

M
|T |4dt <∞,

and
sup
M

(|R|+ |T |2) = o

( 1
T − t

)
,

Then there exist a sequence tk → T , xk ∈M such that

Qk = Λ(xk, tk) = sup
x∈M,t∈[0,tk]

(
|Rm|2 + |T |4 + |∇T |2

)1/2 →∞
and (M,Q

3/2
k ϕ(tk), Qkg(tk), xk) converges to a complete manifold M∞ with a torsion-free G2-

structure (ϕ∞, g∞, x∞) such that

volg∞(Bg∞(x∞, r)) ≥ kr7

for some k > 0 and all r > 0.
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2 Homogeneous G2-structures on S7 =
Sp(2)/Sp(1)

In order to understand the isometric flow on homogeneous spaces, we take the particular case
S7 = Sp(2)/Sp(1) and analyse the isometric class of Sp(2)-invariant G2-structures and then
describe the Sp(2)-invariant G2-structures with divT = 0, i.e., critical points of the Dirichlet
energy functional on this class:

E : ϕ ∈ Br 7→
∫
M
|Tϕ|2volϕ ∈ R.

Note that it is indispensable to know |Tϕ|2. Therefore, we focus on two aspects, the first one is to
describe the isometric class of Sp(2)-invariant G2-structures which is described by a SO(3)-orbit
(Proposition 2.24) showing also explicitly |Tϕ|2 in this class which is necessary to find the torsion
forms τ0, τ1, τ2 and τ3 and thus conclude Proposition 2.55 and Theorem 2.54 using this results
in Section §2.5 and, the second one is to describe the Sp(2)-invariant G2-structures of Br with
divT = 0 showed in Proposition 2.66, i.e. critical points of the Dirichlet energy functional. More
generally, we will make the blanket assumption that all the variational problems we consider are
restricted to a given isometric class concluding Theorem 2.67 about the set Crit(E|Br) for r > 0
which is proved in §2.5.1.

2.1 G2-structures on homogeneous spaces
In this section, we will give a survey of Lauret’s approach to G-invariant G2-structures on
homogeneous spaces [27]. Also, we use a classification of homogeneous spaces G/H admitting
G-invariant G2-structures which will be useful to describe isometric Sp(2)-invariant G2-structures
on S7 = Sp(2)/Sp(1).

Consider the action of a Lie group G on a manifold M . A (r, s)-tensor γ on M is G-invariant if
h∗γ = γ, for each h ∈ G, where

h∗γ(X1, · · · , Xr, α1, · · · , αs) := γ(h∗X1, · · · , h∗Xr, (h−1)∗α1, · · · , (h−1)∗αs).

for X1, · · · , Xr ∈ Γ(TM) and α1, · · · , αs ∈ Γ(T ∗M). In particular, whenM = G/H is a reductive
homogeneous space, i.e., g = k⊕ p with Ad(k)p ⊂ p for all k ∈ K, any G-invariant tensor γ is
completely determined by its value γx0 at the point x0 = [1G] ∈ G/H, where γx0 is an Ad(K)-
invariant tensor at p ∼= Tx0M , i.e., (Ad(k))∗γx0 = γx0 for each k ∈ K. Given x = [hx0] ∈ G/H,
clearly γx = (h−1)∗γx0 .

Let p be a real vector space of dimension 7 and let ϕ be a G2-structure, then it belongs to the
open orbit GL(p) · φ ⊂ Λ3p∗. Let us fix a positive 3-form ϕ ∈ GL(p) · φ ⊂ Λ3p∗. Since the orbit
GL(p) · ϕ is open in Λ3p∗, we have that its tangent space at ϕ satisfies

θ(gl(p))ϕ = Λ3p∗,
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where θ : gl(p)→ End(Λ3p∗) is the representation obtained as the derivative of the natural left
GL(p)-action on 3-forms h · ψ = ψ(h−1·, h−1·, h−1·), that is,

θ(A)β = −β(A·, ·, ·)− β(·, A·, ·)− β(·, ·, A·), ∀A ∈ gl(p), β ∈ Λ3p∗.

The Lie algebra of the stabilizer subgroup G2(ϕ) := GL(p)ϕ ∼= G2 is given by

g2(ϕ) :=
{
A ∈ gl(p) : θ(A)ϕ = 0

} ∼= g2.

We consider the orthogonal complement subspace q(ϕ) ⊂ gl(p) of g2(ϕ) relative to the inner
product on gl(p) determined by gϕ (that is, trABt). The irreducible G2(ϕ)-components of q(ϕ)
are q1(ϕ) = RI, the one-dimensional trivial representation, the (seven-dimensional) standard
representation q7(ϕ) and q27(ϕ), the other fundamental representation which has dimension 27.
Summarizing, each positive 3-form ϕ determines the following G2(ϕ)-invariant decompositions:

gl(p) = g2(ϕ)⊕ q(ϕ), q(ϕ) = q1(ϕ)⊕ q7(ϕ)⊕ q27(ϕ), (2.1)

so(p) = g2 ⊕ q7(ϕ), sym(p) = q1(ϕ)⊕ q27(ϕ), q27(ϕ) = sym0(p),

where so(p) and sym(p) are the spaces of skew-symmetric and symmetric linear maps with
respect to gϕ, respectively, and sym0(p) :=

{
A ∈ sym(p) : tr(A) = 0

}
.

If we identify sym(p) with the space S2p∗ of symmetric bilinear forms by using 〈·, ·〉, then the
linear isomorphism iϕ : S2p∗ → Λ3

1p
∗ ⊕ Λ3

27p
∗ satisfies iϕ(h) = −2θ(h)ϕ; in particular, for every

γ ∈ Λ3p∗, there exists a unique operator Qγ in q(ϕ) such that

γ = θ(Qγ)ϕ,

and we have that iϕ(Qγ) = −2γ.

A 7-manifold endowed with a G2-structure (M,ϕ) is said to be homogeneous if the Lie group of
all symmetries or automorphisms,

Aut(M,ϕ) := {f ∈ Diff : f∗ϕ = ϕ}

acts transitively onM . It is knwon that Aut(M,ϕ) is a Lie group, it is indeed a closed subgroup of
the Lie group Iso(M, gϕ) of all isometries of the Riemannian manifold (M, gϕ). Each Lie subgroup
G ⊂ Aut(M,ϕ) which is transitive on M gives rise to a presentation of M as a homogeneous
space G/H, where H is the isotropy subgroup of G at some point o ∈ M , and ϕ becomes a
G-invariant G2-structure on the homogeneous space M = G/H. As in the Riemannian case, G is
closed in Aut(M,ϕ) if and only if K is compact. In the presence of a reductive decomposition
g = k⊕ p (that is, Ad(H)p ⊂ p) for the homogeneous space G/H, where g and k, respectively,
denote the Lie algebras of G and H, every G-invariant G2-structure on G/H is determined
by a positive 3-form ϕ on p ∼= ToG/H (the tangent space at the origin o of G/H) which is
Ad(H)-invariant. This means that (Ad(h)|p) · ϕ = ϕ for any h ∈ H, or equivalently if H is
connected, θ(adZ|p)ϕ = 0 for all Z ∈ k.
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Compact homogeneous manifolds admitting invariant G2-structures
In this section we use a classification of homogeneous manifolds G/H admitting G-invariant
G2-structures where G is a compact Lie group and H is a closed Lie subgroup (not necessarily
connected) of G (see [39, 42]). We describe all connected subgroups of G2. The semisimple
subalgebra of all semisimple Lie algebras including g2 have been classified in [15].

Definition 2.2. Let G be a compact connected Lie group and H be a closed connected subgroup
ofG. We callG/H S1-reducible if there exists a Lie groupG′ and a covering map π : G′×U(1)→ G

such that H ⊆ π(G′). Otherwise, G/H is called S1-irreducible.

Lemma 2.3. [39, §3, Lemma 3.4] Let G/H be a seven-dimensional homogeneous space which
admits a G-invariant G2-structure. We assume that G acts effectively on G/H. In this situation,
there exists a vector space and an isomorphism ζ : TpG/H → R7 such that ζHζ−1 ⊆ G2, where
H is identified with its isotropy representation and G2 with its seven-dimensional irreducible
representation.

The converse of the above Lemma is also true:

Lemma 2.4. [39, §3, Lemma 3.5] Let G/H be a seven-dimensional homogeneous space such that
G acts effectively and there exists a vector space isomorphism ζ : TpG/H → R7 with ζHζ−1 ⊆ G2.
In this situation, there exists a G-invariant G2-structure on G/H.

Lemma 2.5. [39, §5, Lemma 5.2] Let G/H be a compact homogeneous space which admits a
G-invariant G2-structure. Moreover, let G act almost effectively on G/H. In this situation, the
following statements are true:

1. dim g = dim h + 7.

2. G is a compact and g is the direct sum of a semisimple and an abelian Lie aLgebra.

3. rank h ∈ {0, 1, 2} and rank g 6= rank h( mod 2). If rank h = 1, the dimension of the centre
z(g) of g is less than or equal 3. If rank h = 2, dim z(g) ≤ 1.

4. Let G = G
′ ×U(1) and H = H

′ ×U(1). If the second factor of H is transversely embedded
into the product G′ × U(1), G/H is G′-equivariantly covered by G′/H ′.

5. Let m be the orthonormal complement of h and g with respect to an AdH-invariant metric
g. The restriction of the adjoint action AdG to a map H → gl(m) is equivalent to the
isotropy action of H on the tangent space.

Proposition 2.6. [39, §1, Theorem 1]

1. Let G/H be a seven-dimensional, compact, connected, homogeneous space which admits
a G-invariant G2-structure. We assume that G/H is a product of a circle and another
homogeneous space and that G acts almost effectively on G/H. Furthermore, we assume
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G H G/H nO(7) nG2

U(1) {e} T 7 28 35
SU(2)× U(1)4 {e} S3 × T 4 28 35
SU(2)2 × U(1) {e} S3 × S3 × S1 28 35
SU(2)2 × U(1)2 U(1) S3 × S3 × S1 10 13
SO(4)× U(1)2 SO(2) V 4,2 × T 2 10 13
SU(2)3 × U(1) SU(2) S3 × S3 × S1 4 5
SU(3)× U(1)2 SU(2) S5 × T 2 7 10
SU(3)× U(1) U(1)2 SU(3)/U(1)2 × S1 4 5
Sp(2)× U(1) Sp(1)× U(1) CP3 × S1 3 4

G2 × U(1) SU(3) S6 × S1 2 3

Table 1 – S1-reducible

G H G/H nO(7) nG2

SU(3) U(1) N1,1 10 13
SU(3) U(1) N1,0 6 7
SU(3) U(1) Nk,l with k, l ∈ Z, k ≤ l ≤ 0, kl > 1 4 5
SO(5) SO(3) V 5,2 4 5
Sp(2) Sp(1) S7 7 10
SO(5) SO(3) B7 1 1
SU(2)3 U(1)2 Q1,1,1 4 5

SU(3)× U(1) U(1)2 Nk,l with l ∈ Z arbitrary 4 5
SU(3)× SU(2) SU(2)× U(1) M1,1,0 3 4
SU(3)× SU(2) SU(2)× U(1) N1,1 2 2
Sp(2)× U(1) Sp(1)× U(1) S7 3 4
Sp(2)× Sp(1) Sp(1)× Sp(1) S7 2 2

SU(4) SU(3) S7 2 3
Sp(7) G2 S7 1 1

Table 2 – S1-irreducible

that G and H are both connected. In this situation, G, H and G/H are up to a covering
one of the space from Table 1 and the dimensions nG2 (nO(7)) of the space of all G-invariant
G2-structures (metrics) on G/H are shown in Table 1.

2. Let G, H and G/H satisfy the same conditions as before with the single exception that
G/H is not a product of a circle and another homogeneous space. In this situation, G,
H and G/H are up to a covering one of the space from Table 2 and the dimensions nG2

(nO(7)) of the space of all G-invariant G2-structures (metrics) on G/H are shown in Table
2.

3. Any of the G/H from Table 1 or Table 2 admits a G-invariant cocalibrated G2-structure.
If G/H is from Table 2, it even admits a G-invariant nearly parallel G2-structure.

In Table 1 and 2, Nk,l denotes an Aloff-Wallach space, V 4,2 (V 5,2) denotes the Stiefel manifold
of all orthonormal pairs in R4 (R5), and B7 is the seven-dimensional Berger space. The following
Lemma and Theorem answer how many of such structures exist on G/H.

Lemma 2.7. [39, §7, Lemma 7.1] Let G be a compact Lie group and H be a closed subgroup
of G such that G/H admits a G-invariant G2-structure. As usual, let g be the Lie algebra of G,
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h of H and p be the orthogonal complement of h in g with respect to an AdH-invariant scalar
product on g. We denote the set of all H-invariant elements of an H-module V by V H . The set
of all G-invariant G2-structures on G/H can be bijectively identified with a subset of

(
Λ3p∗

)H .
Moreover, this subset is open.

Lemma 2.8. [39, §7, Lemma 7.2] In the situation of above Lemma, the map

γ :
(
Λ3p∗

)H → (S2p∗)H

which maps a G2-structure to its associated metric is surjective.

The statement of the above lemma can be understood as follows: For any G-invariant metric g
on G/H there exists a G-invariant G2-structure such that its associated metric is g. Moreover,
the space of all such G2-structures is of dimension nG2 .

2.2 Sp(2)-invariant G2-structures on S7 = Sp(2)/Sp(1)
G2-Geometry on the sphere has attracted significant interest over the past decade, perhaps
most notably in the classification of homogeneous structures is given by Reidegeld [39] some
examples was given in Table 2, the description of 7-dimensional homogeneous spaces with isotropy
representation in G2 by Munir & Le [42] and the study of the 7-sphere’s calibrated geometry
by Lotay [30] and Kawai [26]. The main results that i collaborated in [35] are given in this
section: Proposition 2.24 about isometric Sp(2)-invariant G2-structures on S7 and Proposition
2.49 finding torsion forms for an specific case of Sp(2)-invariant G2-structures.

We begin with a reductive decomposition of S7 = Sp(2)/Sp(1) as a homogeneous space. Let
A∗ = ĀT be the Hermitian transpose, consider the Lie algebra

sp(2) := {A ∈ gl(2,H) | A+A∗ = 0},

and fix its basis

v1 =

 i 0
0 0

 , v2 =

 j 0
0 0

 , v3 =

 k 0
0 0

 , e1 =

 0 0
0 i

 ,
e2 =

 0 0
0 j

 , e3 =

 0 0
0 k

 , e4 = 1√
2

 0 i

i 0

 , e5 = 1√
2

 0 j

j 0

 ,
e6 = 1√

2

 0 k

k 0

 , e7 = 1√
2

 0 1
−1 0

 .
(2.9)

Define the embedding sp(1) ⊂ sp(2) as the subalgebra generated by {v1, v2, v3}, corresponding
to the reductive splitting

sp(2) = sp(1)⊕ p with p := sp(1)⊥ = span(e1, ..., e7), (2.10)

with respect to the canonical inner product 〈A1, A2〉 = Re(tr(A1A
∗
2)). A straightforward compu-

tation shows that

ad(sp(1))el = 0, for l = 1, 2, 3,
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ad(sp(1))p4 = p4, with p4 := span(e4, e5, e6, e7).

In terms of the trivial submodules pl = span(el), we have the irreducible ad(p(1))-decomposition
p = p1 ⊕ p2 ⊕ p3 ⊕ p4. Consider the 2-forms on p4

ω1 = e47 + e56, ω2 = e46 − e57, ω3 = e45 + e67, (2.11)

and notice that ω2
1 = ω2

2 = ω2
3 = 2e4567 and ωl ∧ ωm = 0, for any l 6= m.

Recall that we denote by Ω3
+(S7)Sp(2) the bundle of Sp(2)-invariant G2-structures on S7, and by

Sym2
+(T ∗S7)Sp(2) the bundle of Sp(2)-invariant G2-metrics. As sets, the following equivalences

hold (see Lemma 2.7)

Ω3
+(S7)Sp(2) ' Λ3

+(p∗)Ad(Sp(1)) '
(
GL(p) · ϕ

)Ad(Sp(1))

and
Sym2

+(T ∗S7)Sp(2) ' Sym2
+(p∗)Ad(Sp(1)),

where the left GL(p)-action is defined by Θ ·ϕ := (Θ−1)∗ϕ for the Ad(Sp(1))-invariant morphism
Θ ∈ GL(p) and the 3-form ϕ ∈ Λ3

+(p∗)Ad(Sp(1)). Looking into GL(p)Ad(Sp(1)), the splitting (2.10)
establishes the inclusion

h ∈ Sp(1) 7→

 h

1

 ∈ Sp(2),

in such a way that, for any (x, y) ∈ p with x ∈ p1 ⊕ p2 ⊕ p3 ' sp(1) and y ∈ p4 ' H, we have
Ad(h)(x, y) = (x, hy). The equivariance condition Ad(h) ◦Θ = Θ ◦ Ad(h), for each h ∈ Sp(1),
implies

Θ =

 D

aI4×4

 with D ∈ GL(p1 ⊕ p2 ⊕ p3) and a ∈ Rr {0}.

We highlight that Λ3(p∗) has only two open GL(p)-orbits, generated by two G2-structure ϕ and
a ϕ̃. Likewise, Λ3(p∗)Ad(Sp(1)) has two open orbits induced by open subsets of GL(p)Ad(Sp(1)) '
GL(p1 ⊕ p2 ⊕ p3)× Rr {0}, corresponding to the orbit of a Ad(Sp(1))-invariant G2-structure ϕ
or ϕ̃.

In accordance with [39], we denote by nG2 the rank of the bundle Ω3
+(S7)Sp(2), and by nO(7)

the rank of Sym2
+(T ∗S7)Sp(2). The following Lemma contains an alternative proof of Reidegeld’s

assertion that nG2 = 10 and nO(7) = 7. It provides moreover an explicit description of all Sp(2)-
invariant G2-structures and their induced Sp(2)-invariant metrics, in which p is identified with
the tangent space of S7 at the orbit of the identity o = 1Sp(2)Sp(1). Furthermore, it distinguishes
the open subset in GL(p)Ad(Sp(1)) which parameterises Λ3

+(p∗)Ad(Sp(1)).

