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Resumo

O objetivo desta dissertacdo é apresentar alguns aspectos combinatérios de grupos de
Weyl afins, motivados por suas conexdes com a teoria de representagdes de algebras
de Kac-Moody afins. Mais especificamente, estamos interessados em ferramentas com-
binatérias que possam simplificar o computo de certas 6rbitas de pesos dominantes de
um grupo de Weyl afim Y. Em particular, é conveniente trabalhar com um conjunto
minimo de expressdes para os elementos de W. Neste sentido, introduzimos o conceito
de extratos completamente longos a esquerda (cle) e mostramos que todo elemento
possui um Gnico tal extrato. Quando W tem tipo Ay, n > 2, descrevemos uma expressio
reduzida especifica para cada componente dos extratos cle. Isso acaba por estabelecer
uma correspondéncia dos extratos cle com certos pares de sequéncias finitas monéto-
nas de inteiros ndo-negativos, chamadas sequéncia esquerda e sequéncia direita. Estas
sequéncias ddo origem a um grafo orientado, chamado grafo de extratificacdo, o qual
codifica uma familia de férmulas para expressoes de todos os elementos de Y. Conjec-
turamos que este é um conjunto minimo de expressdes e, utilizando propriedades de
grupos de Coxeter, mostramos que este é de fato o caso para expressdes onde figuram
até duas vezes um certo elemento distinguido. Por fim, demonstramos a conjectura
para n = 2 usando formas de permutacdes e de alcovas para os elementos de W e,

entdo, calculamos as 6rbitas desejadas.

Palavras-chave: Grupos de Weyl afins. Caminhos de alcovas. Grupos de Coxeter.
Combinatéria. Expressoes reduzidas. Orbitas.



Abstract

The goal of this dissertation is to present some combinatorial aspects of affine Weyl
groups, motivated by its connection with representation theory of affine Kac-Moody
algebras. More specifically, we are interested in combinatoric tools which might simplify
the computation certain orbits of dominant weights of an affine Weyl group W. In
particular, it is convenient to work with a minimal set of expressions for the elements
of W. In this sense, we introduce the concept of fully left-long (fll) extract and show
that every element has such an extract. When W has type A,, n > 2, we describe
a specific reduced expression for each component of an fll extract. This establishes
a correspondence of fll extracts with certain pairs of finite monotonous sequences
of non-negative integers, called left and right sequences. These sequences give rise
to a directed graph, called the extract graph, which encodes a family of formulae
for expressions for all elements of Y. We conjecture that this is a minimal set of
expressions and show that that is indeed the case for expressions where a certain
distinguished element appears at most two times. Finally, we prove the conjecture for
n = 2, using permutation and alcove forms for the elements of W and, then, compute
the desired orbit.

Keywords: Affine Weyl groups. Alcove paths. Coxeter groups. Combinatorics. Reduced
expressions. Orbits.
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Introduction

The theory of representations of Lie algebras emerged at the end of nineteenth
century in the context of the study of differential equations from the point of view of
its symmetry groups. Besides being an interesting research area by itself, it emerged
as a powerful tool for several areas of mathematics and physics. The structure of a
simple Lie algebra can be codified by a matrix with integer entries, which is called the
associated Cartan matrix. Later, Victor Kac and Robert Moody generalized the concept
of Cartan matrix and associated Lie algebras to them. In particular, we are interested
in the affine Kac-Moody algebras, which are the algebraic structures used in many
areas of physics, as conformal field theory, string theory, and integrable systems of

statistical mechanics.

The relation between certain areas of physics and Lie theory has become stronger
since the development of quantum groups four decades ago. Quantum groups may
be realized as one-parameter deformations of the universal enveloping algebras of
the Kac-Moody algebras. Quantum groups became even more interesting once they
established unexpected connections between distinct fields. In particular, we mention
the construction of topological invariants that made possible the classification theorems
on knot theory, advances in the study of representation theory of algebraic groups over
positive characteristic, and several results related to number theory. These results have
strong combinatorial aspects, including the main motivation for the concept of Cluster
algebras, which enabled revolutionary progress in many areas of mathematics at the

beginning of this millennium.

The purpose of this dissertation is to study combinatorial aspects of Coxeter
groups, in particular, the subclass of affine Weyl groups, seeking to apply this knowl-
edge in representation theory of affine Kac-Moody algebras and current algebras, on
which combinatorial aspects are prominent. Our main motivation arises from results
presented in (JAKELIC; MOURA, 2018) for the case of the algebra of type A; and
whose extension to higher rank requires a better understanding of the characterization
of certain elements of the corresponding affine Weyl group and, hence, of the under-
lying combinatorics. Since the main part of this text will not address the underlying

Lie theoretic background behind our main focus of study, let us dedicate the next few
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paragraphs to provide further explanation of the wider context and the motivation
behind the problem being investigated in this thesis.

The main result of (]AKELIC; MOURA, 2018) explores the connection between
two kinds of multiplicity problems, establishing a formula for computing one of them
in terms of the other. On one hand, there is the problem of computing the so-called
outer multiplicities for tensor products of simple modules in the category of integrable
weight modules for an affine Kac-Moody algebra. This is a classical problem which is
relevant for mathematical physics and number theory and whose various answers are
very rich in combinatorial aspects. There are algorithmic answers such as the ones given
in (KING; WELSH, 1991; LITTELMANN, 1994; OKADO; SCHILLING; SHIMOZONO,
2003) and more direct answers leading to proofs of Rogers-Ramanujan-type identities
as well as partition identities (see (FEINGOLD, 1981, LEPOWSKY; WILSON, 1982;
MISRA; WILSON, 2013; MISRA; WILSON, 2014) and references therein).

On the other hand, the study of multiplicities in Demazure flags for graded mod-
ules for current algebras has risen to prominence in recent years motivated by the study
of certain structural aspects of representations of quantum affine algebras, specially
after a standing conjecture about the character of the so called local Weyl modules
was settled in (NAOI, 2012) by using results on Demazure flags from (JOSEPH, 2003;
JOSEPH, 2006). More precisely, it was proved in (NAOI, 2012) that, if the underlying
finite-dimensional simple Lie algebra g is simply laced, any level-¢ Demazure mod-
ule for the current algebra admits a Demazure flag of level ¢ + 1. The main result
of JAKELIC; MOURA, 2018) was inspired by a reversed engineering of the proof
of this result and establishes a connection with the problem of outer multiplicities
discussed previously since the results of (JOSEPH, 2003; JOSEPH, 2006) are strongly
related to that problem. It is interesting to remark that (JOSEPH, 2003; JOSEPH, 2006)
make strong use of the context of quantum groups, global basis, and combinatorics of
crystals.

The papers (BISWAL; CHARIL; KUS, 2018; BISWAL et al., 2016; BISWAL et al.,
2021; BISWAL; KUS, 2021; CHARI et al., 2014) are dedicated to studying multiplicities
in Demazure flags in certain special cases obtaining various formulae in terms of
generalizations of combinatorial objects such as MacDonald polynomials, Fibonacci
sequences, and theta functions. In particular, in the case g = slp, the multiplicities in
level-2 Demazure flags for level-1 Demazure modules were described in (CHARI et
al., 2014) in terms of gaussian binomials. Combined with the main result of (JAKELIC;
MOURA, 2018), this leads to an expression for outer multiplicities for tensor products
of fundamental modules for the affine Kac-Moody algebra of type A; in terms of a

tinite sum of partitions with bounded parts. The same tensor products were studied
in (MISRA; WILSON, 2014) for type A, by completely different methods (Demazure
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flags do not play a role) and the results were also expressed in terms of different kinds
of partitions. Thus, a comparison of the two formulae in the A; case led to a proof of
partition identities.

In addition to the result about Demazure flags from (CHARI et al., 2014), the
other main ingredient used in (JAKELIC; MOURA, 2018) to obtain such expression
for outer multiplicities was an explicit description of the elements of the affine Weyl
group or, more importantly, the characterization of the elements of the orbit of a given
dominant affine weight whose projections onto the weight lattice of g is dominant.
More precisely, let YW denote the affine Weyl group, P the affine weight lattice, P
the underlying finite type weight lattice so that P = CAg ® P ® C5, where Ay is the
highest weight of the basic representation of the affine Kac-Moody algebra and J is
the generator of imaginary roots, and let 77 : P - P be the associated projection. The
computation in (JAKELIC; MOURA, 2018) relies on an explicit description of the set

[p:={wA: (wA) is dominant}

for every dominant affine weight A. While such computations for type A; are straight-
forward, moving to higher rank they are much more challenging, even for type A,.
Thus, studying several combinatorial approaches seeking to find efficient ways of
describing the above set was the motivating goal of the present work. Using the notion
of alcove walks and computer based computations, an answer for type A, was partially
given in (BURGER, 2017).

The action of an affine Weyl group on an Euclidean space gives rise to a hyper-
plane arrangement which partitions the complement of the hyperplanes into some
open convex simplices called alcoves. These objects have a structural importance for
the theory of affine Weyl groups. Since these groups act simply transitively on the set
of alcoves, their elements are in a bijective correspondence with the alcoves determined
by their action. On the other hand, a realization of affine Weyl groups as permutation
groups was introduced by (LUSZTIG, 1983) in order to understand when certain
irreducible representations of the Hecke algebra of an affine Weyl group correspond to
a square integrable representation of a simple p-adic group. Different characterizations
of affine Weyl groups of type A were compared in (SHI, 1980), such as expressions
in terms of Coxeter generators, permutation forms and alcove forms. Later, in (SHI,
1987), the author extended the description of the alcove forms for all types. Moreover,
in (SHI, 1999), formulae for the transition between alcove and permutation forms for
other types were obtained.

The classical Bertrand’s Ballot Problem can be rephrased in the context of finite
Weyl groups as the following question: how many ways are there to walk from the
origin to an arbitrary point using positive unit steps in such a way that the walk
remains in the region x; > x, > ... > x,? In (GESSEL; ZEILBERGER, 1992), this question
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was generalized and answered for affine Weyl groups by counting the number of
distinct k-step random walks that remain in the same Weyl chamber. In (GRABINER;
MAGYAR, 1993), this generalization was shown to be equivalent to the problem of
describing the decomposition of the k-th tensor power of certain representations of
reductive Lie groups as a direct sum of simple modules. Later, when studying results
related to Markov chains, (BIDIGARE; HANLON; ROCKMORE, 1999) and (BROWN;
DIACONIS, 1998) described random walks in the set of facets of alcoves of affine Weyl
groups. This description was recently used in (DEFOSSEUX, 2016) to present some
characters as the eigenfunctions of the Dirichlet problem on such alcoves, while (LAM,
2015) used it to describe the possible shapes of randomly generated elements of an
atfine Weyl group, and (LECOUVEY; TARRAGO, 2020) used it for the description of
certain affine Grasmannian elements.

Some ideas behind random alcove walks have been independently developed
in the works of Littelman (LITTELMANN, 1994) and (LITTELMAN, 1995), which
construct a path model in order to describe the characters of irreducible representations
of complex semisimple Lie groups by counting some paths related to the corresponding
semisimple Lie algebra, in particular, the so-called LS-paths. Prior to (LECOUVEY;
TARRAGO, 2020), connections with the geometry of affine Grasmannian were made
in (GAUSSENT; LITTELMAN, 2005), by replacing the path model by an equivalent
gallery model with the concept of LS-gallery, a certain sequence of facets of alcoves of
the corresponding affine Weyl group. This made it possible to describe the coefficients
of Hall-Littlewood polynomials in (SCHWER, 2006) and, hence, the structure constants

of the spherical Hecke algebra in a combinatorial way.

The definition of an alcove path as a sequence of alcoves was given in (LENART;
POSTNIKOV, 2007). It was shown that the decomposition of the corresponding group
in product of Coxeter generators is in bijective correspondence with alcove paths
starting in the fundamental alcove. Alternatively, (RAM, 2006) and (PARKINSON;
RAM, 2008) introduced alcove walks as some sequences of crossings from an alcove
to an adjacent one and foldings of an alcove on itself. This definition gives rise to
what (LENART; POSTNIKOV, 2007) calls an alcove path, but allowing also paths
from the alcove on itself. This generalization clarified the relations between the path
model with crystal theory, for instance. It also made it possible to relate affine Hecke
algebras with the combinatorics of spherical functions on p-adic groups, the so-called
Hall-Littlewood polynomials. Ram’s theory of alcove walks was used to provide an
alternative method to deal with presentations of affine Hecke algebras, which helped
in the study of problems related to sheaves on affine flag manifolds. Later, (LENART,
2011) also defined alcove walks but in a different language and was able to generalize

results about Hall-Littlewood polynomials that were previously known just for type A.
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The definition of alcove walk used by (BURGER, 2017) coincides with the def-
inition of alcove path given by (LENART, 2011). Thus, in this work, we chose to
adopt the terminology of alcove path instead of alcove walk, which is already used
for a generalized notion. For type A,, the approach of (BURGER, 2017) consisted of
describing specific alcove paths from the fundamental alcove to each fixed alcove,
inducing a corresponding set of expressions for the elements of the group in terms
of its Coxeter generators. Then, using the software SageMath, the author computed
the corresponding expression of each element, determining 52 sets of conditions on
elements in the orbit of affine dominant weights that, under the action of W, project to
anti-dominant weights of /. An analysis of the conditions presented by (BURGER,
2017) made us find out that, at least in this case, the set of elements corresponding to
alcoves contained in the fundamental Weyl chamber is always contained in the orbit of
affine dominant weights that project to dominant weights.

Although the approach using alcove walks used in (BURGER, 2017) provides
an interesting geometric intuition and the tables with computer based calculations
from (BURGER, 2017) were fundamental for our initial understanding of the problem,
the complexity of such analysis for higher rank grows so fast that, at this moment,
we do not see how to handle it beyond affine rank 3. However, building up on this
work, we sought a more conceptual manner of approaching the problem which, in
particular, led to a much simpler answer for type A, without relying on computer
based computations. From now on we describe the main features of our approach
which is based on a specific choice of reduced expressions for the elements of W.
Alcove paths will not play a significant role in our strategies, but we intend to bring as

much connections as we find.

First we will describe a presentation of the elements of an arbitrary affine Weyl
group W on uniquely determined finite sequences of elements of W in Section 1.8.
We will refer to each one of these sequences as the fully left-long (fll) extract of the
corresponding element. We obtain that W = WE, where W is the underlying finite
Weyl group and £ is the set of elements of ¥ corresponding to alcoves contained in
the fundamental Weyl chamber. In particular, if £ projects dominant affine weights to
dominant weights, then T'y = £A. In Section 3.3, we prove that this occurs for type A,.
Our strategy consists of choosing some specific expressions for the elements of £ (of

an arbitrary rank) and then computing the respective orbit in rank 2.

More generally, in Section 2.3, we prove that, in type A,, n > 2, each element
is determined by a pair of monotonous finite sequences of non-negative integers
satisfying certain conditions, which we call the left and right sequences. Conversely,
the set of pairs of finite sequences satisfying such conditions gives rise to a directed
graph which we call the extract graph of type A,. Each oriented path in this graph
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corresponds to a formula for a family of expressions coming from certain left and right
sequences. Thus, the set of such paths provides a class of reduced expressions for the
elements of W.

For type A, we prove that this set is minimal, that is, the elements corresponding
to the set of expressions induced by the graph are all distinct. Using the alcove form
of each one of these elements in Section 3.1, we prove that the expressions are all
reduced, while the computation of the permutations forms in Section 3.2 shows that
the elements are all distinct. Moreover, each one of these expressions correspond to the
fll extract of the element. In Section 3.3, we compute the expression associated to each
element of £ applied to a dominant affine weight A, obtaining 2 families of formulae
to describe the elements of T'y.

Even though in type A, there are only 6 maximal oriented paths in the extract
graph, giving rise to 6 families of formulae used to compute T, in A3 this number in-
creases to 18. Thus, finding an efficient way of dealing with the associated formulae for
higher rank remains a challenge. Nevertheless, since part of the formula in (JAKELIC;
MOURA, 2018) is essentially controlled by a certain “asymptotic” behavior of such
computations, it might happen that the combinatorics of these graphs are sufficient to
obtain information in order to understand this asymptotic behavior. This is one of the

directions we shall start working on next.

