
Universidade Estadual de Campinas
Instituto de F́ısica “Gleb Wataghin”

Leonardo da Silva Garcia Leite

Two-dimensional correlated Chern and
topological insulators

Isolantes topológico e de Chern correlacionados
bidimensionais

Campinas
2022



Leonardo da Silva Garcia Leite

Two-dimensional correlated Chern and
topological insulators

Isolantes topológico e de Chern correlacionados
bidimensionais

Thesis presented to the Institute of Physics

“Gleb Wataghin” of the University of Camp-

inas in partial fulfillment of the requirements

for the degree of Doctor of Sciences, in the

area of Physics.

Tese apresentada ao Instituto de F́ısica

“Gleb Wataghin” da Universidade Estadual

de Campinas como parte dos requisitos exigi-

dos para a obtenção do t́ıtulo de Doutor em

Ciências, na área de F́ısica.
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Abstract

In this thesis, we study the flat-band ferromagnetic phase of the Haldane-Hubbard

model on a honeycomb lattice within a bosonization scheme for both Chern and Z2 topo-

logical insulators, focusing on the calculation of the spin-wave excitation spectrum. We

consider a spinfull Haldane-Hubbard model with the noninteracting lower bands in a

nearly flat band limit, previously determined for the spinless Haldane model, and at

1/4-filling of its corresponding noninteracting limit. Two configurations of the Haldane-

Hubbard model, one that breaks time-reversal symmetry (correlated Chern insulator) and

a second one that preserves time-reversal symmetry (correlated Z2 topological insulator),

are discussed. Within the bosonization scheme, the Haldane-Hubbard model is mapped

into an effective interacting boson model, whose quadratic term allows us to determine

the spin-wave spectrum at the harmonic approximation. For the correlated Chern insula-

tor, we show that the excitation spectrum has two branches with a Goldstone mode and

Dirac points at center and at the K and K ′ points of the first Brillouin zone, respectively.

In contrast, for the correlated Z2 topological insulator, the excitation spectrum also has

two branches, but both of them are gapped and there is no Dirac points. Indeed, for

the correlated Z2 topological insulator, we found that it is possible to define boson op-

erators associated with two distinct spin-flip excitations, one that changes (mixed-lattice

excitations) and a second one that preserves (same-lattice excitations) the index related

with the two sublattices. We also consider the effects on the spin-wave spectrum due

to an energy offset in the on-site Hubbard repulsion energies and due to the presence of

an staggered on-site energy term (mass term), both quantities associated with the two

triangular sublattices. For both perturbations, we found that an energy gap opens at

the K and K ′ points, dissolving the Dirac points found in the spin-wave spectrum of the

correlated Chern insulator. For the correlated Z2 topological insulator, a mild modifica-

tion of the gap at the same points were found, with the overall spectrum retaining its

shape. Moreover, for the Chern insulator, we also found some evidences for an instability

of the flat-band ferromagnetic phase in the presence of the staggered on-site energy term.

Finally, we comment on the differences between the bosonization scheme implementation

for the correlated Chern and Z2 topological insulators on both square and honeycomb

lattices.

Keywords: Strong correlated electron systems, topological insulators, Chern insula-

tors, Haldane-Hubbard model, flat-band ferromagnetism, bosonization of two-dimensional

electronic systems



Resumo

Nesse trabalho, estudamos uma fase ferromagnética de banda plana do modelo de

Haldane-Hubbard na rede hexagonal através de um método de bosonização desenvolvido

recentemente para isolantes de Chern e isolantes topológicos Z2. Em particular, procu-

ramos determinar o espectro de excitação das ondas de spin. Consideramos configurações

do modelo de Haldane-Hubbard onde as bandas eletrônicas (limite não-interangente) de

mais baixa energia são quase-planas e com fator de preenchimento (limite não-interagente)

igual a 1/4. Duas versões distintas do modelo de Haldane-Hubbard foram estudadas, uma

que quebra a simetria de inversão temporal (isolante de Chern correlacionado) e uma se-

gunda que preserva a simetria de inversão temporal (isolante topológico correlacionado).

Através do método de bosonização, mostramos que o modelo de Haldane-Hubbard é ma-

peado em um modelo bosônico efetivo e interagente, cujo termo quadrático nos permite

determinar o espectro de excitação das ondas de spin em uma aproximação harmônica.

Para o isolante de Chern correlacionado, encontramos que o espectro de excitação é con-

stitúıdo por dois ramos, apresentando um modo de Goldstone e pontos Dirac no centro

e nos pontos K e K’ da primeira zona de Brillouin, respectivamente. Para o isolante

topológico correlacionado, verificamos que o espectro de excitação também é formado por

dois ramos, porém ambos apresentam energia de gap finita e ausência de pontos de Dirac.

De fato, para o isolante topológico, verificamos que é posśıvel definir operadores bosôni-

cos associados a dois tipos diferentes de excitações de spin, isto é, excitações que alteram

(mixed-lattice excitations) e que preservam (same-lattice excitations) os ı́ndices de sub-

rede dos operadores de spin. Além disso, consideramos os efeitos no espectro das ondas

de spin associados (i) a uma diferença nos valores das energias de repulsão locais e (ii) à

presença de um termo de energia de um corpo local alternado (termo de massa), ambas

as quantidades relacionadas com as duas subredes triangulares. Para ambas as pertur-

bações, encontramos que o espectro das ondas de spin do isolante de Chern correlacionado

apresenta um gap de energia nos pontos K e K’, em contraste com o caso homogêneo que

apresenta pontos de Dirac nessa região do espectro. Para o isolante topológico correla-

cionado, verificamos pequenas modificações no gap de energia dos pontos K e K’, sendo

que o espectro mantém sua forma quando comparada com o caso não-perturbado. Im-

portante, para o isolante de Chern, também encontramos algumas evidências de uma

instabilidade da fase ferromagnética de banda plana na presença do termo de massa. Fi-

nalmente, comentamos sobre as diferenças na aplicação do método de bosonização para



os isolantes de Chern e topológicos correlacionados para modelos de Hubbard topológicos

nas redes quadrada e hexagonal.

Palavras-chave: Sistemas eletrônicos fortemente correlacionados, isolantes topológi-

cos, isolantes de Chern, modelo de Haldane-Hubbard, ferromagnetismo de banda plana,

bosonização de sistemas electrônicos bidimensionais.
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Chapter 1
Introduction

This thesis consists on theoretical modeling of electronic and magnetic properties of

a recently discovered class of materials. These recently discovered materials, the so-

called Chern and topological insulators, are usually compounds of the elements Bismuth,

Selenium, Tellurium and Antimony [1, 2]. What makes these compounds special is the fact

that they conduct electricity only through the material edge [border in two dimensions

(2D) and surface in three dimensions (3D)] while the material core remains a complete

insulator. This opposes how electrons move in a common metal, as they are allowed

to move throughout the whole material. Also, they oppose how insulators work as no

type of conduction should exist. Another characteristic of these new materials is that the

conducting surface electronic states are protected by time-reversal symmetry, i.e., they

persist even when there are mechanical or chemical alterations that modifies the material

properties, as long as the bulk insulating electronic band gap still remains [2]. Because

this quantum states persist as long as the bulk gap is finite, these materials are dubbed

”topologically protected”. Moreover, these special quantum states are robust against both

weak disorder and non-magnetic back scattering (scattering that reverses the direction

of motion), which allows for energy transportation without dissipation [1, 2, 3]. All the

properties described above may remind the reader of the quantum Hall effect [4] properties

and, as we are going to see in the following, this is somehow the driving mechanism for

the existence of these quantum surface states.

Interestingly, the first theoretical prediction of a Chern insulator came from the study

of graphene: a two-dimensional zero gap semiconductor that is composed by carbon atoms

ordered in a hexagonal lattice structure [5]. In this paper, Haldane proposed a tight-

binding model that displays two insulating phases at half-filling, depending on the model

parameters and symmetries. The phase that maintains time-reversal symmetry but brakes

inversion symmetry yield a (trivial) insulator, while the phase with broken time-reversal

symmetry was also an insulator, but it exhibited a quantized Hall conductance even

without the need of an external magnetic field. Indeed, such an effect, the so-called
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anomalous quantum Hall effect [5], is generated by quantum surface states related to the

fact that the electronic band structure of the model proposed by Haldane is topologically

nontrivial [6], i.e., the corresponding Chern number of each band is finite [7, 8]. The

arguments that led to this conclusion followed the work of Thouless, Kohmoto, Nightingale

and den Nijs (TKNN) [9], whom showed that the quantized Hall conductivity in quantum

Hall systems are related to the integral of some derivatives of the wave function, a quantity

known as the TKNN invariant. Later, the TKNN invariant was shown to be the Chern

number of the electronic bands [10], a topological invariant that could indicate whether an

integer quantum Hall effect could be present or not. Although Haldane model started as

a theoretical concept, it was later experimentally implemented in a system with ultracold

fermions in an optical honeycomb lattice [11] (see also the reviews [12, 13]).

The prediction of another type of topological insulator, the so-called Z2 topological

insulator, followed years later after Haldane paper, when Kane and Mele [3, 14] proposed

a model where time-reversal symmetry is preserved. The model included a first neighbor

hopping term, a spin-orbit term that gives rise to imaginary hoppings, a Rashba term, and

a mass term. They showed that a minimal model, i.e., when the Rashba and mass terms

are not include, could be split into two distinct copies of Haldane original model, one for

each spin sector and, in this way, preserving time-reversal symmetry. In this new system,

counter-propagating electronic surface modes cancel out, leaving a zero net electronic

current, and therefore, not realizing the anomalous quantum Hall effect. Instead, a net

surface spin current exist, producing a quantized spin Hall effect [3] for the total spin

component Sz conserved Hamiltonian. Similarly to the Chern insulator, the quantized

spin Hall effect was directly associated with another topological number, in this case, the

Z2 invariant [3, 14]. This new invariant assumes only two possible integer values 0 and 1,

pinning the presence of the spin Hall effect to one particular number. In particular, if the

total spin component Sz is conserved in the Hamiltonian, the Z2 invariant is proportional

to the spin Chern number, defined as half of the difference between the Chern numbers

of the filled spin-↑ and spin-↓ bands [3]. Later, the Z2 topological insulator was realized

in a true material, namely the HgTe/(Hg,Cd)Te quantum wells [1].

Interestingly, experimental evidences for this type of materials were found. For the

Z2 topological insulators, some measurements of Hall resistivity Rxy and Landau Levels

dispersion on samples of HgTe/(Hg,Cd)Te quantum wells [1, 15] indicate the presence

of the quantum spin Hall effect. Transport measurements in the HgTe quantum wells

were also probed by two-point and four-point Hall terminals [16], and the computed

conductivity for the helical edge states were shown to differs from ones of the usual

quantum Hall effect and diffusive transport. For the Chern insulators, experimental data

is still limited to cold atoms systems [11], where the Haldane model can be realized with

all its features. Moreover, for three-dimensional topological insulators, progress was made

with several experiments using angle-resolved photoemission spectroscopy (ARPES) for
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a class of materials: Bi2Se3, Bi2Te3 and Sb2Te3. References to this experiments can be

found in some reviews of the area [2, 6].

One fundamental concept of the topological and Chern insulators is that the topologi-

cal invariant can only change its value if the the bulk insulating gap is closed and opened

again. Therefore, the topological invariant defines a topological class of Hamiltonians [17]

with different electronic spectra that can be slowly deformed into one another without

losing their topological properties. This fact allowed for the development of topological

tight-binding models, specially in two dimensions, with fine tuned parameters that would

yield flat electronic bands [18, 19, 20, 21, 22]. In these systems, several lattices are consid-

ered, being the checkerboard and the honeycomb lattice the most common. A standard

feature of all of these models is the appearance of complex hopping amplitudes that are

related to spin-orbit interactions. A fine adjustment of these model parameters can give

rise to topologically nontrivial bands. Furthermore, some of these flat-band topological

models also include a Hubbard term to account for electron-electron interaction, which

is a still developing field (see reviews [8, 23]). In particular, one topological Hubbard

model that displays nearly flat free-electronic bands and that is the basis of this thesis

was discussed by Doretto and Goerbig [24]. Indeed, they have studied a spinfull model

on a square lattice, that describes both correlated Chern insulator and correlated Z2

topological insulator. As showed by Neupert et al. [18], the noninteracting part of the

model supports topological flat bands. At the noninteracting limit and at quarter filling

of the bands, a spin-polarized phase develops for both the time-reversal symmetric case (

Z2 topological insulator) and when time-reversal symmetry is broken (Chern insulator).

To describe this flat-band phase, they used a bosonization scheme that was previously

used to describe quantum Hall systems [24, 25, 26, 27]. Within the bosonization scheme,

they were able to map the original fermionic interacting Hamiltonian into an effective

interacting bosonic Hamiltonian that describes the magnetic excitations above the ferro-

magnetic ground state. Employing a harmonic approximation for this effective bosonic

Hamiltonian, the spin-wave excitation spectrum was calculated at the nearly flat band

limit, which showed a characteristic ferromagnetic quadratic dispersion near the center of

the first Brillouin zone for the correlated Chern insulator. Later, it was verified that this

analytical results are in very good qualitative agreement with numerical results [28] for

the nearly flat band limit. Indeed, as presented in other interacting topological models

[29, 30, 31, 32, 33], a ferromagnetic ground state seems to be stabilized by a finite Hubbard

energy U > Uc.

Inspired by Ref. [24], we explored whether a flat-band ferromagnetic phase would

be possible in a Haldane-Hubbard model on a honeycomb lattice at 1/4-filling of its

noninteracting limit. We also investigated how the bosonization scheme behaves in this

lattice and modified it appropriately. In this way, we were able to describe both correlated

Chern and Z2 topological insulators on a honeycomb lattice [34]. More specifically, the
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noninteracting part of the model has four electronic bands, two lower and two upper

degenerated bands. The lower bands can be made nearly flat by the fine tuning of the

model parameters [18]. Each band have a nonzero Chern number and, at 1/4-filling, a

ferromagnetic ground state was also found. Using the ferromagnetic state as the reference

state for the bosonization scheme, we defined bosonic operators that correspond to the low

energy spin excitations above the ground state. Then, at the harmonic approximation,

we were able to calculate the spin-wave excitation spectrum. By slightly changing the

model parameters, we probed the stability of the ferromagnetic phase by looking at some

features in the spin-wave spectrum. We showed that such a ferromagnetic phase is stable

at the nearly flat band limit for both correlated Chern and Z2 topological insulators.

Away from this limit, the spin wave spectrum change slightly but do not affect the general

ferromagnetic behavior. As far as we know, our result correspond to the first determination

of the spin-wave spectrum for the correlated Z2 topological insulator at 1/4-filling.

This thesis is organized as follows: We begin with a theoretical background review

in Chapter 2, discussing briefly some concepts of electronic band theory and giving a

topological view of the quantum Hall effect. Furthermore, we comment on Haldane model,

which led to the discovery of Chern insulators, and the Kane-Mele model, which led

to the discovery of the Z2 topological insulators. Some topological models containing

electronic flat bands are also introduced in the same chapter. Chapter 3 is devoted

to the introduction of the spinfull Haldane model on a honeycomb lattice, where we

calculate the free-electronic spectrum and discuss the nearly flat band limit. Also, the

differences between the Chern and Z2 topological insulator modeling are discussed. In

Chapter 4, interactions are included and the bosonization scheme for the honeycomb

lattice is developed for the Chern insulator; also commenting on the differences between

its description in the square lattice [24]. Furthermore, we also show the calculated spin-

wave spectrum at the flat band limit and away from it. The bosonization scheme discussion

is extended to the correlated Z2 topological insulator in Chapter 5, where the spin-wave

spectra are calculated for the limits cited above, with the interpretation of the results.

Finally, Chapter 6 has an additional discussion of the results and the conclusions of the

work. Some additional results and further details about the bosonization formalism are

left to the six Appendices.

The results of this thesis are condensed into two articles, one published in 2021, Ref.

[34], and a second one that is in preparation, Ref. [35].
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Chapter 2
Theoretical background

In this chapter, some aspects of the theoretical background needed to understand the

physics of topological insulators are reviewed. We start by reviewing the band theory

[36, 37, 38]. Next, the quantum Hall effect [4] is discussed using a topological band

paradigm [9]. We then introduce the first model used to describe a Chern insulator [5]

and the first model to describe a Z2 topological insulator [3], with the general topological

band theory [2] discussed in the sequence. By the end of this chapter, the concept of flat-

band ferromagnetism with topologically nontrivial free-electronic bands will be presented

in a tight-binding model [18, 24], which will be the basis for the main calculations of this

thesis.

2.1 Metals, insulators, and semiconductors

This section is meant to recall some basic concepts of electronic bands and it should

be treated as an introductory material for the thesis. For more details, we refer the reader

to condensed matter books [37, 38].

One important property of solid-state materials is how they behave when subjected

to an electric field. There are two possible responses at zero temperature: (i) either the

material does not respond at all or (ii) the material starts conducting electricity. The first

type of material is called an insulator, while the later is referred as a conductor. Such

distinct behaviors can be explained by how strong the electrons are bound to the individual

atoms. Materials that have loosely bound electrons start conducting when small electric

fields are applied, while very large fields are required to overcome the electronic binding

energy in insulators.

Another way to further classify these materials is by looking at their electronic bands

and their respective fillings. For an insulator at zero temperature, the filled electronic

band (valence band) is separated from the the next electronic band (conduction band) by

a large energy gap (several electron-Volts). Therefore, high electric fields are necessary
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Ef

(b)

Ef

Figure 2.1: Schematic representations of the electronic band structure of (a) an insulator, (b) a
metal, and (c) a semiconductor. The blue (red) lines symbolizes the filled (empty) bands, with
the Fermi energy symbolized by Ef .

to move an electron to the next accessible state, as the neighboring states of the valence

band are completely filled. Figure 2.1(a) pictorially represents the electronic bands of an

one-dimensional (1D) insulator, with the valence band in blue and the conduction one in

red. For crystalline periodic solids, the (quasi-)momentum is a good quantum number

to label the states, and therefore, each momentum in the k-axis represents a state. On

the other hand, in metallic materials, the valence and conduction bands touch each other

giving rise to a bigger connected band which is filled (partially) up to the Fermi energy

Ef . A schematic representation of such metallic band is shown in Figure 2.1(b). We

can see that the (high energy) available electronic states (red) are energetically very close

to the filled states (blue). In contrast, Figure 2.1(c) shows a generic band structure of

a semiconductor. Semiconductors are characterized by very small band gaps (∼ 1 eV )

separating the valence and conducting bands, thus having insulating behavior for small

external electric fields while showing conducting behavior for moderate to high fields. It

is possible to show that the Fermi energy of a semiconductor lays midway of the energy

gap. Another interesting property of semiconductors is that they can be doped, that is,

chemical impurities can be added and it can increase or reduce the number of unbound

electrons, and therefore, changing the electronic conductivity.

As will be seen in later sections, the form of the electronic bands depends on both the

geometry of the solid as well as how the electrons move throughout the lattice.

2.2 Quantum Hall effects

Before discussing the quantum Hall effect, we start by remembering the classical Hall

effect [37]. Let’s consider a two-dimensional conductor under the influence of an electric

and a magnetic field as illustrated in Fig. 2.2(a). Due to the conducting nature of the

material, an electric field drives the electrons to move in the direction of the field, giving

rise to an electric current IX . If a magnetic field is applied perpendicular to the sample,

a secondary effect will be seen: a voltage drop VH perpendicular to the direction of the

electric and the magnetic fields, i.e., the classical Hall effect is observed. In mathematical
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Figure 2.2: In panel (a), schematics of the experimental set up of the classical Hall effect in a two
dimensional system. When a transverse magnetic field B is applied, it alters the movement of the
charges of the current IX , leading to the measurement of a finite transverse voltage VH . Panel
(b), representation of the measurements of the quantum Hall effect [4], with the longitudinal
and transverse (Hall) resistivity given by ρxx and ρxy, respectively, as a function of the magnetic
field B. Figures adapted from Ref. [39].

language, we can use a generalization of Ohm’s law to quantify this effect: The relation

between the driving electric field and the current density is given by

J =

(
σxx σxy

σyx σyy

)
E = σ̂ · E, (2.1)

where σ̂ is the conductivity tensor. The off-diagonal terms of the σ̂ tensor measure how

strong is the transverse response due to the applied electric field and it is known as the

Hall conductivity. Of course, the Hall conductivity should somehow depends on the

applied magnetic field and, just to give an example of such relation, the result from the

Drude model [37] is given by

σxy =
ne2τ

m

(
eB
m

)
τ

1 +
(
eB
m

)2
τ
, (2.2)

where e, n, and m are the electron charge, density and mass, respectively, the magnetic

field is represented by B, while τ is a parameter representing a ”friction” in Drude’s model.

