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Resumo

Seja g = sl,, 41 a dlgebra de Lie das matrizes (n+1) X (n+1) de trago nulo. A dualidade
de Schur-Weyl é um resultado classico que estabelece uma equivaléncia de categorias entre
aquela dos médulos de dimensao finita do grupo simétrico S, e uma certa categoria de
representagoes de g, se £ < n. No artigo [17] de Chari e Pressley, uma versao andloga deste
resultado foi estabelecida com a correspondente algebra de Hecke afim Hy(g?) no lugar de
Se e a élgebra afim quantizada U,(g') no lugar de g, onde o pardmetro de quantizagao ¢
nao é uma raiz da unidade e g’ denota a algebra de Lie afim obtida da algebra de lagos
de g através da extensao central 1-dimensional. Em particular, os autores afirmaram que
um esquema de demonstracao analogo deveria prover uma outra versao da dualidade de
Schur-Weyl, a qual denominamos aqui por dualidade afim de Schur-Weyl, com o grupo
simétrico afim extendido S; no lugar de Sy e a élgebra de Lie afim §’ no lugar de g. Levar
a cabo este esquema de maneira completa, obtendo assim todos os resultados analogos aos
de [I7] no contexto de Si-médulos e §-médulos, é o primeiro objetivo do presente trabalho.
Indo além dos resultados de [I7], iniciamos também uma investigagao na diregdo de obter
descrigoes dos S,-médulos correspondentes, por meio da dualidade afim de Schur-Weyl, aos
chamados moédulos de Weyl locais, objetos de alta relevancia no estudo das representagoes
de dimensao finita de g’ que ndo haviam sido introduzidos na literatura ainda na época

em que [I7] foi publicado.

Palavras-chave: Algebras de Kac-Moody, Grupo simétrico afim, Dualidade de Schur-Weyl,
Modulos de Weyl.



Abstract

Let g = sl,,41 be the Lie algebra of traceless (n + 1) x (n + 1) matrices. The Schur-
Weyl duality is a classical result that establishes an equivalence of categories between the
category of finite-dimensional modules for the symmetric group S, and a certain category
of representations of g, if £ < n. In Chari and Pressley’s article [17], an analogous version
of this result was established with the role of S; being played by the affine Hecke algebra
H (¢?), and the role of g being played by the quantum affine algebra U,(§’), where the
quantum parameter ¢ is not a root of unity and §’ is the affine Lie algebra obtained
from the loop algebra of g via the 1-dimensional central extension. In particular, the
authors claimed that an analogous proof scheme should provide another version of the
Schur-Weyl duality, which we here refer to as the affine Schur-Weyl duality, in which the
role of S, is played by the extended affine symmetric group Sy and the role of g is played
by the affine Lie algebra g’. Carrying out this scheme thoroughly, thus obtaining in the
setting of Si-modules and §-modules all the results analogous to those in [17], is the main
objective of the present work. Going beyond the results of [I7], we also set an investigation
in the direction of describing the S;-modules corresponding, via the affine Schur-Weyl
duality, to the so-called local Weyl modules, which are relevant objects in the setting of
finite-dimensional representations of g’ that were not yet introduced in the literature by
the time that [17] was published.

Keywords: Kac-Moody algebras, Affine symmetric group, Schur-Weyl duality, Weyl

modules.
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Introduction

Given ¢ € Zsg, the symmetric group S, acts on the (-th tensor power V¥ by the
usual left action of permuting factors, where V.= C"*! is the (n + 1)-dimensional left
irreducible representation of the Lie group SL,,1; of (n+1) x (n+1) complex matrices with
determinant 1. In fact, both the actions of SL, 1 and S; on V& commute with each other,
and, given a right S-module M, one can naturally associate with it the SL,,-module

given by the tensor product over rings
Fo(M) = M ®cis,) V¥,

where C[S,] is the regular representation of S, and the action of SL, 1 is the one induced
from the action on V®¢. If ¢ < n, it follows from the classical works of Weyl and Schur,
extensively treated in the literature (see [31], 22, 9], for instance), that the irreducible
summands of the SL,,;-module V¥¢ can be described in terms of F4(S(€)), where S(€)
is the irreducible Si-module generated by the Young symmetrizer associated to the
partition & of the integer ¢. In particular, the assignment M — F,(M) establishes an
equivalence between the categories of finite-dimensional S;-modules and the category of
finite-dimensional SL,,,-modules whose irreducible summands also occur in V®¢. Since
representations of SL,; determine representations for its associated Lie algebra g = sl
of (n+ 1) x (n+ 1) traceless complex matrices, this equivalence of categories can also be
interpreted from the point of view of the category of finite-dimensional S;-modules and
the category of finite-dimensional g-modules whose simple summands occur in V¢, In
fact, this is one of the many consequences of a major classical result commonly known by
the name of Schur-Weyl duality, which states that the image of C[S,] on End(V®) and
the image of C[GL,1] on End(V®), both obtained as a result of their representations
on V¥ are each other’s commutant, where G L, is the Lie group of (n + 1) x (n + 1)

invertible complex matrices and C[G L,,1] is its group algebra.

Since the emergence of quantum groups in the mid 1980s independently introduced by
the works of Drinfeld and Jimbo in the search for solutions to the so-called Yang-Baxter
equations, many analogous versions of the aforementioned equivalence of categories have
been developed in a wide range of different contexts. In [35], Jimbo proved a version of
this equivalence in which g is replaced by the quantum algebra U,(g), and S is replaced
by its Hecke algebra Hy(g*), where ¢ € C* is not a root of unity. In [2I], Drinfeld obtained
a version in which the role of g is played by the Yangian Y (g) and the role of S; is played
by the degenerate affine Hecke algebra A,. In particular, in that same paper, Drinfeld
conjectured that there should be another analogous version relating representations of

the quantum affine algebra U,(§’) and the affine Hecke algebra ﬁg(qQ), where §' is the
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affine Lie algebra obtained from the loop algebra g of g by the 1-dimensional central
extension, and ¢ is also not a root of unity. This latter equivalence of categories would
only be proved years later in Chari and Pressley’s article [I7]. Over the years, with
the introduction of quantum super algebras, super Yangians and quantum affine super
algebras, all these equivalences have been further generalized to these contexts, as seen
in the works of [46, [24], 40), 43, [38], 44], to name just a few. In particular, inspired by the
original equivalence of categories obtained from the works of Weyl and Schur, it became
a common practice in this more recent literature to refer to that very first equivalence
as the classical Schur-Weyl duality, whilst the analogous versions that later unfolded are
often accompanied by adjectives that identifies the concerning context, e.g. quantum affine
Schur-Weyl duality in §1.5 of [38)], affine quantum super Schur-Weyl duality in [24], super
Schur-Weyl duality in §3.1 of [44].

In this present work, we study another Schur-Weyl duality type here referred to as
the affine Schur-Weyl duality: the equivalence between the category of finite-dimensional
§’-modules whose simple components occur in V¥ when regarded as g-modules and the
category of finite-dimensional modules for the extended affine symmetric group S, = Z{x S,,
where S; acts on the additive group Z‘ by permuting factors. This equivalence of categories
first appeared also in Chari and Pressley’s paper [17] and was claimed by the authors
to follow if one adapts accordingly the proof scheme there originally developed in the
context of finite-dimensional modules for U,(g') and H,(¢?). Indeed, assigning a right
finite-dimensional S;-module M to the g-module F;(M) as above, one derives an extension
to an action of § using the proper action of S, in a suitable way. This assignment gives
rise to the functor responsible for establishing the affine Schur-Weyl duality, if £ < n.
The main goal of this present work is to fully adapt the scheme of [I7] and provide a
precise characterization of the affine Schur-Weyl duality, as well as carry through other
related results seen in that article to the setting of finite-dimensional g’-modules and
S,-modules. In particular, the analogous notion of Zelevisnky tensor products will be seen
to behave suitably with respect to the functor of the affine Schur-Weyl duality, and this
property will be instrumental in explicitly describing the S,-modules corresponding under

this equivalence to the irreducible finite-dimensional §’-modules.

One can carry out the study of finite-dimensional g’-modules by concerning only with
finite-dimensional g-modules, as the categories defined by these objects are equivalent
(see [4T]). Moreover, the category of finite-dimensional g-modules has been extensively
discussed in a range of papers [16] 12} 50, 10], for instance. In particular, the simple objects
were first classified in [I0, [I6] in terms of tensor products of evaluation representations
along different scalars in C*. Equivalently, this classification can also be obtained using
the notions of (-weights and highest-/-weight modules, which can be thought of as “loop
analogues” of the classical notions of weights and highest-weight modules. These concepts

were inspired by Chari and Pressley’s work [I8] on finite-dimensional representations for
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the quantum affine algebra U,(§'). In particular, from the study of the classical (¢ — 1)
limits of simple U,(g’)-modules, Chari and Pressley also introduced in [I9] the notion
of local Weyl modules, which are the type of finite-dimensional g-modules characterized
by the property that any finite-dimensional highest-/-weight module is a quotient of the
corresponding local Weyl module of the same ¢-weight. Since the publication of [19], the
notion of local Weyl modules has also been generalized to a range of related contexts
[5, 7, 28, 13, 8, 27], and further connections with the theory of Demazure modules and

fusion products have also been established in [14] 26, [4§].

By the time that the affine Schur-Weyl duality was first announced in [I7], the notion
of local Weyl modules was not yet introduced in the literature. In view of the significance
of these modules, describing the Si-modules corresponding via the affine Schur-Weyl
duality to the local Weyl modules (in which the central element acts trivially) is a problem
of particular interest. In this work, we also set the very first steps in the direction of
describing these modules. From the behavior of Zelevisnky tensor products with respect
to the functor of the affine Schur-Weyl duality, it will be seen that it is sufficient to
only describe the modules corresponding to local Weyl modules whose ¢-weights have
a unique associated root. By exploring the simplest examples of local Weyl modules at
hand, it will be seen that these can be described as quotients of the group algebra C[Sg]
of Sy by ideals generated by symmetric polynomials. In particular, this approach will be
generalized into a proof that describes the S;-modules corresponding to the local Weyl
modules whose generator is, in particular, a vector of highest-weight fw,, where wy is
the highest weight of V. Furthermore, exploring the consequences of this proof, we also
reobtain, in a independent manner, some results of [14], 26] regarding the dimension of

these type of local Weyl modules.

This work is divided in three main chapters. In the first chapter, we establish some
notational conventions and briefly give an overview of standard notions and results
that are used to construct Chapters 2 and 3. In Chapter 2, we focus on the theory of
finite-dimensional g-modules, and give a classification of finite-dimensional irreducible
g-modules in terms of highest-f-weight modules. Using the notion of highest /-weight,
we also characterize the local Weyl modules, and briefly study the structure of these
modules. In the last chapter, we finally study both the classical and affine Schur-Weyl
duality, and introduce the notion of Zelevinksy tensor product for S,. Using this notion,
we describe all the S;-modules corresponding under the affine Schur-Weyl duality to the
simple finite-dimensional §’-modules, as well as set an investigation in the direction of also

describing the modules corresponding to the local Weyl modules.
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1 Preliminaries

The sole purpose of this chapter is to establish the notation and recall standard results
that will be utilized throughout the whole text. The main references here used to construct
the upcoming sections are |31, [34) 37, [47) [4T]. Others will be specifically cited. The results
whose proofs can be found in any of the references here employed are purposely omitted

and only referenced.

1.1 Simple finite-dimensional complex Lie algebras

In this section we recall the basic structure of simple finite-dimensional Lie algebras

with respect to their root systems.

Let g be a finite-dimensional complex simple Lie algebra of rank n. Fix a Cartan
subalgebra b, and let ® be the corresponding root system with associated root space

decomposition (or Cartan decomposition):

g=hao (@ga>, where g, = {z € g:[h, 7] = a(h)z for all h € b}.
acd

The simple Lie algebra g possesses a nondegenerate invariant symmetric bilinear form

k : gxg — C, uniquely defined up to scalar multiple, whose restriction to b is nondegenerate.

Such bilinear form induces an isomorphism bh* — b by assigning A\ — ¢, where t) € b is

such that (ty,h) = A(h) for all h € h, whence a nondegenerate symmetric bilinear form

(.,.) : b* x h* — C is also obtained by setting (o, 8) = (ta,ts) for a, f € bh*.

Set I ={1,---,n}, and let {a;}ic; be a set of simple roots in ® with associated
Cartan matrix C' = (¢;j); jer- The Weyl group # is generated by the simple reflections
r; : b* — b*, where

(i, A) ,
(\)=A—2 el
ri(A) = A ™ i)al, s

Let Q = @}, Z «; be the root lattice of g, and let QT = @, N, be the associated
monoid. The set of positive roots ®* is the intersection ® N Q. The lattice P of
integral weights is the set of all A € h* such that A(h,) € Z for all &« € . We denote by
Pt C P the subset of integral weights A such that A(h;) > 0 for all i € I, and refer to its

elements as dominant integral weights. The set P* is generated by the fundamental

weights w; € h* uniquely defined by w;(h;) = ¢;; for all 7, j € I. In the set P, we consider

the usual partial order

A<p <= p—-XeQt, \pecPh (1.1.1)
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In particular, ® equipped with this same partial order has a unique maximal element 6.

For 8 € &%, fix nonzero elements xf;[ € 913, hp € b satisfying
(2}, 25] = hg, [hg, x5] = £22;, (1.1.2)
so that g=n" @ h P n' is a triangular decomposition of g, where

nt = P Czi. (1.1.3)
acedt
When £ = «;, the elements xi_, he, are commonly referred to as the Chevalley generators
of g, and we simplify notation by setting zf = xi_, h; = hq,. These generators give rise to
the Chevalley involution, an involution w : g — g uniquely defined by

w(zF) = —aF,w(h;) = —h; forall i€l

(2

The set {xéﬁ B € PTYU{h; i€ I} is a basis of g, with {wéﬁ : € &} being a basis for
n® and {h; : i € I} being a basis for h. In particular, if 3 € ®T is such that 3 = 3, rq;

for some r; € Z>g, then

hy = Y Tl 00y
=265

1.2 Affine Kac-Moody algebras of nontwisted type and loop algebras

In this section we recall an explicit realization of the extended nontwisted affine

Kac-Moody algebra associated with a simple finite-dimensional Lie algebra.

Fix a simple finite-dimensional complex Lie algebra g as in Section and let
C[t,t'] be the Laurent polynomial algebra. The loop algebra over g is the Lie
algebra § = g ® C[t,t™!] with the Lie bracket given by

[z ®@p,y®q| = [r,y] ®pq, where x,y € g,p,q € C[t,t7]. (1.2.1)
The triangular decomposition of g also induces a triangular decomposition of its loop
algebra § = i~ @ b @ i+, where i*f = n* @ C[t,t7!], and h = h ® C[t,t7'].

Let 4 :g— g and Res : C[t,t7'] — C be the linear maps uniquely defined by

) d
Res(t") = 01—, and a(m ®p) =r® —, (1.2.2)

where dp/dt is the formal derivative of polynomials. Fix a nondegenerate invariant
symmetric bilinear form x : g x g — C, and define the C[t, ¢ !]-valued bilinear map
ke @ xg— Clt,t71]:

ke(r ®@p,y ® q) = K(,y)pg. (1.2.3)
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The maps (|1.2.2)),(1.2.3)) give rise to the bilinear form v : § x § — C defined by

v(f,g) = Res(m(i(f),g)) , for f,ge€g.

The nontwisted affine Kac-Moody algebra of g, or the affine Lie algebra of
g, or the affinization of g, is the 1-dimensional extension §' = g & Cc, where ¢ is an

additional formal central element, and the Lie bracket of g’ is given by
l[a 4+ Ae, b+ uc] = [a, bl + v(a,b)e, for a,be g A\ pecC. (1.2.4)

The extended nontwisted affine Kac-Moody algebra of g, or the extended affine
Lie algebra of g, or the extended affinization of g, is the Lie algebra g = g’ & Cd

obtained by adjoining a derivation d which acts on g’ by

d
[d,z®p] = x@tdit’ . [d.d =0, (1.2.5)

and extending linearly.

Remark. In the literature, it is more common to refer to the Lie algebra g as the affine
Lie algebra associated with g. However, we chose not to follow this practice. In fact, we are

following the nomenclature utilized in the reference [17] central to our work in Chapter 3.

Notice that §' = [§,§]. The centralizer of d in g is (g ® 1) ® Cc & Cd and the 1-
dimensional center of § is Cc. Also, since g® 1 = g, we abuse notation by setting g = g®1,
and maintain the notation i, h; for the elements i ® 1,h; ® 1,i € I, respectively.
The affine analogue of the Cartan subalgebra in § is the (n + 2)-dimensional subalgebra
h =h® Ced Cd. We extend any functional A € h* to b* by setting A(c) = A(d) =0, and
denote by ¢ € 6* the functional dual to the element d with respect to the direct sum of 6

The root system ® derived from the root space decomposition with respect to 6 is the set
d={a+ké:keZacdyU{kd:keZk+0}, (1.2.6)

and the root space decomposition itself is explicitly given by

g = 6 D <@ ﬁﬁ)a where gaJrké =00 ® tka gké = h ® tka ke Z. (127)
Bed

Using the Chevalley involution w : g — g, let Ey € gg be such that x(Ey, w(FEy)) =
—2/(0,0), and set Fy = —w(Ep). Now introduce the following elements in g

i =F®t, 2y =Byt ho = [zf, 2], (1.2.8)
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and notice that
h() = 20/(0, 0) - [Eo, F()] (129)

Let [ = {0,1,--- ,n}. The elements i, h;,i € I, are also referred to as the Chevalley
generators, and regarding the lacing of these elements with polynomials in C[t, 7], we
simplify notation by setting xfr — rf @t and hiy = h; @t" for all i € I,r €Z, as well as
xﬁr = m§ Rt e DT,

Set ap = & — 0. Then, the matrix C' = (cij)i. je 1 labelled by I and with entries

Cij = Oéj(hi> for all Z,] c f (1210)

is said to be the extended affine Cartan matrix obtained from the Cartan matrix
C' = (ci;)ijer of g by adding the 0-th row and 0-th column. The matrix Cisa generalized
Cartan matrix of affine type, i.e., C' is a matrix of rank n with positive proper principal

minors whose entries are such that
i =2, ¢ij € Tcq if i # j, ¢;; = 0 if and only if ¢;; = 0, 4,5 € I. (1.2.11)

In particular, there exists a unique vector u’ = (cg, - - - , ¢,) whose coordinates are positive
integers with no common prime factors such that u'C = 0. Setting ho = > 1y cihi, it
follows that a(hg) = 0 for all a € @, so hg lies in the center of ', i.e., ¢ is a multiple of h.

In this sense, we normalize ¢ by setting

c=Y ch (1.2.12)
=0

1.3 Representations and weight modules

This section has the sole purpose of establishing preliminaries pertinent to the context

of representation theory of Lie algebras.

We first give a brief overview of the representation theory of g as in Section [I.1] Let

V' be a nonzero g-module. Given A € h*, the set
Vi={veV:h-v=Ah)v forall hebh}

is said to be the weight space of V' of weight A, and its nonzero elements (if any) are
referred to as weight vectors of weight A. If V) # {0}, A is said to be a weight of V,
and dim V), is said to be the multiplicity of A\. We denote by wt(V") the set of weights of
V. Weight spaces corresponding to different linear functionals are linearly independent,

and if V' decomposes into the direct sum

V=@V, (1.3.1)

Aeb*
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then V is said to be a weight module. Submodules of weight modules are also weight

modules, and all finite-dimensional g-modules are known to be weight modules.

