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Resumo

Endomorfismos de Anosov sdo uma versao mais geral de mapas que exibem hiperbolicidade
uniforme, contendo a ja bem estudada classe dos difeomorfismos de Anosov e muitos outros
exemplos. Esses endomorfismos sao difeomorfismos locais apresentando taxas uniformes
de contracao e expansao ao longo de uma sequéncia de espacos tangente. Neste trabalho,
exploramos alguns aspectos desses mapas, focando nossos esfor¢os na compreensao de seu
comportamento em superficies, e na existéncia e regularidade de uma conjugagdo com um

endomorfismo linear do toro.

Para melhor compreender a regularidade da conjugacao, quando ela existe, estudamos as
propriedades geométricas e mensuraveis das folheacoes estaveis e instaveis. A propriedade
principal é a de densidade uniformemente limitada (UBD), a versao uniformemente limitada
de continuidade absoluta folha-a-folha para folheacoes, que provamos ser equivalente as

holonomias terem jacobianos uniformemente limitados.

Finalmente, apresentamos no 2-toro uma caracterizagao da conjugacao suave de endomor-
fismos de Anosov especiais com suas linearizagoes em termos da propriedade UBD, desde
que o sistema quase preserve volume ao longo das folheagoes invariantes, condicdo que
substitui a conservatividade para endomorfismos. Primeiro provamos que a condi¢ao de
regularidade nas folheacoes e a condi¢ao de volume implicam que os expoentes de Lyapunov
do endomorfismo sao constantes e iguais aos da sua linearizacao. Entao provamos que, se
os expoentes de Lyapunov nos pontos periédicos correspondentes de dois endomorfismos de

Anosov conjugados sao iguais, entdo a conjugacao é tao regular quanto os endomorfismos.

Palavras-chave: dindmica suave. dindmica hiperboélica. dindmica nao inversivel. rigidez.



Abstract

Anosov endomorphisms are a more general version of maps displaying uniform hyperbolicity,
containing the well studied class of Anosov diffeomorphisms and many other examples.
These endomorphisms are local diffeomorphisms presenting uniform rates of contraction
and expansion along a sequence of tangent spaces. In this work, we explore some aspects
of these maps, focusing our efforts in comprehending their behavior on surfaces, and in

the existence and regularity of a conjugacy with a linear toral endomorphism.

To better grasp the regularity of the conjugacy, when it does exist, we study geometric
and measurable properties of the stable and unstable foliations. The main property is
the uniform bounded density (UBD) property, the uniform bounded version of leafwise
absolute continuity for foliations, which we prove to be equivalent to the holonomies having

uniformly bounded Jacobians.

Finally, we give on the 2-torus a characterization of smooth conjugacy of special Anosov
endomorphisms with their linearizations in terms of the UBD property, provided that
the system quasi preserves volume along invariant foliations, a condition that replaces
conservativeness for endomorphisms. We first prove that the regularity condition on the
foliations and the volume condition imply that the Lyapunov exponents of the map are
constant and equal to the ones of its linearization. Then we prove that, if the Lyapunov
exponents on corresponding periodic points of two conjugate Anosov endomorphisms are

equal, then the conjugacy is as regular as the maps.

Keywords: smooth dynamics. hyperbolic dynamics. non-invertible dynamics. rigidity.
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Introduction

Along this introduction, we present some context for our field and the main
concepts we work with, as a way to display how our results are related to the existing
research in Dynamical Systems. Then we present the results obtained in this work and the

structure of the text.

Uniform hyperbolicity

Nowadays, phenomena related to hyperbolicity are central in some fields of
work in Dynamical Systems. To comprehend how the history of the field provided this
development, it is key to highlight the role of stability when studying Dynamical Systems.

The information on this section is mostly inspired by the Preface of [9].

The field of Dynamical Systems emerged at the end of the 19th century from
the works of Henri Poincaré, who was the first to explore the behavior of orbits of a system
modeling celestial mechanics from a qualitative point of view. Since this paradigm change,
instead of studying systems of equations with analytic tools, many mathematicians started
to study topological and measure-theoretic properties of most orbits to describe the general

nature of the system.

Natural questions followed, mainly about stability, since it was already a
important question for celestial mechanics. The concept of stability was first explored for
states on the phase space, that is, given a system, it was desirable to know if a state of
the system would resist small perturbations, for instance on the positions and velocities

for mechanical systems.

In the 30s, Aleksandr Andronov and Lev Pontryagin [2] introduced another
kind of stability, now regarding the stability of the system instead of the stability of its
points or orbits. We say that a system is structurally stable if its topological behavior
persists under small perturbations of the map on some set of functions. Both concepts
of stability are vital to applications, since computations always incur errors, and if the
phenomenon modeled with small errors is not similar to the original one, the models may
not be good for predictions — for instance, as was noticed empirically by Edward Lorenz

[35] when he discovered the famous attractor that carries his name.

At the middle of the 20th century, mathematicians were interested in charac-
terize the systems with structural stability, with the belief that they were typical among
all systems on a given manifold — mostly because Andronov and Pontryagin proved [2]

that most flows on surfaces are structurally stable —, but Stephen Smale proved that it is
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not the case for higher dimensions or discrete-time dynamics [57].

Dmitri Anosov introduced — through the study of geodesic flows on negatively
curved manifolds [3] — a class of examples that are structurally stable, the uniformly
hyperbolic diffeomorphisms (also known as Anosov diffeomorphisms), that was formalized
by Smale. Uniformly hyperbolic diffeomorphisms have a splitting of the tangent space of
each point into a direction with uniform contraction and another with uniform expansion.
Later, in 1970, Jacob Palis and Stephen Smale [47] conjectured that this splitting on the
non-wandering set is fundamental, in fact, together with a transversality condition, it is

equivalent to structural stability. This conjecture was proved by Ricardo Mane [37].

Uniform hyperbolicity, however, is too restrictive. Indeed, in dimension 2 and 3
tori are the only manifolds which support Anosov diffeomorphisms [22], and any Anosov
diffeomorphism on T" is topologically conjugate (has the same topological dynamics) to a
linear toral automorphism [39]. Additionally, uniform hyperbolicity is not generic, there

are open sets of non-hiperbolic maps for any manifold.

Thenceforth, the field expanded to include weaker forms of hyperbolicity, such
as partial hyperbolicity, dominated splitting and non-uniform hyperbolicity. See [9] for a
complete view on the theory. Although not structurally stable, the interest in these systems
began as they surged as examples with robust properties (meaning that all nearby systems
have this property), such as the example given by [36] of a diffeomorphism with robust
transitivity that is not uniformly hyperbolic, but is partially hyperbolic.

Endomorphisms

In his thesis [54], Michael Shub widen the work of his advisor, Stephen Smale,
to non-invertible differentiable maps on manifolds. He proved the classical result that, on
the circle S', any C' endomorphism f : S — S' is topologically conjugate to z — 2%,
where d = deg f. This result is in fact a particular case of a more general one, for he
introduced the concept of expanding endomorphism as a C'' map on a closed manifold such
that its derivative acts as a uniform expansion on the tangent bundle. Shub proved that
any two homotopic expanding maps on a compact manifold are topologically conjugate,

thus providing examples of structurally stable endomorphisms.

Despite his pioneer work about expanding maps on manifolds, Shub generalized
in his thesis [54, Theorem 6] some of his results for Anosov endomorphisms (having
both directions of expansion and contraction), including the structural stability, but he
considered every Anosov endomorphism to have a global unstable bundle, which was
proved independently by Feliks Przytycki [49] and by Ricardo Mané and Charles Pugh
[38] to be false.
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This error in Michael Shub thesis was propagated in the work of John Franks
[22], for instance [22, Corollary 1.3] affirms that unstable leaves on the universal cover
are preserved under deck transformations, which is false. And in the remark after [22,
Proposition 1.9] it is stated that the stable manifolds are dense, which is also false, and we
detail it in Section 1.3. We do not know if [22, Proposition 1.9] is correct and the unstable

foliations for Anosov endomorphisms are always dense.

The fact that Anosov endomorphisms that are not invertible or expanding
maps are not structurally stable was proven by R. Mané and C. Pugh [38] and F. Przytycki

[49], were they also introduced several properties of these systems.

Rigidity

The term rigidity is often use in the theory of dynamical systems, and it is

usually associated to the following idea

“Values of finitely many invariants determine the system either locally, i.e. in
a certain neighborhood of a ‘model’; or globally within an a priori defined class

of systems.” [8]

In [8] the authors work with a complementary concept, the one of flexibility,
meaning that on a fixed class of systems and under general restrictions, a set of invariants
can take arbitrary values. These two paradigms allow to better understand the general

behavior of a class of dynamical systems.

In our case, as stated in Theorem E, this is the precise meaning of rigidity:
we have that the invariants are the stable and unstable Lyapunov exponents, and they
determine that the system is a smooth coordinate change of a linear one, provided it only
has one unstable direction for each point. This is the particular case for which we know
examples of, but the proof works for a possible more general setting, as we explain better

at the end of this introduction.

The aforementioned result of [54] is a rigidity result, since the degree of a
C' endomorphism of the circle determines its topological conjugacy class. These kind of
results were largely studied for one dimensional endomorphisms. For instance, together
with Dennis Sullivan, Shub [56] also proved that if f and g are C", r > 2, expansions
on the circle that are absolutely continuously conjugate, then this conjugacy have the
same regularity C". Thus, the degree of the endomorphism actually determines its smooth

conjugacy class.

For C" diffeomorphisms on the circle, the invariant to look at is the rotation

number «: if the rotation number of f is irrational, then the map is topologically conjugate
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to a rotation by « [17]; and with a condition bounding the derivatives D f", we have
that this conjugacy is C" [31]. These results are part of the smooth classification problem,
that consists in giving conditions under which two smooth dynamical systems that are
topologically equivalent are in fact smooth equivalent, and they are under the umbrella of

the rigidity study. To more information on the one dimensional case, see [19, 15].

For higher dimensions, we consider the smooth classification problem for uni-
formly hyperbolic systems. For Anosov diffeomorphisms on T? and Anosov flows on T2,
this problem was completed solved by Rafael de la Llave, Jos¢ Manuel Marco and Roberto
Moriyén in a serie of works [40, 16, 41, 18], where they prove that two Anosov diffeomor-
phisms are smooth conjugate if and only if the Lyapunov exponents for corresponding
periodic points coincide. In T?, this problem is also addressed by Andrey Gogolev and
Misha Guysinsky [24, 23]. De la Llave shows in [17] that this characterization fails to hold

on manifolds of dimension greater than 3.

Theorem E then regards this problem for endomorphisms on T?, and it is more
general than a previous result by Fernando Micena [42]. Micena treats as well conditions
for smooth conjugacy for Anosov endomorphism on higher dimensional tori, by requiring

more hypothesis for it to hold.

When studying dynamical systems, we often are interested simultaneously
in different aspects of the systems, whether geometric, measurable or topological. More
generally, rigidity can reefer to results in which a condition under one of this aspects
implies a very specific behavior of the system under the same aspect or other. In this sense,
we also prove for Anosov endomorphisms in T? that a kind of measurable regularity of the

stable and unstable foliations implies that the Lyapunov exponents are constant.

Regularity of foliations

As we mentioned above, one of the conditions that we require to obtain smooth
conjugacy is a kind of measurable regularity of the stable and unstable foliations. More
conventionally, this regularity is absolute continuity, and we have two approaches to it,

one of then using conditional measures, and the other using holonomies.

For the precise definitions of the concepts here mentioned, see Section 1.2, here
we recall the concepts briefly. Fubini’s Theorem essentially says that, to integrate in R"
over a product of balls I* x I"* with respect to the product measure my x m,_j, we can
integrate first with respect to my, on each set I* x {y} forye I "% “and then integrate
the result with respect to m,_;. We want to generalize it by replacing {I"* x {y}}, with
a partition P of the space, considering any probability measure u, and then getting a
similar decomposition of the integrals. This decomposition is called disintegration of

with respect to P, and each measure pup, for P € P, is called a conditional measure.
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We always have local conditional measures for continuous foliations, and if
they are equivalent to the induced volume, we say that the foliation is leafwise absolutely
continuous. The other extreme case is when they are atomic measures, in which case
we say that the foliations is atomic. Even foliations arising from dynamical systems can
present this behavior, see [48], for instance. For uniformly hyperbolic systems, however,

the foliations are always leafwise absolutely continuous.

A holonomy for a foliation is a map between two transverse discs that takes
one point in the first one and, by intersecting the leaf of this point with the second disc,
obtain its image. Roughly speaking, a point navigates from one disk to the other along
the leaves of the foliation. We say that a foliation is transverse absolutely continuous if its

holonomies preserve null measure sets on the discs.

These two definitions of absolute continuity are related: the former is weaker
than the latter, as we state precisely in Theorem 3. And the former implies the latter for

“good transversals”, as proved in the unpublished notes [50].

This regularity is not enough to guarantee smooth conjugacy. Even requiring
that the foliation is C'™* is not enough, since in T? the foliations are C'™*, but there are
conjugate systems that are not smoothly conjugate. To overcome this we require that,
besides from being leafwise absolutely continuous, the conditional measures are uniformly
equivalent to the volume on the leaves, which we call UBD property, as defined by Fernando
Micena and Ali Tahzibi [43].

Theorem D is inspired by the following result.

Theorem 1. [60] Let f : T — T? be a C* conservative partially hyperbolic diffeomor-
phism with hyperbolic linearization A. The center foliation has the UBD property if and
only if [ is C* semiconjugate to A.

Regularity conditions for the holonomies are frequently used in studying ergodic
theory for systems with some kind of hyperbolicity. For instance, codimension one foliations
for Anosov maps are C', and this plays a role in our rigidity results. Another example
is given in [1, p. 105], where the condition (Y5) — introduced among other conditions
to guarantee the existence of Young structures for nonuniformly hyperbolic dynamics—
is that the holonomies have Jacobians with integrals uniformly bounded. The uniform
bound for the Jacobian is specifically used in [13], together with other conditions, to obtain

Markov partitions for uniformly hyperbolic invertible dynamical systems with singularities.

This motivates our study of the relation between holonomies with bounded

Jacobians and the UBD property, as done in Theorems A and B.
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Results and structure of the thesis

During Chapter 1, we present some necessary concepts to this work, such
as the definitions and properties of foliations and of uniform hyperbolicity for local

diffeomorphisms.

Chapter 2 is dedicated to explore the relation between uniform bounded
absolute continuity with respect to the holonomies (transverse) and with respect to the
disintegration (leafwise). The results that we prove about this relation are Theorems A
and B. In Theorem A, similarly to the proof that transverse absolute continuity implies

leafwise absolute continuity, we prove an uniformly bounded version.

Theorem A. If F is a transversely absolutely continuous foliation with uniformly bounded
Jacobians, then F has conditional measures along its leaves equivalent to the Lebesgue

measure and with uniformly bounded densities.

The proof of Theorem A is a direct consequence of the definitions. Its reciprocal,

however, is more complex, and holds for “well behaved” traversals.

Theorem B. If a foliation F has the UBD property, then for every transverse local
foliation T which is transversely absolutely continuous with uniformly bounded Jacobians,
the holonomy map hr : T1 — Ty between almost every pair of T -leaves is absolutely
continuous with bounded Jacobian. The boundedness constant does not depend on Ty and
1.

