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The design of magnetic devices requires a precise estimation of magnetic forces. In previous works, we presented a general approach
to estimate these forces based upon thermodynamically closed systems, resulting in four different forms of the force equations. This
paper presents a complete theoretical model analysis tested by experiments, using arrangements of permanent magnets and a device
for measuring the force induced on a soft magnetic material according to its position with respect to the permanent magnets.
The results of analytical formulation, Finite Element Method numerical analysis, and experiments are compared with each other.
This enabled the identification of two forms of the force equations that most precisely describe the magnetic forces. A follow-up
experiment is then proposed and executed, identifying the correct form of the magnetic force equations. The resulting equation can
be used to analytically estimate the magnetic force in many practical problems.

Index Terms— Experimental validation, magnetic analysis, magnetic forces, permanent magnets.

I. INTRODUCTION

THE proper estimate and the knowledge of the cor-
rect magnetic forces with their direct relations to their

specific energies are very important for designing mag-
netic, electromagnetic, and magnetocaloric devices [1], [2].
This knowledge results in equations that enable a precise
prediction of magnetic forces and, consequently, more efficient
magnetic devices. Along the past works, we presented four
variants of force equations, and this paper aims to identify
those that correctly describe the magnetic force.

Magnetic forces can be explained by analogy with
the conventional thermodynamic analysis of gases.
The pressure (p) of the gas is equivalent to the magnetic
applied field (H ), and the specific volume (v) of the gas is
analog to the magnetization (M) of the magnetic material.
Depending on the system, the specific work (w) in a gas
thermodynamic analysis can be calculated by pdv or vdp. In an
analog magnetic system, the specific work can be defined
as μ0HdM (related to force of Liu) or μ0MdH (related to the
Kelvin force) [3], where μ0 is the vacuum permeability.

From the equations of this paper, it is possible to derive
the magnetic force, and (1)–(4) are possible representations of
the magnetic specific force, as shown in [3] and [4]. In the
equations, Hext is the external applied field, and Hint is the
field inside of a magnetic material
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f2 = μ0
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f3 = μ0
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f4 = μ0
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In this paper, the magnetic force is calculated using (1)–(4)
in three different configurations of permanent magnets and
ferromagnetic spheres, as shown in Fig. 1. Analytical results
are then compared with experimental measurements and Finite
Element Method (FEM) analysis. This procedure allowed
the identification of the most correct form of the magnetic
force equations. Although similar analytical formulations may
be found in [3] and [4], this sort of thorough experimental
comparison, to our knowledge, has not been done before.

II. THEORETICAL ANALYSIS

The analysis consisted in calculating the magnetic force in
the sphere according to its position in relation to a given
magnetic field. Calculations considered a 4 mm diameter
sphere made of chrome steel alloy (100Cr6). Three different
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Fig. 1. Section view of the three configurations used to measure and
to calculate the magnetic force at the sphere along a displacement in
the x-direction. (a) Two permanent magnets arranged in a repelling config-
uration. (b) Two permanent magnets arranged in an attracting configuration.
(c) Single permanent magnet. All dimensions are in millimeter.

Fig. 2. Magnetization as a function of the external applied field for a sphere
of 100Cr6 steel with a diameter of 4 mm.

permanent magnets arrays produced the magnetic field (perma-
nent magnets bars with dimensions 10 mm×20 mm×100 mm
and magnetic coercivity −1 050 000 A/m). Cross-sectional
views at the middle plane of each configuration are shown
in Fig. 1.

Due to the symmetric geometry of the configurations, there
were no forces in the sphere in the y- and z-directions.
Forces in the x-direction were calculated for the configu-
rations using the first line of the matrix to each equation.
Therefore, for each position of the sphere, it was necessary
to determine the applied field as well the magnetization of
the material. Engel-Herbert and Hesjedal [5] developed an
analytical formulation to determine the external magnetic field
distribution for one permanent magnetic bar. This formulation
was extended for two permanent magnetic bars [6], thus allow-
ing the calculation of Hext at the desired positions. Using the
same sphere mentioned before, M was determined using a
superconducting quantum interference device magnetometer.
The obtained M(Hext) curve is shown in Fig. 2.

In a sphere, the demagnetization factor (n) is 1/3 in all
directions. Moreover, due to the symmetry, M was easily
calculated for any direction of the sphere. Consequently,
Hint was readily calculated by (5), where index k denotes
x-, y-, or z-directions

Hintk = Hextk − nk Mk . (5)

On using force equations, some approximations become
necessary. The approximations of the derivatives of H and
M along the positions are given, respectively, by (6) and (7).
The values of H and M were calculated for each position of

Fig. 3. Device for force measurement as a function of position.

the sphere using (8) and (9). The subscript in these equations
indicates the position, where variable H or M was calculated.
C is the position of the center of the sphere, and r is its radius

∂ H

∂x
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2r
(6)
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2
. (9)

III. DESCRIPTION OF THE EXPERIMENTS

In order to verify the equations, two experiments were
conducted. The first one used the configurations shown
in Fig. 1(a)–(c). Results obtained here were compared with
the analytical ones. The second experiment verified the con-
tribution of the magnetization gradient to the force. This effect
is predicted by (1) and (2).

A. Experiment 1—Direct Verification of the Equations

Fig. 3 shows the device used in the measurement of the
magnetic force. The system consists of: 1) a precision linear
actuator that moves a 4 mm diameter 100Cr6 steel sphere;
2) a position sensor, which measures the position of the sphere
under a resolution of 0.07 mm of precision; 3) the magnetic
field is produced by Nd–Fe–B 50 M permanent magnets with
dimensions 10 mm × 20 mm × 100 mm. The magnetic array
is interchangeable, and this way it is possible to test the three
proposed configurations; and 4) a load cell able to measure up
to 50 N with a precision of ±0.05 N measured the magnetic
force on the sphere as a function of its position along the
displacement direction (x-axis), which is located in the central
position regarding the magnets. A schematic view of this
device is shown in Fig. 4.