It is interesting to remark that the reason behind the fact that we have proved
some of the results here only for type A, arises from a similar jump in the difficulty-
level of the combinatorics we have been exploring here. However, as we were finalizing
the text, we came across the recent preprint (AL HARBAT, 2021) which apparently
proves the two conjectures for type A made in Section 2.4. We added comments
comparing (AL HARBAT, 2021) to the present work in Remark 2.4.5 and develop a few
steps of the strategy utilized in (AL HARBAT, 2021) in Section 2.5. We regard the fact
that one of the main questions addressed in this work was the topic of a recent preprint
as a further indication of the relevance of the project that led to this dissertation.

This work is organized as follows. Chapter 1 contains most of the theoretical
framework about Weyl groups and Coxeter groups. In Chapter 2, we present different
presentations of the main example of the work, the affine Weyl group of type A, n>2.
Finally, in Chapter 3, we focus in the case n = 2, applying the combinatorial tools

developed in the previous chapters, in order to compute I',.

Throughout the work, we adopt the notations
Zsi={xeZ:x>i} and [j={xeZ:i<x<j},

fori,jeZ.
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Chapter 1
Weyl groups

The aim of this chapter is to introduce affine Weyl groups, which are special
cases of Coxeter groups. Since we are most interested in combinatorial aspects of affine
Weyl groups, we begin, in Section 1.1, by presenting some general combinatorial
properties of Coxeter groups concerning reduced expressions for its elements, following
(HUMPHREYS, 1990) and (BJORNER; BRENTI, 2005). These properties provide a
special factorization of a Coxeter group as the end of a chain of inclusion of certain
proper subgroups, which we present in Section 1.2 following (BJORNER; BRENTI,
2005) and (STEMBRIDGE, 1997). It has been proved that finite Coxeter groups are
precisely finite reflection groups, a class of groups which contains the finite Weyl
groups. In Section 1.3, we introduce finite Weyl groups under a geometric point of
view, by seeing them as reflection groups acting on an Euclidean space, following
(HUMPHREYS, 1990). These groups are related with representation of semisimple
Lie algebras, as we briefly expose in Section 1.4, following (KAC, 1990). In Section
1.5, we present affine Weyl groups, which are infinite Coxeter groups, following
(HUMPHREYS, 1990). Although there exist other classes of infinite Coxeter groups
beyond affine Weyl groups, in this work we will focus on this particular class only.
Affine reflections fix pointwise certain hyperplanes which not necessarily pass through
the origin. The action of an affine Weyl group on the connected components of the
intersection of all such hyperplanes is simply transitive, inducing a bijection between
the components, called alcoves, and the elements of the group, which are the subject of
Sections 1.6 and 1.7, following (HUMPHREYS, 1990), (LENART; POSTNIKOV, 2007),
(SHI, 1987), and (SHI, 1999). Finally, in Section 1.8, we present a characterization of
special reduced expressions of the elements of an affine Weyl group. Such expressions
will be crucial in Section 2.3. As a rule, we omit all proofs contained in books here and,
with a few exceptions, we present the proofs of the papers (SHI, 1987) and (SHI, 1999).
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1.1 Coxeter Groups

Let W be a general group generated by a set S. Thus, each element w € WV can be
written non uniquely as a product of generators w = sys,...s, for some s; € S. If k is
minimal among all such expressions for w, then k is called the length of w and denoted
by ¢(w) = k. In this case, the expression sis;...s; is called a reduced expression for w
(with respect to S). By convention, /(e) = 0, where e is the identity element of W. Given

w € W, it will be convenient to consider the left descent set associated with w,
D(w):={seS:l(sw) < l(w)}.

Analogously, one can define right descent sets, but in this work we will only deal with

the left version.

Several properties of finite and affine Weyl groups can be deduced directly from
the presentation (W, S), where S is a finite generating set subjected to the relations of

the form
(Ssl)m(s,s') -1,

for some m(s,s’) € Z,gu {oo}, with m(s,s) =1, and m(s,s’) > 2 for s # s’. The condition
m(s,s") = oo means no relation of the form (ss’)" =1, n € Z., is imposed. An abstract

group admitting this kind of presentation is called a Coxeter group.

The pair (W, S) is called a Coxeter system and the elements of S are the Coxeter
generators. The cardinality of S is called the rank of the system. In particular, if s; s;,---s;,

is a reduced expression for w € W, then

Si; * Siy/ forall 1<j<L. (1.1.1)

From the definition, we see that a Coxeter system is determined by a finite set S
and a set {m(s,s") :s,s' € S} € Z.yu {00}, which satisfies the conditions m(s,s) = 1 and
m(s,s’) > 2, if s # s’. Thus, the Coxeter system can be represented by its Coxeter graph,
that is, the undirected graph whose vertex set is S and whose edges are the unordered
pairs {s,s’} such that m(s,s") > 3. Each edge is labeled by the corresponding number
m(s,s’). As a simplifying convention, the edges for which m(s,s’) = 3 have the label
omitted. By definition, a Coxeter graph has no loops and m(s,s’) =2 if s # s’ are not

connected by an edge.

A Coxeter system is called irreducible if its Coxeter graph is connected. It can
be shown that each Coxeter group W is a direct product of certain subgroups W;
with generating set S;, so that each pair (W, S;) is irreducible (HUMPHREYS, 1990,
Proposition 6.1).

The length function on a Coxeter group can be characterized by two important
properties, which are called the Exchange Property and the Deletion Property. These
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properties characterize a Coxeter system in the sense that, if WW is a group generated
by the finite set S all of whose elements have order 2, then the pair (W, S) is a Coxeter
system if and only if the Exchange Property or, equivalently, the Deletion Property is
satisfied.

Proposition 1.1.1. (Exchange Property) (HUMPHREYS, 1990, Theorem 5.8) Let w € W,
s €S, and s15;...5; be any expression for w. If s € D(w), then sw = s1...5;...5, for

some 1 <i < k. If the expression is reduced, then the index i is unique. O

Corollary 1.1.2. (BJORNER; BRENTI, 2005, Corollary 1.4.4) Let w = s ...s, € W and
s € D(w). Then, there exists 1 < i < k such that s = us;u™! with u = s15,...s,_1. If the

expression is reduced, then the index i is unique. O]

Corollary 1.1.3. (BJORNER; BRENTI, 2005, Corollary 1.4.6) Let w € W and s € S. Then,
s € D(w) if and only if some reduced expression for w begins with s. O

Corollary 1.1.4. Suppose u, w € W satisfy {(uw) = £(u) + £(w). Then, D(u) € D(uw).

Proof. Let sy...sy and s,41...5; be reduced expressions for u and w, respectively so
that s;...s; is a reduced expression for uw. If s € D(u), we can assume s; = s by
Corollary 1.1.3. It follows that suw = s, ...s; and, hence,

C(suw) <I-1<1={(uw),
showing s € D(uw). O

Proposition 1.1.5. (Deletion property) (BJORNER; BRENTI, 2005, Proposition 1.4.7) If
w =515y ...5; and £(w) <k thenw=s1...5;...5;...5;, forsome 1 <i<j<k O

Corollary 1.1.6. (BJORNER; BRENTI, 2005, Corollary 1.4.8)

i) Any expression w = $1S5 .. .S, contains a reduced expression for w, obtainable b
y exp 1 k P y

deleting an even number of Coxeter generators.

(ii) The set of Coxeter generators appearing in a reduced expression for w is inde-
pendent of the chosen expression.

(iii) S is a minimal set of generators for W. That is, no Coxeter generator can be
expressed in terms of the others. O

The next theorem characterizes Coxeter groups in terms of the Exchange and
the Deletion properties. For instance, assume that V is a general group with a set of
generating S. The pair (W, S) is said to have the Exchange Property (Deletion Property)
if Proposition 1.1.1 (respectively, Proposition 1.1.5) is true.
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Theorem 1.1.7. (BJORNER; BRENTI, 2005, Theorem 1.5.1) Let W be a group and S a
set of generators which have order 2 in W. Then the following are equivalent:

i) (W,S) is Coxeter system;
(ii) (W, S) has the Exchange Property;

(iii) (W, S) has the Deletion Property. O

Let V be the real Euclidean space with basis {«as: s € S}. Consider the symmetric

bilinear form (.,.) on V, given by

(s, o5r) = —cos( lim n/t) , fors,s’€S. (1.1.2)

t—>m(s,s")

Then, it is possible to show that the form is positive definite precisely when W is
tinite (HUMPHREYS, 1990, Theorem 6.4). Finite Coxeter groups correspond to finite
reflection groups. The groups for which the form is positive semi-definite are infinite
and correspond to affine reflection groups. Weyl groups are special cases of reflections
groups, which are the subject of Sections 1.3 and 1.5.

1.2 Parabolic Coxeter Subgroups

Given X c S, let Wx = (X) be the subgroup generated by X. It is well-known
that (Wy, X) is also Coxeter system and that the length function on Wy relative to X
coincides with the restriction of the length function on W to Wy. The subgroups of W
of the form Wy, X ¢ S, are called parabolic subgroups of W. Let also

WX ={weW:l(xw) > l{(w) V x € X},

which is called the set of shortest right coset representatives of WV relative to Wx because
of the next proposition. For a proof of the proposition, see (BJORNER; BRENTI, 2005,
Proposition 2.4.4) or (HUMPHREYS, 1990, Proposition 1.10(c)).

Proposition 1.2.1. For every w € )V, there exists a unique pair (u,v) € Wx x WX such
that w = uv. Moreover, this pair satisfies /(w) = ¢(u) + £(v) and v is the unique minimal
length representative of the right coset Wxw. O

In particular, we have:
O(uv) = l(u) +£(v) forall (u,v)eWxxWX, Xc8. (1.2.1)

We shall use this later on with X = S\ D(w) for elements w such that #D(w) = 1. In
that case we have w e WX,
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Suppose W := {e} = Wy c Wy c --- ¢ W,, =W is a chain of inclusion of maximal
proper parabolic subgroups and, for 1 <i <n, let W; be the set of shortest right coset
representatives of W; relative to W;_;. It follows that every w € W admits a unique
factorization

w=wiwy-w, with w;eW; forall 1<i<n

and, moreover,
n
U(w) =Y L(w).
i=1

We shall refer to this factorization as the W-factorization of w (it is referred to as
canonical factorization in (STEMBRIDGE, 1997)). The element w; of the factorization

will be referred to as the i-th component of the factorization.

1.3  Finite Weyl Groups

From now on, we fix V a real Euclidean space endowed with a positive definite
symmetric bilinear form (-,-), GL(V') denotes the linear group of V and O(V') denotes

the subgroup of orthogonal transformations.

A reflection is a diagonalizable element s € O(V'), whose eigenvalues are 1 and -1,
the latter with multiplicity 1. That is, s sends some nonzero vector « to its negative
while it fixes pointwise the hyperplane orthogonal to x. We shall denote by s, the

reflection with such property. In other words,

E‘i'g;a forall BeV.

Given a finite set of reflections S, the subgroup W of GL(V') generated by S is called a

Safp=p-2

finite reflection group.

Let W be a finite reflection group. A subset ® ¢ V of nonzero vectors is said to be
a root system for W if

OPnRa={a,-a}, s,(P)=P forall aed, and W= (sy:aecd). (1.3.1)

In that case, the elements of ® are referred to as roots.

Fix a total ordering in V satisfying:

(i) if A+0,then A>0< -A <0,

(ii) if A, u>0and ceRyp, then A+ >0 and cA > 0.

For instance, the lexicographic ordering with respect to some fixed ordered basis of V.
An element A of V is said to be positive (negative) if A >0 (respectively, A < 0). A subset
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d* of @ is called a positive system if it consists of all of the positive roots (with respect
to the fixed ordering). Similarly, the subset &~ := —-®" is called a negative system. Of
course, ® = ®"UP™. A subset A of 7 is called a simple system if A is a basis for the
real vector space generated by ®, so that each element of ® has all of its coefficients
relative to A all of the same sign. It is possible to show that every positive system in
® contains a unique simple system, and that each simple system in ® is contained in
some unique positive system in & (HUMPHREYS, 1990, Theorem 1.3). Of course, each

choice of total ordering in V leads to different positive and simple systems in ®.

It can be shown that any two positive (simple) systems are conjugate under W
(HUMPHREYS, 1990, Theorem 1.4, Theorem 1.8). The next proposition characterizes
« € A as the unique positive root made negative by s,.

Proposition 1.3.1. (HUMPHREYS, 1990, Proposition 1.4) Let A be a simple system with
®" the corresponding positive system. If & € A and B € ®* \ {a}, then 5,5 € P*. O

Fix ® a root system for / and choose a positive system ®* and corresponding
simple system A. Set S := {s, : @ € A}. Then, it is possible to show that (W,S) is a
Coxeter system (HUMPHREYS, 1990, Theorem 1.9), i.e., W is generated by S subjected
only to relations of the form (s,xs/;)m(""ﬁ) =1, a, B € A, where m(a, B) is the order of the
element s,s5 in W. In this case, the Coxeter generators are called simple reflections. In
particular, the simple system A can be chosen in such a way that the bilinear form in V'
coincides with (1.1.2) in the basis A (HUMPHREYS, 1990, Theorem 6.4). The possible
graphs that can be realized as connected Coxeter graphs coming from finite reflection
groups are shown in Figure 1.3.1. The subscript in each case is the rank 7 of the system.
They are all distinct, except for small values of 1, and classify up to isomorphism all
irreducible pairs (W, S).

Associated with each « € A, there exists a hyperplane H, := {A € V: (A, a) = 0}.
Each hyperplane determines a semiplane Hy := {A € V : (A,a) > 0}. The intersection C,
of all Hy, w € A, is called the fundamental Weyl chamber and the remaining Weyl chambers
are Cy = wCe, w € W. It is possible to show that W acts simply transitively on the set
of Weyl chambers (HUMPHREYS, 1990, Proposition 1.12). In particular, the simple
transitivity implies that there must exist a unique element w, € W sending ®* to ®".
This element, called the longest element of VWV is the unique element with maximal length
l(w,) = #P" (HUMPHREYS, 1990, Section 1.8).

We are particularly interested in the special class of finite reflection groups called
Weyl groups. Their associated root systems play an important role in the theory of
semisimple Lie algebras. A root system ® is called a crystallographic root system if for all
a, B € ®, we have s, = B + ka, for some k € Z. The finite reflection group W associated

with a crystallographic root system is called the Weyl group of the crystallographic
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Figure 1.3.1 — Classification of finite reflection groups.

root system. In this case, WV stabilizes some lattice in V.

Weyl groups of crystallographic root systems are precisely the reflections groups
for which all m(a, B) lie in {2,3,4,6}. When WV is irreducible at most two distinct root
lengths are possible and the ratios of the squared lengths of long roots and short roots
can only be 2 or 3. If just one root length occur, all roots are considered as short ones.
Geometrically, since the ratios are constant, we can assume from now on, without
loss of generality, all short roots have length 1, that is |a? := (a,&) = 1, for a € A. Most
finite reflection groups are Weyl groups, except for the classes H3, Hy and I;(m), for
m ¢{2,3,4,6} (HUMPHREYS, 1990, Proposition 2.8). Moreover, when W is irreducible,
there must exist a unique highest root (, so that for all positive roots «, xy — a is a sum
of simple roots.

Finally, we present some JV-stable lattices in V. The Z-span Q of ® in V' is called
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. . . : 20 D
the root lattice associated with ®. For each « € ®, define a” := ) which is called the

coroot associated with a. Note (a)" = «, for all & € d. The set " := {a" : € P} of all
coroots is also a crystallographic system in V, with simple system A" := {a" : & € A},
which is called the dual root system. The root lattice Q" associated with ®V is called
the coroot lattice associated with ®. In particular, if all roots are short, then we may
consider a" = 2a, for all « € ®. Since s, = s,v for all « € P, it follows that the group W
associated with ®" coincides with W.

The weight lattice of P is
P:={AeV:(Aa")eZ, for all a € D}.

The latter is generated by the fundamental weights wy, . ..,wy, defined as (w;, oc].v) = bij,

where 1 is the rank of ®. Consider also the set of dominant weights
Pr:={AeP:(Aa)>0, for all x e D}.

Example 1.3.2. The symmetric group S,,;1 is a Weyl group of type A, for n > 1. Indeed,
it is well known that S,,.1 can be generated by the set of transpositions S = {s;:i ¢ I ,},
where s; = (i i+1). Let V = R™! with standard basis {1, ...,£,,1}. Make S,,,1 act on
V by permuting the subscripts of the fixed basis. Consider «; = €; —¢;,1, 1 <i < n. Notice
that

sitt; = 5i(€; — €i41) = €i21 — € = W,

while s; fixes pointwise the hyperplane { Z ajej:a; = ai+1}, for 1<i<n. Thus, S,.1
Jeli
acts on V as a finite reflection group of rank n with simple system A = {ay,...,a,}.