Regarding the weights of a representation V', of particular interest are the weight
vectors v € V) such that n™ v = 0. These vectors are usually known as highest-weight
vectors of weight A, and if V' = U(g)v, then V is said to be a highest-weight module of
highest weight A. In this case, V' is an indecomposable module such that its weights satisfy
u < A for all u € wt(V'). Moreover, V' possesses a unique maximal proper submodule,
with a corresponding unique simple quotient. For every A € h*, there exists a unique
simple highest-weight module of weight A up to isomorphism, which we denote by
V(A). Such modules V(\) are known to be finite-dimensional if and only if A € P*. In
this way, since every finite-dimensional g-module V' is written as a direct sum of simple
modules by Weyl’s Theorem on complete reducibility, then V = @, V()\;), where

the sum is finite and each \; € P*. Regarding this decomposition, we adopt the notation
[V . V()\)] S ZZO

to sate that the amount of times V" admits a simple summand isomorphic to V/(\),\ € P,
is equal to [V : V/(N)].

We now recall a few facts on representation theory of sly. Let us denote by %, 27, h
the generators of sly such that [z%,27] = h, [h,2%] = £22*. In this case, the Cartan
subalgebra is spanned by h, so the linear functionals of (Ch)* are identified with elements
of C. In this way, the simple highest-weight modules for sl are more conveniently denoted
by V(m), where m € C.

Theorem 1.3.1. ([3])], §7.2) Let V(m) be a simple finite-dimensional highest-weight
module for sly. Then, m is a nonnegative integer, dim V(m) =m + 1, (7)™ v = 0, and
the weights of V(m) are exactly {—m,—(m —2),--- ,m — 2, m}, with each weight space

being 1-dimensional. [

Corollary 1.3.2. ([3])], §7.2) Let V be a finite-dimensional sly-module. Then, the
weights of h on V' are all integers, and each occurs along with its negative with the same

multiplicity. [

Since the Lie algebras g, g’ and g introduced in Section 1.2 have h as a subalgebra, the
concepts of weight modules, weight space, weight vectors and weights of a representation

are naturally carried over to the context of representations of these Lie algebras.

Regarding the weights of a representation V' of any of the Lie algebras here discussed,
if they all lie in P, a range of results are available, as seen in the abstract theory of weights

treated in [52), 34]. We finish this section with a few useful result on this theory. Given
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A € b*, we introduce the set
wt(\) ={o(u):0 e ¥ ,pe P pu< A} (1.3.2)
Theorem 1.3.3. Let A € PT.

(i) w(\) < X forallw € W In particular, p < X\ for all p € wt(\).
(ii) The set wt(\) is finite.
(i) Any p € P satisfies p = o(v) for a unique v € P+. O

Corollary 1.3.4. Let V be a weight module such that p € P for all p € wt(V). If A € P
is such that p < X for all p € wt(V'), then wt(V) C wt(\), and wt(\) is finite. O

1.4 Universal enveloping algebras

In this section, we give a brief overview on the universal enveloping algebra of a
given Lie algebra. In particular, we specialize some results and notations for the universal
enveloping algebra of the simple finite-dimensional Lie algebra g as in Section [I.1] as well
as for its associated loop algebra g. Any given unital associative algebra A here considered
is supposed to have a Lie algebra structure given by the usual commutator [a, b] = ab — ba
for any elements a,b € A, and we utilize the notation [A] to make clear that A is being

regarded as a Lie algebra.

Let L be a Lie algebra. Recall that the universal enveloping algebra of L, denoted
by U(L), is the unital associative algebra together with an homomorphism of Lie algebras
i: L — [U(L)] satisfying the following universal property: given any homomorphism of
Lie algebras f : L — [A], where A is an unital associative algebra, there exists a unique
homomorphism of unital associative algebras ¢ : U(L) — A such that ¢ oi = f. The
map i : L — [U(L)], usually referred to as the canonical map of U(L), is known to be

injective, and it is usual to abuse notation by regarding L C U(L).

It follows from the universal property of U(L) and the canonical map i : L — [U(L)]
that any L-module gives rise to a U(L)-module and vice-versa. When studying representa-
tions of U(L) on tensor products, it will be useful to consider the k-th comultiplication
map AF : U(L) — U(L)®* which is defined as the unique homomorphism of algebras
extending the Lie algebra homomorphism L — U(L)®* given by

k
Y (190 V@2 @1%¢9), ze L. (1.4.1)
j=1
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We denote by 1 the identity element of U(L) and set 2° = 1 for any x € U(L). The
Poincaré—Birkhoff-Witt Theorem below, shortly known as the PBW Theorem,
gives a basis for U(L).

Theorem 1.4.1. ([3]/, §17.2) Let L be a Lie algebra with an ordered basis (x;)ics

parametrized by a set S. Then, the set of elements

(xh)n (x%é)m e (‘rim)rmv

where m € Zxg,1; € S are such that iy < iy < -+ < iy, and r; € Z>q for all1 < j < m,
form a basis of U(L). O

In case L = g as in Section [I.1] we choose the ordering on the set of basis elements of g
to reflect the triangular decomposition g = n~ @ h@nt as follows. Let & = {3, -+, B}
Then, we define the ordering

x§<x?§] for i<y, 1<i,7<m
hy < hy for k< /?l, 1<k {<n,

x5 < hj <z} forall f,ac®",1<j<n.

Therefore, an arbitrary basis element of U(g) is given by:

n

(IG5 ) (TLR) (TLG5)7). (1.4.2)
j=1 i=1 j=1
where rji € Z>op,1 < j < m,s; € Lxy,1 < i < n. In particular, this ordering when
restricted to the basis of n*, b also assures that the elements of the form ( ;”:1(3;2;])7’;: ) as
above compose a basis of U(n*), and similarly for ( A hf) and U(h). Thus, regarding
U(n*),U(h) as subalgebras of U(g) via the universal property, it follows that the linear
map U(n™) @ U(h) ® U(n") — U(g) such that

y@h@xw— yhx € U(g) forall y € Un™),heU(h),z € Un")

is an isomoprhism of vector spaces.

From the triangular decomposition of the loop algebra § = i~ @ h @ @t the set
{x;r creZ,pedyU{h, i€ l,reZ}isa basis of g which can be ordered using
the lexicographic order induced from the order of the basis of g and the usual order of Z.

Therefore, one similarly obtains the isomorphism:

UR) @ UM @ URY) 2 U(g). (1.4.3)

In U(g), it will be convenient to consider the elements Ag,, 3 € ®T,r € Z, of U(g)
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defined by the following equality of power series in the variable u:

o) . B +s

AG(u) = Agaru” = exp <—Zﬁsu ) (1.4.4)
r=0 s=1

If B =, i € I, we simplify notation by setting Af"(u) = AL (u) and A;, = Ay, ,7 € Z. It

is clear that Ago = 1, and the remaining terms Ag 1, for r >0 are more explicitly written

as follows. Given s = (s1, -+, s¢) € Z,, set [s| =3, s;. Using this terminology, we have

r 0 1\
Apar zzgl! 3 (H(l)h“> (1.4.5)

In particular, in [32] it is proven that the comultiplication map A* : U(g) — U(§)®* maps
each Ag 1, to
AApr) = D A, @ @ Ng . (1.4.6)

mi, -, mEp=>0
mi+---+mg=r

For x € U(g),i € I, s,m € Z,m > 0, we also introduce the notation

m) _ "
= (1.4.7)
as well as the following power series in u
_ =~ _ ’ _ (m) 1 _ m
Xi,s,i(u) = 1; xi,i(rJrs) u and (Xi,s,i (U)) - m(Xi,s,i (U)) . (148)

We finish this section with the following result that will be useful in Chapters 2 and 3. A
proof can be found in [32] 19].

Proposition 1.4.2. For every € ®* and s € Z, we have

_ . _ (m—1) o
(@h 40O (@5 o)™ = <—1>l((Xﬁ,s,i<u>) A§<u>) mod U(§)U ()",
where (X;,(u))™Y is understood to be zero if m < I, the subindex m on the right-hand
side designates the coefficient of u™ in the given power series and U(a')? denotes the

augmentation ideal of U(a™). O

1.5 Free Lie algebras and presentations by generators and relations

In this section we recall the concept of presentations of Lie algebras by generators
and relations, and give such a presentation for the simple finite-dimensional Lie algebra g
of Section [1.1], its loop algebra g and affinization §'.
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Let L be a Lie algebra and S C L be a generating subset. We say that L is free on S
if L satisfies the following universal property: given any map f : S — M into a Lie algebra
M, there exists a unique homomorphism of Lie algebras ¢ : L — M such that gzﬁ’s =f. It
is known that, given a set X, there exists a unique Lie algebra that is free on X, called the
Free lie algebra over X and denoted by F'L(X). Given a subset R C FL(X), let (R) be
the ideal generated by R. Then, the quotient Lie algebra L(X : R) = FL(X)/(R) is said
to be the Lie algebra of formal generators X satisfying the defining relations R.
If a Lie algebra L is such that L = L(X : R), then L(X : R) is said to be a presentation
of L by generators and relations. Whenever =,y € FL(X) are such that x —y € R, it
is usual to say that L(X : R) satisfies the defining relation x = y.

We now give a presentation of the nontwisted affine Kac-Moody algebra g’ = g @ Cc
by generators and relations using the extended affine Cartan matrix C' as shown in §9 of
[37). Let X = {X;, H; : i € I} be a set of formal generators indexed by the set I, and let
FL(X) be the free Lie algebra over X. In FL(X), consider the following set

R:{[HZ',H]'], (1—51,])ad(XZi)l_c”(X;t), :l:cz,]X;t_[HuXJi]a [XjaX]'_]_di,jHi :iaj € f}?

and let (R) be the ideal of F'L(X) generated by R. The Lie algebra g’ is isomorphic to
the quotient FL(X)/(R), i.e., § is isomorphic to the Lie algebra with formal generators
X = {X{, H, : i € I} satisfying the defining relations

[Hy, Hj] = 0; [X;", X;) =6, ;Hy; [Hy, X5] = £, X5

. (1.5.1)
(1—6;;)ad(X;)' " (X) =0, i,j €l

In particular, restricting the set of generators to X’ = { X, H; : i € I} and the relations
above to indexes belonging to I, we obtain a presentation of g in terms of generators and

relations by Serre’s Theorem in §18 of [34].

Notice that under the isomorphism §' = FL(X)/(R), the elements x3", h;, respectively,
corresponds to X5, H i € I, so the 1-dimensional center of FL(X)/(R) is generated
by >, ¢;H;. Since g is clearly isomorphic to the quotient of g’ by its central element c,
such presentation can be deduced from the corresponding presentation of g’ by adjoining
the expression of the central element itself to the set of defining relations. Thus, the set
R = RU{SI ciH;} C FL(X) is such that § = FL(X)/(R'), that is to say, the loop
algebra g is isomorphic to the Lie algebra with formal generators X, H;,i € I, satisfying
the defining relations

[H;, Hj) =0, [ X7, X[| = 6i;H;, [Hi, X5] = ®c; ;X5 Vijel

PR 1.5.2
(1 —6;;)ad(X;5)t e (in) =0,1€1, ZciHi = 0. ( )

=0
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1.6 Finite group theory and representations

In this section we give an overview of the representation theory of the symmetric group
Sy, as well as recall the concept of presentation of groups by generators and relations. We
remark that all the group modules here considered are supposed to be finite-dimensional

vector spaces over the field of complex numbers.

1.6.1 Presentation of groups by generators and relations

We now discuss the concept of presentation of groups by generators and relations as
seen in [36]. Given a subset S C G of a group G, then G is said to be free over S if G
satisfies the following universal property: any map ¢ : S — H of S into a group H uniquely
extends to a homomorphism of groups 6 : G — H. For any given set X, there exists a
unique group that is free over X, called the free group over X and denoted by FG(X).
If RC FG(X) is a subset, let N C FG(X) be the smallest normal subgroup that contains
R. Then, the quotient group FG(X)/N is said to be the group given by generators
X satisfying the defining relations R, and the notation (X : R) = FG(X)/N is
usually adopted. If H is any group such that H = (X : R), then (X : R) is said to be a
presentation of H in terms of generators and relations. Also, if uv~!' € R for some
u,v € X, we often say that these generators satisfy the defining relation u = v, and we

abuse notation by setting © = v as an element of R.

We finish this subsection by briefly discussing a material that will be useful in Section
of Chapter 3: presentations of semi-direct product of groups. Given groups G and H,
let Hx G — G be a left action of H on G. The semi-direct product of G and H
associated with this action, denoted by S = G x H, is the set G x H equipped with the
group operation

(9,h) - (g", 1) = (g(h-g'), hI)

for all g,¢' € G,h,h' € H. Both G and H can be naturally seen as subgroups of G x H
by identification with the subsets {(g,1) : ¢ € G} and {(1,h) : h € H}, respectively.

Proposition 1.6.1. ([36], Proposition 4.4) Let G, H be groups with presentations G =
(X R),H=(Y :5), and let H x G — G be some left action of H on G. Then, the
semi-direct product G x H is isomorphic to the group of generators X UY satisfying the
defining relations R and S along with

yry '=y-x forall x€ X,y €Y. [

1.6.2 Symmetric group representation theory

Given ¢ € Z-g, let Sy be the symmetric group of order /! defined over the set
{1,---,¢}. Tt is well-known that this group is isomorphic to the group given by generators
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0;, 1 <1 </, satisfying the defining relations

of=1,1<i<{, 0;0,410;=0,100011,i<l—1, and o0; =004 i —j| > 1,
(1.6.1)
where 1 € S, denotes the identity element and o; is identified with the transposition
(1,1 +1),1 < i < (. Given 0 € &y, let sgn(o) be the parity of ¢ obtained by the
equality sgn(o) = (—1)™, where m is the number of transpositions that appear on a given

decomposition of ¢ in terms of transpositions.

Recall that the right modules of a finite group GG are completely reducible, i.e.,
they decompose into a direct-sum of simple modules, and recall that a complete set of
inequivalent (non-isomorphic) simple G-modules is in a bijective correspondence with the
set of conjugacy classes of G. In case G = &y, it turns out that the set of conjugacy classes
is in a bijective correspondence with the set of partitions of the integer ¢ and each partition

gives rise to a simple S;-module, as we now present.

Recall that the right regular representation (or the group algebra) C[S,] of S,
is a right Sy-module realized as the free vector space over S, with an algebra structure
inherited from the group multiplication and such that e, - e, = e,, for all elements in
the basis (e,)ses,. Setting Py to be the set of partitions of ¢, its elements are identified
with eventually-zero sequences of integers & = (§;);>1 such that £ > &1 > 0 for all
j > 1and ¥ 5, & = (. The length of { € Py is defined as |{| = max{j : §; # 0}, and
such a partition can also be denoted more explicitly as £ = (&, -+ , &), where m = [£].
The irreducible representation associated to such a £ is constructed as follows. Define the
Young diagram of ¢ as the collection of ¢ boxes arranged in m left-justified rows, with
the j-th row length equal to §;, 1 < j < m. By a standard tableau of { we will mean
the diagram obtained by labeling the Young diagram of ¢ with the integers 1,--- | £ in such
a way that the labels increase in rows (from left to right) and increase in columns (from
top to bottom). We denote by STab(¢) the set of standard tableaux of . Of particular
interest is the principal tableau of &, denoted by T'(§) € STab(€), in which the labels
increase by 1 in each row (see [30] for further details on Young tableaux). For instance, if
¢ = (3,2) € Ps, the following is an example of a standard tableau of £ and the principal

tableau of &, respectively:

112
LT = 3
215 415

With respect to the principal tableu of £ € Py, let Pe, Q¢ be the following subgroups of S;:

Py = {0 € Sy: 0 preserves each row of T'(£)},
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and

Qe = {0 € S;: 0 preserves each column of T'(&)}.

Using the basis (e,)ses, of C[Sy], set

ag= > €, be= Y sgn(o)e,, and ce = agbe.

o€l o€Q¢

The element ¢ is called the Young symmetrizer of ¢, and the right simple module

attached to c¢ or the Specht module of ¢ is the right cyclic Si-module:
S(&) = ce - C[Sy]. (1.6.2)

In particular, if |{| = 1, we have ¢ = Y ,cs,0 and S(§) is the 1-dimensional trivial
representation, whilst, if |{| = ¢, we have ¢; = Y ,cs,sgn(0)o and S(§) is the 1-
dimensional sign representation. The Young symmetrizers are also seen to satisfy the

following relations:

Proposition 1.6.2. ([31], Lemma 4.23)

(1) If £,m € Py is such that & # n, then cg-x-c, = 0 for all x € C[S,]|. In particular,

cercpy = 0.

(it) For all x € C[Sy], the element c¢-x-ce is a scalar multiple of ce. In particular, we

have c¢-ce = Acg for some A # 0. ]

In fact, the above properties ensure that S(§) and S(n) are inequivalent whenever £ # 7, so
the set {S(&) : & € Py} gives all, up to isomorphism, inequivalent simple finite-dimensional
representations of Sy. Given a Si-module V', we denote by [V : S§(§)] the multiplicity of
S(€) as a simple summand of V', £ € P,.

We finish this subsection about the symmetric group S; by recalling the direct-sum

decomposition of the right regular representation C[S,] in terms of the simple summands
S(£),€ € Pyp. Let de = [C[S,] : S(§)]. Then, de = dim S(§) = |STab(§)|, where |STab(&)]

denotes the cardinality of the set of standard tableaux of £ and we have

C[S/) = P S(¢)**%. (1.6.3)

EEPy

1.7 A few general results on sl,, .1 and g[nﬂ

We now specialize some of the contents seen in Subsections and [L.3] explicitly

in terms of g = sl,,. ;. These notions will be fundamental in the development of Chapter 3.
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1.7.1 The basic structure of sl,, 1 and “g[n+1

We start with the basic structure of g. Choose the Cartan subalgebra b C g to be the
subalgebra of traceless (n + 1) x (n + 1) diagonal matrices. The root system thus obtained
is the set

O ={a;;:1<i,j<n+1,i#j},

where «; ;€ h* is the unique element satisfying diag(hq, - - - , hys1) = h;—h;. The associated

Weyl group # is isomorphic to S, 1, and the root space decomposition is given by

g=ho ( %) C%’),
1<i,j<n
where e;; is the elementary (n + 1) x (n + 1) matrix with 1 in the i-th row and j-th
column, and 0 elsewhere. The set {«; : ¢ € I} of simple roots is given by a; = a; 41, and

the associated Cartan matrix C' = (¢; ;)i jer is the n X n matrix

2 -1 0 0
-1 2 -1 0
c=1|: + = | (1.7.1)
0 -1 2 -1
0 0 -1 2

The set of positive roots ®* coincides with the set {a;; : 1 < i < j < n}, with
0 = oy, = >, a; being the maximal root. In particular, the elements in (1.1.2)) with

respect to € {a; :i € I} U {0} are as follows:

n
+ _ - _ _
Ty = €141, Ty = €nt11, ho = Y hi, 172
i=1 1.7.2

+ o - . .
Ty = €i4i+1, T; = €41 4, hi = €i,i — €i+1,i+1, L € I

For 1 < j <n+1, it is convenient to consider ¢; € h* given by diag(hy,- - , hpy1) — hy,

so that each simple root and each fundamental weight can be written as

;= € — €i41, W; =€+ - +¢€, 1€ 1.