The load cell has a setting time that does not permit
a continuous measurement. Each time the linear actuator
displaced the sphere 0.28 mm, the actuator was stopped, the
load cell output was read after waiting a few seconds so as
to assure the correct measurement was recorded, and then the
sphere was displaced again and a new measurement executed.
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Fig. 4. Schematic view of the device for force measurement as a function
of position.

Fig. 5. Apparatus to provide a constant gradient of temperature in the
gadolinium. (a) Disassembled system. (b) Schematic view.

B. Experiment 2—Verification of the Magnetic Force
in a Constant Applied Field

Using the thermomagnetic effect, i.e., the influence of
the temperature on the material magnetization [7], [8], it is
possible to have a continuous magnetization gradient in a
body placed in a region subjected to a constant magnetic
applied field. Such situation is ideal to verify (1) and (2).
The magnetization gradient is intensified when the temper-
ature of the material increases above its Curie tempera-
ture (TC) and changes its magnetic state from ferromagnetic to
paramagnetic [9], [10].

In the second experiment, we submit a cylindrical sample of
gadolinium (2 mm × 20 mm) to a linear gradient of temper-
ature. For this, a Peltier element inserted between the Gd and
the aluminum body was used as a heat pump, providing a
constant heat flow to the Gd sample. The heat flux establishes
a temperature gradient on the sample and is then rejected
to the sample chamber of a physical property measurement
system (PPMS) with controlled temperature. In this way, a
thermal steady-state condition of the gadolinium cylinder was
assured. The disassembled system is shown in Fig. 5(a), and
a schematic view is shown in Fig. 5(b).

The temperature difference between the two extremities
of the Gd sample was close to 20 K, and the PPMS sample
chamber was set to a temperature close to the gadolinium
TC (∼293 K). This ensured a strong and continuous
magnetization gradient inside the material. In the sample
region, a superconducting magnet provided a uniform field
of 5 T with high homogeneity. The cylinder was suspended

Fig. 6. Analytical, experimental, and computational simulations results
for the three configurations. (a) Force in the displacement direction to
“configuration a.” (b) Force in the displacement direction to “configuration b.”
(c) Force in the displacement direction to “configuration c.”

in an analytical balance able to measure up to 2 N with a
precision of 0.001 N to measure the magnetic force.

IV. RESULTS

A. Experiment 1

To compare analytical results with experimental
ones, (1)–(4) were multiplied by the volume of the sphere,
converting the specific force (N/m3) into force (N).
Analytical and experimental results are shown in Fig. 6.
This figure also shows the results of FEM analysis (Ansoft
Maxwell 3D V. 14.0.0) based on Maxwell’s equations.
F1, F2, F3, and F4 are the results from (1), (2), (3), and (4),
respectively, multiplied by the sphere volume.

For all studied configurations, results based on (1) and (3)
are superimposed. The same is done with results based
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on (2) and (4). It is possible to observe that the magnetic force
is better described using Hext than using Hint. Equations that
use Hint present a large discrepancy from the experimental
data, leading to a conclusion that (2) and (4) do not describe
precisely the magnetic force.

In the “configuration a” [Fig. 6(a)] in the x interval
of 0–5 mm, the analytical results using (1) and (3) closely
agree with the experimental data. The remaining small discrep-
ancy is explained by the approximations used to calculate the
derivatives and the field and magnetization values [(6)–(9)].
However, in an overall evaluation, both (1) and (3)
describe well the magnetic force acting on the steel sphere.
Results obtained by the FEM analysis show a good similarity
with the experimental data in this configuration.

“Configuration b” [Fig. 6(b)] presented the smallest values
of magnetic force, and this can give a wrong impression of
disagreement among the experimental and analytical curves.
However, this disagreement is due to a poor signal-to-noise
ratio in the measurements in this configuration, especially
after the position 5 mm. If this aspect is considered, it
is possible to say that (1) and (3) are still satisfactory.
This conclusion is reinforced by the comparison of analytical,
FEM, and experimental results. All results agree well with
each other.

In the “configuration c” [Fig. 6(c)], a small disagreement
is observed between the analytical results using (1) and (3)
and the experimental data at the x interval from 0 to 5 mm.
Even though, the phenomenon is well described. In addition,
in this case, analytical results agree well with the FEM data.

The direct verification of the equations in experiment 1
indicates that (1) and (3) can give a very good prediction of the
magnetic force for the three tested configurations. To confirm
this conclusion, experiment 2 was made.

B. Experiment 2

No force was measured for up to 5 T in this experiment, and
this indicates that a continuous gradient of magnetization can-
not produce a magnetic force when a uniform magnetic field is
applied in a ferromagnetic material. This disregards (1) and (2)
as valid force descriptions to a body inside a region submitted
to uniform applied field.

From the results of experiment 2, we conclude that the
force appeared only in the presence of an applied field
gradient.

V. CONCLUSION

The results of experiments conducted in this paper showed
that (3) is the only one that can give a valid and precise
description of the magnetic force for all studied cases. At least
for soft magnetic materials, the derivative of magnetization
does not produce any force for bodies submitted to uniform
magnetic fields. This invalidates the equations related to the
force of Liu for bodies submitted to a uniform applied field.
The force appears only for bodies submitted to an applied field
gradient, and the magnetic force is better described by using
the external applied field instead of the internal field, like that
established by the classic Kelvin’s formula.
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