Since S,,,1 satisfies relations of the form

3, ifje{i-1,i+1},
sisjl =12, ifj¢{ii-1,i+1},
1, ifj=i,
it follows from the classification of finite reflection groups that S, has type A;. The

associated root system is @ = {w;;: 1<i#j+1<n+1}, where a;; := Z O =€ —€j41.
kel; ;
L]
Considering the simple system A, it has as positive system

O ={a;j:1<i<j<n}.

In this case, the highest root is ag = a1 , and all roots have the same length. Moreover,
this action fixes pointwise the line spanned by ¢; +... +¢,,1, while leaves stable its
orthogonal complement, the hyperplane generated by the simple roots. Thus, we
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Figure 1.3.2 — Root system of type Aj.

may consider S,,; acting on R" when it is convenient. The fundamental weights
{w;:1<i<n} satisfy

a1 =2w1-wy, 0 =2W;-wj_1-wjy1, 2<i<n-1, and a,=2w,-w, 1. (1.3.2)
In particular, A; has simple system A = {«a1,a2}, with highest root g = a1 + a3

and positive system ®* = {«g, a1, a5}. Fix {i,]} = I » and denote s; := 5,,. By Proposition
1.3.1, 51'06]' =K and Silkp = (X]'. Since

sisjsi(ao) = sisj(aj) = —si(a;) = —ao,

we have sy, = s;8;s; = 5;8;5;. In particular, U(sq,) = 3 = #O7, following that s,, is the
longest element w, of A, and, then, w,(®*) = ®~. Since the action is simply transitive,
we must have w,(a;) = -aj, {i,j} = I. Figure 1.3.2 exhibits the root system, some
hyperplanes, and the Weyl chambers. Since m(a1,a) = 3 and all roots are short, by
(1.1.2),

(a1,a3) = —cos(7t/3) =-1/2 and (a;ap) = (a;, ;) + (a;, &) =1/2, (1.3.3)

for {i,j} = I 5.

1.4 Connections with Lie Algebras

The exposition in this section follows (KAC, 1990).

A finite-dimensional complex algebra g is said to be a Lie algebra if the multiplica-
tion [-,-]: g x g - g satisfies:
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(i) [x/ x] =0,
(i) [[x vl z]+[ly 2] x] +[[z,x],y] =0,

for all x,y,z € g. A subspace h C g is a subalgebra if [h,h] < b. If [g,h] € b, then b is
called an ideal of g. If dim g > 1 and the only ideals of g are {0} and g, then g is said to
be simple. A Lie algebra is semisimple if it can be written as the direct sum of simple
algebras

g= @ gi, with [g;g;]=1{0}, ifi#].
1<i<k

If g is simple, then there exists a subalgebra b, with [h, h] = {0}, and ® < h* finite
such that

g=heo P gy, wheregy={xeg:[hx]=a(h)x, forall heh}, with dimg, =1.
aed

(1.4.1)

Moreover, the set ® ¢ V is a crystallographic root system and the rank of ® is the
dimension of h, where V c h” is the real Euclidean space generated by ®. The Weyl
group W associated with ® is said to be the Weyl group associated with g and the
type of g is the type of W. In the case that all roots are short, g is said to be simply laced.

Given a positive system &, denote

0= @ ga (1.4.2)

ned+

In this work, we are most interested in the Weyl group associated with the
complex Lie algebra sl,,; of square matrices with trace zero, whose type is A,. Fix
A= {a; : 1 < i< n} asimple system, with corresponding fundamental weights
{w;:1<i<n}, then h has a basis {h;:1<i<n} defined by

wi(hj) =6;j, i,jel . (1.4.3)
In this case, putting s; = sy, i € I ,,, the action of YW on V can also be given by
Si()t) =A- /\(hi)zxi, forall A e V.

For further use, it will be convenient to define hy, := Z h;, which satisfies
iEILn

wi(hgy) =1, foralliel,. (14.4)
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1.5 Affine Weyl Groups

We are now interested in the affine reflection groups, i.e., groups generated by
affine reflections. An affine reflection is a reflection relative to a hyperplane that does
not necessarily pass through the origin of V. Such groups are infinite and admit
presentations as Coxeter groups. A particularly interesting class of such groups consists
of the affine Weyl groups, which play an important role in the theory of Kac-Moody

algebras.

Consider Aff(V) the semidirect product of GL(V') and the group of translations
in V. It is easy to see that the group of translations is indeed normalized by GL(V).
Given a root system ® c V, for each root « and k ¢ IR, define the associated affine

hyperplane as the set
Hyp:={AeV:(Aa)=k}.
The corresponding affine reflection is given by
SuiM =saA+ka’ =A—((A,a)-k)a¥ forall AeV.

Note that s, fixes the affine hyperplane H, ; and sends the 0 vector to ka". More
generally, the restriction of s, x to H, ¢ is the translation to H, ;_, along the direction

determined by a. More precisely:
SupA=A+(k-L0)aY forall AeH,,.

It is not difficult to see that s, o = s,.

If W is the Weyl group associated with the crystallographic root system ®, the
affine Weyl group W is defined to be the subgroup of Aff(V) generated by the affine
reflections s, x, with a € ®, k € Z. That is, W is the semidirect product of W and the
subgroup of translations given by elements of the coroot lattice QV. Let T) denote the

translation by A € Q. Then, each s, ; can be written uniquely as

Suk=w)r=Thw, wherew=s,and A =ka". (1.5.1)

Fix A= {ay,...,a,} a simple system for ® and let a be the highest root relative
to A. Denote

S:={s;:0<i<n}, (1.5.2)

where s = 55,1 and s; := sy, for 1 <i < n. It is possible to show that W is generated by

the set S, subjected only to the relations

(SiSj)m(i’j) = 1,
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Figure 1.5.1 — Classification of affine Weyl groups.

where m(i, ) is the order of the element s;s; € Aff(V), with 1 <i <n (HUMPHREYS,
1990, Theorem 4.6). That is, (W, 5) is a Coxeter system. All possible graphs arising
from an affine Weyl group were classified and are exhibited in Figure 1.5.1, where the

subscript n denotes the rank of the root system.

1.6 Alcoves

Let ® be an irreducible root system. Although the underlying finite Weyl groups
W and W" coincide, the affine Weyl groups W and W" do not need to be isomorphic.
These groups are isomorphic if and only if ® has only short roots. Anyway, since
(@)Y = &, we may work with dual root systems to characterize affine Weyl groups,
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preserving the indexing by roots instead of coroots. It turns out that this change makes
easier to phrase some results that we are interested in, following (SHI, 1999).

Let W be an affine Weyl group, with positive system (®")* ¢ V and simple
system A = {a7,...,a,}. Let also S={s;:iely,}, where

Si=5Sqy0, L€y, and sog=suv1.
Note s, = s,v, for all i € I ,,. By abuse of notation, let H, ; denote the affine hyperplane

Hyv , fora e @,k e Z.

The connected components of

V-~ U H ak
wed keZ

are called alcoves. Let us denote .7 the set of all alcoves. Define a strip as a set of the
form H!, :={A eV :k< (A a") <k+1}, for a € d. Note

H!,  =Hy ;. forallaed®keZ. (1.6.1)
Given a family k = (ky)qeq+ of integers, define

A= () Hyp ={AeViky<(Aa") <ky+1,a e D).

aed+

Setting
k_y=-ky—-1, foraed” (1.6.2)

and using 1.6.1, it follows that A = () H!, . These sets are not alcoves in general, but
aed e
every alcove coincide with one such set as proved in (SHI, 1987), where it was also

proved a precise characterization of the families k such that Ay is an alcove (SHI, 1987,
Theorem 5.2). The next result is a simplification of this characterization given in (SHI,
1999, Theorem 1.1). The proof consists of handling a series of inequalities, including
ones which depend on a case by case analysis according to type of the subsystem
generated by a given pair of positive roots. As the steps of the proof are not relevant

for our purposes, we have decided to omit the details here.

Lemma 1.6.1. Let k = (ky)4eqp+ be a family of integers. The set A is an alcove if and
only if, for all «, B,y € ®* such that v = («” +")", the following holds

ko +kp<ky<ky+kg+1. (1.6.3)

In particular, if @ has only short roots, then y = a + § in the lemma. Proceeding

inductively, one can then easily check the following.
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Corollary 1.6.2. Suppose ® has only short roots and that a = ) w;; for some m € Z,
jEIl,m
and ije I ,. Then, ) ky <ke< ), k,x{j +m-1.

jEIl,Wl jell,m

If k = (ky) e+ satisfies (1.6.3), we shall say k is the coordinate form of the alcove
Ay. We let k = 0 denote the fundamental alcove, i.e., the one associated with the family
ky =0 for all « € ®*. Straightforward computations show that

Ao={AeV:0<(Aaf) Viel, (Aay) <1} (1.6.4)
Note Ay is contained in the fundamental Weyl chamber if and only if

ky >0, forall xed. (1.6.5)

From Corollary 1.6.2 immediately follows the next.

Corollary 1.6.3. Let k = (ky)ycq+. If @ has just short roots, then Ay ¢ C, if and only if
ky; >0, for all i € I ,.

Example 1.6.4. Suppose W and, hence, W" have type A,. By Example 1.3.2, we have
@ N\ A = {ap}. Then, the only inequality that must be satisfied is

koy +kay < kay < kay +kay +1.

Thus, the triple (ky,, ka,,ka,) = (1,0,0) does not correspond to an alcove, for instance.
Figure 1.6.1 shows alcoves labeled by their corresponding coordinate form.

The length function in an affine Weyl group has a geometric characterization in
terms of alcoves. Let H = {H, : « € @,k € Z}. The hyperplane H € H separates two
alcoves if each one of them lies in different half-spaces relative to H. The number of
such hyperplanes for two fixed alcoves is always finite, then it is well-defined the

number n(w) as the cardinality of the set
H(w) :={H e N : H separates A, and Ay}, w-e WY,

For instance, #(s) = {H;}, for all s € S.

The group W" acts on the set of alcoves <7, via the correspondence given by
A wA Ae o, weW .

Theorem 1.6.5. (HUMPHREYS, 1990, Theorem 4.5) Let w € WY ~ {e}, with a reduced ex-

pression s;, ...s;,, and denote H; := Hy, 5 . Then H(w) = {Hy,s; Ha,...,sj, ...s;,  Hnu}
I

and these hyperplanes are all distinct. In particular, /(w) = n(w), for all w e WY, and

—_

WY acts simply transitively on 7.
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Figure 1.6.1 — Coordinate form for alcoves of type A,.

Since the action is simply transitive, it allows us to define Ay := w(Ap). In
particular, 4p = A.. Moreover, there exists a well-defined map k : WY xdt > Z
determined by

Aw = m Holc,k(w,tx)'

ned+

The map ky : @7 - Z, a » k(w, ), or, equivalently, the family of integers (k(w, «) ) cq+,
is called the alcove form of w. Since the correspondence w — Ay is a bijection, w is

determined by its alcove form.

Write w) = Tyw, for w e WY and A € Q. By 1.5.1, W" = {w, : w e WY, A € Q}. We
want to characterize the alcove form of w, € WY in terms of w and A. It will be useful

“14v and

to recall that (w™'a)" = w
(wA,a¥) = (A, waY), forallweWY,AeV,acd, (1.6.6)

since WY is a group of orthogonal transformations in V.
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0, ifwlaecd,
Lemma 1.6.6. (SHI, 1987, Lemma 3.1) If w € WY, then k(w, a) =
-1, ifwlaed .

Proof. Let u € A, and a € ®*. Then wyu € Ay. By (1.6.6), (wA,a") = (A, wla"), for
all « € ®*. If wla € ®*, then 0 < (y,w‘lzxv) < 1. Thus, 0 < (wp,a”) < 1, following
that k(w,«) = 0. Otherwise, if wla e &, then —w la € . Similarly, it follows that
-1 < (p,w'a¥) <0 and, hence, -1 < (wp,a") <0, proving that k(wpu,«) = 1. O

Lemma 1.6.7. (SHI, 1999, (1.5.1)) Let w ¢ WY and A € Q. Then k(w),«) = k(w,a) + (A, a").

Proof. Notice Ay, = {A} + Ap. For all a e &%, p e Ay, k(w,a) < (u,a”) <k(w,a)+1. Let
N=A+pueAy,. Since (n,a") = (A,a")+ (u,a"), we have

k(w,a)+ (A, a") < (ng,a") <k(w,a)+(A,a")+1,
from where the lemma follows. O

In particular, if S is a generating set for W" as in (1.5.2),
k(si,a) = 04,0 and k(so,&) = 64y, foralliely, aecd’. (1.6.7)

This leads to the following formula for the alcove form of an element of W" in terms
of a reduced expression.

Proposition 1.6.8. Let w = s; ...s; be a reduced expression for w ¢ W' and set

1
Up=Su; - -Sa; € WY, for 1 <1 <m. Then

k(w, o) = k(um, o)+ Y di,0(uj1a0,0"), forall a e ®™.

jell,nz

Proof. Write w = u), u € WY, A € Q. By Lemma 1.6.7, it suffices to check that u = u,
and A= ) di;0tj-140. Indeed, let us proceed by induction on ¢ (w) =m e Zs. Recall

jell,m
S; = Sa; + 0i o, 1 € In . Thus, for m =1, the result is clear. If m > 1, then the induction

hypothesis imply
wp = (Siy -5, ) (Sinh) = Um_1Siph+ Y. 0i,,01j-100
].Ell,mfl
= um—l(erimV + 5im,0“0) + Z 51'],,01/1]'_1&0

jelim-1

= U+ 0, 0Um-100 + ), Oy 0Uj-100 = Umt+ D Oj 0lj-100
Jeli,m-1 Jelm

for all p € V, as claimed. O
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Corollary 1.6.9. (SHI, 1999, Section 1.6) For all i € I ,, w € WY, and a € ®*, we have
k(sjw, ) = k(w,sq;x) + i (o, &"). (1.6.8)
Proof. Since u~!(va) = (v"1u) 1w, it follows from Lemma 1.6.6 that
k(u,va) = k(v™'u,a), forall u,veW". (1.6.9)
Therefore, by Proposition 1.6.8,

k(siw, a) = k(sqm, &) +6;0(o, ") + 3 0 0(sa; 21000, 2")

jEIl,m
(1.6.6) ‘ Y , ‘ Y
=" k(ttm, Sa;00) + Si 0o, %) + D di 0(uj—10, (Sa;)")
1.6.9) &

= k(w/ Sai“) + 5i,0(“0/ (Xv)'
[

The length and the left descent set of an element of W can be computed in
terms of alcoves, as seen in the next theorem. A proof for type A is given in the book
(SHI, 1980, Proposition 6.4.1). It is claimed the proof works for all types in (SHI, 1987,
Proposition 4.3).

Theorem 1.6.10. (SHI, 1999, Proposition 1.9) For all w € W", we have /(w) = > Jk(w, )

aedt
and D(w) = {s;:i=0and k(w,ap) >0 ori el , and k(w, ;) <0}. O

Corollary 1.6.11. An alcove Ay, is contained in the fundamental Weyl chamber if and
only if D(w) = {so}.
Proof. Theorem 1.6.10 implies that
D(w) ={so} < k(w,a;)>0, foralljelpy.
By Corollary 1.6.3, the result follows. O

Example 1.6.12. Suppose W" has type A,. Let us compute the alcove forms of sgs;,
S0SiSj, SoWw,, for {i,j} = L15. Using (1.6.7) and (1.6.8), one easily checks that, for all
w e WY, we have

-k(u,a;)-1, ifp=q=i,

~k(u,a0) +1, if p=g=0,

Kyt ag) = | oot h it =a | (1.6.10)
k(u, ar), it p=i{q,r}={0j},

—k(u,a), if p=0,{q,r}=1{i,j}.
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505251

S0S152

Figure 1.6.2 — Elements corresponding to alcoves of type A,.

Now, iterating this, we get

—k(u, ocj) +1, ifg=0,
k(sosiu, aq) = 3 —k(u, ap), if g=i, (1.6.11)
k(u,a;)+1, ifg=j.

Plugging w = ¢, we see that the alcove form of sgs; is

k(S()Si, IXZ') =0 and k(S()Si,DCo) = k(S()Sl‘,ﬂt]') =1. (1.6.12)

Using (1.6.10) and (1.6.11), we get

—k(u,wa;), ifg=1,
k(sosisju,a) = (1.6.13)
k(u,ar) +1+050, if {g,7} ={0,j}.