Lemma 2.12. [35, Lema 1.1] Consider the homogeneous space Sp(2)/Sp(1) with the reductive
decomposition (2.10). The Ad(Sp(1))-invariant G2-structures on p have the form

ϕ = a3e123 + (α1e
1 + α2e

2 + α3e
3) ∧ ω1 + (β1e

1 + β2e
2 + β3e

3) ∧ ω2

+ (γ1e
1 + γ2e

2 + γ3e
3) ∧ ω3,

(2.13)
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the coefficients of which satisfy

a · detD−1 > 0, with D−1 :=


α1 α2 α3

β1 β2 β3

γ1 γ2 γ3

 : p1 ⊕ p2 ⊕ p3 → p1 ⊕ p2 ⊕ p3.

Moreover, the Ad(Sp(1))-invariant inner product on p, induced by (2.13), is given by

g = a2

det(D−1)2/3

 (DDt)−1 0
det(D−1)

a3 I4×4

 , (2.14)

and the induced orientation is parametrised by a ∈ Rr{0}. In particular, nG2 = 10 and nO(7) = 7.

Remark 2.15. We have that the G2-structure ϕ induce a symmetric definite bilinear form
B : p× p→ R, defined by

Bij := B(ei, ej) = (eiyϕ) ∧ (ejyϕ) ∧ ϕ(e1, e2, ..., e7). (2.16)

By a long and straightforward computation, we get

B11 = 6a3(α2
1 + β2

1 + γ2
1) B12 =B21 = 6a3(α1α2 + β1β2 + γ1γ2)

B22 = 6a3(β2
2 + β2

2 + γ2
2) B23 =B32 = 6a3(α2α3 + β2β3 + γ2γ3)

B33 = 6a3(α2
3 + β2

3 + γ2
3) B13 =B31 = 6a3(α1α3 + β1β3 + γ1γ3)

Bkk = 6α1(β2γ3 − β3γ2)− 6α2(β1γ3 − β3γ1) + 6α3(β1γ2 − β2γ1) for k = 4, 5, 6, 7,

Bij = 0 otherwise.

Assembling the coefficients αk, βk, γk (k = 1, 2, 3), we construct the matrix

D−1 =


α1 α2 α3

β1 β2 β3

γ1 γ2 γ3

 .
Expressing the coefficients of (2.16) as

Bij = 6a3[(DDt)−1]ij , i, j = 1, 2, 3,
Bkk = 6 det(D−1), k = 4, 5, 6, 7,

(2.17)

we see that det(B) = 67a9(det(D−1))6. For the definiteness of (2.16), we have

Bjj ∈ R±, ∀j ∈ {1, ..., 7} ⇐⇒ a,det(D−1) ∈ R±. (2.18)

For the second part of the Lemma, recall that the inner product on p induced by ϕ is given by
(see [24])

gij = 1
62/9

Bij
det(B)1/9 .

Condition (2.18) then guarantees the positive-definiteness of the inner product, which indeed takes
the form (2.14), by (2.17). Finally, the orientation

√
det(g) = 6−7/9 det(B)1/9 = a(det(D−1))2/3

is determined by the sign of a ∈ Rr {0}.
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We fix henceforth an orientation by setting a > 0. Notice that Ad(Sp(1))-invariant G2-structures
are parametrised by G := R+ × GL+(3,R) (with positive orientation). Indeed, the invariant

G2-structure (2.13) can be written as ϕ = (D(a)−1)∗ϕ0 where ϕ0 = e123 +
3∑
i=1

ei ∧ ωi is the

canonical G2-structure and

D(a)−1 =


a

(det(D−1))1/3D
−1 0

0 (det(D−1))1/6

a1/2 I4×4

 for D−1 =


α1 α2 α3

β1 β2 β3

γ1 γ2 γ3

 ,
for the pair (a,D) ∈ R+ ×GL+(3,R). This yields a surjective map

Θ : (a,D) ∈ R+ ×GL+(3,R) 7→ ϕ = (D(a)−1)∗ϕ0 ∈ Λ3
+(p∗)Ad(Sp(1)). (2.19)

2.3 Distinguishing homogeneous G2-metrics
In [43], W. Ziller describes how the seven-parameter family of Sp(2)-invariant metrics falls into
isometry classes, which depend on four parameters. We will now apply his approach to the
G2-metrics of Lemma 2.12, in order to simplify the description of the space of Sp(2)-invariant
G2-structures, as a seven-parameter family.

The Sp(2)-invariant G2-metrics are described in (2.14) by seven polynomials in ten variables.
Given a positive symmetric matrix of the form

S =
( 1
a 3√detD

D
)( 1
a 3√detD

D
)t
∈ GL(3,R), (2.20)

straightforward diagonalisation yields A ∈ SO(3) such that S = AQAt, with Q = diag(r2
1, r

2
2, r

2
3)

(if detA = −1 take Ã = −A). Furthermore, the 3-dimensional group SO(3) can be described
using the surjective homomorphism Υ : Sp(1)→ SO(3) given by

A := Υ(h) =


h2

0 + h2
1 − h2

2 − h2
3 2(h1h2 − h0h3) 2(h1h3 + h0h2)

2(h1h2 + h0h3) h2
0 − h2

1 + h2
2 − h2

3 2(h2h3 − h0h1)
2(h1h3 − h0h2) 2(h2h3 + h0h1) h2

0 − h2
1 − h2

2 + h2
3

 , (2.21)

for h = h0 + h1i+ h2j + h3k ∈ Sp(1).

The embedding

h ∈ Sp(1) 7→

 1 0
0 h

 ∈ Sp(2)

induces a conjugation Ch := Lh◦Rh−1 , by elements of Sp(1) and a diffeomorphism of Sp(2)/Sp(1).
Its differential acts on p by the standard representation on p1⊕p2⊕p3 ' sp(1) and the Sp(1)-right
action on p4 ' H. In particular, its action at the orbit of the identity is

(dCh)o(x, y) = (hxh̄, yh̄) = (Υ(h)x, yh̄), for (x, y) ∈ p.

Notice that (dCh)o identifies the inner product (2.14) with

a2

det(D−1)2/3

 At(DDt)−1A 0
det(D−1)

a3 I4×4

 , where A = Υ(h).
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Hence, Sp(1) acts on Sp(2)/Sp(1) by isometries. Setting r2
4 = detD, this inner product takes the

form

g = 1
r2

1
(f1)2 + 1

r2
2

(f2)2 + 1
r2

3
(f3)2 + 3

√
r1r2r3
r2

4

(
(e4)2 + (e5)2 + (e6)2 + (e7)2

)
, (2.22)

since a6 = 1
detQ and fk = Aek (for k = 1, 2, 3). Therefore the Sp(2)-invariant metrics of

Lemma 2.12 are parametrised by (r1, r2, r3, r4, h) ∈ R4 r {0} × Sp(1), provided r1r2r3 > 0.

The following result reformulates a well-known condition of isometry between homogeneous
metrics of the underlying S7 = Sp(2)/Sp(1), but from the point of view of G2-structures.

Definition 2.23. Two G2-structures ϕ1, ϕ2 will be called isometric if they induce the same
metric under (2.16).

Proposition 2.24. Two Sp(2)-invariant G2-structures, described by (a,D), (ã, D̃) ∈ R+ ×
GL+(3,R), are isometric if, and only if, ã = a and D̃ = D ·A with A ∈ SO(3).

Proof. Let ϕ and ϕ̃ be G2-structures described by (a,D) and (ã, D̃), respectively. Consider the
induced bilinear forms B, B̃ given by

Bij := B(ei, ej) = (eiyϕ) ∧ (ejyϕ) ∧ ϕ(e1, e2, ..., e7)..

According to theRemark 2.15 2.12, if ϕ and ϕ̃ are isometric, then

Bij
adet(D−1)2/3 = B̃ij

ãdet(D̃−1)2/3
, i, j = 1, . . . , 7.

Equivalently, 
a2(DDt)−1

det(D−1)2/3 = ã2(D̃D̃t)−1

det(D̃−1)2/3

ã3 det(D−1) = a3 det(D̃−1)

, (2.25)

and therefore 
DDt

a2 det(D)2/3 = (D̃D̃t)
ã2 det(D̃)2/3

a3 det(D) = ã3 det(D̃) > 0

and DDt = D̃D̃t.

Define A := D−1D̃, so that D̃ = D · A. Then AAt = I and det(A) = det(D̃)
det(D) > 0, since

D, D̃ ∈ GL+(3,R), which actually implies det(A) = 1, hence A ∈ SO(3) and a = ã. Conversely,
if D̃ = D ·A and ã = a, it is easy to verify that (2.25) holds, thus ϕ and ϕ̃ are isometric.

By definition, the map Θ(a,D) = ϕa,D = ϕ given in (2.19) is surjective. Consider (a,D), (ã, D̃) ∈
R+ ×GL+(3,R) such that Θ(a,D) = Θ(ã, D̃). Then D̃(ã)−1D(a) ∈ G(ϕ0) ' G2, where

ϕ0 = e123 + e1 ∧ ω1 + e2 ∧ ω2 + e3 ∧ ω3.
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In particular, the G2-structures ϕa,D and ϕ
ã,D̃

are isometric, so Proposition 2.24 implies ã = a

and D̃ = D ·A, with A ∈ SO(3). Then, we have

D̃(ã)−1D(a) =

 At 0
0 I4×4

 ∈ G2.

From the invariance (D̃(ã)−1D(a))∗ϕ0 = ϕ0, we deduce that A = I3×3, so the map Θ is injective.
concluding that the space of Sp(2)-invariant G2-structures on S7 ' Sp(2)/Sp(1) is described by
the homogeneous manifold

Ω3
+(S7)Sp(2) ' R+ ×GL+(3,R),

via the isomorphism Ω3
+(S7)Sp(2) ' Λ3

+(p∗)Ad(Sp(1)) and the map

Θ : R+ ×GL+(3,R)→ Λ3
+(p∗)Ad(Sp(1))

(a,D) 7→ Θ(a,D) = ϕa,D.

Since S7 is spinnable, the map [23, eq. (11)]

B : ϕ ∈ Ω3
+(S7) 7→ gϕ ∈ Sym2

+(T ∗S7),

associating a Riemmanian metric to each G2-structure, is surjective. Now, using the above
affirmation and considering the isomorphism Sym2

+(T ∗M)Sp(2) ' Sym2
+(p)Ad(Sp(1)), we obtain

the surjective map B ◦Θ, where B(ϕ) = gϕ assigns the corresponding Ad(Sp(1))-invariant inner
product induced by ϕ ∈ Λ3

+(p∗)Ad(Sp(1)).Moreover, by Proposition 2.24, ker(B ◦Θ) = {1}×SO(3),
and therefore, the corresponding space of Sp(2)-invariant G2-metrics is an isomorphism which is
given by.

Sym2
+(T ∗S7)Sp(2) ' R+ ×

(
GL+(3,R)/SO(3)

)
. (2.26)

In particular, the moduli space of Sp(2)-invariant Riemannian metrics described in [43] corre-
sponds to the 4-manifold

Sym2
+(T ∗S7)Sp(2)/Iso(S7) ' R+ × SO(3)\

(
GL+(3,R)/SO(3)

)
.

We conclude with some observations regarding the linear algebra of the degrees of freedom
contained in a pair (a,D) ∈ R+×GL+(3,R). By (2.20), the matrix a−1 3

√
det(D−1)D is a square

root of the positive symmetric matrix S. However, S admits another representation in terms
of the eigenvalues r2

1, r
2
2, r

2
3 and the orthogonal matrix P = Υ(v) (v ∈ Sp(1)) obtained from

eigenvectors:

S = CCt where C = P
√
Q and

√
Q = diag(r1, r2, r3). (2.27)

If the matrix S can be written in the form (2.27), then was shown in [35, Proposition 1.4] that
there exists A ∈ SO(3) such that

1
a 3
√

det(D)
D = CA. (2.28)
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Moreover, for any (a,D) ∈ R+×GL+(3,R), there exists (r1, ..., r4, v, h) ∈ R4 r {0}×Sp(1)2 such
that

a = 1
3
√
r1r2r3

> 0, D =
[

3

√
r2

4
r1r2r3

Υ(v)
√
Q
]
Υ(h). (2.29)

In summary, from the expression of D in (2.29), the elements inside the square brackets determine
the metric. So, up to isometry, we have

g(r1,r2,r3,r4) = 1
r2

1
(e1)2 + 1

r2
2

(e2)2 + 1
r2

3
(e3)2 + 3

√
r1r2r3
r2

4

(
(e4)2 + (e5)2 + (e6)2 + (e7)2

)
. (2.30)

The isometric family of G2-structures ϕ := ϕ(r1,r2,r3,r4) is

ϕ = 1
r1r2r3

e123 +
(

3

√
r2r3
r2

4r
2
1

(h2
0 + h2

1 − h2
2 − h2

3)e1

+ 2 3

√
r1r3
r2

4r
2
2

(h1h2 − h0h3)e2 + 2 3

√
r1r2
r2

4r
2
3

(h1h3 + h0h2)e3
)
∧ ω1

+
(

2 3

√
r2r3
r2

4r
2
1

(h1h2 + h0h3)e1 + 3

√
r1r3
r2

4r
2
2

(h2
0 − h2

1 + h2
2 − h2

3)e2

+ 2 3

√
r1r2
r2

4r
2
3

(h2h3 − h0h1)e3
)
∧ ω2 +

(
2 3

√
r2r3
r2

4r
2
1

(h1h3 − h0h2)e1

+ 2 3

√
r1r3
r2

4r
2
2

(h2h3 + h0h1)e2 + 3

√
r1r2
r2

4r
2
3

(h2
0 − h2

1 − h2
2 + h2

3)e3
)
∧ ω3,

(2.31)

According to the reductive decomposition sp(2) = sp(1)⊕ p, where Ad(Sp(1))p ⊂ p, the tangent
space of S7 at the identity class o = 1Sp(2)Sp(1) is identified with the Ad(Sp(1))-invariant
complement vector space p. Moreover, each Sp(2)-invariant G2-structure on S7 is determined
by a G2-structure on p ' ToS7 which is invariant by the Ad(Sp(1))-action, i.e. Ω3

+(S7)Sp(2) '
Λ3

+(p∗)Ad(Sp(1)). From the identification Ω3
+(S7)Sp(2) ' R+×GL+(3,R), each such isometric class

is described by a SO(3)-orbit (Proposition 2.24):

Ω3
+(S7)Sp(2) 3 ϕ←→ (a,D) ∈ R+ ×GL+(3,R), with Bϕ ' (a,D · SO(3)),

for each gϕ ∈ Sym2
+(T ∗S7)Sp(2).

2.4 G2-structures in different isometric classes
We now propose an approach to explicitly parametrise and study different isometric classes of
Sp(2)-invariant G2-structures on S7. By considering Sp(2)-metrics only up to isometries, we
describe the reduced space Sym2

+(p)Ad(Sp(1)) in terms of just 3 parameters.

Set r = (r1, r2, r3), with r1, r2, r3 > 0, and consider the G2-structure

ϕr = 1
(r1r2r3)3 e

123 + r2r3
r2

1
e1 ∧ ω1 + r1r3

r2
2
e2 ∧ ω2 + r1r2

r2
3
e3 ∧ ω3, (2.32)
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with dual 4-form

ψr := ∗ϕr = (r1r2r3)2ω
2
1

2 + r3
r2

1r
2
2
e12 ∧ ω3 −

r2
r2

1r
2
3
e13 ∧ ω2 + r1

r2
2r

2
3
e23 ∧ ω1,

and induced G2-metric

gr = 1
r6

1
(e1)2 + 1

r6
2

(e2)2 + 1
r6

3
(e3)2 + r1r2r3

(
(e4)2 + (e5)2 + (e6)2 + (e7)2

)
. (2.33)

Proposition 2.34. [9, Eq. 3.6] Let M7 be a manifold with G2-structure such that ϕ induces the
Riemannian metric g. Then all the other G2-structure on M inducing the same metric g can be
parametrized by a pair (f,X) ∈ C∞(M)× X(M) where f is a function and X is a vector field
satisfying f2 + |X|2 = 1. The explicit formula for the G2-structure ϕ(f,X) corresponding to the
pair (f,X) is

ϕ(f,X) = (f2 − |X|2)ϕ− 2f(Xyψ) + 2X[ ∧ (Xyϕ). (2.35)

where ψ = ∗ϕ and the norm of X is taken with respect to g.

Remark 2.36. In [35, §2, Lemma 2.1], was shown that the G2-structures of the form (2.52)
can be expressed according to Bryant’s description of isometric G2-structures as sections of a
RP 7-bundle for Sp(2)-invariant G2-structures. Then, if the isometric G2-structures ϕ(f,X) and
ϕ in (2.35) are Sp(2)-invariant, then f must be a constant function and X is a Sp(2)-invariant
vector field. In particular, the G2-structure (2.31) has the form

ϕ := ϕ(h0,X) = (h2
0 − |X|2)ϕr − 2h0(Xyψr) + 2X[ ∧ (Xyϕr) for h2

0 + |X|2 = 1,

where X = r3
1h1e1 + r3

2h2e2 + r3
3h3e3 ∈ X(S7)Sp(2) is an ad(sp(1))-invariant vector of p, and

|X|2 = gr(X,X) = 1− h2
0.