The quantum version of the Hall effect, which happens for very low temperatures

and moderate to strong magnetic fields, yields a very different expression for the Hall

conductivity [4]:

σxy = ν
e2

h
, (2.3)

where ν represents an integer number, e is the electron charge and h is Planck’s constant.

Surprisingly, there is a quantization of a macroscopical quantity in units of e2

h
, which is

directly related to a quantum mechanical effect. Figure 2.2(b) shows a pictorial represen-
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tation of the measurements of the longitudinal and transverse (Hall) resistivity, ρxx and

ρxy, where we can see the distinct quantized plateaus for ρxy. What is interesting about

this quantization is that it can be understood in terms of the (topological) properties of

the electronic bands. As Thouless, Kohmoto, Nightingale, and den Nijs (TKNN) showed

using the Kubo formula, for quantum Hall systems [9, 10]

σxy =
ie2

2πh

∑
filled bands

∫
BZ

d2k

∫
unit cell

d3r

(
∂u∗

∂kx

∂u

∂ky
− ∂u∗

∂ky

∂u

∂kx

)
, (2.4)

where u(kx, ky) is an extended version of the wave function subjected to the generalized

Bloch conditions. It was showed that the integrals in Eq. (2.4) could only assume integer

values times 4πi, thus explaining the quantization (2.3) of the Hall conductivity. This

formula became know in the literature as the TKNN invariant. Later, this invariant was

understood to be the integral of the Berry curvature Ωn(k) [40], that is,

σxy =
e2

ℏ

∫
BZ

d2k

(2π)2
Ωn(k), (2.5)

where

Ωn(k) = i⟨∇kun(k)| × |∇kun(k)⟩ · ẑ. (2.6)

Interestingly, the integral of the Berry curvature defines the Chern number

Cn =

∫
BZ

d2k

2π
Ωn(k), (2.7)

that always assumes integer values [6, 10, 41].

2.3 Topological band theory

In this section, we provide a brief introduction to the two historical models that pio-

neered the study of topological and Chern insulators. Following this summary, the more

general topological band theory will be discussed.

2.3.1 Haldane model: the first Chern insulator

Here we will discuss the physical aspects of Haldane model for graphene [5]. As

mentioned in the Introduction, the model describes electrons hopping on a honeycomb

lattice, which is made out of two superposed triangular lattices as shown in Figure 2.3(a).

The model Hamiltonian of the system is given by the (spinless) tight-binding model:

H = t1
∑
⟨ij⟩

c†icj +
∑
⟨⟨ij⟩⟩

t2e
−iϕijc†icj +M

∑
i∈a,a

(−1)ac†ici, (2.8)
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(a)

Figure 2.3: In panel (a), the schematic representation of the honeycomb lattice with its two
sublattices A and B. The energy parameters of the Hamiltonian (2.8) are shown as t1, t2 and
M . The complex phase of the second neighbor hopping will be positive (negative) for clockwise
(counter-clockwise) motion. The first Brillouin zone is represented in panel (b) with some
symmetrical points labeled.

where the operator c†i (cj) creates (destroys) an electron at site i (j) of the honeycomb

lattice. In the first (kinetic) term of the Hamiltonian (2.8), the sum runs only over

sites there are close to each other (first neighbors) and the probability amplitude for

this process is quantified by t1. For the second term, Haldane envisioned a next-nearest

neighbor hopping term that would include a complex phase. The physical origin of this

phase might be related to a spin-orbit interaction and it can be seen as a staggered

magnetic field, that cancels out throughout the material, but is locally (inside the unit

cell) important. In a sense, if an electron follows a closed path within the unit hexagon

[see Figure 2.3(a)], it will acquire a complex phase proportional to the flux ϕ, similarly

to what happens to an electron in the Aharanov-Bohm effect [42]. The flux is positive

ϕij = +ϕ if the path follows a clockwise motion and is negative otherwise. The last term

in the Hamiltonian (2.8) is a ”mass term”, that provides opposite on-site energies for the

two different (triangular) sublattices.

The Hamiltonian (2.8) can be easily diagonalized by a Fourier transformation followed

by a canonical transformation (see Section 3.1.1 for details) and the resulting electronic

spectrum can be very different depending on the model parameters. Figure 2.4(a) shows

the electronic bands for t2 = 0 and M = 0. We can see that at half-filling, the system has

conducting behavior, i.e., it is metallic or in the case of graphene, it is called a zero gap

semiconductor. Furthermore, at the points K and K ′ of the first Brillouin zone, the lower

and upper bands touch each other, defining a Dirac point. Interestingly, in the vicinity of

these points, the electronic band structure has a linear dispersion, resembling the linear

dispersion of the Dirac model for relativistic free electrons. Now, if the parameter M is

kept at zero and t2 is increased, time-reversal symmetry is broken. This will dissolve the

Dirac cones, inducing a gap opening in the electronic spectrum as shown in Figure 2.4(b).

In this scenario, at half-filling, the resulting electronic spectrum yields an insulating be-

havior. What was noticed by Haldane is that the Hall conductivity for this set of model
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(a) (b) (c)

Figure 2.4: Electronic band structure of Haldane model (2.8) along particular directions within
the Brillouin zone [Fig. 2.3(b)], for different configurations at half-filling. (a) A metallic phase
for t2 = 0 and M = 0, (b) a topological nontrivial phase for t2 ̸= 0 and M = 0, and (c) a trivial
insulating phase with t2 = 0 and M ̸= 0. All curves were calculated for ϕ = π/3.

parameters was finite and quantized, i.e.,

σxy =
e2

h
, (2.9)

even without external sources of magnetic field. Comparing this result with Eq. (2.5)

implies that the bands are topologically nontrivial and that the filled band possesses a

Chern number equal to 1 [9]. Additionally, if the sign of the flux ϕ is reversed, that is,

ϕ → −ϕ, the Chern number of the bands would be reversed, being −1 to the lower band

and +1 to the upper band, thus reversing also the sign in the Hall conductivity (2.3).

Lastly, if t2 = 0 and M is finite, the Hamiltonian (2.8) breaks inversion symmetry while

keeping time-reversal symmetry. The break of the inversion symmetry also removes the

Dirac points and introduces a gap between the electronic bands, driving the system to

an insulating phase [Fig. 2.4(c)]. However, in this configuration, the system has zero Hall

conductivity (σxy = 0), which implies that the bands have zero Chern numbers, i.e., the

electronic bands are topologically trivial.

The phase diagram M/t2 vs ϕ of the Haldane model (2.8) is presented in Figure 2.5. It

is important to notice that the Chern number assume only integer values, and a transition

from a phase with finite Chern numbers to zero ones is accompanied by a closing in the

gap between the filled and the empty bands. Such a transition is characterized by the

sinusoidal curve

|M/t2| = 3
√
3 | sinϕ|, (2.10)

which is also showed in the phase diagram in Fig. 2.5. These characteristics are a general

rule for Chern and topological insulators [2].

To summarize, Haldane model showed that a quantum Hall effect could in principle

be realized in special insulating materials without the need of external magnetic fields.

Nowadays, we say that Haldane model is the first example of a Chern insulator, a class of

insulators that posses topological bands identified by an integer Chern number, Cn ∈ Z

[2, 10].
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Figure 2.5: Phase diagram of the model (2.8), characterizing the trivial phases (ν = 0) and the
topological phases (ν = ±1) as a function of the model parameters. The solid lines are delimited
by Eq. (2.10). Figure extracted from Ref.[5].

2.3.2 Kane and Mele model: Z2 topological insulator

Kane and Mele [7] showed that topological bands could generate a novel quantum spin

Hall phase that could be realized in condensed matter systems without the need of external

magnetic fields. To reach these conclusions, they considered a spinfull generalization of

the model proposed by Haldane, where time-reversal symmetry is preserved. In addition,

they also included a term to account for the presence/absence of a mirror symmetry. The

Hamiltonian of the Kane and Mele model is given by

H = t
∑
⟨ij⟩

c†icj + iλSO

∑
⟨⟨ij⟩⟩

νijc
†
iszcj + iλR

∑
⟨ij⟩

c†i (s× d̂1)z cj + λν

∑
i

ξic
†
ici, (2.11)

where vij = (2/
√
3)(d̂1 × d̂2)z = ±1, with d̂1 being the unit lattice vectors that connects

the sites i and j of the same sublattice on a honeycomb lattice, sz is the a Pauli matrix

representing the electron spin. Here the spin indices of the fermions operators ci(ci)
†

are supressed. Moreover, λR is the Rashba coupling strength, where s × d̂ represents

the interaction between local moments with spin s and the conduction electrons. In

the last term, we have λν representing an on-site energy with ξi = −1,+1. The physical

interpretation of each term of the Hamiltonian (2.11) is as follows. The first term describes

nearest-neighbor hopping, the second term is a spin-orbit interaction, the third one is a

Rashba type of interaction, and the last term is exactly the mass term (2.8) written

with other letters. In particular, if the Rashba term is neglected, the Hamiltonian (2.11)

preserves the total spin component Sz and it is possible to show that it reduces to two

independent copies of the Haldane model with ϕ = π/2, one for each spin degree of

freedom.

The electronic band spectrum of the Hamiltonian (2.11) was numerically calculated

for a finite size lattice (zig-zag graphene), yielding four bulk and four edge bands as

shown in Figure 2.6. One sees that the bands form two distinct patterns for different

model parameters, thus characterizing two distinct insulating phases at half-filling. In
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Figure 2.6: Numerically calculated electronic spectrum for a finite zigzag graphene sheet ( ∼ 400
sites ) using model (2.11). In the left panel, the bands for the topological phase and in the right
panel for the trivial insulator. A small phase diagram showing the extent of the topological
(quantum spin Hall) phase is drawn at the center. Extracted from Ref.[3].

one of the phases, the edge states do not cross the (bulk) gap while, for the other, two

pair of edge states connect the valence band and the conduction band. The presence

of the edges states in the later case implies the existence of conducting channels at the

border of the zig-zag ribbon, which is related to the quantum Hall effect presented in

Haldane model. However, the calculation of the Chern number of the half-filled valence

bands yields Cn = C↓
n + C↑

n = 0, i.e., although the bands are topologically nontrivial, the

quantum Hall conductivity vanishes. Nevertheless, because of the intrinsic topological

nature, it was stated that a nontrivial insulating phase is realized, one that should be

classified by a different topological invariant. Indeed, although the total Chern number

vanishes, the spin Chern number, which is defined as

ν = C↓
n − C↑

n, (2.12)

for systems that conserve the total spin component Sz, was found to be nonzero. There-

fore, at half-filling, their model describes an insulating system that presents a finite spin

Hall conductance. Later in the paper [3], Kane and Mele showed that a Z2 index could

be defined in terms of the Bloch wave functions [analogous to Eqs. (2.5) and (2.6)] and

that it would completely distinguish the topological and trivial insulators. Finally, the

two phases can not be adiabatically connected, i.e., the band gap between the conduction

and valence bands must close as the model parameters vary and the system changes from

a topological insulating phase to a trivial one.

2.3.3 General concepts of topological band theory

As seen in the two previous sections, topological insulators in 2D follow two fundamen-

tal rules: (1) There is a number, called topological invariant, that assumes only integer

numbers ( Cn ∈ Z for the Chern insulator and ν = 0 and 1 for the Z2 topological insu-
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Figure 2.7: Evolution of the gap ∆g between the valence (blue) and conduction (red) bands as
a function of a set of parameter λ = λ1, λ2, ... that modifies a Hamiltonian H(k, λ1, λ2, ...). A
quantum phase transition occurs at the gap closure, allowing the topological invariant to change
its value.

lator) that fully distinguishes the topological insulating phase from the trivial insulating

phase; (2) there must be a gap closure between the valence and conduction bands for the

system to transit between topologically distinct phases. These two features are general

and apply to topological insulator in one, two and three dimensions [1, 3, 7, 14, 41].

The topological invariant determines a topological class that is composed of Hamilto-

nians that are adiabatically connected to one another. This adiabatic connection can be

understood as follows: Consider a Hamiltonian H(k, λ1, λ2, ...) that can be tuned via a

set of parameters λi; if, and only if, the resulting energy spectrum for each configuration

of the parameters λi is smoothly deformed and the band gap between the valence and

conduction band remains, the Hamiltonians are said to be connected. Figure 2.7 schemat-

ically shows how the gap between the bottom of the conduction band and the top of the

valence band evolves as the set of parameters λi is varied. At the point where the gap

closes, a quantum phase transition occurs, allowing the topological invariant to change its

value. An immediate parallel can be made with the mathematical concept of topological

closed surfaces, where two surfaces are said to belong to the same topological class if they

can be continuous deformed into one another without ”violent changes” in their curvature,

i.e., no new holes are made or destroyed in the process. Using this concept, it is possible to

defined a trivial insulator as an insulator that can be adiabatically connect to the atomic

insulator limit, in which the electron shells are closed and tightly bound to the atoms,

implying that the electronic bands are discretely separated. Otherwise, the system is said

to be a topological insulator [38].
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2.4 Tight-binding models with topologically nontrivial flat

bands

As seen in the previous section, the topological band theory [1, 2] allows for a better

understanding of the physics behind the topological insulators. In particular, the concept

of adiabatically connected Hamiltonians allows us to search for tight-binding models,

whose parameters can be fine tuned such that the model displays (nearly) flat bands

while maintaining its topological properties [18, 19]. Bellow, we briefly discuss the key

points about theses models and how flat bands can be obtained in these systems.

2.4.1 Spinless models

To discuss a little bit the features of these models, we follow the chronological order,

and therefore, start by reviewing a model on a checkerboard lattice proposed by Ref. [19].

The Hamiltonian of the spinless model proposed by Ref. [19] has a similar form as the

one in Eq. (2.8), i.e.,

H = −t
∑
⟨i,j⟩

eiϕi,j(c†icj +H.c.)−
∑
⟨⟨i,j⟩⟩

t′ij(c
†
icj +H.c.)− t′′

∑
⟨⟨⟨i,j⟩⟩⟩

(c†icj +H.c.), (2.13)

where t, t′ij and t′′ are the nearest-neighbor, next-nearest-neighbor, and next-next-nearest-

neighbor hopping amplitudes, respectively. A complex phase factor ϕi,j = ±ϕ appears in

the first term, whose sign is given by the direction of the nearest-neighbor hopping, as

shown in Fig. 2.8(a). Also, t′ij can be equal either to t′1 or t′2 depending on whether the

sites are connected by solid or dashed lines. In momentum space, the Hamiltonian (2.13)

can be written as

H = −
∑
k

Ψ†
kHkΨk, (2.14)

where Ψ†
k = (a†k, b

†
k) and the Bloch Hamiltonian Hk is given by

Hk = [(t′1 + t′2)(cos kx + cos ky) + 4t′′ cos kx cos ky]I + 4t cosϕ

(
cos

kx
2
cos

ky
2

)
σx

+4t sinϕ

(
sin

kx
2
sin

ky
2

)
σy + (t′1 − t′2)(cos kx − cos ky)σz. (2.15)

Due to the fact that (2.15) is written in terms of the identity matrix I and the vector of

Pauli matrices σ⃗ = (σx, σy, σz) in the form

Hk = h0
kI + h⃗k · σ⃗, (2.16)

where h⃗k = (hx
k, h

y
k, h

z
k), the spectrum is well known (see Sec.3.1.1) and follows directly
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Figure 2.8: In panel (a), a schematic representation of the Hamiltonian (2.13) on a checkerboard
lattice. The electronic spectrum with a flat band is shown in (b), while a projection of the same
spectrum calculated for a finite size system is shown in panel (c), with the red and green lines
representing the chiral (counter-propagating) edge states. Figure adapted from Ref. [19].

as

ω±
k = h0

k ±
√
hx
k
2 + hy

k
2 + hz

k
2. (2.17)

In general, the electronic spectrum (2.17) of the model (2.15) does not present flat

bands. However, the bands can be made flat by fine tuning the hopping parameters t, t′1,

t′2 and t′′ . To find the optimal parameters, it was imposed that the higher energy band

should obey

ωΓ = ωM = ωX = ω(π/2,π/2), (2.18)

where Γ = (0, 0), M = (π, π) , X = (π, 0). Such procedure provides a nonlinear system

of equations for t, t′1, t′2, t′′, and ϕ that can be solved to yield flat electronic bands.

For example, setting t1 = 1 and ϕ = π/4, flat electronic bands can be obtained once

t′1 = −t′2 = 1/(2+
√
2) and t′′ = 1/(2+2

√
2). Figure 2.8(b) shows such spectrum for these

optimal parameters, where we can see that the upper band becomes almost dispersionless

with a bandwidth of 1/30 of the band gap. Additionally, the bands were found to be

topologically nontrivial as the Chern number of each of the two bands were found to be

equal to ±1. The topological properties were also confirmed by the diagonalization of the

Hamiltonian (2.13) in a finite size system for the same set of optimal flatness parameters.

The obtained spectrum presented edges states connecting the lower and upper bands.

Such conducting edges can be seen in the projected spectrum in Fig. 2.8(c), with the

red/green lines representing the modes on each sample border.

A similar model for the square lattice showing topologically nontrivial flat bands was

also discussed in the same year in a paper by Neupert et al. [18]. Although their model

differ a bit from the one proposed in Ref.[19], since it includes only first and second
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(a) (b)

Figure 2.9: Free electronic band structure for (a) the Haldane model (2.8) on a honeycomb lattice
and (b) for the π-flux model on a square lattice discussed in Ref. [18], both corresponding to
the nearly flat band limit. Figure adapted from Ref. [18].

neighbor hoppings, the results were qualitatively the same, i.e., it is possible to find

configurations with quite well separated electronic bands with very low dispersion when

compared to the band gap. Figure 2.9(b) shows the respective optimal flatness limit of

the electronic spectrum.

Neupert et al. [18] also discussed how flat bands can also be obtained in the Haldane

model (2.8) [5]. They noticed that both the band gap and the band dispersions could

be changed by adjusting the next-nearest-neighbor hopping amplitude t2 and the flux ϕ

[see Eq. (2.8)]. In this case, the choice cosϕ = t1/(4t2) gives the maximum value for the

flatness ratio of the lower (-) band, i.e., the ratio f− is written as

f− =
∆

W−
, (2.19)

where ∆ = min(ω+
k ) −max(ω−

k ) is the band gap and W− = max(ω−
k ) −min(ω−

k ) is the

bandwidth of the lower band. Although not stated in their paper, this optimal parameter

choice can also be obtained by imposing that two points in the first Brillouin zone have

the same energy. For example, matching the values of ωΓ = ωM , would yield a nonlinear

system of equations that can be solved giving the optimal relation. Figure 2.9.(a) shows

the electronic band structure of the Haldane model (2.8) for this optimal parameters

choice, where we can see that the lower band of the model on a honeycomb lattice becomes

almost flat.

2.4.2 Spinfull models

The extension for spinfull Hamiltonians was also considered in the literature [20, 21,

24]. For example, Doretto and Goerbig [24] have included the spin degree of freedom in the

square lattice π-flux model discussed by Neupert et al. in Ref. [18]. They also have shown

that the spin degree of freedom could be included in two ways: breaking or preserving

time-reversal symmetry. In the first case, the model describes a Chern insulator while in

the later it describes a Z2 topological insulator, both at half filling of the free-electronic
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Figure 2.10: In (a), a schematic representation of the Hamiltonian (2.20) on a square lattice is
shown. Solid black lines and its directions indicate the positive t1 exp(iπ/4) hopping (for spin-↑
electrons). The dashed red and solid blue connections indicates that the next-nearest-neighbor
hopping amplitude is equal to +t2 and −t2 respectively. The lattice vectors are represented in
(b), where a1 = ax̂ and a2 = aŷ. In (c), we have the first Brillouin zone with its high symmetry
points. Figure from Ref. [24].

bands.

To understand these concepts, we start by stating the square lattice π-flux model

spinfull Hamiltonian,

H0 =
∑

i∈A,τ,σ

(ti,i+τ,σc
†
iAσci+τBσ +H.c.) +

∑
i,δ,a,σ

(λi,i+δc
†
iaσci+δaσ +H.c.), (2.20)

where σ =↑, ↓ labels the electron spin and a = A,B the sublattice. Furthermore, the

nearest-neighbor hopping is spin dependent and is given by

ti,i+τ,σ = t1 exp[i(−1)τγ(σ)π/4], (2.21)

while the next-nearest-neighbor one depends on the sublattice index

λi,i+δ =

−(−1)δt2, i ∈ A

+(−1)δt2 i ∈ B
, (2.22)

with t1 and t2 being positive. γ(σ) is a factor that can be equal to ±1 depending on the

electron spin (see discussion bellow). Finally, the indices τ = 1, 2, 3, 4 and δ = 1, 2 are

related to the lattice vectors connecting a site to its nearest- and next-nearest-neighbors. A

schematic representation of the model (2.20) and the nearest- and next-nearest-neighbors

vectors τ and δ are shown in Figs. 2.10(a) and (b), respectively.