To prove Theorem B, we construct a family of transversely absolutely continuous
functions {hy}egr with uniformly bounded Jacobian (where k is the dimension of F) on
a foliated box, in such way that every local leaf 77 of 7T is taken to any other local leaf
72 by a unique element of {hy} cgr, that act as an holonomy through F-leaves. Moreover,
restricted to F-leaves, these functions are “translations by ¢” with uniformly bounded
Jacobian. This implies that, for almost every pair of 7-leaves, hy is an F-holonomy and it

is absolutely continuous with bounded Jacobian.

The main issue when we adapt the proof of [50, Lemma 2.6] to the uniformly
bounded context is in Lemma 1, where we need, in order to complete the argument by
absurd, to construct a small measurable “rectangle” where some inequalities hold. Other
difficulties arise when defining the domain of each of the functions h,, as we do it in such

a way that they do not distort to much the lengths on F-leaves.

The previous theorems further motivate the definition of foliations having the
UBD property, in addition to the comments already made in this introduction. This
property is one of the hypothesis on Theorem C, our rigidity theorem inspired by Theorem
1.
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Working with preservation of volume for maps that are not invertible is more
subtle, since a conservative endomorphism does not have constant Jacobian. To overcome
the lack of conservativeness and its consequences, we introduce a technical hypothesis,
that may be improved. For an f-invariant foliation, we say that f quasi preserves densities

along the foliation — and we call it in this text Hypothesis (C') — if:

d\k,
@) <
dfENY

Y

(C):Ct <

for some uniform C' > 1, where we fix a local leaf W, and Xﬁ is the normalized volume
on f¥(W). Essentially, this hypothesis says that, by iterating with f, the densities of the
induced volume are not distorted too much. That means, in the hyperbolic case, that the

expansion/contraction seen on the leaf is “well distributed” along the leaf.

Theorem C. [12] Let f : T*> — T? be a C* special Anosov endomorphism with quasi
preservation of densities along its invariant foliations, and let A be its linearization.
The stable and unstable foliations of f are absolutely continuous with uniformly bounded

densities if and only if [ is C* conjugate to A.

Theorem C is a consequence of Theorems D and E. The first one gives us that

the regularity of foliations implies equality of the Lyapunov exponents.

Theorem D. [12] Let f : T* — T? be a C* Anosov endomorphism and A its linearization.
If the stable and unstable foliations of f satisfy the Hypothesis (C') and are leafwise

absolutely continuous with uniformly bounded densities, then N7 = \% for o € {u, s}.

In the above result, f need not to be special. Besides f does not have a global
unstable foliation in general, since each point can have more than one unstable direction,
so by “the unstable foliations of f”, we are actually referring to a foliation on the universal

cover of T2.

The following theorem is inspired by previous rigidity results for Anosov
diffeomorphism on T? and T? [40, 16, 41, 18, 17, 24], and guarantees that, for two surface
Anosov endomorphisms that are conjugate, if the Lyapunov exponents on corresponding

periodic points coincide, then the conjugacy is as regular as the endomorphisms.

Theorem E. [12] Let f,g:T? — T? be C*, k = 2, Anosov endomorphisms topologically
conjugated by h : T? — T? homotopic to Id. If the corresponding periodic points of f and

g have the same Lyapunov exponents, the conjugacy h is C*. In particular, if f and g are
C®, h is also C*.

In the case that f is special and g = f, = A is its linearization, Theorem E

was firstly proven by F. Micena [42, Theorem 1.10], and in the case that f and g are
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not special, he proves a similar result with different hypotheses [42, Theorem 1.7]. He
also explores conditions for regularity on higher dimensions with additional hypotheses.
Theorem E has counterexamples in higher dimensions [17], in which more hypotheses are

required for the invertible case [26, 25].

It remains to give examples of non-special Anosov endomorphisms on T? that
are topologically conjugate but not smoothly conjugate. If f and g are topologically
conjugate, by lifting the conjugacy to the inverse limit space, f and ¢ are inverse-limit
conjugate. Then, a necessary condition is that f and g have the same linearization, since by
Nobuo Aoki and Koichi Hiraide [4, Theorem 6.8.1] f and its linearization are inverse-limit
conjugate. Additionally, the conjugacy must necessarily be a homeomorphism between
W () and Wg“(lNz(éE)) for each of the unstable directions. Micena and Tahzibi [44] proved
that, if f is not special, there is a residual subset R € T? such that every z € R has

infinitely many unstable directions. This suggests the complexity of this problem.

Question 1. Under which conditions do we have a topological conjugacy between two

non-special Anosov endomorphisms on T" with the same linearization?

Remarks on the results and previous attempts

The results of this work are fruit of a constant (if somewhat slow) process of
better understating the nature of Anosov endomorphisms on tori, either topologically,

geometrically or measure theoretically.

The first problem that took most of our time was to understand the topological
(semi)conjugacy between an Anosov endomorphism and a nearby perturbation, in particular
when this perturbation is its linearization. Our first impression was that an Anosov
endomorphism with infinitely many unstable manifolds for a given point could be semi
conjugate to a linear one, with the semiconjugacy “collapsing” all unstable manifolds
of the same point into only one for the linear model, based on the possibility that the
conjugacy present on the universal cover or the natural extension could be projected when

its inverse could not. We prove in Proposition 11 that it cannot occur.

When attempting to understand the nature of the possible conjugacies between
two nearby Anosov endomorphisms, we tried to construct it with the shadowing property,
as presented in Section 1.3.1 and similar to the proof for diffeomorphisms, but it turned
out that is gives origin precisely to the conjugacy of their natural extensions, as already
stated by [49].

We then proceeded to consider only the case on which a conjugacy does in
fact exist. The natural hypothesis is suppose that the Anosov endomorphism f is special
(only has one unstable direction for each point). We attempted to encompass the case

in which f and ¢ are not special but are topologically conjugate with A homotopic to
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identity, which was successful in Theorem E, although we do not know of examples that
make the theorem not vacuous for this case, that is, examples that are conjugated by a

homeomorphism that is not C*.

Additionally, our first proof of Theorem D contained an error, as we did not
required any preservation of volume and attempt to prove that f somehow preserved
normalized induced volume on the leaves, which is true only for large segments inside each
leaf, due to the quasi-isometry and the conjugacy with a linear foliation. To overcome this,
we added a hypothesis on the foliations that we call quasi preservation of densities. We

hope to refine this hypothesis in the nearby future.

At the time that we did not know of this error, our natural continuation of this
work was to either explore the construction of examples, or to motivate the UBD property
present on our hypotheses. Our first efforts was on this second topic, which gave origin to
the Chapter 2.

Therefore, there is still much to comprehend and explore on the topics of this
work, including the study of rigidity for Anosov endomorphisms on higher dimensional
manifolds. We remark that, along the proofs of Theorems D and E, we make explicit use
of the fact that the stable and unstable foliations are both one dimensional, thus the
generalization to higher dimensions would require several different arguments, as well as

additional hypotheses for dimension greater than three.
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1 Preliminary concepts

This chapter is dedicated to a brief presentation of some concepts relevant to
our results. Our main goal is to provide references to facilitate the reading of this text,
with the aim of making it as self-contained as possible. We omit most of the proofs of the

results here stated and provide references where they may be found.

During the first section, we present the general theory of dynamical systems,
focusing on concepts that will be particularly relevant along the text. The second section
contains an introduction to foliations, as well as some of their geometric and measurable
properties. The last section presents the theory of uniform hyperbolic dynamical systems,

including non-invertible ones.

1.1 General dynamical systems

Here, we briefly review the fundamental concepts in the general theory of Dy-
namical Systems and Ergodic Theory, introducing concepts such as topological dynamical
system, measurable dynamical system, invariant sets, ergodicity, entropy, and so on. We
also state some properties. For a thorough introduction, see [34, 52, 61] (there is also [46],

the original Brazilian Portuguese version of [61]).

A dynamical system is a space X with some structure (metric space, measure
space or Riemannian manifold, for instance) and an action f of a semigroup G on this space
that preserves the structure (f is continuous, measurable or differentiable, for instance).

Most commonly, the semigroup G is actually a group: G = Z or G = R.

If f: X — X is a continuous map, its compositions define an N-action, and
in particular, if f is an invertible map, we can compose f~' and we have a Z-action.
Reciprocally, a semigroup (group) action defines a (invertible) map f(1,-). So we say that

an action is invertible if it is a group action.

We say that f is a discrete time dynamical system if G = N or G = Z, and
f:Gx X — X is denoted by f*: X — X for each n € G. In this case f* = id and
ffo f™ = f"™ for all m,n € G.

Similarly, we say that ¢ is a continuous time dynamical system if G = R, or
G=R,and ¢: G x X — X is denoted by ¢; : X — X for each t € G. In this case ¢y = id
and ¢; 0 o, = ¢4 for all t, s € G.

In these two cases, the action of the semigroup is often intuitively related with

the passage of time, since f" or ¢; can represent the state of a physical system after n
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observations or after ¢ units of time have passed. Thus, a dynamical system is a model of

some phenomenon over time, given a general law of movement or behavior.

A topological dynamical system is a continuous action on a topological space
(often a metric space). A measurable dynamical system is a measurable action on a measure
space (often a probability space that also has a topological structure). Henceforth, we
suppose that X is a metric space and we deal exclusively with the discrete time case,
with f being a continuous action of Z in the invertible case and an action of N in the
non-invertible setting. Most of the definitions and properties for discrete time dynamical

systems are applicable to continuous ones.

The general approach of the theory of dynamical systems is to understand the
qualitative behavior of a system, that is, we do not want to compute the precise valor of
f™ on some point, but to describe its behavior as n goes to infinity. The following sets are

some of the tools used to grasp this general behavior:

o Fized points of f: Fix(f) ={pe X : f(p) = p};

o Periodic points of f: Per(f) = {p € M : 3 k € Nsuch that f*(p) = p}, and the

smallest such k is the period of p;

o w-limit of pe X:wy(p) ={ye X :Iny 2%, o0 such that [ (p) 2225 y):
o «a-limit of pe X (if f is invertible):
ap(p) ={ye X :Iny E2%, _ o0 such that f™(p) 222 uh

o Non-wandering set of f: p € X is non-wandering if, given a neighborhood U of
p, there is n € N such that f"(U) n U # ¢J. Otherwise, the point is said to be a
wandering point. We denote by (f) the set of non-wandering points of f.

These sets, besides being relevant to the understanding of the system, also have
the property of being somewhat preserved by the evolution of the system. To be precise,

we introduce the concept of invariance.

Definition 1. We say that a set A € X is f-invariant if f~*(A) = A. Additionally, A is
positively invariant if f(A) = A and negatively invariant if f~'(A) < A.

Evidently, every fixed point is periodic, and every periodic point is in its w- and
a-limits. Furthermore, wy(x) is closed and positively invariant and, if f is a homeomorphism,
the limit sets wy(x) and ay(z) are closed and invariant. Finally, ws(z) < Q(f) for all
x e X, Q(f) is positively invariant, and if f is a homeomorphism then af(x) < Q(f) for
all z € X and Q(f) is invariant. For the proofs of these facts, we recommend [52, Chapter
2].
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If two topological dynamical systems have “qualitatively” the same behavior,
we want to say that they are somehow equivalent. To make this notion precise, we define

topological conjugacy.

Definition 2. If X and Y are compact metric spaces, with f : X — X andg:Y — Y con-
tinuous maps, we say that f and g are topologically conjugate if there is a homeomorphism
h: X — Y such that ho f = goh.

If h: X — Y is surjective, we say that f and g are topologically semiconjugate,

or that ¢ is a topological factor of f.

Another sense of equivalence can be considered if we take into account measure-

theoretic aspects of the dynamics.

Definition 3. If (X, A, u) and (Y,B,v) are measure spaces, with f : X — X and
g : 'Y — Y measurable maps, we say that f and g are ergodically equivalent if there are
X' € Xand Y €V, with u(X\X’) = 0 and v(Y\Y') = 0, and a measurable bijection
h: X' — Y’ such that ho f = goh.

If h: X' — Y’ is surjective, we say that g is a factor of f.

These notions of equivalence are in fact equivalence relations, and maps in the
same class are alike. For the topological conjugacy, two equivalent maps have corresponding
fixed points, periodic orbits and dense orbits; the limit sets and non-wandering set are
also preserved. As such, the topological behavior of the orbits is indistinguishable from

one system to the other.

There are topological and measure theoretic notions of how much a function

mix points on the space. We recall some of these definitions.

Definition 4. Given X a metric space, we say that a continuous map f : X — X is
topologically transitive if, for all U,V < X non-empty open sets, there is k € N such that
AU NV £ g

Often the above definition is taken to be equivalent to the existence of a dense
orbit. Even though it is not always the case [20], this equivalence holds if X is separable,

second category and does not have isolated points.

Definition 5. Given X a metric space, we say that a closed invariant set A € X for a
continuous map f : X — X is minimal if every orbit Oy (z) := {f"(x) : n € N} of points
x € A is dense in A. We say that f is a minimal dynamical system if X is a minimal set
for f.

Minimal dynamical systems are transitive, but there are transitive systems that

are not minimal, for instance, a transitive system with fixed points.
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Definition 6. Given X a metric space, we say that a continuous map f : X — X is
topologically mizing if, for all U,V < X non-empty open sets, there is £ € N such that
ffU)nV # & forall k = n.

Topological transitivity and mixture express that the system is somewhat
“chaotic” — in the sense that any point can approximate any other point after some
number of iterations — with the second property being stronger than the former. In the
same fashion, we have concepts for measurable dynamical systems that express something
similar, but from a measure-theoretic point of view. More precisely, we have the concepts

of ergodicity, weak mizture and mixture defined as follows.

Definition 7. If (X, B, i) is a measure space and f : X — X a measurable map, we say

that f preserves p or that p is f-invariant if

p(A) = pu(f(A)) for all Ae B.

In this case we say that (X, B, u, f) is a measurable dynamical system.

Definition 8. A measurable dynamical system (X, B, p, f) is:

o ergodic if every measurable invariant set A satisfies u(A) = 0 or u(X\A) = 0;
o weak mizing if, for any A, B € B,

tim LS (7 (4) 0 B) - pa)(B)| = 0.

o mixing if, for any A, B € B,

Tim (£~ (A) A B) — u(A)u(B) = 0.
It is easy to see that for a system, being mixing implies being weak mixing,

which itself in turn implies being ergodic [61].

Another important concept is the one of unique ergodicity, that may seem to
be measure-theoretic, but it is actually topological. A dynamical system is uniquely ergodic
if it admits only one invariant probability measure. In this case, this measure is necessarily
ergodic [61]. An example of uniquely ergodic actions is given by transitive translations on
compact and metrizable topological groups; the invariant measure in this case is the Haar

measure.

Topological transitivity and minimality do not relate directly to the measure-
theoretic concept of ergodicity, for there are measurable dynamical systems with topological

structure that are minimal but not ergodic with respect to a “natural” measure (see [61,
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Theorem 6.2.2]) or ergodic for some measure p but not transitive (a non-transitive
continuous function on a compact metric space admits an ergodic measure), thus they can

not be minimal.