In particular, back on M = S7, we can compute the torsion forms of the G2-structures ϕr given
by (2.32) using the Chevalley-Eilenberg differential

dei(ej , ek) = −1
2e

i([ej , ek]p),

and the Lie bracket in terms of the basis (2.9) given by

[·, ·] v1 v2 v3 e1 e2 e3 e4 e5 e6 e7

v1 0 2v3 −2v2 0 0 0 −e7 e6 −e5 e4

v2 −2v3 0 2v1 0 0 0 −e6 −e7 e4 e5

v3 2v2 2v1 0 0 0 0 e5 −e4 −e7 e6

e1 0 0 0 0 2e3 −2e2 e7 e6 −e5 −e4

e2 0 0 0 −2e3 0 2e1 −e6 e7 e4 −e5

e3 0 0 0 2e2 −2e1 0 e5 −e4 e7 −e6

e4 e7 e6 −e5 −e7 e6 −e5 0 v3 + e3 −v2 − e2 −v1 + e1

e5 −e6 e7 e4 −e6 −e7 e4 −v3 − e3 0 v1 + e1 −v2 + e2

e6 e5 −e4 e7 e5 −e4 −e7 v2 + e2 −v1 − e1 0 −v3 + e3

e7 −e4 −e5 −e6 e4 e5 e6 v1 − e1 v2 − e2 v3 − e3 0
(2.37)
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The differentials of the dual basis are

de1 = −2e23 − ω1, de4 = e17 − e26 + e35, de7 = −e14 − e25 − e36,

de2 = 2e13 + ω2, de5 = e16 + e27 − e34, (2.38)

de3 = −2e12 − ω3, de6 = −e15 + e24 + e37,

and, by the Leibniz rule,

dω1 = −2e2 ∧ ω3− 2e3 ∧ ω2, dω2 = −2e1 ∧ ω3 + 2e3 ∧ ω1, dω3 = 2e1 ∧ ω2 + 2e2 ∧ ω1. (2.39)

The Levi-Civita connection ∇ induced by the corresponding left-invariant metric [3] acts on
p ' ToS7 in the following way:

∇pYm = gr(∇pY, em) = 1
2gr([ep, Y ]p, em) + gr(U(ep, Y ), em)

= 1
2gr([ep, Y ]p, em) + 1

2gr([em, ep]p, Y ) + 1
2gr([em, Y ]p, ep),

(2.40)

where U : p× p→ p is defined by

2gr(U(X,Y ), Z) = gr([Z,X]|p, Y ) + gr(X, [Z, Y ]|p), (2.41)

and X,Y, Z Killing vector fields in p, note that U is symmetric tensor. We now can introduce
the divergence of a (p, 0)-tensor ϑ as the (p− 1, 0)-tensor

(divϑ)(Y1, ..., Yp−1) := tr
(
Z 7→ (∇Zϑ)(·, Y1, ..., Yp−1)

)
.

The full torsion tensor (1.32) of ϕ(h0,X), as well as its divergence, can be expressed in terms of
(h0, X) and (ϕr, ψr, Tr) [14]. Let us consider, from now on, the Ansatz r1 = r2 = r3 = r−1/3, so
the metric prescribed in (2.33) is

gr(u, v) = r2〈u, v〉, ∀u, v ∈ p1 ⊕ p2 ⊕ p3 and gr(u, v) = 1
r
〈u, v〉, ∀u, v ∈ p4. (2.42)

The corresponding isometric family is

ϕr = r3e123 +
(
(h2

0 + h2
1 − h2

2 − h2
3)e1 + 2(h1h2 − h0h3)e2 + 2(h1h3 + h0h2)e3

)
∧ ω1

+
(
2(h1h2 + h0h3)e1 + (h2

0 − h2
1 + h2

2 − h2
3)e2 + 2(h2h3 − h0h1)e3

)
∧ ω2

+
(
2(h1h3 − h0h2)e1 + 2(h2h3 + h0h1)e2 + (h2

0 − h2
1 − h2

2 + h2
3)e3

)
∧ ω3.

(2.43)

According to the equation (2.29), we have that ϕr = Θ(r.Υ(h̄)) where Υ is the double cover
homomorphism of SO(3), cf. (2.21). Moreover, the induced dual 4-form is

ψr = 1
2r2ω

2
1 + r

(
(h2

0 + h2
1 − h2

2 − h2
3)e23 − 2(h1h2 − h0h3)e13 + 2(h1h3 + h0h2)e12

)
∧ ω1

+ r
(
2(h1h2 + h0h3)e23 − (h2

0 − h2
1 + h2

2 − h2
3)e13 + 2(h2h3 − h0h1)e12

)
∧ ω2

+ r
(
2(h1h3 − h0h2)e23 − 2(h2h3 + h0h1)e13 + (h2

0 − h2
1 − h2

2 + h2
3)e12

)
∧ ω3.

(2.44)
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To compute the terms dϕr and dψr, we use the exterior derivatives (2.38) and (2.39):

d(e123) =− e23 ∧ ω1 − e13 ∧ ω2 − e12 ∧ ω1,

d(e1 ∧ ω1) = −2e23 ∧ ω1 + 2e13 ∧ ω2 + 2e12 ∧ ω3 − ω2
1,

d(e2 ∧ ω1) = 2e13 ∧ ω1 + 2e23 ∧ ω2,

d(e3 ∧ ω1) = −2e12 ∧ ω1 − 2e23 ∧ ω3,

d(e1 ∧ ω2) = −2e23 ∧ ω2 − 2e13 ∧ ω1,

d(e2 ∧ ω2) = −2e23 ∧ ω1 + 2e13 ∧ ω2 − 2e12 ∧ ω3 + ω2
2,

d(e3 ∧ ω2) = −2e12 ∧ ω2 − 2e13 ∧ ω3,

d(e1 ∧ ω3) = −2e23 ∧ ω3 − 2e12 ∧ ω1,

d(e2 ∧ ω3) = 2e13 ∧ ω3 + 2e12 ∧ ω2,

d(e3 ∧ ω3) = 2e23 ∧ ω1 + 2e13 ∧ ω2 − 2e12 ∧ ω3 − ω2
3.

Similarly,

d(e23 ∧ ω1) =0, d(e13 ∧ ω1) =− e3 ∧ ω2
1 + 2e123 ∧ ω3,

d(e12 ∧ ω1) =− e2 ∧ ω2
1 − 2e123 ∧ ω2, d(e23 ∧ ω2) =e3 ∧ ω2

1 − 2e123 ∧ ω3,

d(e13 ∧ ω2) =0, d(e12 ∧ ω2) =− e1 ∧ ω2
2 + 2e123 ∧ ω1, (2.45)

d(e23 ∧ ω3) =e2 ∧ ω2
3 + 2e123 ∧ ω2, d(e13 ∧ ω3) =e1 ∧ ω2

3 − 2e123 ∧ ω1,

d(e12 ∧ ω3) =0.

For the G2-structure ϕr from (2.43), with associated 4-form ψr = ∗ϕr, substituting the above
equations into dϕr and dψr yields:

dϕr = −
(

8h1h3e
12 + 8h0h3e

13 + (r3 − 8h2
3 + 2)e23

)
∧ ω1

+
(

8h0h1e
12 − (r3 − 8h2

0 + 2)e13 − 8h0h3e
23
)
∧ ω2 (2.46)

−
(

(r3 − 8h2
1 + 2)e12 − 8h0h1e

13 + 8h1h3e
23
)
∧ ω3 − (1− 4h2

2)ω2
1,

dψr = −8h2r

(
e123 ∧ (h1ω3 + h0ω2 − h3ω1) + (h3e

1 + h0e
2 − h1e

3) ∧ ω
2
1

2

)
.

Furthermore, we deduce that

∗dϕr =− 2r5(1− 4h2
2)e123 − 1

r

(
(r3 − 8h2

3 + 2)e1 − 8h0h3e
2 + 8h1h3e

3
)
∧ ω1

− 1
r

(
8h0h3e

1 − (r3 − 8h2
0 + 2)e2 − 8h0h1e

3
)
∧ ω2 (2.47)

− 1
r

(
8h1h3e

1 + 8h0h1e
2 + (r3 − 8h2

1 + 2)e3
)
∧ ω3,

∗dψr = 8h2

(
r4h1e

12 + r4h0e
13 − r4h3e

23 + 1
r2

(
h3ω1 − h0ω2 − h1ω3

))
. (2.48)

We are now in position to compute the torsion forms of these G2-structures.
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Proposition 2.49. The torsion forms of the G2-structure ϕr defined by (2.43) are:

τ0 = − 4
7r
(
r3(1− 4h2

2) + (5− 8h2
2)
)
,

τ1 = −2(r3 + 2)h2
3

(
h3e

1 + h0e
2 − h1e

3
)
,

τ2 = −8(r3 − 1)h2
3

(
h1(2re12 + 1

r2ω3) + h0(2re13 + 1
r2ω2)− h3(2re23 + 1

r2ω1)
)
,

τ3 = iϕr((τ27)ij) = (τ27)ij(gr)jldxi ∧ (elyϕr).

where the components (τ27)ij = 1
4jϕ(τ3)ij define the matrix

τ27 = 2
7r2


r3p3(r) s(r)h0h3 −s(r)h1h3

s(r)h0h3 r3p0(r) −s(r)h0h1

−s(r)h1h3 −s(r)h0h1 r3p1(r)
(n(r)− (5r3 − 4)h2

2)I4×4


with pk(r) = 7(r3 − 2)h2

k + (9r3 − 10)h2
2 − 4(r3 − 2) ,k = 0, 1, 3., s(r) = 7r3(r3 − 2) and

n(r) = 5
4(r3 − 2).

Proof. Taking the induced metric gr induced by (2.43), substituting the equations (2.46) and
(2.47) into the formula (1.30), and using the identities ω2

1 = ω2
2 = ω2

3 = 2e4567 and ωl ∧ ωm = 0
(l 6= m), we obtain

τ0 = −4
7(r3(1− 4h2

2) + (5− 8h2
2)) ∗

(
e123 ∧ ω

2
1

2
)

= − 4
7r
(
r3(1− 4h2

2) + (5− 8h2
2)
)
,

τ1 = 1
12 ∗

[8(r3 + 2)
r

(
h1h2e

12 − h0h2e
13 − h3h2e

23
)
∧ ω

2
1

2
]

= −2(r3 + 2)h2
3

(
h3e

1 + h0e
2 − h1e

3
)
.

Now, having in mind the torsion identity for τ2 in (1.30), we use the above expression for τ1 to
compute:

∗(τ1 ∧ ψr) = 2(r3 + 2)h2
3 ∗

((
r
(
h3ω1 − h0ω2 − h1ω3

)
∧ e123

+ 1
r2
(
− h3e

1 − h0e
2 + h1e

3) ∧ ω2

2
))

= 2(r3 + 2)h2
3

(
− rh3e

23 + rh0e
13 + rh1e

12 + 1
r2h3ω1 −

1
r2h0ω2 −

1
r2h1ω3

)
.

On the other hand, we already have an expression for ∗dψr in (2.48), so we obtain

τ2 = −8(r3 − 1)h2
3

(
h1(2re12 + 1

r2ω3) + h0(2re13 + 1
r2ω2)− h3(2re23 + 1

r2ω1)
)
.

Finally, the coefficients of the traceless symmetric 2-tensor τ27 are

(τ27)ab := 1
4jϕ(τ3)ab = 1

4 ∗ (eayϕr ∧ ebyϕr ∧ τ3),
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where τ3 = ∗dϕr − τ0ϕr − 3 ∗ (τ1 ∧ ϕr) is the torsion 3-form. In terms of the dual basis to (2.9),
the torsion 3-form is

τ3 = γ123e
123 +

3∑
c,d=1

γcde
c ∧ ωd,

where the coefficients γ123 and γcd, for c, d = 1, 2, 3, are obtained from (2.47) and the previous
torsion forms τ0, τ1. The explicit computation of (τ27)ab involves polynomial operations for
h = (h0, h1, h2, h3), subject to the unitary condition hh̄ = 1, which quickly get out of hand. We
resorted to the MAPLE computer algebra system to obtain the expression of τ27. However, the
computation can be carried out by systematically applying the operator jϕ on the basis elements
involved in τ3 (cf. Lemma 2.50).

Lemma 2.50. [35, §2, Lemma 2.6] Given h ∈ Sp(1), consider the linear map defined by

A(x) = hxh̄, with x ∈ p1 ⊕ p2 ⊕ p3,

and denote by (Aab) its induced matrix, in the basis {e1, e2, e3} from (2.9). Thus, the image of
e123 ∈ Λ3(p1 ⊕ p2 ⊕ p3)∗ and em ∧ ωn ∈ Λ3p∗ for m,n = 1, 2, 3, under the operator jϕ are

jϕ(e123)ab = 1
r
gr(ea, eb), for a, b = 1, 2, 3,

jϕ(em ∧ ωn)ab = 2r(Abnδma +Aanδnb), for a, b = 1, 2, 3,

jϕ(em ∧ ωn)ab = −r2ApqAuvεmpuεnqvgr(ea, eb), for a, b = 4, 5, 6, 7,

jϕ(e123)ab = jϕ(em ∧ ωn)ab = 0 otherwise,

where εpqn = ±1 is the sign of the permutation (p, q, n) ∼ (1, 2, 3).

We know from [43] that, up to isometry, any Sp(2)-invariant metric is a multiple of the inner
product expressed in terms of an oriented left-invariant coframe e1, . . . , e7 ∈ Ω1(S7)Sp(2) by

gr = 1
r6

1
(e1)2 + 1

r6
2

(e2)2 + 1
r6

3
(e3)2 + r1r2r3

(
(e4)2 + (e5)2 + (e6)2 + (e7)2

)
, (2.51)

with r1, . . . , r3 > 0 and r := (r1, r2, r3). The corresponding isometric class of G2-structures is
parametrised by

ϕ(r,h) = 1
(r1r2r3)3 e

123

+
(r2r3
r2

1
(h2

0 + h2
1 − h2

2 − h2
3)e1 + 2r1r3

r2
2

(h1h2 − h0h3)e2 + 2r1r2
r2

3
(h1h3 + h0h2)e3

)
∧ ω1

+
(
2r2r3
r2

1
(h1h2 + h0h3)e1 + r1r3

r2
2

(h2
0 − h2

1 + h2
2 − h2

3)e2 + 2r1r2
r2

3
(h2h3 − h0h1)e3

)
∧ ω2

+
(
2r2r3
r2

1
(h1h3 − h0h2)e1 + 2r1r3

r2
2

(h2h3 + h0h1)e2 + r1r2
r2

3
(h2

0 − h2
1 − h2

2 + h2
3)e3

)
∧ ω3,

(2.52)

with (h0, ..., h3) ∈ H a unit quaternion parametrising a SO(3)-transformation and ω1, . . . , ω3 ∈
Ω2(S7)Sp(2) as in (2.31) below.
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Remark 2.53. The curvature formula [3]

〈R(X,Y )Y,X〉 = −3
4 |[X,Y ]p|2 −

1
2〈[X, [X,Y ]]p, Y 〉 −

1
2〈[Y, [Y,X]]p, X〉

+ |U(X,Y )|2 − 〈U(X,X), U(Y, Y )〉

implies that the invariant metric induced by the isometric family ( 3√2, h0, h1, 0, h3) has constant
sectional curvature K(X,Y ) = 1

2. On the other hand, Friedrich et al. prove in Lemma 1.51 and
Proposition 1.52 that, on a given 3-Sasakian manifold (M7, g), the Berger metric gs, obtained
from g by conformal deformation along the 3-dimensional foliation, is Einstein if, and only if,
s = 1 or s = 1/

√
5. Moreover, it is nearly-parallel for s = 1/

√
5 . Somewhat similarly, the Einstein

metrics g 3√2 and g 3
√

2/5 induced by the G2-structures

( 3

√
2
5 , 0, 0,±1, 0) and ( 3√2, h0, h1, 0, h3)

are homothetic to the metrics g1 and g
1√
5 of [17, Lemma 5.3], respectively:

g1 = 1
3√4
g 3√2 and g

1√
5 = 1

3√20
g 3
√

2/5 .

Theorem 2.54. Let r1 = r2 = r3 = r−1/3 in (2.52). Then each S3-family of G2-structures

Br := Θ({r} × SO(3)) = B−1(gr)Sp(2) ' S3

determines a distinct isometric class. Moreover, in terms of the equator and poles

S2 ' {(h0, h1, 0, h3)} and NS ' {(0, 0,±1, 0)},

we characterise the following torsion regimes in each isometric class Br, up to the diffeomorphism
Θ:

1. The coclosed G2-structures correspond to {r} × S2 and {r} ×NS.

2. The nearly parallel G2-structures correspond to { 3√2} × S2 (round) and { 3
√

2/5} × NS
(squashed).

3. The locally conformal coclosed G2-structures correspond to {1} × S3.

Furthermore, there are no locally conformal closed or purely coclosed structures in Br.

Proof. Any D ∈ SO(3) is described by h ∈ S3 using the double cover homomorphism D = Υ(h)
from (2.21). Also recall that the torsion forms in the present case are explicitly computed in
Proposition 2.49.

Claim (i) follows immediately by solving the equations τ1 = 0 and τ2 = 0, (i.e. dϕr = 0), from
which we get

h2 = 0 or h0 = h1 = h3 = 0.
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For claim (ii), we further impose τ27 = 0 (i.e. dϕr = τ0ψr and dψr = 0), which implies r3 = 2,
for the case h2 = 0, and r3 = 2/5, for the case h0 = h1 = h3 = 0. Finally, claim (iii) stems from
the fact that dψr = 4τ1 ∧ ψr implies dτ1 ∧ ψr = 0.

To conclude the proof, we use (2.38) to check that dτ1 = 0 implies τ1 = 0. Now, in the coclosed
class, the torsion 0-form can only take the following values:

τ0 =


−4(r3 + 5)

7r 6= 0, if h2 = 0
12(r3 + 1)

7r 6= 0, if h0 = h1 = h3 = 0
.

Proposition 2.55. The norm of the full torsion tensor (1.32) of ϕr is

|T (r)|2 = 1
r2

(
4r6 − 14r3 + 19 + 8(r3 + 2)(r3 − 1)h2

2

)
. (2.56)

Proof. Since each term of the full torsion tensor T (r) = τ0
4 gr − (τ1)]yϕr −

1
2τ2 − τ27 belongs to

an irreducible component of p⊗ p∗ = W1 ⊕W7 ⊕W14 ⊕W27, respectively, we have

|T (r)|2 = τ2
0

16 |gr|
2 + |τ27|2 + |(τ1)]yϕr|2 + 1

4 |τ2|2.

Using the expressions for the torsion forms found in Proposition 2.49, we have

τ2
0

16 |gr|
2 = 1

7r2

(
r3(1− 4h2

2) + (5− 8h2
2)
)2

= 1
7r2

(
r3 + 5− 4(r3 + 2)h2

2

)2
.