In momentum space, the Hamiltonian (2.20) assumes the form

H =
∑
k

Ψ†
kHkΨk,
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where now the spinor is given by Ψ†
k = (c†kA↑, c

†
kB↑, c

†
kA↓, c

†
kB↓) and

Hk =

(
h↑
k 0

0 h↓
k

)
4×4

. (2.23)

Each spin sector in the Hamiltonian (2.23) can be written in terms of the Pauli and the

identity matrices as hσ
k = B0,kI + B⃗k · σ⃗, with the coefficients given by

B0,k = 0,

B1,k = 2
√
2t1 cos

kx
2
cos

ky
2
,

Bσ
2,k = 2

√
2t1γ(σ) sin

kx
2
sin

ky
2
,

B3,k = 2t2(cos kx − cos ky). (2.24)

From this point, an analysis of the time-reversal symmetry (TRS) of the Hamiltonian

can be made. If the commutation relation [Hk, T ] = 0 is to be enforced, the Hamiltonian

will be time reversal symmetric with the following relation between the spin sectors h↑
k =

(h↓
−k)

∗. This implies that γ(↑) = −γ(↓) = 1 for the time-reversal symmetric case. On the

other hand, when TRS is broken, h↑
k = h↓

k, implying that γ(↑) = γ(↓) = 1. Interestingly,

the free-electronic spectrum is the same for both the time-reversal symmetric case and the

one where TRS is broken. Similarly to Eq. (2.17), the electronic spectrum follows from

the expansion coefficients (2.24) and can be readily calculated. Figure 2.11 shows the

electronic spectrum ωc/d,k, for the Chern insulator, where the band gap and the flatness

of the bands are altered by the tuning of parameter t2, reaching gapped and nearly flat

bands for t2 = 1/
√
2t1. This value coincides with the value found in Ref. [18]. Again,

Figure 2.11: Electronic spectrum of the free Hamiltonian (2.20) for different values of t2 in paths
along the first Brillouin zone [Fig. 2.10(c)]. As t2 is increased, a band gap develops and the band
dispersion modifies becoming almost flat for t2 = 1/

√
2t1. Figure adapted from Ref.[24].
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in the optimal flatness limit, the electron dispersion energy is the same for the highly

symmetric momenta Γ, X and M .



38

Chapter 3
Topological flat-band ferromagnetism

Here we combine the ideas of the previous chapter, more specifically, we follow the

lines of Ref.[24] for the spinfull square lattice π-flux model and consider the spinfull

Haldane model on a honeycomb lattice. We show in details that the model supports

topologically nontrivial and nearly flat electronic bands. This model will be the basis for

the developments in the next chapters, where it will be considered for the description of a

Chern and a topological insulators on a honeycomb lattice. This chapter is heavily based

on Refs. [34] and [35].

3.1 Spinfull Haldane model : Chern insulator

3.1.1 Electronic bands and the nearly flat-band limit

Following Ref. [24], we generalize the Haldane model (2.8) on a honeycomb lattice for

a system of Ne spin-1/2 electrons,

H0 = t1
∑

i∈A,δ,σ

(
c†iAσci+δBσ +H.c.

)
+ t2

∑
i∈A,τ,σ

(
e−iϕc†iAσci+τAσ +H.c.

)
+ t2

∑
i∈B,τ,σ

(
e+iϕc†iBσci+τBσ +H.c.

)
. (3.1)

Here the operator c†iaσ (ciaσ) creates (destroys) an electron with spin σ =↑, ↓ on site i of the

(triangular) sublattice a = A, B of the honeycomb lattice. t1 ≥ 0 and t2e
±iϕ with t2 ≥ 0

are, respectively, the nearest-neighbor and next-nearest-neighbor hoppings. One notices

that the electron acquires a +ϕ (−ϕ) phase as it moves in the same (opposite) direction

of the arrows within the same sublattice [see dashed lines in Fig. 3.1(a)]. Indeed, the

complex next-nearest-neighbor hopping t2e
±iϕ results in a fictitious flux pattern with zero
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Figure 3.1: (a) Schematic representation of the Haldane model (3.1) on the honeycomb lat-
tice, indicating the nearest-neighbor t1 and next-nearest-neighbor t2e

±iϕ hoppings. An on-site
Hubbard repulsion energy Ua that will be added to the model latter is also shown. Blue and
red circles indicate the sites of the (triangular) sublattices A and B, respectively. δi and τ i

are the nearest-neighbor (3.2) and next-nearest-neighbor (3.3) vectors, respectively. (b) The
first Brillouin zone and its highly symmetric points: K = (4π/3

√
3, 0), K′ = (2π/3

√
3, 2π/3),

M1 = (π/
√
3, π/3), and M2 = (0, 2π/3). The nearest-neighbor distance of the honeycomb

lattice a = 1.

net flux per unit cell [see, e.g, Fig. 1(a) in Ref. [18] for details]. The index δ corresponds

to the nearest-neighbor vectors [Fig. 3.1(a)]

δ1 = −aŷ,

δ2 =
a

2

(√
3x̂+ ŷ

)
, δ3 = −a

2

(√
3x̂− ŷ

)
, (3.2)

while τ indicates the next-nearest-neighbor vectors

τ 1 = δ2 − δ3 = a
√
3x̂,

τ 2 = δ3 − δ1 = −a

2

(√
3x̂− 3ŷ

)
,

τ 3 = δ1 − δ2 = −a

2

(√
3x̂+ 3ŷ

)
. (3.3)

In the following, we set the nearest-neighbor distance to unit, i.e., a = 1.

The first step to diagonalize the tight-binding Hamiltonian (3.1), and find the corre-

sponding electronic spectrum, is to perform a Fourier transform,

c†iaσ =
1√
Na

∑
k∈BZ

e−ik·Ric†kaσ, (3.4)

where the momentum sum runs over the first Brillouin zone (BZ) [Fig. 3.1(b)] associated

with the underlying triangular Bravais lattice and Na = N is the number of sites of the

sublattice a. It is then easy to show that the noninteracting Hamiltonian (3.1) can be

written in a matrix form,

H0 =
∑
k

Ψ†
kHkΨk, (3.5)
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where the 4× 4 Hk matrix reads

Hk =

(
h↑
k 0

0 h↓
k

)
(3.6)

and the four-component spinor Ψk is given by

Ψk = (ckA↑ ckB↑ ckA↓ ckB↓)
T . (3.7)

The 2× 2 matrices hσ
k associated with each spin sector are such that h↑

k = h↓
k = hk, with

the hk matrix given by

hk =

(
2t2
∑

τ cos(k · τ + ϕ) t1
∑

δ e
ik·δ

t1
∑

δ e
−ik·δ 2t2

∑
τ cos(k · τ − ϕ)

)
. (3.8)

It is possible to write the hk matrix in terms of the identity matrix τ0 and the vector

τ̂ = (τ1, τ2 ,τ3), whose components are Pauli matrices. Thus, the hk matrix reads

hk = B0,kτ0 +Bk · τ̂ , (3.9)

where the B0,k function and the components of the vector Bk = (B1,k, B2,k, B3,k) are given

by

B0,k = 2t2 cos(ϕ)
∑
τ

cos(k · τ ),

B1,k = t1
∑
δ

cos(k · δ),

B2,k = t1
∑
δ

sin(k · δ),

B3,k = −2t2 sin(ϕ)
∑
τ

sin(k · τ ), (3.10)

with the indices δ and τ corresponding to the nearest-neighbor (3.2) and next-nearest-

neighbor (3.3) vectors, respectively. The fact that the matrices hσ
k related to each spin

sector h↑
k = h↓

k = hk indicates that the noninteracting model (3.1) breaks time-reversal

symmetry (see also the discussion for the Z2 topological insulator in Sec.3.2). The Hamil-

tonian (3.5) can now be diagonalized via the canonical transformation

dkσ = ukckAσ + vkckBσ,

ckσ = v∗kckAσ − u∗
kckBσ, (3.11)
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where the coefficients uk and vk are given by

|uk|2 =
1

2

(
1 + B̂3,k

)
, |vk|2 =

1

2

(
1− B̂3,k

)
,

ukv
∗
k =

1

2

(
B̂1,k + iB̂2,k

)
, (3.12)

with the hatted Bi,k standing for the i-component of the normalized vector B̂k = Bk/|Bk|.
After the diagonalization, the Hamiltonian (3.5) then reads

H0 =
∑
kσ

ωc
kc

†
kσckσ + ωd

kd
†
kσdkσ, (3.13)

with the dispersions of the lower band c (− sign) and the upper one d (+ sign) given by

ω
d/c
k = B0 ±

√
B2

1,k +B2
2,k +B2

3,k. (3.14)

Notice that both c and d free-electronic bands are doubly degenerated with respect to the

spin degree of freedom. Figure 3.2(a) shows the electronic bands (3.14) along paths in the

first Brillouin zone [Fig. 3.1(b)] for two different parameter sets. For t2 = 0.3155 t1 and

ϕ = 0, the spectrum is gapless due to the presence of Dirac points at the K and K ′ points,

i.e., the upper and lower bands touch at these points and the bands disperse linearly with

momentum around them. A finite phase ϕ breaks time-reversal symmetry and opens a

gap ∆ between the lower and upper bands at the K and K ′ points, as exemplified for the

parameter choice t2 = 0.3155 t1 and ϕ = 0.656.

Interestingly, a finite phase ϕ yields topologically nontrivial free-electronic bands, since

(a) (b) (c)

Figure 3.2: Band structure (3.14) of the noninteracting hopping term (3.1) (in units of the
nearest-neighbor hopping amplitude t1) along paths in the first Brillouin zone [Fig. 3.1(b)]
for different values of the next-nearest-neighbor hopping amplitude t2 and phase ϕ: (a) t2 =
0.3155 t1, ϕ = 0 (green) and t2 = 0.3155 t1, ϕ = 0.656 (magenta); (b) ϕ = 0.4 (blue), ϕ = 0.5
(green), and ϕ = 0.656 (magenta), with t2 given by the relation cos(ϕ) = t1/(4t2); and (c)
ϕ = 0.656 (magenta) ϕ = 0.75 (green), and ϕ = 0.85 (blue), with t2 given by the relation
cos(ϕ) = t1/(4t2).
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the corresponding Chern numbers [7, 18]

Cc/d
σ = ± 1

4π

∫
BZ

d2kB̂k · (∂kxB̂k × ∂kyB̂k), (3.15)

are finite. Notice that, when we compare the integrand of Eq. (3.15) with Eq. (2.5) and

(2.6), we see that it is proportional to the Berry curvature. Therefore, for this case, the

Berry curvature is given by

Ωkx,ky =
1

2
B̂k · (∂kxB̂k × ∂kyB̂k). (3.16)

A plot of the Berry curvature (3.16) for the nearly flat band limit [see Eq. (3.18) below]

of the Hamiltonian (3.1) is shown in Fig. 3.3. One sees that the Berry curvature has

peaks around the first Brillouin zone corners. The area bellow the curve was numerically

calculated and adds to −1 (+1) for the upper (lower) band. For the topologically trivial

phase, the Berry curvature is zero everywhere (not shown). Therefore, one finds that,

for the topologically nontrivial phase, regardless of the spin, Cc
σ = +1 and Cd

σ = −1 for

the lower and upper bands, respectively. As mentioned in Chapter 2, such nonzero Chern

numbers combined with broken time-reversal symmetry indicate that the gapped phase of

the noninteracting model (3.1) at half filling is indeed a Chern band insulator [7, 8]. The

phase diagram t2/t1 v.s. ϕ for the noninteracting model (3.1) at half-filling can be found,

e.g., in Ref. [43]: in addition to a (gapped) Chern band insulator phase with quantized

Hall conductivity σxy = ±e2/h per spin, the model also displays a Chern metal phase

with nonquantized σxy.

Coming back to the effects of the t2 and ϕ parameters on the band structure (3.14),

we can see in Fig. 3.2(b) how the electronic band structure changes as the parameter ϕ

increases (ϕ = 0.4, 0.5, 0.656) with t2 given by cos(ϕ) = t1/(4t2). One notices that, as

the phase ϕ increases, the band width of the lower c band, which is defined as Wc =

max(ωc
k) − min(ωc

k), decreases, while the energy gap between the lower c and upper d

Figure 3.3: Contour plot of the Berry curvature (3.16) of the (a) lower and (b) upper electronic
bands (3.14) of the Hamiltonian (3.1) at the nearly flat band limit (3.18).
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band [∆ = min(ωd,k)−max(ωc,k)] increases. The flatness ratio (2.19) reads,

fc =
∆

Wc

. (3.17)

We can see that, as ϕ increases, the flatness ratio of the lower c band also increases.

Indeed, the parameter choice (nearly flat band limit)

t2 = 0.3155 t1 and ϕ = 0.656, (3.18)

yields the largest flatness ratio, fc = 7. Notice that the lower c band becomes almost

flat [see magenta curves in Fig. 3.2(a)-(c) ]. The parameter choice (3.18), with cos(ϕ) =

t1/(4t2) = 3
√

3/43 agrees with the optimal flatness parameter choice for the Haldane

model determined in Ref. [18]. The condition (3.18) will be referred throughout the thesis

as the nearly flat band limit. Finally, in Fig. 3.2(c), we show the electronic spectrum (3.14)

when ϕ > 0.656, i.e., ϕ = 0.7, 0.8, 0.9 and, again, t2 given by cos(ϕ) = t1/(4t2) = 3
√

3/43.

Note that the width Wc of the lower band c increases with ϕ.

3.1.2 Mass term

An additional interesting term, that is also present in Haldane’s original model [5], is

a staggered on-site energy term that breaks inversion symmetry:

HM = M
∑
iσ

(
c†iAσciAσ − c†iBσciBσ

)
. (3.19)

Adding the staggered on-site energy term (3.19) to the tight-binding model (3.1), one

easily finds that the new Hamiltonian H0+HM also assumes the form (3.5) with the B0,k

and the Bi,k (i = 1, 2, 3) functions given by Eq. (3.10), apart from the replacement

B3,k → B3,k +M. (3.20)

In Fig. 3.4, we plot the band structure (3.14) for the parameters (3.18) and M =

0, 0.1, 0.2, and 0.3 t1. We notice that, for a finite on-site energy M > 0 (M < 0, not

shown here), the energy gap is located at the K ′ (K) point. Moreover, as the parameter

M increases, the energy gap decreases, the difference (ωc
K′−ωc

K) increases, and the flatness

ratio of the lower band c decreases. Indeed, the increasing of the parameter M can induce

a gap closure that destroys the topological phase, as shown in Fig. 2.5. In Sec. 4.2.3 below,

we consider a finite staggered on-site energy M as a source of departure of the lower band

c from the nearly flat band limit (3.18).
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Figure 3.4: Band structure (3.14) of the noninteracting hopping term (3.1) with the additional
staggered on-site energy term (3.19) (in units of the nearest-neighbor hopping amplitude t1) along
paths in the first Brillouin zone for the next-nearest-neighbor hopping amplitude t2 = 0.3155 t1,
phase ϕ = 0.656, and staggered on-site energy M = 0 (magenta), 0.1 (green), 0.2 (blue), and
0.3 t1 (orange).

3.2 Spinfull Haldane model with TRS : Z2 topological insu-

lator

3.2.1 Time-reversal-symmetric Hamiltonian

One of the key differences between the Z2 topological insulator and the Chern insulator

is that time-reversal symmetry is preserved in the Z2 topological insulator. To preserve

time-reversal symmetry in the Hamiltonian (3.1), the Hamiltonian should commute with

the time-reversal operator T = i(σy ⊗ I)K, that is, it should satisfy the following relation

(see Ref. [24] for details)

T −1H0(k)T = H0(−k). (3.21)

If we look at the form of the Hamiltonian (3.1) in momentum space [Eq. (3.5)], condition

(3.21) implies that the Hamiltonians hσ
k of each spin sector should obey the constrain

h↓
k = h↑∗

−k. (3.22)

The only way for condition (3.22) to be satisfied is by choosing the phase of the next-

nearest-neighbors hopping as a spin dependent quantity, i.e., ϕσ should be positive (+ϕ)

for the spin-↑ electrons and negative (−ϕ) for the spin-↓ electrons. Therefore, the time-
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reversal- symmetric version of the Hamiltonian (3.1) is

H0 = t1
∑

i∈A,δ,σ

(
c†iAσci+δBσ +H.c.

)
+ t2

∑
i∈A,τ,σ

(
e−iϕσc†iAσci+τAσ +H.c.

)
+ t2

∑
i∈B,τ,σ

(
e+iϕσc†iBσci+τBσ +H.c.

)
, (3.23)

i.e., similar to Eq. (3.1), but with the sign of ϕσ given by the convention stated above.

Following the same steps employed in the diagonalization of the Chern insulator Hamil-

tonian (3.1) in Sec.3.1.1, we here arrive at the same general form of the free Hamiltonian

[Eqs. (3.5)-(3.6)], where now the Hamiltonians of each spin sectors are

hσ
k = Bσ

0,kτ0 +Bσ
k · τ̂ , (3.24)

with the Bσ
i,k functions assuming the form

Bσ
0,k = 2t2 cos(ϕσ)

∑
τ

cos(k · τ ),

B1,k = t1
∑
δ

cos(k · δ),

B2,k = t1
∑
δ

sin(k · δ),

Bσ
3,k = −2t2 sin(ϕσ)

∑
τ

sin(k · τ ). (3.25)

Although the two spin sectors have different representations, they are related to each

other throught time-reversal symmetry, which implies that h↑
k = (h↓

−k)
∗, as ϕ↑ = +ϕ and

ϕ↓ = −ϕ. (see also, e.g, Appendix A from Ref. [24] for details). To simplify all the

following expressions, we will use B↑
i,k as reference and omit the spin dependence most of

the time, but explicit it when needed. In this way, each spin sector can be diagonalized

by a distinct canonical transformation [compare with (3.11)]

ckA↑ = u∗
kdk↑ + vkck↑, ckB↑ = v∗kdk↑ − ukck↑, (3.26)

ckA↓ = u−kdk↓ + v∗−kck↓, ckB↓ = v−kdk↓ − u∗
−kck↓,

with the common coefficients uk and vk. The coefficients are equal to (3.12), i.e.,

|uk|2 =
1

2

(
1 + B̂3,k

)
, |vk|2 =

1

2

(
1− B̂3,k

)
,

ukv
∗
k =

1

2

(
B̂1,k + iB̂2,k

)
, (3.27)
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with the hatted Bi,k ≡ B↑
i,k being the i-th component of the vector B̂k = Bk/|Bk|. Again,

the diagonalized Hamiltonian has the following form

H0 =
∑
kσ

ωc
kσc

†
kσckσ + ωd

kσd
†
kσdkσ, (3.28)

with the electronic spectrum given by an updated expression [see Eq. (3.14)]

ω
d/c
kσ = Bσ

0 ±
√

B2
1,k +B2

2,k +Bσ
3,k

2, (3.29)

which now explicitly incorporates the dependence on the spin degree of freedom. Never-

theless, both c and d free-electronic bands are still doubly degenerated with respect to the

spin degree of freedom if the mass term (3.19) is not included. Therefore, in the absence

of the mass term (3.19), the electronic spectrum can be cast into the nearly flat band

limit (3.18) with the bands having the same behavior as shown in Fig. 3.2.

With respect to the band topology, there are some differences as compared with the

system where TRS is broken. Here, the Chern numbers of the free-electronic bands are

given by Cd
↓ = −Cd

↑ = −1 and Cc
↓ = −Cc

↑ = +1. Interestingly, at half-filling, the total

Chern number, which is the sum of all Chern numbers of the filled bands, adds to zero.

Nevertheless, one finds that the spin Chern number Cc
s of the c bands, defined by Eq.

(2.12), is finite and equal to one, i.e.,

Cc
s =

1

2

(
Cc

↓ − Cc
↑
)
= 1. (3.30)

In this condition, the system should display the quantum spin Hall effect with the spin Hall

conductivity given by σSH
xy = eCc

s/2π. Recall that the Z2 invariant is directly related to

the Cs number for systems that preserve the total Sz component of the spin [2, 3], which

is indeed the case here [spin symmetries are discussed in Appendix A]. Therefore, the

model (3.23) indeed describes a Z2 topological insulator (see also discussion in Ref. [24]).

3.2.2 Mass term

With the inclusion of the mass term (3.19) into the Hamiltonian (3.23), all equations

concerning the diagonalization of this new Hamiltonian are equal to the ones discussed

in Sec.3.1.2, apart from the replacement (3.20). The degeneracy of the c and d electronic

bands (3.29) with respect to the degrees of freedom is removed, see Fig. 3.5. For example,

at the K point, ωc
k↑ < ωc

k↓ and the effect is reversed at the K ′ point. Interestingly, the

curves overlap near the Γ and M points. The mass term mildly affects the bandwidth of

the lower c band as it can be seen in Fig. 3.5(b) for M = 0.1t1.
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(a)

Figure 3.5: Electronic spectrum (3.14) with modification (3.20) at the nearly flat band limit
(3.18) for (a) M = 0.05t1 and (b) M = 0.1t1. A finite M lifts the degeneracy between the spin-↑
(green) and the spin-↓ (magenta) bands as compared to the Chern insulator [Fig. 3.4]. The
path chosen in momentum space follows the highly symmetric points in the first Brillouin zone
[Fig. 3.1(b)].