We now briefly discuss the structure of g = g ® Cc @ Cd with Lie bracket given by
,. Fix the standard Killing form x as the nondegenerate invariant symmetric
bilinear form of g, so that (6,60) = 2. In § , notice that Ey = x, is such that x(Ey,w(Ep)) =
—1 with respect to the Chevalley involution w : g — g, so Fy = —w(Ey) = z,, and

vy =1, @t, x5 = x5 @t ho=c— hy. (1.7.3)
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In this way, using the simple root g = 8 — 6 € b, notice that
Of()(h()) = 2, Of()(hj) = —(517]‘,

so the extended affine Cartan matrix C' = (c; ;) i jei obtained from ([1.7.1) is as follows:

2 -1 0 O --- 0 -1
-1 2 -1 0
N 0o -1 2 -1
C = ' (1.7.4)
0 -1 2 -1
—1 0o -1 2
In particular, notice that the vector u’ = (1,---,1) € Z"*! is such that u!C' = 0, so the

central element c is explicitly given by
i=0
1.7.2 The sl,,1-modules V (w;) and V (w;)®*

In this subsection we provide a representative in the isomorphism class of each simple

highest-weight module V (w;),7 € I, of g and study some properties of the ¢-th tensor
power V (w;)®%.

Set J = {1,--- ,n+ 1}, and let (v;);es be the canonical basis of the vector space
V = C". We identify each v € V with a column matrix, so the action of matrix
multiplication - v = zv, x € g,v € V, makes V trivially into a g-module. The following

facts are easily calculated:

+ = —
[xg 2] - vj = 01,05 — Opj—1v;,
- _ + _
TyVj = (51,jvn+17 Ty Uj = 5n+1,j01, (1 - 6)

- _ + —
Ty v = iU, 405 = 0100,

hi *U; = 5i’jvj — 5i,j—lvja
where ¢ € I,j € J, and vy = v,42 = 0. Notice that each ¢; € h* is a weight of V such that

(] EVej,jE J.

The modules V(w;),i € I, are obtained by taking the k-th exterior power of V, with
the g-action given by - (wy A -~ Awg) =S8 Jwy A~ Ax-w; A~ Awy, for w; € V.

Theorem 1.7.1. ([3], §11.2) V(wp) 2 A*(V) for all k € 1. O
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We now devote the remainder of this section to study some basic results on the ¢-th
tensor power of V which will be utilized in Section [3.2] These results can be found in
[T7] with omitted proofs, so we give a proof of them here for the sake of completeness.
Set p: g — End(V) to be the representation associated with the action of g on V, and
let 1 € End(V) be the identity endomorphism. We first recall the action of U(g) on V&,
By the universal property of universal enveloping algebras, let p : U(g) — End(V) be
the unique homomorphism of algebras extending p. Then, using the ¢-comultiplication
map seen on ([1.4.1]), we naturally obtain a representation of U(g) on V®¢ by the following

composition of maps
Ulg) 25 U(g)® 225 End(V)® =5 End(V®). (1.7.7)

In particular, every x € g is assigned to
e . .
x> Aj(z), where Aj(z) = 19070 @ p(x) @ 12¢-9) € End(V®), (1.7.8)
j=1
so the usual action of x € g on V®¢ can be rewritten as

¢
z-v=> Aj(z)v),v eV, (1.7.9)

j=1

Also, recall that V®¢ is a left S;-module by the action of permuting tensor factors
o (W ®- - @Wp) = We-11) @ -+ @ We-1(¢), Where o € Sp,w; €V, (1.7.10)

and notice that the action of Sy and g on V®¢ commute with each other.

Proposition 1.7.2. If v = v;, ® --- ® v;, € V& with iy,--- i, € J all distinct, then
Ve = U(g)w.

Proof. For this proof, we may suppose without loss of generality that
1 <ty < -+ <1y (1711)

If not, v satisfies 0 - v =v; @ - -+ ® v, with iy < iy < --- <ij, for some o € Sy. Assuming
the result for such o - v, given any w € V® we have o - w = x - (0 - v) for some z € U(g).

Since the action of ¢ and g commute, it follows that o - w = o - (x - v), whence w = x - v.

Under the condition (1.7.11)), it suffices to show that any w = v;, ® --- ® v;, lies in
U(g)v. We begin by proving the result for w with j; < jo <--- < j, via induction on s,

where

S:#{k’ .]k <Zk}
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If s =0, then ¢, < j, for all 1 <r < /. Setting

— Tj g Ty T, A <y
T, = ’
() 1eU(g), if i =jr

then the conditions j, < jg, i, < ji for all k such that £ > r ensures that

("””6) " '“”&—n%)"’ =W

Now, assuming the result for s > 0, let ko be the smallest element of {k : jp < ir}.

Thus, any r < kg must satisfy j, > 4,, whence i, < j, < ji, < i, for all such r. Setting

v = (x;;()_l > -x;lo_l)-v, we see that v/ = vy ® -+ @ vy with 1}, = ji,, i}, = iy for k # ko.
In particular, the inductive hyphotesis applies to v/, so there exists € U(g) such that
_ ’r_ + +
W =X-V = (ZL'[L'Jko_l A .:Eiko_l)'v.
It remains to consider w = v;, ® - - - ® v;, for arbitrary indexes j;, - - - , jo satisfying
no particular order. Let ky, --- ,k; € {1,--- , £} be such that

Tkt < Tk <00 S ks

so there exists x € U(g) such that z - v = Vjy,, ® -+ ® v, by the previous paragraph.
Given indexes 1 <i,j <n+ 1 with i # j, let a:; € g be the unique element satisfying

vy, if k=1

0, otherwise.
Given 7 € Sy, let 7 = (81,81 + 1) ---(sp, S, + 1) be any decomposition of 7 in terms of
transpositions, where s; € {1,--- ,¢ — 1} and p is the length of 7. If we prove that

Jsp+1%Js1+1 Jsp+1Jsp+1

<xj51 R e >x-v:x"v+ar~(x~v) for some 2’ € U(g), a # 0, (1.7.12)

choosing 7 € Sy such that 7 - (z - v) = w, then (1.7.12)) clearly completes the proof of the

proposition.

We prove ([1.7.12)) by induction on p. If p = 1, then 2 (x-v) =v' +v" where v’ is

Js1+1
the vector obtained from x - v by replacing vj, ., at the (s;41)-th tensor factor by v;,

and v"” is obtained by replacing v;, at the s;-th tensor factor by Vj,, +1- Now, one checks

that x§21+1v’ = x?jiﬂv” =x-v+(s;,81+ 1) (x-v), whence
x;:-ﬂx;:-v—l (LL‘ ) V) =2r-v+ 2(517 s1 + 1) : (1' : V) (1.7.13)

shows that (1.7.12) holds for p = 1. If p > 1, applying the inductive hyphotesis on
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7" = (81,51 + 1)7 of length p—1 yields

Jsg+1% Jsg+1 Jsp+1 Jsp+1

<I’j52 ijQ . xjs;; xjsp )SC v=1-v + at’ (x . V), a 7§ 0. (1714)

In particular, this shows that 7" (x - v) € U(g)v. Similarly as in ((1.7.13), we obtain

Jei sy
j51+1 ]$1+1

o (z-v)=27"(x-v)+ 27 (- V).

Thus, applying xjsi ijsl on both sides of ((1.7.14]) we see that

Js1+1
Jsq Jsq Jsp Jsp R/ / " /
(xjsl+1xjsl+1 xjsp+1xjsp+l>x v=2a"-v+adr7-(xr-v) for some 2" € U(g), a’ #0,

so (|1.7.12)) follows by induction. m

Proposition 1.7.3. Let ¢ < n.

(i) The set {o- (01 ®--- Q) : 0 € Sy} is a basis of the weight space V.

(i) The set {0 - (Vpp1 @V QU3 ® - @) : 0 € Sy} is a basis of V*

UJz—G'

Proof. For i = (iy,--- ,iy) € J* write vy = Vi, ® - Q. From v; € V¢, j € J, notice
that v; is a weight vector of weight 22:1 €;,.- Since any v € V®* is written uniquely as a
finite sum v = > ;¢ yx¢ 305, if v has weight p, then the linear independence of the weight
spaces implies that
¢
a; #0 onlyif > € =p (1.7.15)
k=1

Now, using the relation w; = €1, a; = €; — €;41,% € I, one easily checks that

€ =Wy — (Oé1+"'+05j_1), j € J. (1716)

In particular, we have = Yk _, €, equal to

y4 n
p=>y_ (w1 —ap— e — oz,-j_1> = lw; — Y cpoy, where e, = #{j:i; > k}. (1.7.17)
j=1 k=1
(1) Since wy = Z§:1 €j, then wy = lwy — (0 —1)ay — (0 —2)ag — -+ — ayp—1 by (1.7.16).
Setting 1 = wy, from (|1.7.17]) we have
lwy — chak =lw; — (L —1)a; — (£ —2)ag — -+ — 1.
k=1

Using the linear independence of the simple roots to compare the coefficients of every
oy, in the above equality, one checks that it must be {iy,--- i} = {1,--- ,£}. Therefore,

V=0 01 Q- Q vy for some o € 5.
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(i) We have wy — 0 = €3 + - - - + €4 + €,41, whence ((1.7.16)) gives us
wp—0=Alw, —lag —(L—1)ag — (L —2)ag — -+ — 20y 1 —p—++ — Q.

Taking = wy — 6, (1.7.17)) analogously implies that {iy,--- i} ={n+1,2,3,--- ,(}, so
Vi =0 Upy1 QU ® -+ @ vy for some o € 5. O

1.8 Complete homogeneous and elementary symmetric polynomials
In this section we introduce the elementary and complete homogeneous symmetric
polynomials which are relevant to the development of Section [3.4]
The symmetric group S, acts on the ring of multivariate polynomials Clzy, -+ , ] in
the obvious way:

g- f(xla T axf) = f(x0*1(1)7 T axofl(f)% for f € X,0¢€ S (181>

The set of symmetric polynomials in the variables x;, denoted by Clzy,- -, x,]%, is
defined by the elements invariant under the action of Sy, i.e., all the polynomials f € X
such that o - f = f for all ¢ € S,. It is well-known that

C[xh e 7xn]se = C[hl’ e 7hf] = C[@l, e 764]7 (]‘82>
where the e; = ej(xq,--- ,x,) and h; = hj(zy,--- ,2,) are, respectively, the so-called
elementary and complete homogeneous symmetric polynomials defined as follows.

The elementary symmetric polynomials ey (z1, -, x/) in the variables z, -+ , 2,

are defined by the expression

er(zy, - xp) = Z Tiy oy, 1 < k< (1.8.3)

1<y <o <ig <L

or, equivalently, as the coefficients of the expansion of the following polynomial in the

variable u:
¢ ¢ A '
[TA = zju) = (-1 ej(z,...,z0)w = E(zq,...,z5u). (1.8.4)
j=1 §=0
The complete homogeneous symmetric polynomials hy(xy,- - ,z,) in the variables
x1,- -+ ,xp are defined by
hi(xy, -+ @) = Z Tiy Ty, 1 < k<UL, (1.8.5)

1<y << <L
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or, equivalently, as the coefficients of the expansion in the variable u of the polynomial:

¢
[TQ=zu)™ => hj(ar,... 200 = H(xy, ..., 20 u). (1.8.6)
j=1

720

It is clear that (1.8.4) and (1.8.6)) satisfy E(x1,---, 2 : u)H (21, -+ ,x4;u) = 1, whence
we see that the elementary and complete homogeneous symmetric polynomials are related

by the following equality:

k
Y (=ej(xr, - xp)hpj(ay, -+ x0) =0, k> 1, (1.8.7)
=0

1.9 Notes on Category Theory

In this section we briefly present some results on Category theory and fix notation
that will be relevant to Chapter 3.

Let € be a category. We denote its objects by Ob%’, and by Homg(A, B) the
collection of morphisms for each A, B € Ob %, with identity morphisms 1, for each
object A. A functor between categories F : € — Z, or simply a functor F, will be

denoted by the assignments
A F(A), [ F(f),

where A € Ob ¥, F(A) € Ob Z, f € Hom¢ (A, B), and F(f) € Homy(F(A), F(B)). The
functor F is said to be faithful (resp. full) on morphisms if for every A, B € Ob% the
assignment Home (A, B) — Homgy(F(A), F(B)) is injective (resp. surjective), and it is
said to be essentially surjective on objects if, for every B € Ob%, there exists A € Ob%
such that B = F(A), i.e.,if fog =1p and go f = 174 for some f € Homg(F(A), B),g €
Homy (B, F(A)). We say that F establishes an equivalence, or that the categories €

and Z are equivalent, if F is full, faithful and essentially surjective.

We are mainly interested in abelian categories 4 whose objects are left or right
R-modules, where R is an associative ring with identity. Here, the zero object is denoted
by 0¢ (or simply 0), the biproduct of a finite collection Ay, --- , A, of objects is denoted
by Ay @ --- @ A, while kernels and cokernels of morphisms f € Homg (A, B) are denoted
by Ker(f) and B/Im(f), respectively. In the context of such categories of R-modules, it is
convenient to introduce the notation length,(A) to denote the length of any composition
series of a R-module A. We shall refer to irreducible modules or simple modules in
categories of R-modules by simple objects. In case ¥ and Z, respectively, are abelian
categories whose objects, respectively, are composed of R-modules and R’-modules, any

equivalence F : € — & is known to satisfy the following essential properties:

(i) F is an additive functor, i.e, given A® B € €, then F(A® B) = F(A) & F(B)
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in 9.

(ii) F is an exact functor, that is to say, given a short exact sequence 0 — M; — My —
M;z — 0 of R-modules in %, then the sequence 0 — F(M;) — F(Ms) — F(M;3) — 0

of R'-modules in & is also short exact.

(iii) F reflects exactness, in the sense that if 0 - By — By — B3 — 0 in Z is short
exact, then the sequence 0 — A; — Ay — Az — 0 is short exact in €, where
A; € Ob ¥ are such that F(A;) = B; for 1 <j <3.

In particular, 7 maps simple objects of € into simple objects of &, and if F(A) is simple,

then A € Ob % is simple. In the context of exact sequences,

In some contexts, it will be useful to consider a full subcategory %’ of a given
abelian category % of R-modules, which is defined by a subclass Ob %" of the class of
objects Ob % with the additional requirement that Homg¢ (A, B) = Homg (A, B) for all
pair of objects. However, it is known that such full subcategories may not be abelian. The

following result is an useful tool with respect to this matter.

Lemma 1.9.1. ([51)] Proposition 5.92) Let €' be a full subcategory of an abelian category
€ composed of R-modules. If, for all A,B € Ob%" and f € Homy (A, B), we have:

(1) 0 € Ob¥”,
(i) For all A,B € Ob%”, the direct-sum of R-modules A® B € Ob%”,

(iii) Ker(f), B/Im(f) € Ob%”,
then €' is an abelian category. O

Since representations of a Lie algebra are equivalent to representations of its universal
enveloping algebra, the category of representations of a Lie algebra is a category of R-
modules, where R is the universal enveloping algebra itself. In particular, all the discussion

above applies to the context of representations of Lie algebras.
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2 Finite-dimensional Representation Theory
of Affine Lie Algebras

In this chapter, unless explicitly stated otherwise, we set g to be an arbitrary complex
simple finite-dimensional Lie algebra as in Section [I.I with associated loop algebra g and
affinization g’ as in Section The goal of this chapter is to study noteworthy represen-
tations in the category of finite-dimensional §’-modules: the irreducible representations
and the local Weyl modules. In fact, it will be seen that this category is equivalent to the
category of finite-dimensional g-modules, and, in view of this equivalence, the study of these
representations will be carried out in the setting of g-modules with the action extended
to an action of g’ by setting the central element ¢ to act trivially. The finite-dimensional
simple g-modules were classified in terms of tensor products of evaluation representations
in [16, 12]. Following [47], we shall introduce the notion of highest-¢-weight modules and
rewrite this classification in terms of this concept. Along the way, we shall also briefly
discuss the category of integrable representations, in order to introduce general results
that will be instrumental in the characterization of the local Weyl modules, which is the

culminating point of this chapter.

In the sections that follow, we remark that [47] is the main reference of Sections
and , while [47, 19, 13, [14] are the main references of Sections and . In this
sections, all the proofs that can be found in the corresponding main references of each

section are purposely omitted.

2.1 Finite-dimensional modules for the loop and affine Lie algebras

Let ¥’ and ¢, respectively, be the abelian categories of finite-dimensional left §'-
modules and left §g-modules, and let V € Ob¥. Regarding the central element ¢ and the
direct sum g’ =g @ Cc, one can extend the action of g on V' to an action of §’ by setting
c-v =0 for all v € V. Denoting by V the g’-module obtained through this extension, one
defines a functor F : 4 — &' mapping each object V' and each morphism f by

Ve FV)=V, f=F(f) =T

It is clear that F satisfies the defining conditions of a functor, and that F is fully and
faithful with respect to morphisms. The next theorem ensures that this functor is also

essentially surjective on objects.

Theorem 2.1.1. ([{7], Proposition 2.1.1) If V' is a finite-dimensional §'-module, then the
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central element ¢ € g’ is such that c-v =20 for allv € V. [

Indeed, any finite-dimensional g’-module V' can be regarded as a g-module by restriction,
whence it follows from the above theorem that V = V as g-modules. Therefore, F

establishes an equivalence between the categories 4" and 9.

Corollary 2.1.2. The categories 4" and 9 are equivalent. O

Since the study of objects in 4" is equivalent to the study of objects in ¢, we now
focus on the category ¢ only. In the next section, we introduce the concepts of (-weights

and highest-/-weight modules, and classify all the simple objects in ¢ in these terms.

2.2 The classification of simple finite-dimensional g-modules

We begin by introducing the concept of evaluation modules. Given a € C*, let
ev, : § — g be the evaluation map at a given by z ® g(t) — g(a)z, which is a
homomorphism of Lie algebras. For any g-module V', denote by V(a) the g-module
obtained by pulling back the action of g along the homomorphism ev,, i.e., V' (a) is the

vector space V' endowed with the action
(z®@gt)) -v=gla)r-v, v €g,g(t)€Clt,t ],veV. (2.2.1)

In particular, notice that V'(a) is simple if and only if V' is simple. Also, if f: V — W
is any homomorphism of g-modules, then f : V(a) — W (a) is also a homomorphism of

g-modules, since, for all v € V. x € g,r € Z, we have
flz@t)-v)=dx- flv)=(z®t") - f(v). (2.2.2)

Modules of the form V' (a) are usually called evaluation modules. In the case V = V())
for some A € P*, we use the more convenient notation V(A,a) instead of V(A)(a) to

denote the evaluation module obtained from V().

We now state the well-known theorem classifying simple objects of ¢ in terms of

tensor product of evaluations modules along different scalars:

Theorem 2.2.1. ([12], Theorem 4.1) Every simple finite-dimensional §-module is isomor-

phic to some tensor product of evaluation modules of the form

V(A,a1) @ @V (Anyam), where Ai, -+, Ay € PY\ {0}, a; #a; forall i #3j.
(2.2.3)

Conversely, any such tensor product is a simple finite-dimensional g-module. O
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Our goal in this section is to rewrite this result using the language of (-weights. We shall
see that evaluation modules naturally give rise to the concept of /-weights, from which
the concepts of /-weight modules and highest-/-weight modules also emerge. The simple

finite-dimensional g-modules will be characterized as a particular case of the latter.