For w = e, we see the alcove form of sgs;s; is

k(SOSiS]‘, lxi) =0, k(SoSl’S]', D(]) =1, k(sosis]-,oco) =2. (1.6.14)

Using (1.6.13) and (1.6.10), we have
k(sowou, aq) = k(u,0q) +1+60, forallue WY,
Hence, the alcove form of sqw, is
k(sowo, a;) = k(sowo, i) =1, k(sowo,ap) = 2. (1.6.15)

Comparison with Figure 1.6.1 gives us Figure 1.6.2. Note also Theorem 1.6.10 implies
£(sps;s) =3 and £(spw,) = 4, as expected.
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1.7 Alcove Paths

By (1.6.4), the boundary of A, is contained in | J Hy,g,,- Moreover, since the ac-

iEIO,n

tion of W" permutes the set of alcoves, the boundary of A, is contained in | J wHy, 5
1'610/,1

for any w e W". These n + 1 hyperplanes will be referred to as the walls of Ay. For

1,07

i € Ip, the hyperplane Hy, g, , is the unique wall shared by A, and As,.

The intersection of the closure of an alcove with one of its walls will be referred to
as a facet. Let .7 be the set of facets, i.e., .# = {F ¢ V : F is a facet of A for some A € </ }.
Since the action of W on &/ is simply transitive, it induces an action on .%. Moreover,
given F € .7, there exists a unique facet F’ of A, such that F = wF’ for some w ¢ WV,
We say F is an i-facet, i € I, if F' is contained in the wall shared by A, and As;. We let
Z; be the subset of .7 containing the i-facets.

The following lemma can be regarded as a motivation to the definition of the

notion of alcove paths.

Lemma 1.7.1. (SHI, 1987, Lemma 6.1) Let w,w’ ¢ W". Then w’ = ws;, for some i ¢ Ion, if

and only if A, and A,y share an i-facet.

Proof. Suppose w' = ws;. Then Ay, = w(A,) and Ay = w(As,). Since A, and A, share an
i-facet, so do Ay and Ayy. Conversely, if A, and A,y share an i-facet, there exists v € wY
such that Ay = v(Ae) = Ay and Ay = v(As,) = Aos;. Hence, w = v and w’ = ws;. O

Two alcoves are said to be adjacent if they are distinct and share a facet. We write

AL A if Aand A’ are adjacent and share an i-facet. In particular, A, L As;, 1€l

An alcove path is a finite sequence of adjacent alcoves. We shall write

AB 43 A,
to denote such a given path if A; L A1, j € I1;. The alcove path is said to be reduced if |
is minimal among all alcove paths from A; to A;,1. We let #2(A, A") denote the set of
alcove paths from A to A’ and set Z(A) = Z( A, A).

Given w e WY, let
bw = {L Ny lon:leZy,w= H Sl(j)}'
1<j<l

We refer to & as the set of expressions for w. The subset of &, containing the reduced
expressions for w will be denoted %,. For 1 € &, the length of 1, denoted by ¢(1), is the

cardinality of the domain of .. As usual, by abuse of notation, we let i; = «(j). Given
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L € &, consider

v =[] s; and = [] s, 0<I<l(1). (1.7.1)
1<j<l 1<t !

In particular, v = wp = e and vy(,) = w. Lemma 1.7.1 implies

Ay b Ay, 1<1<E). (1.7.2)

Hence, we can associate the following element of &?(.A,,) with 1, which we denote by

0

i i T0(s)
.Ag - Az}l - Ayz'" g Aw.

Consider also
Br=uiqa;, 1<I<£(1).

Proposition 1.7.2. (LENART; POSTNIKOV, 2007, Lemma 5.3) The map &, - Z(Ayw),
L~ 0, is a bijection and ¢ € %, if and only if ¢, is reduced. Moreover, for 1 <[ < /(1),

the i)-facet shared by A, _, and Ay, is contained in Hpg, ;, for some m € Z. ]

As observed in (LENART; POSTNIKOV, 2007), the proof of Proposition 1.7.2 is
essentially contained in (HUMPHREYS, 1990) and, therefore, we omit the details here.
A streamlined proof is presented in (LENART; POSTNIKOV, 2007) nevertheless.

Example 1.7.3. Suppose W" has type A,. Figure 1.7.1 exhibits 1-facets in red, 2-facets
in blue, and 0-facets in green, according to Lemma 1.7.1. Two different alcove paths
from A, to Ay, are presented following Proposition 1.7.2. Moreover, since ¢(w,) = 3,
both alcove paths are reduced.

We end this section with an analysis of reduced paths contained in the funda-
mental Weyl chamber. We show that these paths can be described by certain families
of finite non-decreasing sequences of non-negative integers indexed by ®*.

Lemma 1.7.4. Let Ay, € Co, w € WY. Let also Si, - --Si,, be a reduced expression for w
and vj,u;, 0 <1 <m, as in (1.7.1). Then, for each i € I, there exists &; € ®* such that
k(v;, &) = k(vj_1,&) + 645, In particular, any reduced alcove path in #(Ay) is contained
in the fundamental Weyl chamber.

Proof. From Proposition 1.7.2, it follows that the unique hyperplane crossed in the

S
path A, | = Ay, is orthogonal to ;. Define &; as the positive root in {f;, -f;}. Hence,
k(v o) = k(vj_1,&) + 00 5, (1.7.3)
Moreover, notice that, by Theorem 1.6.10,

Uop) > L(v1) = k(o )| > k(v_1, &) (1.7.4)



Chapter 1. Weyl groups 35

Figure 1.7.1 — Alcoves paths from A, to Ay,.

Let us proceed by induction on I € I ,, to prove that 0 < k(v;_1,a) < k(v;,«), for all
a € 7. By Corollary 1.6.11, v = sp, then the claim holds for I = 1. Suppose, thus,
[ > 1. Then, the induction hypothesis and (1.7.4) ensures the result. In particular, by
(1.7.3), the first part of the lemma follows. The second part follows immediately since
k(v;,a) >0, for all w e D, 1 € Iy 4. O

Let w e WY, Ay € Ce. Each pair (1, &) € Zy x ®* determines a sequence (k, ;);c Ton?
where m = l(w), ky; = k(v;, ), for vy as in (1.7.1), [ € I ,,, which will be referred to as
the a-sequence associated with 1. These sequences satisfy

(i) ko =0, ko€ Zs, for all a € 7,
(i) for each I ¢ Iy, there exists &; such that k, ; = k, ;1 + 45, for all & € D,

(i) kyy+kgy<k,;<ky;+kg;+1, foralllel,,, a B, vedt, withy=(a"+B")".
’ B, Y, , B, p

Given m € Zs, consider the set of ®-families of I; ,,-families of integers. An
element of this set will be denoted by (k4)sep+, While, for each «, k, = (ktx,l)lell,m
with k, ; € Z. We shall say such a family is a reduced ®*-family if its members satisfy
conditions (i)-(iii) above.
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Proposition 1.7.5. There is a bijection between {1 € %, : w € WY, Ay € Ce} (or, equiv-
alently, reduced alcove paths contained in the fundamental chamber) and reduced

d"-families.

Proof. We have already proved that a-sequences associated with 1 € %, w € WY,
with Ay ¢ C,, form a reduced ®*-family. Conversely, let F = {(ky)icp,,, : @ € D"}
be a reduced ®"-family. Since it satisfies (i) and (iii), by (1.6.3) and (1.6.5), each Ay,
ki = (kaj)aca+, 0 <1 <m, is an alcove in the fundamental chamber and Ay, = A,. Let
w; € WY be the such that Ay, = Aw,, L € I . By (id),

i ip i
.Ag_)Awlﬁ..._m)Awm

is an alcove path. From Proposition 1.7.2, it follows that s;, ...s; is an expression for
wy, for each [ € I ,,. Moreover, from (i), (ii), and Theorem 1.6.10, it follows that each
expression is reduced. Proposition 1.7.2 also ensures that the corresponding path is
reduced. Therefore, F is the family of a-sequences, a € ®*, associated with ¢ € %, for
which «(j) = i;. O

In particular, for all u € WY, with A, < C,, the reduced alcove paths in Z(Ay)
are contained in the fundamental Weyl chamber and can be completely characterized
by reduced ®"-families. If v € WY, with Ay € Cyp, w € WY, write v = wu, with A, < C,.
Corollary 1.8.5 below ensures ¢(v) = {(w) + £(u). Hence, any reduced path in #(A,)
passing through the alcove A is composed by a reduced path in #(A,) followed by
a reduced path in #( Ay, Ay), which is the image by w of a reduced path contained in
the fundamental Weyl chamber.

Remark 1.7.6. These paths do not describe completely %, when A, ¢ C,. It may exist

Si, - - - Si,, € %y for which the first occurrence of i; = 0 is such that / < /(w). For example,
in Figure 1.7.2, we see two distinct reduced alcove paths in &?(A;). One corresponds to
the reduced expression s1s250s2 and it is obtainable by the method we have described,
for w = s1sp and u = sgsp, while the other one, corresponding to the expression sqs9s250,

only enters Cy, in its last step.

1.8 Left-long Extracts of Affine Weyl Groups

The main motivation for our work comes from the study of certain structural
aspects of representations of affine Kac-Moody algebras which involves the computa-
tion of specific elements in the orbits of the action of the corresponding affine Weyl
group on affine dominant weights. In order to compute such orbit elements, it is useful
to obtain a set of reduced expressions for the elements of the group as minimal as

we can. In this section, inspired by Remark 1.7.6, we express each element v of an
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A.‘T]_.Tnﬁg-

Figure 1.7.2 — Distinct types of alcoves paths from A, to As,s,ss,-

affine Weyl group W, as v = wu, for w e W, Ay, € Cyp, and A, < C,, giving rise to the
concept of left-long extract. Arranging systematically the set of reduced expressions
associated with left-long extracts, we describe a subset of %,, for which the positions
of the occurrences of sy do not depend on the chosen reduced expression.

Let W be a Weyl group with rank n and W be the corresponding affine Weyl
group, with generating sets S and S, respectively. It will be convenient to introduce the

following notation. Given a sequence wy, ..., w, € W, set

[T wi=wiwy...wy and ] wj=wpwy_1... w1
1<j<m 1<j<m

Since W is generated by §, we have
W = {Silsiz Sy ‘ Si}, € §,1 SjS k,kEZZ()}.

Of course, the inconvenience of this presentation is that it does count all possible
expressions for the elements of VW, eventually with many repetitions. Considering also
its set of relations, the aim of this section is to describe a smaller set of expressions for
the elements of W, without so many repetitions, and more suitable to compute some

linear representations in Chapter 3.
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Given w € W and m € Z, set

Ep(w) = {(Uo,...,O’m) eW™lw = ﬁ (soo;) and £(w) =m+ > K(Ui)}.

1<i<m iely,m

One easily checks that
(00,---,0m) € Emp(w) and 0<j<m = oj=e. (1.8.1)

Moreover, any reduced expression for w gives rise to an element of E,,(w) where m is
the number of appearances of sy in the expression. In particular, E,,(w) # & for some
m e Z. Set also

E(w) = |J Em(w).

m>0

We will refer to an element ¢ € E,,(w) as a W-extract for w of depth d(o) := m. We also
define the (affine) depth of w to be

d(w) = min{m : E,,(w) + @}.

If 0= (00,---,040)) € E(w) for some w € W, we will refer to the element 0; as the

j-th component of . If j > 0, we say 0; is a distinguished component. Set also

—

Gi= (05,0541, 04y), Tj= [ (so03), and &j=0;0;.
j<i<d(o)
In particular, oy = w,
Uj€Eg(p)-j(0j) and d(0;)=d(c)-j forall 0<j<d(0). (1.8.2)

Moreover,
057) =d(o)-j+ Y. (o) forall 0<j<d(o).

i€lii1 (o)

We shall say that the extract o for w is left-long if

TeE(w) = {(19)<{(0p).
Finally, we say o is fully left-long (fll) if 7} is a left-long extract for 7; for all 0 < j < d(0).
Proposition 1.8.1. For every w e W, Eg(w)(w) contains the unique fll element of E(w).

Lemma 1.8.2. Suppose ¢ € E(w) is left-long and that oy = s;w’ for some i € Iy ,, w' € W
such that £(s;00) = £(w"). Then, T = (w’,01,...,04(,)) is a left-long element of E(s;w)
which is fll if so is ¢.
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Proof. 1t is clear that T € E(s;w). Suppose T is not left-long and choose ¢ € E(s;w) such
that £(&) > £(w'). In particular, we have s;w = w'dy = &o¢o and

0(Go) + £(8o) = £(siw) = £(w) - 1.

Since w = 5;oo, this implies (s;€o, 1, ..., Cacr)) € E(w) and £(s;&y) = 1+£(o) > 1+
l(w') = £(0p), contradicting the assumption that ¢ is left-long. The last claim is now
obvious. ]

Proof of Proposition 1.8.1. Let us begin by showing that E;,)(w) contains a fll element
of E(w). We proceed by induction on m := d(w), which clearly begins when m = 0. If
m >0, chose any left-long element ¢ € E,,(w). It follows from (1.8.2) that d(§;) =m -1
and then, by induction hypothesis, E,,_1(¢1) contains a fll element of E(&;), say 7. It
follows that o := (¢o, T, - .-, Tn-1) € Em(w) is fll.

To prove uniqueness, we proceed by induction on ¢(w) which clearly starts for
w = e. Moreover, uniqueness is also clear if w € W since Eq(w) = {w} and ¢(0y) < ¢(w) if
o€ E(w)\ Eg(w). Thus, let w ¢ W and suppose o, T € E(w) are fll elements. In particular,
£(0p) =¢(19) and d(w) > 0.

Assume first that ¢(0p) # 0. In this case, we have oy = s;w’ for some i € I,
and w’ € W, such that {(s;0p) = {(w'). Lemma 1.8.2 and the induction hypothesis
imply ¢’ := (s;00,071,...,04() is the fll in E(s;w). If £(s;19) < £(T0), it follows that
T'= (870, T1, - - -, Ta(r)) € E(siw) is a left-long element (as £(s;T0) = £(s;c0)) and, hence,
also fll. Therefore, T’ = ¢’ and, hence,

d(t)=d(c), Ti=0; for j>0, and s;7=s00,

which clearly implies, T = 0. If {(s;19) > (1), since ¢(s;w) < ¢(w), Proposition 1.1.1
implies there exists a reduced expression for s;w which starts with a reduced expression
for 9. This reduced expression gives rise to ¢ € E(s;w) having £(&o) > £(0})), yielding a
contradiction since ¢ is left-long.

Finally, assume 0y = 19 = e. In particular, &7 = 7; and the induction hypothesis

implies this element admits a unique fll extract, which concludes the proof. O

If o is the fll extract of w, set
e(w) =0, e(w)=0y, &(w)s=0.
In particular, w = go(w)&y(w). Set also
£ ={&(w):weW).

Therefore,
W={wu:weW,ucé). (1.8.3)
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Lemma 1.8.3. Let w € W, 0 ¢ Ej,;(w). Then ¢ is fully left-long if and only if D(d;) = {s0},
forall0<j<d(o).

Proof. Assume ¢ is fll and suppose &; = s;w’ with i # 0 and £(w') = £(5;) - 1. Then,
0j = ojs;w’ and, since ¢ is fll, we must have £(c;js;) < £(0j). Letting

1= 0(w) - £(57) = L(w) - £(57) - £(07),

we conclude that
U(w) <1+L(0js;) +L(w") < L(w), (1.8.4)

yielding a contradiction. Conversely, if ¢ is not fll, there exists 0 < j < d(c) and 7 € E(7)
such that £(tp) > £(0;). In particular,

~ 1 =~
U']' 2(7]- To10-

We might as well assume 7 = ¢(7;) and, hence, D(%) = {so}. Since (7].‘1‘(0 € W, it then
follows from (1.2.1) that
0(07) = £(07 ' 10) +£(T0).
Also, SnD(07; '19) # @ since 07 ' 19 # e and Corollary 1.1.4 then implies Sn D(0; ') €
D(j) ~ {so}-
0

In light of Corollary 1.1.3, it follows that D(w) = {so}, for all w € £. Conversely,
let us show that
D(w)={sg} = weé.

Indeed, if w ¢ &, it follows, in particular, that w # &(w) and, hence, go(w) € W~ {e}.
This implies there exists i € I; , such that s; € D(w), reaching the desired contradiction.