3.3 Itinerant ferromagnetism

Consider the case where the system is in the nearly flat band limit (3.18) of the

electronic bands (3.14) and (3.29) and at 1/4 filling, i.e., only one of the lower c bands

is completely filled. In this situation, Hund’s rule indicates that the ground state is

spin polarized, representing a ferromagnetic ground state. Figure 3.6 shows a pictorial

representation of such state. If the occupied band is ωc
k↑, the ground state can be written

as a single-particle product state

|FM⟩ =
∏

k∈BZ

c†k↑|0⟩. (3.31)

As this ordering occurs in momentum space, the spins are not localized, and therefore,

the ferromagnetism will be driven by the conduction electrons, characterizing an itinerant

ferromagnetism. This type of flat-band ferromagnetism was previously studied by Tasaki

and Mielke [44, 45]. It was shown that the spin polarized ground state is stable in the

presence of Coulomb interaction, for instance, by adding a Hubbard term

HU = U
∑
i

ni↑ni↓, (3.32)

that provides an energy penalty when lattice sites are simultaneously occupied by one

spin-↑ and one spin-↓ electron. In this cases [44, 45], there is a minimum critical value for

the on-site energy U > Uc, above which ferromagnetism is stabilized. Also, Neupert et

al. [21] have showed that in a topological Hubbard model with flat bands at 1/4 filling,

a ferromagnetic ground state is stabilized by the Hubbard interaction. In the next two

chapters, we will investigate the stability of a flat-band ferromagnetic ground state for

both Chern and Z2 topological insulators. Stability signatures usually can be found in
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Figure 3.6: Schematic representation of the ground state (3.31) of the noninteracting term (3.1)
in the nearly flat limit (3.18) of the lower band c at 1/4-filling. Although the free bands c and d
are doubly degenerated with respect to the spin degree of freedom, an offset between the σ =↑
and ↓ bands are introduced for clarity.

the spin-wave spectrum, which will be derived using a bosonization scheme.
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Chapter 4
Correlated Chern insulator

In this chapter, we will add a Hubbard interaction term to the noninteraction model

(3.1) that describes a Chern insulator. To treat the effects of the interaction, a bosoniza-

tion scheme, previously used to describe quantum Hall systems, will be applied. The

original interacting fermion model will be mapped onto a bosonic interacting model, that

describes the low energy magnetic excitations of the system, and that can be solved ana-

lytically at the harmonic approximation. This chapter is based on Ref. [34].

4.1 Haldane-Hubbard model for the Chern insulator

Let us considerNe spin-1/2 electrons on a honeycomb lattice described by the Haldane-

Hubbard model, whose Hamiltonian is given by [43, 46, 47, 48, 49, 50, 51, 52, 53, 54].

H = H0 +HU , (4.1)

where the free term H0 is given by (3.1), while the interacting term HU is given by a

Hubbard like term,

HU =
∑
i

∑
a=A,B

Uaρ̂ia↑ρ̂ia↓. (4.2)

The term H0 [Eq. (3.1)] is a tight-binding term which describes electrons hopping between

lattice sites as described in detail in Chapter 3. The interaction term HU [Eq. (4.2)] is

the one-site Hubbard repulsion term, which represents an energy cost paid by double

occupation of site i, and

ρ̂iaσ = c†iaσciaσ (4.3)

is the density operator associated with electrons with spin σ at site i of sublattice a. We

consider that the one-site repulsion energies Ua > 0 may depend on the sublattice a.

The expression for the on-site Hubbard interaction (4.2) in momentum space easily

follows from the Fourier transform of the electron density operator (4.3), which is given
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by

ρ̂iaσ =
1

N

∑
q∈BZ

eiq·Ri ρ̂aσ(q). (4.4)

Substituting Eq. (4.4) into the Hamiltonian (4.2), one finds

HU =
1

N

∑
a=A,B

∑
q

Uaρ̂a↑(−q)ρ̂a↓(q). (4.5)

It is also useful to determine the expansion of the density operator ρ̂aσ(k) in terms of

the (original) fermion operators ck a σ. With the aid of Eqs. (3.4), (4.3), and (4.4), one

shows that

ρ̂aσ(q) =
∑
p

c†p−q a σcp a σ. (4.6)

The canonical transformation (3.11) allows us to express (4.6) in terms of the fermion

operators ckσ and dkσ. In particular, the density operator (4.6) projected into the lower

noninteracting band c reads [24]

ρ̄a σ(q) =
∑
p

Ga(p,q)c
†
p−qσcpσ, (4.7)

with the Ga(p,q) function given by the coeficients (3.12) of the canonical transformation

(3.11), i.e.,

Ga(p,q) = δa,A v∗p−qvp + δa,B u∗
p−qup. (4.8)

Once the expression of the projected density operator (4.7) is known, we can determine

the projection H̄U of the on-site Hubbard term (4.5) into the noninteracting lower c bands.

Indeed, H̄U assumes the form (4.5) with the replacement ρ̂aσ(q) → ρ̄aσ(q), i.e.,

H̄U =
1

N

∑
a=A,B

∑
q

Uaρ̄a↑(−q)ρ̄a↓(q). (4.9)

4.2 Bosonization scheme

In this section, we briefly summarize the bosonization scheme for a Chern insula-

tor introduced in Ref. [24] for the description of the flat-band ferromagnetic phase of a

correlated Chern insulator on a square lattice.

Let us consider a spinfull Chern insulator on a bipartite lattice whose Hamiltonian

assumes the form (3.5). To start, we choose the flat band limit (3.18), where the lower

c band has the largest flatness ratio (3.17). Also, by considering the 1/4-filling of the

electronic bands (3.14), the ground state of the noninteracting system is given by a spin-
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Figure 4.1: Schematic representation of a particle-hole pair excitation above the ground state
(3.31). Although the free bands c and d are doubly degenerated with respect to the spin degree
of freedom, an offset between the σ =↑ and ↓ bands are introduced for clarity.

polarized state represented by the single-particle product state (3.31). This will be the

reference state in which the bosonization scheme will be built upon.

Since the lower flat c bands are separated from the upper d bands by a large energy

gap ∆, all the physics will be dominated by process within the lower c bands. Therefore,

the lowest-energy neutral excitations above the ground state (3.31) are given by particle-

hole pairs within the lower c bands, i.e., they are spin-flips that can be written as [see

Fig. 4.1]

|Ψk⟩ ∝ S−
k |FM⟩. (4.10)

The correct expression for Eq. (4.10) can be a little tricky to find, as the proportion-

ality coefficient might also depend on the momentum [55]. Nevertheless, it is possible

to construct (approximated) boson operators that represent this type of excitations [see

Appendix B for details]. Indeed, one can define boson operators,

bα,q =
S̄+
−q,α

Fαα,q

=
1

Fαα,q

∑
p

gα(p,−q)c†p+q↑cp↓,

b†α,q =
S̄−
q,α

Fαα,q

=
1

Fαα,q

∑
p

gα(p,q)c
†
p−q↓cp↑, (4.11)

with α = 0, 1, that satisfy the canonical commutation relations

[bα,k, b
†
β,q] = δα,β δk,q,

[bα,k, bβ,q] = [b†α,k, b
†
β,q] = 0, (4.12)

and whose vacuum state is given by the (reference) spin-polarized state (3.31), i.e.,

bα,q|FM⟩ = 0. (4.13)

Here the operators S̄±
q,α are linear combinations of projected spin operators associated

with sublattices A and B,

S̄±
q,α = S̄±

q,A + (−1)αS̄±
q,B, (4.14)
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with α = 0, 1 and S̄±
q,a = S̄x

q,a ± iS̄y
q,a. The operator S̄λ

q,a, with λ = x, y, z, is the λ-

component of the spin operator Sλ
q,a projected into the lower c bands with Sλ

q,a being

the Fourier transform of the spin operator Sλ
i,a at site i of the sublattice a. Indeed, the

projected operator S̄λ
q,a is determined from the operator Sλ

i,a, following the same procedure

outlined in Sec. 4.1 for the density operator (4.7). Finally, the square of the Fαβ,q function

is given by

F 2
αβ,q =

∑
p

gα(p,q)g
∗
β(p,q), (4.15)

with the gα(p,q) function being related to the coefficients (3.12) of the canonical trans-

formation (3.11),

gα(p,q) = v∗p−qvp + (−1)αu∗
p−qup. (4.16)

Any operator expanded in terms of the fermion operators c†kσ and ckσ can, in principle,

be rewritten in terms of the bosons (4.11). In particular, the density operator (4.7)

projected into the lower c bands assumes the form

ρ̄aσ(k) =
1

2
Nδσ,↑δk,0 +

∑
α,β

∑
q

Gαβaσ(k,q)b
†
β,k+qbα,q, (4.17)

where the Gαβaσ(k,q) function is given by Eqs. (B.24) and (B.23). Importantly, both F 2
αβ,q

and Gαβaσ(k,q) functions can be explicitly written in terms of the coefficients (3.10), see

Eqs. (C.1) and (C.2), respectively.

4.2.1 Effective bosonic Hamiltonian

The bosonization scheme developed in Ref. [24] allows us to map the Hamiltonian

(4.1) into an effective interacting boson model. In order to derive such an effective boson

model, the first step is to project the Hamiltonian (4.1) into the lower noninteracting c

bands (see Eq. (28) from Ref. [24] for details):

H → H̄ = H̄0 + H̄U . (4.18)

Here the projected noninteracting term H̄0 follows from Eq. (3.13),

H̄0 =
∑
kσ

ωc
kc

†
kσckσ, (4.19)

while the projected on-site Hubbard term H̄U is given by Eq. (4.9).

The expression of the noninteracting (kinetic) term H̄0 in terms of the bosons (4.11)

is given by (see Appendix B.2 for details)

H̄0,B = E0 +
∑
αβ

∑
q∈BZ

ω̄αβ
q b†β,qbα,q, (4.20)
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where E0 =
∑

k ω
c
k is a constant associated with the action of H̄0 into the reference state

(3.31) and

ω̄αβ
q =

1

Fαα,qFββ,q

∑
p

(
ωc
p−q − ωc

p

)
gα(p,q)g

∗
β(p,q), (4.21)

with the Fαβ,q and the gα(p,q) functions given by Eqs. (4.15) and (4.16), respectively. The

bosonic representation of the projected on-site Hubbard term H̄U follows from Eqs. (4.9)

and (4.17): After normal ordering the expression resulting from the substitution of the

density operator (4.17) into (4.9), one shows that [24]

H̄U,B = H̄
(2)
U,B + H̄

(4)
U,B, (4.22)

where the quadratic and quartic boson terms read

H̄
(2)
U,B =

∑
αβ

∑
q

ϵαβq b†β,qbα,q, (4.23)

H̄
(4)
U,B =

1

N

∑
k,q,p

∑
αβα′β′

V αβα′β′

k,q,p b†β′,p+kb
†
β,q−kbαqbα′p, (4.24)

with the coefficient

ϵαβq =
1

2

∑
a

UaGαβa↓(0,q)

+
1

N

∑
a,α′,k

UaGα′βa↑(−k,k+ q)Gαα′a↓(k,q) (4.25)

and the boson-boson interaction given by

V αβα′β′

k,q,p =
1

N

∑
a

UaGαβa↑(−k,q)Gα′β′a↓(k,p). (4.26)

The effective interacting boson model that describes the flat-band ferromagnetic phase of

the Haldane-Hubbard model (4.1) then assumes the form

H̄B = H̄0,B + H̄
(2)
U,B + H̄

(4)
U,B. (4.27)

4.2.2 Spin-wave spectrum in the nearly flat band limit

In this section, we consider the effective boson model (4.27) in the lowest-order (har-

monic) approximation, which consists of keeping only terms up to quadratic order in the
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boson operators (4.11) of the Hamiltonian (4.27), i.e., we consider

H̄B ≈ H̄0,B + H̄
(2)
U,B. (4.28)

In principle, the Hamiltonian (4.28) can be diagonalized via a canonical transformation

yielding the spectrum of elementary excitations (spin-waves) in terms of ω̄αβ
q [Eq. (4.21)]

and ϵαβq [Eq. (4.25)]. However, before proceeding, we would like to discuss both contribu-

tions in details.

The coefficient ω̄αβ
q [Eq. (4.21)] represents the (kinetic) contribution to the energy

of the elementary excitations explicitly related to the dispersion of the noninteracting

(lower) c bands. One can see that, if the free c band is completely flat (ωc
q = constant),

this coefficient vanishes while, in the nearly flat band limit, it can be finite. For the

noninteracting term (3.1) on the honeycomb lattice at the nearly flat-band limit (3.18),

we find that ω̄αα
q = 0 while ω̄01

q = ω̄10
q are finite but rather small in units of the nearest-

neighbor hopping energy t1 [see Fig. 4.2(a)]. Such a result is distinct from the square

lattice π-flux model, where symmetry considerations yield ω̄αβ
q = 0 [24]. We believe that

the finite values of the coefficients ω̄01
q and ω̄10

q for the Haldane model might be related

not only to the symmetries of the noninteracting Hamiltonian (3.1), but also to the fact

that the condition

Fαβ,q = δα,βFαα,q (4.29)

is not fulfilled for the Haldane model, an important feature distinct from the square lattice

π-flux model [24]. We refer the reader to Appendix B for a detailed discussion about the

implications of the condition (4.29) for the approximations involved in the bosonization

scheme. Due to the smallness of ω̄01
q and ω̄10

q , in the following, we assume that ω̄αβ
q ≈ 0,

i.e., we neglected the (explicit) kinetic contribution (4.21) to the energy of the elementary

excitations.

Figure 4.2: The real (solid magenta line) and imaginary (dashed green line) parts of (a) the
coefficient ω̄01

q [Eq. (4.21)] and (b) the coefficient ϵ01q [Eq. (4.25)] along paths in the first Brillouin
zone [Fig. 3.1(b)] for the Haldane-Hubbard model (3.1) in the nearly-flat band limit (3.18) of
the lower noninteracting band c.

Concerning the coefficients (4.25), which are related to the on-site Hubbard term (4.9),
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we find that ϵααq are real quantities while ϵ01q = −ϵ10q = ϵ10−q = −ϵ01−q are complex ones,

implying that the Hamiltonian (4.23) is non-Hermitian. Such a feature is also in contrast

with the square lattice π-flux model [24] for which ϵ01q = ϵ10q = 0 . In particular, for the

nearly flat band limit (3.18), one finds that ϵ01q is quite pronounced around the M1 and

M2 points and it is also finite close to the K and K ′ points of the first Brillouin zone [see

Fig. 4.2(b)]. Again, we believe that the non-Hermiticity of the Hamiltonian H̄
(2)
U,B might

be an artifact of the bosonization scheme related to the fact that the condition (4.29) is

not fulfilled for the Haldane model (see Appendix B for details). Since such an issue is

not completely understood at the moment, in the following, we determine the spin-wave

spectrum both in the presence and in the absence of the off-diagonal terms (α, β) = (0, 1)

and (1, 0) of the Hamiltonian (4.23).

The Hamiltonian (4.28) with ω̄αβ
q = 0 can be diagonalized via a canonical transforma-

tion similar to Eq. (3.11),

b0,q = u†
qa+,q + vqa−,q,

b1,q = v†qa+,q − uqa−,q, (4.30)

where the coefficients uq and vq are now given by

|uq|2, |vq|2 =
1

2
± 1

4ϵq

(
ϵ00q − ϵ11q

)
,

uqv
∗
q =

ϵ01q
4ϵq

, vqu
∗
q =

ϵ10q
4ϵq

, (4.31)

with

ϵq =
1

2

√(
ϵ00q − ϵ11q

)2
+ 4ϵ01q ϵ10q . (4.32)

It is then easy to show that the Hamiltonian (4.28) assumes the form

H̄B = E0 +
∑
µ=±

∑
q∈BZ

Ωµ,qa
†
µ,qaµ,q, (4.33)

where the constant E0 =
∑

k ω
c
k = (−1.69 t1)N for the nearly flat-band limit (3.18) and

the dispersion relation of the bosons a± reads

Ω±,q =
1

2

(
ϵ00q + ϵ11q

)
± ϵq, (4.34)

with ϵq given by Eq. (4.32). Assuming that ϵ01q = ϵ10q = 0, the dispersion relation (4.34)

reduces to

Ω−,q = ϵ00q and Ω+,q = ϵ11q , (4.35)

since ϵ00q < ϵ11q .
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Figure 4.3: The elementary excitation (spin-wave) energies of the effective boson model (4.28)
in the harmonic approximation for the nearly-flat band limit (3.18): dispersion relations (4.34)
(real part, solid green line) and (4.35) (solid magenta line) along paths in the first Brillouin zone
[Fig. 3.1(b)]. The dashed blue line indicates the imaginary part of Ω+,q = −Ω−,q [see Eq. (4.34)],
which is multiplied by a factor of 50 for clarity. On-site repulsion energies: (a) UA = UB = U ;
(b) UB = 0.8UA = 0.8U ; and (c) UB = 0.6UA = 0.6U .

One notices that the ground state of the Hamiltonian (4.33) is the vacuum (reference)

state for both bosons b0,1 and a±, which corresponds to the spin-polarized ferromagnet

state |FM⟩ [see Eqs. (3.31) and (4.13)]. Such a result is a first indication of the stability
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of a flat-band ferromagnetic phase for the Haldane-Hubbard model (3.1).

The dispersion relations (4.34) and (4.35) of the bosons a±, which indeed corresponds

to the spin-wave spectrum above the flat-band ferromagnetic ground state (3.31), for the

nearly flat band limit (3.18) and UA = UB = U is shown in Fig. 4.3(a). Due to the absence

of the kinetic coefficients (4.21) associated with the dispersion of the noninteracting c

bands, one sees that the energy scale of the spin-wave spectrum is determined by the

on-site repulsion energy U . Both spin-wave spectra (4.34) and (4.35) have two branches:

the acoustic (lower) branch Ω−,q is gapless, with a Goldstone mode at the Brillouin zone

center (Γ point) and the characteristic quadratic dispersion of ferromagnetic spin-waves

near the Γ point; the optical (upper) one Ω+,q is gapped, with the lowest energy excitation

at the K and K ′ points. The presence of the Goldstone mode indicates the stability of

the flat-band ferromagnetic phase. Interestingly, for the dispersion relation (4.35), one

finds a quite small energy gap at the K and K ′ points,

∆(K) = Ω+,K − Ω−,K = 2.01× 10−3 U, (4.36)

while the excitation spectrum (4.34) displays Dirac points at theK andK ′ points. Indeed,

the presence of the Dirac points is related to the fact that ϵ01q and ϵ10q are finite at the

K and K ′ points, see Fig. 4.2(b). Moreover, the fact that ϵ01q = −ϵ10q yields a very small

decay rate (the imaginary part of Ω±,q) for the spin-wave excitations (4.34) at the border

of the first Brillouin zone [see the dashed line in Fig. 4.3(a) and note the multiplicative

factor 50].

In addition to a configuration with homogeneous on-site Hubbard energies UA = UB =

U , we also consider the Haldane-Hubbard model with a sublattice dependent on-site

Hubbard energy. The spin-wave spectra (4.34) and (4.35) for the nearly flat-band limit

(3.18) and with UB = 0.8UA = 0.8U and UB = 0.6UA = 0.6U are shown in Figs. 4.3(b)

and (c), respectively. One notices that both spin-wave spectra (4.34) and (4.35) have a

Goldstone mode at the Γ point, the energies of the excitations decreases as the diference

∆U = UA−UB increases, and the difference between the energies at the K and K ′ points

(e.g., Ω−,K − Ω−,K′) also increases with ∆U . For UB > UA, we find similar features

(not shown here), but the energy at the K point is lower than the one at the K ′ point.

Importantly, the dispersion relation (4.35) has a small gap at the K and K ′ points, i.e.,

∆(K) = 1.81× 10−3 U for ∆U = 0.2U (4.37)

and

∆(K) = 1.61× 10−3 U for ∆U = 0.4U, (4.38)

similar to the homogeneous case UA = UB. On the other hand, for the dispersion relation

(4.34), a finite energy gap opens at the K and K ′ points in contrast with the homogeneous
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case ∆U = 0. One finds that

∆(K) = 3.18× 10−2 U for ∆U = 0.2U, (4.39)

and

∆(K) = 6.40× 10−2 U for ∆U = 0.4U. (4.40)

Such a finite energy gap might be related to the fact that a Hubbard term with UA ̸= UB

breaks inversion symmetry. Similar to the homogeneous configuration, the spin-wave

excitations (4.34) at the first Brillouin zone border have a finite decay rate.