However, for a measurable dynamical system (X, B, i, f), we have that if f is
mixing, then its restriction to the support of i is topologically mixing. A similar result
holds for weak mixing systems, implying that they are topologically weak mizing" restricted
to the support of p. Also, a uniquely ergodic system is minimal restricted to the support

of its unique invariant measure [61].

1.1.1 Stability

Most commonly in dynamical systems, we deal with the stability of points for
a fixed system. More precisely, given a topological dynamical system f : X — X, we say
that x € X is stable for f if, for every € > 0, there is § > 0 such that d(x,y) < ¢ implies
d(f"(x), f*(y)) < e for all y € X and n € N. That is, any point sufficiently close to z has
its forward orbit as close as we want to the one of x. In contrast, a point z is said to be
unstable if there are points as close as we want to x whose forward orbits do not follow

the one of z.

We will deal in this work with other kind of stability, not for points under a

fixed map, but for maps on a suitable space of functions.

For topological dynamical systems, we can perturb the map on a small neigh-
borhood of an isolated periodic point to create many new periodic points, which obstructs
topological conjugacy between the original map and its perturbation. To avoid this sensi-
bility, we focus on differentiable dynamical systems and restrict the space in which the
perturbations can take place. A differentiable dynamical systems is given by a Riemannian
manifold M and a local diffeomorphism f € C*(M, M). We imbue C*(M, M) with the
C*-topology, that, roughly speaking, is given by the notion that two maps are close when
the supremum of the distance between their images on the same point and the supremum
of the distance between their derivatives on the same point are both small. For more
details, we refer to [32].

This allows us to formulate a concept of stability for C' maps: if their pertur-

bations have the same “topological behavior”, then they are stable.

Definition 9. A diffeomorphism f : M — M is structurally stable if there is a neighbor-
hood U of f, with respect to the C' topology, such that, for every g € U, f and g are

topologically conjugate.

1 The system (X, B, u, f) is topologically weak mixing if its Koopman operator Uy - L'(p) — L' (p)

has no non-constant continuous eigenfunctions. Remember that the Koopman operator is given by

¢—pof.
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One cannot expect that the conjugacy between f and g is differentiable in
general. A differentiable conjugacy means that the systems are equal up to a C' coordinate
change. In particular, this implies that some properties have to be preserved under
C' conjugacy. For instance, by applying the chain rule to compute the differential of
f*(x) = ' o g* o h(z), we have that

Dfy = Dh i) © Dohiwy © Dha,

)

for all £ € Z. Taking = to be a periodic point with period p, then ¢?(h(z)) = h(z),
Dhyy = (Dy)~! and
DfP = (Do Dgp (. © Dhy.

This means that a necessary condition to have C' conjugacy is that the
derivatives of corresponding periodic points are conjugate matrices. We see in Section
1.3.3 that this is equivalent to the fact that corresponding periodic points have similar

rates of exponential growth of their derivatives along some directions.

Thus, for differentiable dynamical systems, it makes sense to consider stability
in terms of topological equivalence, since differentiable conjugacy is more subtle. See [34,

Chapter 2] for a full discussion on this matter.

1.1.2 Natural extension

Dynamical systems are not always invertible, and most physical phenomena
are not reversible, so it is relevant to study non-invertible systems. For certain dynamical
aspects — such as unstable directions, as we see in Section 1.3 —, we need to analyze
the past orbit of a point. Since every point has more than one preimage, there are several
“choices of past”, and we can make each one of these choices a point on a new space,

defined as follows.

Definition 10. Let (X, d) be a compact metric space and f : X — X continuous. The

inverse limit space (or natural extension) associated to the triple X, d and f is

- X = (7 = () € X7 wpq = faw), Yk € Z},
o (f(#); = 2pp1 V€ Z and Vi € X,

. J(f,ﬂ) _ Z d(xk,yk>‘

21k

We have that (f( , J) is a compact metric space and the shift map f is continuous
and invertible. Considering 7 : M — M the projection on the Oth coordinate, (Z) = xy,
then 7 is a continuous surjection. Therefore, every non-invertible topological dynamical

system is a topological factor of an invertible topological dynamical system.
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With a metric over M, we can define precisely the continuity of objects that

depend on the orbit of a point, such as the invariant manifolds in Section 1.3.

By making use of the inverse limit space, it is possible to better comprehend
non-invertible systems. For C' endomorphisms, it is the natural environment to look for
structural stability [7, 6], and it provides means to explore the measure-theoretic properties

of these systems [51].

1.2 Foliations

In this section we define some geometric and measurable properties of foliations,
and establish the kind of foliation we work with: continuous foliations with C! leaves.
Consider B* = B(0,1) the open ball in R¥ centered at the origin and with radius one.

Given a partition P, we denote by P(z) the element P € P containing x.

Definition 11. A foliation F of dimensrion k is a partition of M into C' k-submanifolds
with, for every = € M, local charts ¢ : B¥ x B™™* — U 3 x such that ¢(B* x {z}) =
F(¢(0,2)) n U. Additionally, h is C* along B* and continuous along B"*.

B N\ <

Figure 1 — A coordinate chart (U, ¢) for the foliation around the point x.

In other words, a continuous foliation with C' leaves (or simply foliation) is a
partition into C' submanifolds “stacked” continuously. The study of this kind of foliation
arises naturally in dynamical systems, since systems with uniform hyperbolicity — uniform
contraction and expansion along some directions in 7'M — provide foliations with this

regularity, as we see in Section 1.3.

A wvector bundle is a way to associate, for each point of a given base space B, a
vector space in such way that this family of vector spaces vary continuously with respect
to the base space. Focusing on the case that B is a compact and connected topological
space, we define a vector bundle as a triple (E,m, B), where 7 : E — X is a continuous

surjection and the fiber E, := 7~ '({z}) is a k-dimensional vector space, with k € N the
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rank of E. Additionally, there must hold the compatibility condition, meaning that over
sufficiently small neighborhoods in B, the bundle 7~ (U) € E is homeomorphic to U x R*,
and the homeomorphism ¢ : U x R* — 77 1(U) satisfies: 7 o ¢(x,v) = z for all z € U and
v e R¥; and ¢(x,-) is a linear isomorphism between R* and E,. We say that (U, ) is a

local trivialization of E.

An example of vector bundle is given by subbundles, that is, W a family of
linear subspaces W, < E, that makes W a vector bundle over M with the projection W‘W.
Another example of vector bundle of rank & is the tangent bundle T'M over a differential
k-manifold M. A subbundle of T'M is called a distribution.

A distribution E is integrable if there is a foliation F with T, F(z) = E,, that
is, the leaves of F are tangent to E. Reciprocally, a k-dimensional foliation F provides an

integrable distribution by considering F, = T, F (z) for each z € M.

1.2.1 Quasi-isometry

A property frequently required for foliations in R"™ when studying hyperbolic
systems is the one of quasi-isometry. It means, roughly speaking, that at a large scale the
foliation has lengths (along the leaf) between two points uniformly comparable with the

Euclidean distance between them.

Definition 12. Given a foliation F of R", with dz the distance along the leaves, we say

that F is quasi-isometric if there are constants a,b > 0 such that, for every y € F(z),

dr(z,y) < alz —y[ +0.

In particular, if the foliation F is uniformly continuous, the above definition is

equivalent to the existence of ) > 0 such that, for every y € F(x),
dr(z,y) < Qlz —yl.

For invertible systems with uniform hyperbolicity, quasi-isometry is guaranteed

by the existence of a conjugacy between the map and a linear one, as we see in Section 1.3.

For systems with partial hyperbolicity — systems whose tangent space splits
into invariant directions E“, E° with contraction and expansion, and a direction E°
that is neither as expanded or contracted by the map —, quasi-isometry is the main
ingredient to guarantee dynamical coherence [10], that is, the distributions E*¢ = E* @ E°
and £ = F°@® E° are integrable. The quasi-isometry, as a geometrical property of the
foliations, also implies for partially hyperbolic systems with one-dimensional center bundle
that the dynamics on the leaves can be topologically classified accordingly to the dynamics

of a linear associated model [28].
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Thus, quasi-isometry is a geometrical property of foliations that, when present
for invariant foliations of a dynamical systems, provide geometric and topological conse-
quences. We see in Theorems D and E that, together with measurable hypotheses, it also

has consequences in the smooth classification of the hyperbolic dynamics on surfaces.

1.2.2 Conditional measures

Before we define measure theoretical ways to see how regular a foliation is, let
us digress for a short while into necessary concepts of measure theory. For the basics of

measure theory, see [53, Part Three], for instance.

Let (X,.A, i) be a probability space, P a partition of X into measurable sets,
and m : M — P the projection that assigns for each point x € M the element of P
containing x. We define a g-algebra and a measure in P as follows: Q@ < P is measurable
if 771(Q) is measurable in X, and (Q) = mu(Q) = u(r1(Q)).

Thus, we have a way to measure collections of elements of a partition. If we
define a measure along each atom of the partition, we can ask whether we can compose
these two ways of measurement into the original measure of X. More specifically, we want
to generalize Fubini’s Theorem for the case in which we do not have a product space to
begin with. This is achieved if there is a family of measures defined on each atom of the

partition permitting this decomposition of the integral.

Definition 13. A family {up}pep of probability measures on X is a system of conditional
measures (or a disintegration of pu) with respect to a partition P if, for ¢ : M — R

continuous

1. P— Jgf)d,u p is measurable;

2. up(P) =1 for fi-almost every P € P;

3. f by = L L odppdji.

Given a partition P, if the o-algebra A is countably generated and there is a
system of conditional measures for  with respect to P, then it is unique with respect to
fi. More precisely, we have the following result, which is proved in [61, Proposition 5.1.7],

for instance.

Proposition 1. If the o-algebra A has a countable generator and {up} and {vp} are

disintegrations with respect to P, then up = vp for fi-almost every P € P.

The Rokhlin disintegration theorem guarantees the existence of conditional

measures for partitions that can be generated by a countable family of sets.
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Definition 14. A partition P is a measurable partition (or countably generated) with

respect to p if there is My € M with u(My) = 1 and a family {A;},y of measurable sets

such that, given P € P, there is {P;}en with P, € {A;, A%} such that P = ﬂ P, restricted
ieN

to Mo.

Theorem 2 (Rokhlin disintegration). If X is a complete and separable metric space and

P is a measurable partition, then the probability p has a disintegration on a family of

conditional measures [ip.

The Borel o-algebra is always countably generated for a separable metric space
X, and the disintegration given by Rokhlin disintegration theorem is unique for ji-almost
every P. In particular, if the partition P is preserved by a measurable function 7" : M — M
that also preserves p, then T' carries conditional measures into conditional measures, that
is, Tuptp = pir(py for fi-almost every P, since {T,up} is a disintegration of p with respect
to P.

In our context, we want to disintegrate the measure using a foliation to give the
partition. We have the disintegration locally for small sets filled with leaves of the foliation.
More precisely, a foliated box for a foliation F of dimension k on a complete Riemannian
n-manifold M is given by a local leaf X and a local (n — k)-dimensional transversal Y
to this leaf. The foliated box B is homeomorphic to X x Y and the map ¢ : X xY — B
takes sets on the form X x {y} to local leaves Fj,.(y). We identify X x Y with B and
X x {y} with Fc(y).

A foliated box has its local leaves as a measurable partition. Indeed, with the
Riemannian structure inherited from M, Y is a separable metric space, having a countable

base of open sets {Y;}ien. The sets A; := U Froe(y) for i € N form a countable generator
yey;
for the partition, independent of the measure. Then, for foliated boxes, we can always

consider a disintegration of any probability measure, by the Rokhlin disintegration theorem.
The same does not necessarily hold for the whole partition, as it can not be countably

generated.

1.2.3 Absolute continuity

We regard the regularity of a foliation not only with respect to its topological or
differential properties, but with respect to metric properties of its leaves and the holonomy

maps that move points through leaves of the foliation.

Definition 15. Given a foliation F, we define the holonomy hr : 31 — ¥y between two
local discs X7 and ¥ transverse to F by ¢ — F(q) n X2, where F(q) is the leaf of F

containing q.
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In this sense, we can use the holonomy to ascertain the regularity of a foliation.

But first, let us recall the definition of an absolutely continuous measurable function.

Definition 16. Given (M, A, 1) and (N, B, v) measure spaces and a measurable function
f: M — N. We say that f is absolutely continuous if, for each A € A, we have that
f(A) e B and

uA) =0 = v(f(A))=0.

Equivalently, f is absolutely continuous if there is a positive and measurable
map q : M — R, called the Jacobian of f, such that, for each A e A
V() = | aledntz)

A
Definition 17. We say that a foliation F is transversely absolutely continuous if, given two
smooth transversals T} and 75, the holonomy hr between them is absolutely continuous

with respect to Ay, and Ap,, their respective Riemannian volumes.

Another perspective from which to consider this regularity is regarding condi-

tional measures on the leaves as a partition.

Definition 18. We say that a foliation F is leafwise absolutely continuous if, given a
foliated box, the measures mz(,), given on each leaf by the disintegration of the volume

m, are equivalent to the induced Lebesgue measure Ar(,) on the same leaf.

This definition does not depend on the foliated box. Indeed, when foliated boxes
overlap, the conditional measures on a given leaf are the same up to multiplication by a
constant [5, Lemma 3.2]. Moreover, this definition is weaker than transversely absolute

continuity.

Theorem 3 ([11]). Transverse absolute continuity implies leafwise absolute continuity.

In contrast to leafwise absolute continuity, we have other extreme behavior on
foliations: if the conditional pz(,) is a sum of Dirac measures for almost every leaf, we say

that F(x) has atomic disintegration with respect to p.

To understand how the leaves of a foliation with atomic disintegration behave

under holonomies, we have the following.

Theorem 4 ([14]). Let F be a foliation with mono-atomic disintegration. Then, for almost
every pair of transversals, the holonomy between them takes a set of full Lebesque measure

to a set of zero Lebesque measure.

By “almost every pair of transversals” we mean the following: given 7 a smooth

transverse foliation for F, we consider T (x) and T (y) for m x m-a. e. point (z,y) € M x M.
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Theorem 4 is a direct consequence of the result below, first presented in [14],
that we present here for completeness. Along the proof, since we only work with volume

along T-leaves, we denote Ay, by A,.

Theorem 5 ([14]). Let F be a foliation on a manifold M and T a transverse C"* foliation.
Assume that F has atomic disintegration with k € N and a set N < M, m(N) = 1,
such that the number of atoms in N n F(x) is smaller than k for each x € N. Then, for
m x m-almost every (z,y) € N x N, the set A, < T (x) given by

Ay, =T(x) nA,

is such that A\;(A;) = 1 and \j(A,,) = 0, where A is the set of atoms for F, A,, =
hry(Ag) and hg, is the holonomy between the leaves T (z) and T (y).

Proof. Considering
Ax = T(fﬂ) N A7

we have that, for m-almost every point =, A, has full \,-measure, since the set of atoms

has full m-measure.

The proof of the theorem follows once we show that A\,(A,,) = 0. By con-
tradiction, assume that there is a set W < N x N, with positive m x m measure, such
that

Ay(Azy) >0, for all (z,y) e W.