Thus, we have shown

wef <  D(w)={sp}. (1.8.5)
Since W = W,
£=W5.
In particular, (1.2.1) becomes
l(uv) =Ll(u)+£4(v) forall ueW,vef (1.8.6)

and Proposition 1.2.1 says that, for all w ¢ W, there exist unique (#,v) € Wx & such
that w = uv. In fact, v is the shortest representative of Wuw.

Note also that Lemma 1.8.3, together with (1.2.1), imply that, if o = ¢(w), then

w)=d(w)+ Y, L(oj).

Jjeloaqw)
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Hence, in order to find a reduced expression for w, it suffices to describe reduced
expressions for all the components of ¢.

On the other hand, (1.8.5) together with Corollary 1.6.11 implies the following.

Proposition 1.8.4. Let w ¢ W. The alcove A, is contained in the fundamental chamber
if and only if we €.

This allows to recover, without using the theory of parabolic subgroups the
following fact.

Corollary 1.8.5. For all v € W, there exist unique (w,u) e W x £ such that v = wu. In
particular, ¢(wu) = £(w) +£(u), forall we W and u € €.

Proof. After (1.8.3), it remains to prove uniqueness. Indeed, if v = wu with w € W and
u € £, we have
Az} = w.Au c wce‘ = Cu),

and we are done since }V acts simply transitively on the set of chambers. For the last
statement, since wu = go(wu)&y(wu), it follows from the first part that w = eg(wu) and
u = Ey(wu). The conclusion follows since £(go(v)) + £(£0(v)) = £(v) for all v € W, by
definition. ]
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Chapter 2
Affine Weyl group of type A,

The aim of this chapter is to describe from different points of view the affine
Weyl group of type A,, n > 2. We begin with a realization as a permutation group
in Section 2.1 and then relate it with the respective alcove form of each element,
following (BJORNER; BRENTI, 1996) and (SHI, 1999). By seeing them as Coxeter
groups, following (STEMBRIDGE, 1997) and (AL HARBAT, 2021), we obtain special
W-factorizations of elements of maximal parabolic subgroups in Section 2.2. This
allows us to present, in Section 2.3, a characterization of the fll extracts of elements
of A,, which can be codified in a special directed graph, which will be the subject
of Section 2.4. We conjecture that the expressions arising from this characterization
provide a minimal set of reduced expressions for the elements of A,. In Section 2.5,
we prove that indeed it does for depth 2. Finally, in Section 2.6, we briefly describe the
connection of Zn with the affine Kac-Moody algebra §[n+1, following (KAC, 1990).

Let W be an affine Weyl group of type A, 1 > 2. Recall that, as a Coxeter group,
W has a set of generators S = {s; : i € I, }, satisfying the relations

s7=e, for all i € I,
S$iSi+1S; = Si+1S5iSi+1, forallie Il,n/ (2.0.1)
SZ'S]'=S]'SZ', ifj=f=i—1,i+1,

while W is generated by S := {s1,...,5,}.

2.1 Affine Symmetric Group

In this section we introduce the affine symmetric group S,,;, which is an affine Weyl
group of type A,_, n > 2. It has the same root system as the symmetric group S,
regarded as a Weyl group of type A,_1, and it contains a subgroup isomorphic to S.
Regarding S, as an affine Weyl group leads us to describe alcove forms for its elements
and, hence, compare them with the expression of each element given by a permutation.
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The set S, of permutations 7 of Z such that

n(x+n)=mn(x)+n forall xeZ, (2.1.1)
and
S (x) = (" ' 1), (2.1.2)
XEIL” 2

is a group under composition of functions. The elements of S, are called affine permuta-

tions and S, is called the affine symmetric group.

From (2.1.1), it follows that 77 is uniquely determined by its values on I; ,,, writing

nt(i) =nri+k;, rj € Z and k; € I; ,,, we can denote
T=(ry,...,m | 7T),

where 7 € S, (i) = k;, and, by (2.1.2), Z r; = 0. In this case, (BJORNER; BRENTI,

1611 n

1996, Section 3)
7'(_1 = (—1"(7—[)—1(1), ey —7’(7—[)_1(”) | (ﬁ')_l). (213)

The group S, is generated by S := {sq,s1,...,5,-1} wheres;:=(0,...,0| (i i+1))
foriel;,-1 and sp:=(-1,0,...,0,1| (1 n)).Itis clear that the subgroup generated by

{s1,...,5u} is isomorphic to S,,.

Let us describe an action of S, on V = R". Recall the action of S, on V which
permutes the subscripts of the standard basis {¢1,...,&,} presented in Example 1.3.2.
That is, for each 1 <i<n, s; acts on V as the reflection in the direction determined by
a; = € — €;,1, which fixes the origin. Make the affine permutation sy act on V as the
affine reflection in the direction determined by «( = €1 — &, which sends 0 to ag. Since
S, is the group generated by affine reflections associated with the Weyl group S,, of
type A,_1, it follows that S,, is an affine Weyl group of type A, ;.

For x € R, let | x| denote the largest integer less than or equal to x. The next theo-
rems give us formulae to the transition between the alcove form and the permutation

form of an element of S,,.
Theorem 2.1.1. (SHI, 1999, Theorem 1.4) For 1<i<j<nand 7€ §n, we have
1(j) - ﬂ‘l(i)‘

n

k(7T e +... +aj1) = [

Theorem 2.1.2. (SHI, 1999, Theorem 5.2) Let 71 € S,and te 1 ,. Then

i) =t+ Y k(maj+..otag)— Y k(. ).

jeli -1 Je€lis1n
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2.2 W-factorizations

In this section, we describe W-factorizations, for special chains W. This charac-
terization will be helpful in the description of the fll extracts of elements of W in the

next section.

Given 1<i<j<n,set

Si,jz H Sk and S]',iz H Sk

i<k<j i<k<j

Since each simple reflection appears exactly once in the definition of sij, we have
((sij)=li-jl+1 forall 1<i,j<n.

Consider the chain W of inclusions of maximal proper parabolic subgroups obtained
by letting W; = (sq,...,s;). It is not difficult to check that W; = {e} u{s;; : 1 <j <i}.
Therefore, the W-factorization of a given element is characterized by a family (i, ji) €
I'x1,ji <ig,1 <k <m such that ix,q > iy for k < m where 0 < m < n is the number of

nontrivial components of the factorization:

.
w= I si-

1<k<m

Moreover, since there are exactly (n +1)! such sequences, all of them arise from W-
factorizations. We shall refer to s;, ; as the k-th nontrivial W-component of w. Note
the k-th nontrivial component of s; j,7 <, iS $j,k_1 = Sjsx-1,i+k-1, 1 <k <j—i+1. In other
words, the number of nontrivial components is equal to the length. On the other hand,

if i > 7, s; ; has a unique nontrivial component.
if

The elements
Cl]' = 51,]‘, b] = Sn,]' and C]',k = ajbk

will be of special relevance to us. For convenience, we set ag = ¢ = b,,,1. Note the above
discussion implies c; x has j+1 -y 1 nontrivial components and £(c;x) = £(a;) + £(bg) =
n+j—k+1. Consider also the reflections

—

. <« — .
t; = ai—lsiai__lll 1<i<n, t = bi+1sibi+11, 1<i<n, (2.2.1)

| . .
and ti,]-:ait]-ai ,0<j<n, 1<i<n.
ﬁ H . . .
Note t; =a;_15;1 and t; = b;,15;,, and, it will become clear in Lemma 2.3.2(v) that
— <«
ti =a;18i1=Si2a; t; =bi1Sin = Sin-1bi. (2.2.2)

The above discussion gives us the W-factorization of t.In particular,

E(Z) =20(a;j_1)+1=2i-1 and supp(?;) ={1,2,...,i} forall 1<i<n.
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Suppose W' is another chain satisfying W, ; = W,_y and W, _, = (s; : 1 <i < n).
Then, W; _; = {e} u{sy;:1<j<n}. Thus, the of Wby W, ,is {cjx:0<j<n1<k<
n+1}. Hence, every element of W has a unique factorization of the form

ucjy forsome wue(s;:l<i<n), 0<j<nl<k<n+1 (2.2.3)
and, moreover £(w) = £(u) + £(c;) for all such u, j, k (cf. (AL HARBAT, 2021, Lemma
2.3)).

Consider a sequence (5;);cy, ,, where either §; = s;,;, 0 <j<nand 2., f, § =
Sn-j-ix1, 0 < j<mand i 2, n-j+1, for i € I ;. The subgroup (3y,...,5,) of W is
isomorphic to W. Thus, if W is the chain of inclusions of maximal proper parabolic
subgroups obtained by letting W; = (31, ..., §;), the previous argument also ensures

€(§1...§1’...§1)=2i—1 forall 1<i<n.
In particular,
K(E):Zf(bi+1)+1:2(n—i)—1 and supp((E):{i,iJrl,...,n} forall 1<i<n.

The W-factorization of the reflections t;;, 0 < j <n, 1<i<n will be given in the Section
24.

2.3 Left and Right Sequences

As we have seen in Section 1.8, an element of an affine Weyl group W admits a
unique fll extract. By (1.8.3), up to a reflection in W, the action of W on V is described
by the action of £ on V. As we have observed in (1.8.1), not every element of YW may
appear as a distinguished component of an fll extract of an element of £. Our goal in
this section is to characterize such elements by presenting a unique special reduced
expression for each one of them. Moreover, we show that there is a correspondence
between those reduced expressions and certain pairs of monotonous finite sequences

with non-negative integer entries.
Given w € W, with ¢(w) =1 >0 set
R(ZU) = {(il,. ..,il) € Il | W =55 'Sil}

and
pn(w) =max{k |3 (i1,...,1) € R(w),ix =n,i; # n for j <k}.
We set p,(w) = oo if either w = e or /(w) >0 and w has a reduced expression with no

occurrence of s,. We shall say a reduced expression for w is n-deferred if

ij#nfor j < pn(w). (2.3.1)
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Proposition 2.3.1. If w is a distinguished component of an fll extract, then an n-deferred
reduced expression for w is of the form ¢ for some choice of 0<j<nand 1<k<n+1.

Proof. 1f £(w) =0, then w = e = ag. For £(w) >0, let s;, ...s; be a reduced expression for
w and note 77 € {1,n}. Indeed, let o be an extract having w as a component, let w’ be the
component preceding w, and suppose i1 ¢ {1,n}. Then, w'sow = w’ $i,808i, - - - 8, and, by
definition of fll extract, we must have £(w’s; ) < £(w"). Note we also have £(s;, ...s; ) =
¢(w) - 1. An argument similar to that leading to (1.8.4) yields a contradiction. By (2.2.3),
W = UCjk for a unique choice of j,k and u € (s; : 1 < i < n). Thus, if u # e, w would
have a reduced decomposition with i; ¢ {1,n}, yielding a contradiction. Thus, u = ¢,

completing the proof of the proposition. O

Let o be the fll extract of w ¢ W. The above proposition says that, for each
1<i<d:=d(w), there exist 0 < j; <n and 1 <k; <n+1 such that 0; = a;,by,. We refer to
the sequences (ji,...,j;) and (ky,...,k;) as the left and right sequences associated with

w, respectively. We now investigate the behavior of these sequences. For this, denote

Sn+1 = 50-

Lemma 2.3.2. The following hold
(1) soajso =s180aj, for1<j<n-1,
(ii) Soka() = SnSObk, for2<k<mn,

(iii) ajsoaj=sg [] sis1-1, for 1<j<n-1,
1<I<j

(iv) bysoby = so H S1S141, for 2 <k <mn,
k<l<n

(v) SjkSk-1,j = Sk,j+15j ks for1<j<k<mn,

(vi) 57k = Sj+1kSjk-1/ for1<j<k<mn,

3 byaj, if (j,k)=(0,1)or0<j<k-1<n-1
(Vii) c¢jx =
bpaaj, if1<k<j+l<n+1.

Proof. Part (i) for j = 1 holds by (2.0.1). Otherwise, if 2 < j <n -1, then
S04jS0 = Soa1(82,j50) = (S05150)$2,j = 51504
Part (ii) follows from (2.0.1) if k = n. Supposing 2 <k <n -1, we have

s0bxS0 = S0bn(Sn-1,k50) = (805150)Sn-1k = SnSobx-
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Let us proceed by induction on 1 <j<n -1 to prove part (iii). Since (2.0.1), the
result is clear for j = 1. Otherwise, assuming 1 < j <n -1 and applying the induction

hypothesis, we conclude that

;4150441 = ;(Sj11)S04j-15)8j41 = AjS04j-1(8j:15i8j+1) = (4})80(aj-18;)sj+15] = (4jS04,)S},15]

= (So [1 5151—1)(5j+15j) =so [] sisi-1.

1<I<j 1<l<j+1

To prove part (iv), let us proceed by inductionon p=n-k,0<p<n-2.1f p=0,
then k = n and the result follows from (2.0.1). If not, assuming that 0 < p < n -2, then
k =n - p and it follows from the induction hypothesis that

bnf(p+1)50bn7(p+1) = bn—p(sn—p—l)SObn—p+1Sn—p5n—p—1 = bn—psobn—p+1(Sn—p—lsn—psn—p—l)

= bn—pSO(bnfp+15n—p)5n7p715n—p = (bn—psobn—p)snfpflsn—p

= (50 H SZSZ+1) (Sn—p—lsn—p) =350 H S1514+1-

n—p<i<n n-(p+1)<i<n

Let 1 <j <n-1.In order to prove part (v), we shall proceed by induction on
p=k-j,1<p<n-1,oncemore. If p=1, then k =j+1, following that
5j,j+15j,j = 5jSj+15j = 8j+158jSj+1 = 5j+1,jSj+1,j+1-
Otherwise, supposing 1 < p <n -1, then k = j + p and applying the induction hypothesis
we obtain
Sjjep+18jspj = 57, jsp-1(SjepSjup15jep)Sjup-1 = (8] j4p-15jp+1)S}4p (Sjpe1Sjep-1,)
= Sj4p+15j,j+p-1 (Sj+p5j+p71,j)5j+p+1 = Sj+p+1(Sj,j+p715j+p,j)5j+p+1
= (Sj+p+15j+p,j+1)(Sj,j+p5j+p+1) = Sj4p+1,j+15] k+p+1-
For part (vi), 1 < j < n-1, we similarly proceed by induction on p = k-,
1<p<n-1.Ifp=1,thenk=j+1and
5j,j+15j,j+1 = 5jSj+15jSj+1 = 8j+15j9j+15j+1 = 5j+15j = Sj+1,j+15j,j-
In the case 1 < p<n -1, then k = j + p and the induction hypothesis implies
Sj,j+p+15],j+p+1 = 5j,j+15j5j+2,j+p+1Sj+1,j+p+1 = Sj+15j5j415j4+2,j+p+1Sj+1,j+p+1
= 5j+1,j8j+1,j+p+15j+1,j+p+1 = 8j+1,jSj+1,j+p+15j+1,j+p+1 = 5j+1,j5j+2,j+p+15j+1,j+p
= Sj+1,j+p+15],j+p-
Finally, to prove part (vii), notice that it is immediate that if either (j, k) = (0,1) or

0<j<k-1<n-1,thencji=0ka;. If2<k=j+1<n, then

¢jjs1 = (ajbjr2)sju1 = bjsa(a)sja1) = bjsatjns.-
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Suppose then 1 <k <j<n-1. Thus, by part (v),

Cik = ak-1(5k,jbj+2)Sj1,k = Ak-1bj22(Sk 11 1.k) = Ak-1(bj428 41 k41)8k j+1 = (Ak-10k41) Sk i1
= b1 (ak-18k,j41) = brardji1-

]

The next proposition reveals a monotonous behavior of left and right sequences.
Note the condition j; < k; — 1 is equivalent to saying that the set of simple reflections
appearing in a decomposition of the distinguished component ¢;, ,, given by Corollary
1.1.6(ii), is not the whole set S.