Meanwhile, Gu and collaborators [29] performed exact diagonalization calculations and

determined the spin-wave spectrum for the Haldane-Hubbard model (4.1) in the nearly

flat band limit (3.18), in one of the cases, neglecting the dispersion of the noninteracting

electronic bands, which corresponds to the approximation ω̄αβ
q = 0 considered above. As

shown in Fig. 4.4(a1), for homogeneous on-site Hubbard energies UA = UB and at the

nearly flat band limit, it was found that the spin-wave spectrum has Dirac points at the K

and K ′ points while, for a finite ∆U [Fig. 4.4(b1)], the energies of the excitations decrease

with ∆U and energy gaps open at the K and K ′ points. They also showed that the

Chern number Cn of the lower spin-wave band is equal to zero for the flat band limit,

as shown in Fig. 4.4(b1). Remarkably, the spin-wave spectrum (4.34) determined within

the bosonization scheme qualitatively agrees with the numerical one, for both UA = UB

and UA > UB, apart from the fact that the numerical results do not indicate a finite

decay rate. Indeed, a good qualitative agreement was also found between the spin-wave

spectrum calculated at the flat band limit using the bosonization scheme [24] and the one

determined via exact diagonalization of a finite size system [28] for the Chern insulator

in the square lattice described by the π-flux model discussed in Chapter 2.

Figure 4.4: The spin-wave energies (solid lines) and the Stoke spectrum (gray) of the Haldane-
Hubbard model (4.1) at the nearly flat band limit (3.18) calculated via exact diagonalization
of the Hamiltonian for a finite system [29] along paths in the first Brillouin zone [Fig. 3.1(b)].
On-site repulsion energies: (a1) UA = UB = U ; (b1) UB = 1.0688 and UA = 1.2; C = 0 is the
Chern number of the lower band. Figure adapted from Ref. [29]
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One should mention that the presence of Dirac points at the K and K ′ points is

not only a feature of the spin-wave spectrum of the flat-band ferromagnetic phase of the

Haldane-Hubbard model. Indeed, recent exact diagonalization calculations [30] for a topo-

logical Hubbard model on a kagome lattice also indicate such a feature in the excitation

spectrum of the corresponding flat-band ferromagnetic phase when the dispersion of the

(lower) noninteracting electronic band is neglected.

As mentioned above, although the non-Hermiticity of the Hamiltonian (4.23) (and

consequently finite decay rates) might be an artifact of the bosonization scheme, the off-

diagonal terms ϵ01q and ϵ10q of the quadratic Hamiltonian (4.23) should be considered in

order to properly describe the spin-wave spectrum at the border of the first Brillouin zone.

Therefore, in the following, we determine the spin-wave spectrum away from the nearly

flat-band limit (3.18) with the aid of Eq. (4.34).

4.2.3 Spin-wave spectrum away from the nearly flat band limit

Although the main focus of our discussion is the description of the flat-band ferro-

magnetic phase of the Haldane-Hubbard model in the nearly-flat band limit (3.18), we

also consider configurations such that the noninteracting band c has smaller flatness ratio

fc < 7. In particular, we consider the effects on the spin-wave spectrum (4.34) related to

the increasing of the band width Wc (decreasing of the flatness ratio fc) of the noninter-

acting band c due to (i) the decrease/increase of the phase ϕ [see Figs. 3.2(b) and (c)]

and (ii) the presence of a staggered on-site energy term (3.19) in the total Hamiltonian

(see Fig. 3.4). These perturbations provide some clues about the stability of the flat-band

ferromagnetic phase.

In Fig. 4.5(a), we show the spin-wave spectrum (4.34) for ϕ = 0.4, 0.5, and 0.656, the

x50

(a)

x50

(b)

Figure 4.5: The real part of the dispersion relation (4.34) (solid line) along paths in the first
Brillouin zone [Fig. 3.1(b)] for on-site repulsion energies UA = UB = U and t2 given by the
relation cos(ϕ) = t1/(4t2). (a) ϕ = 0.4 (blue), ϕ = 0.5 (green), ϕ = 0.656 (magenta) and (b)
ϕ = 0.656 (magenta), ϕ = 0.75 (green), ϕ = 0.85 (blue). The corresponding dashed line indicates
the imaginary part of Ω+,q = −Ω−,q [see Eq. (4.34)], which is multiplied by a factor of 50 for
clarity.
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hopping amplitude t2 given by the relation cos(ϕ) = t1/(4t2), and the on-site repulsion

energies UA = UB = U . One sees that the spin-wave spectrum (in units of the on-site

repulsion energy U) for ϕ = 0.4 and 0.5 is quite similar to the one derived for the nearly

flat band limit (3.18). As the flux parameter ϕ decreases, the excitation energies near

the border of the Brillouin zone [the K-M1-K
′ line] decrease, while the energies of the

optical branch in the vicinity of the Γ point increase. The fact that the spin-wave spectrum

displays a Goldstone mode at the Γ point, regardless the value of the phase ϕ, indicates the

stability of the flat-band ferromagnetic phase with respect to the simultaneous variations

of the phase ϕ and the next-nearest-neighbor hopping amplitude t2. Finite decay rates

are still found at the border of the first Brillouin zone. The flat-band ferromagnetic phase

seems also to be stable for ϕ > 0.656, see Fig. 4.5(b). Here, however, as the flux parameter

ϕ increases, the excitation energies near the border of the Brillouin zone increase and the

energies of the upper branch in the vicinity of the Γ point decrease.

The effect on the spin-wave spectrum of a finite staggered on-site energyM [Eq. (3.19)]

is quite distinct. In Fig. 4.6(a), we plot the spin-wave spectrum (4.34) for the optimal

parameters (3.18), M = 0.1 and 0.2 t1, and the on-site Hubbard energies UA = UB = U =

t1. Comparing with the homogeneous on-site energy M = 0 configuration [Fig. 4.3(a)],

one sees that the whole spin-wave spectrum shifts downward in energy as M increases and

energy gaps open at the K and K ′ points. The latter is indeed related to the fact that the

staggered on-site energy term (3.19) breaks inversion symmetry. Most importantly, the

energies of the acoustic branch are negative in the vicinity of the Γ point, indicating an

instability of the flat-band ferromagnetic phase for finite values of the staggered on-site

energy M . A finite staggered on-site energy M also modifies the (kinetic) coefficients

(4.21) directly related to the dispersion of the noninteracting band c. In particular, we

find that ω̄αα
q no longer vanishes for a finite M [see Fig. 4.2(a) for M = 0]. Such an effect

can be easily included in the spin-wave spectrum (4.34) with the replacement

ϵααq → ω̄αα
q + ϵααq . (4.41)

Figure 4.6(b) shows the spin-wave spectrum (4.34) with the replacement (4.41) (in units

of the nearest-neighbor hopping amplitude t1) for the optimal parameters (3.18), M = 0.1

and 0.2 t1, and the on-site Hubbard energies UA = UB = U = t1. One notices that ω̄αα
q

does not modify the excitation energies in the vicinity of the Γ point, but only changes

the excitation energies near the border K-M1-K
′ of the first Brillouin zone. Such an effect

resembles the one found when distinct on-site repulsion energies UA ̸= UB are considered,

see Figs. 4.3(b) and (c).

The stability of a flat-band ferromagnetic phase was studied by Kusakabe and Aoki via

exact diagonalization calculations performed for the two-dimensional Mielke model [55]

and Mielke and Tasaki models [56]. A parameter γ was introduced in the original models,
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Figure 4.6: The real part of the dispersion relation (4.34) (solid line) along paths in the first
Brillouin zone [Fig. 3.1(b)] for the optimal parameters (3.18), on-site Hubbard energies UA =
UB = U = t1, and staggered on-site energy M = 0.1 (magenta) and 0.2 t1 (green). (b) Similar
results for the spin-wave spectrum (4.34), but with the replacement (4.41). The corresponding
dashed line indicates the imaginary part of Ω+,q = −Ω−,q [see Eq. (4.34)], which is multiplied
by a factor of 50 for clarity.

such that γ = 0 corresponds to (lower) noninteracting bands completely flat (flat-band

limit). It was found that, for γ = 0, a ferromagnetic phase is stable regardless the value

of the on-site repulsion energy U . For finite values of the parameter γ (system away from

the flat-band limit), a ferromagnetic ground state is stable only if U ≥ Uc(γ) (see Figs. 1

and 2 from Ref. [56]). Such a scenario agrees with more recently numerical results for

the square lattice π-flux model in the nearly-flat band limit [28], which indicates that a

ferromagnetic phase sets in only if U ≥ Uc(t2), with t2 being the next-nearest neighbor

hopping amplitude. Müller et al. studied one- and two-dimensional Hubbard models with

nearly-flat bands that are not in the class of Mielke and Tasaki flat-band models, since

they do not obey some connectivity conditions [57]. They found that small and moderate

noninteracting band dispersion may stabilize a ferromagnetic phase for U ≥ Uc, i.e., the

ferromagnetic phase is driven by the kinetic energy. In particular, for a two-dimensional

bilayer model, Uc(δl) is a nonmonotonic function of the parameter δl that controls the

width of the band (see Fig. 7 from [57]), i.e., the ferromagnetic phase sets in only for a

finite band dispersion. For rigorous results about the stability of a ferromagnetic phase

on Hubbard models with nearly-flat bands, we refer the reader to the review by Tasaki

[44].

The fact that a ferromagnetic phase is stable in Hubbard models with nearly-flat

(noninteracting) bands only for U ≥ Uc is related to the competition between the kinetic

energy (dispersion of the noninteracting bands) and the (short-range) Coulomb interaction

U [44]. The bosonization formalism [24] partially takes into account such a competition:

although the explicitly contribution (4.21) of the dispersion of the noninteracting bands

c is not included in the effective boson model (4.27), such kinetic effects are partially

considered by the bosonization scheme, since the coefficients (4.25) and the boson-boson

interaction (4.26) depend on the B̂i,q functions (3.10) that completely determines the
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free-band structure (3.14). At the moment, it is not clear how to properly include in the

effective boson model (4.27) the main effects related to the noninteracting band dispersion.

Due to this limitation, we expected that the results derived within the bosonization scheme

for flat-band Chern insulators get more accurate as the (lower) noninteracting bands gets

less dispersive. One should recall that the bosonization scheme [24] is based on the

formalism [25] that was proposed to describe the quantum Hall ferromagnet realized in

a two-dimensional electron gas at filling factor ν = 1: here, the noninteracting bands

corresponds to (completely flat) Landau levels.

Finally, we should mention that the instability of the flat-band ferromagnetic ground

state due to a finite on-site staggered energy M was also found for the square lattice

π-flux model [24], see Fig. E.1 in Appendix E. Indeed, as discussed in details in Appendix

E, we tried a different combination of the projected spin operators (4.14) to correct for

imbalances in the A and B sublattices caused by a mass term in the square lattice. Such

more elaborated description could be needed for the bosonization scheme to properly

describe mass term perturbations. Unfortunately, we found that the Goldstone mode

could only be restored if the off-diagonal coefficients ϵ01q and ϵ10q are neglected.
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Chapter 5
Correlated Z2 topological insulator

As done for the Chern insulator in the last chapter, we now consider a correlated

Z2 topological insulator on a honeycomb lattice described by a time-reversal symmetric

Haldane-Hubbard model. In this chapter, we also derive an effective bosonic Hamiltonian

that describes the corresponding flat-band ferromagnetic phase of the model and briefly

comment on the differences between the systems that preserves and brakes time-reversal

symmetry. Following the same steps, we discuss the resulting spin-wave spectrum in both

nearly flat-band limit and away from it, and the stability of the flat-band ferromagnetic

ground state. By the end of the chapter, we also comment on the topological properties

of the spin-wave bands. This chapter is based on Ref. [35].

5.1 Time-reversal-symmetric Haldane Hubbard model for

the Z2 topological insulator

In this section, the interacting fermionic model for the Z2 topological insulator on

a honeycomb lattice is constructed following the same steps as done for the correlated

Chern insulator in Sec.4.2.1. The process begins by adding the same Hubbard term (4.2)

to the free time-reversal-symmetric Hamiltonian (3.23). The only care that should be

taken is that now the canonical transformation (3.26) is different for each spin sector, in

opposition to the one used for the Chern insulator (3.11). For this reason, the fermionic

representation of the projected electron density operator (4.6) is now given by [compare

with Eq. (4.7)]

ρ̄a σ(q) =
∑
p

Ga σ(p,q)c
†
p−qσcpσ, (5.1)

where the Ga σ(p,q) function is now defined as [compare with Eq. (4.8)]

Ga σ(p,q) = δa,A
(
δσ,↑v

∗
p−qvp + δσ,↓v−p+qv

∗
−p

)
+ δa,B

(
δσ,↑u

∗
p−qup + δσ,↓u−p+qu

∗
−p

)
, (5.2)
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with uk and vk being the coefficients (3.27) of the canonical transformation (3.26). In

summary, the density operator preserves the general form (4.7), but now the Gaσ(p,q)

function is a spin dependent quantity. The same will happen with all functions throughout

the calculations for the Z2 topological insulator. Nonetheless, all the resulting expressions

obtained in Sec.4.2.1 will have the same form as we are going to see below.

5.2 Bosonization scheme for the Z2 topological insulator

The free Hamiltonian (3.23) for the Z2 topological insulator also supports flat bands

and a spin-polarized ground state at 1/4-filling, since the electronic spectrum (3.29), with-

out the inclusion of the mass term (3.19), is identical to the spectrum (3.14). Therefore,

the reference state for the bosonization, Eq. (3.31), will be the same. The low energy

excitations will also be spin flips within the lower band c, as represented in Fig. 4.1.

Following the description of the correlated Z2 topological insulator on a square lattice

[24], we define the boson operators bα,q as

bα,q =
S̄+
−q,α

Fαα,q

=
1

Fαα,q

∑
p

g∗α(−p,q)c†p+q↑cp↓,

b†α,q =
S̄−
q,α

Fαα,q

=
1

Fαα,q

∑
p

gα(p,q)c
†
p−q↓cp↑, (5.3)

with α = 0, 1 and obeying the canonical bosonic commutation relations (4.12). Here, S̄λ
q,α

is a linear combination of the spin operator Sλ
q,ab projected into the lower c bands, i.e.,

S̄λ
q,α = S̄λ

q,AB + (−1)αS̄λ
q,BA, (5.4)

with λ = x, y, z. It is important to emphasize that the real space representation of Sq,ab

is

Si,ab =
∑
µν

1

2
c†iaµσ̂µ νcibν , (5.5)

where the components of the vector σ̂ = (σx, σy, σz) are the Pauli matrices. Notice that the

projected spin operators (5.4) are related to spin flips that also change the sublattice index.

Due to such a feature, we denote the excitations associated with the boson operators (5.3)

and (5.4) as mixed lattice (ML) excitations. The square of the normalization function

Fαβ is given by (see also Appendix B)

F 2
αβ,q =

∑
p

gα(p,q)g
∗
β(−p+ q,q), (5.6)
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where the gα(p,q) function is now given by

gα(k,q) = −ukv−k+q − (−1)αu−k+qvk, (5.7)

with uk and vk being the coefficients (3.27) of the canonical transformation (3.26). The

function F 2
αβ,q can be explicitly written in terms of Bi,k functions (3.25) and their full

expression can be found in Appendix D. One also notes that, again,

bα,q|FM⟩ = 0, (5.8)

meaning that the spin-polarized state (3.31) is indeed the vacuum for the bosons (5.3).

Surprisingly, there is another pair of independent boson operators that possesses an

even lower energy than the ones defined by Eqs. (5.3) and (5.4), as showed bellow in

Sec.5.4. The main difference between this second set of boson operators and the ones

defined by Eq. (5.4) is the linear combination of the spin operators. Indeed, for the

second set, we consider

S̄q,α = S̄λ
q,A + (−1)αS̄λ

q,B, (5.9)

again, with λ = x, y, z and α = 0, 1. In contrast with Eq. (5.4), S̄λ
q,A is the Fourier

transform of the spin operator (5.5) with the same lattice index, i.e., with a = b. Because

of this difference, we will refer to the excitations defined by (5.9) as the same lattice (SL)

excitations. Furthermore, the definition of the bosons operators for the SL excitations

follow the same form as Eq. (5.3), but now the gα(p,q) function is given by

gα(p,q) = −v−p+qvp + (−1)αu−p+qup. (5.10)

The square of the normalization function F 2
αβ,q also keeps its form (5.6), but now Eq. (5.10)

must be used instead of (5.7). It will also have a different representation in terms of the

Bi,k functions (3.25), see Eq. (D.8).

Again, any fermionic operator can be described in terms of the boson operators (5.3), if

the correct fundamental functions F 2
αβ,q, gα(p,q) and Gαβaσ(p,q) are used. Therefore, the

application of the bosonization scheme for the correlated Z2 topological insulator follows

the same steps as the ones employed for the Chern insulator. In summary, we first define

the interacting fermionic model

HZ2 = H0 +HU , (5.11)

where H0 is the time-reversal-symmetric Hamiltonian (3.23) and HU is the Hubbard term

(4.2). After, we project the interacting fermionic model (5.11) into the lower c bands, i.e.,

HZ2 → H̄Z2 . (5.12)
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The projected Hamiltonian H̄Z2 can then be mapped into an effective interacting bosonic

Hamiltonan, i.e.,

H̄Z2
B = H̄0,B + H̄

(2)
U,B + H̄

(4)
U,B. (5.13)

One finds that the effective Hamiltonian (5.13) for the Z2 topological insulator has ex-

actly the same form as the one encountered for the Chern insulator [Eq. (4.27)], with its

terms H̄0,B, H̄
(2)
U,B and H̄

(4)
U,B given by Eqs. (4.20), (4.23), and (4.24), respectively [see also

Eqs. (4.25) and (4.26)]. The major difference being that for the desired excitations, ML

or SL excitations, the appropriated fundamental functions F 2
αβ,q, gα(p,q), and Gαβaσ(p,q)

should be properly used. We refer the reader to Appendix D for the complete expressions

of the fundamental function F 2
αβ,q, gα(p,q), and Gαβaσ(p,q) in terms of the Bi,k functions

(3.25). Finally, the spin-wave excitation spectrum can be determined by treating the

Hamiltonian (5.13) within a harmonic approximation, i.e.,

H̄Z2
B ≈ H̄0,B + H̄

(2)
U,B, (5.14)

where H̄0,B and H̄
(2)
U,B are also given by Eqs. (4.20) and (4.23), respectively.

5.3 ML excitations

5.3.1 Spin waves at the flat band limit

The spin-wave spectrum for the correlated Z2 topological insulator follows from the

diagonalization of the effective bosonic Hamiltonian (5.14). Using the same canonical

transformation (4.30), we arrive at

H̄Z2
B = E0 +

∑
µ=±

∑
q∈BZ

ΩZ2
µ,qa

†
µ,qaµ,q, (5.15)

where the constant E0 = (−1.69 t1)N and the dispersion relation of the bosons a± reads

ΩZ2
±,q =

1

2

(
ϵ00q + ϵ11q

)
± 1

2

√(
ϵ00q − ϵ11q

)2
+ 4ϵ01q ϵ10q . (5.16)

It is important to state again that Eqs. (5.15) and (5.16) that describe the spin-wave

excitation spectrum for the Z2 topological insulator, have the same form as Eqs. (4.33)

and (4.34) derived for the Chern insulator. Here, the appropriated fundamental functions

F 2
αβ,q, gα(p,q), and Gαβaσ(p,q) for the ML excitations should be used [see Eqs. (5.6) and

(5.7)].

As discussed in Sec.4.2.2, the effective bosonic Hamiltonian (4.28) for the correlated

Chern insulator is non-Hermitian, with the functions ϵ01q and ϵ10q being complex quantities,

but not complex conjugate to each other, a feature that was also found for ML excitations.
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Now, the inclusion of such terms was fundamental to achieve the correct results for the

Chern insulator as they yield the Dirac points at the K and K ′ points of the first Bril-

louin zone for the spin-wave spectrum, in agreement with the numerical calculations [29].

Therefore, we have used here the same methodology, i.e., we have included all quadratic

coefficients ϵαβq [Eq. (4.25)] in the calculations. Moreover, the coefficients ω̄αβ
q [Eq. (4.21)],

(a)

(b)

(c)

Figure 5.1: Spin-wave spectrum (5.16) of the mixed lattice excitations (5.4), calculated from
the effective bosonic Hamiltonian within the harmonic approximation (5.14) and at the nearly
flat band limit (3.18). Solid and dashed lines represent the spectrum real and imaginary parts,
respectively, with a multiplicative factor 20 is employed for the imaginary part. The on-site
repulsion energies are (a) UA = UB = U ; (b) UB = 0.8UA = 0.8U and (c) UB = 0.6UA = 0.6U .
The path chosen in momentum space follows the highly symmetric points in the first Brillouin
zone [Fig. 3.1(b)].
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that come from the noninteracting Hamiltonian (4.20), are very small [see Figs. D.2(a)

and (b)], thus we made the approximation ω̄αβ
q = 0, the same one used for the correlated

Chern insulator calculations in Sec.3.1.1 and for the study of the square lattice π-flux

model in Ref. [24] (further details can be found on Appendix D).