By Fubini’s theorem, there is a set V' < N such that m(V) > 0 and, for each
y €V, there is a set H, < N such that m(H,) > 0 and, for each x € H,,

Ay(Az ) > 0.

Without loss of generality, we may assume that, for y € V', H,, is such that
Ae(Hy 0 T(x)) > 0.

For each y € V, the set H, is uncountable, thus there exists a sequence
{z;}ien € H, such that

Ay(Az, ) > 1/n, for some n e N.

Note that for each z; € H,, the set A,, = T (x;) n A is formed by atoms from the leaves of
F.

Since 1/n < A\j(A,,,) < 1, for all i € N, among the n + 1 sets

A A A A

T1,Y» 2,y T3,Y7 ") Tn+1,Y

there exist two of them, that we denote by A,, , and A, ,, such that their intersection

AL = Ay, o, 0 A, satisfies )\y(Ainl’y) > 1/n?. The leaves T (z,,) and T (z,,) are

Tny,Y Tnq
1

distinct, then there exist leaves of F with at least two atoms intersecting A, .

CEn2
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Analogously, among the n + 1 sets

Axn+27y’ Axn+3vy’ Axn+4ay"'" Ax2n+27y

there exist two of them with intersection, which we denote by Ainz » Satistying A, (AL ) >

Tng Y
1/n?. Additionally, there are leaves of F with at least two atoms intersecting Ainzyy. By
keeping this process, we obtain a sequence of sets (Ain_jy)ieN, )\y(Aglcnw) > 1/n?, such that,

for each i € N, there exist leaves of F with at least two atoms that intersect A}Cn_ Now,

A

repeating this argument as before with the sequence (A’ ieN, We obtain a sequence

T, ,y)
(A2 iens Ag(AZ ) > 1/n*, such that, for each i € N, there exist leaves of F with at
least 2% atoms intersecting Ain“y. Therefore, repeating this process, we can always find
leaves of F with an arbitrary amount of atoms, which contradicts the hypothesis of the

theorem. O

Question 2. Is the converse statement of Theorem 4 valid? In other words, how do we

characterize atomic disintegration in terms of holonomies?

1.2.4 Uniform boundedness for absolute continuity

We now introduce a uniformly bounded formulation of transverse absolute

continuity and leafwise absolute continuity.

Definition 19. A leafwise absolutely continuous foliation JF is said to have the uniformly
bounded density property (UBD property) if there is K > 1 such that, for every foliated

box B, the disintegration {mg(x)} of volume normalized to B satisfies

B
K -1 < % g K ,
Xz ()
where )\?(x) is the normalized induced volume in the connected component of

F n B containing x.

The above definition is given by [43], where the authors use it to prove that the
Lyapunov exponents are constant a. e. on a non-ergodic setting. Moreover, it is the natural
hypothesis to characterize smooth conjugacy with a linear model for low dimensional
Anosov maps [60, 12]. Indeed, in [60], it is shown that a smooth conservative partially
hyperbolic diffeomorphism on T? is smoothly conjugate to its linearization if, and only if,
the center foliation has the UBD property. This can be seen as a sharp result, since it is
given an example on [59] of a conservative partially hyperbolic diffeomorphism on T? such

that the center foliation is C' but the conjugacy map is not C.

We want to introduce a similar boundedness for transverse absolute continuity.

However, the uniform constant can not exist unless we limit the angles between the
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transversals and the foliation. Take for instance F to be a one-dimensional foliation
by horizontal lines in [0,1]> € R*. Let 7; be a vertical line and 7, a line with slope

a € (0,7), as in Figure 2. Given a subset A < T;, we have that hx(A) < T, satisfies
1 1

My (hr(A)) = ——Ap(A). A to 0, ——

72(hr(A)) sen(a) 7:(A). As a goes to  son(a)

bound for the Jacobian. But a foliation by lines is as regular as a foliation can be, and so

goes to infinity, so there is no uniform

we want to exclude this possibility.

=

T T>

Figure 2 — We need the angle condition to avoid the case in which a small set in 7 is
taken to a very large set in 7s.

Definition 20. A foliation F is transversely absolutely continuous with uniformly bounded
Jacobians if, for every 8 > 0 and any pair of C! transverse discs 7} and T, with
L(T,F(x), T, T;) > B for all x € T}, i € {1,2}, we have that the holonomy hz : T} — T3 is
absolutely continuous with respect to A\; and Ay and its Jacobian ¢ is uniformly bounded:
there is Cz > 1 such that

1
— < qr(x) < Cg for A\j-a. e. x € T.
Cs
The constant Cj is fixed for all leaves of a given transverse foliation 7 if M is

compact. Additionally, it is also fixed locally for foliated boxes in any manifold.

Remark 1. The angle condition on the transverse discs above is satisfied, for instance,
for F = F* the stable foliation for a uniformly hyperbolic diffeomorphism and 7} = F*(z)
and Ty, = F*(y), y ¢ F*“(z), two distinct unstable leaves. A more general example is given

by leaves of invariant foliations of a diffeomorphism with dominated splitting (see [9]).

1.3 Uniform hyperbolicity

This section is intended to introduce the main concepts, results and tools of

hyperbolic dynamics — the field of dynamics interested in the study of maps that have a



Chapter 1. Preliminary concepts 34

splitting of the tangent space of each point into a direction with uniform contraction and
another with uniform expansion. We focus specifically in the case in which the hyperbolicity
is uniform, that is, the rates of expansion and contraction are the same for each point.
Such maps, if invertible, are called Anosov diffeomorphisms, as a tribute to Dmitri Anosov

who introduced their study, as we mentioned at the introduction.

If the map is a local diffeomorphism but it is not invertible, several complications
arise, but we can still define uniform hyperbolicity, and maps having this property for
each point are called Anosov endomorphisms. The definition is analogous, as we state in
the following paragraphs, but the splitting is not global, it is defined along a fixed orbit

(equivalently, along points of the natural extension).

Most of the results here stated have the proofs omitted, but we reefer to their
demonstration. For a more detailed approach to the invertible case, see [34, 52, 55, 9].
Additionally, if possible, we state the results on the more general setting of endomorphisms,
highlighting the particularities of the invertible or expanding setting, cases that are included

in the definition of uniform hyperbolic endomorphisms, see [49, 38, 51, 4].

Let M be a closed (finite dimensional, compact, connected and without bound-
ary) C'* Riemannian manifold. The classical concept of a uniformly hyperbolic diffeomor-
phism (or Anosov diffeomorphism) over M is that there is a splitting TM = E*@® E° of the
tangent bundle that is D F-invariant and such that DF acts as a uniform contraction over
E? and a uniform expansion over £“. There is a more general notion of a diffeomorphism
with a hyperbolic set: there are A € U < M, with A closed and f-invariant and U open,
such that f: U — M is regular and f ‘ 4 Is uniformly hyperbolic.

Let us define a hyperbolic set for a local C! diffeomorphism f:U < M — M.
Definition 21 ([49]). Let f : U € M — M be a local C* diffeomorphism. The closed

invariant set A is an hyperbolic set for f if, for all & € A, there is, for all i € Z, a splitting
T, M = E*(x;) ® E*(x;) such that

o Df(x;)E"(x;) = E*(%i41);
« Df(xi)E*(z:) = E*(i41);
o there are constants ¢ > 0 and A > 1 such that, for a Riemannian metric on M,
D f™(z)v|| = ¢ *\"||v]|, Vv € E%(x;), Vi € Z,
| Df"(z:)v|] < eA7"|||, Yv € E*(x;), Vi € Z.
E*/*(z;) is called the stable/unstable direction for z;. When it is needed to make explicit

the choice of past orbit, we denote by E*(Z) the unstable direction at the point 7(Z) = xg
with respect to the orbit .
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In particular, if U = A = M, we say that f is an Anosov endomorphism, or a
uniformly hyperbolic endomorphism. This definition includes Anosov diffeomorphisms (if f
is invertible) and expanding maps (if E*(z) = T, M for each x). Throughout this work,
however, we consider the case in which E* is not trivial, excluding the expanding case,

unless it is mentioned otherwise.

A point can have more than one unstable direction under an Anosov endo-
morphism, even though the stable direction is always unique. Indeed, we find in [49] an
example in which a point has uncountable many unstable directions. Before we state this
example, let us introduce the stable and unstable manifolds. To guarantee their existence
and their properties, we state the Hadamard—Perron Theorem, which implies the Stable
Manifold Theorem.

Definition 22. Considering A < u, we say that a sequence L,, : R" — R" m € Z, of
invertible linear maps admits a (\, p)-splitting if R" = E* @ E; for every m, LmEf,{“ =

Ef,{il and
-1

HLm < p

< A and HL;L

'
Es, Ex
We say that {L,,},, admits a hyperbolic splitting if A <1 < p.

Theorem 6 (Hadamard—Perron). Consider A < p and r > 1, and for all m € Z, let
fom : R" = R" be a C" diffeomorphism such that

fm(@,y) = (Anz + an(z,y), Bny + Bu(z,y)),

for all (x,y) € R¥ x R"™* where A, : R¥ - R* and B,, : R"™* — R"™* are linear maps

with [AY| < ™, | Bl < A, am(0) =0, 8,(0) = 0. Then, for 0 < v < min (1, % — 1),

there is § = §(\, i, 7y) > 0 such that, if |an|cr < and |G|t < & for all m € Z, then

1. there is a unique family {W}m of C* k-dimensional manifolds

Wil(@, ¢p(z) - 2 € R} = graph ¢,
where " : R¥ — R"* and | Do || < v;
2. there is a unique family {W23,, of C* (n — k)-dimensional manifolds
Wod(w, @5, (2) 2 e R} = graph ¢},
where " : R"™* - R* and | Dyt || < v;

3. these families are invariant: fo,(Wy) =Wy 1, fm(We) =W ;
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/.
| fim(2)] < gl + )N+ (1 + 7)2 |z| for all ze W,
)9
-1
and | f,,14(2)] < (1ﬁ'y - 5) 2| for all z € W,

(p)—1

5 Ifve (N, i) and | fnsi-1 00 fu(2)| < CV| 2| for a C > 0 and all I = 0, then
z € Wy, analogously, if | frly0 -0 frli(2)] < Cv7'|2| for a C'> 0 and all 1 >0,

m’

then ze W, .

Note that, for Anosov endomorphisms, there is not a global splitting of the
tangent space; the splitting is along a given orbit # = (2;) on M. But {Df,,} is a hyperbolic
sequence, and one can apply the Hadamard—Perron theorem in the same way it is done
for Anosov diffeomorphisms to prove that f has local stable and local unstable manifolds,
denoted by W} p(¥) and W7 z(Z), tangent to the stable and unstable directions.

Theorem 7 ([49]). Let A be a hyperbolic set with a (A\,\~') splitting for a C local
diffeomorphism f : U — M. Then, for each & € A and each i € Z:

1. The sets
W3 (@) == {ye M :Vk >0, d(f*(y), f*(z;)) < R} and

Wig(zi) ={yeM:3ge M such that 7(§) = y and Yk =0, d(y_y, i) < R}

are C' manifolds, called respectively local stable manifold and local unstable manifold

of [ at the point x; with respect to fl(v%) R is a small constant that is locally constant
for f.

2. T, Wili(x:) = EY"(x:).

3. Ify,z € Wig(zi), then

2+ A
< —

d(f* " ), £71(2) < 5= - d(f*(y), *(2) and

if y,z € Wig(x:), then, for the corresponding §, z € A,

2+ A
A(Y—k-1,2-%-1) < 3 (Y1, 2—k)

for k e Z.

Additionally, for R > 0 sufficiently small, these manifolds are characterized by

Wi (@) = {ye M :Vk =0, d(f*(y), f*(x0)) < R}
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and
Wig(@)={ye M :3je M such that 7(f) = y and Yk = 0, d(y_g, z_1) < R}.
The global stable/unstable manifolds are
Wi@) = {y € M+ d(f*(y). f*(x0)) == 0}

and
Wi(#) = {y € M 3j & M such that n(7) = y and d(y, 7)== 0}.

Moreover, these manifolds are as regular as f. The stable manifolds do not depend on the

choice of past orbit for xy, but the unstable ones do.

In the case that the unstable directions do not depend on z, that is, E*(Z) =
E%(g) for any ,7 € M with ¢ = yo, then we say that f is a special Anosov endomorphism.

Hyperbolic toral endomorphisms are examples of special Anosov endomorphisms.

The fact that non-invertible Anosov endomorphisms, or expanding maps, are
not structurally stable was proven by R. Mané and C. Pugh [38] and independently by F.
Przytycki [49] in the 1970’s, when they introduced the concept of Anosov endomorphisms
as we know today.

Since the stable and unstable manifolds are characterized topologically using the
distance, they are preserved under conjugacies, that is, if ho f = go h, then h(W]f/ “(z)) =
Wgs/ “(h(x)). Thus, the number of different unstable manifolds for x and h(z) is the same
under f and g, respectively. The following example illustrates this lack of structural
stability, with a map f nearby a linear one with infinitely many unstable directions at a

given point.

Example 1 ([49]). Consider

n 1 0
A=1]111 0],
0 0 n

that defines in T® = R?/Z® a special Anosov endomorphism f4([z]) = [Ax]. If n is
sufficiently large, then for every neighborhood U of A in the C* topology and for each

x € T3, there exists f € U such that = has infinitely many unstable directions for f.

This is a consequence of [49, Theorem 2.15], in which the strategy is to give
labels to the pre-images of x, and perturb the map f4 on small neighborhoods depending
on this label.

If o = deg f4 = |det A|, then each point has o pre-images, and there is 7 > 0
with, for every z1, 2, € T, if fa(z1) = fa(22) and z; # 2, then d(z1, 25) > 47. Without
o0

loss of generality, assume that x is not periodic. We denote the points U fa"({z}) by
n=0
n-tuples (o1, ...,0,) of integers 0 < 0; < o, as such:
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o At least o — 1 points from A~*({z}) are outside the ball B(x,27). We denote these
points by (0), (1),... (0 — 2) and the remaining one is (o — 1);

e If(0y,...,0,)isapoint in A~"({z}), the at least c—1 points from A~*({(o1,...,0,)})
are outside the ball B(z,27). We denote these points by

(01,.-,00,0), (01, ..., 00, 1), ... (01, ., 0n,0 —2)
and the remaining one is (oy,...,0,,0 — 1).
The orbits in 7' (z) are sequences (oy,09,...). For each y = (01,...,0,) €

0¢]
U fa"({x}) with o, # 0 — 1, we define a neighborhood Uy, . .,y as a projection of a
n=0

small box on TyT3, in such way that the U, are fs-invariant and disjoint. We perturb fy4
on these projected boxes to generate different unstable local leaves that, when iterated
until they reach z, give origin to different unstable leaves for z. For the details of this

perturbation, see [49].

Uo Uny

UOO) U(01 \\ 1/0/ L1) \\ 2,0) (2,1) (2,2)
(0.2) Ej @ (1.2)

Figure 3 — If the degree of f4 is 3, then the gray sets illustrate where the perturbations
are made.

Mané and Pugh also proved the following proposition, which is very useful to

generalize properties of Anosov diffeomorphisms to endomorphisms.