Proposition 2.3.3. Let (j1,...,j;) and (ky,...,k;) be the left and the right sequences
associated with w, respectively. Then (ji,...,j;) is non-increasing and (ky, ..., k;) is

non-decreasing. Moreover, if
i<d(w)and ji<ki-1 = ji>ji (2.3.2)

and
1<iand ji < ki -1 = ki—l < ki- (233)

Proof. If d € {0,1}, then the monotonicity of the left and the right sequences associated

with v is trivial. Thus, we shall consider d > 1 and let v; = ¢j,x,, for 1 <i <d.
We begin by noting that
(ki) eU:={(,k)|1<j<n-1,1<k<n}u{(0,1)} forall 1<i<d. (2.34)

Indeed, since v; # ¢, (j;, ki) # (0,n+1). If it could be k; =n +1 and j; > 0, Lemma 2.3.2(i)
would imply

S00iS0Vis1 = (S04,50)Vi+1 = $1504,0i+1,

yielding a contradiction with Lemma 1.8.3. Similarly, if it could be j; = 0 and k; ¢
{1,n+1}, Lemma 2.3.2(ii) would imply

800iS0Vi+1 = (S0bk;50) Vi1 = SuS0bk, Vis1,
yielding a contradiction with Lemma 1.8.3 once more.

Let us show the left sequence is non-increasing. Thus, fix 1 <i < d and assume
we could have j;,1 > j;. We will use Lemma 2.3.2 to reach a contradiction with Lemma
1.8.3 as before. Indeed, if j; = 0, we have k; = 1 by (2.3.4) and the assumption j;,1 > j;

implies a;, | =817 ;,.,. It would then follow from Lemma 2.3.2(ii) that

500iS00i+1 = Soblsoai;’+1bki+1 = 50b251505152,ji+1 b,y = Sob250515052,1i+1bki+1

= SnSszsl SOSZ,ji+1 kal .
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If j; >0, by Lemma 2.3.2(vii), we must have

(Jir ki), if1<ji<ki-1<n-1

Cji/ki = braq, for (ql r) =
(i+1Lki+1), ifl1<k;j<ji+1<n

The assumption of j;,1 > j; implies g < j; +1 < ji;1 and consequently a;, | = a454,1,,-

Hence, from (iii) and (ii) of Lemma 2.3.2, we would have
S00iS0Vi+1 = So(ajibki)soaji+lbki+l - Sobraqso(a]'m )bk, = Sobf(aqsoaﬂ)sqﬂzfmbkm

= (SobrSO) ( H Slsl—l) Sq+1/fi+1bk1+1 = SnSObr( H Slsl—l) Sq+1,ji+1bki+1'

1<l<q 1<l<q

Moreover, if i < dy(v) and j; < k; —1, let us check that j; # j;;1. Indeed, from Lemma
2.3.2(vii), it follows that bya;, = a;by,. If we could have j; = ji,1, then (iii) and (ii) of
Lemma 2.3.2 would imply that

800iS0Vi+1 = S0(a;, bk, )s04;, b, = soby, (4,504, )by,
= (SobkiSO)Slsoszsl .. 'Sjisji—lbki+1 = snsobkislsoszsl e Sjisji—lbki+1’
yielding another contradiction with Lemma 1.8.3.

Now we show the right sequence is non-decreasing. Evidently, there is nothing to
do if k; = 1. Thus, assume k; > 1. By (2.3.4), we must have j; < n. From Lemma 2.3.2(vii)
it follows that

(Jist kiv1), if 1<jiq<kipp-2<n-1
Cist ki = byag, for (q,7) = . . . :
(is1+ 1, ki +1), if1<kj1<jiq+1<n

If we could have k;,; <k;, it would imply that r < k;,1 +1 <k; and hence b, = by s¢,-1,-
Then, using (iv) and (i) of Lemma 2.3.2, we would have that

S0ViS00;i+1 = 504;,bk;50(4;,,, bx,., ) = S04;,bx,50(br)ag = soaj,(by,s0bx,)Sk,-1,+44

= (SOajiSO) ( H Slsl+1)5ki1,raq = 51504;; ( H Slsl+1)ski1,rﬂq/

ki<l<n k<l<n

yielding again contradiction with Lemma 1.8.3. Finally, if i < dy(v) and j; < k; — 1, by
Lemma 2.3.2(vii), ¢j,x, = by,aj- If we could have k; 1 = k;, then, from (iv) and (i) of
Lemma 2.3.2, it would follow that

500;-1500; = So&l]'l._1 bkiso(ﬂjibki) = S()El]'i_l (bkiSObki)tZ]'l.

= (S04}, ,50)Sn5081-15n - - - Sk, Sk;+14j; = 51504}, SnS0Sn-15n - - - Sk;Sk;+14;/

yielding a contradiction with Lemma 1.8.3 once more. O]
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2.4 Extract Graphs

LetV={(j,k) €Z?>:0<j<n,1<k<n+1} equipped with the partial order defined
by (j',k") < (j, k) if and only if the following conditions hold
i) j'<jand k' > k;
) j'<jifj<k-1;
(iii) k' > kif j' <k’ -1.
Let also G be the directed graph having vertex set V and arrows v — v’ with v > v, for
which there is no v ¢ V satisfying v < v < v'. We refer to G as the left-long A,-extract
graph or, for short, the extract graph of type A,. We say (j,k) is a restricted vertex if
j <k-1. We refer to v = (j, k) as a terminal vertex if v is a minimal element of V. In
other words, by (ii) and (iii), v is terminal if and only k =n+1or j=0and k # 1 (cf.
Proposition 2.4.6 below). Finally, let M be the set of functions y : V - Z satisfying
the following properties

(i) The support of u is a totally ordered subset of V;

(ii) u(v) <1if vis a restricted vertex.
Given v = (j, k) € V, set wy = socjx and, given p € M, set

wh = J] wh®,
vesupp(p)

Proposition 2.3.3 implies
Ec{wh:ueMj. (2.4.1)

Conjecture 2.4.1. The equality holds in (2.4.1).

Example 2.4.2. The extract graph of type A, is

1)
PN
12) 1)
l !
(1,3) (0,2)

(0,3)
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and the bottom three vertices are the restricted ones. Note
w(l,l) = Wy, w(1,2) = 85182, w(O,l) = 5281, ?/U(1,3) =51, w(O,Z) =Sy, ZU(O’3) =e.
Thus, in this case, V - W, v = wy, is a bijection. Given {i,j} = I 5, x,y € Zs, set
= *(s0s;s7)Y 242
w; (sowo)™ (sosis;)”- (24.2)

The element wf’y is the one associated with the function y satisfying u(1,1) = x, u(i,7 +
1) =y where i € {0,1}, 7 2 i, and u(v) = 0 for the other vertices. It follows that

Ec {wf’yu tielyp,ued{e sy, 508}, XYy €Zs}. (2.4.3)

Example 2.4.3. In general, the natural map V — W is only injective, since #) = n(n+1) <
#W = (n+1)!. For instance, the extract graph of type Aj is

(2,1)
/ \
(2,2) (1,1)

(2,3) (1,2) 0,1)
l | |
(2,4) (1,3) (0,2)
(1,4) (0,3)

(0,4)

and the restricted vertices are the ones in the bottom three rows.

Given pe M, letd =) u(v) and let o ¢ W be the element obtained by ordering
1%
the family .

(Sowy( ))veV

according to the order of supp(u). Here, the exponent y(v) means the element appears

that many times in the family. Let also e(p) =e W x W*.

Conjecture 2.4.4. For all e(w") = ¢(p).

In particular, d(w") = ) p(v) and £(w") = Y p(v)¢(wy,) and Conjecture 2.4.1
3% 9%
follows. ’ ’
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In light of (2.4.1), the description of the elements of £ is deeply related to the
study of oriented paths in extract graphs. If, moreover, Conjecture 2.4.1 is true, such
study leads to a description of a minimal set of expressions for the elements of W.
Furthermore, if Conjecture 2.4.4 holds, then extract graphs also describe fll extracts.
With this in mind, we end this section with a first step in the direction of studying the
combinatorics of extract graphs by classifying the adjacent vertices.

Remark 2.4.5. Apparently, Conjecture 2.4.4 has been proved as the main result of the
preprint (AL HARBAT, 2021). Our original strategy for proving this conjecture was
based on the computation alcove forms and permutation forms. This strategy is carried
out for n = 2 in Chapter 3. So far we have not found an efficient way of performing
the same computations for rank higher than 2. The strategy of (AL HARBAT, 2021)
is different, exploring strongly several consequences of the Exchange Property. After
becoming aware of the existence of (AL HARBAT, 2021) at the end of January 2022, we
have tried to understand this strategy. This gave rise to Section 2.5, where we present a

proof of Conjecture 2.4.4 for all n but only for i of depth at most 2, i.e., Y u(v) <2.
ve)
As of this moment, we have not understood the extra details to complete the proof for

higher depth. We are actively working on it.

We point out some further differences between the present work and (AL HAR-
BAT, 2021). First, (AL HARBAT, 2021) deals only with type A and does not consider the
notion of fll extract for other types, although the author claims they will be addressed
in forthcoming publications. The main result of (AL HARBAT, 2021) gives an explicit
reduced expression for all elements of W, termed canonical and, in the process of
proving they are indeed reduced expressions, deduces several properties of such ex-
pressions which amount to the properties of what we would call fully right (instead of
left) long extracts. By putting these properties in the conceptual forefront of the study,
we are able to prove existence and uniqueness of fll extracts for all types, remaining
to address the task of characterizing explicit expression for their components. In type
A, this initiates with the concept of Left and Right sequences or, equivalently, Extract
Graphs, and is completed once Conjecture 2.4.4 is proved.

If o is the fll extract of w, the element corresponding to &y is called the affine
block of w in (AL HARBAT, 2021) while the set corresponding to £ is denoted by
Py there. A few other interesting questions which we have not considered here are
answered in (AL HARBAT, 2021). The connection with alcoves and, hence, Proposition
1.8.4, is not considered in (AL HARBAT, 2021). As far as we know, the notion of extract

graph has not been considered in the literature, but here.

We now initiate the study of combinatorics of Extract Graphs. In order to char-

acterize the incoming and outgoing arrows of a fixed vertex, it will be convenient to
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introduce some terminology. For v = (j, k), let [(v) := j - k. If [(v) = -1, we will refer to
v as a critical vertex. If v is neither a restricted nor a critical vertex, it will be referred to
as a free vertex. Notice that v is a free if and only if [(v) > 0. Similarly, v is a restricted
vertex if and only if /(v) < -2. Denote by

a(v) ={v' €V :v— v is an arrow in G}.

Proposition 2.4.6. Let v = (j, k) e V.

(i) If vis free, then a(v) = {(j-1,k),(j,k+1)} nV.
(i) If v is critical, then
a(v) = ({(j-Lk+p):pelhpaitu{(j-qk) :qeh,})nV.
(iii) If v is restricted, then
a() =({(G-Lk+p):pehpartu{(-qk+1):gel})nV.

In particular, v is terminal if and only k =n+1orj=0and k # 1.

Proof. Let v’ = (j',k") € V. Suppose v is free. In this case, [(v) > 0 and, if (j-1,k), (j, k+
1) € V, they are minimal non-comparable free vertices and, hence, belong to a(v).
Notice that if v’ is either free or critical, then v’ < v if and only if v’ # v, j' <j, and k < k'.
In the case j' = j, then k' > k+1 and v’ < (j,k+1) < v. Otherwise, j' <j-1and k' > k,
following that v’ < (j—1,k) < v. Similarly, if v’ is restricted, then v’ < v if and only if
j' <jand k' > k, implying that v’ < (j - 1,k) < v. Therefore, part (i) holds.

For part (ii), assume v is critical. In particular, every element in a(v) is restricted.
In this case, v’ < v if and only if j' < j and k" > k. Write j' = j-1-g and k' = k+ p, for
some p € Iy .1k and g € Iy ;1. If kK’ = k+ p, for some p € I 1k, then v’ < (j -1,k +p) <v.
Otherwise, if k' = k, we have j' = j g, for some g € I ;. Since (j~1,k+p),p € I i1k,
are all restrict, these elements are all non-comparable with each other. Similarly, the
elements (j—q,k),q € I j, are all non-comparable with each other. Since j-1> j-g and
k+p>k, (j-1,k+p)and (j-1,k) are also non-comparable for p € I ;1,9 € I ;. Thus,
part (ii) holds.

Finally, if v is restricted, then v’ < v if and only if j < j and k’ > k. One can do an

an analysis similar to the one in the previous case and check part (iii). O

2.5 Proof of Conjecture 2.4.4 for Depth Two

Let V be the set of all functions from V to Z( and define a partial order on N by

v<pu < v(v)<u(v) forall ve).
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In particular,
v<u = supp(v) csupp(u). (2.5.1)

Let us denote by 0 the function p € A such that y(v) = 0 for all v € V. One easily checks
that
peMandv<y = veM.

We shall use the notation

(le,...,w,T"), where ke Zso,mjeZso,1<j<k,
k
for an element of W™, m = " m;, whose m; first components are equal to w;, and so
j=1
on. For instance, given u € N, suppose

supp(p) = {v1,..., 0} and vj<vjy forall 1<j<k,

and define
5("14) - (6, (Sowvl)y(vl) AR (Soka)y(vk))-

Note this definition coincides with the one given just prior to 2.4.4. By Lemma 1.8.3
and (1.8.6), we have

D(w")={sg} forall Oxv<u = ¢e(u)=c(w").
In light of (2.5.1), in order to prove Conjecture 2.4.4, it then suffices to show
D(w") ={sg} forall ueM~{0} (2.5.2)

or, equivalently,
s¢ D(w"') forall peM,seS. (2.5.3)

Let d = ) u(v) and write e(u) = (e,0q,...,04). Given 0 < r < d, let yu, ¢ M
vel
correspond to (e, 0y, ...,0y). In particular,

pg=p and pu,<p forall r<d.
Let us simplify notation and set w, = w/".

Lemma 2.5.1 (cf. (AL HARBAT, 2021, Lemma 2.9)). Conjecture 2.4.4 holds if d = 1.

Proof. We have w" = socjr where (j, k) is the unique element in supp(y). There is
nothing to do if (j, k) = (0,n+1) since w* = sy in that case. Otherwise, if (2.5.3) failed,
Corollary 1.1.2 would imply that there exists s € S such that

. -1 . .
either s=spa;_1s;a; 50 with 1<i<j

1 . .
or § = 50Cj,i+15iC; 4150 with k<i<n.
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Using (2.2.1), let us rewrite this as
s0sso € {t; , tjw:1<i<j, k<i' <nj.

It follows that sgssg € W and, hence, must be equal to s. Therefore, s ¢ {s1,s,}. However,
s = t; implies s = s; and i = 1, whereas s = t; implies s = s; and i = n, yielding a

contradiction in both cases. O]

Corollary 2.5.2. Let 1 <j<n-1,2 <k <n and consider the elements
— <« 1 <— <
5151505151, SO t]‘ S0, So i’k S0, bls()bl , and tusotn.

The lengths of these elements are equal to the sum of the lengths of the factors in the

corresponding definitions.

Proof. Note
1 — — o«
5151505151 = S15nS041bn,  b1Soby" = b1Soan_1by,  tusotn = tySoa,-1b1

and, by (2.2.2),

— <«
) i’j Sg = 11] 1S()aj, and sgtgsg = blzls()bk-

By Lemma 2.5.1, the right side of each expression is the fll extract of the corresponding

element. Hence, the corollary follows. O

Now we turn to the proof of the case d = 2. Let 01 = ¢, 02 = ¢jr . If (2.5.3) failed,
Corollary 1.1.2 would imply that there exists s € S, 1 <i <j’, kK’ <i’ <n, such that

-1 -1 -1
s e {wisow) " , wisotisow;” , Wisot;irSowy" }- (2.5.4)

Recall (2.2.1) and, given v = (j, k) € V, set t, = tix. In particular, t, = e ifo=(0,n+1)

and, otherwise, t, = E ifj=0and t, = ?]) ifk=n+1.

Lemma 2.5.3. Let v = (j,k) € V, k < n. If v is not critical, there exists k > k such that
ty = (t_,; If v is critical, then ¢, = <t_1

Z(D_roof. Suppose v is not critical. If v is restricted, then c;y = bia;, following that aj(i =
tra; and, hence,

— 9 <
t]-/k:ajtka]- = f.
Otherwise, if v is free, then k-1 < (j+1) -1 and, by (2.2.2) and Lemma 2.3.2(vi),
-1 -1 2 -2 -1 P -1
b= ajtia;” = ajsgn1bed;” = ar_18icitje187 2y = Bk-15k+1,78k,j-1j415j-1,k8] ke 1851

<« D —

-
-1
= Sk41,j0k-11j+10; 15 k+1 = Sk+1,jEj+15j k+1 = Eha1-
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If v is critical, then, by (2.2.2),

<«

boo=aitqa )l = as; biqa:l =
k= ]]+l]' = Hioj+ln-1 ]+1]' = .