The spin-wave spectrum (5.16), at the nearly flat band limit (3.18), calculated for

the ML excitations is shown in Fig. 5.1. In the first panel, where UA = UB, we can see

that the real part of the spin-wave excitations (solid lines) is gapped and that the bands

are separated from each other. This contrasts with the Haldane-Hubbard model for the

Chern insulator discussed in Sec.4.2.2, where (i) a Goldstone mode is present [related to

the fact that a SU(2) symmetry is broken], and (ii) there are Dirac points at the K and

K ′ points connecting the upper and lower spin-wave bands. Fig. 5.1(b) and (c) show the

behavior of the spin-wave spectrum when an imbalance in the on-site repulsion energies

is considered. The used values are in order: UB = 0.8UA and UB = 0.6UA. Notice that,

the higher the difference between the UA and UB, the lower the global energy is. Also, the

energy gap at the K point increases with the imbalance. Making UB > UA (not shown

here), we found that the energy gap at the K ′ point increases instead of the one at K

point, but with the same overall intensity.

Additionally, the non-Hermiticity property of the Hamiltonian (5.14) implies that the

spin-wave spectrum has also an imaginary part, although its contribution is rather small

when compared to the real part, being evident only at the border of the Brillouin zone,

as shown by the dashed lines in Figure 5.1. Such result can be interpreted as a magnon

decay rate, although, as found for the Chern insulator in Sec. 3.1.1, it might be an artifact

of the bosonization scheme. Concerning the contributions of the on-site energy imbalance

for the imaginary part of the excitation spectrum (5.16), we found only a slight decrease

in energy, matching the global decrease behavior of the real part. Although it appears

that there is a gap closure at the K ′ point in Fig. 5.1(b), a small energy gap was found

∆(K) = Ω+,K − Ω−,K = 1.04× 10−2 U. (5.17)

Another interesting feature is that the upper band is almost flat at the border of the

Brillouin zone (K → M1 → K ′).

5.3.2 Spin waves away from the flat band limit

We also investigated how the spin waves alter when we move away from the nearly

flat band limit. This was done by changing the values of the parameter t2 together with

ϕ. From Sec. 3.1.1, we know that the free-electronic spectrum becomes more dispersive

when this perturbation is included and that the band gap between the upper and lower

free-electronic bands vanishes at the K and K ′ points for ϕ → 0. We found very little

changes in the spin-wave spectrum when increasing the absolute values of ϕ with respect
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(a) (b)

Figure 5.2: Spin-wave spectrum (5.16) of the mixed lattice excitations (5.4), calculated from
the effective bosonic Hamiltonian at the harmonic approximation (5.14). Solid and dashed lines
represent the spectrum real and imaginary parts, respectively, with a multiplicative factor 15 is
present for the imaginary part. We have (a) descending and (b) ascending values of ϕ, given by
the sets ϕ = 0.4, 0.5, 0.656 and ϕ = 0.656, 0.7, 0.8. The phase ϕ = 0.655 is represented by the
solid magenta line in both panels, solid green line represents ϕ = 0.5 in panel (a) and ϕ = 0.7
in panel (b), and solid blue line represents ϕ = 0.4 in panel (a) and ϕ = 0.8 in panel (b),
respectively. In both cases t2 is given by the relation cos(ϕ) = t1/(4t2). The on-site repulsion
energies is UA = UB = U in all cases and the path chosen in momentum space follows the highly
symmetric points in the first Brillouin zone [Fig. 3.1(b)].

to the flat band limit ϕ = 0.656, for fixed UA = UB = U , while maintaining the relation

t2 = t1/ cos(ϕ), which was fixed by convenience. More notably, as can be seen in Fig. 5.2(a)

for ϕ = 0.7 and 0.8, there is a global positive shift for the lower band, while the upper

band energy is increased only around the border of the first Brillouin zone. The imaginary

part of the spectrum also slightly increases, following the same behavior of the real part.

As shown in Fig. 5.2(b), a decreasing in the values of the phase ϕ (ϕ = 0.4 and 0.5) yields

an opposite effect, i.e, it adds a global negative shift to the lower band while the energies

of the upper band decrease only around the first Brillouin zone border. Moreover, the

decay rates also decrease with the decreasing of the phase ϕ.

To conclude, we observed that the flat-band ferromagnetic phase of the Z2 topological

insulator is stable when spin waves associated with the ML excitations (5.4) are considered.

Such a feature is observed even when the system is slightly driven away from the nearly

flat band limit.
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5.4 SL excitations

5.4.1 Spin waves at the flat-band limit

As discussed in Sec.5.2, a second set of boson operators can be defined for the correlated

Z2 topological insulator. Such kind of excitations follow from the spin operators (5.9)

that flip spins and preserve the sublattice index. In this case, the spin-wave spectrum can

also be obtained from the effective bosonic Hamiltonian (5.14), but with the appropriate

composing functions F 2
αβ,q, gα(p,q), and Gαβaσ(p,q) that are given by Eqs. (5.6), (5.10),

and (D.2), respectively. The full expression of the functions (5.6) and (D.2) in terms of

the Bi,k coefficients (3.25) of the canonical transformation (3.26) are given by Eqs. (D.8)

and (D.9).

(a)

(b)

(c)

Figure 5.3: Spin-wave spectrum (5.16) of the same lattice excitations (5.9), calculated from
the effective bosonic Hamiltonian harmonic approximation (5.14) at the nearly flat band limit
(3.18). On-site repulsion energies (a) UA = UB = U ; (b) UB = 0.8UA = 0.8U and (c) UB =
0.6UA = 0.6U . The path chosen follows the highly symmetric points in the first Brillouin
zone [Fig. 3.1(b)]. The imaginary part of the spectrum (dashed lines) is zero, but is shown for
completeness.
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Differently from the ML excitations discussed in the previous section, for the SL excita-

tions, the kinetic coefficients (4.21) vanishes, i.e., ω̄αβ
q = 0. Moreover, the quadratic term

(4.23) of the effective boson model (5.14) is now Hermitian, since the coefficients ϵααq are

real quantities while ϵ01q and ϵ10q are complex ones, but now ϵ01q = (ϵ10q )∗ [see Fig. D.3(c)].

Similarly to the ML excitations, for the SL excitations, the condition (4.29) is not fulfilled

for all momenta within the first Brillouin zone as shown in Figs. D.3 (a) and (b).

After calculating the spin-wave spectrum (5.16) for the SL excitations (5.9) at the

nearly flat band limit (3.18), we can see some distinct features as compared with the

spin-wave spectrum of the ML excitations. As shown in the Fig. 5.3(a), the spin waves of

the SL excitations have a lower energy and the bands are separated by a larger gap. In

contrast, both ML and SL excitations have gapped spin-wave spectrum. Moreover, in the

SL case, the Hamiltonian is Hermitian and, consequently, the energies of the spin waves

are real, i.e., the imaginary part of the dispersion (5.16) vanishes.

When there is an imbalance on the Hubbard on-site repulsion energies UA ̸= UB, the

spin-wave spectrum modifies pretty much the same away as the ML excitation case, i.e.,

there is an increasing and decreasing of energy gaps between the lower and upper bands

at the K and K ′ points, although here, the depreciation occurs at the K point instead of

the K ′ one. Figures 5.3(b) and (c) shows this behavior for UB = 0.8UA and UB = 0.6UA,

respectively. There is also a global energy shift in the spectrum, as can be seen by fixing

the eye in a particular momentum, for example, the energy of the Γ point moves from

around 0.1 to 0.07 in the lower band and from 0.3 to 0.26 in the upper band.

5.5 Spin waves away from the flat band limit

Again, to investigate the stability of the flat-band ferromagnetic phase, we pushed the

system away from the flat band limit (3.18) by fixing the parameters UA = UB = U and

t2 = 4t1/ cos(ϕ) while varying ϕ. The obtained results are shown in Fig. 5.4. In the first

panel, Fig. 5.4(a), where the phase ϕ is increased from ϕ = 0.656 to ϕ = 0.7 and 0.8,

we notice an increase in the energy around the Γ point of lower band. Another effect

is that the energies around the K and K ′ points slightly decrease, with the energy gap

between the lower and upper bands changing from ∆(K) = 4.96 × 10−2 U for ϕ = 0.656

to ∆(K) = 5.34 × 10−2 U with ϕ = 0.8. The rest of the spin-wave spectrum retains its

overall form when compared to the nearly flat limit (3.18), i.e., ϕ = 0.656. Interestingly,

for ϕ = 0.8, we note that the spin-wave spectrum becomes almost dispersionless, with

the flatness ratio ∼ 0.05/0.0125 = 4. Moreover, the minimum of the lower band changes

from the Γ → M point. Decreasing the values of the complex phase ϕ from ϕ = 0.656 to

ϕ = 0.4 and 0.5 [see Fig. 5.4(b)], we can see some effects in the upper and lower bands

mostly around the Γ point of the first Brillouin zone, this time, making the bands repel

each other. Moreover, the excitation energies around theK andK ′ points slightly increase
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(a) (b)

Figure 5.4: Spin wave spectrum (5.16) of the same lattice excitatons (5.9), calculated from the
effective bosonic Hamiltonian harmonic approximation (5.14). We have (a) descending and (b)
ascending values of ϕ, given by the sets ϕ = 0.4, 0.5, 0.656 and ϕ = 0.656, 0.7, 0.8. The phase
ϕ = 0.655 is represented by the solid magenta line in both panels, solid green line represents
ϕ = 0.5 in panel (a) and ϕ = 0.7 in panel (b), and solid blue lines represents ϕ = 0.4 in panel (a)
and ϕ = 0.8 in panel (b), respectively. In both cases t2 is given by the relation cos(ϕ) = t1/(4t2).
The on-site repulsion energies is UA = UB = U in all cases and the path chosen in momentum
space follows the highly symmetric points in the first Brillouin zone [Fig. 3.1(b)]. The imaginary
part of the spectrum (dashed lines) is zero, but is shown for completeness.

changing the energy gap between the upper and lower bands to ∆(K) = 4.35×10−2 U and

∆(K) = 3.81× 10−2 U for ϕ = 0.4 and 0.5, respectively.

5.6 Mass term

Here, we briefly comment on the effects of a sublattice energy imbalance added to the

system, a term that breaks lattice inversion symmetry. This can be done via the addition

of the mass term (3.19) to the Hamiltonian (3.23). Its contribution can be easily treated

as shown in Sec.4.2.3. The replacement (3.20) just slightly renormalizes the electronic

spectrum, but has one major consequence that should be dealt with care, which is the

spliting of the degeneracy between the spin-↑ and the spin-↓ free-electronic c bands. In

principle, this asymmetry could destabilizes the ferromagnetic ground state. Nonetheless,

as seen in Fig. 3.5, the electronic spectrum (3.14) with the modification (3.20) only mild

violates the band degeneracy, specially when compared to the band width. Thus, for some

small values of the parameter M , namely M = 0.05 t1 and M = 0.1 t1, the free-electronic

spectrum can still be within the bounds of the flat band limit. Therefore, we assumed

that this difference would not affect the ferromagnetic ground state and we went on to

calculated the spin-wave spectrum for both ML excitations (5.4) and SL excitations (5.9).

For both types of excitations, the parameters ϕ and t2 were set to their optimal flatness

values (3.18), while the on-site repulsion energies were set to Ua = Ub = U . To analyze

the effects on the spin-wave spectrum, the values of M were then slightly increased.

Firstly, for the ML excitation (5.4), increasing the on-site sublattice energy to M =

0.05 t1 implies a minor effect on the spin wave bands dispersion [calculated using (5.16)].
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(a) (b)

Figure 5.5: Spin-wave spectrum (5.16) of the (a) mixed lattice excitations (5.4) and of the (b)
same lattice excitations (5.9), calculated from the effective bosonic Hamiltonian (4.28) at the
harmonic approximation. With the parameters M = 0.05 (solid green line) and M = 0.1 (solid
magenta line) and t2 and ϕ given by the nearly-flat band limit (3.18). Solid and dashed lines
represent the spectrum real and imaginary parts, respectively. The on-site repulsion energies are
UA = UB = U in all cases and the path chosen in momentum space follows the highly symmetric
points in the first Brillouin zone [Fig. 3.1(b)].

Even for M = 0.1 t1, the effect remains small, with just a depreciation of the energy

around the K point and an increase in the energy gap between the lower and upper bands

at the K ′ point. Both cases are shown in Fig. 5.5(a). Also, rather small modifications

were found for the imaginary part of the spectrum. Secondly, for the SL excitations

(5.9) and for the same values of the parameter M , we obtained a very different result.

As can be seen in Fig. 5.5(b), the spin-wave spectrum is highly sensible to this type of

perturbation. Changing M just slightly increases the gap between the bands, which is

made even larger for M = 0.1 t1. We also note that, for the M = 0.1 t1 configuration, the

cost of creating a particle with transfer momentum q = K = (0, 4π/3
√
3) is almost zero.

This could indicates that the flat-band ferromagnetic ground state is only stable for tiny

mass imbalances, since for large values of the mass an unrestrained number of excitations

could proliferate in the system. If the parameter M is reversed into negative values, the

effect is reversed between the K and K ′ points (not shown here). We point out that

the changes caused by nonzero M are very similar to the ones caused by the imbalance

between UA and UB. This signals that the sublattice characteristic are embedded in the

K and K ′ points, and that inversion symmetry plays a major role in the gap closing

mechanism.

5.7 Chern numbers of the spin-wave bands

Finally, we want to discuss the topological properties of the spin-wave excitations. In

principle, one would expect that the nontrivial topological properties of the noninteracting

electronic bands of the Haldane-Hubbard model may yield a flat-band ferromagnetic phase

with topologically nontrivial spin-wave excitation bands. Indeed, topological magnons in
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Heisenberg ferromagnets [58, 59, 60, 61, 62, 63] and, in particular, magnets on a honey-

comb lattice [60, 61, 62, 63] have been studied. An important ingredient for such topo-

logical magnon insulators is the Dzyaloshinskii-Moriya interaction that may open energy

gaps in the magnon spectrum and yields magnon bands with nonzero Chern numbers.

For the correlated Chern insulator described by the Haldane-Hubbard model (3.1)

at the nearly flat-band limit (3.18), it was shown that the spin-wave excitation bands

have nonzero Chern numbers only when the dispersion of the noninteracting electronic

bands is explicitly taking into account (see Figs. 2(a1), (a2) and (d) from [29]). In this

work, we have calculate the Chern numbers of the spin-wave bands for configurations of

the Haldane-Hubbard model whose spin-wave spectrum displays an energy gap at the

K and K ′ points, i.e., for configurations whose on-site repulsion energies UA ̸= UB, see

Figs. 4.3(b) and (c). To do so, we expand the Hamiltonian (4.28) in terms of Pauli

matrices as done in Eq. (3.9), determine the corresponding Bi,q coefficients assuming that

ϵ01q = (ϵ10q )∗, (5.18)

and calculate the Chern numbers using Eq. (3.15) (see Appendix F for details). In agree-

ment with the exact diagonalization results [29], we find that the Chern numbers of the

spin-wave bands vanish for the flat band limit.

For the Z2 topological insulator, the Chern numbers were calculated using the same

procedure, i.e., by casting the effective bosonic Hamiltonian (5.14) into an expansion in

terms of Pauli matrices, and then numerically evaluating Eq. (3.15) to finding the Chern

number (see Appendix F for details). As stated above, such procedure involves making

the assumption (5.18), which holds true for the SL excitations, but does not for the

ML excitations. Nevertheless, numerically calculated Chern numbers for the lower and

upper spin-wave bands are given in Table 5.1. There, we can see that, for the SL type

of excitation, the numerically calculated values are close to one, for both homogeneous

(UA = UB = U) and imbalanced (UA ̸= UB) Hubbard interactions. Indeed, this could

indicates that the spin-wave bands (5.16) of the SL excitations (5.9), at the nearly flat

band limit, are topological in nature. A finite Chern number for the spin-wave bands

implies that, at appropriate filling, a thermal Hall effect might be observed in the system

[64]. For the ML excitations (5.4), the calculated number are neither close to 0 nor

1, therefore, leaving the value of the Chern number inconclusive. We believe that this

Table 5.1: Chern numbers of the lower and upper spin-wave bands (5.16) for both the ML (CML)
and the SL (CSL) excitations at the nearly flat band limit (3.18).

UA = UB = U UB = 0.8UA = 0.8U
CML ±0.29 ±0.18
CSL ±1.17 ±1.08
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uncertainty might be related to the fact that the approximation (5.18) had to be made,

leading to an imprecise Berry curvature (3.16), and therefore, affecting our numerical

calculations.
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Chapter 6
Summary and conclusion

To summarize, we investigated a flat-band ferromagnetic phase of a correlated Chern

and Z2 topological insulators on a honeycomb lattice, using a bosonization scheme proce-

dure that was used to describe a correlated Chern insulator and a correlated Z2 topologinal

insulator on a square lattice [24]. Here we considered a spinfull Haldane-Hubbard model to

describe both Chern and Z2 topological insulators. In the noninteracting limit, the model

presents two doubly spin-degenerated electronic bands and, by fine tuning the model pa-

rameters, we were able to show that the two lower bands become almost flat, which we

refer in the main text as the nearly flat band limit (3.18). At the nearly flat band limit

(3.18) and at half filling of the lower free-electronic bands (quarter filling of all bands),

the ground state of the system is spin polarized. We used this spin-polarized ground state

as a reference state to the bosonization scheme and then defined boson operators that

represent the low energy spin-wave excitations above such spin-polarized ground state.

To define the boson operators for both the Chern insulator and the Z2 topological insu-

lators, we used the same definition as done for the π-flux model on a square lattice [24].

Surprisingly, for the honeycomb lattice, another set of bosons were found for the Z2 topo-

logical insulator. The appearance of these two types of excitations [the ML excitations

(5.4) and the SL excitations (5.9)] is one of the major differences between the application

of the bosonization formalism for the Haldane-Hubbard model and for the π-flux model

on the square lattice [24]. Here in this thesis, the two types of excitations were treated

separately, but a more elaborate approach treating both set of bosons simultaneously

would be desired. Of course, the bosonization scheme would need adaptations to support

such treatment. As far as we know, our method is the first one to address the spin-wave

spectrum for a correlated Z2 topological insulator on a honeycomb lattice described by a

Haldane-Hubbard model [35].

Furthermore, another adaptations were need to properly apply the bosonization scheme

for the Haldane-Hubbard model on the honeycomb lattice. For example, the condiction

(4.29), that is fully satisfied for the π-flux model on a square lattice [24], is violated for
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some momenta on the honeycomb lattice [see Fig. C.1(b)]. This implies that the two sets

of bosons operators (4.11) and (5.3), respectively defined for the Chern and Z2 topologi-

cal insulators, are only approximately independent [see also Eq. (B.3)]. Nevertheless, we

assumed that the defined boson operators indeed obey the usual bosonic canonical com-

mutation relations [see Eq. (4.12)] and proceeded with the bosonization scheme, adding

electron-electron interactions via a Hubbard term, and then, mapping the projected inter-

acting fermionic Hamiltonian into an effective interacting bosonic one. At the harmonic

approximation [Eqs. (4.28) and (5.14)] of the effective bosonic Hamiltonian [Eqs. (4.27)

and (5.13)], the spin-wave spectrum was determined. At the nearly flat-band limit, the

calculated spin-wave spectrum for the Chern insulator (Fig. 4.3) yields results that quali-

tatively agreed with the ones calculated via the exactly diagonalization technique [29], i.e.,

the presence of Dirac points (for the homogeneous on-site repulsion energies UA = UB) and

a Goldstone mode, being the second feature a characteristic of a (flat-band) ferromagnetic

phase [see also Fig. 4.4].

Also, at the nearly flat band limit (3.18), we considered the effects of different Hub-

bard repulsion energies for two triangular sublattices. This breaks the lattice inversion

symmetry and, for the correlated Chern insulator, gaps out the Dirac cones of the spin-

wave spectrum, which also qualitatively agrees with literature results [29]. One difference

though, was that a finite decay rate was found in our spectrum, a feature not presented

in the exact diagonalization results [29] [compare Figs. 4.3 and 4.4]. For now, we are

not sure if this is an artifact of the bosonization scheme for the Haldane-Hubbard model

on a honeycomb lattice. One possibility is due to the fact that condition (4.29) is not

satisfied, some errors are introduced into the calculations. Nonetheless, this signals that,

although some considerations have to made for the bosonization scheme to be applied to

Haldane-Hubbard model on the honeycomb lattice, reasonable results can be extracted at

this level of approximation. We also probed the stability of the flat-band ferromagnetic

ground state by slightly modifying the model parameters, so that the noninteracting lower

c bands become more dispersive. In most of the modifications, the ferromagnetic ground

state seemed to be stable, becoming unstable only when a sublatice dependent on-site

energy (mass term) was added.