By the universal property of universal enveloping algebras, the homomorphism of
Lie algebras ev, is uniquely extended to a homomorphism of unital associative algebras
U(g) — U(g), which we still denote by ev,. In particular, using (L.4.5), one may check
that the elements A;,,7 € I,r € Z, are mapped as follows:

= o () e (7] HERSREE v,

Moreover, if v € V(a), is any weight vector of the evaluation module V' (a) of a given
g-module V', then (2.2.4)) implies that

Ajr v = (=) (0o, (2.2.5)

r

where ( “(:fi)) € C is the generalized binomial coefficient. In fact, this equality can also
be expressed in terms of power series in the following way. Given f(u) € Clu| of degree n
with f(0) = 1, write f(u) =14+ cqu+ --- 4+ c,u”, and let

[ (u) =c'u"f(u™). (2.2.6)
Writing f~(u) = 14+ c_qu+ -+ - + c_,u", the coefficients of f(u) and f~(u) are related by
CnCp = Cp—p, for 0 <r <n. (2.2.7)

In particular, if f(u) = [T"%;(1 — a,u) is the factorization of f(u), then the factorization
of f=(u) is given by f~(u) = [I"™,(1 — a'u). Since any rational function g(u) € C(u)
such that ¢(0) = 1 can be written as a quotient f(u)/g(u) of elements in Clu] with
f(0) = ¢(0) =1, the assignment f — f~ can be extended to all rational functions of this
type as well. Of particular interest is the I-tuple w,, € C(u)! for p € P,a € C*, whose

i-th component is the rational function
(Wpa)i(w) = (1 — au)™ 4 €T,

satisfying (w).q):(0) = 1. Using the assignment (w,,.q)i — (Wpua)i, let also wy,, € C(u)’
be the I-tuple given by (w, ,)i(u) = (wua); (v) = (1 — a~tu)*h) for all i € I. Now,
let us identify any polynomial in the variable v with a power series in the obvious
way, and any rational function of the form (1 — au)™! with the formal geometric series
Yrsoa'u” € Cl[u]],a € C*. Then, any rational function g(u) € C(u) such that ¢(0) = 1 can

be identified with a unique element of C[[u]] by taking formal multiplication and division
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of power series, if necessary. In particular, we regard both w, , and w, , as elements of
C[[u]}*. In this way, (2.2.5)) implies the following identity of formal power series in the
variable u with coefficients in V' (a):

Af(u) v = (wE)i(u) v,i €1, (2.2.8)

Hsa

where W, = w,.q, and each power series above acts on v component-wise.

The set C[[u]]! of I-tuples of power series is a ring under coordinate-wise addition and
multiplication. Let & C Cl[u]]’ be the multiplicative subgroup generated by all such w,, ,
and let Z% be the submonoid generated by all w,, , with € P*. The abelian group & is
called the /-weight lattice of g and its elements are called /-weights, while the elements
of #2% are usually known as dominant ¢-weights or as Drinfeld polynomials, and
the f-weights of the form w,, 4,7 € I, are more specifically referred to as fundamental
(-weights. For notational convenience, set w; , = w,, o and, given p = [[; w,, ., € &2, set

po =TILw,, o pt = p. Notice that &2 coincides with the subgroup generated by the

fundamental ¢-weights. Also, one checks that any g € &* uniquely decomposes as

= H‘*’Ai,ai for some X\; € P*\ {0}, m >0, and a; € C* with a; # a; for i # j.
i=1

(2.2.9)
Indeed, writing each \; = kyw;y + - - - + kyw,,, then k; € Zs( is the multiplicity of (1 — a;u)

in the factorization of the j-th component of pu.

Let wt : & — P be the unique group homomorphism satisfying
wt(w,) = p forall pe PaeC. (2.2.10)

Given p € &, the element wt(p) is usually referred to as the underlying weight of p.
The group & can be identified with a subset of U(h)* as follows. Given p € &, denote
by pi(u) = Y20 ,ufr u" the i-th power series of pu*. Since U(h) is the commutative unital
associative algebra freely generated by the elements h;, A;,,7 € I,r € Z,r # 0, there exists

a unique algebra map U(h) — C such that

hi = wt(p)(h;) and A;y, — pi, forall i€ l,r€Z. (2.2.11)

We abuse notation and still denote the above map by p : U(h) — C. Under this iden-
tification, we shall continue referring to these functionals as f-weights pu € &, and the
nomenclatures established in the previous paragraph will also be carried over. In this way,

given a g-module W, set the /-weight space associated with p to be
W, ={w e W :for all x € U(h), In € Zsg such that (z — p(z))"w =0}.  (2.2.12)

If W, # 0, then p is said to be an (-weight of W and its nonzero elements are called
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(-weight vectors.

In any g-module W, the ¢-weight vector which is a common eigenvector for the
action of h and which is annihilated by @' is referred to as a highest-¢-weight vector,
and the associated (-weight is referred to as a highest /-weight. We also refer to the
g-module generated by a highest--weight vector as a highest-/-weight module. The
next proposition gives some fundamental results on highest-¢-weight modules. In [47], its

proof is omitted, so we shall present it here.

Proposition 2.2.2. ([/7], Proposition 2.1.9)

(i) Every highest-C-weight module V is a weight module. Moreover, if p is the corre-
sponding highest (-weight with p = wt(p), then dimV, = 1 and V,, # 0 only if
v < .

(ii) Every highest--weight module has a unique proper mazximal submodule and, hence,
a unique irreducible quotient. In particular, every highest-£-weight module is an

indecomposable module.

(7ii) Two highest-L-weight modules are isomorphic only if they have the same highest-(-
weight.

Proof. (i) Let V.= U(g)v be a highest-{-weight module generated by a highest-¢-weight
vector v of (-weight pu € U(h)*. Write = wt(p) € P. From the decomposition (L.4.3) of
U(g), we see that V is spanned by the following elements:

(xg,,,,)"™" (g, )" v, where S; € O m; € Zso,rmj € Z for all 1 < j < p.
(2.2.13)
As v € V,,, notice that the relations [h,75,] = —a(h)zs, forall h € h,8 € ®*,r € Z
imply that x5V, C V,_g. Therefore, the vector (x5, , )™ --- (x5 , )™ v has weight v

P
v=p—Y mpBi,. (2.2.14)
k=1

In other words, all vectors of the form (2.2.13)) have weight v < u. Thus, since ([2.2.13)) is

a generating set for V', and since different weights are linearly independent, then V' is a
weight module whose weights v all satisfy v < u. Furthermore, (2.2.14)) implies that the
only way to write an element of V,, as a linear combination of vectors ([2.2.13) is to have

all exponents m; = --- = m, = 0, whence dimV,, = 1.

(77) Since V' is a weight module, any submodule W C V' of a weight module is also a
weight module. If W' is proper, the condition V' = U(g)v implies V,, € W and W lies in
the sum of weight spaces other than V), so any sum of proper submodules of V' is still

proper. In particular, V' is indecomposable, and has a maximal proper submodule.
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(7ii) Let W = U(g)w be another highest-¢-weight module generated by w of ¢-weight
A € U(h)* with A = wt(A) and such that V 2 W. Fix any f : V — W isomorphism
of g-modules. Since f, f~! commute with the action of b, notice that f(v) and f~*(w)
have weight 1 and A, respectively. In particular, p < A and A < p shows that p = A, so
dim V, = dim V), = 1 implies that f(v) = aw for some scalar a # 0. Up to rescaling, let us

suppose that a = 1. Thus,

A5 F ) = N f(0) = F(Nigrv) = pif £ (0) (2.2.15)
gives us )\fr = pfr for all i € I,r € Z, and the result follows from ([2.2.11)). O

For p € &, let M(u) be the quotient of U(g) by the ideal generated by at and all
y—p(y),y € U(G) The decomposition seen in (1.4.3)) ensures that M (p) is isomorphic
to the free rank one U(n~)-module, so it is nonzero. In particular, it is clear that every
highest-¢-weight module of highest /-weight p is isomorphic to a quotient of M (u). Setting
V(w) to be the unique irreducible quotient of M (), then V() is the unique simple

highest-/-weight module of highest /-weight p, up to isomorphism.

A natural source of highest-f-weight vectors are in fact the objects of 4. Indeed,
regarding the action of h on any given V € Ob¥, V is a weight module as in (1.3.1)), and
the relations [h, z;,] = a;(h)zf, for all h € h,i € I,r € Z imply the inclusion of sets

23,V C Vo, for all € wt(V). (2.2.16)

In particular, the finite dimension of V' implies that there exists A € wt(}V') maximal, so

there exists v € Vj such that itv = 0. Also, since § is abelian, then
yVy CVy forall y € U(h) (2.2.17)

shows that there exists a nonzero v € V that is a common eigenvector for the action of h
and such that a*tv = 0. It turns out that such a v is a highest-¢-weight vector, as seen in

the following theorem.

Theorem 2.2.3. ([/7], Theorem 2.1.13) Let V be a finite-dimensional g-module, and let
v eV be an eigenvector for the action of h such that a*v = 0. Then, v is a highest-C-weight
vector of L-weight w € P*. In particular, if V is simple, then V =V (). ]

We are now interested in proving the converse of the last assertion of Theorem [2.2.3
i.e., showing that the modules of the form V(u), u € £, are finite-dimensional. The next
result easily follows from the presentation given in Section 2.1 of [47]. However, regarding

the way we chose to develop this section, an explicit proof is seen as necessary.
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Proposition 2.2.4. ([7], Corollary 2.1.10) Given p € P as in (2.2.9), then V() =
V(A,01) @ -+ @V (A, am). In particular, V() is finite-dimensional.

Proof. Write V=V (A,a1) ® --- @ V(A ap,). From (2.2.8)), it is clear that
V()\j,aj),\j = V(a)w)\j’aj, 1 S] < m.

In particular, since each V' ()}, a;) is simple, then V();,a;) = V(wy, q,;). Now, using the

comultiplication formula (1.4.6]) for the elements A; 1,7 € I,r € Z, one may check that

V()‘b al)wkl,tu Q- V(Amv am)wA C Vp,-

m,am

Since each vector in V();, a;) is a highest-/-weight vector, it follows that V' possesses

W) . .
/\J ey

a nonzero highest-¢-weight vector of weight p € Z*. Therefore, V = V() follows by the
fact that V' is simple, as seen in Theorem [2.2.1] O

We finally see that Proposition and Theorem reestablish the result seen in
Theorem [2.2.1] in the following way: every simple finite-dimensional g-module is of the
form V(u) for some p € 2*. Conversely, every V(u) with p € 27" is a simple finite-
dimensional g-module. In fact, recalling that V' (u) and V() are inequivalent whenever
A # u, one can also state that the isomorphism classes of simple finite-dimensional

g-modules are in bijective correspondence with the set of Drinfeld polynomials.

2.3 Integrable modules

In this section, we briefly set aside the study of objects in the category ¢ to focus on
the broader category of integrable g-modules. This change of focus is seen as a technical
prerequisite in order to study a few standard results that will be fundamental in the

characterization of the local Weyl modules as being finite-dimensional in the next session.

Given a g-module V', an element x € g is said to act locally nilpotently on V if,
for every v € V, there exists some positive integer k = k(v) such that z* v = 0. We say
that V' is integrable if V' is a weight-module in the sense of , and if the Chevalley
generators zi,i € I, act locally nilpotently on V. Let .# denote the category of all
g-modules which are integrable. Since finite-dimensional g-modules are weight modules, it
is clear from that these modules are integrable.

The following lemma is adapted from Lemma 3.4 of [37], and is a useful tool in

characterizing elements of a Lie algebra that act locally nilpotently on cyclic representations.

Lemma 2.3.1. ([37], Lemma 3.4) Let {z;:j € N} be a system of generators of a Lie
algebra L, and let V.= U(L) - v be a cyclic L-module. If x € L is such that (adz)Nixz; =0
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for some positive integers N;,j € N, and if x™v = 0 for some positive integer m, then x

acts locally nilpotently on V. 0

We now study a few standard properties of integrable modules. The proofs of
(2.3.2)(2.3.3)), (2.3.5) below are omitted in [47, 14], so we present them here using the
results seen in Section [1.3] Let V' € Ob.#. For A € wt(V), set

Vif={veVy:a%v =0} (2.3.1)

A nonzero vector in Vit (if any) is also referred to as a highest-weight vector of weight

7 ) )

to sly in the obvious way by (1.1.2). Let 0 # v € V) and set U to be the g(;)-module
U = U(gu)v C V. Since z;7,x; both act locally nilpotently on V' and v is a weight

1)

A. For every ¢ € I, let g(; be the Lie algebra generated by x;, x; , which is isomorphic

vector, it is clear that U is finite-dimensional by the PBW Theorem applied for U(g(;)). In
particular, from Corollary (1.3.2), we see that A(h;) € Z. Therefore,

rxewt(V)= e P. (2.3.2)

Moreover, if v € V", then U is a simple highest-weight sl,-module, and the following facts

are consequences of Theorem [I.3.T}

e PH (xp)Mhidtly =0 forallw e Vit i eI (2.3.3)

)

Furthermore, if V = U(§)V,, then all the integral weights 1 € wt(V) are such that pu < \,
whence it follows that
wt(V) C wt()), (2.3.4)

with wt(A) being a finite set by Corollary |1.3.4] Also, since the vectors of the form
(@50,) + (Tipy ) - v have weight 1= A — (A(h;) + 1)y with g & wt(}), then

(T5,,) (x;mhml) cv=0 forall iel,r; €Z,1<j<Ah)+1 (2.3.5)
We finish this section with some useful facts about V,'.
Proposition 2.3.2. ([19], Proposition 1.1) LetV € Ob.% and suppose that V& # 0.
(i) Nix, ViE =0 forall i€ I,r> \h).

(”) Ai,ik(hi)V,\Jr - VA+ \ {0}

(i) (NianyDNi—s — Niry—s)V =0 foralli € I,0<s < A(hy). O
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2.4 The universal finite-dimensional highest-/-weight modules

In this section, we introduce two relevant objects in the category .#: the global
Weyl module (resp. local Weyl module) corresponding to a dominant integral weight
(resp. Drinfeld polynomial). These objects will be seen to carry with them some notion
of universality in the category .#, in the sense that any integrable module generated
by a highest-weight vector (resp. finite-dimensional module generated by a highest-¢-
weight vector) is isomorphic to a quotient of the global Weyl module (resp. local Weyl
module) of the same weight (resp. f-weight). In fact, the local Weyl modules will be
constructed as quotients of global Weyl modules of the same highest-weight, by requiring
the highest-weight space to be 1-dimensional.

Let A € P*. The global Weyl module of highest-weight A, denoted by W (\), is the
quotient of U(g) by the left ideal I(\) generated by the elements

at, ()"t and h— \(h), where i € I,h € b. (2.4.1)

Let us denote by w) the image of 1 € U(g) in W (), so that W(\) = U(g)w,. If V is any
integrable g-module generated by v € V', it is clear from that v is annihilated
by the generators in , so V is isomorphic to a quotient of W (A). In particular, if
A € &7 is such that A = wt(A), then the finite-dimensional irreducible g-module V() is
isomorphic to a quotient of W (X), so W () # {0}. It follows from the defining relations
of g and Proposition that the Chevalley generators act locally nilpotently on
W (). Also, it is clear from the PBW Theorem that W () is a weight module, so W () is

an integrable g-module.

We regard W () as a right U(h)-module via the action
(uwy) -y = (uy)-wy forall ue UF),y € U(h). (2.4.2)
Proposition 2.4.1. ([13], Section 3.4) The above U (h)-action on W () is well-defined. [

The next theorem was proved in [19, [13]. The proof we present is adapted from [47]

and was originally developed in the context of Weyl modules for quantum affine algebras.

Theorem 2.4.2. The global Weyl module W (\) is finitely generated as a right U(h)-module.

Proof. Set W = W ()). Since W is integrable with W = U(g)W,", then (2.3.4) holds.

Therefore, it suffices to show that all the weight spaces are finitely generated as U(h)-

m

modules. More precisely, given p € wt(W) such that 3, a;, = A — p, we show by

induction on m > 1 that W, is generated by elements of the form

(5, ) (2, )y, where v e WY,y € Ub),0<r, < Ahg)+7—1.  (2.4.3)
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Let m = 1,7 = 4;. In this case, a general element of W), is of the form x;, yv, where
y € U(h),r € Z. Since (z;,)*") 1y = 0 for all s € Z, from Proposition we derive

©,8

the equality 0 = ( o1y (WAS (u)) v = Z;\i%i) Ti \(hy)+s—tNitv- Isolating the terms

A(hi)+1
T3 \hi) 45V L, sNi v, and using that (Ai,A(hi)v) A; _x(n;) = v, we have
A(hyi)
xi)\( )+s Yyv = Z I i)+s—t ztyU (244)
A(hi)—l
T = D T A (ho)+s—t it i~ A Y- (2.4.5)
t=0

If r > A(h;), we set s = r — A(h;) in the first equality and proceed by induction on r to
obtain the result, with the right-hand side of ([2.4.4]) being a sum of elements of the form

(2.4.3) in the inductive step. If r < 0, we set s = r in (2.4.5) and similarly proceed by

induction on |r|.

Let @ = ipy1,7 = ryq1. Using the inductive hyphotesis on m, a general vector of W),

is assumed to be of the form

T T yv, where 0 <r; < A(hy)+j7—1,1<j<m. (2.4.6)

2,7 im ,I'm 11 1

Suppose first that » > A(h;) +m. From the equality

— — — . — — /"-+r o — —
Ti 1T 1 — Lip i1 Tipo1 = [T, 0 QU =20 = @

we isolate the term z;,x; . and substitute it on (2.4.6) to obtain:

sT'm

LT Ligyry YU = Tip 1T 4185 ey " Ty YU T
a
LirrmCigLipy 1 me1 " " Lige YU — T4 rm+1xzr ]-x"/m 1rme1 " Vige YU
b c

On account of the above equality, it suffices to show that a, b and ¢ lie in the span of vectors
of the form . By the inductive hyphotesis on m, the vector z;,x; . -z . yv
lies in the span of vectors of this form. Since 0 < r,,, < A(h;,) +m —1 < A(h;,,) +m, then
b is shown to be written as a sum of vectors in the desired form. The same conclusion
holds for ¢ by a similar argument, since 0 < r,, +1 < A(h;,,) + m. As for a, the vector
“T;, » yv lies in the span of vectors of type , whence a is written
Ty s, Yv, where 0 < s; < A(hyr)+j— 1,4 €

xlm T’m+1xzm 1,"m— 1' '

as a sum of vectors of the form z;,_yz; , -
{i1, "+ iy} for 1 < j < m. Now, an mductive argument on r > A(h;) + m establishes
that these vectors lie in the span of vectors satisfying (2.4.3]), so a is seen to be in that

desired form as well.

As for the case r < 0, from the equality x;

ir L = Lir+1Ti,, -1 + xim,rmxi,r -
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T 1T 1 We get

Ty Tm

Ti o Liy oy YV = L1 T ATi ey Ty ey YU+
a
e xil,Tl yv — xim»"’mmivr“!‘lximfla"’mfl e mi1,7’1 yv.

b C

Im>Tm ™ 4T tm—1,Tm—1

Proceeding as in the previous case, the summands b and ¢ can be written in the desired
form by the inductive hyphotesis on m, and a further inductive argument on |r| establishes

the same conclusion for a. O

A noteworthy subalgebra of g is g[t| = g®C]Jt], which is generally known as the current
algebra over g. Notice that the proof of the above theorem shows that W (\) = U(g[t]) Wy .

The following corollary follows from (2.2.17)) and ([2.4.3) seen in the proof above.

Corollary 2.4.3. Let V be a quotient of W(X) such that V" is finite-dimensional. Then,

V' is a finite-dimensional g-module. [

The result above gives the central idea behind the definition of the local Weyl modules
which we now present. Let A € £% be a Drinfeld polynomial, and let A = wt(\) € Pt
be its underlying weight. The local Weyl module of highest-/-weight A, denoted by
W(A), is the quotient of the global module W (A) by the ideal generated by the elements

y—A(y),y € U(h). More precisely, W () is set to be the quotient of U(g) by the left ideal
I(X) generated by

ity — Ay), ()M forall yeU(h),icl. (2.4.7)

By (2.4.7), it is clear that W (A) is a highest-f-weight module with W (X), being finite-
dimensional and spanned by the image of 1 € U(g) in W(A), which we denote by wy. In
particular, W(A) is finite-dimensional by Corollary 2.4.3] In fact, W(X) is universal among
the finite-dimensional highest-/-weight modules of highest /-weight X, as they are clearly
isomorphic to a quotient of W () by (2.3.3)). Furthermore, since V() is finite-dimensional
by Proposition [2.2.4] we see that V() is actually the unique irreducible quotient of W ().
In this sense, one could also introduce the finite-dimensional highest-/-weight modules
V(A) as the irreducible quotients of the local Weyl module W () of the same (-weight.