For the next term, since τ27 is symmetric, we have

|τ27|2 = 4
49r2

(
p3(r)2 + 49(r3 − 2)2h2

0h
2
3 + 49(r3 − 2)2h2

1h
2
3 + 49(r3 − 2)2h2

0h
2
3 + p0(r)2

+ 49(r3 − 2)2h2
0h

2
1 + 49(r3 − 2)2h2

1h
2
3 + 49(r3 − 2)2h2

0h
2
1 + p1(r)2 + 25

16(r3 − 2)2

+ (5r3 − 4)2h4
2 −

5
2(r3 − 2)(5r3 − 4)h2

2

)
= 1

7r2

(
(152r6 − 288r3 + 160)(1− h2

2)2 − (200r6 − 240r3 + 64)(1− h2
2)

+ 75r6 − 60r3 + 12
)
.

For the skew-symmetric part of T (r), we use the identity ϕajkϕjkb = 6gab:

|(τ1)]yϕr|2 + 1
4 |τ2|2 = 6|(τ1)]|2 + 16

9 (r3 − 1)2h2
2(1− h2

2)|2re12 + 1
r2ω3|2

= 8
3r2 (r3 + 2)2h2

2(1− h2
2) + 64

3r2 (r3 − 1)2h2
2(1− h2

2)

= 8
r2 (3r6 − 4r3 + 4)h2

2(1− h2
2).

Finally, a simple computation yields the norm of the symmetric part of T (r):

τ2
0

16 |gr|
2 + |τ27|2 = 1

r2

(
(24r6 − 32r3 + 32)h4

2 − (16r6 − 40r3 + 48)h2
2 + 4r6 − 14r3 + 19

)
.
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2.5 A gradient flow of isometric G2-structures
In [24], Dwivedi, Gianniotis and Karigiannis studied the gradient flow of isometric G2-structures.
This isometric flow is the negative gradient of an energy functional. Also, it was shown that at a
finite time singularity, the torsion must blow up, so the flow will exist as long as torsion remains
bounded. Moreover, in this flow was proved a Cheeger-Gromov type compactness theorem.

Other authors studied this flow in a differently such as Grigorian [21], who regarded this as a
flow of octonion sections and Loubeau and Sá Earp [36], who used a more general concept of
a harmonic geometric structure, which is the G2 case reduced to critical points of the energy
functional E, that is, G2-structures with divergence free torsion. This fact was used in [35], where
was analysed this flow for a particular example of homogeneous space, which is S7 = Sp(2)/Sp(1).
Moreover, in this section we give important results of the gradient flow of isometric Sp(2)-invariant
G2-structures on sphere S7 = Sp(2)/Sp(1).

Definition 2.57. Define the energy E on the set [ϕ] by

E(ϕ) = 1
2

∫
M
|Tϕ|2volϕ (2.58)

where [ϕ] denote the space of G2-structures that are isometric to a given G2-structure ϕ and
where Tϕ is the torsion of ϕ.

Remark 2.59. The energy E on homogeneous space for invariant G2-structures is given by

E(ϕ) = 1
2 |Tϕ|

2vol (2.60)

Definition 2.61. Let M7 be a compact manifold with a G2-structure ϕ0. Consider the negative
gradient flow of the functional 4E restricted to the class [ϕ]. This evolution is given by

∂ϕt
∂t

= (divTt)]yψt and ϕ(0) = ϕr, (2.62)

We call (2.62) isometric flow of G2-structures.

The existence of critical points of (2.58), and specifically of minimisers, has been studied using
the associated gradient flow [14, 20, 36]. In [35], the principal aim was to examine the behavior
of the critical points of the energy functional (2.58), restricted to a Sp(2)-invariant isometric
class of ϕr. Its critical points are harmonic G2-structures, characterised by a divergence-free
torsion [19]

divT (r) = 0.

known as the isometric flow. In [24], Dwivedi, Gianniotis and Karigiannis shown that the isometric
flow preserves isometric classes of G2-structures which is equivalent to

∂f

∂t
= 1

2〈X, (divTt)]〉 and ∂X

∂t
= −1

2f(divTt)] + 1
2(divTt)] ×X, (2.63)

where {ϕt = ϕ(f,X)} is a family of isometric G2-structures defined by (2.35).
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2.5.1 Harmonic G2-structures on the 7-sphere
The aim of this section is to compute the divergence of the full torsion tensor for isometric
G2-structures (2.43) with metric gr, and then find critical points of the energy functional E from
(2.58). We first show that, under our Ansatz, the divergence of the symmetric part of the full
torsion tensor will automatically vanish.

Lemma 2.64. Any Sp(2)-invariant symmetric 2-tensor is divergence-free, with respect to the
metric gr induced by the G2-structure ϕr f rom (2.43).

Proof. The divergence of a 2-tensor S is, by definition, the 1-tensor with coefficients (divS)j =
∇iSij , where ∇ is the Levi-Civita connection (2.40) of gr. The basis (2.9) in p is identified with a
frame in TS7 generated by the one-parameter subgroups exp(tei) ⊂ Sp(2). Thus, the symmetric
operator U from (2.41) at o ∈ S7 is

2gr(U(ei, ej), ek) = gr([ei, ek]p, ej) + gr([ej , ek]p, ei),

using the Lie bracket (2.37) and the inner product (2.42), we get

2U(·, ·) e1 e2 e3 e4 e5 e6 e7

e1 0 0 0 (1− r3)e7 (1− r3)e6 (r3 − 1)e5 (r3 − 1)e4

e2 0 0 0 (r3 − 1)e6 (1− r3)e7 (1− r3)e4 (r3 − 1)e5

e3 0 0 0 (1− r3)e5 (r3 − 1)e4 (1− r3)e7 (r3 − 1)e6

e4 (1− r3)e7 (r3 − 1)e6 (1− r3)e5 0 0 0 0
e5 (1− r3)e6 (1− r3)e7 (r3 − 1)e4 0 0 0 0
e6 (r3 − 1)e5 (1− r3)e4 (1− r3)e7 0 0 0 0
e7 (r3 − 1)e4 (r3 − 1)e5 (r3 − 1)e6 0 0 0 0

(2.65)
We can now compute the divergence of a Sp(2)-invariant 2-tensor S:

(divS)j =∇iSij = (∇iS)(ei, ej) = ei(Sij)− S(∇iei, ej)− S(ei,∇iej) = −S(ei,∇iej),

as U(ei, ei) = 0, for any i = 1, ..., 7. Now, since S is symmetric,∑
i

S(ei, [e1, ei]p) =− 2S32 + 2S23 + S47 + S56 − S65 − S74 = 0
∑
i

S(ei, [e2, ei]p) =− 2S13 + 2S31 − S46 + S57 + S64 − S75 = 0
∑
i

S(ei, [e3, ei]p) =− 2S21 + 2S12 + S45 − S54 + S67 − S76 = 0
∑
i

S(ei, [e4, ei]p) =− S17 + S26 − S35 + S53 − S62 + S71 = 0
∑
i

S(ei, [e5, ei]p) =− S16 − S27 + S34 − S43 + S61 + S72 = 0
∑
i

S(ei, [e6, ei]p) =− S24 + S15 − S37 + S42 − S51 + S73 = 0
∑
i

S(ei, [e7, ei]p) =− S41 − S52 − S63 + S14 + S25 + S36 = 0.



Chapter 2. Homogeneous G2-structures on S7 = Sp(2)/Sp(1) 53

Note that
∑
i

S(ei, [ej , ei]p) = 0 implies that (divS)j = −S(ei, U(ei, ej)). Referring back to table

(2.65), we obtain

(divS)1 =− (1− r3)
2

(
S47 + S56 − S65 − S74

)
= 0, (divS)4 =− (1− r3)

2
(
S17 − S26 + S35

)
,

(divS)2 =− (1− r3)
2

(
S57 − S46 + S64 − S75

)
= 0, (divS)5 =− (1− r3)

2
(
S16 − S27 − S34

)
,

(divS)3 =− (1− r3)
2

(
S45 − S54 + S67 − S76

)
= 0, (divS)6 =− (1− r3)

2
(
S24 − S15 + S37

)
,

(divS)7 =− (1− r3)
2

(
S14 + S25 + S36

)
.

Since S is an Sp(2)-invariant symmetric 2-tensor, it defines a gr-selfadjoint linear operator
βr : p→ p, which commutes with Ad(h), for all h ∈ Sp(1):

S(X,Y ) =: gr(βr(X), Y ), for X,Y ∈ p.

Let χ : p1 ⊕ p2 ⊕ p3 → p4 be the linear map defined by χ = π4 ◦ βr ◦ I, where π4 : p → p4

denotes the projection onto p4 and I is the inclusion p1 ⊕ p2 ⊕ p3 ⊂ p. It is easy to see that
Ad(h)◦χ = χ◦Ad(h), for all h ∈ Sp(1), so kerχ ⊂ p1⊕p2⊕p3 and imχ ⊂ p4 are Ad(h)-invariant
subspaces, for all h ∈ Sp(1). Since p4 is an irreducible Sp(1)-representation, either imχ = 0 or
imχ = p4. Yet, by dimensional reasons, the latter cannot hold:

dim(imχ) ≤ dim(p1 ⊕ p2 ⊕ p3) = 3 < 4 = dim(p4).

Therefore βr(p1 ⊕ p2 ⊕ p3) ⊂ p1 ⊕ p2 ⊕ p3. One may check analogously that βr(p4) ⊂ p4. Hence

S(X,Y ) = gr(βr(X), Y ) = 0, for X ∈ p1 ⊕ p2 ⊕ p3 and Y ∈ p4,

so, Sij = 0, for i ∈ {1, 2, 3} and j ∈ {4, 5, 6, 7}. In particular, the remaining components (divS)k,
k = 4, 5, 6, 7, are also zero.

Proposition 2.66. The full torsion tensor T (r) of the G2-structure (2.43) has divergence

divT (r) = 4(r3 + 2)(r3 − 1)h2
r

(
h3e

1 + h0e
2 − h1e

3
)
.

In particular, in each of the isometric classes Br (see Theorem 2.54), the families {1} × S3,
{r} × S2 and {r} ×NS are exactly the critical points of the energy functional (2.58).

Proof. Since the full torsion tensor (1.32) of ϕr is Ad(Sp(1))-invariant, we know from Lemma
2.64 that its symmetric part (i.e. τ0 and τ3) is divergence-free. Hence

divT = −d∗ ∗ (τ1 ∧ ψr)−
1
2d∗τ2 = − ∗ d(τ1 ∧ ψr) + 1

2 ∗ d(τ2 ∧ ϕr)

= 4(r3 + 2)(r3 − 1)
3r

(
h2h3e

1 + h0h2e
2 − h1h2e

3
)

+ 8(r3 + 2)(r3 − 1)
3r

(
h2h3e

1 + h0h2e
2 − h1h2e

3
)

= 4(r3 + 2)(r3 − 1)h2
r

(
h3e

1 + h0e
2 − h1e

3
)
,
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where d∗ is the operator which is adjoint to d such that d∗ : Ωp(M) → Ωp−1 is defined by
d∗ = (−1)d(p+1)+1 ∗ d∗ and the critical points of the energy functional (2.58) are parametrised
by solutions of

|divT (r)|2 = 16(r3 + 2)2(r3 − 1)3

r4 h2
2(h2

0 + h2
1 + h2

3) = 0,

⇔ r = 1 or h2 = 0 or h0 = h1 = h3 = 0.

These cases correspond to the three families in the second part of the statement.

Remark 2.67. In the context of Theorem 2.54, for a given r > 0, the set Crit(E|Br) is described
as follows:
r 6= 1: the harmonic G2-structures in the isometric class Br are precisely those parametrised by
the equator {r} × S2 or the poles {r} ×NS.
r = 1: all the G2-structures ϕ(1,h), with h ∈ S3, are harmonic.

2.5.2 The Ad(Sp(1))-invariant gradient flow of E

In this section we give the main results where the previous theorems and propositions were usedin
the isoemtric flow specializing to the case of Sp(2)-invariant G2-structures, the pointwise norm
|T (r)|2 was computed with respect to the Sp(2)-invariant metric of S7 in Proposition 2.55 . It is
therefore everywhere constant and equal to the norm of the torsion of the Ad(Sp(1))-invariant
G2-structure ϕr ∈ Λ3(p)∗, hence

E(ϕr) = 1
2 |T (r)|2volϕr(S7).

Moreover, the divergence of the full torsion tensor is an Sp(2)-invariant 1-tensor:

(divTyψ)(p) = L∗x((dLx−1)x(divTpyψ)(o) = L∗x(divT (r)yψ)(o),

where p = x · Sp(1) ∈ S7, in particular o = 1Sp(2)Sp(1) is the orbit of the identity, and
divT (r) := divTo ∈ (p∗)Ad(Sp(1)).

Let {ϕt}t∈(−ε,ε) be a solution of the gradient flow (2.62) of the Dirichlet energy functional (2.58).
By Proposition 2.24, a solution with initial condition ϕr, as in the Ansatz (2.43), is parametrised
by

ϕt = Θ(r, k(t)h), with h, k(t) ∈ Sp(1) and k(0) = (1, 0, 0, 0).

Letting
m(t) := k(t)h = (m0,m1,m2,m3) ∈ Sp(1),

the divergence of the full torsion tensor of ϕt is

divTt := divTm(t) = 4(r3 + 2)(r3 − 1)m2
r

(
m3e

1 +m0e
2 −m1e

3
)
.
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Applying Remark 2.36 to the equations in (2.63), we find the explicit evolution of each component
of m(t):

dm0
dt

=2(r3 + 2)(r3 − 1)m2
r2 (m0m2),

dm1
dt

=2(r3 + 2)(r3 − 1)m2
r2 (m1m2),

dm2
dt

=2(r3 + 2)(r3 − 1)m2
r2 (−m2

0 −m2
1 −m2

3),

dm3
dt

=2(r3 + 2)(r3 − 1)m2
r2 (m3m2).

(2.68)

Remark 2.69. In matrix form, the system (2.68) is a first-order non-linear ODE,

dm(t)
dt

= 2(r3 + 2)(r3 − 1)m2
r2


0 0 m0 0
0 0 m1 0
−m0 −m1 0 −m3

0 0 m3 0

m(t) = Ψ(m(t)). (2.70)

The short-time existence and uniqueness of solutions of (2.70), with any initial value m(0) =
h ∈ Sp(1), follows from the Picard-Lindelöf Theorem, since Ψ : H → H is locally Lipschitz
(polynomial, de facto). Namely,

m(t) = h+
∫ t

0
Ψ(m(s))ds, −ε < t < ε.

This agrees with the short-time existence results in [14] and [36].

Proposition 2.71. [35, §3, Proposition 3.7] Given any initial value m(0) = h = (h0, h1, h2, h3) ∈
Sp(1), the ODE (2.70) admits the following unique solution, defined for all t ∈ R:

m2(t) = h2√
(1− h2

2)e
4(r3+2)(r3−1)t

r2 + h2
2

, (2.72a)

mk(t) = hke
2(r3+2)(r3−1)t

r2√
(1− h2

2)e
4(r3+2)(r3−1)t

r2 + h2
2

, for k = 0, 1, 3. (2.72b)

In the following Remark describes the landscape of limiting harmonic homogeneous G2-structures
for the flow (2.68) at infinity. This can be seen as a concrete instance of the general theory [36,
Theorem 3 & Remark 22], which predicts subsequential convergence to a harmonic limit, under
uniformly bounded torsion, hence long-time existence for homogeneous structures. However, in
the present context, we get to be much more precise. Since we’re ultimately studying a gradient
flow, solutions are expected to flow, forwards and backwards, between critical regions, in this
case the equator and the poles of the 3-sphere. This Remark tells us exactly how such gradient
flow lines behave:

Remark 2.73. [35, §3, Theorem 6] Given an initial condition m(0) ∈ Sp(1), let m(t) be the all-
time solution of (2.70) from Proposition 2.71, and let ϕ(t) = Θ(r,Υ(m(t)) be the corresponding
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solution of the isometric flow (2.62). Then there exist subsequences tn±
k
→ ±∞ such that

m(tn±
k

)→ m±∞ ∈ Sp(1), and
ϕ±∞ = Φ(r,Υ(m±∞))

are harmonic Ad(Sp(1))-invariant coclosed G2-structures. According to the parameter r > 0 and
the hemisphere determined by the initial sign σ2 := sign(m2(0)) = ±1, the flow on the 3-sphere
behaves asymptotically as follows:

r < 1: m(−∞) ∈ {r} × S2 and m(∞) = (0, 0, σ2, 0) ∈ {r} ×NS.

r > 1: m(∞) ∈ {r} × S2 and m(−∞) = (0, 0, σ2, 0) ∈ {r} ×NS.
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3 The Laplacian coflow on contact Calabi-
Yau 7 − manifolds

The main problem is that it is not known whether solutions to the Laplacian coflow of G2-
structures actually exist in general, even for an arbitrarily short time. There is a modification of
the coflow (3.11) which does have guaranteed short-time existence, but the critical points are
no longer closed and coclosed 4-forms, so it does not currently appear to be useful as a tool for
studying key problems in G2 geometry.

Trying to analyse the Laplacian coflow on contact Calabi-Yau manifolds, we find interesting
results that will be explained below. We give an introduction about important results for the
Laplacian coflow [18, 28] which are going to be very useful in the analysis of the Laplacian
coflow of G2-structures. Then, we show a new example of a solution to the Laplacian coflow of
G2-structures on contact Calabi-Yau manifolds in Theorem 3.22. This solution has a singularity
at t = −1/10. In particular, in Theorem 12 was shown that it is volume collapsing and collapsing
with respect to the normalized metric at −1/10. On the other hand, we analyse solitons on a
contact Calabi-Yau manifold M given in Proposition 3.96 using the important Theorem 3.75
where we show that for a coclosed G2-structure ϕ with associated metric g, dual 4-form ψ and a
vector field X on M , we have

LXψ = 0 if and only if LXg = 0 and Curl(X) = 0.

We start with the following definition.

Definition 3.1. A time-dependent G2-structure ϕt on a 7-manifold M7, defined for t in some
interval [a, b), satisfies the Laplacian coflow if for all t ∈ [a, b) we have

∂

∂t
ψt = ∆tψt, (3.2)

where ψt = ∗tϕt is the Hodge dual 4-form of ϕt and ∆t = dd∗t + d∗td is the Hodge Laplacian
with respect to the metric gt = gϕt and fixed orientation given by ϕ0. We will always restrict to
solutions so that ϕt is a coclosed G2-structure for all t, i.e. dψt = 0 for all t ∈ [a, b).