For the correlated Z2 topological insulator, we have calculated the spin-wave for both

the ML and SL excitations. In contrast with the correlated Chern insulator, we found

that the spin-wave spectrum does not have Dirac points. Moreover, all the excitations

are gapped, with no Goldstone mode present, a feature that reflects the symmetries pre-

served by the Z2 topological insulator (compare Figs. 4.3, 5.1, and 5.3). The flat-band

ferromagnetic ground state seemed to be stable even when the system was driven away

from the flat band limit. Therefore, the results for the Z2 topological insulator indicate

that the ferromagnetism should be stable in the vicinity of the nearly flat band limit

(3.18). The same conclusion can be made for the Chern insulator if the mass term (3.19)
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is not included.

Another result that should be pointed out is the topological properties of the spin-

wave spectrum. Reference [29] has showed that topological magnon bands could exist

in a Chern insulator described by the Haldane-Hubbard model when the dispersion of

the noninteracting bands is taken into account. They also showed that, for the flat-band

limit (3.18), the Chern numbers of the spin-wave bands vanish, and this is exactly what

we found within our calculations. We believe that the dispersion of the noninteracting

electronic bands is only partially taken into account within the bosonization scheme, and

some modifications should be need to account for this fact. Even though the mapping of

the free Hamiltonian to its bosonic version (4.20) yield nonzero values for the coefficients

(4.21), they were very small when compared to the contribution (4.25) coming from the

Hubbard interaction [see Figs. 4.2 and D.2]. A proper modification of the bosonization

scheme is needed in order to include the explicit contributions of the dispersion of the free-

electronic bands. In contrast with the results for the correlated Chern insulator, we found

indications that the spin-wave bands of the correlated Z2 topological insulator might be

topologically nontrivial even at the nearly flat-band limit. Although the results for the

Chern numbers of the spin-wave bands of the ML excitations were inconclusive, for the

SL excitations, we found that the spin-wave bands have Chern numbers CSL ≈ 1.

We believe that the bosonization scheme discussed in this thesis could be used to de-

scribe other lattice models and, in particular, can be used to treat correlated flat band

topological systems. As commented on Chapter 2, tight-binding models on the square,

kagome, and honeycomb lattices, different from the one presented here, can host topolog-

ical flat bands and, at an appropriate filling and sufficient strong U interaction, may host

a stable flat-band ferromagnetic ground state. It would also be interesting to see whether

the bosonization formalism [24], eventually combined with the approximations discussed

for the Chern insulator honeycomb lattice [34], can also be employed to study twisted

bilayer graphene near a magic angle [65, 66, 67, 68, 69, 70, 71, 72]. Here the resulting

moiré pattern induces an effective superlattice and a set of flat-minibands in the moiré

Brillouin zone. In addition to a superconducting phase [65, 66], evidences for a ferromag-

netic phase at 3/4-filling of the conduction miniband are also found [67]. In principle, a

possible flat-band ferromagnetic phase of the effective lattice model introduced in Ref. [71]

for twisted bilayer graphene could be studied within the bosonization scheme.

To conclude, this work showed that the study of topological models with different

band fillings could lead to more distinct topological phases. Although it is difficult to

create materials with fine tuned parameters to further investigate these phases, cold atom

systems on optical lattices could be a good approach to test these results.
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Appendix A
Spin symmetry of the noninteracting

topological model

The presence of the Goldstone mode in the spin-wave spectrum for the Chern insulator

[see Fig.4.3] is directly related to the fact the spin polarized ground state breaks a con-

tinuous spin symmetry present in the Hamiltonian. Here, we apply the same steps used

by Doretto and Goerbig [24] to calculate the spin symmetry of the model Hamiltonians

(3.1) and (3.23) that describe the Chern and the Z2 topological insulators, respectively.

First, we note that both Hamiltonians (3.1) and (3.23) can be written as

H0 =
∑
kσ

∑
a,b

Eσ
ab(k)c

†
kaσckbσ. (A.1)

By comparing Eq.(A.1) with Eqs.(3.5)-(3.7) for the Chern insulator (broken time-reversal

symmetry), we see that the relation h↑
k = h↓

k implies that the coefficients in (A.1) obey

the following relations

E↑
aa(k) = E↓

aa(k) and E↑
ab(k) = E↓

ab(k), (A.2)

that will be useful in the calculation of the commutator [H0,S]. When time-reversal

symmetry is preserved, i.e., for the Z2 topological insulator, the relation h↑
k = (h↓

−k)
∗

implies that

E↑
aa(k) = E↓

aa(k) and E↑
ab(k) ̸= E↓

ab(k). (A.3)

The usual total spin operator can be written in terms of the Abrikosov fermions (5.5)

(with a = b) as

S =
∑
i,a

Sj
i,a êj =

1

2

∑
k,a

∑
σσ′

c†kaσ σ̂σ,σ′ ckaσ′ , (A.4)

where Sj
i,a is the j-th component of the spin operator in the site i of the sublattice a, êj is

the unitary Cartesian direction and σ̂ is the Pauli matrices vector. With the aid of (A.1)
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and (A.4), it is easy to show that

[H0, S
z] = 0, (A.5)

and

[H0, S
+] =

∑
k

∑
a

[Eaa
↑ (k)− Eaa

↓ (k)] c†ka↑cka↓ + [EAB
↑ (k)− EAB

↓ (k)] c†kA↑ckB↓

+ [EBA
↑ (k)− EBA

↓ (k)] c†kB↑ckA↓. (A.6)

Substituting Eq.(A.2) in (A.6), one notices that the Hamiltonian that describes the Chern

insulator [Eq.(3.1)] commutes with all components of the total spin operator. Physically,

this means that the Hamiltonian (3.1) is invariant with respect to the direction that the

spins are pointing, i.e., it possesses SU(2) rotation symmetry. Again, as the ground state

is spin polarized, the SU(2) symmetry is then reduced and a Goldstone mode (zero energy

mode) is expected to occurs at the spin wave spectrum (see Fig.4.3).

In contrast, (A.2), (A.5), and (A.6) imply that the Z2 topological insulator Hamilto-

nian (3.23) does not commute with the Sx and Sy components of spin. Therefore, the

Hamiltonian is only symmetric with respect to the Sz component, i.e., possesses an U(1)

rotation symmetry. This is the same symmetry of the spin polarized ground state (3.31),

and therefore, the spin-wave excitations are expected to be gapped (see Fig.5.1 and 5.3).
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Appendix B
Details about the bosonization scheme

In this Appendix, we provide some details about the definition of the boson operators

(4.11) and discuss the differences between the application of the bosonization formalism

for the Haldane model and the square lattice π-flux model [24]. Indeed, the application

of the bosonization scheme [24] for the Haldane model on a honeycomb lattice requires

further approximations as compare to the case of the square lattice π-flux model. We

concentrate on the bozonization scheme for the Chern insulator. This Appendix is based

on Ref. [24]

B.1 About the condition (4.29)

As mentioned in Sec. 4.2, the boson operators (4.11) are defined in terms of projected

spin operators in momentum space:

bα,q ∝ S̄+
−q,α and b†α,q ∝ S̄−

q,α.

In terms of the fermion operators c†kσ and ckσ (associated with the lower noninteracting

band c), the commutator between the projected spin operators S̄+
−q,α and S̄−

q,α reads

[S̄+
q,α, S̄

−
q′,β] =

∑
p

[
gα(p− q′,q)gβ(p,q

′)c†p−q−q′ ↑cp ↑

− gα(p,q)gβ(p− q,q′)c†p−q−q′ ↓cp ↓

]
, (B.1)

with the gα(p,q) function giving by Eq. (4.16). One sees that Eq. (B.1) is different from

the canonical commutation relation (4.12) for boson operators. However, as long as we are

close to the ferromagnetic state (3.31), i.e., the number of particle-hole pair excitations is
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small, one can assume that

c†p−q ↑cp ↑ ≈ ⟨FM|c†p−q ↑cp ↑|FM⟩ = δq,0,

c†p−q ↓cp ↓ ≈ ⟨FM|c†p−q ↓cp ↓|FM⟩ = 0, (B.2)

and therefore, the commutator (B.1) now reads

[S̄+
q,α, S̄

−
q′,β] ≈ δq,−q′F 2

αβ,q, (B.3)

where the Fαβ,q function is defined by Eq. (4.15). The commutator (B.3) indicates that

the particle-hole pair excitations (4.10) can be treated approximated as bosons. The

bosonization formalism for flat-band Chern insulators [24] is indeed based on the assump-

tion (B.2).

For the square lattice π-flux model [24], it was found that the condition (4.29) holds,

and therefore, Eq. (B.3) allows us to define two sets of independent boson operators b0

and b1 as done in Eq. (4.11). On the other hand, for the Haldane model on the honeycomb

lattice, the condition (4.29) is not fulfilled for all momenta, as exemplified in Figs. C.1(a)

and (b) for the Chern insulator at the nearly-flat band limit (3.18). Since F 2
αα,q are real

quantities, the imaginary parts of F 2
01,q and F 2

10,q are finite only in the vicinity of the

M1 and M2 points, and |F 2
01,q|, |F 2

10,q| < |F 2
αα,q|, we assume that, for the Haldane model,

bosons operators b0 and b1 can still be defined by Eq. (4.11) and that they constitute two

sets of independent boson operators.

A second important distinction between the Haldane and square lattice π-flux models

is associated with the determination of the bosonic representation of operators written in

terms of the fermion operators cqσ, such as the projected electron density operator ρ̄aσ(k)

[Eq. (4.17)]. As discussed in Sec. III.B from Ref. [24], such a procedure is based on the

fact that one can define the product of fermion operators c†p−q ↓cp ↑ in terms of the boson

operators bα, i.e.,

c†p−q ↓cp ↑ ≡
∑
β

hβ(p,q)b
†
β,q. (B.4)

For the square lattice π-flux model, where the condition (4.29) holds, it is easy to see that

the hβ(p,q) function is given by

hβ(p,q) =
1

Fββ,q

g∗β(p,q), (B.5)
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since the substitution of Eqs. (B.4) and (B.5) into (4.11) yields

b†α,q =
1

Fαα,q

∑
β

[∑
p

hβ(p,q)gα(p,q)

]
b†β,q

=
1

Fαα,q

∑
β

δα,βF
2
αβ,q

Fββ,q

b†β,q = b†α,q, (B.6)

see also Eq. (4.15). For the Haldane model on the honeycomb lattice, the choice (B.5) for

the hβ(p,q) function seems to be not appropriated, since the condition (4.29) is no longer

valid. Due to the involved expansion of the gα(p,q) function in terms of the coefficients

(3.10) (not shown here), it is difficult to determine an hβ(p,q) function such that the

identity (B.6) is satisfied. Therefore, based on the same assumptions considered in the

definition of the boson operators bα and discussed in the previous paragraph, we also

assume that Eq. (B.5) [and consequently Eq. (4.17)] holds for the Haldane model.

As discussed in Sec. 4.2.2, one important consequence of the fact that the condition

(4.29) is not fulfilled for the Haldane model is that the coefficients ω̄01
q and ω̄10

q [Eq. (4.21)]

are finite and the coefficients (4.25) obey the relation ϵ01q = −ϵ10q , yielding a non-Hermitian

quadratic boson Hamiltonian (4.23). It is indeed easy to understand the relation between

these results once we compare the integrand of Eq. (4.15) with the ones of Eqs. (4.21),

(B.24), and (B.23): Notice that all of them depend on the product gα(x, y)g
∗
β(x

′, y′); for

α ̸= β, additional terms might be included in the Gαβaσ(k,q) function, yielding ϵ
01
q = −ϵ10q .

In principle, the condition ϵ01q = (ϵ10q )∗ could be restore, once an appropriated choice for

the hβ(p,q) function were done such that the identity (B.6) is now verified.

B.2 The bosonic representation of the fermionic operators

Here we will comment on how fermionic operators can be mapped into bosonic opera-

tors using the bosonization scheme [24, 25]. The first thing that should be noticed is that

the ferromagnetic ground state (3.31) is the vacuum of the bosonic operators as stated

in Eqs (4.13) and (5.8). It follows that the many body Hilbert space is generated by the

application of the bosonic creation operator over the reference state, that is

|{nα,q}⟩ =
∏

q∈{nα,q}

(b†α,q)
nα,q√

nα,q!
|0⟩ =

∏
q

(b†α,q)
nα,q√

nα,q!
|FM⟩, (B.7)
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where |{nα,q}⟩ is the many body state. Now, we can obtain the bosonic representation of

any operator O = O(c†kσ, ckσ) by looking at its action on the many body state, i.e.,

O|{nα,q}⟩ = O
∏
q

(b†α,q)
nα,q√

nα,q!
|FM⟩

=

[
O,
∏
q

(b†α,q)
nα,q√

nα,q!

]
|FM⟩+

∏
q

(b†α,q)
nα,q√

nα,q!
O|FM⟩. (B.8)

Therefore, the mapping from the fermionic to the bosonic representations reduces to

the calculation of the action of the operator O upon the ferromagnetic state and its

commutator with (b†α,q)
nα,q .

To exemplify the use of (B.8), we will calculate the bosonic representation of some

operators used for the Chern insulator in Sec. 4.2. First, we begin the calculation of

the bosonic representation of the projected noninteracting Hamiltonian (4.19). Its action

upon the ferromagnetic state is

H̄0|FM⟩ =
∑
qσ

ωc,qc
†
qσcqσ|FM⟩ =

∑
q

ωc,q |FM⟩ = E0|FM⟩, (B.9)

where E0 is a constant value that can be calculated from
∑

q ωc,q → N
(2π)2

∫
BZ

ωc,qd
2q and

is found to be E0 = (−1.69t1)N for the nearly flat-band limit. For the commutator, we

need a little bit more algebra, but we can start from the commutator [H̄0, b
†
α,q], which can

be easily calculated using all operators in fermionic representation [see (4.11)], i.e.,

[H̄0, b
†
α,q] =

∑
p

(ωc,p−q − ωc,p)
gα(p,q)

Fαα,q

cp−q↓cp↑ (B.10)

=
∑
β

∑
p

(ωc,p−q − ωc,p)
gα(p,q)

Fαα,qFββ,q

gβ(p− q,−q) b†β,q, (B.11)

where in the last term we have identified that everything could be rewritten back in terms

of the bosonic operators using Eq. (4.11). Now, looking at the structure of (B.11), we can

infer that the bosonic version of H̄0 should be composed of two bosonic operators. For

instance, compare (B.11) to the following comutator

[b†β,qbα,q, b
†
λ,p′ ] = b†β,qδq,p′δα,λ. (B.12)

Therefore, we find that

H̄0 =
∑
pqαβ

(ωc,p−q − ωc,p)
gα(p,q)

Fαα,qFββ,q

gβ(p− q,−q) b†β,qbα,q + const. (B.13)
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To conclude, the general commutator (B.8) reads

[H̄0,(b
†
α,q)

nα,q ] =
∑
pqαβ

(ωc,p−q − ωc,p)
gα(p,q)

Fαα,qFββ,q

gβ(p− q,−q) [b†β,qbα,q, (b
†
α,q)

nα,q ]

=
∑
pqαβ

(ωc,p−q − ωc,p)
gα(p,q)

Fαα,qFββ,q

gβ(p− q,−q)
{
b†β,qbα,q (b

†
α,q)

nα,q − b†β,q(b
†
α,q)

nα,qbα,q

}
.

(B.14)

Thus, using (B.9) and (B.14), we compose

H̄0|{nα,q}⟩ =

(∑
pqαβ

(ωc,p−q − ωc,p)
gα(p,q)

Fαα,qFββ,q

gβ(p− q,−q)b†β,qbα,q + E0

)

×
∏
q

(b†α,q)
nα,q√

nα,q!
|FM⟩, (B.15)

which enables us to read the bosonic representation of H̄0 as the term in parenthesis. For

convenience, we can write it in a compact form,

H̄0 = E0 +
∑
qαβ

ω̄αβ,q b
†
β,qbα,q, (B.16)

where

ω̄αβ,q =
1

Fαα,qFββ,q

∑
p

(ωc,p−q − ωc,p)gα(p,q)gβ(p− q,−q). (B.17)

The same procedure is also used to find the bosonic representation of the projected

Hubbard term H̄U (4.9) (Chern insulator). Here we will give just the main steps, starting

from the projected density operator (4.7)

[ρ̄a↑(k), b
†
α,q] = − 1

Fαα,q

∑
p

Ga(p,k)gα(p− k,q)c†p−q−k↓cp↑. (B.18)

Differently from Eq. (B.11), there is no direct expression to translate the result (B.18) to

a bosonic form. Nevertheless, we can use the approximations discussed in Sec. B.1, i.e.,

the definitions (B.4) and (B.5). Therefore, the commutator (B.18) becomes

[ρ̄a↑(k), b
†
α,q] = − 1

Fαα,q

∑
p

Ga(p,k)gα(p−k,q)

(∑
β

1

Fββ,q+k

gβ(p− q− k,−q− k)b†β,q+k

)
,

(B.19)

where, again, due to the structure of (B.19), we can infer the form of the bosonic repre-

sentation of the projected electron density operator,

ρ̄a↑(k) = −
∑
pqαβ

Ga(p,k)

Fαα,qFββ,q+k
gα(p− k,q)gβ(p− q− k,−q− k)b†β,q+kbα,q + const. (B.20)
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The commutator needed in (B.8) can be straightforwardly calculated in the same way it

was done in (B.14), and the constant in (B.20) is just the action of the operator ρ̄a↑(k) in

the ferromagnetic ground state, that is,

ρ̄a↑(k)|FM⟩ =
∑
p

Ga(p,k)c
†
p−k↑cp↑|FM⟩ =

∑
p

Ga(p,k)δσ,↑δq,0|FM⟩

=
N

2
δσ,↑δq,0|FM⟩, (B.21)

where the sum can be easily determined with the aid of Eqs. (4.8) and (3.12). Gathering

all together, furnishes the final expression

ρ̄a↑(k) =
N

2
δσ,↑δk,0 +

∑
qαβ

Gαβaσ(k,q) b
†
β,k+qbα,q, (B.22)

where Gαβaσ(k,q) function used in the Chern insulator calculations is given by

Gαβa↑(k,q) =
−1

Fαα,qFββ,q+k

∑
p

Ga(p,k)gα(p− k,q)gβ(p− q− k,−q− k), (B.23)

Gαβa↓(k,q) =
1

Fαα,qFββ,q+k

∑
p

Ga(p− q,k)gα(p,q)gβ(p− q− k,−q− k). (B.24)
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Appendix C
Details of the bosonization scheme: Chern

insulator

C.1 Function definitions : Fαβ,q and Gαβaσ(k,q)

In this Appendix, which is based on the Appendix A from Ref. [34], we quote the

expansions of the Fαβ,q and Gαβaσ(k,q) functions in terms of the coefficients (3.10). As

discussed in Appendix B, the Fαβ,q function originates from the commutator (B.3) between

the operators S̄+
q,α and S̄−

q,β, while Gαβaσ(k,q) comes from the determination of the bosonic

representation of the projected density operator ρ̄aσ(k), see Eq.(B.22). For the Chern

insulator, both functions are fundamental for the calculation of the spin-wave spectrum

through the effective bosonic Hamiltonian (4.27) [see also Eqs. (4.23) and (4.25)].

The Fαβ,q function (4.15) is defined in terms of the appropriated gα(p,q) function

(4.16), which is written in terms of the coefficients uk and vk of the canonical trans-

formation (3.11). Therefore, substituting (4.16) in (4.15) and using (3.11), one shows

that

F 2
αβ,q =

1

4

∑
p

[
1 + (−1)α+β

] (
1 + B̂3,pB̂3,p−q

)
−
[
1− (−1)α+β

] (
B̂3,p + B̂3,p−p

)
+
[
(−1)α + (−1)β

] (
B̂1,pB̂1,p−q + B̂2,pB̂2,p−q

)
+i
[
(−1)α − (−1)β

] (
B̂1,pB̂2,p−q − B̂2,pB̂1,p−q

)
, (C.1)

with α, β = 0, 1 and B̂i,k = Bi,k/|Bk|. Figure C.1 shows the function (C.1) along paths

in first Brillouin zone for the nearly flat band limit. In Fig. C.1(a), we can see that F 2
αβ,q

is purely real for α = β while it has some finite imaginary contributions for α ̸= β, as

shown in Fig. C.1(b). Figure C.1(c) shows how the real part of F 2
01,q is affected when a

mass term (3.19) is nonzero.
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(a) (b)

(c)

Figure C.1: The real (solid line) and imaginary (dashed line) parts of the F 2
αβ,q function

[Eq. (4.15)] for the Haldane-Hubbard model (4.1) in the nearly-flat band limit (3.18): (a) F 2
00,q

and F 2
11,q (b) F 2

01,q and F 2
10,q for staggered on-site energy M = 0; (c) F 2

01,q for staggered on-site
energy M = 0.2 t1.