We utilize the U(h)-action (2.4.2) on the global Weyl module W () to give an
alternative characterization of the local Weyl module W () as seen in [47, [13], which is
equivalent to the characterization seen here. Let &7 be the subalgebra of U (6) generated
by the elements A;,,i € I,r =1, --- ,A(h;), so that W(\), is generated by the action
of &7 by Proposition [2.3.2l We denote by ann, the kernel of this representation, which

is proper since A; \x,) € anny, and denote by 7, the quotient &/ /ann, with associated
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canonical homomorphism 7 : &/ — /. Since 7, is a finitely generated commutative
algebra over an algebraically closed field, its maximal ideals in specm(4)) are generated
by elements of the form 7(A;,) — a;, for some a;, € C. In particular, we may consider
the maximal ideal m C @7, generated by m(A;,) — A(A;,). Since W (A), is an @7 -module
whose action is the one inherited by <7, let M be the submodule generated by mWW (),
and set W(m) = W (\)/M.

Proposition 2.4.4. ([13]) W(m) and W (X) are isomorphic as g-modules. O

For A € Pt ,a € C*, let us refer to the ¢-weights of the form w,, as Drinfeld
polynomials with a unique root. The following theorem shows that the decomposition
(2.2.9) of A € 27 translates into a decomposition of W (A) in terms of tensor products of

local Weyl modules whose /-weights are Drinfeld polynomials with a unique root.

Theorem 2.4.5. ([19], Theorem 2) If A € Pt decomposes as in (2.2.9), then

W) =W (wra) @ - @W(wh, an)- ]

Since in the next chapter we shall be concerned exclusively with local Weyl modules
for the Lie algebra sl,.1, we now further characterize the local Weyl modules in the
particular context of sl,, ;. Henceforth, we drop the hyphotesis of g being a general simple

finite-dimensional Lie algebra, and set g = sl,, ;.

We first develop necessary and sufficient criteria for a given local Weyl module to be
irreducible, i.e., to satisfy W(X) = V(X). Given 8 € @+, A € 2%, define 7} € C[[u]] by

AL (u) - wx = 75 (w)-wa.

Since W (A) is finite-dimensional, 7} is in fact a polynomial. Now, if X = [, wy, 4, is
the decomposition of A as in (2.2.9)), define also the polynomials

m

m =11 (wAi(hj)wj,ai). € Clu], for 1 <j<n. (2.4.8)
i=1 J
Lemma 2.4.6. ([19], Lemma 3.1) Let =Y ric; € ®T. Then,
Wg‘(u) _ H Win(ai,az‘)/(ﬁ,ﬁ)(u). 0

i=1
It turns out that the roots of 73 give the intended irreducibility criteria for W (X).

Theorem 2.4.7. ([19/, Theorem 3) Given X € P*, the local Weyl module W () is
irreducible if and only if 7 has simple roots. In particular, W(w;,) = V(w;,a) for
1€1,aeC”. O
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We further specialize Theorem with a description of W(A) in terms of tensor
products of evaluation modules. Let A € 22 and suppose that 7 has simple roots. Since

0 =", oy is the maximal root of g, notice that Lemma [2.4.6| gives us
T (u) = Hm(u)

By our supposition on 7', notice that 7; has simple roots for all 1 < j < n, and that
m; is relatively prime to m; for all ¢ # j. Thus, regarding , any \; must satisfy
0 < Xi(h;) <1forall 1 <j<n,and, if \;(hj,) # 0 for some jy, then X;(h;) = 0 for all
k # jo. Therefore, each \; must be a fundamental weight, and A € Z2* is of the form

A =[] wipa: whereiy € {1,---,n}, 1<k <m, and a; # a; for i # j. (2.4.9)
k=1
In particular, since W(w;, o,) = V(w;,,ax) for all 1 < k < m, it follows from Theorem
that, if W/(A) is simple, W(X) decomposes as the tensor product

W) =@V (wiy, ar). (2.4.10)
k=1
Conversely, any such tensor product is isomorphic to a simple local Weyl module whose

corresponding /-weight is of the form (2.4.9) with 7} having distinct roots.

We finish this section with a decomposition theorem for the local Weyl modules
when regarded as g-modules. In face of Theorem [2.4.5] it will be sufficient to study how
this decomposition unfolds with respect to the local Weyl modules whose corresponding
(-weight is a Drinfeld polynomial with a unique root. Such result will be obtained as
a consequence of studying the Weyl modules for the current algebra g[t] to be briefly

discussed now.

Let W(wy,) be a local Weyl module with generator w, , and regard it as a module
for g[t]. From (1.4.5), notice that each h;,,i € I,r € Z~o, can be written as a linear
combination of A;, and products of terms h; s with 0 < s < r. A straightforward inductive

argument on r then shows that h; .- wy , = A(h;)a"wy 4, which is equivalent to
(hi ® (t — a)r) “wyq =0 for all r > 1. (2.4.11)
Setting ¢, : g[t] — g[t] to be the homomorphism of Lie algebras
@t = 2@ (t—a) k>0,

let i (W (waa)) be the pullback of W(w,,) along ¢,, so ¢i(W(wy,)) is the g[t]-module
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with the action

(a:®tk> cu=(r@(t—a)k)-u forall ueW(wy,),k>0.

Following [14], the Weyl module for the current algebra g[t| of highest-weight A,
denoted by W;()), is the quotient of U(g[t]) by the ideal generated by the elements

nt@Ct], h@t" — 0o A(h),k € Zsg, (x;) ML (2.4.12)

7

From (2.4.11)) and the generators in (2.4.7), it is clear that w,, is annihilated by the
generators in (2.4.12)), so ¢%(W(w,,)) is isomorphic to a quotient of W;(\). The Weyl
module W;(A) has been the object of attention in a series of papers, [14] 26, 48] for instance.
In particular, it follows from the work seen in those articles that these modules are in fact
isomorphic. Furthermore, in [I4] a further connection between W;(\) and the so-called
Demazure modules has also been established, with the latter having an explicit known
decomposition as a g-module in terms of tensor products. We summarize both of these

fundamental results in the next theorem.

Theorem 2.4.8. ([17, [26])

(i) As g[t]-modules, Wi(X) = @i (W (wra)) for all a € C*.
(ii) As g-modules, W;(A) =V (w)®2) @ .. @ V(w, )@ ), O
The structure of the local Weyl module W (w, ,) as a g-module is explicitly obtained

as a immediate consequence of the above theorem. In fact, regarding (2.2.9)), we more

generally state:

Corollary 2.4.9. Let X € &7, and set X\ = wt(\) to be the underlying weight. As
g-modules,
WA) 2V (w)?M @ @V (w, )2,

In particular, the structure of W(A) as a g-module is solely dependent on A = wi(X). O
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3 The classical and affine Schur-Weyl Duality

In this chapter, we restrict the symbols g, g and g’ to denote, respectively, the Lie
algebra sl, ., its associated loop algebra and affinization. All the notation developed in
Section will be followed closely. In the upcoming sections, we shall give a detailed
proof of both of the equivalences of categories mentioned in the Introduction: the classical
Schur-Weyl duality and the affine Schur-Weyl duality. Moreover, following [I7], we also
introduce the analogue of Zelevinsky tensor products of affine Hecke algebras in the setting
of modules for the extended affine symmetric group. It will be seen that this tool is
instrumental not only for a complete description of the simple objects assigned by the
affine Schur-Weyl duality, but also for an investigation of the modules corresponding via
this functor to the local Weyl modules. Unless explicitly stated otherwise, all the local

Weyl modules here considered are supposed to be g-modules.

The problem of writing a precise characterization of the affine Schur-Weyl duality and
describing the modules corresponding to local Weyl modules under this equivalence was
originally addressed as part of the Postdoctoral project [4]. A draft containing the progress
made in the context of that project was the base of our initial steps, serving mostly as a
reading guide to the existing literature. Example below is the only result here that is

more heavily supported by the original material contained in the mentioned draft.

The main references utilized in this chapter are [31), 17]. In Sections [3.1] and
below, except for Theorem [3.1.3] all results here presented either have their proofs omitted
in these references or they were originally developed in the context of quantum affine
algebras and Hecke algebras. Since one of the objectives of this chapter is to give a very
precise version of both the classical and affine Schur-Weyl duality, these results will be

accompanied by a proof.

3.1 The classical Schur-Weyl duality

In this section we give a proof of the classical Schur-Weyl duality. As discussed in
the Introduction of this work, although the Schur-Weyl duality was originally presented
as a result stating that the image of C[S,] and C[GL, 1] on End(V®) are each other’s
commutant, we shall concern ourselves exclusively with one of the consequences of this
result which establishes an equivalence between certain categories of finite-dimensional

modules for the symmetric group Sy and the Lie algebra g.

One of the categories of our interest is the abelian category .7, of finite-dimensional

right S;-modules. The other category of our interest will be defined as a full subcategory
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of the abelian category ¥ of finite-dimensional left g-modules as follows. Given \ € h*,
set 1v(A) to be the level of A defined by the scalar

v(\) = 32 GA(h,)

Setting P," = {\ € PT : Iv(\) = £}, let 4, be the full subcategory of ¥ given by all

finite-dimensional left g-modules V' such that
V:VN]#£0=Xe P|.

Since {0} € ¥, vacuously, it follows from Weyl’s theorem on complete reducibility and
Lemma that &, is also an abelian category of modules. Moreover, Weyl’s theorem also
ensures that the objects of ¢, can be equivalently characterized as the finite-dimensional

g-modules whose irreducible summands also occur in V®¢, as seen in the next result.

Proposition 3.1.1. If ¢ <n, the weight A € P;" if and only if [V®* : V/(\)] # 0.

Proof. Write A\ = Y1, cywy, so that o, key, = £. Since V/(wg) 22 A*(V) by Theorem [1.7.1]
we choose any highest-weight vector wy, € A*(V) of weight wy, 1 < k < n. Notice that
wy* € (Ak (V))®Ck is then a highest-weight vector of weight cxwy, whence

w=wPr® - Qu: e é (Ak(V))@)ck is a highest-weight vector of weight A.
k=1
Using the canonical inclusion oy, : A¥(V) — V® 1 < k < n, the tensor product of
linear transformations aj * : (Ak (V))@)Ck — V@ maps w; * into a non-zero vector of
VO 50 o = af " ®--- ® a®° maps w into a non-zero vector of V¥4, Since each oy,
is a homomorphism of g-modules, in particular, the map « is also a homomorphism of
g-modules, hence v = a(w) is a highest-weight vector of weight A in V®¢. Thus, the

submodule U(g)v generated by this vector, being indecomposable and finite-dimensional,

implies that U(g)v = V()\), whence [V®¢: V()] # 0.

Now, suppose that [V®¢: V()\)] # 0. Then, there exists 3 € Q* such that \ = fw; — 3
by (L.7.17). Noticing that lv(c;) = 0 for i < n and Iv(ay,) = n + 1, then Iv(8) = k(n + 1)
for some k € Zs¢. Since Iv(A) = £ —lv(B), if £ > 0, then ¢ < n implies the contradiction
0<Iv(\) =0 —1v(B) =€ —k(n+1) <0. Therefore, Iv(\) = /. O

We now state the classical Schur-Weyl duality.

Theorem 3.1.2. Under the restriction ¢ < n, the categories ., and 9, are equivalent.

Henceforth, we assume ¢ < n. Let V = C"™! and let {vy,--- ,v,41} be its canonical

basis. Since the /-th tensor power V¥* is a left S;-module by the action ((1.7.10]) of permuting
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factors, given a right S;-module M € %, one can consider the tensor product of modules
over the ring C[S]:

Fo(M) =M Q@ V&, (3.1.1)
C[Se]

which is a g-module via the induced action of g given by
r-(mev)=me@zv for me M,ve V¥ reg. (3.1.2)
In particular, we record the following isomorphisms of g-modules
Fo(C[S)]) 2 V¥ and  Fy(S(E)) = ce - V' (3.1.3)

given by m ® v — m - v. The construction gives rise to the functor F, : ., — ¥,
mapping each object and each morphism f : M — N of §;-modules as

M= Fo(M), [ Fu(f)=f®1,

where 1 denotes the identity map of End(V®). It is clear from the properties of tensor
products that F; is an additive functor. Moreover, since the g-structure of Fy(M) is the
one induced by V®¢ it follows from Proposition that [Fo(M) : V(N #0= )€ P},
showing that indeed F;(M) € 9.

Let wt : P, — P be the map defined on the set of partitions of ¢ by
= (&)1~ Z — &)W (3.1.4)
7=1

We have P," = Imwt. Indeed, given £ € Py, then |£| < n implies that

Iv(wt(§)) = En:j — &) = Enj (3.1.5)

=1

whence Imwt C P," follows. Conversely, given A € P;7, set &, to be the partition

& = (Z)\ , g)\ (hn)> (3.1.6)

such that >;(&)); = Iv(X) = £ and A(h;) = (&)); — (§1);4+1- Thus, wt(£y) = A shows the

remaining inclusion P;r C Im wt.

The following theorem plays an essential role in the proof of Theorem |3.1.2

Theorem 3.1.3. ([31)], Proposition 15.15) Let M = S(&) be an irreducible Sy-module for
€ € Py. Then, Fo(M) =V (wt(&)) as g-modules. In particular, Fo(M) € 9. O

We finally prove Theorem |3.1.2]
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Proof of Theorem[3.1.9 Since we are dealing with the categories 4 and .#; in which
every object is completely reducible, and F;:.%; — % is additive, it suffices to show that
Fo is essentially surjective, full and faithful for irreducible objects in the corresponding

categories as in the steps below.
1. Given V in ¥, irreducible, there exists £ € P, such that F,(S(§)) = V.

Since V is irreducible, it follows that V = V() for some A € P,". Using the fact that wt
is surjective on P;", we have wt(£,) = )\, and Theorem ensures Fo(S(£)) X V(N).

2. Given M, N € .%; simple, set V =F,(M), W =Fi(N). Then, F,: Hom 4, (M,N) —
Homg, (V, W), defined by f — f ® 1, is an isomorphism.

Let M =2 S() and N = S(x), where &, x € P,. By Theorem it follows that
V = V() and W = V(u), where A = wt() and p = wt(y). By irreducibility, no-
tice that Homg, (V, W) # {0} if and only if V and W are isomorphic. Since both are
highest-weight modules, it turns out that Homg, (V, W) # {0} if and only if A = p. Sim-
ilarly, by irreducibility, we have Homy, (M, N) # {0} if and only if £ = x. Therefore,
Hom gy, (M, N) # {0} if and only if Homg, (V, W) # {0}. Now, if Homg, (V, W)= {0}, the
map Fy is clearly surjective. Assuming Homg, (V, W) # {0}, then Homy, (M, N) # {0}.
Since dim Homg, (V, W) =1, it suffices to exhibit f € Homg,(M, N) such that 0 # f ® 1
in Homg, (V, W). Choosing any 0 # f € Hom (M, N), it is necessarily an isomorphism
of S-modules and, since (f @ 1) o (f1®@1) =1y, (f7'®1)o(f®1) = 1y, it follows
that f ® 1 # 0, so F, must be surjective. For the injectivity, assume that f® 1 =g ® 1.
Hence, (f —g) ® 1 =0 and f — g = 0 follows, otherwise f — g # 0 is an isomorphism and
(f —g) ® 1+ 0 by the previous argument. ]

We finalize this section with the next two results in [I7] which will be relevant to the

study of the affine Schur-Weyl duality in the next section.

Proposition 3.1.4. Let M €.%; and write Py(M)={& € Py : [M : S(&)] # 0}. Suppose
that vy € V& satisfies [U(g)vo : V(wt(€))] # 0 for all & € Pe(M). Then, the linear map
M — Fy(M), m — m ® vy, is injective.

Proof. First, let us suppose that M is simple, say M = S(n) = ¢, - C[S], where n € . and
¢, € C[S/] is the corresponding Young symmetrizer. Fix any isomorphism f : M — S(n)
and notice that F,(M) = ¢, - V¥* via the isomorphism m @ v+ f(m)-v. I[f 0 #m € M is
such that m ® vy = 0, then f(m) - vy = 0 implies that annwvy = {s € S() : s-vp =0} is a
non-zero submodule of §(7), so that S(n) = annwvy by irreducibility. In particular, this
implies that ¢, - vo = 0, thus, in order to show the injectivity of m — m ® vy, it suffices to
show that ¢, - vy # 0.
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Since C[Sy] decomposes as in (1.6.3)), and F,(S(€)) = ce - V¥ by (B.1.3), we have
P Fu(S©) ¥ = P (e V')

£€Py £€P,

= V&~

@dn

We claim that the projection v" of vy in (Cn -VW) is not zero. Indeed, given any & € Py,
by Theorem (3.1.3) and (3.1.3)) we have V(wt(€)) = c¢ - V&, s0 [ce - V& : V(wt(n))] = 0 for
all & # 7. In particular, we have Kc,g 'VW) NU(g)vy : V(Wt(n))] = 0. Since by hyphotesis
we have [U(g)vo : V(wt(n))] # 0, it follows that v’ # 0.

By Proposition [1.6.2} recall that ¢; = Ac, for some scalar X # 0. Writing v' = ¢, - v
dy
with v” € (VW)@ "\ {0}, we have

/ 1 /
Cp-V = Aey 0" =M #0,

whence ¢, - vy # 0. This proves the injectivity of m — m ® vy in the case that M is simple.

Now, for the general case, we have M = @, S(¢;) and Fy(M) = @;F¢(S(;). Since
S(&5) — Fi(S(&))) is injective, if © = 21 + -+ -+ x, € M satisfies v ® vg = 0, as the sum is

direct, we have r1 ® vg=--- =2, ®v9 =0, then z; = --- =z, = 0. ]

Corollary 3.1.5. If v=1v;, ® --- @ v;, € V& with i; # iy, for j # k, then the linear map
M — Fy(M),m — m ® v is injective.

Proof. Since the factors composing v are all distinct, it follows from Proposition that
V® = U(g)v. Given £ € P, such that [M : S(§)] # 0, since wt(¢) € P, by (3.1.F)), then
(Ve V (wt(€))] # 0 follows from Proposition [3.1.1] Thus, V¥ = U(g)v guarantees the
hyphotesis of Proposition for vy = v, whence m — m ® v,m € M, is injective. [J

3.2 The affine Schur-Weyl duality

In this section we give a detailed proof of the affine Schur-Weyl duality. As mentioned
in the Introduction, this equivalence between certain categories of finite-dimensional
modules for the extended affine symmetric group Sy and the affine Lie algebra §' was
claimed in Chari and Pressley’s article [17] to follow from an analogous proof scheme that
was originally developed in the context of categories of finite-dimensional modules for
the quantum affine algebra U,(g') and the affine Hecke algebra H +(¢%). The proof here
presented is in fact a straightforward adaptation of the proof scheme developed in that
article. Since the categories of finite-dimensional modules for g and g’ are equivalent, for
simplicity we rather chose to state this equivalence of categories in terms of categories of

finite-dimensional modules for Sy and the loop algebra §.
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The extended affine symmetrlc group S, is the semi-direct product S, = Z¢ x Sy
obtained by the action of S; on Z* of permuting factors. By Proposition , 1}, the
group Sy is isomorphic to the group given by generators o;, 1 <i </ —1, yfl, 1< <4,
satisfying the defining relations of §; along with

—1 -1
Yi Y =Y =Ly = iy
7 (3.2.1)

Y00 = 03y;, § € {i, 1+ 1}, o3y = Yo, forall i, 7,

where the first and second line above refer, respectively, to the defining relations of Z¢ and
how the relations of S; and Z! behave with respect to the semi-direct product. Here, the
elements o; are identified with the transpositions (0, (i,i+1) ) and y; " are identified with
(+e;, 1), where e; denotes the j-th vector of the canonical basis of Z‘. In what follows, for
convenience, we shall identify S, with its presentation given by generators and relations
so that we can refer directly to the variables y;, 0; as being elements in S;. In this sense,
C[S] is seen to contain the ring ClyE!,--- ,4F'], and the subgroup generated by o; is
identified with the symmetric group ;.