If M7 is compact then the volume of M determined by the G2-structure ϕ on M is:

H(ϕ) := Vol(M,ϕ) = 1
7

∫
M
φ ∧ ψ. (3.3)

Proposition 3.4. [18, Proposition 3.4 and §4] The flow (3.2) for coclosed G2-structures ∗ϕϕ is
the gradient flow of the volume functional in (3.3) restricted to [∗ϕϕ] and the critical points are
strict local maxima for the volume functional (modulo diffeomorphisms).

Therefore the evolution of the metric, the inverse metric and volume form are given in the
following proposition:
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Proposition 3.5. [18, §3, Proposition 3.1] Under the flow (3.2), the evolution equations are
given by

∂g

∂t
= 2 CurlT + T ◦ T + 2T 2 = −2Ric + T ◦ T + 2(trT )T,

∂vol
∂t

= 1
2(|T |2 + (trT )2)vol,

∂

∂t
T = ∆T − 2∇(divT ) +Rm~ T + (∇T ) ~ T + T ~ T ~ T,

where ~ is some multilinear operator involving g, ϕ, ψ and ∆ denotes the Lichnerowicz Laplacian..

This follows from [21, Lemma 3.1], Lemma 1.56 and the fact that T is symmetric, so Curl(T ) is
traceless and

Curl(CurlT ) = −∆T +∇(divT ) +Rm~ T + (∇T ) ~ +T ~ T ~ T. (3.6)

Note that, the ∇(divT ) term in the above equation is due to the negative sign of divT . As it
was shown in [18], the sign of divT also causes problems at a much more fundamental level: It
prevents the flow (3.2) from being parabolic even along closed 4-forms. The following proposition
gives the linearization of ∆ψ. It is easy to see that for closed 4-forms, the symbol will be negative
in the Λ4

7 direction, but non-negative in Λ4
27.

Proposition 3.7. [18, §4, Proposition 4.4] The linearization of ∆ψ at ψ is given by

π7(Dψ∆ψ)(χ) =d(divX) ∧ ϕ+ l.o.t

π1⊕27(Dψ∆ψ)(χ) =3
2 ∗ iϕ

(
∆h+ 1

4Hess(trh)− 1
2(∆ trh)g

− sym(∇divh+ Curl(∇X)t) + l.o.t
)

(3.8)

where χ = ∗(Xyψ + iϕ(h)). Moreover, if χ is closed, we can write Dψ∆ψ as

Dψ∆ψ(χ) = −∆ψχ− LV (χ)ψ + 2d((divX)ϕ) + dF (χ) (3.9)

where
V (χ) = 3

4∇ trh− 2 CurlX (3.10)

and F (χ) is a 3-form-valued algebraic function of χ.

We see that the term d((divX)ϕ) appears in the linearization (3.9) for exactly the same reason
as the term −∇(divT ) in Proposition 3.5, namely, the wrong sign of the π7 component of ∆ψψ.
In [18] is fixed in a modified Laplacian coflow has been proposed:

∂ψ

∂t
= ∆ψψ + 2d((A− trT )ϕ), (3.11)

where A is some constant. Since for coclosed G2-structures ∇ trT = divT , the leading term
in the modification precisely reverses the sign of the Λ4

7 component of the original flow (3.2).
The additional term in (3.11) also allows to prove short-time existence and uniqueness, hence
completing the requirement for (3.11) to be a Ricci-like flow. The proof is given in [18], follows
a procedure similar to the approach taken by Bryant and Xu [7] for the proof of short-time
existence and uniqueness for the Laplacian flow (1.74).
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3.1 New solutions of the Laplacian coflow
Motivated by [22], we consider a contact Calabi-Yau manifold (M7, η,Φ,Υ) (see Appendix A.4),
where (M,η, ξ,Φ, g) is a Sasakian manifold with contact form η and transverse Kähler form
ω = dη, and Υ is a nowhere vanishing transversal form on D = ker η of type (3, 0) satisfying

Υ ∧Υ = −iω3 and dΥ = 0.

In this section, we find a new solution to the Laplacian coflow of G2-structures on contact
Calabi-Yau 7-manifolds having singularity at t = −1/10. We shall analyse this solution in Section
3.3.

Proposition 3.12. [22, §6, Corollary 6.8] Let (M,η,Φ,Υ) be a 7-dimensional contact Calabi-
Yau manifold. Then M carries a coclosed G2-structure defined by

ϕ = η ∧ ω + Re Υ, (3.13)

where ω = dη. Furthermore, dϕ = ω ∧ ω and its corresponding dual 4-form is given by

ψ = ∗ϕϕ = 1
2ω

2 − η ∧ Im Υ. (3.14)

We want to consider the Laplacian coflow starting at the natural coclosed G2-structure on a
contact Calabi–Yau 7-manifold (M7, η0,Φ0,Υ0)

ϕ0 = η0 ∧ ω0 + Re Υ0, (3.15)

so that
ψ0 = 1

2ω
2
0 − η0 ∧ Im Υ0. (3.16)

To this end, we consider the family of G2-structures given by

ϕt = fth
2
t η0 ∧ ω0 + h3

t Re Υ0, (3.17)

for functions ft, ht of time only, with

f0 = h0 = 1. (3.18)

Also, we have the induced metric given by

gt = f2
t η

2 + h2
t gD,

and its associated volume form
volt = fth

6
t η ∧ volD,

where
volD0 = 1

3!ω
3
0 = i

8Υ0 ∧Υ0 = 1
4 Re(Υ0) ∧ Im(Υ0),

so that evaluating (3.17) at t = 0 yields (3.15). We easily see from our calculations above that

ψt = 1
2h

4
tω

2
0 − fth3

t η0 ∧ Im Υ0, (3.19)
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and observe that t = 0 in (3.19) yields (3.16). Therefore, we can calculate the torsion forms of
the G2-structure ϕt:

(τ0)t = 1
7 ∗t (ϕt ∧ dϕt)

= 1
7 ∗t

(
(fth2

t η0 ∧ ω0 + h3
t Re(Υ)) ∧ fth2

tω
2
0
)

= 1
7 ∗t f

2
t h

4
t η0 ∧ ω3

0

= 6ft
7h2

t

. (3.20)

Besides this, we have τ1 = 1
12(ϕ ∧ dϕ) = 0 and τ2 = ∗(dψ)− 4 ∗ (τ1 ∧ ψ) = 0, thus ϕt is coclosed.

Furthermore,

(τ3)t = ∗tdϕt − (τ0)tϕt

= 2f2
t η0 ∧ ω0 −

6ft
7h2

t

(fth2
t η0 ∧ ω0 + h3

t Re(Υ))

= 8
7f

2
t η0 ∧ ω0 −

6
7ftht Re(Υ0). (3.21)

We now show a solution of the Laplacian coflow (3.2) on a contact Calabi-Yau manifold given in
the following theorem.

Theorem 3.22. Let (M7, η0,Φ0,Υ0) be a contact Calabi-Yau 7-manifold. The family of coclosed
G2-structures ϕt on M7 given by

ϕt = p(t)−1/10η0 ∧ ω0 + p(t)3/10 Re Υ0; (3.23)

ψt = 1
2p(t)2/5ω2

0 − η0 ∧ Im Υ0, (3.24)

where p(t) = 10t + 1 and t ∈ (−1/10,∞), solves the Laplacian coflow (3.2) with initial data
determined by ϕ0 = η0 ∧ ω0 + Re Υ0.

Proof. Let (M,η0,Φ0,Υ0) be a contact Calabi-Yau manifold, {ϕt} the family of G2-structures
given by (3.17) and ψt = ∗tϕt. We may compute the Laplacian of ψt:

∆tψt = d ∗t dϕt
= d ∗t (fth2

tω0 ∧ ω0)

= d ∗t (2fth−2
t · 1

2h
4
tω

2
0)

= d(2fth−2
t · fth2

t η0 ∧ ω0)

= d(2f2
t η0 ∧ ω0)

= 2f2
t ω0 ∧ ω0. (3.25)

Differentiating (3.19) with respect to t and using (3.25), we can compute ∂ψ
∂t

= ∆tψt and then
equate the coefficients of η0 ∧ Im ε0 and ω2

0 to obtain

∂

∂t
h4
t = 4f2

t ,
∂

∂t
fth

3
t = 0. (3.26)
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From the second equation in (3.26) and (3.18) we obtain

ft = h−3
t . (3.27)

Substituting (3.27) into (3.26), we have

∂

∂t
h4
t = 4h−6

t . (3.28)

The ODE (3.28) can be easily solved and, together with (3.18) and (3.27), we find that

ht = (10t+ 1)1/10 and ft = (10t+ 1)−3/10. (3.29)

In conclusion, we have found a solution to the Laplacian coflow (3.2) with initial condition (3.15)
(or (3.16)), which has data:

ϕt = (10t+ 1)−1/10η0 ∧ ω0 + (10t+ 1)3/10 Re Υ0; (3.30)

ψt = 1
2(10t+ 1)2/5ω2

0 − η0 ∧ Im Υ0; (3.31)

gt = (10t+ 1)−3/5η2
0 + (10t+ 1)1/5gD0 ; (3.32)

volt = (10t+ 1)3/10η0 ∧ volD0 , (3.33)

where D0 = ker η0, defined for all t ∈ (−1/10,∞).

We notice that this solution to the coflow is immortal (i.e. exists for all positive time), but it
is not eternal, since it fails to exists for t ≤ −1/10. If M is compact, this will be the unique
solution of the general form (3.17) and (3.18), and we see from (3.33) that the volume is indeed
strictly increasing in time, tending to infinity, i.e.,

Vol(M, gt)→∞ as t→∞.

Definition 3.34. We say that a family of metrics gt for t ∈ [0, T ) is uniformly equivalent to the
metric g0 = g(x, 0) if there exist a constant C <∞ such that

1
C
g(x, 0) ≤ g(x, t) ≤ Cg(x, 0),

for all x ∈M and t ∈ [0, T ).

Definition 3.35. Let gt be a family of metrics t ∈ [0, T ). Then, gt is uniformly continuous if for
any ε > 0 there exist δ > 0 such that for any 0 < t0 < t < T with t− t0 ≤ δ we have

|gt − gt0 |gt0 ≤ ε,

which implies that as symmetric 2-tensor, we have

(1− ε)gt0 ≤ gt ≤ (1 + ε)gt0 . (3.36)

Proposition 3.37. Let ϕt be the solution to the Laplacian coflow given by (3.30) with associated
metric (3.32). Then, gt is uniformly continuous (in t) on any compact interval contained in
(−1/10,∞).
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Proof. Consider the family of metrics {gt} given by (3.32) where

gt =αtg0 + βtη0 ⊗ η0 = αtgD0 + (αt + βt)η0 ⊗ η0

=p(t)1/5gD0 + p(t)−3/5η0 ⊗ η0
(3.38)

with p(t) = 10t+ 1. We define

Ft = gt − gt0 = s1g0 + s2η0 ⊗ η0,

where s1 = αt − αt0 and s2 = βt − βt0 . Therefore

|Ft|2gt0 =6p(t0)6/5(p(t)−3/5 − p(t0)−3/5)2 + p(t0)−2/5(p(t)1/5 − p(t0)1/5)2, (3.39)

which implies that gt is uniformly continuous on any compact interval contained in (−1/10,∞)
as required.

Proposition 3.40. [33, §3.2] Let ϕt be the solution to the Laplacian coflow given by (3.30)
with associated metric gt as in (3.32). Let Rmt denote the Riemann curvature tensor of gt and
let RmD0

0 denote the curvature of the transverse connection on D0 induced by the Levi-Civita
connection of g0. Then

|Rmt|2gt = (1 + 10t)−2/5|RmD0
0 |

2
g0 + c0(1 + 10t)−2

for some constant c0 > 0.

3.2 Full torsion tensor
For convenience, we denote p(t) = 10t+ 1. Observe that the full torsion tensor for (3.30) is given
by Tt = τ0

4 gt − (τ27)t, where 4(τ27)t = jϕt(τ3). Thus,

(τ0)t = 6
7p(t)−5/10, (3.41)

(τ3)t = 8
7p(t)−6/10η0 ∧ ω0 −

6
7p(t)−2/10 Re(Υ0).

Let ξ0 be the dual vector field of η0, X,Y ∈ D0 and consider ϕt as in (3.30). Since (ω0,Υ0)
defines an SU(3)-structure on D0, we have that ω0 ∧ Re Υ0 = 0 and

(XyRe Υ0) ∧ (Y yRe Υ0) ∧ ω0 = 2gD0(X,Y )volD0

(Xyω0) ∧ (Y yRe Υ0) ∧ Re Υ0 = −2gD0(X,Y )volD0 .
(3.42)

Therefore

jϕt((τ3)t)(ξ0, ξ0) = p(t)−2/5 ∗t (ω0 ∧ ω0 ∧ τ3)

= 8
7p(t)−4/5 ∗t (ω3

0 ∧ η0)

= (3!)(8)
7 p(t)−11/10, (3.43)

jϕt((τ3)t)(ξ0, X) = 0,
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jϕt((τ3)t)(X,Y ) = −p(t)−1/10 ∗t
(
η0 ∧Xyω0 ∧ Y yϕt ∧ τ3

)
+p(t)3/10 ∗t (XyRe(Υ0) ∧ Y yϕt ∧ τ3). (3.44)

Substituting (3.42) into (3.44), we obtain

jϕt(τ3)(X,Y ) = −8
7p(t)−3/10gD(X,Y ). (3.45)

Thus, using (3.41), (3.43) and (3.45) we have

Tt = (τ0)t
4 gt − (τ27)t

= 3
14p(t)−5/10

(
p(t)−3/5η0 ⊗ η0 + p(t)1/5gD

)
− 12

7 p(t)−11/10η0 ⊗ η0 + 2
7p(t)−3/10gD

= −3
2p(t)−11/10η0 ⊗ η0 + 1

2p(t)−3/10gD.

(3.46)

In order to understand the tensor Tt in (3.46), we use as well as some important properties of
K-contact manifolds. Since (M,η0,Φ0,Υ0) is contact Calabi-Yau, it is in particular Sasakian and,
therefore, a K-contact manifold (see Appendix A). It will be useful to find the full torsion tensor
norm.

Proposition 3.47. Let (M,η0,Φ0,Υ0) be a contact Calabi-Yau manifold and let {ϕt} be the
solution to the Laplacian coflow given by (3.30) with associated metric (3.32) and torsion Tt.
Then, we have

|T (p, t)|2t =15
4 p(t)−1. (3.48)

Proof. Note that Tt = r1(t)g + r2(t)η2, where

r1(t) =1
2p(t)−3/10,

r1(t) + r2(t) =− 3
2p(t)−11/10.

Using Lemma A.21 and gt = αg + βη2 given by (3.38), we compute |Tt|2t

|T (p, t)|2t =Tt(ei, ej)Tt(em, en)gimt gjnt

=6
(
p(t)1/5

)−2
(1

2p(t)−3/10
)2

+
(−3

2 p(t)11/10
)2 (

p(t)−3/5
)−2

=15
4 p(t)−1.

Note that lim
t→∞
|Tt|2t = 0.

Proposition 3.49. Let (M,η0,Φ0,Υ0) be a contact Calabi-Yau 7-manifold and let {ϕt} be the
solution to the Laplacian coflow given by (3.30) and initial data determined by ϕ0 = η0∧ω0+Re Υ0,
with associated metric (3.32) and torsion Tt. Then divTt = 0.
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Proof. Let {gt = αtg0 + βtη
2 = αtgD + (αt + βt)η2} be the family of metrics given by (3.32)

where αt = p(t)−3/5 and αt + βt = p(t)1/5. Using (3.46), we obtain

Tt = −2p(t)−11/10η2 + 1
2p(t)−1/2gt. (3.50)

Therefore, from Remark A.27, we have, for each k, that

(divTt)k =∇gti (Tt)ij = ∇gti (−2p(t)η2)ij + 1
2∇

gt
i p(t)−1/2(gt)ij

=− 2p(t)11/10∇gti (ηiηj) = −2p(t)11/10(ηi∇gti ηj + ηj∇gti ηi
)

=− 2p(t)11/10(ηiωij + ηjωij
)

= 0.

Proposition 3.51. Let {ϕt} be the solution to the Laplacian coflow given by (3.30) and initial
data determined by ϕ0 = η0 ∧ ω0 + Re Υ0, with associated metric (3.32) and torsion Tt. Then

|∇Tt|2t = c0p(t)−2 (3.52)

where c0 > 0 is a constant.

Proof. We know that ∇gtgt = 0. On the other hand, by (A.23), we have that ∇gtξ0
ξ0 = ∇g0

ξ0
ξ0 +

A(ξ0, ξ0) = 0. Also, from Proposition 3.49, we know that divTt = 0, concluding that the only
non-zero terms in ∇gtTt arise from ∇gtXη

2, X ∈ D0. Moreover, from Remark A.27, we obtain that
(∇gtXη)] ∈ D0, then

|∇gtX(p(t)−3/5η2)|2t =|p(t)−3/5∇g0
X (η2)|2t = |p(t)−3/5ω(X, ·)η(·)|2t

=c0p(t)−3/5(p(t))−2/5 = c0p(t)−1

with c0 > 0 constant and gt(X,X) = 1. Hence, using (3.50), we obtain

|∇gtXTt|
2
t =| − 2p(t)−11/10∇tXη2|2t

=| − 2p(t)−1/2∇gtX(p(t)−3/5η2)|2t
=4c0p(t)−1cp(t)−1 = 4c0p(t)−2

3.3 Collapsing contact Calabi-Yau manifold
In this section, we show that the family of G2-structures given by (3.30) is volume collapsing
and collapsing with respect to the normalized metric at −1/10. Inspired by the work of Chen
[11], we use the quantity Λ(x, t) (see Eq. (1.80)) to show that the volume is collapsed.