Proposition 2 ([38]). Let M be the universal cover of M and F : M — M a lift
for f. Then f is an Anosov endomorphism if and only if F : M — M is an Anosov
diffeomorphism. Additionally, the stable bundle of F' projects onto that of f.

Usually, to study Anosov diffeomorphisms over a manifold M, we require M to
be compact. In our case, even though the universal cover is not compact, since F'is a lift

for a map on a compact space, F' carries some uniformity. This allows us to prove some
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results, that were originally stated for compact spaces, for the lifts proven in Proposition

2 to be Anosov diffeomorphisms.

Proposition 3 ([44]). If f : T" — T" is a C'** Anosov endomorphism, a > 0, and
F :R"™ — R" is a lift for f to the universal cover, then there are Wy and Wy transversely

absolutely continuous foliations tangent to Ey and Ey..

The above proposition is presented in [44] as Lemma 4.1. The proof is the same
one as in the compact case, since I’ projects on the torus, then its derivative is periodic
with respect to compact fundamental domains. With the same argument, we can prove
the following just as it is in [34, §19.1].

Proposition 4. Let f : M — M be an Anosov endomorphism and F : M — M a lift for

f to the universal cover. If the unstable distribution of F' has codimension one, then it is

ct.

If dim M = 2, since F' is invertible, then both the stable and unstable distribu-
tion are C'. In general, these distributions are only Hélder continuous. This also implies

that the stable and unstable holonomies are C*.

Definition 23. Given a foliation F, we define the holonomy hy, », : ¥1 — X2 between
two local discs 3y and X, transverse to F by ¢ — F(q) n Xg, where F(q) is the leaf of F

containing q.

Figure 4 — The holonomy hx moves = € T} to T along the leaf F(x).

That is, a holonomy moves the point ¢ through its leaf on F. For Anosov
endomorphisms, we have transverse foliations on the universal cover, so the stable holonomy
can have local unstable leaves as the discs. When there is no risk of ambiguity, we denote

it simply by A°. The same goes for the unstable holonomy.

An important feature of Anosov endomorphisms on tori is transitivity. The

following theorem is a consequence of results in [4] for topological Anosov maps, which
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are continuous surjections with some kind of expansiveness and shadowing property, as
we introduce in Section 1.3.1. Anosov endomorphisms are particular cases of topological

Anosov maps that are differentiable.

Proposition 5 ([4]). Every Anosov endomorphism on T" is transitive.

Proof. By [4, Theorem 8.3.5], every topological Anosov map f on T" has Q(f) = T", its

nonwandering set is the whole manifold, which implies transitivity. O]

In Section 1.2.1 we introduced quasi-isometry as a geometric property of
foliations on R", consisting of a uniform equivalence between the measure along the leaves

and the Fuclidean measure. If the endomorphism is close to is linearization, we have that

Proposition 6 ([44]). Let f : T" — T" be an Anosov endomorphism C'-close to its

linearization A. Then Wy and W3 are quasi-isometric.

The above proposition is proved in [44] as Lemma 4.4. In the case that f
is a special Anosov endomorphism, however, the quasi-isometry is guaranteed by the
conjugacy between f and A: the stable and unstable foliations lift to foliations of R", that
are invariant under deck transformations, and together with the fact that H is uniformly
bounded and with the global product structure, this allows us to bound the lengths
properly. In particular, for dimension 2, W;/ * is homeomorphic to a foliation by lines,
therefore it is Reebless and, by the classification of foliations on compact surfaces given in
(30, §4.3], W;/ * is the suspension of a circle homeomorphism, thus being quasi-isometric
(this is similar to the argument given in [29] to prove dynamical coherence for special

partially hyperbolic endomorphisms on T?).

This argument does not apply for W if f is not special, since this foliation does
not project to a foliation of T", but the quasi-isometry of W follows from [27, Proposition

2.10] for partially hyperbolic endomorphisms on TZ.

Concluding, for Anosov endomorphisms, the stable foliation is always quasi-
isometric. We have quasi-isometry of the unstable manifolds for special Anosov endomor-
phisms, it only is guaranteed locally around the linear maps for the general non-special
case, and on T? it always holds. We still do not know if there are examples of Anosov
endomorphisms on T" with unstable foliations that fail to be quasi-isometric, or if it can

be proved that Anosov endomorphisms always have quasi-isometric unstable manifolds.

1.3.1 Shadowing and c-expansivity

In this section, we prove that Anosov endomorphisms have two properties that,

together, imply the structurally stability at the natural extension level. These are the
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shadowing property and c-expansivity. In the invertible case, this proves the structural
stability.

A d-pseudo-orbit is a sequence {x;}iczn[ap) Of points of X, a < b e Z, such that
d(f(x;),xip1) <6 forieZ nla,b). If a = —o0 and b = o0, we say that the d-pseudo-orbit
is bi-infinite.

Essentially, pseudo orbits are orbits allowing a small error at each step, but
on a non-cumulative fashion: after an iteration, we are allowed to have instead a point

near the “right one”, but then we iterate the “right one” and get a new neighborhood of

allowed points.

We say that a d-pseudo orbit is e-shadowed by x € X if d(f*(x),x;) < € for
i€Z na,b] (with a = 0 if f is non-invertible). The map f : X — X has the shadowing
property if, for € > 0, there is 6 > 0 such that every J-pseudo orbit is e-shadowed by a
reX.

We can shadow a bi-infinite d-pseudo-orbit for an endomorphism using points

of the natural extension.

The shadowing property gives us that every “approximated” orbit can be
replaced by a real orbit nearby. To prove that it is the case for Anosov endomorphisms,

let us first establish the local product structure.

The following is a consequence of the stable manifold theorem [51, Theorem
IV.2.3], [49, Theorems 2.3 and 2.6].

Theorem 8 (Local product structure for endomorphisms [51, 49]). If A a hyperbolic set
for the endomorphism f : U < M — M, then, given € > 0 small enough, there is0 < § < ¢
such that

1. For e A and xg € A with d(xo,y0) < 8, we have that W (i) WWE(x0) is a single

point zy, 5. See Figure 5.
2. If Us(A) = {(xo, 5 € A x AT+ d(x0,10) < 6}, then

[.,.]5,5 : U(;(A) - A
(z0,9) = 220,
18 continuous.
3. If A is a basic (mazximal and transitive) subset for f, then for all (xo,7) € Us(A)

there is a single point W € A such that (W) = 2445 and d(w_n,y_,) < € for all

neZt.

Remark 2. We need that A is an axiom A basic set only for the uniqueness of w. Its

existence is given by the definition of local unstable manifold.
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W2(5)

Yo

220,

Zo

Figure 5 — The local product between xy and 1, is obtained from the intersection of the
stable manifold for zy and an unstable manifold for yy. The unstable manifold
depends on a choice of pre images for yg, given by .

In what follows, we prove the Shadowing Lemma for endomorphisms, which is
already stated in [49, Corollary 1.14] and [4, Theorem 1.2.1], with our proof here being
an adaptation of [55, Proposition 8.20] to endomorphisms. Remember that a bi-infinite
pseudo-orbit for and endomorphism f : M — M is not shadowed by M, but by a point of

the natural extension M.

Theorem 9 (Shadowing Lemma). Let A be a hyperbolic set for the C"endomorphism
f:Uc M — M, r>1.If A has local product structure, then for any g > 0 there is

a > 0 such that all a-pseudo-orbit in A is B-shadowed.

Proof. Consider in M the adapted metric, that is, a metric equivalent to the Riemannian
metric such that, for A € (0, 1),

DL ()]l < Allol] if v e E*(x)
1D fzo ()l = A7H[o]] if v e E*(2).
Let 0 < € < (1 — \)B be sufficiently small for the existence of local stable

and unstable manifolds. Consider 0 < n = % < . By Theorem 8, there is 0 < § <
min{e, § — n} such that
[, Je2s: Us(A) — A
(20,§) = Zuog

1s continuous.

We choose 0 < a < § such that, given @ € AY with d(zy,wy) < a we have that
[0, 7 (Wis(wo) 0 A)] = W5 (20)-
Such « exists by the continuity of the local product. See Figure 6.

Given a finite a-pseudo-orbit x = {xz¢,...,x,} in A, we define inductively

Yo, - - -, Y, With
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Figure 6 — We illustrate the choice of « in such way that the local unstable manifolds
passing through the local stable manifold of wqy intercept the local stable
manifold of zy at a single point.

1. yo:=mxp€ A and we fix a g € 7 *(10).

2. y1 := [x1, f(§o)]. This local product is well defined because

d(z1,7(f(§0))) = d(x1, f(20)) < & < 0.

Besides, from the definition of o and since d(zq,7(f(f))) < «, we have that
y1 = [z1, f(G0)] € W5 (21).
We choose §; as a point of A7 such that 7 () = y1 and d((§1)—n, (f(7o))—n) < € for

all n € Z*, that exists due to the definition of local stable manifold.

3. We define vy := [x4, f(Gs_1)] for 1 < k < n, and § as a point of A such that

() = yr and d((Gx)—n, (f (Gr-1))—n) < & for all n € Z*.

Figure 7 — We start with zp = yo. At the next step, y; is defined as the intersection
between the stable manifold of x; and the unstable manifold of f(g). Thus,
the define y; inductively.

To check that y; are well defined, we first prove by induction that vy, € Wy (xy).
Indeed, we saw that y; € Wi (x;), so it remains to assume the induction hypothesis and

conclude that it holds for k.
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Suppose that yx_1 € W5 (zg—_1). Then f(yx_1) € Wis(f(2x-1)). Since
d(zy, f(Tr-1)) < a,
by the definition of «, we have that

[, 7 (W5 (f (2r-1)) 0 A)] = W ().

Therefore, y, = [xk, f(Jr-1)] € W5 (k).

To conclude that y, = [k, f(Fr—1)] is well defined, it suffices to prove that

d(x, 70 f(fk-1)) = d(ap, f(Yr-1)) < 20.

But d(zg, f(ye-1)) < d(xg, f(xr_1)) + d(f(zx-1), f(yx—1)). The first term is

lesser than «, since x is an a-pseudo-orbit.

Since yx_1 € Wi (xp_1), then f(yx_1) € Wis(f(zx—1)), thus
d(f(zk-1), f(yr—1)) < A0

Therefore, d(zg, f(yp—1)) < a + Ad < 20.

Now let us see how to use g; to find the shadowing orbit for the a-pseudo-orbit

3

Since, by definition, y, € W*(f(§x_1)), then, for j e Z*,

P () € Wi (F (Gk-1)) (1.1)

and, with gx = (..., (Gx)—2, (Tk)—1, Yk, [ (Us), fQ(yk), ...), we have that

(Gr)-5 € W3 (F U7V (Gh1))- (1.2)

Claim: § = f "(§,) B-shadows z, that is, y = 7(j) = (§)_n satisfies
d(f'(y),x;) < Bfori=0,...,n
Indeed, we have that
j .
d((G)—j, Yn—j) < 0 := > Ne, (1.3)
i=1
for k,j € N such that 0 < j < k < n, that can be verified inductively over j by 1.2.
Remark 3. In [55], in the case that f is a diffeomorphism, we have that (gx)-; € Wy’ (yx—;),
that does not hold in our case due to the existence of multiple unstable directions. However,

the inequality 1.3 still holds. See Figure 8.
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Figure 8 — The unstable leaf of f(yx_1) is not necessarily the one of y;, but we can still
control their distances.

ThUS, d(waO) = d((ﬂﬂ)—na 3/0) < en <n< ﬁ and

d(f(y),z1) = d((Fn)-n-1),71) < d((Jn)—(n-1),¥1) + d(y1,21) <+ <

where the second term is lesser than § since y; € Wy (x) and the first one is lesser than 7

due to inequality 1.3.

In the same way, for the general case with 1 <i < n,

d(fz(y)a ZEZ) = d((gn)f(nfi%mi) < d((ﬂﬂ)*(nfi)a yi) + d(yiv ZCZ) <n+ 0 < B’

and this concludes the claim.

For any finite pseudo-orbit, the previous proof applies by reindexing the sequence

to make the first term zg.

If x is a bi-infinite a-pseudo-orbit,
= (...,0 9,0 1,T0,%1,T2,...),
each finite segment z,, of z is S-shadowed by an orbit 7,;. Let
A :={(a,b) € Z x Z such that a < b — 1},

then {7, : (a,b) € A} is countable in A’ compact, thus it has an accumulation point 7,
that g-shadows z. O
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To apply the Shadowing Lemma to construct a conjugacy between the natural
extensions of nearby Anosov endomorphisms, we need the uniqueness of the shadowing
for small 5. In the invertible case, this is guaranteed by the expansivity, and here we

generalize this concept.

Definition 24. If f : X — X is a continuous and surjective function the compact metric
space X, we say that f is c-expansive if there is € > 0 such that, if ¥ and ¢ are distinct

points of the natural extension X/, there is i € Z such that d(z;,y;) > €.

Equivalently, f is c-expansive if there is ¢ > 0 such that if d(xy,y,) < € for all
ke Z,then T = 3.

See [4] for the properties of c-expansive functions. For instance, the following

result [4, Theorem 2.2.29] can be easily verified.

Proposition 7 ([4]). f: X — X is c-exzpansive if and only if f: X7 = X7 is expansive

at the natural extension.

Other result of [4] is the following.

Proposition 8 ([4]). If A is a hyperbolic set for the endomorphism f :U < M — M,

then f is c-expansive in A.

Thus, we have c-expasivity for hyperbolic sets of endomorphisms, and taking
£ in Theorem 9 to be half the expansivity constant, we get uniqueness. The conjugacy
between f and §, the inverse limit of two nearby Anosov endomorphisms, is given as
follows: if dea (f, g) < @, then any # € M7 is an a-pseudo orbit for g, thus it is S-shadowed
by a unique y € M7; we define B(f) = g that takes each pseudo orbit to its shadowing,

and we can prove that & is a conjugacy, as in the invertible case [52, Theorem 7.1].

The proofs of this section are valid without the differentiable structure. We say
that a local homeomorphism f : M — M is an topological Anosov map if it is a continuous
surjection that has the shadowing property and is c-expansive. Topological Anosov maps

are stable on the natural extension [4, Theorem 6.8.1].

Having a conjugacy between the natural extensions of two nearby Anosov
endomorphisms could cause us to think we can project it somehow, but if it projects, then
f and g would be at least topologically semiconjugate. In the case that ¢ is special and f

is not, it cannot occur, as we show in Proposition 11.

1.3.2 Conjugacy with a linear model

Given an Anosov endomorphism f : T" — T", its linearization A : T" — T"

is the unique linear toral endomorphism homotopic to f, that is, A = f, extended from
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Z" to T". Often the behavior of f is related to the one of A. In fact, if f is invertible or
expansive, f and A are topologically conjugate. In the more general non-invertible setting,
since a conjugacy should preserve stable and unstable manifolds, it does not exist if f is

not special.

With the results of the previous subsection, we see that f and A are conjugate
at the natural extension level [49, Theorem 1.20], but if this conjugacy projects to the
original manifold T" then f is special, a necessary condition to establish the conjugacy
between f and A. We can approach the conjugacy using the universal cover, as was

classically done for diffeomorphisms [21, 39].