We now define the categories which will be shown to be equivalent. Let .% be
the abelian category of right finite-dimensional Si-modules, and let 4, be the full
subcategory of the abelian category of left finite-dimensional g-modules whose objects lie
in ¢, when regarded as g-modules. Notice that the g-structure of the objects in &, ensures
that this full subcategory is also abelian by Lemma [1.9.1} Henceforth, we construct the
desired functor between these two categories, as well as develop all the necessary tools to

give a detailed proof of their equivalence.

Given M € %, by the canonical inclusion Sy — 54, one can consider the g-module
Fo(M) = M ®cs,) V& € ¢, studied in the context of the classical Schur-Weyl duality,
with the corresponding representation of g induced from (3.1.2]) being denoted here by

pu 29 — End(Fy(M)). Recalling (1.7.8)), (1.7.9)), notice that

pu(z)(m@v) = zﬁjm ® Aj(z)(v) for all m € M,v € V¥~ (3.2.2)

j=1

We aim to extend the above representation of g to a representation pys: g — gl(Fe(M)) in

a way that the corresponding endomorphism of zi € § satisfies
P (z5)(m @) Zm i1®A D). (3.2.3)

Once this extension is acquired, the g-module F,(M) thus obtained will establish the
intended functor between the categories . and &, by assigning M — F,(M).

Lemma 3.2.1. There exist unique py(x5) € End(Fo(M)) satisfying (3.2.5).
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Proof. We only show the result for jy(z), since the existence and uniqueness of pys(xg)
can be proved analogously.

Set pg : M x V' — Fy(M) by (m,v) — Y5 m-y; @ Aj(xy ) (v) for m € M,v € V.
We have to verify that pj is C[S,]-bilinear, since the universal property of tensor products
over rings ensures the existence of a unique py(z¢) € End(F,(M)) satisfying (3.2.3). Since
pg is clearly C-linear in each of its entries, we are left to show that pg (m-o;,v) = pg (m, os-v)

holds for arbitrary o; € S;;m € M and v € V¥4, In explicit terms, we have to show that

¢ ¢
> omeoy; @ Aj(zg ) (v) =D m-y; @ Aj(zg ) (o - v). (3.2.4)
=1 =1
Given index j & {i,i + 1},1 < j < ¢, we have 0, - Aj(z, )(v) = Aj(xy)(0; - v). Since
in this case o,y; = y,0; by (3.2.1), then

m-oy; @A (zy ) (v) = m-y;0:0 8 (xg ) (v) = m-y;@0:- Aj(xy ) (v) = m-y; ®A;(zy ) (07-0).
Therefore, (3.2.4]) reduces to verifying that

m-oiyi @A (g ) (0)+m 031 @A (1) (V) =meYi1 @A (29 ) (030) +mey; A (4 ) (03-v).
(3.2.5)
Now, one checks that o; - A;(zy)(v) = Airi(xy)(0; - v) and that o; - Ajyq(zy )(v) =

Ai(xy)(o; - v). Thus, from the relations o;y; = yi110:, ;Y41 = y;0; in (3.2.1)), we obtain

m- oy @ Ai(zy)(v) =m - Yig1 @ Ajpa(zg ) (05 - v)
m - oiYiv1 @ Nip1(zg ) (v) = m - y; @ Ay(xy ) (04 - v),

whence (3.2.5)) immediately follows. O

In order to utilize the endomorphisms fy(23) given by the previous lemma and the
endomorphisms pys(z;), par(hs), i € I, given by the representation py, of g on Fy(M) to
construct the intended representation of g on F,(M), we shall work extensively with the
presentation of § in terms of generators and relations seen in Section [I.5 Since the central
element of g is the one seen in , by the loop algebra g is isomorphic to
the Lie algebra FL(X)/(R'), where FL(X) is the free Lie algebra over the set of formal
generators X = {X* H* :i eI}, and R is the set

{[Hi,HjL (1=0;,)ad(X;5)' =9 (X)), e, X, —[Hi, X[ ), (X, X5 1=6; jHi, > H; - i’jef}

1=0

with the integers c¢;; above being the entries of the Cartan matrix of affine type ([1.7.4)).
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We now define a map ry : X — gl(F,(M)) by assigning

X pu(a7), Hy v paa(hi), i €1, (3.2.6)

Xq = pur(ag), Ho — [PM(%) pur (g )}

By the universal property of free Lie algebras, this map gives rise to a unique representation
0: FL(X) — gl(Fe(M)) such that Q‘X = rx. In the next theorem, we show that R’ C Ker p,

so that we obtain an induced homomorphism of Lie algebras
0: FLIX)/(R') — gl(Fe(M)),

i.e., a representation of FL(X)/(R') on F,(M). We abuse notation and also denote by
X the image of X under the canonical homomorphism FL(X) — FL(X)/(R'), as well
as keep the notation X, H;,i € I , for its elements in this quotient. In particular, since
5= FL(X)/(R)
gl(Fe(M)) extending pys as desired.

0 L =X the representation g ensures that there exists py : g —

Theorem 3.2.2. We have R’ C Ker o. In particular, there exists a representation pyy: g —
al(Fo(M)) extending pa; and such that the action of the elements xF satisfies .

Proof. By Serre’s Theorem on semi-simple Lie algebras, the Lie algebra g is isomorphic
to the subalgebra of F(X)/(R') generated by X;*, H i € I, satisfying the defining
relations above restricted to indexes belonging to 7. In this way, since Q(Xl-i) =
par (), o(Hy) = par(hy),i € I, and py; is a proper representation of g, all the elements
of R’ not involving X, Hy are, thus, already in the kernel of o. Therefore, we are left to

verify that the following elements are vanished by p:

[Ho, Hj], +co; X;- — [Ho, X7, +cj0 X5 — [Hy, Xg],

+2X5 — [Ho, X ], (X, X5], ad(Xg)' 7 (X7) ZH“J 7# 0.

This verification is performed in the steps below. For the particular elements £¢g ; X ]i —
[Ho, X3], +cj0 Xy — [Hy, X5, 2X5 — [Ho, X§'] and ad(Xg)' =% (X;"), we remark that
we restricted ourselves to just verifying that X" — [Ho, X;'], ¢;0 Xg —[H;, Xy, etc lie in
Ker p, as the remaining ones can be verified analogously. Also, since y € Ker g if and only
if o(y)(m ® v) = 0 for every pure tensor of the form m ® v, all the calculations in this

proof were performed on an arbitrary m ® v € F,(M).

1. 30" H; € Kerp.

We begin by expressing the action of Hy on F;(M) more explicitly. From the definition
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B23) of pas(at), we have

P (xg) (Par () (m @ v) > my; ke ® Axlry ) (A7) (v)),

j=1k=1

MN

(3.2.7)

(g ) (P (g ) (m @ v)) = 3% my;yp "t @ Ax(ay)(Ay(wy)(v).

For k # j, one checks that Ag(z;)(A;(z4)(v)) = Aj(xg)(Ar(zy)(v)), so 7)) implies
o(Ho)(m @ v) =3 m @ (Ax(rg) Ax(zy) — Al(rg) Axlzg)) (v) +

=, (3.2.8)
+20 > m(y; vk — Yy ) © Awlag)(A(x) (v).

Since y; Yy = ykyj_l by the group relations (3.2.1]), then

l 4
YOS my; e —yiy ') = (Zyj Y — Zyjy;1+2y;1yk—2yjy;1>=0

J=1k#j j<k k<j k<j j<k

=0 =0

(3.2.9)
Plugging this relation back into (3.2.8)), it then reduces to

e(Ho)(m®v) = 3. m® (Aulag) Aula) = M) An(a3)) (0) = 2 m@ Aufag . 4]} v),

showing that o(Hy) = —pun([zg, z5]). Since [z, z,]=3", h; holds in g by (1.7.2), then
Q(Z?:l Hi) = pM([ i _]> follows, whence Q(Z?:O Hi> =0.

2. [Ho, H)], [ Xy, X;] € Ker .
Since o(Hyp) = —g( ) HZ) = — >, pam(h;) by the previous step, then

o([Ho, Hj]) = [0(Ho), o(H;)] = = > [pa(ha), par(hy)] = = par([his hy]) = 0,

i=1 =1V

since we have [h;, h;] = 0 in g for all 4,j € I, and py is a representation of g.

Noticing that Ag(zy )(As(2;)(v)) = As(2; ) (Ak(ry ) (v)) for k # s, from and
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(3.2.3) we obtain

Q([XJ,X{])(m@?v) [Par(5), paa ()] (m @ v) = Zmyk@?Ak([ﬂce‘,xﬂ)(vH

B (3.2.10)

Since [z5,27] = 0in g, then A([zy, 2;])(v) = 0forall 1 < k < ¢, whence o([ Xy, X;]) =0

follows as well.

3. ad(Xy)' "7 (X}") € Kero.

From the entries ¢ ; of (1.7.4), we only have to verify that the following terms lie in Ker p:
(X (X0 XN (X (X, X)) and [Xg7, X5 =0 for j ¢ {1,n}.

We begin with [X§, X/] =0, j & {1,n}. Since [z;,z]] = 0 holds in g for j & {1,n}, then
Ap(xy)(As(x])(v) = Ag(@]) (Ax(zg ) (v)) for all 1 < k, s < . Hence,

J

|2

o (xd) (par(z7 ) (m @ v)) ZIZmys@@A(wa)(Ak( ;)W)
V4 l
= ]; Zlmy ® A2 ) (As(zg)(v) = pur(a;) Py () (m @ v))

shows that o([Xq", X)) = [pu(2q), par(z;)] = 0.
We now show that [ X, [X{, X;7]] € Ker g. By similar reasoning which led to (3.2.10)),

we have

L
[Par (4), par (7)) (m @ v) = Z_: myr @ Ap([zg, 27])(v).

Since Ag(zy)(A;([zy,27])(v) = Aj(zy ) (Ar([xg, 2T])(v)) for k # j, taking the bracket
with pas(zg) on both sides yields

[Par (29, [pa (), paa (@)} (m @ 0) = D mie @ ([, [2g, 2o +

. h=l (3.2.11)
+> 0> mlyy ke — yiye ) © Ar(zg) A ([, 2 v,
=1 kA

Since [z, [y, z]]] = 0 in g, then Ay([z,, [z, ,2]]]) = 0 for all 1 < k < ¢, which combined
with (3.2.9) ensures that (3.2.11]) above vanishes, showing that o([X{, [X{, X{]]) = 0. An
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analogous argument also shows that [ Xy, [X{, X,7]] € Ker o.

4. [H],Xar] — Cj,(])(ar € Ker 0.
We first suppose j & {1,n}. Since o(H;) = pr(hy) = [oue(e?), prr ()] = o([XF, X; ),
from the Jacobi Identity we notice that
o([H;, X¢']) = o([X}", [X;7, X)) — o([X5, [X57, X))
By steps 2 and 3 above, we have o([X;, X{]) = o([X;", X{]) = 0, so o([H;, X{]) = 0.
Since ¢;o = 0 for j & {1,n}, it follows that [H;, X] — ¢;0X;" € Kerp.

It now remains to show that [Hy, X |+ X, [Hn, Xo |+ X € Kerg,asc19=c¢1, = —1.
We provide the details only for [Hy, X ] + Xy . Once more, applying similar reasoning

which led to (3.2.10]), we obtain that
¢
loa(ha), e (28))(m @ v) = 3 mye ® Ay([hy, zg]) (v).
k=1

Since [hy,z,] = —z, in g, the above implies that [pas(h1), par(zd)] + par(xd) = 0 by
(3.2.3), which is equivalent to o([Hy, X] + Xg) = 0.

5. [HO,X;“] — cO,jX;“, [Ho, Xy ] — 2X§ € Kero.
Since o(Hy) = — >, o(H;) by step 1, we obtain

n

o([Ho, X{f]) = = > o([Hi, X)) = chog = 20(Xy),

i=1

where in the second identity we used the previous step. Similarly, since o([H;, X;7]) =

pulhi, xf] = cijo(X;), we also have
o([Ho, Xj]) = = > o([Hi, X)) = Z%Q ) = coj 0(X}),
i=1
and step 5 follows. O]

Using the g-module .7:}( ) given by the extension py; of the previous theorem, we
define a functor F; : ./, — %, mapping each object and each morphism f : M — N of
S,-modules by

M= Fo(M), f= F(f)=fa 1.

Our next goal is to prove that under the restriction ¢ < n this functor establishes the
affine Schur-Weyl duality.
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Theorem 3.2.3. When ( < n, the functor F; : %, — 9, establishes an equivalence of

categories.

From now on, suppose that ¢ < n. Using the canonical basis {vy, -+ ,v,11} of

V = C"!, we inductively set

v =0, 1 @U@ ---Qu, v =(j—1,5)-vU Y for 2< 5 <,

. : (3.2.12)
wl) =0, Qe - ®@u, and w) = (7—1,7) cwlUD for 2 << 0.
Regarding the decomposition of V¥ as a weight module, notice that
L ev®, , and wW eV S 1<j<0 (3.2.13)

Fix an arbitrary W € ¢, and let M € .%, be such that Fo(M) = W as g-modules
by the classical Schur-Weyl duality. We want to define an action of S; on M so that the
S;-module M thus obtained is such that F;(M) =W as g-modules. Fix an isomorphism
of g-modules f: Fy(M)— W and define an action of g on F,(M) by

vu=f o f(u)), v €8, uc F(M). (3.2.14)

In particular, notice that if z € g, then (3.2.14)) is equal to the standard action (3.2.2)) of
x on Fp(M).

Lemma 3.2.4. There exist unique A;E € End(M), up to a choice of f, such that
x5 (m @ o)) = A7 (m) ® W and zf(m @ w?) = Al (m) ® WV 1< <L

Proof. Recall that the decomposition of F,(M) as a weight module is the one induced by
the decornp051t10n of V& itself. In particular, we have m ® v\9) € Fy(M),, ¢ by m
Moreover, since 3 € gep ® tT1, then zy (m ® v\W)) € Fy(M),, follows by (2:2.16). Now,
notice that {o - w) : o € S} is a basis of fo’f by Proposition , so there exist unique
me; € M such that

o (m@v¥) =3 m, ;@0 -wW =3 m,; 0w’ (Zmaj >®W(j).
€Sy c€Sy oc€Sy

In other words,

x5 (mevW) = m; ® w() ., where m; = Mg;-0
geSy
Let A7 € End(M) be the linear transformation m + m;. It remains to check its
uniqueness. Since the factors composing w) are all distinct, it follows from Corollary
3.1.5 that the linear map m — m @ w\, m € M, is injective. If A € End(M) satisfies
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25 (m@vW) = A(m)@w for allm € M, then A(m)@w") = 25 (mevl?) = A5 (m)@wl)
implies that A (m) = A(m), so A; is unique.

Analogously, since g -Fy(M),, C Fi(M),,_¢ and {o-v) : 0 € S} is a basis of the

®¢L

we—0: We can write

weight space V

I(T(m ® W(j)) —mT ® V(j)

and define a unique A} € End(M) by m — mj. O

The linear operators Aj[ relate to the action (3.2.14)) of 2F on F,(M) as follows:

Lemma 3.2.5. For every u € F;(M), the action of xi given by (3.2.14) satisfies

¢
Tyu=>» (Af(m) ® Aj(x;F)) (u). (3.2.15)
j=1
Proof. It suffices to consider u of the form u = m®v, wherem € M and v =v;, ® - -®uv;,
is a basis element of V& {iy,--- i,} C{1,---,n+ 1}. We write the details only for zg,
since the proof for x{ is analogous. In this case, (3.2.15)) can be rewritten as

zo(mev)= > A (m)® Ay(zy)(v). (3.2.16)
kzk:n—i-l
Define the set
Ky ={k:1<ir<n+1}

and let r = #{k : iy = 1}, s = #{k : iy = n + 1}. For convenience, denote by a the Lie
subalgebra generated by zi°,1 < i < n, and notice that [z, a] = 0 by (1.7.4). The fact
that z, lies in the center of a will be used multiple times in this proof without any further

mention.

If s = 0, the right-hand side of is clearly zero. Since v has weight pu =
lwy — Yk ey with ¢ > 0 as in , the assumption s = 0 also implies that ¢, = 0. If
o (m®v) # 0, then x5 (m @ v) € Fy(M), 40 with o+ 0 € wt (VW). In particular, since
c¢p =0and 0 =3}, oy, then

p+ 0 =tlw — i for some i € QF,

which contradicts the fact, given by (1.7.17)), that any weight of V®* is lower than fw;. In
this way, we can assume s > 1 and 1 < r+ s < /. Since ¢ < n, then #K, =(—r—s < n—1,

so the vector v may satisfy the condition

i; # i, for every j keKy,j#Ek. (3.2.17)
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For now, assume that we have proved (3.2.16]) for the particular case of vectors satisfying
this condition and let us deduce the general case from it. Given v that does not satisfy

(3-2.17), choose any v' = vy ® - ® vy with K/ = Ky that satisfies (3.2.17) as well as

i, =i forall k¢ K. (3.2.18)

Notice that v = z - v/ for some = € U(a) by Proposition [1.7.2l Applying (3.2.16) to v’
yields the following

zg (M V) =zxy (M V)= x( Z A (m) ® Ak(acg)(vl)). (3.2.19)

kiig=n+1

Since [z4,x] = 0, it then follows that

ro(mev) =Y Ag(m) @ Ay(zg)(v),

k:ik:n+1

obtaining (3.2.16|) as desired. Thus, it remains to prove the lemma for v satisfying (3.2.17)).
We proceed by induction on s with subinduction on r as follows.

We begin by first proving the inductive argument on r for all s, instead of the base case
r = 0 by induction on s, which is more complex. So let us assume the inductive hyphotesis
on r > 0 and choose any kg such that i, = 1. First, suppose that 2 & {i;, : k € K, }. In this
case, let v/ be the vector obtained from v by replacing v; at the kq-th tensor factor by vy so

that v = 2 - v/. In particular, notice that the induction hypothesis on r applies to v'. Since

[zo,27] = [2], 2] = 0, an application of the computation (3.2.19) with z = =i shows
that the result holds in this case. Now, suppose that 2 € {iy : k € Ky }. Since r + s > 2,
notice that {2, --- ,n} € {ix : k € K}, so there exists v/ = vy ® --- ® vy, satisfying
(3.2.17), (3.2.18)), and such that 2 ¢ {7}, : k € K\/}. We have just shown that (3.2.15]) holds
for such a v/, while Proposition ensures that v =z - v/ for some = € U(a). Another

application of (3.2.19) thus completes the induction step on 7.