Let ϕt be the solution to the Laplacian coflow (4) given by (3.30) on (M0, η0,Φ0,Υ0) a contact
Calabi-Yau manifold. In what follows, we will give proofs for both Theorem 10 and 12.
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Proof Theorem 10. Using Proposition 3.40, Proposition 3.47 and Proposition 3.51, we obtain

Λ(x, t) := sup
M

(|Rm(y, t)|2gt + |T (y, t)|4gt + |∇T (y, t)|2gt)
1
2

= sup
M

(
p(t)−2/5|RmD0 |20 + c0p(t)−2 + 15

4 p(t)−2 + c1p(t)−2) 1
2

= sup
M

(
p(t)−2/5|RmD0 |20 + kp(t)−2) 1

2 , (3.53)

whit k > 0 constant. Therefore, if sup
M
|Rm|0 ≤ C, we have

Λ(t) := sup
M

Λ(x, t) = sup
M

(
p(t)−1/5(|RmD0 |20 + kp(t)−8/5

) 1
2 )

≤kp(t)−1/5(1 + cp(t)−4/5), (3.54)

where k, c are constant.

Definition 3.55. Let (M,ϕ(t)), t ∈ (T, b) be a complete solution to the Laplacian coflow, where
T ∈ [−∞, 0), b ∈ [0,∞] and 0 ∈ (a, b]. The solution ϕ(t) with associated metric g(t) is called
locally collapsing at T if there exists a sequence of points xk ∈ M , times tk → T and radii
rk ∈ (0,∞) with r2

k/tk uniformly bounded such that the balls Bg(tk)(xk, rk) satisfy:

• (curvature bound comparable to the radius of the ball)

|Rm(g(tk))| ≤ r−2
k in Bg(tk)(xk, rk),

• (volume collapsed of the ball)

lim
k→∞

volg(tk)Bg(tk)(xk, rk)
r7
k

= 0

Proof of Theorem 12. We define Λ(t) = sup
x∈M

Λ(x, t). Note that it satisfies lim Λ(t) =∞ as t→-

1/10. We have that the solution ψt of the Laplacian coflow has a maximal interval (−1/10,∞).
Choose a sequence of points (xi, ti) such that ti → −1/10 and let κi be a sequence such that
κi →∞ we have

Λ(xi, ti) = sup
x∈M,t∈[ti,κi]

(
|Rm(x, t)|2g(t) + |T (x, t)|4g(t) + |∇T (x, t)|2g(t)

) 1
2 (3.56)

where T and Rm are the torsion and curvature as usual. We consider a sequence of dilations of
the Laplacian coflow

ψi(t) = ∗tϕi = Λ(xi, ti)2ψ(ti + Λ(xi, ti)−1t). (3.57)

Therefore
ϕi(t) = Λ(xi, ti)3/2ϕ(ti + Λ(xi, ti)−1t). (3.58)

and the associated metric gi(t) of ϕi(t) is

gi(t) = Λ(xi, ti)g(ti + Λ(xi, ti)−1t). (3.59)
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From the conformal property for the 3-form we have

ψ̃ =λψ ⇒ ϕ̃ = λ3/4ϕ⇒ ∆̃ψ = λ1/2∆ψ.

Thus, for each i, (M,ψi(t)) is a solution of the Laplacian coflow (4) on the time interval

t ∈
(
(−1/10− ti)Λ(xi, ti), (κi − ti)Λ(xi, ti)] (3.60)

Given that the torsion forms of a conformal G2-structure are

τ̃0 = λ−1/2τ0, τ̃3 = λτ3.

Then, the full torsion tensor is equal to T̃ = λ1/2T . Furthermore, we define

Λψi(x, t) =
(
|∇gi(t)Ti(x, t)|

2
gi(t) + |Rmi(x, t)|2gi(t) + |Ti(x, t)|4gi(t)

)1/2
. (3.61)

Satisfying Λψi(xi, 0) = 1 so that if t̃i(t) = ti + Λ−1(xi, ti)t

|Rmi(x, t)|2gi(t) = 1
Λ2(xi, ti)

|Rm(x, t̃i(t))|2g(t̃i(t))

|∇gi(t)Ti(x, t)|
2
gi(t) = 1

Λ2(xi, ti)
|∇g(t̃i(t))T (x, t̃i(t))|2g(t̃i(t))

|Ti(x, t)|2gi(t) = 1
Λ(xi, ti)

|T (x, t̃i(t))|2g(t̃i(t))

and we obtain

Λψi(t) = sup
M
|Λψi(x, t)| = Λ(xi, ti)−1 sup

x∈M
|Λ(x, ti + Λ−1(xi, ti)t)| ≤ 1 (3.62)

for 0 ≤ t ≤ (κi − ti)Λ(xi, ti). Since sup
M
|Λψi(x, 0)| = 1. By proposition 3.37, gt is uniformly

continuous. Let ε ∈ (0, 1/2] and δ > 0 be given by the definition of uniformly continous, then if
t0 = −1/10 + δ then (3.36) holds for all −1/10 < t < t0. Suppose i is sufficient large that ti ≥ t0.
From (3.36), for any x, y ∈M and t ∈ (−1/10, t0], we have

(1− ε)1/2dgt0 (x, y) ≤ dgt(x, y) ≤ (1 + ε)1/2dgt0 (x, y). (3.63)

Therefore, if Bgt(x, r) denotes the geodesic ball of radius r centred at x with respect to the
metric gt, we have

Bgt0 (x, (1 + ε)−1/2r) ⊂ Bgt(x, r). (3.64)

Along the Laplacian coflow, the volume form (3.33) increases for t ∈ (−1/10, t0], so

volgt(Bgt(x, r)) ≤ volgt0 (Bgt0 (x, (1 + ε)−1/2)r)) (3.65)

Then, for x ∈M and r ≤ Λ(xi, ti)1/2 we have

volgi(0)
(
Bgi(0)(x, r)

)
=Λ(xi, ti)7/2volg(ti)

(
Bg(ti)

(
x,Λ(xi, ti)−1/2r)

)
≤Λ(xi, ti)7/2volg(t0)

(
Bg(t0)(x, (1 + ε)−1/2r)

)
≤c(1 + ε)−7/2r7, (3.66)
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for some uniform positive constant c. Hence we have

volgi(0)
(
Bgi(0)(x, r)

)
≤ cr7 (3.67)

for all x ∈M and r ∈ [0,Λ(xi, ti)1/2]. Note that by the definition of Λψi , we have

|Rmgi(x, 0)| ≤ sup
M×[0,(κi−ti)Λ(xi,ti)]

|Λψi(x, t)| ≤ 1 (3.68)

on M . We define ri = Λ(xi, ti)−1/2 and using Λ(xi, ti)→∞ and ti → −1/10, we have r2
i /ti ≤ C

and

• (curvature bound comparable to the radius of the ball)

|Rm(g(ti))| ≤ Λ(xi, ti) = r−2
i ,

• (volume collapsed of the ball) Using (3.67), we have

volgi(0)
(
Bgi(0)(xi, ri)

)
r7
i

≤ C

volΛ(xi,ti)g(ti)
(
BΛ(xi,ti)g(ti)(xi, ri)

)
r7
i

≤ C

Therefore, if g̃ = α2g, then Bg(x, r) = Bα2g(x, αr) and volα2gBα2g(x, αr) = α7volgBg(x, r).
So that if α = Λ(xi, ti)1/2, we obtain

Λ(xi, ti)7/2volg(ti)
(
Bg(ti)(xi, r2

i )
)

r7
i

≤
Λ(xi, ti)7/2volg(ti)

(
Bg(ti)(xi, ri)

)
r7
i

≤ C

Thus, we have

lim
i→∞

volg(ti)Bg(ti)(xi, ri)
r7
i

= 0.

Remark 3.69. Let (M0, η0,Φ0,Υ0) be a contact Calabi-Yau manifold and ψ(t), t ∈ (−1/10,∞) be
the solution (3.31) to the Laplacian coflow (4), (xi, ti) a sequence of points such that ti → −1/10
and Λ(xi, ti) in (3.56) and p(t) = 10t+ 1 . Taking the family of metrics gi(t) given by

gi(t) =Λ(xi, ti)pi(t)−3/5η2
0 + Λ(xi, ti)pi(t)1/5gD0 , (3.70)

where pi(t) = p(ti + Λ(xi, ti)−1t) for t ∈
(
(−1/10− ti)Λ(xi, ti), (κi − ti)Λ(xi, ti)], We can rescale

the family gi(t) and see that
g̃i = pi(t)1/5Λ(xi, ti)−1gi(t).

As t→ (−1/10− ti)Λ(xi, ti) we have that the circle Reeb orbit decrease whilst the transverse
geometry is constant.



Chapter 3. The Laplacian coflow on contact Calabi-Yau 7 − manifolds 68

3.4 The soliton equations on contact Calabi-Yau manifolds
In this section, Theorem 3.75 is one of the main results which will be used in soliton solutions in
a particular case of contact Calabi-yau manifolds.

As for many geometric flows, we are interested in considering self-similar solutions, (which only
evolve diffeomorphisms and scalings) since these are expected to be related to singularities in
the flow. Given a 7-manifold M , a Laplacian soliton for the Laplacian coflow (4) for coclosed
G2-structures on M is a triple (ψ,X, λ) satisfying

∆ψψ = LXψ + λψ = d(Xyψ) + λψ, (3.71)

where dψ = 0, λ ∈ R and X is a vector field on M . Given a Laplacian soliton (ψ,X, λ) we can
define, whenever 1 + λt > 0, a function ρ(t) and a t-dependent family of vector fields X(t) by

ρ(t) = 1 + λt and X(t) = ρ(t)−1X. (3.72)

If we let f(t) be the 1-parameter family of diffeomorphisms generated by X(t) such that f(0) is
the identity, then we may define

ψt = ρ(t)f(t)∗ψ (3.73)

and see that
∂

∂t
ψt = f(t)∗(ρ′(t)ψ + ρ(t)LX(t)ψ)

= f(t)∗(λψ + ρ(t)d(ρ(t)−1Xyψ))

= f(t)∗(∆ψψ)

= ∆ψtψt,

where we used the fact that
∆κψ(κψ) = κ1/2∆ψψ

for any κ > 0. Hence, ψt solves the Laplacian coflow (4) and simply evolves scaling and pullback
by diffeomorphisms. From the behaviour of ψt, we see that it is natural to call a Laplacian soliton
(ψ,X, λ) expanding if λ > 0; steady if λ = 0 and shrinking if λ < 0.

Proposition 3.74. [25, §4, Proposition 4.3] If M7 is compact, then there are no shrinking or
steady soliton solutions of (3.71), other than the trivial case of a torsion free G2-structure in the
steady case.

The following theorem is of key importance in the analysis of soliton solutions and it will be used
in Proposition 3.86.

Theorem 3.75. Let ϕ be a coclosed G2-structure on a compact manifold M with associated
metric g and let X be a vector field on M . Then,

LXψ = 4
7div(X)ψ ⊕ Curl(X)[ ∧ ϕ⊕ ∗iϕ

( 3
49div(X)g − 3

14(LXg)
)
∈ Ω4

1 ⊕ Ω4
7 ⊕ Ω4

27, (3.76)

where iϕ : S2T ∗M → Ω3
1(M) ⊕ Ω3

27(M) is the injective map given by (1.6). In particular, any
symmetry X of the coclosed G2-structure ϕ must be a Killing vector field of the asociated metric
g on M .
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Proof. Since ϕ is coclosed, i.e. d ∗ ϕ = 0, we have

LXψ = d(Xyψ) +Xydψ = d(Xyψ).

Let α = Xyψ so that αijk = X lψlijk and

LXψ = dα = 1
24(∇iαjkl −∇jαikl +∇kαjil −∇lαjki)dxijkl,

i.e,
(LXψ)ijkl = ∇iαjkl −∇jαikl +∇kαjil −∇lαjki. (3.77)

We decompose LXψ as

LXψ = π4
1(Lxψ) + π4

7(Lxψ) + π4
27(LXψ) = aψ +W [ ∧ ϕ+ ∗iϕ(h), (3.78)

where πkl : Ωk(M)→ Ωk
l (M) denotes the projection onto Ωk

l (M), a is a function, W [ = gϕ(W, ·)
and h is a trace-free symetric 2-tensor on M . We compute a as follows:

a = 1
7〈LXψ,ψ〉 = 1

168(∇iαjkl −∇jαikl +∇kαjil −∇lαjki)ψijkl

= 1
42∇iαjklψ

ijkl = 1
42∇i(αjklψ

ijkl)− 1
42αjkl∇iψ

ijkl

= 24
42∇i(X

mgmi)−
1
42X

mψmjkl(∇iψijkl) = 4
7∇iXi = 4

7div(X),

(3.79)

where we used (1.22) and the fact that Tij is a symmetric tensor. To compute W [, note that

〈∗((∗LXψ) ∧ ϕ), em〉 = 4〈W [, em〉,

thus

4Wm = ∗
(
(∗LXψ) ∧ ϕ ∧ em

)
= ∗

(
〈ϕ ∧ em,LXψ〉vol

)
= 1

3!(LXψ)ijkmϕijk.

Therefore, we obtain

Wm = 1
4!(LXψ)ijkmϕijk = 1

3!(g
si∇sαjkmϕijk)

= 1
3!(g

si∇s(X lψ jkm
l ϕijk)−X lψ jkm

l gsi∇sϕijk)

= 1
3!(4g

si∇s(X lϕ m
il )−X lψjkml gsiTsag

anψnijk)

= 4
3!g

si∇s(X lϕ m
il ) = 4

3!g
si∇sX lϕ m

il + 4
3!X

lgsi∇sϕ m
ir

= 4
3!ϕ

m
ir ∇iX l + 4

3!X
lgsi∇sϕ m

ir

= 4
3!ϕila(∇

iX l)gam + 4
3!X

lgsiTsng
nlψlirbg

bm

= 4
3! Curl(X)agam.

(3.80)

Finally, to calculate h observe that

(LXψ)mnpiψmnpj + (LXψ)mnpjψmnpi

= a(ψmnpiψmnpj + ψmnpjψ
mnp
i ) + (∗iϕ(h))mnpiψmnpj + (∗iϕ(h))mnpjψmnpi ,

(3.81)
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where
(∗iϕ(h))mnpi = (iψ(h))mnpi = hqmψqnpi − hqnψmqpi + hqpψmnqi − h

q
iψmnpq.

Equation (3.81) becomes

aψmnpiψ
mnp
j + (hqmψqnpi − hqnψmqpi + hqpψmnqi − h

q
iψmnpq)ψ

mnp
j

aψmnpjψ
mnp
i + (hqmψqnpj − hqnψmqpj + hqpψmnqj − h

q
jψmnpq)ψ

mnp
i

= −48agij + hqm(4gqjgim − 4gqmgij + 4gqigjm − 4gqmgij)

− hqn(4gqjgin − 4gqngij + 4gqigjn − 4gqngij) + 24hqi gqj
+ hqp(4gqjgip − 4gqpgji + 4gqigjp − 4gqpgij) + 24hqjgqi

= −48agij + 56hij .

(3.82)

We can calculate the left hand side of (3.82) as follows

(LXψ)mnpiψmnpj + (LXψ)mnpjψmnpi

= (∇mαnpi −∇nαmpi +∇pαnmi −∇iαnpm)ψmnpj

(∇mαnpj −∇nαmpj +∇pαmmj −∇jαnpm)ψmnpi

= 3(∇mαnpjψmnpi +∇mαnpiψmj np)−∇iαnpmψ
mnp
j −∇jαnpmψmnpi

= 3∇m(αnpiψmnpj )
I(i)

− 3αnpi∇mψmnpj

II(i)

−∇i(αmnpψmnpj )
III(i)

+ αmnp∇iψmnpj

IV (i)

3∇m(αnpjψmnpi )
I(j)

− 3αnpj∇mψmnpi
II(j)

−∇j(αmnpψmnpi )
III(j)

+ αmnp∇jψmnpi
IV (j)

(3.83)

Using (1.24), (1.25), (1.34) and the following expression

X lTmi ϕljm = (Xyϕ)jmTmi = (T · (Xyϕ))ji = (T · (Xyϕ))Tij = −((Xyϕ) · T )ij , (3.84)

we obtain that

I(i) = ∇m(αnpiψmnpj ) = ∇m(X lψlnpiψ
mnp
j )

= ∇m(X l(4gljg mi − 4g ml gij + 2ψ m
lij ))

= 4∇iXj − 4divXgij + 2∇m(X lψ m
lij ),

I(j) + I(i) = 4∇jXi − 4divXgij +∇m(X lψ m
lji ) + 4∇iXj − 4divXgji +∇m(X lψ m

lij )

= 4(∇iXj +∇jXi)− 8divXgij .

For a coclosed G2-structure, we have that T is symmetric. Therefore

II(i) + II(j) = αnpi∇mψmnpj + αnpj∇mψmnpi = X lψlnpi∇mψmnpj +X lψlnpj∇mψmnpi

= X lψlnpi(−Tmjϕmnp + Tmmϕ
np
j − T

n
mϕ

mp
j + T pmϕ

mn
j )

+X lψlnpj(−Tmiϕmnp + Tmmϕ
np
i − T

n
mϕ

mp
i + T pmϕ

mn
i )

= 4(Xyϕ · T )ij − 4(T ·Xyϕ)ij = 4[Xyϕ, T ]ij ,

III(i) + III(j) = ∇i(X lψlmnpψ
mnp
j ) +∇j(X lψlmnpψ

mnp
i )

= 24(∇iXj +∇jXi),
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IV (i) = αmnp∇iψmnpj = X lψlmnp∇iψmnpj

= X lψlmnp(−Tijϕmnp + Tmi ϕ
np
j − T

n
i ϕ

mp
j + T pi ϕ

mn
j ) = 12(Xyϕ · T )ij ,

IV (i) + IV (j) = 12(Xyϕ · T )ij + 12(Xyϕ · T )ji = 12[Xyϕ, T ]ij .

So, using (3.79) , (3.82) and the above expressions, we obtain

−48agij + 56hij = −12(∇iXj +∇jXi)− 24div(X)gij

hij = 3
49div(X)gij −

3
14(∇iXj +∇jXi)

= 3
49div(X)gij −

3
14(LXg)

(3.85)

Hence, substituting (3.79), (3.80) and (3.85) into (3.78) we obtain (3.76).