The version of Theorem E given by F. Micena requires the Anosov endomor-
phism to be strongly special — that is, W;(z) is dense for each x € M — in order to
guarantee the existence of conjugacy with its linearization. This relies on Proposition 9

stated below and given by Aoki and Hiraide in [4] for topological Anosov maps.

Proposition 9 ([4]). If f: T" — T" is a strongly special Anosov endomorphism, then its

linearization A is hyperbolic and f is topologically conjugate to A.

We know that Anosov endomorphisms on tori are topologically transitive,
and a classical open question is whether every Anosov diffeomorphism is transitive. For

diffeomorphisms, transitivity is equivalent to the density of stable and unstable manifolds.

However even in the transitive case, general Anosov endomorphisms may have
non-dense stable manifolds. For instance, consider the linear Anosov endomorphism on T?

induced by the matrix

0
A= 0
2

S = N
O ==

It is easy to check that dim E* = 2, dim E* = 1, A : T® — T? is transitive and WY(z) is
dense in T? for each z, but, if x = (21, 2o, x3) € T?, W5(2) is restricted to T? x {x3}, then

it is not dense.

More recently, S. Moosavi and K. Tajbakhsh [45] proved, similarly to Aoki and
Hiraide, that the hypothesis on the density of the stable set is not required, and extended
the conjugacy result to topological Anosov maps on nil-manifolds. As a consequence, we

have the following.

Proposition 10 ([58, 45]). An Anosov endomorphism f:T" — T" is special if and only

if it is conjugate to its linearization by a map h : T" — T" homotopic to Id.

We saw in Example 1 that a small perturbation of a special Anosov endomor-

phism may be not special, and in particular, a perturbation can have uncountable many
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unstable directions on a given point. This is an obstruction to topological conjugacy. On

the universal cover, however, we do have a conjugacy.

If f:T" — T" is an Anosov endomorphism, by [4, Theorem 8.2.1] there is a

unique continuous surjection H : R" — R" on the universal cover with

e« AocH=HoF;
o H is uniformly close to Id;

e H is uniformly continuous.

And, by [4, Proposition 8.4.2], the inverse H ' exists and it is uniformly continuous,
regardless of the distance between f and A. These two results hold for f topological
Anosov map on the n-torus, with the c-expansivity playing a key hole to the injectivity of
H as in Section 1.3.1.

A necessary condition for H to project to the torus is that f is special. In fact,
we prove that even the existence of a semiconjugacy with the linearization on T" implies

that f is special.

Proposition 11 ([12]). Let f : T" — T" be an Anosov endomorphism and A its lineariza-
tion. If A is a factor of f, then f is special.

Proof. Supposing that A is a factor of f, then there is a continuous surjective map
h : T" — T" with ho f = Ao h. Considering H a lift of h to R", we have that
H(z+a) = H(xz)+ Ba for each z € R" and a € Z", where B : " — Z". Let F; A : R" - R"
be lifts of f and A.

For z ~ y, i.e., y = x + a with a € Z", we prove that p(Wg(x)) = p(Wi(y)).

Since H takes unstable leaves of F' to unstable lines of A, then
H(Wg(x)) = Wi(H (x)) and
H(Wg(y)) = HWe(z + a)) = Wi(H(z + a)) = Wi(H(z)) + Ba.
For any z € Wj(z), we have H(z) € Wi (H (z)), then
H(z)+ Bae W4(H(x)) + Ba = HW4g(y)).

By [4], H is invertible, then H(z)+ Ba = H(z+a) and, therefore, z +a € Wg(y). Therefore

p(Wg(z)) < p(Wg(y))), and the converse inclusion is analogous.

Thus, the set of unstable directions projected from the universal cover for each
point in T" is unitary. Since the set of all unstable directions for a point is the closure of
the ones projected from the universal cover [44, Proposition 2.5], we conclude that f is

special. O
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Wi(y) WY (H(z)) + Ba
) + Ba

=
<
=

y=x+a

Z+a
%+Ba
/f—ka
/\ZJ — H(x)
H

Wi()

Figure 9 — For any point on Wj(x), we show that its image under a deck transformation
+a is contained on Wi (z + a).

In the conclusion of the previous result, we get that the invariance under deck
transformations of the unstable leaves on the universal cover is equivalent to f being
special, and the existence of a semiconjugacy on the torus would imply this invariance

because H is invertible.

1.3.3 Lyapunov exponents

Given a differentiable dynamical system f : M — M, Lyapunov exponents are
quantities defined for almost every point that describe the rates of exponential growth
along some directions of the tangent space T, M. Their existence and properties are given

by the Multiplicative Ergodic Theorem, as follows.

Theorem 10 ([51]). For f : M — M a C' endomorphism, there is a f-invariant Borel
subset N < M that has full p-measure for any f-invariant probability p and

1. there is a measurable function r: N — Z* withro f = r;
2. there are real numbers +o0 > N (x) > A2(z) > --- > N @ (2) = —c0 for all z € N;
3. for all x € N, there are linear subspaces of T, M with
VOG@) =T,M >Vl 5 ... 5 yre) — (o}
4. forze N and 1 <i < r(zx), we have for allve VIV (e\V O (z) that

1 .
lim —log |Df"(x) - v| = X(x) and

n—o n,

n—aw n,

r(z)
1 .
lim —log |Df"(z) - v| = Z N (z)my(z),
i=1

where my(x) = dim VO (z) — dim VO () for all 1 <i < r(z);
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5. N'(x) is measurably defined on {x € N : r(z) =1} and f-invariant;

6. VO(x) is D f-invariant for all 1 < i < r(z).

The numbers A\ (z), - - - \"@(z) are called Lyapunov ezponents of f at the point

x and m;(x) are their multiplicity.

f (f, ) is ergodic, then r(z) and A(z), for all 1 < i < r(x), are con-
stants p-almost everywhere. Additionally, if (f, ) satisfies the integrability condition
log |det Df(x)| € L*(11), then we have that

J log | det D f(z) J ZA’ z)m;(x) ().

We saw in Section 1.1.1 that the conjugacy of derivatives of corresponding
periodic points is a a necessary condition to have C' conjugacy. For our rigidity result,
Theorem E, we require that corresponding periodic points have the same Lyapunov

exponents. Let us see that these conditions are equivalent in the context of this work.

Consider f,g: M — M topologically conjugate endomorphisms, ho f = go h.
If DfP = B 'o Dgﬁ(w) o B for all periodic z with f?(z) = z, then the matrix B gives a
change of basis between the V® directions of f and g, with the same Lyapunov exponents

at the periodic points.

Reciprocally, if Df(z) and Dg(x) are diagonalizable for each x € M — that is
the case if M = T? and f and g are uniformly hyperbolic —, then

Ny () = Ag(h())
implies the conjugacy of derivatives of corresponding periodic points. Indeed, for all n € N,

there are k € N and r € {0,--- ,p — 1} such that n = kp + r. Then we can decompose the

derivatives to compute the Lyapunov exponents as

Df"(x) = D(f" o D**)(x) = Df"(x)(Df"())*
and, analogously, Dg"(h(z)) = Dg" (h(z))(Dg*(h(x))).

Then we have that

X(x) = lim — log | Df (x)(Df"(x))"]

n—ow n

B kh—{lgo kp+r10g’Df (@)l +kh_>r2) kp+r

1
= —log |DfP(x)|,
" | Df(x)]

log | D f*(x)]

- 1
and A\ (h(z)) = ];log\Dgp (h(z))| along one dimensional corresponding di-
rections, that is, |DfP(z)| = |Dg”(h(x))| along these directions and the matrices are

conjugate.
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2 Holonomies for foliations with

extreme disintegration behavior

In this chapter, we explore the relation of two approaches to the regularity
of a foliation with respect to the Lebesgue measure: by the regularity of the associated
conditional measures (leafwise absolute continuity), or by the measurable regularity of the

holonomy maps (transverse absolute continuity), as introduced in Sections 1.2.3 and 1.2.4.

As we have mentioned, the transverse absolute continuity is stronger than
leafwise absolute continuity, and, in Theorem A, we prove an analogous result for their
respective uniform formulations: transverse absolute continuity with uniformly bounded
Jacobians is stronger than leafwise absolute continuity with uniformly bounded densities
(and we call this UBD property).

Conversely, in the unpublished notes [50], the authors prove that leafwise
absolute continuity implies transverse absolute continuity “almost everywhere”. More
precisely, they prove that, if a foliation is leafwise absolutely continuous, then for any
transversely absolutely continuous transverse local foliation 7, we have that the F-
holonomies between almost every pair of 7T -leaves are absolutely continuous. We also
provide a proof of a similar result for foliations having the UBD property. In Theorem B,
we prove that if a foliation has the UBD property, then for any transversely absolutely
continuous local foliation 7 with uniformly bounded Jacobians and transverse to F,
we have that the F-holonomies between almost every pair of 7T-leaves are absolutely
continuous with uniformly bounded Jacobians. This result answers a question left as a
footnote in [43], when the authors define the UBD property.

These results also motivate the hypothesis that the stable and unstable foliations
have the UBD property in Theorem D that we prove in the next chapter, since requiring
that the Jacobian for the holonomies are uniformly bounded is common when studying

hyperbolic dynamics.

Another extreme behavior for a foliation — in contrast to the regularity given
by absolute continuity — is atomic disintegration, that is, when the conditionals are sums
of Dirac measures for almost every leaf. In this case, if almost every leaf has at most k
atoms, we prove in Theorem 5 that almost every holonomy should take a full Lebesgue

measure set to a null one.
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2.1 Proof of Theorem A

Consider T a transverse local foliation to F. Take T to be transversely abso-
lutely continuous with uniformly bounded Jacobians and with the UBD property. There is
a foliation coordinate chart (U, h) for F such that U is a foliated box for both F and T.

Hereafter, all the computations take place on U, and we omit it from the notation.

Let m be the normalized volume on U, Ar(,) the induced normalized volume
on F(x) and mx(z) the conditional of the volume on F(x).

d
Since T has the UBD property, then the densities 9, = dTT(y) are uniformly
T(v)
bounded for each leaf T (y).

For each measurable A € U we have, using the conditionals, that

f f A7) () Dhr(o) () (2.1

Fixed z € U, consider the holonomy hzr, : T (x) — T (y) that takes 7T (z) to
T (y) through the leaves of F and ¢, its Jacobian. Then

f XA(Z)%(Z)dAT(y)(Z):f Xa(hzy(5))ar.y(5)0y(hry(s))dATw) (s), (2.2)
T T(@)

since
f Xc(2)qry(2)dAT @) = J Xy () (8)dAT () (5)
T(x) T ()
by the definition of Jacobian, and )y = xco [~

By replacing (2.2) in the equation (2.1) and switching the order of integration,

we have that

D= | @ DA ) (23)

Consider the holonomy hr, : F(x) — F(s) that takes F(z) to F(s) through
the leaves of 7 and ¢r, its Jacobian. Consider the change of variables r = hz,(s),

y=hr.(r)= h}}s(r). Then

J XA(h}',y(S))q}',y(3)5y(h}',y(5))d)\}'(x)(y):f Xa(r)az,y(5)3y (1) a7 o (r)dAz 5 (1),
) F(s) 2.4

therefore

m(4) = L(I) L(S Xa(7)8y (1) a7 (1) a7,y (8)dAF () (1) AT ) (5)- (2.5)

dmzs
Thus, 8,(r) := 6,(r)g7(r)gry(s) is the density % The Jacobian g7 is
F(s)
uniformly bounded, since T is transversely absolutely continuous with uniformly bounded
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Figure 10 — We change the variables from y and s to r and s.

Jacobians, and 7T also has the UBD property, then d,(r) is also uniformly bounded. Finally,
¢ry(s) is uniformly bounded by our hypothesis on F, and we conclude that d; is uniformly

bounded.

2.2 Proof of Theorem B

Let (U, h) be a foliation coordinate chart for F in such way that U is also a
foliated box for 7. The strategy of this proof is to construct a family of functions that have
uniformly bounded Jacobian, that restricted to F-leaves are translations with uniformly
bounded Jacobian, and that restricted to 7T-leaves are holonomies along F. Using this
family of functions, we prove that hx has uniformly bounded Jacobian for almost every

pair of T-leaves.

Fixed F' = F(z) a leaf of F on U, there is a diffeomorphism 4 : ' — R¥ which
allows us to pullback to F' the action by translations on R*. More precisely, if the action

a:R¥ x R¥ - RF is defined by ¢g -z = a(g,z) = g + z, then the pullback action is given by

a: RFx F — F
(g,2) — i'(g-i(z)).

Having no risk of ambiguity, we denote ¢ - = = @(g, z) as the induced action on
F.

For every g € R¥, since a(g, ) is smooth and preserves the Lebesgue measure
on R¥, then a(g,-) is C" (it is as regular as the leaves of F) and absolutely continuous.
However, since i takes a bounded manifold F to R, it takes sets of fixed volume on F to

arbitrarily large sets on R¥, therefore @(g, -) does not have bounded Jacobian.
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To overcome this, consider V' < U a compact foliated box for F and 7T, and
F = F nV. We only consider holonomies between leaves of 7T intercepting F, that
is, between 7 (z) and T (z') with x,2’ € F. Then, consider A < R" such that g € A
implies that @(g,-) : F — F has image satisfying a(g, F) n F # @&. It is easy to see
that A is closed and its interior is a non-empty neighborhood of 0 in R¥. For g € A, let
F, := a(—g,a(g,F) n F) # & be the pre image of @(g, F') n F under a(g,-). In other
words, Fj is the subset of F' that remains inside F after the translation by g. Then there
exists a constant Cy such that, for all g € A, a(g,-) restricted to F, has Jacobian ¢z,
satisfying

Cl'v < (Gagg < Cv,

U restricted to d(F) are C* functions over fixed compact sets.

since i restricted to I and i~

Hereafter, all the leaves are local leaves with respect to the foliated box V. We

can use the holonomies along the leaves of F to define, for each g € A, a homeomorphism

hy : Vg = hy(Vy) €V, where V, = | ] T(x).

z€Fy

We define h, as follows: for y € V,, there is x € F, such that y € T (x).
Considering the holonomy hz : T (z) — T (g - ),

hg: Vg — hy(Vy)
y = hry).
In other words, h,(y) = hr(g-h7'(y)), where hy : F — F(y) is the holonomy along the

leaves of 7. Also, by the construction of hg, its restriction to 7-leaves is the holonomy

hr:T(x)—T(g-x).

T(g-x) ()

Figure 11 — We define h, as a translation on F-leaves with restrictions to 7-leaves being
JF-holonomies.
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We have that h, restricted to F-leaves is absolutely continuous with uniformly
bounded Jacobian. Indeed, given a leaf F(y) and a measurable I < F(y) n V,, we have
that h,(I) = hy(g-h7 (I)), with the holonomies hs along the leaves of 7 having uniformly
bounded Jacobian and @(g, ) also being bounded with the constant Cy that does not
depend on g.

Furthermore, if z € F(y), then hy(z) € F(y). This means that h, preserves a
measure transverse to the foliation F. But h, restricted to F-leaves is absolutely continuous
with uniformly bounded Jacobian, thus h, : V, — hy(V}) is absolutely continuous with

uniformly bounded Jacobian.