In light of (2.5.3), the next lemma ends the proof.

Lemma 2.5.4. Let v,v’ € V, say v = (j, k) and v’ = (j/, k"), be such that v < v". Then, for

s €S, we have
socj,ksotsocj‘,lso ¢S for te {so,t_jj, t]-,/k,}.
Proof. Since v is not terminal, we have k >n +1 and j > 0 if k > 1. Denote

]/

1 e 1 1
to = S0C;j kS0C; 50, t, = socj,ksot]-/socj’kso, and t, = socj,ksotj/,k/soc]’kso.

These are the elements we need to show are not in S according to the options for t.

Let us first prove that fp ¢ S. Suppose j <n -1 and k > 1. In particular, since k > 1,
j > 0. Note

to = 5051(528;)Sn(Sn-1+5k)S0(Sk *Sn-1)Sn (Sj+52)8150

=505151S0515150 = S0S15051S05150 = S15051S1S1S051 = S15051nS0S1 = S151S051S1 -
Corollary 2.5.2 then implies tg ¢ S. In the case k =1, if j =0 then ¢ = soblsobl‘lso, and if
0 <j<n-1we also have

-1

-1,.-1
to = Soa]'bls()bl a]- S = Sobza]'+180a]+l

1 1 1
by~ 80 = 50b25152,j+1508+1,251b5 " S0 = Sob1S0b7 " S0,
whereas for j=n-1and k> 1, we get
1 1
to = S041-151Sn-1,k505k,n-15n4;,_150 = Sob "~ sob150-

Since sgbysob; lgy = (soby Lsgb1s9) 7!, if one these elements is not in S, neither is the
other. If we had sgbysob] sy = s; € S, it would follow that b1soby L= 50580, yielding a
contradiction with Corollary 2.5.2. Finally, if j =n -1 and k = 1, then

1.1 - —
to = Soan_lblsobl a,.1= S()tnSOi'nSO,

contradicting Corollary 2.5.2.

Now we prove f, ¢ S. Since j' <n

-1 -1
t; = S0Cj kA1 Soﬂl]'/Cj,kSO. (2.5.5)
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Also note

4 — 222) 4

-1 .
aqaq/ = aq/+1aq/ Sql+2,q = tql+1sq/+2,q = aq,+152lq (2.5.6)

when0<g'<g<n-1n-1>2q>¢">0,and

blzla]-, ifj+1<k,
aib' =167, if j+1=k, (25.7)
b,;}laj_l, ifj+1>k.

Indeed, the first two equalities are immediate and the last follows from observing that
j—1>k and then

11 1 1
ajby a2 by = aj(aj1be) ™ b1 (beaaaj) ™ by = e

If j/+1<k thenj<n-1,k>1,j +1 <k’ and then we must have j’' < j, following that

(2.5.7)

-1 -1, -1 -1 -1, (256
t, = Soajaj, brsoby ajra; "8 = S0y SnSoSn@jrd; S0

6) 1
= SOa]'l+152,jsn505nsj,2aj’+150
-1 1 (2.5.5) —
= 5081,15n505n4j/+150 = S05n4 11504415050 = SOSnSOtj’+1SOSnSO
— —
= 51505nt 1415150 = SnS0tjr+1505n-

The assumption snsot_]asosn =s; € S would imply sogv:so = sy8;5n € W, contradicting
Corollary 2.5.2, so t, ¢ S. In the case j' +1 = k, we get

(2.5.7)

-1 -1_-1 7 -1_-1 -1
ta = soa;bra;_ Soax-1by a;'sg = soajb1soby a; S0 = S0b152,j11508j+1,2b1 " S0

B sobisobytso, if j/<n-1,

- — o o
sotnsotnsg, ifj =n-1,

which we have already proved do not belong to S. Otherwise, if ' > k, we get

(2.5.7) -1 -1 -1 -1 1. (256) -1
tp = soajuj,_lbk+1sobk+1a]-/_1aj S0 = 50j;1_15nS0SnAy-10; S0 = S04j 52,SnS05nS 24150
q . .
SnSotirSoSn, ifj<n-1,
-1 P )
S0 SnS0SndjrSo, ifj<n-1,

=< =4 sob7lsb ifji=n-1,j'=1
001 509150, mwj=n-1,7y =1,

soaj‘,lbglsobzaj/so, ifj=n-1 . — o y
soby sotj_1s0b1so, ifj=n-1,j">1,

where the last expression follows from (2.5.5). We have already checked that the first
two expressions are not in S, so it remains to verify sob; lsoﬁsoblso ¢ S. Indeed, if we
had sobl‘lsoﬁsoblso =s; € S, it would imply

bys;b7l, ifl1<i<mn,
—
Sot]-/_lso = blsibl_l = bZSob_l, ifi=1,

blsosnsob{l, ifi=mn,
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whereas Corollary 2.5.2 implies sy, s1 € supp(sot]T_l)so) and s, ¢ supp(sot]v—_Iso), yielding

a contradiction.

Finally, let us prove t; ¢ S. Note

@22),

bybt = b 1b} =t o 2.5.8
1O = O0p1 10,7 Sp1 2 p = L1 1512 r _15n-1,r ( e )

for 1 <r<r <n+1. Suppose v’ is not critical. Then, by Lemma 2.5.3, there exists k > k
for which tj: s = <t_]~(, such that

ty = socj,kbilsob];cj";so. (2.5.9)

Ifj+1<k sincel<k<k<n thenj<n-1,k>1,and

(2.5.8) -1 -1 -1 -1 (2.5.9) N
tb = Soajb;;_lsn—l,ksﬂsk,n—lb;}-1aj S = Sobfc_lﬂ]‘S()tlj b]}_ls() = S()SlS()tf(_ls()SlSo
—

= slsot,;_lsosl.

Similarly as for the previous case, one can use Corollary 2.5.2 to prove f, ¢ S. For
k=j+2,wehave k<k-1=j+1and hence

-1 -1 1-1 (2.5.7) -1 -1 (2.5.8) -1 -1
tb:SObk+1aj+1bj+250bj+2a]'+1bk+150 = Sobk+1b1 SOblbk+1SO = Soﬂn,lkaObk a,-150

S()bl_lsobls(), ifk>1

sotnsotnso, ifk=1,

which we have already seen do not belong to S. Otherwise, if k < j+1, then k < j+1 and

_ Cop-1le -1 3-1 . (257) 1 e 1y -1
ty —sobk+1a]+1bl~( sobka]-+1bk+lso = sobk+1blz+1a]soa]. bz, 1150

-1 .
(2.5.8) p-1 b - Sob,; 515051bzs0, ifk>1
= 8001 Sn-1,k+15150815k+1,n-19%50 = 1 )
Sob,; a,-180an-1bgso, ifk=1

e
5150 t£.5051, ifk>1
259 .
( = ) Soblsobils(), ifk=1,k=n

— 1 . ~
sobisot,1Soby "s0, ifk=1k<n.

The first two expressions we have already proved are not in S and analogously to the
respective case t;, one can check soblsoiasobl_ Isg ¢ S using Corollary 2.5.2. It remains
to check t, ¢ S when v’ is critical. In this case, by Lemma 2.5.3, tirgr = E, following that

ty = SOC]',kSOESOCj_/]%SO- (2.5.10)
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Ifk>1,

kaOESOb;Zl €22 SnS0Sn-1k@k-25k—1,1-15nSn-1 k105 25k n-1505n
= Snsoak—zsn—l,ksk—l,n—lSnsn—l,k—lsk,n—la];}zsosn
= Snsoﬂk_zsk—1,n—15n,k—15nSk—l,nSn—l,k—lﬂ;}zsosn
= Snsoak—ZSk—l,n—ZSn—lsnSn—lSnsn—lsnsn—lsn—Z,k—la}izsosn

1 PR
= SnS0Ak-25k-1,1-251-15n-2,k-185_2505n = SnS0tn-1505n

255 4 9
=" 5,a,"150An-15n = b1soby ",

where the third equality follows from Lemma 2.3.2(v), and, hence, if j <n -1,

an. A P Ao s, D A, [ ||
ty -socz]lﬂlsob1 a;"so -soa]b]+2aj+1soa]+1bj+2aj so-sob]+2a]aj+150a]+1aj b].+250
222 -1 -1 -1 -1 -1

= 80Dj1287,102,j+1505+1,28)41b},550 = S0bj28; 15044167 550 = Sob150b7 "o,

whereas if j=n-1,

19 . @22 — —
ty = soay—1b1s0b; 4,150 = SotnSotuSo,

which are both expressions we have known cannot belong to S. In the case k =1 and

. e —
j<n-1, as for the case k > 1, one can shows a;,150 1 soa]fl = by 'sob; and, hence,

Fanp-1,-1 i ang-1 p-1 -1 -1 et
thSoﬂjblsotlsobl {1]- So=50b2[1]'+180t180[1]+1b2 =Sol’)2b1 SOblbz =5ot,SotnSo,

which is not in S. Finally, it j =n -1 and k = 1, we have

<~ 1.1 — <~ — — —
tb = Soan—lblSO 1 S()bl a,-150 =50 tnSot180tnS0 = SotnSotnSotnSo-

The assumption sgt,sotysotnso = s; € S would imply t,s0t, = sgsisotnso. If 1 <i<mn it

would follow that ZSOZ = SiE;SO, whereas if i = 1, it would imply
— — —
tnSotn =$18081tnS0 = $15082,n-1b1,

yielding a contradiction with Corollary 2.5.2 once more. Similarly, one can prove the
case i = n cannot occur, which ends the proof. O

2.6 Representation of Affine Kac-Moody Algebras

Let g be a complex simple Lie algebra of type Ay, i.e., g = sl,,1. The affine Kac-
Moody algebra § = sl,,1 associated with g is the Lie algebra § =g®C[t, teCcaCd
with

[xot, yot’] =[x, y]@t" ™ +ré, _s(n+1)Tr(xy)c, [c,8]={0}, and [d,x®t]|=rxat
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for any x,y € g and r,s € Z, where Tr(xy) denotes the trace of xy. The Lie algebra g can
be considered as a subalgebra of §. Recall (1.4.1) and set h=heCceCd. Then

dg=heo P 6., where §o={xec§:[hx]=a(h)x, forall he 6}
aed

Denote " = n* @ (g® tC[t]) (recall (1.4.2)) and b = " @ h. Identify h* with the subspace
{Aeh*: A(c) = A(d) = 0}. Let Ag,0 € h* be defined by

Ao(d) =0="~Ag(h), Ao(c)=1, d(c)=0=4(h), d(d)=1.

Also, set hg = ¢ - hy, and
Nj=wij+ Ny, foriel,.

Then, Ai(h]-) =0, for all i,j € Iy, and{h; : i € In,} u{d} is a basis of h. Consider the
linear endomorphisms of h* defined by

so(A) = A= A(ho)(6-ag), si(A)=A-A(h)a;, iel, forall Aeh*.  (2.6.1)

The group W :=<sq,51,...,5, > is an affine Weyl group of type A,. The subgroup
W =< sq,...,5, > is the Weyl group of g, which has type A,. For convenience of
notation, set A, ;1 = Ag. In this case, if A := {aq,...,a,}, then

o = 2A1 = Ai—l = Ai+1/ i€ 11/,1, and np = —2A0 + Al + Ay
Moreover,

SO(A]) = A] + 50,]'(060 - 5), Sl(A]) = A] - (SZ’]'(XZ', i€ Il,nr and S,’((5) =0,i¢ IO,n- (262)

The orbit of an element A € h* by W is the set WA = {wA:we )7\7} The affine
weight lattice is the set

P={Aeb*:A(h)eZforalliecly,} =ZNg@ZN &...®ZA, ®CS5=ZAg®PaCJ,

where P is the weight lattice of W. Given A € §*, the number £ := A(c) is called the level
of A. Since «(c) =0 for every a € &7, it follows that wA(c) = A(c) for all A € P,w e W.
Hence, all elements of WA have the same level as A, for all A € §*. It is well known
that # WA nP*) <1, for all A € P. It will be useful do denote

P, ={AeP:WANP" +g)}. (2.6.3)
If A € P, there exist unique y € P and d € C such that
AN =ClAyg+pu+dud.
Let 77 : P - P be given by 7(A}) = wj, 71(6) = 0. In other words,

T(l Ao+ p+dpd) = p.
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The affine dominant weight lattice is
Pr={AeP:A(hj)20foralliely,}=ZsoNo®ZsoA1 & ...® ZsoA, &CO.
Hence,

A=UAg+ Y mwi+dpdeP* = my>0,iel,, and > > m;. (2.6.4)

Z'EILn Z'EILn

Given A € P*, let
Wi ={weW |m(w(A)) e P*} and T = {wA|we Wy}, (2.6.5)
Conjecture 2.6.1. If A € P*, then £ ¢ W}

Let A € P*. If the conjecture is true, then it implies
I'p=EA. (2.6.6)

Indeed, let A = {Ag+ A +dpd, with £ € Zsg,dp € C,A € P*. Given v € Wj\, write v = wu
for some w € W and u € £ using (1.8.3). Since w € W, then wA = {Ay+wA +dpJ,
following that 7t(wA) € P* if and only if w e W) := {w’ e W : w’'A = A}. If the conjecture
holds, y = m(uA) e P*. It follows that 77(vA) € P* if and only if w € W, and, hence,
vA = u/\. One of our goals for the next chapter is to prove Conjecture 2.6.1 and compute

I'A when n =2.
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Chapter 3
Affine Weyl group of type A,

In this last chapter, we restrict to the case n = 2. We first compute the alcove forms
of the elements of £ in Section 3.1 and, then, prove Conjecture 2.4.1. In Section 3.2,
we use the alcove form to compute the permutation form of the elements of £ and
prove Conjecture 2.4.4. In Section 3.3, we prove Conjecture 2.6.1 and compute the sets
I'p in (2.6.5). We end the work with some final remarks and an outline of how our
conclusions may help in the solution of problems related to multiplicities in Damazure

flags.

3.1 Alcoves of Type A,

We now turn to the proof of Conjecture 2.4.1. Recall the elements defined in
(2.4.2). We need to show

wf.c’yu €& forall x,yeZsyy, icliy, uecesy,sosi} (3.1.1)
In light of Corollary 1.6.3 and Proposition 1.8.4, it suffices to show
k(wf.c’yu, ag) 20 forall gq,ielp, x,y€Zso, ueeso,s05}, (3.1.2)

but for further use, we will compute k(wf’yu, ag) also when q = 0.
The remainder of the section is dedicated to computing the alcove form of the

elements wf’y u appearing in (3.1.2).
Lemma 3.1.1. Letu e W, x,y >0, € Ip1, {i,j} =ho w= wf’zwe. Then
(=1)%(u, a;) +x, ifg=i,

k(wu,ﬂéq) = k(u,“(l_e)]‘)+x+€+3y/ 1fq=]r '
K(,0) +2(x+€) +3y, ifq=0.
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Proof. We begin by showing that
k(wl’."ou, wg) =k(u,a) + (1+6,0)x, forall x € Zyy. (3.1.3)

We proceed by induction on x, which clearly starts with x = 0. Moreover, (1.6.15) proves
the case x = 1. Thus, assume x > 1. Using the induction hypothesis, we get

K((s0two) ™11, tq) = k(s0wa(500) 11, 9) "= k((s0100) 1, 19) + 14 60
= k(wou,aq) +1+ 350+ (1+640)x
=k(u,aq) + (1+640)x +1+d40,
from where (3.1.3) follows.

Next, we prove
k(w?’zyu, ag) =k(u,aq) +3(1-6,;)y forall yeZsy, (3.1.4)

which is clear for y = 0. Note

k(w?’zWH) u,ng) = k(sosisj(sosis]')zy”u, ag)

(1.6_.14) —k((sosisj)ZV”u, Déi), if q= i,
k((sosisj)zy”u, ar) +1+0g0, if {g,7}={0,j}.

If g = i, another application of (1.6.14) and the induction hypothesis immediately imply
(3.1.4). If g # i, since we also have r # g above, (1.6.14) implies

k((sosisj)zy”u, o) = k((sosis]-)zyu, ag) +1+0:0
and, therefore, since d,0 + 9,0 = 1, we get
k(w?’z(y”)u, g) = k(w?’zyu, ag) +3.

The induction hypothesis on r now implies (3.1.4). Applying (1.6.14) to (3.1.4), one
easily checks that k(w?’2y+1u, a;) = —k(u,a;) and k(w?’2y+1u, ag) = k(u,a,) +1+6,0+3y,
fory e Zso, {q,7} = L1 5.