Proposition 3.74 was given in [25] with a different and lengthier proof, and with an additional
minus sign in the Laplacian operator, so the roles of shrinking and expanding solitons are reversed.
On the other hand, in order to understand soliton conditions of coclosed G2-structures on contact
Calabi-Yau manifolds, we need to undertand better the properties of T and the Laplacian coflow.

Proposition 3.86. Let ϕ be a coclosed G2-structure on a compact manifold M with associated
metric gϕ. If (ψ,X, λ) is a soliton of the Laplacian coflow as in (3.71), then it satisfies

CurlX = 0, divT = 0, ∇ trT = 0,

λ = 2
3R+ 4

3 |T |
2 − 4

7div(X),

0 =− Ric +
( 1

14R − 1
7 |T |

2 − 3
49div(X)

)
g + tr(T )T − 2T 2

− 1
2T ◦ T + 3

14(LXg).

(3.87)

Proof. Using Lemma 1.56 and Theorem 3.75, we obtain

0 =∆ψψ − λψ − LXψ

0 =
(2
3R+ 4

3 |T |
2)ψ + (d trT ) ∧ ϕ+ ∗ϕiϕ

(
− Ric + 1

14(R− 2|T |2)g + tr(T )T − 2T 2 − 1
2T ◦ T

)
−
(4

7div(X)ψ + Curl(X)[ ∧ ϕ+ ∗iϕ
( 3

49div(X)g − 3
14(LXg)

))
− λψ

=
(2
3R+ 4

3 |T |
2 − 4

7div(X)− λ
)
ψ + (d trT − Curl(X)[) ∧ ϕ

+ iϕ
(
− Ric + 1

14(R− 2|T |2)g + tr(T )T − 2T 2 − 1
2T ◦ T −

3
49div(X)g + 3

14(LXg)
)
.

Therefore,

0 =2
3R+ 4

3 |T |
2 − 4

7div(X)− λ

0 =d trT − Curl(X)[

0 =− Ric + 1
14(R− 2|T |2 − 3

49div(X))g + tr(T )T − 2T 2 − 1
2T ◦ T + 3

14(LXg),

and thus we get (3.87).
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Moreover, Proposition 3.86 will be useful in the following case which was studied by Lotay and Sá
Earp from the perspective of Heterotic string theory. Therefore, let V be a Calabi-Yau 3-orbifold
with metric gV , volume form volV , kahler form ω and holomorphic volume form Υ satisfying

volV = 1
3!ω

3 = 1
4 Re Υ ∧ Im Υ

Let M that the total space of π : K → V is a contact Calabi-Yau 7-manifold. For every ε > 0,
we define a S1-invariant G2-structure on K by

ϕε = εη ∧ ω + Re Υ (3.88)

ψε = 1
2ω

2 − εη ∧ Im Υ. (3.89)

The metric induced from this G2-structure and its corresponding volume form are

gε = ε2η2 + gV and volε = εη ∧ volV (3.90)

We have from (3.88), (3.89) and Theorem 3.12 that

dϕε = εω2 and dψε = 0, (3.91)

Lemma 3.92. [32, §2.1, Lemma 2.4] For each ε > 0, the G2-structure on M7 defined by (3.88)
has torsion forms

τ0 = 6
7ε τ1 = 0,

τ2 = 0 τ3 = 8
7ε

2η ∧ ω − 6
7εRe Υ

Proposition 3.93. Let ϕε be a G2-structure given by (3.88). Then, its full torsion tensor is

T = ε

2gV −
3ε3

2 η2. (3.94)

and the full torsion tensor norm is given by |T |2 = 15
4 ε

2 .

Proof. Let ξ be the dual to η and X,Y ∈ D and let j be a linear operator given by (1.6), thus

j(τ3)(ξ, ξ) = ∗ε
(
(ξyϕε) ∧ (ξyϕε) ∧ τ3

)
= ∗ε

(
εη(ξ)ω ∧ εη(ξ)ω ∧ 8

7ε
2η ∧ ω

)
= ∗ε

(8
7ε

4η ∧ ω3) = 48
7 ε

3

j(τ3)(X, ξ) = 0

j(τ3)(X,Y ) = − ∗ε
(
εη ∧ (Xyω) ∧ (Y yRe Υ) ∧ (−6ε

7 Re Υ)
)

− ∗ε
(
(XyRe Υ) ∧ (εη ∧ (Y yω)) ∧ (−6ε

7 Re Υ)
)

+ ∗ε
(
(XyRe Υ) ∧ (Y yRe Υ) ∧

(8
7ε

2η ∧ ω
))
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using the identity (3.42), we obtain

j(τ3)(X,Y ) = −8
7ε ∗ε ∗ε

(
η ∧ volV

)
= −8

7εgV (X,Y )

Therefore

(
τ27
)
ij

= 1
4j(τ3)ij = 12

7 ε
3η2 − 2

7εgV .

thus, we have

T = τ0
4 gε −

(
τ27
)
ij

= ε

2gV −
3ε3

2 η2

Using Lemma A.21, we compute |T | which is given by

|T |2 = 6
(1
2ε
)2 +

(
− 3

2ε
3)2(ε2)−2 = 15

4 ε
2 (3.95)

Proposition 3.96. Let (M,η,Φ,Υ) be a closed contact Calabi-Yau 7-manifold, and let ω := dη.
For each ε > 0, a (locally) S1-invariant G2-structure is given by

ϕε = εη ∧ ω + Re Υ (3.97)

ψε = 1
2ω

2 − εη ∧ Im Υ. (3.98)

Then, any solitons (ψε, X, λ) for the Laplacian coflow (4) inducing the metric gε on M must
have X[ ∈ Ω1(M) harmonic and

λ = ε2. (3.99)

Proof. Let ϕε be a coclosed G2-structure on a closed contact Calabi-Yau manifold. Then, using
(A.26), with α = 1 and β = ε2 − 1, we obtain Rε = R− 6(ε2 − 1) = −6ε2. Now if (ψ,X, λ) is a
soliton, then Proposition 3.86 implies that

λε = 2
3Rε + 4

3 |T |
2 − 4

7div(X),

= ε2 − 4
7div(X).

By Stokes’ theorem, after integration, we conclude that λε = ε2, as claimed, which in turn also
implies div(X) = 0. But we know from Proposition 3.86 that Curl(X) = 0, so X is actually
harmonic, since ∆X[ = dd∗X[ + d∗dX[, but d∗X[ = −div(X[) and dX[ = CurlX, obtaining
∆X[ = 0.
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4 Concluding remarks

1. The Laplacian coflow has so far received rather little attention, so there are also many
open problems. Therefore, we would like to conclude the following questions for future
work.

• In view of the relation between Laplacian coflow and modified Laplacian coflow. Then,
what are the critical points of the modified Laplacian coflow on Contact Calabi-Yau
manifolds?

• We consider the following family of G2-structures

ϕt = fth
2
t η0 ∧ ω0 + h3

t Re Υ0, (4.1)

starting at the natural coclosed G2-structure on a contact Calabi–Yau 7-manifold
and we analyse the Laplacian coflow, finding a solution with a singularity. In the
future work, we can consider other family of G2-structures with deformations which
stabilize the characteristic foliation Fξ.

2. Given a coclosed G2-structure, the linearization at ψ of the corresponding Hodge Laplacian
is an indefinite operator where the term that cause ∆ψ to be indefinite is π7(∆ψψ), which is
the component of ∆ψψ is the 7-dimensional representation Λ4

7 of G2. This term is however
determined by divT - the divergence of the Torsion. Therefore, the condition divT = 0 may
be thought of as another condition to make ∆ψψ elliptic. Then, the future work will be
analyse harmonic G-invariant G2-structures on G/H which is divTϕ = 0 (see [36, 24, 21])
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APPENDIX A – Contact Manifolds

A.1 Contact manifolds
Before defining Sasakian manifolds it will be necessary to define contact structures. Contact
transformations arose in the theory of Analytical Mechanics developed in the 19th century by
Hamilton, Jacobi, Lagrange and Legendre. But its first systematic treatment was given by Sephns
Lie. Consider R2n+1 with Cartesian coordinates (x1, · · · , xn, y1, · · · , yn, z) and 1-form η given by

η = dz −
∑
i

yidxi. (A.1)

It is easy to see that η ∧ (dη)n 6= 0. A 1-form on R2n+1 that satisfies this condition is called a
contact form. Therefore, locally we have the following result:

Proposition A.2. [4] Let η be a 1-form on R2n+1 that satisfies η ∧ (dη)n 6= 0. Then, there is
an open set U ⊂ R2n+1 and local coordinates (x1, . . . , xn, y1, . . . , yn, z) such that η has the form
(A.1) in U .

Definition A.3. A 2n+ 1-dimensional manifold is a contact manifold if there exists a 1-form η,
called a contact 1-form, on M such that

η ∧ (dη)n 6= 0

everywhere on M . A contact structure on M is an equivalence class of such 1-forms by the
relation η′ ∼ η if there is a nowhere vanishing function f on M such that η′ = fη.

Definition A.4. An almost contact structure on a differential manifold M2n+1 is a quadruple
(M,η, ξ,Φ) where Φ is a tensor field of type (1, 1) (i.e, an endomorphism of TM), ξ is a vector
field, and η is a 1-form which satisfies

η(ξ) = 1, Φξ = 0, η ◦ Φ = 0 (A.5)

Φ ◦ Φ = −id + ξ ⊗ η. (A.6)

The vector field ξ is called Characteristic vector field or the Reeb vector field. A smooth manifold
with such a structure is called an almost contact manifold . A Riemannian metric on M is said
to be compatible with the almost contact structure if for any fields X, Y on M we have

g(Φ(X),Φ(Y )) = g(X,Y )− η(X)η(Y ). (A.7)

An almost contact structure with a compatible metric is called an almost contact metric structure.
In case η is a contact form, then (M,η, ξ,Φ, g) is said to be a contact metric structure on M



APPENDIX A. Contact Manifolds 79

and a manifold with such a structure is called contact metric manifold. It follows that a contact
metric structure (M,η, ξ,Φ, g) satisfies

ω(X,Y ) = g(Φ(X), Y ) = 1
2dη(X,Y ), X, Y ∈ X (M) (A.8)

For a contact metric manifold (M,η, ξ,Φ, g) we take

volg = η ∧ ωn

n! = 1
2nn!η ∧ (dη)n (A.9)

as the Riemannian volume form. A contact metric structure (M,η, ξ,Φ, g) is called K-contact if
ξ is a Killing vector field of g and we have

(∇Xη)(Y ) = 1
2dη(X,Y ) (A.10)

r(X, ξ) = (2n)η(X),

g(R(X, ξ)Y, ξ) = g(X,Y )− η(X)η(Y ), (A.11)

where X,Y ∈ X(M), ∇ is the covariant differentiation with respect g, r and R are the Ricci
curvature tensor and Riemannian curvature tensor respectively.

Proposition A.12. [4] A contact metric structure (ξ, η,Φ, g) is K-contact if and only if ∇ξ =
−Φ

We say that (M2n+1, η,Φ) is called Sasakian if the metric cone (C(M), dr2 + r2g, d(r2η)) is
Kähler and it satisfies

(∇XΦ)Y = g(Y, ξ)X − g(X,Y )ξ, (A.13)

R(X, ξ)Y = g(Y, ξ)X − g(X,Y )ξ (A.14)

where Y,Z ∈ X (M). A Sasakian manifold is necessarily a K-contact Riemanninan. The vector
field ξ is nowhere vanishing, so there is a 1-dimensional foliation Fξ associated with every Sasakian
structure, called the characteristic foliation. Each leaf of Fξ has a holonomy group associated to
it. If S = (ξ, η,Φ, g) is a Sasakian structure, then dimension of the closure of the leaves is called
the rank of S.

A.2 Transverse Kähler geometry
Let (M,η, ξ,Φ, g) be a Sasakian manifold, and consider the 1-form η called the characteristic
1-form, then it defines a 2n-dimensional vector bundle D, called horizontal subbundle of TM ,
where the fiber Dp of D is defined Dp := ker ηp for every p in M . Hence we get a decomposition
of the tangent bundle TM given by

TM = D ⊕ Lξ

and a sequence of vector bundle

0 −→ Lξ −→ TM
π−→ V(Fξ) −→ 0
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where Lξ is the trivial line bundle generated by the Reeb vector field ξ and V(Fξ) := TM/Lξ

which is called the normal bundle of the foliation Fξ. There is a smooth vector bundle isomorphism
σ : V(Fξ) −→ D such that π ◦ σ = idV(Fξ). It follows that Φ induces a splitting

D ⊗R C = D1,0 ⊕D0,1

where D0,1 and D1,0 are eigenspaces of Φ with eigenvalues
√
−1 and −

√
−1 respectively. It is

naturally endowed with both a complex structure J = Φ|D and a symplectic structure dη. Hence,
(D, J, dη) gives M a transverse Kähler structure with Kähler form dη and metric gD defined by

gD(X,Y ) = dη(X, JY ) (A.15)

which is related to the Sasakian metric g by

g = gD + η ⊗ η, (A.16)

Beside of that, a smooth p-form α on M is called basic if

ξyα = 0, Lξα = 0

Therefore, let ΛpB denote the sheaf of germs of basic p-forms, Ωp
B := Γ(M,ΛpB) the set of global

sections of ΛpB is called basic on M . Let DC denote the complexification of D, and decompose it
into its eigenspaces with respect to J , that is DC = D1,0 ⊕D0,1. Similarly, we get a splitting of
the complexification of the sheaf Ω1

B of basic one forms on M , namely

Ω1
B ⊗ C = Ω1,0

B ⊕ Ω0,1
B .

We also denote that Λp,qB := Λp
(
Λ1,0
B

)
⊗ Λq

(
Λ0,1
B

)
; and

Ωp,q
B := Λp

(
Ω1,0
B

)
⊗ Λq

(
Ω0,1
B

)
Then we have ΛpB ⊗R C =

⊕
r+s=p

= Λr,sB , and

Ωp
B ⊗R C =

⊕
r+s=p

Ωr,s
B .

Note that dη ∈ Ω1,1
B (D) and it determines a non-vanishing cohomology class inH1,1

B (M). Relatively
to the Reeb foliation on a Sasakian manifold (M,η, ξ,Φ, g), the usual Hodge star induced a
transverse Hodge operator ∗̃ : Ωk

B(D)→ Ω2n−k
B (D) given by

∗̃γ := (−1)2n−k ∗ (γ ∧ η).

Therefore, we have
∗γ = ∗̃γ ∧ η.

Define ∂B and ∂B by

∂B : Λp,qB → Λp+1,q
B ,
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∂B : Λp,qB → Λp,q+1
B ,

which is the decomposition of d. Let dB = d|ΩpB . We hace dB = ∂B + ∂B. Let dcB = 1
2i(∂B − ∂B).

it is clear that
dBdcB = i∂B∂B, d2

B = (dcB)2 = 0 (A.17)

Let d∗B : Ωp+1
B → Ωp

B be the adjoint operator of dB : Ωp
B → Ωp+1

B . The basic Laplacian ∆B is
defined by

∆B = d∗BdB + dBd∗B

The Sasakian structure (M,η, ξ,Φ, g) also induces a natural connection ∇D on D given by

∇DXY =

(∇XY )D if X ∈ D

[ξ, Y ] if X = ξ

where the subscript D denotes the projection onto D. Therefore, we get

∇DXJ = 0, ∇DXgJ = 0, ∇DXdη = 0, ∇DXY −∇DYX = [X,Y ]D

for any X,Y ∈ TM . Moreover the transverse Ricci tensor RicT is defined as

RicT (X,Y ) =
2n∑
i=1

g(∇DX∇Deiei −∇
D
ei∇
D
Xei −∇D[X,ei]ei, Y )

for any X,Y ∈ D, where {e1, . . . , e2n} is an arbitrary orthonormal frame of D. By Tommasini
and Vezzoni in [41] is know that

RicT (X,Y ) = Ric(X,Y ) + 2g(X,Y )

for any X,Y ∈ D, where Ric denotes the Ricci tensor of the Riemannian metric g = gJ + η ⊗ η.
Let us denote by ρT the Ricci form of RicT , i.e.

ρT (X,Y ) = RicT (JX, Y ) = Ric(Jx, Y ) + dη(X,Y )

for any X,Y ∈ D. We have that ρT is a closed form such that ( 1
2π )ρ represents the first Chern

class of (D, J), this form is called transverse Ricci form of (M,η, ξ,Φ, g).

Definition A.18. The basic cohomology class

c1
B(M) = 1

2π [ρT ] ∈ H1,1
B (M)

is called the first basic Chern class of (M,η, ξ,Φ, g) and if it vanishes, then (M,η, ξ,Φ, g) is
said to be null-Ssakian.

Furthermore, a Sasakian manifold is called η-Einstein if there exist λ, ν ∈ C∞(M,R) such that

Ric = λg + νη ⊗ η.
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A.3 D-Homothetic deformations
We now address the general framework proposed by Tanno [40] on contact manifold specifically
we use properties K-contact manifolds to understand the behavior of the deformation metrics
called D-homothetic deformation.Thus, let (M,η, ξ,Φ, g) be a K-contact manifold and g the
deformation of the metric g given by

g = αg + βη ⊗ η, (A.19)

for constant α and β satisfying α > 0 and α+ β > 0. The inverse matrix

gij = α−1gij − α−1β(α+ β)−1ξiξj . (A.20)

Lemma A.21. Let (M,η, ξ,Φ, g)be a K-contact manifold and let g be a deformation of the
metric given by (A.19). If F is a symmetric tensor of the form F = s1g + s2η ⊗ η, then

|F |2g = FijFmng
imgjn = 6α−2s2

1 + (s1 + s2)2(α+ β)−2. (A.22)

Proof. Using (A.20) and F = s1g + s2η ⊗ η, we obtain

|F |2g =FijFmngimgjn

=s2
1α
−2(7− 2β(α+ β)−1 + β2(α+ β)−2)

+ 2s1s2α
−2(1− β(α+ β)−1)2 + s2

2α
−2(1− β(α+ β)−1)2

=s2
1α
−2(6 + (1− β(α+ β)−1)2)

+ 2s1s2α
−2(1− β(α+ β)−1)2 + s2

2α
−2(1− β(α+ β)−1)2

=6α−2s2
1 + (s1 + s2)2(α+ β)−2.