We have a map hy that is absolutely continuous with uniformly bounded
Jacobian for whole open sets in the manifold and along the foliation F. But, restricted to
T-leaves, this map is precisely the F-holonomies, which we want to prove that is absolutely
continuous with uniformly bounded Jacobian along 7. Thus, the heart of the proof is the

following lemma.

Lemma 1. There exists a constant C' > 1 such that, for each g € A, there is a Mg, -full
measure set X, = Fy such that for each x € X, the holonomy hg‘T(x) =hr:T(x) > T(g92)

is absolutely continuous and its Jacobian q satisfies ¢ < C.

Proof. Suppose that the lemma does not hold. Then for each C' > 1 there exists g € A
and B = B¢, < F, with positive volume such that for each x € B we have that
hg‘T(:r) :T(xz) = T(g-z) does not have Jacobian ¢ satisfying ¢ < C. Thus, for each = € B,
there is Z, ¢ < T (z) with positive volume such that ¢(y) > C for all y € Z, ¢.

Let z be a density point of Z, ¢ with respect to the volume measure Ay
on the leaf. That is, if By(z,0) is the ball of center z and radius ¢ on the leaf and
Zx,C,& = Zx7c M BT(Z, 5), then

M) (Zs
lim 270 Z00)

=1.
6—0 )\7—(@(37’(2, (5))

Since the foliation 7T is continuous, the holonomy hr along F leaves is continuous
and the Lebesgue volumes on T-leaves vary continuously, then, for a sufficiently small
interval I < F(z) containing z, we can estimate the volumes of the images of Z, ¢
under F-holonomies and its images under h,. More precisely, for all w € I, considering
hrw:T(x) — T(w), we have that Z,, ¢ 5 := hrw(Z,.cs) satisfies

) 30
— < Ay (Zw < —.
5 S ATw)(Zwcs) < 5
Moreover, its image hy(Z,, cs) satisfies
Co

M (gw)(hg(Zuw,c5)) = -
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since it is close to hy(Z; cs). Therefore, we have that

C
AT(gw) (hg(Zw.cs)) > 1w (Zw,c6)- (2.6)

Fixed C' > 1, a small § > 0 and [ sufficiently small so that the above inequality

holds, consider Z := U Zwcs- To see that Z is measurable, it suffices to “see” it as a

wel
product of I and Z, ¢ 5. Indeed, consider

P Z — IXZLC’(;
p = (h’T,z(p)?h]:,z(p))a

where hr . : F(p) — F(z) is the holonomy along T-leaves and hx, : T (p) — T (z) is the
holonomy along F-leaves. By our definition of Z and the fact that the holonomies are

continuous, we have that p is a homeomorphism, and then Z is measurable.

Since T is transversely absolutely continuous by hypothesis, then Z has positive
volume. We aim to conclude that m(hy(Z)) > aCm(Z) for some fixed constat «, which
leads to a contradiction to the fact that h, : V, — hy(V,) has uniformly bounded Jacobian.

Note that h( (U Zw05> U hy(Zy,cs), then

wel wel

m(hy(2)) = j e () s

1
> ?)\T(gw)(h ( wCé)) d)\]:
hg(I)
(2.6) C
> J4K/\T ) (Zw,cs) dAF

C C
— Z =—m(Z2).
> L 4K2mT(“’)( w,C,6) AAF 4K2m( )

where K is the constant from the UBD property. Since K does not depend on C or g,
we have that for each C' > 1, there is g € A such that h, is not uniformly bounded, a

contradiction. O

Analogously to Lemma 1, we prove that

Lemma 2. There exists a constant C' > 1 such that, for each g € A, there is a Ap,-full
measure set Y, < F, such that for each x € Y, the holonomy hg’T(x) =hr:T(x) > T(g9-x)

1
s absolutely continuous and its Jacobian q satisfies — < q.

C

Now we proceed to prove that hr : T (z) — T (z') is absolutely continuous with

uniformly bounded Jacobian for almost every (z,2') € F x F.
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Consider
P x = U{(m,g-x):xng},
geA

as a partition of the product F' x E. This is indeed a partition since, for all z,y € F, there
exists a unique ¢ such that g-z = y. Moreover, F' is C*, and each set G, :={(z,gx):xeF,}
is also C'. Therefore, the partition {G,},c4 is in fact a foliation of F' x F homeomorphic
to an affine foliation of R* x R* by k-plaques restricted to the box B(0,1) x B(0,1), with
B(0,1) a unit ball in R¥.

By the Lemmas 1 and 2, for each g € A there is a full volume set Z, = X, nY,
in F, such that, for every x € Z,, the holonomy between 7 () and 7 (g - x) is absolutely

continuous with uniformly bounded Jacobian. Thus, for all

(l‘,ﬁ/) € U{(x>g ’ Q?) tTE Zg}7
geA
the holonomy hz : T(z) — T(a') is absolutely continuous with uniformly bounded
Jacobian. But Z; x g- Z, is a full measure subset of G,, then a Fubini argument guarantees

that such pairs form a full measure set of F' x F.
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3 Rigidity for Anosov Endomorphisms

on surfaces

In this chapter, we prove two results to obtain as a corollary Theorem C, that
characterizes, for Anosov endomorphisms on surfaces, the smooth conjugacy between an
Anosov endomorphism and its linearization with the condition that the unstable and stable
foliations have a uniform kind of leafwise absolute continuity. This condition is called UBD

property, as defined in Section 1.2.4.

In the first result, Theorem D, we obtain a rigidity result relating the Lyapunov
exponents with the regularity of the unstable and stable foliations. More precisely, given
f:T? — T? a smooth Anosov endomorphism, we prove that, if the stable and unstable
foliations have the UBD property and a volume condition is satisfied, then the Lyapunov
exponents of f are constant and equal to the ones of A. This volume condition replace the
role of conservativity for the non-invertible case, and we introduce it with more details

along the proof.

The second result, Theorem E, guarantee that, for two surface Anosov endo-
morphisms that are conjugate, if the Lyapunov exponents on corresponding periodic points

coincide, then the conjugacy is as regular as the endomorphisms.

By joining Theorems D and E for f special with the volume condition and
g = A, we have that the UBD property implies equality of Lyapunov exponents, which
implies that h is as regular as f. Reciprocally, if the conjugacy h is C*, then a lift H of
h takes unstable leaves of F' to unstable lines of A, implying the UBD property on the

unstable foliation of F'. The same holds for the stable foliation, and Theorem C follows.

The results of this chapter were sent to publication and a pre-print is available
at [12].

3.1 Proof of Theorem D

Consider F' : R? — R? to be a lift of f to R" the universal cover, and p : z + [z]
to be the canonical projection from R? to T?. By [4, Theorem 8.2.1] there is a conjugacy
H : R* - R? between I and A, with d(H,Id) < 6. In particular, this gives us global

product structure for the stable and unstable foliations of F'.

Proposition 3 implies that the unstable and stable foliations Wy and W are
transversely absolutely continuous, therefore being leafwise absolutely continuous. So,

by requiring the Uniform Bounded Density property — promoting the leafwise absolute
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continuity to a uniform formulation — for both foliations, together with the volume
condition given by Hypothesis (C'), we prove that the exponents are constant at each point
on T?. We proceed by proving that A¥ = A% and the proof for the stable exponents follows
analogously by using F~'.

We have that F' has exactly one fixed point, because it is conjugate to A, and
we can suppose that F'(0) = 0. Consider B := W;(0) the stable leaf of 0 with respect to
F. We have that B is F-invariant and the unstable leaves of F' intersect B transversely at
a unique point. Then we can define p% : R?* — B as the projection taking each point z to
Wi(z) n B. We can also fix an orientation on each leaf by choosing a connected component
of B\{0} as positive. Assuming that F' preserves the orientation on unstable manifolds, or

working with F? instead, consider the foliated strip

By:={yeR*: d“(p%(y),y) <70, ye WpT},

where 7, > 0 is a constant that satisfies p(By) = T? and is greater than 46. We can visualize
By as a strip “above” B whose projection covers the whole torus. Let By, := F*(B,) be the
iterates of By. Since B is F-invariant and it expands along the unstable leaves, B,_1 & By.

Define m*

= m‘ 3, O be the induced volume on By,. Even with the m* being an
infinite measure, we can still consider conditional probability measures on foliated boxes
inside By: m” is the conditional probability measure in Wy, (x) := W(z) n By for m-almost
every point in By. Additionally, this probability measure is unique up to multiplication by

a constant for almost every leaf.

Remark 4. Given this setting, before we proceed with the proof, let us explain the
Hypothesis (C'). We want it to hold to guarantee that, as we iterate under F' the conditionals
on By, obtaining Ffm%_k(x), they remain uniformly equivalent to the normalized volume
S\fc on Wy. This is the condition that allows us to compute the rates of exponential growth

of f as being equal to the ones of A along this proof.

Denoting with ~ the uniform equivalence between two measures, we already
have that m* ~ Xﬁ and Ffm%,k(x) ~ Ffﬁ%,k(x) by the UBD property. So, to obtain
FmeF—k(x) ~ S\E as we wish, it suffices to have that FmeF—k(x) ~mF or Ff:\OF_k(x) ~ S\Zz,

with the latter being Hypothesis (C'), and the both being equivalent under the UBD
property. Thus, in this case, Hypothesis (C') regards the relation between Ffm%fk(x) and
m”. We have that

a) dF*m° = |det DE*(:)| dm” in By;
—_—
TER()
b) {mF}, is a disintegration of m*;

c) {Ffm%,k(m)}x is a disintegration of FFm?.
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Then, for any ¢ : By — R, we have on one hand that
[ warsme 2 [ (] popartmho ) drticte) (31)
On the other hand, we have that

Lk pdFfm° 2) Lk © JE*dm" » JB (fWk(z) gp(z)JF_k(z)dm’;’(Z)) i (z). (3.2)

By comparing (3.1) and (3.2), we have that

argp’
dp®

dem?;fk(x)(z) (z) = JE(2)dm%(2) (3.3)

for any z € Wy(x). Therefore, Hypothesis (C') is equivalent (under the UBD property) to
the existence of C' > 1 such that, for all z € By and z € Wy (z)

dFFp’
dpF

C™' < JF*(2) (z) < C. (3.4)

It is easy to check that this condition is satisfied if f is linear, or more generally

if JF is constant. The transverse measures p;, and F¥u® given by the disintegration satisfy

k B BY ’
dp =0 (IP) =0 m(A)

where I” < B is a ball with center x and radius € on B = W3(0), and
A = U Wi (y). Since

yelB

m(A.) = f JF*dm,
Fok(A)

then Hypothesis (C) tells us that the Jacobian JF* behaves regularity on W;,(x) indepen-
dently of k € N, replacing the role of conservativeness. This concludes our remarks on this
hypothesis. Whether this can be obtained from the other hypotheses or be refined, is open

to exploration.

The idea of this proof is to construct measures on the local leaves of B, with
densities that decrease as k grows to oo with a rate equal to o the unstable Lyapunov
exponent of the linearization A, and in such way that they are invariant under the dynamics
up to multiplication to . This allows us to conclude that the unstable Lyapunov exponents
of F and A are the same. More specifically, we want to construct measures 7, such that

Fn, = 05_177}7'(33) and uniformly equivalent to the volume induced on the global leaves.

Consider the measures 1" defined inductively as follows:
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7Y :=m? and

nt = ozF*an(m) = oszmeF,k(m).
Here a is the unstable eigenvalue of A. Since |a| > 1, n¥ is not a probability. Actually, we
prove that it is comparable with \,, where )\, is the induced volume along the global leaf
Wi (z). For this, we use the quasi-isometry and the existence of a conjugacy uniformly

near to Id to show that the length of the unstable segments Wy (z) grows uniformly with
a as we apply F.

Lemma 3. There is K > 1 such that, for each k € N and x € By, we have that

o1 < AP )
«

Proof. The quasi-isometry implies that, to estimate gk (Wi(F*(2))), it suffices to
estimate |jaj, — bg|, with ay, b being the extreme points of Wi(F¥(z)). But we have that
ar, = F*(ag) and by = F*(by), with ay and by the extreme points of Wy(z). Then

[F*(ao) — F*(bo)|| < | F*(ag) — H o F*(ao)| + | H o F*(ag) — H o F*(by)]|
+ HH @) Fk(bo) - Fk(bo)” < 2(5 + HAk @) H((lo) - Ak @) H(bo)”,

where H(ag), H(by) are on the same unstable line for A, and § = d(Id, H) > 0.

Since

| A*¥ o H(ag) — A" o H(bo)| = o[ H(ag) — H (bo)]
< oF(Jag — bo| + 20) < aF (M (Wo(x)) + 26),

the upper bound follows because A\, (Wy(z)) = 70, and the lower bound is analogous. [

The multiplicative ergodic theorem for endomorphisms (see [51], for instance),
gives us that the unstable Lyapunov exponent of f on a given point does not depend on the
choice of orbit that defines the unstable direction, and then we can obtain it at Lebesgue
almost every point in By, since p(By) = T?, p is a local isometry and the projection of

unstable leaves of I’ are unstable leaves of f.

The next estimations are for points = € By such that m” is well defined for all
k = 0. We then construct the measures 7, as the limit of measures 7* for a given = € By.
For that, we need 77]; to be well defined for every large enough £, which is only guaranteed
for a full volume set on the foliated strip By. Indeed, for all £ > 0, there is a full volume

set A, < B, such that ml; is well defined for each x € Ag. Considering A := ﬂ A, and
k=0
D := ﬂ F™(A), we have that D is F-invariant, has full measure in By and m” is well

neN

defined for each £ € D and k > 0.
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Now we construct 7, for x € D, and later, using the density of D, we construct
using the holonomies other measures to compute the Lyapunov exponents for all point in

Bo.

Lemma 4. For m-almost every x € By there is a measure n, on Wg(x) such that Fyn, =

oflnp(x) and 1, = pzAe with p, uniformly bounded.

Proof. By the definition of n*, F,n* = 047177?(;). Thus, it suffices to show that the sequence
{n*11=0 has an accumulation point 7, such that 17?(’;) converges under the same subsequence
to Np(e). First, to guarantee the existence of accumulation points to the sequence {77];}1907
we show that 7" is uniformly equivalent to the induced volume on the leaf, which will also

imply the uniform bound for p,.

Essentially, we have uniform equivalence between the following measures

1. m’,; ~ 5\',; by the UBD property;
2. mk ~ Ffm%_k(x) by the Hypothesis (C);

3. Ffmoka(x) ~ ;\ﬁ by items 1 and 2;

A

4. nk = akamOF,k(gC) ~ o)k,

By Lemma 3, ozkj\]; is uniformly equivalent to A,, the induced volume on Wj(x). Let us

now formalize these ideas.