The Gαβaσ(k,q) function, which determines the bosonic expression (4.17) of the pro-

jected density operator ρ̄aσ(k), have different representations for spin-↑ and spin-↓ as

defined in Eqs. (B.23) and (B.24), respectively. Using the uk and vk coefficients of the

canonical transformation (3.11) and the relations (3.12) into Eqs. (B.23) and (B.24), it is

possible to express the Gαβaσ(k,q) function entirely in terms of the B̂i,k = Bi,k/|Bk|, i.e.,

Gαβaσ(k,q) = −γσ
1

8

[
δa,A + δa,B(−1)α+β

] 1

Fαα,qFββ,k+q

×
∑
p

[
1 + B̂3(1)B̂3(2) + B̂3(1)B̂3(3) + B̂3(2)B̂3(3)

− (−1)a
(
B̂3(1) + B̂3(2) + B̂3(3) + B̂3(1)B̂3(2)B̂3(3)

) ]
+ ζ1(σ)

[
B̂1(2)B̂1(3) + B̂2(2)B̂2(3) + i(−1)a

(
B̂2(2)B̂1(3)− B̂1(2)B̂2(3)

)] [
1 + γσ(−1)aB̂3(1)

]
+ ζ2(σ)

[
B̂1(1)B̂1(3) + B̂2(1)B̂2(3) + i(−1)a

(
B̂2(1)B̂1(3)− B̂1(1)B̂2(3)

)] [
1− γσ(−1)aB̂3(2)

]
+ ζ3(σ)

[
B̂1(1)B̂1(2) + B̂2(1)B̂2(2) + iγσ(−1)a

(
B̂1(1)B̂2(2)− B̂2(1)B̂1(2)

)] [
1− (−1)aB̂3(3)

]
,

(C.2)
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where the coefficient γ↑ = −γ↓ = 1, the coefficients ζi(σ) read

ζ1(↑) = (−1)α+β, ζ2(↑) = (−1)β, ζ3(↑) = (−1)α,

ζ1(↓) = (−1)α, ζ2(↓) = (−1)α+β, ζ3(↓) = (−1)β, (C.3)

and the B̂i(j) functions, with i, j = 1, 2, 3, are given by

B̂i(1) = B̂i,p−k−q, B̂i(2) = B̂i,p−k, B̂i(3) = B̂i,p, (C.4)

for σ = ↑, and

B̂i(1) = B̂i,p, B̂i(2) = B̂i,p+k+q, B̂i(3) = B̂i,p+k, (C.5)

for σ = ↓.
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Appendix D
Details of the bosonization scheme: Z2

topological insulator

Here we present the extended form of the functions F 2
αβ,q and Gαβa↑(k,q) in terms of

the coefficients Bi,k defined in Eq. (3.25). This Appendix is based on the Appendices A

and B from Ref. [35].

D.1 Function definitions for the ML excitations

First, we recall the expression (5.7) of the gα(p,q) function, that follows from the

definition of the boson operators (5.3) of the ML excitations (5.4), that is,

gα(k,q) = −ukv−k+q − (−1)αu−k+qvk.

By the use of Eq. (5.7) with the aid of the coefficients uk and vk of the canonical transfor-

mation (3.26) and the relations (3.27), it is possible to express the function F 2
αβ,q [Eq. (5.6)]

in terms of the model coefficients (3.25) for spin σ =↑, i.e.,

F 2
αβ,q =

1

4

∑
p

[
(−1)α + (−1)β

] (
1− B̂3,pB̂3,−p+q

)
−
[
(−1)α − (−1)β

] (
B̂3,p − B̂3,−p+p

)
+
[
1 + (−1)α+β

] (
B̂1,pB̂1,−p+q + B̂2,pB̂2,−p+q

)
−i
[
1− (−1)α+β

] (
B̂1,pB̂2,−p+q − B̂2,pB̂1,−p+q

)
, (D.1)

where B̂i,k = Bi,k/|Bk|. A plot of the function (D.1) for the nearly flat band limit (3.18)

can be seen in Fig. D.1, where we can see that it is purely real when α = β while a small

purely imaginary contribution appears for α ̸= β. The imaginary contribution shows us

that, analogously to the description of the correlated Chern insulator on the honeycomb
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-

-

-

-

Figure D.1: The real (solid line) and imaginary (dashed line) parts of the F 2
αβ,q function

[Eq. (5.6), ML excitations] for the Haldane model (3.1) in the nearly-flat band limit (3.18)
along paths in the first Brillouin zone: (a) F 2

00,q and F 2
11,q and (b) F 2

01,q and F 2
10,q.

lattice (see discussion in Appendix C), the condition (4.29) is not completely fulfilled for

the ML excitations of the correlated Z2 topological insulator.

Finally, the Gαβa↑(k,q) function is an essential quantity used in the calculation of

spin-wave spectrum (5.16), more specifically, it appear in Eq. (4.25), and has the following

expression [the analogous of Eq. (B.23) and (B.24) for the Chern insulator]

Gαβa↑(k,q) = −
∑
p

Ga ↑(p,k)

Fαα,qFββ,k+q

gα(p− k,q)g∗β(−p+ k+ q,k+ q),

(D.2)

Gαβa↓(k,q) = +
∑
p

Ga ↓(p− q,k)

Fαα,qFββ,k+q

gα(p,q)g
∗
β(−p+ k+ q,k+ q),

where the Ga σ(p,q) function is given by Eq. (5.2). Again, with the aid of Eq. (3.27),
which provides the expressions of the coefficients uk and vk of the canonical transformation
(3.26) in terms of the coefficients (3.25) for σ =↑, one finds that

Gαβaσ(k,q) = −γσ
1

8

[
δa,A + δa,B(−1)α+β

] 1

Fαα,qFββ,k+q

×
∑
p

ζ1(σ)
[
1 + γσ(−1)aB̂3(1)

] [
1− γσ(−1)aB̂3(2)

] [
1− (−1)aB̂3(3)

]
+ ζ2(σ)

[
B̂1(2)B̂1(3) + B̂2(2)B̂2(3) + i(−1)a

(
B̂1(2)B̂2(3)− B̂2(2)B̂1(3)

)] [
1− (−1)aB̂3(1)

]
+ ζ3(σ)

[
B̂1(1)B̂1(3) + B̂2(1)B̂2(3) + i(−1)a

(
B̂1(1)B̂2(3)− B̂2(1)B̂1(3)

)] [
1− (−1)aB̂3(2)

]
+ ζ4(σ)

[
B̂1(1)B̂1(2) + B̂2(1)B̂2(2) + iγσ(−1)a

(
B̂2(1)B̂1(2)− B̂1(1)B̂2(2)

)] [
1− (−1)aB̂3(3)

]
,

(D.3)

where the coefficient γ↑ = −γ↓ = 1, the coefficients ζi(σ) read

ζ1(↑) = (−1)α, ζ2(↑) = (−1)β, ζ3(↑) = 1, ζ4(↑) = (−1)α+β,

ζ1(↓) = (−1)β, ζ2(↓) = (−1)α+β, ζ3(↓) = (−1)α, ζ4(↓) = 1, (D.4)
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and the B̂i(j) functions, with i, j = 1, 2, 3, are given by

B̂i(1) = B̂i,−p+k+q, B̂i(2) = B̂i,p, B̂i(3) = B̂i,p−k, (D.5)

for σ = ↑, and

B̂i(1) = B̂i,−p+k+q, B̂i(2) = B̂i,p, B̂i(3) = B̂i,−p+q, (D.6)

for σ = ↓. There is a useful property satisfied by Eq. (D.3), namely,

G∗
αβa↑(k,q) = Gβαa↑(−k,k+ q), (D.7)

which is necessary for the calculation of the coefficients (4.25).

Lastly, we want to explicitly show the values of the coefficients ω̄αβ
q [Eq. (4.21)] and

ϵαβq [Eq. (4.25)]. The kinetic coefficients ω̄αβ
q are plotted in Fig. D.2(a) and (b), where we

can see a finite but small contribution in units of t1. Figure D.2(c) shows the off-diagonal

elements of ϵαβq , showing the non-Hermitian behavior of the effective bosonic Hamiltonian

(5.14).

(a) (b)

Figure D.2: The real (solid magenta line) and imaginary (dashed green line) parts of the kinetic
coefficients (a) ω̄00

q and (b) ω̄11
q [Eq. (4.21), ML excitations] along paths in the first Brillouin

zone for the Haldane model (3.1) in the nearly-flat band limit (3.18). (c) The real (solid line)
and imaginary (dashed line) parts of the coefficients ϵ01q and ϵ10q [Eq. (4.25), ML excitations] for
the topological Hubbard model in the nearly-flat band limit (3.18) and on-site repulsion energies
UA = UB = U .
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D.2 Function definitions for the SL excitations

We start recalling that the gα(p,q) function, defined in Eq. (5.7) for the ML excitations

(5.4), is now given by Eq. (5.10) for the SL excitations (5.9). Although F 2
αβ,q is given by

Eq. (5.6) for both ML and SL excitations, its representation in terms of the Bi,k coefficients

(3.25) for the SL excitation is given by

F 2
αβ,q =

1

4

∑
p

[
1 + (−1)α+β

] (
1 + B̂3,pB̂3,−p+q

)
−
[
1− (−1)α+β

] (
B̂3,p + B̂3,−p+p

)
+
[
(−1)α + (−1)β

] (
B̂1,pB̂1,−p+q − B̂2,pB̂2,−p+q

)
−i
[
(−1)α − (−1)β

] (
B̂1,pB̂2,−p+q + B̂2,pB̂1,−p+q

)
. (D.8)

The corresponding plots for the function (D.8) at the nearly flat band limit can be seen in

Figs. D.3(a) and (b), which shows that Eq. (D.8) is purely real for α = β and has a small

imaginary contribution for α ̸= β, again, violating condition (4.29). In Fig. D.3(c), we

show the real (solid lines) and imaginary (dashed lines) parts of the coeffients ϵαβq , where

we can see that, exclusively for the SL excitations, ϵ01q is the complex conjugate of ϵ10q .

(a) (b)

Figure D.3: SL excitations (5.9). The real (solid line) and imaginary (dashed line) parts of
the F 2

αβ,q function [Eq. (D.8) for the Haldane model (3.1) in the nearly-flat band limit (3.18)

along paths in the first Brillouin zone: (a) F 2
00,q and F 2

11,q and (b) F 2
01,q and F 2

10,q. (c) The real

(solid line) and imaginary (dashed line) parts of the coefficients ϵ01q and ϵ10q [Eq. (4.25)] for the
topological Hubbard model in the nearly-flat band limit (3.18) and on-site repulsion energies
UA = UB = U .
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Finally, the function Gαβaσ(k,q), which is given by the expression (D.2) for both SL
and ML excitations, has the following representation in terms of the Bi,k coefficients (3.25)
for the SL excitation

Gαβaσ(k,q) = −γσ
1

8

[
δa,A + δa,B(−1)α+β

] 1

Fαα,qFββ,k+q

×
∑
p

[
1− (−1)aB̂3(1)

] [
1− (−1)aB̂3(2)

] [
1− (−1)aB̂3(3)

]
+ ζ1(σ)

[
B̂1(2)B̂1(3) + γσB̂2(2)B̂2(3) + i(−1)a

(
B̂1(2)B̂2(3)− γσB̂2(2)B̂1(3)

)] [
1 + γσ(−1)aB̂3(1)

]
+ ζ2(σ)

[
B̂1(1)B̂1(3)− γσB̂2(1)B̂2(3) + i(−1)a

(
B̂1(1)B̂2(3) + γσB̂2(1)B̂1(3)

)] [
1− γσ(−1)aB̂3(2)

]
+ ζ3(σ)

[
B̂1(1)B̂1(2)− B̂2(1)B̂2(2)− i(−1)a

(
B̂1(1)B̂2(2) + B̂2(1)B̂1(2)

)] [
1− (−1)aB̂3(3)

]
,

(D.9)

where the coefficient γ↑ = −γ↓ = 1, the coefficients ζi(σ) are now given by

ζ1(↑) = (−1)α+β, ζ2(↑) = (−1)α, ζ3(↑) = (−1)β,

ζ1(↓) = (−1)α, ζ2(↓) = (−1)α+β, ζ3(↓) = (−1)β, (D.10)

and the B̂i(j) functions, with i, j = 1, 2, 3, are defined as

B̂i(1) = B̂i,−p+k+q, B̂i(2) = B̂i,p, B̂i(3) = B̂i,p−k, (D.11)

for σ = ↑, and

B̂i(1) = B̂i,−p+k+q, B̂i(2) = B̂i,p, B̂i(3) = B̂i,−p+q, (D.12)

for σ = ↓. The property (D.7) is also satisfied by Eq. (D.9).
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Appendix E
Square lattice π-flux model

In this Appendix, we present additional results derived within the bosonization formal-

ism for Chern insulators for the flat-band ferromagnetic phase of the topological Hubbard

model on a square lattice, whose noninteracting limit is given by the π-flux model, pre-

viously studied in Ref. [24]. We follow the lines of Secs. 4.2.2 and 4.2.3 and find that

the spin-wave spectra of both square lattice π-flux and Haldane models display the same

features. This Appendix is based on Appendix C from Ref. [34].

Figure E.1(a) shows the spin-wave spectrum (4.34) for the nearly flat-band limit of the

square lattice π-flux model (which corresponds to the configuration with the next-nearest-

neighbor hopping amplitude t2 = t1/
√
2) and on-site repulsion energies UB = 0.8UA =

0.8U and UB = 0.6UA = 0.6U . A comparison with the spin-wave spectrum obtained for

the homogeneous case UB = UA = U (see Fig. 4 from Ref. [24] and Fig. E.1(b)) indicates

that the energies of the excitations decrease with ∆U and an energy gap opens at the

border of the first Brillouin zone (the X-M line). Such features where also found for the

Haldane-Hubbard model, see Fig. 4.3. Importantly, for the square lattice π-flux model,

the decay rates of the spin-wave excitations vanish.

The effects of a decreasing of the flatness ratio of the noninteracting bands due to the

variation of the next-nearest-neighbor hopping amplitude t2 (see Fig. 3 from Ref. [24] for

details) are shown in Fig. E.1(b). Apart from a renormalization of the excitation energies,

the spin-wave spectrum (4.34) displays the same features of the nearly flat band limit,

similar to the behavior found for the Haldane-Hubbard model, see Fig. 4.5.

Finally, the effects of a finite staggered on-site energy M are presented in Fig. E.1(c).

Since the kinetic contribution ω̄α,α
q is quite small, it is not considered. In addition to

open an energy gap at the first Brillouin zone border, a finite M also decreases the lower

branch energies in the vicinity of the Γ point, which indicates an instability of the flat-band

ferromagnetic phase, see also Fig. 4.6(a).

As discussed in Sec. 6, the instability of the flat-band ferromagnetic phase in the

presence of a finite staggered on-site energy M might be an artifact of the bosonization
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(a) (b)

(c)

Figure E.1: Spin-wave excitation spectra (4.34) for the flat-band ferromagnetic phase of the
square lattice π-flux model (see Ref. [24] for details): (a) Next-nearest-neighbor hopping
amplitudes t2 = 1/

√
2 and on-site repulsion energy UB = 0.8UA = 0.8U (magenta) and

UB = 0.6UA = 0.6U (green); (b) UA = UB = U and t2 = 1/
√
2 (magenta), 0.4 (green), and

0.3 t1 (blue); (c) t2 = 1/
√
2, UA = UB = U , and staggered on-site energy M = 0.1 (magenta)

and 0.2 t1 (green).

formalism related to the kinetic contribution (4.21). Although it is not clear yet how to

properly include in the effective boson model (4.27) the explicitly effects of the dispersion

of the noninteracting bands, we check weather a modification of the boson operators (4.11)

definition could restore the Goldstone mode. In the following, we briefly summarize such

a possible procedure and apply it for the square lattice π-flux model.

The definition of the boson operators (4.11) is based on the linear combination (4.14)

of the projected spin operators S̄q,A/B. Since a finiteM introduces an offset in the energies

of the sites associated with the sublattices A and B, instead of Eq. (4.14), one should

consider the generalized form

S̄±
q,0 =

√
2

2

(
cos(η)S̄±

q,A + sin(η)S̄±
q,B

)
,

(E.1)

S̄±
q,1 =

√
2

2

(
sin(η)S̄±

q,A − cos(η)S̄±
q,B

)
,

where the linear combination (4.14) can be obtained by choosing the parameter η = π/4.

In this case, the expansion of the F 2
αβ,q function (4.15) in terms of the coefficients (3.10)
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Figure E.2: (a) The energy of the Goldstone mode for the square lattice π-flux model with
one-site staggered energy M = 0.2 t1 in terms of ∆η = η − π/4 determined with the dispersion
relations (4.34) (solid green line) and (4.35) (solid magenta line). (b) Dispersion relation (4.35)
for ∆η = 0 (dashed blue line) and ∆η = 0.258 (solid magenta line).

now reads

F 2
αα,q =

1

4

∑
k

[1 + B̂3kB̂3k−q]− (−1)α
cos(2η)

4
[B̂3k

+ B̂3k−q] + (−1)α
sin(2η)

4
[B̂1kB̂1k−q + B̂2kB̂2k−q], (E.2)

F 2
αβ,q =

∑
k

−sin(2η)

4
[B̂3k + B̂3k−q]−

cos(2η)

4
[B̂1kB̂1k−q + B̂2kB̂2k−q]

− (−1)α
i

4
[B̂2kB̂1k−q − B̂1kB̂2k−q], (E.3)

with α ̸= β, and the gα(p,q) function (4.16) is now given by

gα(p,q) = GA(p,q)[cos(η)(1− α) + α sin(η)]

+GB(p,q)[sin(η)(1− α)− α cos(η)], (E.4)

with the Ga(p,q) function defined by Eq. (4.8). Eqs. (E.2) and (E.4) imply that the

expansion (B.23) and (B.24) of the Gαβaσ(k,q) function in terms of the coefficients (3.10)

is also modified. Importantly, the modified F 2
αβ,q function (E.2) with η ̸= π/4 implies that

the condition (4.29) is no longer valid for the square lattice π-flux model. Figure E.2(a)

shows the energy of the Goldstone mode in terms of ∆η = η− π/4 determined with both

dispersion relations (4.34) and (4.35) for on-site staggered energy M = 0.2 t1. One notices

that it is possible to find a parameter η such that the Goldstone mode is restored only if

the coefficients ϵ01q and ϵ10q [Eq. (4.25)] are neglected. The spin-wave spectrum (4.35) for

optimal ∆η = 0.258 is display in Fig. E.2(b).
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Appendix F
Chern number of the magnon bands

Here, we briefly describe how we calculated the Chern numbers for the spin-wave

bands. This Appendix is based on the Appendix C from Ref. [35].

The procedure consists in casting the effective bosonic Hamiltonian, either Eq. (4.28)

or Eq. (5.14), into the Pauli Matrix representation (see Sec.3.1.1), that is,

H̄
(2)
U,B =

∑
q

Φ†
qh̃qΦq, (F.1)

where the two-component spinor Φk is defined as

Φq = (b0,q b1,q)
T (F.2)

and the 2× 2 matrix h̃q assumes the form

h̃q = B̃0,qτ0 +
3∑

µ=1

B̃µ,qτµ, (F.3)

with τ0 being the identity matrix and τµ being a Pauli matrix. In this form, the coefficients

(a) (b)

Figure F.1: Contour plot of the Berry curvature functions of the lower spin-wave band for the
(a) ML and (b) SL excitations, at nearly flat-band limit and on-site Hubbard repulsion energies
U = UA = UB.
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B̃µ,q are related to the coefficients ϵαβq of Eqs. (4.28) or (5.14), i.e.,

B̃0,q =
1

2
(ϵ00q + ϵ11q ) B̃1,q =

1

2
(ϵ01q + ϵ10q )

B̃2,q =
1

2i
(ϵ01q − ϵ10q ) B̃3,q =

1

2
(ϵ00q − ϵ11q ). (F.4)

An important point here is that the assumption ϵ01q = (ϵ10q )∗ had to be made. This

holds true only for the SL excitations (5.4), but not for the ML excitations (5.9) or

for the correlated Chern insulator. This fact might have consequences on the results

found below. The Chern numbers follow from the use of Eq.(3.15), with the appropriate

normalized coefficients B̂k → B̃k/|B̃k|, and disconsidering the spin degree of freedom.

The Berry curvature, which is defined as one-half of the integrand of Eq. (3.15), for the

lower spin-wave bands of the correlated Z2 topological insulator at the nearly flat band

limit (3.18) with U = UA = UB is plotted in Figure F.1. We show the Berry curvature for

both ML and SL excitations. For the Chern insulator, the Berry curvature vanishes for

any configuration of UA ̸= UB at the flat band limit (not shown), thus, yielding Cn = 0

for both upper and lower bands.
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