We are left to treat the case r = 0 by induction on s. If s = 1, let k be the unique
element such that i, = n + 1 and let x € U(a) be such that v = x - v(¥) by Proposition
. Then, Lemma says that holds for v(®), so (3.2.19) with v/ = v{* shows
that the result holds for this case as well. Suppose that s > 1 and assume the inductive

hyphotesis on s. The condition s > 1 also implies {2, -+ ;n} € {ix : k € Ky}, so there

exists basis vectors satisfying (3.2.17)), (3.2.18]), and such that none of its tensor factors

equals to v,. It then suffices to prove that the result holds for this type of vectors, since

this case combined with another application of Proposition [1.7.2|and (3.2.19)) ensure that

the result holds for a general v with s > 1 and r = 0. So suppose that n & {iy : k € K, }.
Let ko # k{, be such that i, = ir, =n+ 1 and let v/ be the vector obtained from v by

replacing v, at the ko, kj-th tensor factor by v,. From the Serre relation [[zy, |z, ] =0
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and the construction of v/, we have the following identities
ryx,-v =2v and zgx,r,(m@V) =2z 5z, (mRV)— 1z, x5 (me V),
which combine into
_ - no Lo /
T (m®v):xnxoxn(m®v)—§xnajnxo (m®v'). (3.2.20)

In the following, we calculate each of the summands of the right-hand side of in
order to show that their sum verifies (3.2.16). We begin with x;, 75 z;, (m ® v'). Denote by
v” (v"") the vector obtained from v’ by replacing v, at the ko-th (k{-th) tensor factor by
Up+1 and notice that

r,(meVv)=mev' +mev".

Since both v, v"” satisfy the induction hypothesis on s, applying x, to both sides of the
above equality yields

e mev) = Y Arm) @ M)+ Y Ar(m) @ Aula) (V).
k:ip=n+1 k:ip=n+1
k#k], k#ko

Now, v (v"") has v, only at the kj-th (ko-th) tensor factor by the fact that n & {i) : k €
K.}, whence z- v’ = x,-v"” = v. Since [z],z,] = 0, applying z, to each one of the

summands of the right-hand side of the above equality provides

( S Ak<m>®Ak<x;><v">): S Az (m) © Aa)(v)

klk=n+1 k:ik=n+1
kK, k#k,
l}?( >, Ar(m)® Ak(ﬁ)(V"’)) = D A(m) @ Ag(zg)(v),
kiip=n+1 k:ip=n+1
k#ko k#ko

. [ /
so the expression for =, x5z, (m ® v') becomes

T, 2T, (MEV) = Y A (m) @A) (v) + D Ar(m)®Ag(zg)(v). (3.2.21)
k:ip=n+1 k:ip=n+1
ks#ko k)

We now calculate z x, x5 (m ® v'). Note that if s = 2, then v’ has no tensor factor equal

t0 Upy1, S0 T,z x5 (Mm@ v') = 0 reduces (3.2.20) to

| S —
=0

ro(mV) =z x52, (M V).
Furthermore, in this case (3.2.21)) reduces to

2,7 T, (Mm@ V') = A (m) @ Ay (27) (v) + Ag, (m) @ A, (25)(v),
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whence (3.2.16)) is verified for v with s = 2. Hence, we can assume s > 2. This condition
ensures that {2, --- ,n—1} Z {i;x : k € Ky} and, once more, it suffices to suppose that
n—1 ¢ {i; : k € Ky} by the same type of argument involving Proposition and
. In particular, notice that n—1 ¢ {iy : k € Ky/}. Denote by vq the vector obtained
from v’ by replacing v, at the ko-th tensor factor by v,_; so that x,_;-vo = v'. The

induction hypothesis on the vector v, gives us

ro(m@vo) = >, Ag(m)® Ag(zg)(vo).
kzk:n—i-l
kKo k)
Since z, z,-v' = 2v, it follows that =z z, - vo = 2v. Also, using that [z}, z, 4] =

[z, 2] = 0, then

1 _ _ , r -
5 Ty T, Ty (m Vv ) = 5 Ty Ly Ty 1T (m ® VO)
| - +
= 5T TnTn1 > A (m) @ Ap(zy)(vo) (3.2.22)
kiip=n-+1
k#ko k)
= D Ap(m) @ Ag(ag)(v).
kiip=n+1
kKo k),
One may check that plugging (3.2.22]) and (3.2.21]) back into (3.2.20)) finally give the result
(3.2.16), finishing the base case of induction for r and the proof. O]

We now use the operators A to extend the given representation n:S, — GL(M)
of S; to a representation 7 of S, on M € .. Similarly as in the discussion preceding
Theorem [3.2.2] there exists a unique linear map defined on the free group of generators
Oi, y]j-El such that the corresponding automorphism for o; equals 7n(o;) and for y;-—Ll equals
Ajc, so we are left to verify that these automorphisms satisfy the same defining relations

as their group generators counterparts.

Theorem 3.2.6. There exists ij:S; — GL(M) a representation of S, extending n and
such that ﬁ(yj-ﬂ) = A;-t foralll <j </,

Proof. Since 1 is a representation of Sy, the endomorphisms 7(o;) already satisfy the
defining relations associated with ((1.6.1)). Thus, from the group relations (3.2.1)), we only
have to verify the following equalities

ATAF = AFAT =1, ATAT = ATAY v £,
Al =) Afn(on), Afn(os) =n(o)Af,r & {s,s+ 1}
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as in the steps below.

1.ACAF = ATA =

Let v =v; ® -+ ®v;, € V¥ be any basis element, and let m € M. By a similar reasoning

which led to (3.2.8)), notice that Lemma shows that [z, 2y ](m ® v) is equal to

4

h-y (Azmk(m» © A7) (Aele)(v)) — Af (AL (m)) ® () (Auleg ) (v >>) ¥
Py

(AF A = AL AT (m) © A(af)(D5(5)(v)).

\H\MN

Since [z, 15| = —hg in §, then [z, 7,](m ® V) is also equal to
¢
L= m® (Axlwg)Aulry) — Au(ed) Aulay)) (v),
k=1

whence we obtain the equality Iy = . Choose v with 7, = n 4+ 1 and the remaining
ir, € {2,--- ,n} with iy # i; for k # j. In this case, we have Ay(z,)(v) =0 for all k£ and
Ay(zz)(v) = 0 for all k # r. Thus, setting such v in I; = Iy, we obtain that

AT(AS (M) @ Ay )(Ar(g ) (V) = m @ Az ) (Ar(24) (V))- (3.2.23)
Since the linear map m — m®v is injective by Corollary(3.1.5, and A, (x5 ) (A, (z4)(v)) = v,
(3.2.23)) shows that At A~ = 1. Similarly, one can prove the relation A~ A" =1 as well.
2. ATAT = ATAY r #s.

Since Ay A = A} A, =1 for k € {r,s} by the previous step, notice that it suffices to
show AT A, = A7 AF. Furthermore, step 1 also implies that

Ay (AL (M) @Dk ) (A ) (v) = Af (Ag (M) @A () (Ak(5) (V)
=m® (Axlrg ) Au(zf) — M) Ar(ag)) (v),

so the equality Iy = I, above reduces to

¢ ¢
SO (AF AL = AL AN (m) @ Ag(ad ) (A (x5)(v)) = 0. (3.2.24)
J=1k#j
We now choose any v with i, = 1,7, = n + 1, and the remaining iy € {2, --- ,n} all

different. Then, we have Ag(z;)(A;(xy)(v)) = 0 whenever (j, k) # (r,s), and (3.2.24)

reduces to the equality

(AF A7 — AT AN (m) @ A(af ) (A (27) (V) = 0.
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Since v/ = A (24 ) (A, (z, )(v)) has different composing tensor factors, the map m — m®v’

is injective, so the above equality shows ATA; = A7 A},
3. Al = nlon)Afn(oy).
Using Lemma [3.2.4] we obtain
At (m-0,) @V = 2 (m - 0, © W), AL,y (m) @ VO = i (m @ ).

Since o, - w" = w*) and o, - v(") = V(r+1 , then 2§ (m - 0, @ w) = 2 (m ® W(T“))7
whence it follows that Af(m -0,) @ v A,,H( )@ vt = A (m) - 0, @ v, Thus,
Afn(o,) = n(o,) Al follows by the fact that m +— m ® v{") is injective.

4. Afn(os) =n(o) Al r & {s, s+ 1}.

By Lemma |3.2.5] we have

Af(m) @ Aj(ay) (o - WD) = AF (m) © A, (25) (0, - W),

M-

J=1

since r ¢ {s, s+ 1} ensures that o, - w(") has a unique tensor factor equal to v; at the r-th
position. Also, notice that A, (z,)(0s - W) =0, - A (mg_)( M) =0o, - V(’") so the above
equality reduces to z§ (m® oy - w") = Af(m)@0o,- v = A+ (m)-o,@ v, On the other
hand, from Lemmawe have A*(m os) @ v = xf (m o, W) =2y (Mm@ o, wh),
whence the equahty At (m-o,) @ v = AF(m) - 0, @ v follows. Once more, the map

m — m ® v{") being injective gives us the result. O]
We are finally able to prove Theorem |3.2.3]

Proof of Theorem[3.2.3. We begin by proving that Fi:. 9 — 9, is essentially surjective
on objects. More explicitly, we use the S;-module M obtained from the previous theorem
and consider Fy(M) given by Theorem to prove that Fy(M) = W as g-modules,
where W € &, is the arbitrary g-module we have fixed earlier in this section and which
satisfies Fy(M) = W via the isomorphism of g-modules f : Fy(M) — W. The isomorphism
between W and F,(M) will be established by f itself, once we ensure that f commutes

with the action of g. In order to check it, it suffices to only verify that f commutes with
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the action of zZ. Indeed, for all m ® v € Fy(M) we have

f(:poi(m®v)) Theor%nmf<zmy:tl ®A ( )( ))

Jj=1

Theor@lm (ZA:E )(U))
mmf<f Yag-f(m®w))) =25 (f(m@v)).

It remains to prove that F, is full and faithful. Given any M, N €., set V =
Fo(M),W = F;(N) and consider Hom s (M, N) — Homg (V,W), f= f@1L.If fel=
g ® 1, in particular f, g are morphisms of S;-modules with M, N € .%;, whence f = g by
the equivalence of categories F;:.% — %, of the classical Schur-Weyl duality.

Now, given any morphism of g-modules F' : V — W, since F' is in particular a
morphism of g-modules with VW € ¥, we have F' = f ® 1 for some morphism of S-
modules f: M — N given by the equivalence of Theorem [3.1.2] We show that f commutes
with the action of S, on M, N given by Theorem by showing that it commutes with
the action of each 5™, 1 < j < £. Since z{ (F(m®vV)) = F(z§ (m®v)) for any m®@v € V

with v =v;, ® --- ® v;,, we have that

3 Flm ) @ Aulrg)(v) = 3 Flm) - e © Dl ) (v). (3.2.25)

Thus, given any 1 < j </, choose v with i; = 1 and the remaining i, € {2,--- ,n+ 1} all
different, so that (3.2.25]) reduces to

fmey;) @ Aj(xy ) (v) = f(m)-y; @ Aj(zg)(v),
which shows that f(m-y;) = f(m)-y, by Corollary . Since yj’lyj =1, then

(Flmey) = F(m)-y; ) yy = Fm-y;y;) = f(m) =0,

whence f(m)-yj_1 = f(m-yj_l) follows as well. Hence, the map f : M — N is shown to be

an homomorphism of S;-modules. O

Remark. Since F, : 5% — Eég is an equivalence between abelian categories, then Fis
exact and reflect exactness. In particular, fg(M ) is a simple object if and only if M is a

simple object.
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3.3 Zelevinsky tensor products and evaluation representations

In Chari and Pressley’s article [I7], the notion of Zelevinsky tensor product was
introduced in the context of modules for the affine Hecke algebra H ¢«(¢?). In particular, it
was shown that this notion was well-behaved with respect to the functor that established the
equivalence between the categories of U,(g')-modules and Hy(g?)-modules there discussed.
In this section, we shall develop in the context of the Si-modules an analogous concept to
the Zelevinsky tensor product. Similarly to the setting of H 4(¢?)-modules, this concept will
be seen to behave in a special way with respect to the functor F; of the affine Schur-Weyl
duality. This property, along with the notion of evaluation representations for S,-modules,
will be instrumental in the process of describing, up to isomorphism, the simple Sp-modules

corresponding via F to the simple g-modules.

We first develop the concept of Zelevinsky tensor products in the category .7 as
follows. For 01,0y € Z~, let g, 4, : C[Sy, |@C[Sp,] = C[Sy, +4,] be the unique homomorphism

of algebras such that we have

S D =0 :.07 cohh (3.3.1)
L£17£2(]‘ ® Ui) =0itey, 1= 07 T 762 - 17

where we set 0y = 04, = 1. Given right Sy,-modules M; € .7;,,i = 1,2, recall that the
tensor product M; ® M, is a right C[Sy,] ® C[S,,]-module such that

(M1 @mga) - (81 ® s2) = (my - 1) ® (Mg - s2) for m; € My, s, € C[Sy,], i =1,2.

Set ¢ = {1+ (5. Since C[S;] can be regarded as a left C[Sy, | ® C[S,]-module by the pullback
along ty, s,, we define the Zelevisnky tensor product M; X M, as

C[S,
M, & M, = Ind&sﬂ]ws@ (My ® Ms) = (My @ M) . %@{S C[S,). (3.3.2)
£1 £9]

In particular, M; X M, is naturally a right C[S,]-module, so we may consider JF;(M; X
M,) given by ({3.1.1). The following lemma is essential to investigate how the functor F;
behaves with respect to the Zelevinsky tensor product just defined.

Lemma 3.3.1. Let A; be a unital associative complex algebra, M; be a right A;-module

and V; be a left Aj-module, j =1,2. As complex vector spaces, we have

(My @4, Vi) @ (My @4, Vo) = (M @ Mz) @ (Vi @ Va).
A1®Az

Proof. To shorten notation, set M = (M; @ M) ® (V1 ®Vy) and M’ = (M; ®4, V1) ®
A1®A2
(My @4, Va).
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For (mqy,v1) € My x Vi, let @, 0, @ Mo x Vo — M be given by
Oy (M2, V2) = (M1 @ Ma) ® (11 @ V).
Using the action of (1 ® ag) € A} ® Ag,as € Ay, on My ® My and V; ® V5, we have

¢m17v1(m2 : &2,1}2) = ((ml ® mz) : (1 ® a2)) ® (Ul ® UQ)
= (m1 @ma) ® (1@ a2) - (1 ® V3)) = Py 1, (M2, a2 - V),

so the map ¢y, 4, is As-bilinear and there exists a unique C-linear map @,,, », : Ma®4, Vo —
M satisfying @, .0, (M2 @ v3) = (M @ v1) ® (Mg ® v2) by the universal property of tensor

products of modules over rings.

Furthermore, by verifying on generators, we have the following equality of maps:

Pmiar,or = Pmiarn
Crmy+mly o = Pmior T Pml o

Pmiv+v, = Pmi,u + Pma v/
1 1

for all a; € Ay, my, m} € My and vy, v] € V4. In this way, ¢, : My x V3 = M depending
onn € My ®4, Vo and given by

wn (m1> Ul) = @ml,vl (77)

is seen to be A;-bilinear, whence a C-linear map @Z)n : M, ®Vy — M such that @En(ml ®uy) =
Pmy 0y (n) 1s obtained.

Finally, define ¢ : (My @4, Vi) x (Ma @4, V2) — M by
O(&,m) = ¥ (€).
This map is clearly C-linear in its first entry. Since
U (M1 @ 01) = Gy oy (0 +17) = (G + P ) (1 @ 01)

holds for all m; ® v; € My ®4, V1, we conclude that ¢ is also C-linear in its second entry.
Therefore, the existence of a unique C-linear map ¢ : M’ — M such that ¢(¢€ @ n) = 1, (€)

is ensured. In particular, we notice that

q~5<(m1 & Ul) ® (mQ X UQ)) = (m1 X mg) (29 (Ul & UQ), m; € M,;, v; € ‘/Z', 7= ]_, 2. (333)

The inverse of ¢ can be described analogously. Given (my,mg) € My X My,v € V1 ® Vs,

using the universal property of C-bilinear maps, one checks that the following C-linear
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maps fmhm Vi®Vy— M and g, : My ® My — M’ such that

Frovms (01 ® v2) = (M1 @ v1) @ (M @ v2) for all v; € Vj,
Gv (M1 @ my) = fmhmz(v) for all m; € M;, i=1,2,

are well-defined. We then set h : (M; ® M) x (V; ® Vo) — M’ by
h(m,v) = gu(m).

By analogous procedures previously done for the map ¢ above, one checks that h is linear

in each entry. Moreover, since

Gor@vz ((m1 ®my) - (a1 © a2)) = J(@@a2)-(novs) (M1 @ M)

holds for all m; € M;,v; € Vi,a; € A;,1 = 1,2, we see that h is A; ® As-bilinear, so a
C-linear map h : M — M’ is obtained accordingly. In particular, it satisfies

h((m1 @ma) ® (11 ® v2)) = (M1 @ 1) @ (M2 ® va), (3.3.4)
which combined with (3.3.3) shows that they are mutual inverses. O

Proposition 3.3.2. F,(M; X M,) = Fy, (M) @ Fe,(Ms) as g-modules.

Proof. Since C[S;] can be regarded both as a right C[S,]-module and as a C[S,,] ® C[S,,]-
bimodule by the pullback along (3.3.1)), by standard results on commutative algebra we
obtain that

((M1 @M) @ @[&]) Do) V2 (Mo M) @ (C[Sg] ®cis,) VW) .

C[Se;]®C[Se, ] C[Se; |®C[Sy, ]
(3.3.5)

Since C[S,] ®c(s,) V& = VE as left C[Sy]-modules, the pullback along (3.3.1)) also ensures
that this isomorphism holds as left C[Sy,| ® C[Sp,]-modules. Moreover, one checks that
the isomorphism f : V¥4 — V4 ® V2 mapping

(W1 ® - @we) = (W Q-+ Qwy) ® (W41 @+ Quwy),w; €V,

commutes with the action of C[S,,| ® C[S,], whence it follows that V®¢ = V&1 @ V& a5
left C[Sy,| ® C[Sy,]-modules. Thus, (3.3.5)) reduces to the isomorphism

F(MiR M) = (My@ M) & VO gvee (3.3.6)
C[S¢, 1®C[Sy, ]

In particular, the above isomorphism assigns (m ® s) ®v € Fp(M; X Ms) as follows

(m@s)@vwm@f(s-v),
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where m € M; ® My, s € C[S,] and v € V. Since f and C[S,] commute with the action
of g, is in particular an isomorphism of g-modules. Now, the right-hand side of
(3.3.6) is isomorphic to F, (M) ® Fi, (M) as a vector space by Lemma [3.3.1} By
and , we see that this isomorphism maps

x-((m1®mz)®(w1®w2)) = (M @ -w) @ (Me @ ws) + (M1 @wi) @ (Mo @ - ws)

for all m; € M;,w; € V¥4 i =1,2,x € g, showing that it commutes with the action of g
as well. Composing this isomorphism with (3.3.6)), then F,(M; X My) = Fy, (M) ® Fy, (My)

as g-modules. O

We denote by C[S,] the right regular representation (or the group algebra) of
Sk, k € Z~g. One can also define the homomorphism of algebras Lyt : C[Sy,] ® C[S,,] —
C[S;] mapping each generator of the form o; ® 1 and 1 ® o; as in (3.3.1]), along with

ey ®1) =y, j=1- b, (3.3.7)

251752(1 ®yj> = Yj+e1, .] = 17 e 762‘

In particular, notice that there exists a unique ' € C[Sy,] ® C[Sy,] such that iy, 4, (') = y
for any given y € Clyy, -+, ys] N C[Sy].

The group algebra C[S/] is a left C[S,,] ® C[S,]-module by the pullback along Lty 4o

and M; ® M, is a right C[S,] ® C[S,,]-module in the obvious way, M; € .%,,i = 1,2.
Thus, we set the affine Zelevisnky tensor product M;XM, to be

M,&M, = Ind=$!