Denoting by A = ∇−∇ the difference of the connections associated to g and g, which is a tensor.
Therefore, the tensor A on a K-contact manifold satisfies

Aijk = −α−1β(Φi
jηk + ηjΦi

k). (A.23)

Putting this into
R
i
jkl = Rijkl +∇lAijk −∇kAijl +AirlAjk −AirkArjl,

we have

R
i
jkl = Rijkl + α−1β(2Φi

jΦkl + Φi
kφjl − Φi

lΦjk) + α−2β2(δilηjηk − δikηjηl)

+ α−1β
(
∇kΦi

jηl +∇kΦi
lηj −∇lΦi

jηk −∇lΦi
kηj
)
.

In the case of Sasakian manifolds, we obtain

R
i
jkl = Rijkl + α−1β(ξiηlgjk − ηkξigjl + α−1(2α+ β)δilηjηk − α−1(2α+ β)δikηjηk)

+ α−1β(2Φi
jΦkl + Φi

kΦjl − Φi
lΦjk),

(A.24)
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where we have used (A.13) and (A.14). Contracting with respect to i and l, we have

Rjk = Rjk − 2α−1βgjk + α−2β(2(2n+ 1)α+ (2n+ 1)β − β)ηjηk, (A.25)

Contracting the last equation with (A.20), we get

R = α−1R− α−2β(2n). (A.26)

where R is the scalar curvature.

Remark A.27. Note that if X ∈ D, then (∇Xη)(Y ) = (∇Xη)(Y ) + A(X,Y ), and using
(∇Xη)(Y ) = 1

2dη(X,Y ) and (A.23), we obatin ((∇Xη)(Y ))] ∈ D0.

Lemma A.28. Let (M,η, ξ,Φ, g) be a K-contact manifold and let g be a deformation of the
metric given by (A.19). If F is a symmetric tensor of the form F = s1g + s2η ⊗ η, then

(∇XF )(Y,Z) = s2(∇X(η ⊗ η))(Y, Z)− s1g(A(X,Y ), Z)− s1g(A(X,Z), Y ). (A.29)

Proof. we know that ∇g = 0 and ∇ξξ = 0. Using the Levi-Civita connection of g, we have

∇XF (Y, Z) =X(F (Y,Z))− F (∇XY,Z)− F (Y,∇XZ),

substituting ∇ = ∇+A where A is given by (A.23), we obtain that

∇XF (Y,Z) = X(F (Y,Z))− F (∇XY +A(X,Y ), Z)− F (Y,∇XZ +A(X,Z)),

using F = s1g + s2η ⊗ η, we have

∇XF (Y,Z) =X(s1g(Y, Z)) +X(s2η(Y )η(Z))− s1g(∇XY, Z)− s1g(A(X,Y ), Z)

− s2η(∇XY )η(Z)− s1g(Y,∇XZ)− s1g(Y,A(X,Z))− s2η(∇XZ)η(Y )

=s1(∇Xg)(Y,Z) + s2∇X(η ⊗ η)(Y,Z)− s1g(A(X,Y ), Z)− S1g(A(X,Z), Y )

=s2∇X(η ⊗ η)(Y,Z)− s1g(A(X,Y ), Z)− s1g(A(X,Z), Y ).

A.4 Contact Calabi-Yau manifold
In this section we discuss several preliminary properties of the contact-Calabi-Yau manifolds
which will be important to analyse singularities of Laplacian coflow of G2-structures on contact
Calabi-Yau manifolds.

Definition A.30. A contact Calabi-Yau manifolds is denoted by (M,η,Φ,Υ) such that

• (M,η, ξ,Φ, g) is a 2n+ 1-dimensional Sasakian manifold.
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• Υ is a nowhere vanishing transversal form on D = ker η of type (n, 0):

Υ ∧Υ = cnω
n, dΥ = 0,

where cn = (−1)
n(n+1)

2 in and ω = dη. Furthermore, we have that

Re Υ := Υ + Υ
2 , Im Υ := Υ−Υ

2i .

Proposition A.31. [41, §3, Proposition 3.4] Let M be a 2n+ 1-dimensional compact manifold.
Assume that M admits a Contact Calabi-Yau structure, then the following hold

1. if n is even, then bn+1(M) > 0;

2. If n is odd, then bn(M) > 2

bn+1 ≥ 2,

where bj(M) denotes the jth Betti number of M .

Corollary A.32. [41, §3, Corollary 3.5] A 3-dimensional compact manifold M admitting contact
Calabi-Yau structure has b1(M) > 2. In particular, there are no compact 3-dimensional simply
connected contact Calabi-Yau manifolds. Moreover, the 2n+ 1-dimensional sphere has no contact
Calabi-Yau structure.

Proposition A.33. [41, §3, Proposition 3.6] Let (M,η, ξ,Φ, g) be a 2n+1-dimensional Sasakian
manifold and D = ker η. The following facts are equivalent:

1. Hol0(∇D) ⊂ SU(n).

2. RicT = 0.

Corollary A.34. [41, §3, Corollary 3.7] Let (M,η,Φ,Υ) be a contact Calabi-Yau manifold.
Then (M,η, ξ,Φ, g) is a null-Sasakian and the metric g induced by (η,Φ) is a η-Einstein with
λ = 2 and ν = 2n+ 2. In particular the scalar curvature of the metric g associated to (η,Φ) is
equal to 2n− 1.

We consider the following two results arising from section [22] which are the following:

Proposition A.35. [22, §6, Proposition 6.5] Let (M,η, ξ,Φ, g) be a compact simply-connected
null Sasakian η-Einstein manifold. Then Hol(∇) is contained in SU(n).

Proposition A.36. [22, §6, Proposition 6.6] Let (M,η, ξ,Φ, g) be a compact simply-connected
Sasakian manifold with c1

B(M) = 0. Then there exist a unique Sasakian structure (M,η′, ξ′,Φ′, g′)
and a basic 1-form ζ on M such that

ξ′ = ξ, η′ = η + ζ, Φ′ = Φ− ξ ⊗ ζ ◦ Φ, g′ = dη′ ◦ (id⊗ Φ′) + η′ ⊗ η′,

and the transverse holonomy group of the metric g′ is contained in SU(n).
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APPENDIX B – 3-Sasakian manifolds

Definition B.1. LetM be a manifold with a family of almost contact structures {ξ(r), η(r),Φ(r)}
parameterized by points r = (r1, r2, r3) ∈ S2 ⊂ R3 on a unit sphere. We say {ξ(r), η(r),Φ(r)}r∈S2

is an almost hypercontact structure on M if

Φ(r) ◦ Φ(r′)− η(r)⊗ ξ(r′) = −Φ(r× r′)− (r · r′)1

Φ(r)ξ(r1) = −ξ(r× r′), η(r) ◦ Φ(r′) = −η(r× r′)

For any two r, r′ ∈ S2. Furthermore, a Riemannian metric g on M is said to be a compatible
with (or associated to) the almost hypercontact structure if

g(Φ(r)X,Φ(r)Y ) = g(X,Y )− η(r)(X)η(r)(Y )

for all r ∈ S2. In such a case {ξ(r), η(r),Φ(r), g}r∈S2 is called an almost hypercontact meteric
structure on M .

We can recover the standard definition of the almost contact (metric) 3-structure via a choice
of an arbitrary orthonormal basis {e1, e2, e3} in R3 and setting Φ(ea) = Φa, ξ(ea) = ξa and
η(ea) = ηa. Hence,

Definition B.2. An almost contact structure (metric) 3-structure {ξa, ηa,Φa, g}3a=1 on M is an
almost hypercontact (metric) structure together with a choice of an orthonormal frame on R3.

Proposition B.3. [4, §13, Proposition 14.1.4] There is a one to one correspondence between
almost hypercontact metric structure {ξ(r), η(r),Φ(r), g}r∈S2 on M and reductions of the frame
bundle to the group Sp(n)× id3

Proposition B.4. [4, §13, Proposition 13.1.6] Let M4n+3 be a compact manifold with an almost
contact 3-structure. Then the only possible non-vanishing Stiefel-Whitney classes are w4i(M). In
particular, M is a spin manifold. Furthermore, all the integral Stiefel-Whitney classes Wi(M)
must vanish.

Proposition B.5. [4, §13, Theorem 13.1.7] Let M be a compact smooth 7-manifold and let
SU(2) ⊂ SU(3) ⊂ G2 ⊂ Spin(7), where the subgroup of Spin(7) are the stability subgroup fixing
one, two, or three spinors, respectively. Then the following condition are equivalent:

(i) M admits a reduction of the structure group to SU(2),

(ii) M admits a reduction of the structure group to SU(3),

(iii) M admits a reduction of the structure group G2,

(iv) w1(M) = w2(M) = 0.i.e., M is orientable and admits a spin structure.
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In particular, every compact oriented spin 7-manifold admits an almost hypercontact structure.

Proposition B.6. [4, §13, Theorem 13.4.6] Let M4n+3 be a 3-Sasakian homogeneous space.
Then M = G/H is precisely one of the following:

Sp(n+ 1)
Sp(n) ,

Sp(n+ 1)
Sp(n)× Z2

,
SU(m)

S(U(m− 2)×U(1)) ,
SO(k)

SO(k − 4)⊗ Sp(1)
G2

Sp(1) ,
F4

Sp(3) ,
E6

SU(6) ,
E7

spin(12) ,
E8
E7
.

Here n ≥ 0, Sp(0) denote the trivial group, m ≥ 3 and k ≥ 7. Hence, there is one-to-one
correspondence between the simple Lie algebra and the simply connected 3-Sasakian homogeneous
manifolds.
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APPENDIX C – Collapsing manifolds

The compactness of solutions to geometric and analytic equations, when it is true, is fundamental
in the study of geometric analysis. In this chapter, we state Hamilton’s compactness theorem for
solutions of the Ricci flow assuming Cheeger and Gromov’s compactness theorem for Riemannian
manifolds with bounded geometry. Throughout this chapter, quantities depending on the metric
gk (or gk(t)) will have a subscript k, for instance ∇k and Rmk denote the Riemannian connection
and Riemannian curvature tensor of gk. Quantities without a subscript depend on the background
metric g.

Let (Mn, g) be a complete Riemannian manifold

Definition C.1. Given ρ ∈ (0,∞] and k > 0, we say that the metric g is k-noncollapsed below
the scale ρ if for any metric ball B(x, r) with r < ρ satisfying |Rm(y)| ≤ r−2 for all y ∈ B(x, r)
and

volB(x, r)
rn

≥ k. (C.2)

If g is k-noncollapsed below the scale ∞, we say that g is k-noncollapsed at all scales.

Definition C.3. We say that g is k-collapsed at the scale r at the point x if |Rm| ≤ r−2 for all
y ∈ B(x, r) and

volB(x, r)
rn

< k (C.4)

The metric g is said to be k-collapsed at the scale r if there exist x ∈M such that g is k-collapsed
at the scale r at the point x.

Thus g is not k-noncollapsed below the scale ρ if and only if there exists r < ρ and x ∈M such
that g is k-collapsed at the scale r at the point x.

Remark C.5. 1. If M is closed and flat, then g cannot be k-noncollapsed at all scales since
|Rm| = 0 ≤ r−2 for all r and volB(x, r) ≤ vol(M) so that lim

r→∞
volB(x, r)

rn
= 0 for all

x ∈M .

2. If (M, g) is a closed Riemannian manifold, then for any ρ > 0 there exist k > 0 such that
g is k-noncollapsing below the scale ρ.

we have the following elementary scaling propety for k-noncollased metrics.

Lemma C.6. [13] [Scaling property of k-noncollapsed] If a metric g is k-noncollapsed below
the scale ρ, then for any α > 0 the metric α2g is k-noncollapsed below the scale αρ.

In [13] was showed that k-noncollapsing and a lower bound of a injectivity radius are equivalent.

Lemma C.7. [13] Let (Mn, g) be a complete Riemannian manifold and fix ρ ∈ (0,∞].
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1. If the metric g is not k-collapsed δ = δ(n, k) which is independent of ρ and g such that for
any x ∈M and r < ρ, if |Rm| ≤ r−2 in B(x, r), then inj(x) ≥ δr.

2. Suppose that for any x ∈ M and r < ρ with |Rm| ≤ r−2 in B(x, r) we have inj(x) ≥ δr

for some δ > 0. Then there exist a constant k = k(n, δ) , independent of ρ and g, such
that g is not k-collapsed below the scale ρ.

The property of being k-noncollapsed below the scale ρ is preserved under pointed Cheeger-
Gromov limits. We start giving some definitions of convergence of manifolds and Cheeger-Gromov
limits. Then we review the definition of C∞-convergence on compact set in a smooth manifold
Mn.

Definition C.8 (Cp-convergence). Let K ⊂M be a compact set and {gk}k∈N, g∞ and g be a
Riemannian metrics on M . For p ∈ {0} ∪N we say that gk converges in Cp to g∞ uniformly on
K if for every ε > 0 there exist k0 = k0(ε) such that for k ≥ k0,

sup
0≤α≤p

sup
x∈K
|∇α(gk − g∞)|g < ε, (C.9)

where the covariant derivative ∇ is with respect to g.

Note that since we are on a compact set, the choice of a metric g on K does not affect the
convergence. For instance, we may choose g = g∞. In regards to C∞-convergence on mannifolds,
with the noncompact case in mind, we have tge following. We say that a sequence of open sets
{Uk}k∈N in a manifold Mn is an exhaustion of M by open sets if for any compact set K ⊂M
there exist k0 ∈ N such that K ⊂ Uk for all k ≥ k0.

Definition C.10 (C∞-convergence uniformly on compact sets). Suppose {Uk}k∈N is an exhaus-
tion of a smooth manifold Mn by open sets and gk are Riemannian metrics on Uk. We say that
(Uk, gk) converges in C∞ to (M, g∞) uniformly on compact sets in M if for any compact set
K ⊂ M and any p > 0 there exist k0 = k0(K, p) such that {gk}k≥k0 converges in Cp to g∞
uniformly on K.

Definition C.11. A sequence {(Mn
k , gk, Ok)}k∈N of complete pointed Riemannian manifold

converges to complete pointed Riemannian manifold {(M∞, g∞, O∞)} if there exist

1. An exhaustion {Uk}k∈N of M∞ by open sets with O∞ ∈ Uk and

2. a sequence of diffeormophism βk : Uk → Vk := βk(Uk) ⊂Mk with β(O∞) = Ok

such that
(
Uk, β

∗
k

[
gk|Vk

])
converges in C∞ to (M∞, g∞) uniformly on compact sets in M∞.

When there is a bound on the curvature (recall that when given a singular solution and a suitable
sequence of space-time points, the choice of dilation factors is chosen to guarantee this for the
associated sequence of solutions) and an injectivity radius estimate for a sequence of solutions
for example in the Ricci flow or our case of G2–structures is using for Ricci-like flow, which
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we explain later. Then, the following compactness theorem provides a subsequence which will
converge in the C∞-Cheeger-Gromov sense. Thus, we give a definition which is related to the
assumption of bounded curvature.

Definition C.12 (Bounded gemetry). we say that a sequence or family of Riemannian manifolds
has bounded geometry if there exist positive constant Cp such that

|∇pRm| ≤ Cp

for all p ∈ N ∪ {0} and for all metrics in this sequence or family. That is the curvature and their
covariant derivatives of each order have uniform bounds.

Let injg(O) denote the injectivity radius of the metric g at the point O. for sequences of
Riemannian manifolds we have the following convergence theorems.

Theorem C.13. [13][Compactness for metrics] Let {(Mn
k , gk,Ok)}k∈N be a sequence of complete

pointed Riemannian manifolds that satisfy

1. (uniformly bounded geometry)

|∇pkRm|k ≤ Cp on Mk

for all p ≤ 0 and k where Cp <∞ is a sequence of constants independent of k and

2. ( injectivity radius estimate)
injgk(Ok) ≥ i0 (C.14)

for some constant i0 > 0

Then there exist a subsequence {jk}k∈N such that {(Mjk .gjk ,Ojk)}k∈N converges to a complete
pointed Riemannian manifold (M∞, g∞,O∞) as k →∞.

So, the next lemma says the property of being k-noncollapsed below the scale ρ is preserved
(stable) under pointed Cheeger-Gromov limits.

Lemma C.15. [13] Let {(Mn
k , gk,Ok)} be a sequence of pointed complete Riemannian manifolds.

Suppose that there exist k > 0 and ρ > 0 so that each (Mk, gk) is k-noncollapsed below the
scale ρ. Furthermore assume that (Mk, gk,Ok) convergence to (M∞, g∞,O∞) in the pointed
Cheeger-Gromov C2-topology. Then the limit (M∞, g∞) is k-noncollapsed below the scale ρ.

To apply Cheeger-Gromov-type compactness theorem to study time singularities, the no local
collapsing theorem is evident useful. Before of that, we first give the following relation between
volume ratios and injectivity radius in the presence of a curvature bound

Theorem C.16 (Cheeguer-Gromov-Taylor[13]). For any constant c > 0, r0 > 0, there exist a
constant i0 > 0 such that if (Mn, g) a n-dimensional compact manifold is a complete Riemannian
manifold with |sect| ≤ 1 and if p ∈M is a point with

vol(B(p, r))
rn

≥ c
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for all r ∈ (0, r0], then
inj(p) ≥ i0

Remark C.17. Since |sect| ≤ 1, by the Bishop-Gromov comparison theorem, if vol(B(p, r0))
rn0

≥

c
′
> 0, then vol(B(p, r))

rn
≥ c for all r ∈ (0, r0], where c depends only on c′ and n (see [13]).

Definition C.18. The Riemannian metric g on Mn is said to be k-non-collapsing relative to
upper bound of scalar curvature on the scale ρ if for any Bg(p, r) ⊂ M with r < ρ such that
sup

Bg(p,r)
Rg ≤ r−2, we have volgBg(p, r) ≥ krn.

Definition C.19. we say that g̃ is k-collapsed at the scale r at the point x if |Rm(y)| ≤ r−2 for
all y ∈ B(x, r) and

vol(B(x, r))
rn

≤ K
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