Consider py(,.) : Wi(z) — R to be the density relating the probability m”

and the normalized volume \F := on the leaf segment Wy (z), i. e., dm®(.) =

A NAB)
pr(x,.)d\¥(.). For all k € N, since the unstable foliation of I has the UBD property,
pr € [C, O], then

C < dmt SN (3.5)
Ae(Wi()) =0 7 A(Wi(w)) ™" '
_dmF o .
So, the density iy is bounded with C™" and C. By the Hypothesis (C'), the
mk ’
density W is also bounded with C~* and C, thus
* TPk ()
k0
02 < dF* mF_k(I) < (?
VR

By multiplying by o, we have that

C kAN < dnf < CPald)k.
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By Lemma 3,
K~ 'd)\, < ofd)\F = b B < Kd),.
AWk (z))
This implies that
C?K '\, < dnf < C*Kd),

then the sequence {1"};>0 have an accumulation point. Let k; index a subsequence such
that 7, := lim7". The sequence {nf,(;)l}z has an accumulation point for a subsequence with

indices that also make {nl;} k> converge. By a diagonal argument, we get 7, as desired. [J

To compute the Lyapunov exponents, we would like to have the measures
71, to be defined at every point in By. But we only have them on D, a full volume set.
To overcome this, for any z € By, we define the measures m, and 91, using the stable
holonomy A*, which carries points from a local unstable leaf of F' to other by traveling
on stable leaves. Consider (z,), to be a sequence of points in B, such that 7, exists and

2, —=% 2. Consider Z, to be the set of connected intervals on W}(z). Define for all I € Z,

n—1

1
=0

n—1

M(1) = limsup > 3 . (W(1)).

In the following, we see that these measures are uniformly equivalent to A,, the
volume induced on the global leaves, and that they are well behaved with respect to F', as

the measures 7, are. There is a constant v and (z,),, such that

Y IN(T) < mu (1) < ML(1) < AN, (3.6)

for all I € Z, small enough, with v independent of the choice of z. Indeed, by Lemma 4,

1 n—1 1 n—1
m. (1) = liminf ~ D pede(h(1)) = C2K lim inf - DAL (D).
i=0 1=0

The holonomies are C' by Proposition 4, and for I small enough A, (h*(I)) is
uniformly close to A,(I). Thus m, (1) =~y (I). M. (I) < ). (I) follows analogously.

For each I € Zpk(,) small enough

Flm,(I) = a_kka(z)(I)u
EFM (1) = o "My (D).
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Indeed, by Lemma 4 and the fact that the holonomies are F-invariant:
1 n—1 1 n—1
Fim(1) = m(FH(0) = limind 3 1 (F74 (1)) = g 35 . (4 0(1)

. ‘ 1 n—1 - . B
= hmnlnf - ;) o kan(Zi)(h (1) =« kmF’“(Z)U)'

And for 91 it is analogous.

The inequality (3.6) and the equations (3.7) imply that the unstable Lyapunov

exponent of I at every point is log(«). Indeed, for n € N

(3.6)
Fr(y A1) < Frm)(D) Y o mpa (1) and

n (3.6) n (B7  _n
FL (A = FU )T =" a7 M) (1),

thus

VAT < 0 mpn () < 0" My () < 7L ()(D). (3.8)

By dividing by Fy'(\.)(I) and decrease the interval I, we get the derivative of
F~" at the unstable direction. More precisely, if x € I, consider I, := {y € Wi(F"(2)) :
d“(z,y) < €} the open ball around x on the unstable leaf of F"(z). Then, since by
(3.6) mpn(,) is uniformly bounded with respect to the volume measure on the leaf, then

Mpn(z) = TFn(z))\Fn(z) with Trn(z) € [ﬁ_l,ﬁ], and

“n SIS 5_1d)‘F"(Z) (5) < o mF”(z)(IE)
N(F(L) 0 Fru)(l)
oS T (©)dA ) (€) g §1 BdApn(2)(6)
A(F(1e)) b A(F(L))

Taking the limit as ¢ — 0, we have that

1 —-n n
< fim & (= (L)

@67 [DF (o) <l SRS

<o o

1
Now, by applying — log and taking the limit as n — oo, we have
n

—log(a) — Nei(2) < 0 < —log(a) — Apos (),

n Mpnc)(Le)
A(F(1L))

Hence, \%(z) = A4 for all z € By. Since p : R? — T? is a local isometry,

where in the central expression we use the inequality (3.8) to bound o~

Mi(z) = Xy for all 2 € T?. We conclude analogously that A} (z) = A% for all z € T?.
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3.2 Proof of Theorem E

We adapt the proof in [24], that uses Journé’s Regularity Theorem (11), for the
non-invertible case. Even with f and g not invertible, we can use local transverse foliations
on the universal cover to apply Theorem 11. So we prove that the lift H of h restricted to
some local unstable foliation is C*. For the stable foliations, the proof is analogous. Then,

H is C* on a small foliated box on the covering space R,

Theorem 11 ([33]). Let M; be a manifold, W7, Wi continuous transverse foliations
with uniformly smooth leaves (j = 1,2) and h : My — My a homeomorphism such that
h(WY) = Wy (o0 = s,u). If h restricted to the leaves of the foliations W7 and W' is
uniformly C™**, with r € N and a € (0,1), then h is C"".

Consider F,G : R* — R? lifts for f and ¢, and p : R*> — T? the canonical
projection. We have that F' and G are Anosov diffeomorphisms and have stable and
unstable foliations W and Wy, which are quasi-isometric. For any £ € T?, we consider
a foliated box B with respect to f containing & by fixing £ € p~*(€) and projecting a small

foliated box Bg with respect to the foliation Wy containing &, in such way that p‘ 5 s a
€

bijection over its image B. By doing so, we have that p‘ 5 1s an isometry, which allows us
to work either on BB or B, since the regularity of & on B is the same as the regularity of
H on Bg. On B, the projected unstable foliation is transverse to W;. We consider H (B)
the foliated box with respect to g obtained by applying H to B.

By Proposition 2, the stable leaves on B are invariant under deck transforma-
tions, thus they do not depend on the choice of £, and we denote them by Wj(z). However,
the unstable leaves do depend on the choice of £. More specifically, given x € B, the
unstable leaf W (z) is a local unstable leaf with respect to the orbit # = {p(F*(Z))}rez,

_ —1
where T = p‘BE (x).
Along this proof, we use Z to refer to the orbit of x € B given by the projection

of the orbit of T = p‘&fl(m).
€

Lemma 5. h is uniformly Lipschitz along Wy.

Proof. For x € B and y € Wj(x), consider
©0] —n—
p(F"(7))
P (:an) = 5 =\’ (39)
! U pim=t0)
where D% (z) = ‘DF!Eu (z)‘ and 7 and ¥ are the lifts of z and y in Bg. We will use py to
F

construct on B metrics on each leaf that behave “linearly” with respect to D%, that is,

that present the exact expansion of the derivative with respect to the unstable direction.

Since f is not necessarily special, then each point can have more than one

unstable direction for f, and each lift of a point on R? can have a different unstable
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direction for F', so the definition of ps depends on the choice of B. More specifically, D} (.)
is well defined for points in B, for we fix a lift of this point in R? as the one in Bg, and
pr(x,.) : Wg(Z) — R is well defined and Holder continuous, since D} is uniformly bounded
and F~" contracts uniformly. Moreover, given x € B, D} (.) is well defined for points on
W3(), the projection of the global unstable leaf of T with respect to F. Indeed, p is a
bijection between Wii(x) and W (&), which makes the choice of direction in R? to compute
D% (y) unambiguous. Furthermore, since we have the orbits fixed as the ones projected
from B, Di:(.) is well defined for points belonging to iterates of these fixed global unstable
leaves, that is, on p(F"(Wy(Z))) for every i € Z, which are precisely W§(f*(%)) for each
1€ .

Hence, if 2 € B and y € W} (&), we can compute p;(f*(x), f'(y)), and

). ) = D s (3.10

Moreover, p¢(.,.) is the unique continuous function satisfying both (3.10) and pg(x,z) = 1.
Besides, note that, for all K > 0, there is C' > 0 such that d“(z,y) < K implies
C™' < pp(z,y) < C. We define p,(.,.) likewise by using the foliated box H(B).

Fixed a p € B, consider h, : Wi (p) — W, (h(p)). We aim to prove that h,, is
Lipschitz with a constant independent of B and p, i. e., that there exists K > 0 such that
dy(hy(2), hp(y)) < Kdj(x,y), with d* the distance along the leaves. We actually do that
for a equivalent metric along the leaves, defined using ps as follows. Let A, be the induced

volume on W (p). For z,y € W¢(p),

)= [ sl () (3.11)

T

is a metric in the leaf, and for all K > 0 there exists C' > 0 such that d“(z,y) < K implies
C’lfjf(x,y) < df(z,y) < Cczf(x,y), since ps(x,-) is uniformly bounded along the leaf.
Moreover, d;(f(x), f(y)) = Di(Z)ds(x,y), and, inductively, for all n e N

B @), ) = [ ] DR @) dr ). (312)

Additionally, de is uniformly continuous: for all € > 0 there exists o > 0 such
that for all z,y, z, ¢ with y € W;(%), ¢ € W{(Z), z € B(x,9), and q € B(y,d) we have that
dy(z,y) = dj(z,9)| <e.

Thus, to prove that h, is Lipschitz, it suffices to prove that, for an uniform K,

dy(hy(x), hy(y)) < Kds(x,y), where d, is defined similarly to d;.

Since the conjugacy h is homotopic to Id and H is a lift for h, H(z + m) =
H(z)+m for all z € R* and m € Z?, then there is C' > 0 such that | H (z)—H(y)| < C|z—y|

for |z — y|| = 1, where |.|| is the Euclidean norm on R*.
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Using the fact that p is an isometry between unstable leaves and by the quasi-
isometry of the unstable foliations W and W, the same inequality holds for the induced

metric on unstable leaves, that is, there is C' > 0 such that

dy(h(z), h(y)) < Cd}(x,y) for df(z,y) = 1. (3.13)

So we already have the Lipschitz inequality for points far enough apart. For
x and y close, we use the Livshitz Theorem, that holds for Anosov endomorphisms, as
observed by F. Micena in [42].

Theorem 12 (Livshitz Theorem). Let M be a Riemannian manifold and f: M — M be

a transitive Anosov endomorphism. If o1, : M — R are Hélder continuous and

ngl(f’(x)) = Hch(fz(x)) for all x such that f"(x) = z,
i=1 i=1
P
then there is a function P : M — R such that L. ;f. P is Holder continuous and it

P2
is unique up to a multiplicative constant.

We apply the above theorem for ¢1(z) = Dy(Z) and ¢q(2) = DE(H(Z)).
Remember that ¢;(2) is only well defined for z € B, and for z € Wﬁ(fz(f)) for each i € Z,
where x € B. But, by the transitivity of f, there is a x € B with dense orbit. Thus we
can extend (q, for it is well defined for every point in the orbit of x. The same holds for
9, and both maps satisfy the hypothesis on periodic points due to the hypothesis on

Lyapunov exponents. Therefore, it follows from the Livshitz Theorem that

pr(r)  Dp(m)  P(f(z))

pa(x)  D(H(@)  Pla)

and, inductively,

PU"x) T _DEF@)
P(x) HD%(H(Fi(x)))f lzeT andneN. (3.14)

For x,y € W} (p), consider N € N to be the smallest n such that d(f"(z), f"(y)) =
L. Then dg(h(f" (2)), h(f"(y))) < Cd7(f" (), f"(y))-
The property (3.12) of the distance Jf implies that
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P(f"(x))
P

The first term of this product is is bounded, since it is equal to )
x
the second one is bounded by the Lipschitz constant given by the inequality (3.13), using

, and

the equivalent metric d f- O

In fact, the above lemma proves that H is Lipschitz along W (Z) for all T € B,
that is, h is Lipschitz along W¢'(¥) for z in B. Then, h is differentiable along unstable
leaves, u-differentiable, for almost every point with respect to the induced volume on the

leaves. If h is u-differentiable for z, then it is for f*(x), k € N k € Z, since f is C* and the

unstable leaves are f-invariant, and the same goes for H and F*(T).

Lemma 6. If h is u-differentiable at x € Wg(p), then it is u-differentiable at every
y € Wi(x).

Proof. This proof is similar to the one of Step 1 on Lemma 5 in [24], which consists in

estimate the u-derivative of a point using a nearby u-differentiable point.

For y € Wi(z) and each n € N, we fix a y, € Wi(F"(y)) close to F" (7).
Remember that de and Jg are uniformly continuous, P is Holder continuous and H
is Lipschitz. Thus, for each small ¢ > 0, there is § > 0 independent of n such that
¢ € B(F"(y),d) implies

[P(p(¢)) — P(f"(y)| <e (3.15)

and there exists ¢ € W(¢) with d(¢,q) = d;(F™(7), yn), ¢ has the same orientation as
Un, ¢ belongs to a small neighborhood of y,, and

|dy(H (F™(@)), H (ya)) — dy(H(C), H(q))| < e (3.16)

Figure 12 — We estimate the u-derivative of H at the point F"(7) using the one of H at
the nearby point F"(T).

We have that y € Wg(x), then d(F*(), F*(z)) 2% 0 and we can fix n € N
such that F™(T) € B(F"(7),0). Then there exists ¢ € WE(F" (7)) that satisfies (3.16) (see
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Figure 12). Consider z € Wi(Z) being such that F"(z) = ¢. Then, by taking n sufficiently

large, we have that d #(T, z) is small enough so that

4,(H(z), H()
df(T, Z)

— Dy ()

<e. (3.17)

with |g;] <e,i=1,2,3. As ¢ —> 0, we have

dy(H(F™(5)), H(yn)) P(z)

5 = Dr, (f%

dy(F™(9), yn) P(fN(y) "
with the right-hand side not depending on yy, then H is u-differentiable at F" (7). Hence,
H is u-differentiable at 3 and h is u-differentiable at y. O

If K := {x € B: his u-differentiable at =} and
K(p) := {x € W§(p) : h is u-differentiable at z},

then the above lemma implies that U Wi(x) < K. But Wg(p) is transverse to the
zeK(p)
leafwise absolutely continuous foliation 3. Then, since K(p) € Wi(p) has full volume,

then m‘B(IC) = 1. This implies that K is dense in B.

During the proof of Lemma 6 we did not use the fact that y € W;(z), unless
to guarantee that there is a u-differentiable point close to the orbit of y. Since the u-
differentiable points form a dense set, we can use the same argument as in the lemma and
estimate the u-derivative of any point with nearby u-differentiable points. In particular, if

x € B is a u-differentiable point with respect to h and it is sufficiently close to y, then

Diy(5) = pi) Di(o)
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Thus K = B, that is, h is u-differentiable for each point in B and D¥ is C**.

In order promote the regularity of h to the one of f, let us see that

po(ha). ) = S (a9, (3.18)
for x,y € Wg(p). Considering
Dj (7)

Aulh(), b)) = Bl S0 (r),

we have that p, satisfies (3.10) for g, then it is equal to p, by uniqueness. Indeed,

pulg(h(@)), g (b)) = po(h(f (@), h(F(w))) = ZEEED vy pyy)
Dy (F[))
_DE® . Dy(HE) Dy®
" D" T DaG) Dy Y
- e (o). h()

With the same argument as [23, Lemma 2.4], we have that H is C*: by [42,
Lemma 3.8], p, and p; are C*~'. Thus, the relation (3.18) implies that D¥% is C*~!, and
H is C* along W

The proof for the stable direction is analogous, as we replace F~" by F" in the
definition of p; (3.9). Then we can apply Theorem 11 for H in Bz and conclude that H is
c*.
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