2y

Therefore, letting w = wf ¢, we get

k(wu, ag) (.13 k(w?’zy+€u, ag) +(1+8,0)x

(-1)k(u, a;), ifg=1,
= k(u,zx(l,e)]-) +x+€+3y, ifg=j,
k(u,aej) +2(x+€)+3y, ifg=0,

from where the lemma follows. O]
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Claim (3.1.2) and, hence, (3.1.1), is immediate from the next proposition.

Proposition 3.1.2. Let {i,j} =I5, x,y >0, € € {0,1}, and u € {e, s, Sos;}. Let also ¢, (u)
be the number of appearances of s, in the expression for u, r € {0,i}. Then
X, ifg=1,
k(w;c'zweu, ag) = x+3y+38c1(Lo(u) +1) + 30l (u), ifq=j,
2x+3y+0e1(0i(u) +2) +beolo(u), ifg=0.

Proof. By (1.6.10) and (1.6.12), we have
k(so,aq) = 5q,0€0(u) and  k(sos;, aq) = 5q,0€0(u) + 5q/]~£i(u).
This proves the proposition for x = y = € = 0. Plugging this back on Lemma 3.1.1, we

are done. O

Let us use Proposition 3.1.2 to show
E(wf'yu) =4x+3y+{l(u) forall x,yeZs, icl, ue{esy,sosi} (3.1.5)
One then easily sees that

> |k(wf’2y+€u,oc)| = > k(wf’zweu, wg) =4x +3(2y +€) + Lo(u) + 4;(u),
wxed* qelpn
which is the right-hand side of (3.1.5). By Proposition 1.6.10, this is also the left-hand
side.

In particular, {wf’yu riely,x,yeZso,uc{esps0s;}} is a minimal set of reduced
expressions for the elements of W. It induces then a minimal set of representatives of
reduced paths for each P(Ay), w e W.

3.2 Permutation Forms

Given x,y € Zs,{i,j} € 12, u € {e,50,505;}, let

i(u)
Wo,ev.,Wo , SiS]‘,...,SiS]' , Sz'

_ - —_—
x times y times Lo(u) times

XY _
Ui,u -

This is the element ¢# defined in the paragraph preceding Conjecture 2.4.4, where
u(1,1) = x,u(i,i+1) =y with 1€ {0,1}, 2 i, 4(v) = by, if v is restricted vertex, and
u(v) = 0 for the remaining vertices (cf. Example 2.4.2). Note Of’g = 05"3, for x € Zy

u e {e,sp}, since they do not depend on i. It follows from (3.1.5) that

(T;C;ly € Ed(wf’yu), where d=x+y+{y(u). (3.2.1)



Chapter 3. Affine Weyl group of type A, 65

We have just seen that the fll extract of wf’yu is of the form O';f uy, for some x',y’ €

Xy _

x,2y X,
it =W

. X, _
Zso,i" € I,u' €{e,s0,s0s;}. Denote w ui, ;7 = (w:?)1, and
>0 0, 508; itr Vit it

(ui,t)?zo = (e,50,505i, 5085}, 505550, 5085505 ) - (3.2.2)

Therefore, Conjecture 2.4.4 follows if we show that, for (y,t) ¢ {(0,0),(0,1)},

(x,y,i,t) = (x,y,i,t") = wfty sw, . (3.2.3)

i’

This will be clear from the permutation forms of these elements which we compute in

the remainder of this section.

From Theorem 2.1.2, it follows that

vl’.i’ty(l) =1-k(wj, a1) —k(w; s, a0),
Uf’ty(Z) =2+ k(w;, 01) —k(wit, az), and (32.4)
v (3) =3+ k(wj s, x0) + k(w;g, a2).

Rephrasing Proposition 3.1.2 gives us

k(w;s, a;) = x,
k(wip ) =x+3y + 842 +0:3+2(04+615), and (3.2.5)
k(wip, 00) =2x+3y +0p1 + 012 +2(0¢3+ 0 a) + 30t 5.

Replacing (3.2.5) in (3.2.4) with i = 1, we get

Ujlcty(l) =-3(x+Y) + 010~ 0t3— 614 =201 5,
017(2) = =3y +2(810+6¢1) + 612+ 613, and
0;7(3) =3(x+2y+ 1)+t

Writing vfty(s) =3rs+ks, vs € Z, {k1,ko,k3} = I 3, we obtain

(—x-y,-y,x+2y), if t =0,
(ri,r2,713) =4 (~=x-y-1,-y,x +2y + 1), iftels,
(—x-y-1,-y-1,x+2y+2), iftelys,

and (5“)?:0 =(e,(1 3),(1 3 2),(1 2),(1 2 3),(2 3)), where 7;; denotes the
underlying finite permutation corresponding to vf’ty, which we see does not depend
on x and y. Hence, by (2.1.3),

wiy = (x+y,y,-x-2yle), wii=(-x-2y-Lyx+y+1|w,),

wysy =, —x-2y-Lx+y+1|s10), wiy=(y,x+y+1,-x-2y-1]sy),
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wyy = (-x-2y-2,x+y+Ly+1]ss1), w3y =(x+y+1,-x-2y-2,y+1]|sy)

One can do similar computations with i = 2 to find

W§jg= (x+2y,-y,-x-yle), wﬂ: (~=x-y-1,-y,x+2y+1]|w,),

X,y

Wy = (-x-y-1,x+2y+1,-y|s251), w;';{z (x+2y+1,-x-y-1,-y|s2),

wg’y: (-y-1,-x-y-1,x+2y+2]s152), w;g: (-y-1,x+2y+2,-x-y—-1]s1).

Y
tl

the underlying finite permutations ;; and 0,  are the same. Equalities of the form

7 r_/

wfty = wft’y ,ielip telys imply x = x" and y = y'. Also, note wfty = wg t,y
occur if (y,t) ¢ {(0,0), (0,1)}, which is not the case to be considered. On the other hand,

comparisons of the respective permutations of type wfty = wglt,y ,, with {t,t'} = {2,4}
or {t,t'} = {3,5}, always lead to the absurd y = —-1/2. Therefore, (3.2.3) and, hence,

Conjecture 2.4.4 follow.

r 7
. . . X, X .
Two distinct expressions w; ty and wj,}; can only express the same element if

can only

3.3 Computation of I'y

The aim of this section is to compute the set I'y in (2.6.5). Using (2.6.2), one easily
checks that

s0(Ao) = Ag+wi +wr =9, so(w;) =-wj+d, s0(6) =0 (331)
s5i(Ao) = Ao si(w)) =w;j,  si(wp) =wj-w;, si(6) =4, -

if {i,j} = I1 5. Also, ap = wq + wy. Recall (3.2.2).

Lemma 3.3.1. Let A = {Ag + mywy + mawy +dé € P, mg := mq + my, and {i,j} = I, 5. Then

(i) wf’zy/\ = A+ xlug +3ylw; - ((x +y)(mo +3yl) + x20+ ym;)d, for any x,y > 0.
(i) Ifk € I 3, then u; kA = €Ag+ (£~ mmp )+ (£+ (1) Pimg, )w;+ (d - €+ (-1)°Pimy, )8,
with (pPken; = (7,0,0), (qi)ken 5 = (1,0), (Miker, ; = (0,7, 7)-
(iii) If k € Iys5, then u; A = Ao+ mp,w;+ (30 —mg )w;+ (d -3 +mg, + (—1)57’k'0mrk)5,
Wlth (pk)k614,5 = (]’0)/ (qk)k614,5 = (0’])/ (rk>k614,5 = (Z’ Z)
Proof. To prove part (i), we first proceed by induction on x to show

(sowo)*A = A+ xlag — x(mg + x£)d (3.3.2)

which clearly starts with x = 0. Since w,A = {Ag - mpwq — myw, +dé, it follows from
(3.3.1) that
SoWo\ = N+ log — (mg + £)0. (3.3.3)
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Therefore, by the induction hypothesis, we have

(50Wo)* A = (50ww,) (Sowo ) 1A = (sgwe) (A + (x = 1)lag — (x = 1) (mg + (x - 1)£)6)
G A L (x=1)lag - (x=1)(mg + (x = 1))6 + (Lag — (mg +2(x —1)0 + £)5)
= A+xlag— (x(mg) +£((x - 1)? +2x = 1)) = A + xlag — x(mg + x£)J,

proving (3.3.2). Now we proceed by induction once again to prove
(s0sisj) Y A = A+ 3ylw; — y(m; +2m; + 3yl)s, (3.3.4)

for y > 0. The case y = 0 is immediate. Since (3.3.1) implies

sil\ = LAg — mjw; + mowj +dJf, (3.3.5)
it follows from (3.3.3) that
5088\ = sowosi A = Ao + (£ —m;)w; + (£ +mo)w; + (d - £ —m;)0. (3.3.6)
Iterating once more we get
(s08i87)2 A = €Ag + miw; + (3 + mj)w; + (d - 30— m; - 2m;)3, (3.3.7)

which proves (3.3.4) with y = 1. A simple inductive argument proves (3.3.4). Therefore,
applying (3.3.2) to (3.3.4), we have (i).

To prove part (ii), note (3.3.1) implies
uj1 A=l + (£ -mp)wy + (€ -my)wy — (£ —my—d)6, (3.3.8)
while applying (3.3.5) to (3.3.8) gives us
uio\ =N+ (£ —mo)w; + (£ +m;)w; - (£ -mj-d)d. (3.3.9)

Thus, by (3.3.8), (3.3.9), and (3.3.6), it follows (ii).

Finally, to prove (iii), first apply (3.3.6) to (3.3.8) and obtain
uig = LAo +mjw; + (3 —mp) + (d = 3¢+ mg +m;)J,
then apply (3.3.6) once again to (3.3.9) and get

uis = LNg +mow; + (30 —mj)w; + (d =30 +m; —m;)d.

The following proposition answers Conjecture 2.6.1 in rank 2.

Proposition 3.3.2. If A € DP*, then € ¢ )/’\\/j\ Moreover, 'y = EA.
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Proof. Using the notation of Lemma 3.3.1, A « D" if and only if ¢,my,my € Z5y and
¢>my+my. Fixiel;pand let u € {u;y : k€ Ips}. Parts (ii) and (iii) of Lemma 3.3.1 imply
7(uA) € P*. On the other hand, if w is as in part (i) of the lemma and y ¢ P satisfies
7t(p) € P*, then rt(wu) € P*. In particular, this is true for y = uA. In light of (2.4.3), this

completes the proof of the first claim. The second affirmation follows from (2.6.6). [

Finally, we present the computation of I'y.

Proposition 3.3.3. Let A = {Ag+miwq +mpwy +dd € DP*. Denote myq := my + my and
6k1:=1-0k;, k1€ Zs. Then A €T if and only if

A =Lfi(x,y) + mpw; + (305, + (—1)5P'fmq)w]~ +8p.q(A, x, )6, (3.3.10)
or

A= Lfi(x,y) + (€= mp)w; + (L+ (=1)img)w; + hpg(A, x,1)6, (3.3.11)
for some x,y € Zso, {i,j} = L1», and {p,q,7} = Iy, where

filx,y) = Ao+ xw; + (x + 3y)w]- —(x%+ 3xy + 3y2)5,

Spa(Ax,y) =d =305, ;(x+2y+1) —mp(x+y) + (—1)5P'imq(x +2y+08,,) + (_1)5p'05p,imrr

if (p,q,7) €{(1,j,0),(0,7,7),(j,0,i)}, and
hpg(A,x,y) =d—£Q2x +3y +1) + mp(x +y) + (—1)5Prfmq(x +2y) + (—1)‘5Pfl'mr

if (p.g,7) €{(j,1,0),(0,4,7), (i,0,/)}-

Proof. By Proposition 3.3.2, A € I'p if and only if there exists w = w?l’zy

u;x such that
A = wA, for some {i,j} = 1, x,y >0, and k € Ip5. If k = 0, part (i) of Lemma 3.3.1
ensures A is as in (3.3.10), whereas applying (i) to (iii) of the lemma gives (3.3.10) for

k € Iy 5. Otherwise, if k € I 3, applying part (i) of the lemma to (ii) results (3.3.11). [

3.4 Final Remarks and Further Steps

In this last section, we first describe briefly how our results and approaches relate
with multiplicities in Damazare flags. Then, we point out some further steps and

discuss some challenges in increasing the rank and changing the type of the group.

Given A ¢ P*, we fix and denote by V(A) an integrable irreducible g-module
of highest weight A. For 6 ¢ P, (recall (2.6.3)), the Demazure module D(f) is the b-
submodule of V(A) generated by V(A)g, where A is the unique element of W n P*
and V(A), denotes the weight space

V(A)u={veV(A):hv=p(h)vforallhe§, forallpuebh*.
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It turns out that D(0) is a g-submodule of V(A) and, hence, also a g[t]-submodule, if,
and only if, 77(0) € -P* or, equivalently,

0 =w,wA forsome we W;{
As reviewed in (]AKELIC; MOURA, 2018, Section 2.3), we have

V(A) = U D(w,wA). (3.4.1)
wve\
Set

T=wls, AeP" and T= | T',cP.
AeP+

A g[t]-module V admits a Demazure flag if there exist / > 0, AieS,j=1,.. .,l,and a

sequence of inclusions
0=VcViccVi1cV=V with V;/Vi12D(A;) V1<j<l (3.4.2)

If Aj(c) = £ for some ¢ and all j, such a sequence is said to be a level-¢ Demazure flag for
V. Let V be a Demazure flag of V as in (3.4.2) and, for a Demazure module D, define
the multiplicity of D in V by

[V:D]=#{1<j<I:V;/V;_1 2 D}.

As observed in (CHARI et al., 2014, Lemma 2.1), the multiplicity does not depend on
the choice of the flag and, hence, by abuse of language, we shift the notation from
[V:D]to[V:D].

Given a g-module V such that
V @ V(0)®™  for some my € Zs,
feP*
we set
[V:V(0)] = my.
The following is the main result of (JAKELIC; MOURA, 2018).

Theorem 3.4.1. Suppose g is simply laced and let V = V(Aq) ® V(A) for some A ¢ P*.
Then,

[V:V(8)]= > max [D(Y):D(¥)] forall fe P*,0(c) = A(c) + 1.
Yel; YA

In the particular case that g = sl and A(c) = 1, the right-hand side of the
above formula was expressed in terms of partitions with bounded parts in (JAKELIC;
MOURA, 2018, Proposition 2.6.3). One important ingredient for doing this was the
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explicit description of the sets W}, for A e P* such that A(c) < 2. Thus, the computations
of Section 3.3 provide the necessary generalization for type A,. The other relevant
ingredient was the results of (CHARI et al., 2014) relating multiplicities in level-2
flags for level-1 Demazure modules to Gaussian binomials. For type Ay, a similar
description is given in (WAND, 2015, Theorem 16), which may be helpful to extend
the formulae involving partitions. The results of (WAND, 2015) were deeply expanded
in (BISWAL et al., 2021).

The extracts graphs of type A, provide families of formulae for all elements
of an affine Weyl group W of type A,. Thus, it is possible in theory to compute I'y
for higher ranks, although quite impractical at the moment. Therefore, in our next
steps, we intend to look for properties of extract graphs which might lead to some less
explicit computations which still contains sufficient information in order to to reach
nice formulae as in (]AKELIC,‘ MOURA, 2018, Proposition 2.6.3).

Although the inclusion (2.4.1) gives a smaller set of expressions when compared
with the whole set of expressions for elements of W, beyond type A, the methods
we have used so far did not lead us to a proof that this is a minimal set. Apparently,
(AL HARBAT, 2021) have proved this minimality for a slightly different set, but,
unfortunately, we came across (AL HARBAT, 2021) too close to the deadline for
submitting this dissertation and, hence, we did not have time to study it properly in
order to include it here. This study is certainly one of the first things we will do in the
next steps of our project. In particular, although (AL HARBAT, 2021) is focused on type
A only, we expect it should provide further intuition to generalize these constructions
for other types.

Throughout this work we have intended to bring as many approaches for the
problem as we could. The identifications with permutation forms, alcove forms, and
alcove paths made possible to establish an equivalence of working with certain fll
extracts, left and right sequences, elements corresponding to alcoves in the fundamental
chamber, and reduced paths contained in the fundamental chamber. The connections
as stated in this work have not lead to solutions for higher ranks and different types

yet, but point towards certain approaches which might be worth exploring.
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