Cldnecis,) (M1 © Mo). (3.3.8)

We introduce the notation M

being regarded as an Sp-module.

s for M € %,k € Z-o, to make explicit that M is
k

Proposition 3.3.3. (MlgMQ)

ng

Su. X M,

as Sp-modules.

Se 5

S

Proof. Set M = M,

X Mo

852 and M = (MlgMg) Sz.

Se

Given (my, mg) € My x My, let 0, m, : C[Se] = M be the unique homomorphism of
S,-modules such that

ar—>(m1®m2)®o, O'ES@,

o (3.3.9)
y = ((m@ma) i) @1, y € Clyn, -+, wel.
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In particular, we notice that

+1 +1
mi,mo ] = \my - ; ®m ®1,
Pmnama (457) = (M- 5 2) (3.3.10)

QOMhmz(ylfl) = (ml @ mg - y;tl) ®1

for 1 < j < /1,1 <k </l One checks that ¢, : M; X My — M depending on s € C[S/]
and given by
ws(mlv m2) = Pmq,ma (8)

is C-bilinear, whence 1, : M;® My — M such that ¥, (m; @ma) = ©my.my(s) is well-defined
by the universal property of tensor products. Now, set ¢ : (M; ® M) x C[S;] — M by

¢(m7 5) = &s(m)

Since any element of C[S/] is a sum of elements of the form yo for y € Clyy,--- ,y,0 €
C[Sy], it follows from (3.3.7)) and ([3.3.9) that

¢(m1 @ my - (31 ® 52)7 yO') = 90m1-31,m2-s2(y) 0= ((ml ® m2) ’ (81 ® 82)Z£;£12 (y)) ® o

holds for all m; € M;,s; € C[S,,],i = 1,2, which shows that ¢ is C[S;,] ® C[S,,]-bilinear,
and the existence of a unique linear map ¢ : M — M satisfying ¢(m @ s) = ¢(m, s) is

esnured.

The existence of a unique C-linear map f: M — M such that f(m®7r) =m®r
holds for all m € (M; ® M,),r € C[S,] can be proved analogously. In particular, for every

m; € M; we have

(ml'yj[1®m2)®1'i> ((m1®m2)-(yj«[1®1))®1:(m1®m2)®yjﬂ7j:1’... A
N

(m1®m2%ﬂ)®1 ((m1®m2)(1®y]i1)>®1:(m1®m2)®y]i17‘7:17 7£27

(3.3.11)

which, combined with (3.3.10)), shows that ¢ and f are mutual inverses. Since ¢ commutes
with the right action of C[S,| trivially, the isomorphism follows. O

The next proposition shows that the functor F; also behaves well with respect to the

affine Zelevinsky tensor product.

Proposition 3.3.4. ﬁg(Mlli’Mg) o ﬁgl(Ml) ® Fu, (Ms) as g-modules.

Proof. Given M € .7, the identity map establishes the isomorphism Fy(M) =, Fo(M
Hence, it follows from Proposition and Proposition that

).

Se

Fo(MyRMy) =y Fy(M, = Fo (M) ® Fo, (My).

X My

3{2) gg Fgl(Ml’Sh)@Fb(MQ

Sg ng )
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Denoting this isomorphism by f : fgl(Ml) ® ﬁg2(M2) — ﬁg(MlgMg), notice that

(m) ®v1) ® (Mmy ® vy) EiN (m1 ®mse) ®1) @ (wy @ wy), for m; € My, w; € V¥4 i =1,2.
(3.3.12)

In order to prove the claim, we are left to check that the action of & on these pure
tensors commutes with f. Using the action of zg on F,(M;) given by (3.2.3)), we have
25 - (m1 @ wy) ® (M @ wy)) = Sy + Sa, where

Sy = z_jl (m1 -y ® Alaf) (w)) @ (ma ® wn),
S = 3 (m1 @ wy) @ (ma -y & A (ws)).

=1

(3.3.13)

Now, using (3.3.12) and the action of C[S;,] ® C[Sy,] on M; ® M,, we see that

f(S1) = Z ((m1 ©@ma) - (57 @ 1)) © (AlF) (wr) © we)),
115 = 3 (0m ©ma)-(15) © (1 AlaF) ).
Using the action C[S;,] ® C[Sy,] on C[S/] established by (8.3.7), notice that
(1) + f(Sy) = Zf;@((ml R my) ® 1) Yt @ A () (wi @ w). (3.3.14)

=1

Now, the right-hand side of (3.3.14)) is exactly the term x5 (f(m; ®v1) ® (Mg ® v5)), which

shows that f commutes with the action of . O

Given fly,--- by € Z~g, now set { = leﬂj. One defines the homomorphism of
algebras tg, .. 4, : C[Sp] ® -+ - ® C[Sy,] = C[S,] in a similar fashion as in (3.3.1)), and sets
the Zelevinsky tensor product over right modules M; € ., by

C[s
MR- B/ My = Indgigr g aeqs, | (Mi © - ® My).

Analogously, one also defines the homomorphism of algebras 7, ... ¢, and the affine Zelevin-
sky tensor product M;X - - - KM, over right modules M; e 5’7@]..

With this definition, we see that the affine Zelevinsky tensor product is associative:

Proposition 3.3.5. Let M; € 52@]., 1 < j < 3. Then, as S;-modules,
M RIM,XMs 22 M X(M,XMs) = (M;XM,)XMs.

Proof. We only show that MXM,KM; = Mllz(Mgleg), as the case MiXM,XM; =
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(M, gMQ)@Mg can be shown analogously. Given the homomorphism of algebras 7y, ¢,, set
P = Tdgis, ) ® ity < ClSu] @ (C[Si,] ® C[Sy]) — ClSu] @ ClSu s,
so the composition
h =iz, 0,07 : C[Sp,] ® (C[Sy,] ® C[Syy]) — T[S

is also a homomorphism of algebras. Thus, C[S,] is a C[S,,] ® (C[ng] ® C[Sg3])-module
by the pullback along h. In particular, one easily checks that

ho;®@(1®1) =T 000 @1®1),i=1,---4; —1
hMl®(o;®1) =1l 6(1®o;®1),j=1,---,l,—1
hM(l®(1®ok) =1lnna(l@l@oy),k=1,---,l3—1
hyr @ (1®1) = Toyp5(yr @1 @ 1), 7 =1+, 4y
h1®@ (ys ® 1)) =l 0,(1 @ ys ®1),8 =1, , b
h1@(1®@y)) =ln (101 @), t=1,--- L3

Since the action of C[Sy,| ® C[Sy,] ® C[Sy,] and C[Sy,| ® ((C[Sb] ® C[Sg3]) on C[S,] are
the same up to associativity and M; @ My ® M3 = M; ® (My ® M3), we have

M, ® My @ Ms O% C[S = My @ (My @ M) R C[S.
(C[Sél} ®(C[‘§52] ®(C[S~Z3} C[Sfl] ® (C[Sg2} ®C[‘S~Z3])
(3.3.15)

Denote by M the right-side of the isomorphism above and set My = M; X (My X Ms).
Given s € (C[Sg], by the universal property of tensor products, one checks that there exists
a unique linear map g, : M7 ® (My ® M3) — My such that

gs(meam)=me (M ®1))®s forall mm' e M; ® (My® Ms).
Using these maps, set ¢ : My @ (M, ® Ms) x C[S,] — My by

o(x,5) = §s(x), x € My ® (My @ Ms),s € C[Sy].

For m € My, m' € My ® Ms,r € C[S,,],7" € C[S,,] ® C[Sy,], s € C[Sy], notice that

o((m@m') - (rer),s)=(m-re(m-r)el)es

and also
dpmem, (ror)-s)=me m e1)h(rer)-s.
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Manipulating the term ¢((m @ m’) - (r ®r'), s) € My, we obtain that

(m-r@((m 1) @1)@s=(m- 1 (m' ®inu(r) ®s
=((me M @1)) (r@in,()) @s
=(me(mMe1)@h(rer)-s,

which shows that ¢(m @ m/ - (r @ 1'),s) = ¢(m @ m’, (r @ ') - ). One can also check that
¢ is bilinear, so by the universality of tensor products there exists ¢ : M — M such that

d(meam)@s)=¢pmem',s)=(Mme (m' 1)) s. (3.3.16)

The inverse can be described in a similar fashion. In fact, for every m € M, there
exist f, 1 Mo®M; — M such that

m @1 (m@m) @ iy e (107) ,;m' € My® Ms,r € C[Sp,y 10,
and also g : My ® (M;XMs) — M such that
gm @ u) = fn(u), u € MyXMs,m € M;.

In this way, ¥ : My — M such that ¢¥(v ® s) = g(v) - s is well-defined, for every
v e M; @ (MyXMs), s € C[S,]. In particular, we have

P((m@ (M @71)®@s)=(Mmem') iy tre(1@T) s (3.3.17)

for all m € My, m' € My ® Ms,r € C[Sy,44,],5 € C[S,]. Tt follows from (3.3.17)),(3.3.16)
that ¢, ¢ are mutual inverses and the isomorphism M = M, follows. Therefore, the
isomorphism (3.3.15)) implies that M XMoMMs =2 M X(MoXMs). ]

A direct adaptation of the above proof for the simpler case of S;-modules gives us that
MlgMg&Mgg(MlgMg)&Mgng&(Mg&Mg,) foranyMj Eﬂj,l S] Sg,

so the Zelevinsky tensor product is also associative. Moreover, an inductive argument

along with the associativity of Zelevinsky tensor products and Proposition [3.3.2] show
Fo(My - K My) = Fp, (My) @ -+ - @ Fy (M) (3.3.18)

for any M, € ,,1 < i < k, ¢ = Y, ¢;. Analogously, the associativity of the affine
Zelevinsky tensor product and Proposition [3.3.4] gives us that

Fo(MR---RMy) = Fp, (M) @ - - ® Fy, (My) (3.3.19)
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for any M; € %i,ﬁ =>4

We now define the analogous concept of evaluation modules in the setting of S,-
modules. For a € C*, let ev/, : C[S;] — C[S,] be the homomorphism of unital associative
algebras mapping each o; to itself and yjcl to a*! for all 1 < j < 4. Given M € .%,, let
M (a) be the S;-module obtained by the pullback along ev/,, and set S(¢,a) = S(€)(a) for
EePr It &= (&, -+ ,&n), m =], we shall sometimes utilize the more explicit notation

8(517 U 7€m7 CL) to denote 8(5)(a)
Lemma 3.3.6. For a € C* and M € ., we have F;(M(a)) = Fo(M)(a) as g-modules.
In particular, Fo(S(€,a)) = V(wt(),a), £ € Py.

Proof. Since both Fy(M(a)) and F¢(M)(a) are the same underlying set, we show that the
identity map i : Fy(M(a)) — Fy(M)(a) establishes the isomorphism. In fact, we only have

to verify that the action of 5 = r§ ® t*' commutes with i on the generators m ® v:

(et (m @ v)) E2 z‘(z eyl @ Aﬂw?)(v))

=aﬂ(2m®A]~<x;F><v>) 2D 1 (i(m @ (v))).

Finally, the assertion Fy(S(&,a)) = V(wt(€), a) immediately follows from Theorem m
[

We now suppose ¢ < n so that F : S — 9, is an equivalence of categories. With all
the tools here developed so far, we are finally able to describe up to isomorphism all the

simple S;-modules that corresponds via the functor to the simple g-modules.

Theorem 3.3.7. Let W € 9, be a simple module, and let M € .7, be such that fg(M) =W,

Then, M is isomorphic to an affine Zelevinsky tensor product of the form

S(&1,a1)X XS (s @),  where & € Py, Y 4 =1L, and aj € C* with a; # aj, i # j.

=1

Proof. By Theorem [2.2.1], we have
W2V(A,a1) @@V (A, am), where \; € P\ {0} and a; # a; for i # j. (3.3.20)

Set =370 Ay, £ = 1v(};), and let w; € V(A a;) be any highest-weight vector of weight
Aj, 1 < j < m. Then, considering the g-submodule U(g)w, where w is the highest-weight
vector w = wy @ - - - @ Wy, we see that [V : V(u)] # 0. In this way, since Fy(M) € 4,
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then £ =37, ¢;. For 1 < j < m, let {; € Py, be such that wt(¢;) = A; by (3.1.6), so that
fgj (S8(&,a5) = V(Aj,a) by Lemma Now, from (3.3.19) we have

]N:'g(S(gl, al)g v gS(gm, am)) = V()\l, CL1> ® v ® V()\m, CLm), (3321)
whence the result follows. O]

In particular, since Fy reflects exactness, we see that the theorem above also describes
up to isomorphism all the simple objects in the category .%. For a = (ay,--- ,a;) € (C¥)!,
denote by M, the quotient of C[Sg] by the right ideal generated by y; —a;, 1 < j < £. We
finish this section establishing a few properties of M,, as well as equivalently characterizing

simple objects in . in terms of M,.

Theorem 3.3.8.

1) My = C|Sy| as right Sp-modules. In particular, M, = @ S(€,a)%% as right
§EPy
S;-modules if a; = a for all1 < 5 < /.

(ii) Fo(Mgy) = V(a)) @ -+ ®V(ay) as g-modules.
(1it) M, is irreducible if and only if a; # a; for alli # j.

(iv) Every irreducible CS,-module is isomorphic to a quotient of some M,.

Proof. (i) Notice that the ideal generated by y; — a;,1 < j < {, is contained in the
kernel of the surjective homomorphism of Si-modules ¢, : C[S;] — C[S,] given by
o; — o; and yj-cl — afl. Still denoting by ¢, : My — C[S;] the induced homomorphism
obtained from ¢,, since M, and C[S;] have the same dimension, this homomorphism
is thus an isomorphism. Now, given My,--- M, € %, notice that the identity map
@BF | M; — @F | M; gives the isomorphism of Si-modules (EBf:l Mi>(a) >~ @Y | Mi(a).
Therefore, if a; = a for all j, the isomorphism M, = @, S(¢, a)®% follows immediately
from ([1.6.3)).

(i) Clearly, V¥* = ' V(a;) ® - - - ® V(ay) by the identity map. Since p, : My — C[S/]
establishes an isomorphism of Si-modules and JF;(C[S,]) = V¢ by (3.1.3), it follows that
the map ¢ : Fy(M,) — V(a1) ® - - - ® V(ay) such that

m®u i @a(m) v, form € M,, v eV, (3.3.22)

is an isomorphism of g-modules. In order to verify that ¢ is also an isomorphism of
g-modules, it suffices to verify that the action of z3 = z§ ® t*' € § commutes with ¢. For

every v € V¥, we have

l

30 % 3 gulin) (A7)0 |=onlm)- (| ) 0)) = ntm) 0.
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showing that ¢(z5 (m ®@ v)) = 25 ¢(m @ v).

(iii) By Theorem [2.2.1) V(wq,a1) ® -+ - ® V (w1, ar) is simple if and only if a; # a; for
i # 7. Since Fy(M,) = V(wy,a1) ® --- @ V(wy, ag) by item (ii), then M, is simple if and
only if a; # a; for i # j.

(i) Let M = S(¢1,a)X---KS (€, am) € % be a simple module, so Fy(M) is
isomorphic to V' = 7L, V(A;, a;), where \; = wt(§;). Set p = 370, Aj, £; = Iv(};), so

that £ = Iv(u) = 32, ¢;. By Proposition and Weyl’s theorem on complete reducibility,

for every 1 < j < m, we have a short exact sequence of g-modules
0= W=V 5 V()) =0

for some submodule W} C V@4 . In particular, since a homomorphism of g-modules induces
a homomorphism between the corresponding evaluation modules as shown in ({2.2.2]), we

also obtain the short exact sequence
0= Wi(a;) = V¥9(a;) 2 V(a;)® =5 V(Nj,a;) 0, 1< j<m.

Setting m =m ® -+ @7, : V(a)®1 @ - - @ V(a,,)® — V, then by considering the kernel
of m we see that V is isomorphic to a quotient of V(a;)® @ - - - @ V(a,,)®". Thus, setting
bj=a; for {;_; < j </{;, 1 <i<mand/, =1, it follows that V = ]}g(M) is isomorphic
to a quotient of V(b)) @ - - ® V(b;) as desired. Since V(by) @ - -- @ V(by) = Fy(M,), for
a=(by,---,by), M is then isomorphic to a quotient of M,.

]

3.4 Modules corresponding to the local Weyl modules

Following the same spirit of the last section, we now direct our efforts towards
investigating the problem of explicitly describing the S;-modules corresponding to the local
Weyl modules via the equivalence of categories established by the functor F; of the affine
Schur-Weyl duality, for ¢ < n. From the decomposition theorem of Weyl modules into
tensor products and the behavior of F; with respect to affine Zelevinsky tensor products,
it will be seen that this problem is equivalent to classifying the S,-modules corresponding
to the local Weyl modules whose highest ¢-weight are Drinfeld polynomials with a unique
root. However, the task of classifying these type of local Weyl modules seemingly less
complex is still a difficult task. In fact, using the proof that F; is essentially surjective on
objects, we first approach this problem from the most straightforward manner as possible
with respect to the simplest examples of local Weyl modules at hand. Further exploring
these very first examples, we shall develop a different approach by studying quotients of

C[Sg]. In particular, this approach will originate a theorem characterizing the modules
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corresponding to the local Weyl modules W(A) with wt(A) = lw; as being the cyclic
modules whose generator satisfies certain relations that can be described in terms of

symmetric polynomials.

3.4.1 First examples

We begin by first specifying the result of Theorem for the simple Si-modules
corresponding to the simple local Weyl modules. Let W(A) € 4, be simple with A € 2+
of the form (2.4.9) and W () isomorphic to (2.4.10)), as seen in Section [2.3 For 1 < k < m,
consider the partition of i, € {1,--- ,n} of maximal length obtained from ({3.1.6]):

gwik = (17 T 71) S Pik’ |§wzk

= 1k,

so that wt(&y, ) = w;, and S(&, ) € 7, is the 1-dimensional sign representation. Thus,

applying (3.3.19) and Proposition successively, we have
ﬁf(&k:15(fwik7ak) ) = W()‘)a (341)

showing that X, S (€ws, - ax) corresponds to the simple local Weyl module W(A) via the
functor Fy. In other words, the affine Zelevinsky tensor product of evaluation modules of
sign representations are the Si-modules corresponding via the functor F; to the simple

local Weyl modules.

In fact, one notices that the above description ([3.4.1]) essentially depended only on two
factors: the tenSf)r product decomposition ([2.4.10) and the fact that the modules S (fwik,ak)
are such that F;, (S(Swik,ak)) = W(wi,a,), 1 < k < m. This observation generalize as
follows: let W(X) €9, If X = [T/, w,.q; is the decomposition of A as in (2.2.9), then
W(A) = Qj; W(wa,.q;) by Theorem m By the affine Schur-Weyl duality, let M; € %j
be such that Fy, (M;) = W (wy, q,), where ¢; = lv(\;) for 1 < j <m and ¢ = ¥, ¢;. Then,
from (3.3.19)) we see that

Fo(MK - KM,) 2 QW (wh,,a;),
j=1
which shows that the problem of describing the module corresponding to W (A) reduces to
describing each of the modules M; corresponding to the local Weyl modules W (w ,\j,aj) € %J,
whose highest (-weight has a unique root a;, 1 < j < m.

However, so far we have not developed any systematic method of explicitly describing
modules corresponding to local Weyl modules of the form W (w, ,) not necessarily irre-
ducible. An immediate approach in this direction is to consider the proof seen in Section
of F; being essentially surjective, which gives a construction of the Si-module corre-
sponding to W(w,,) in the following way: choose M € .7, such that Fy(M) = W(wy,)
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as g-modules and fix a particular isomorphism of g-modules f: F,(M) — W(w,,) so that
we can use to calculate the automorphisms Af, 1 <5 </, given by Lemma m
in a very explicit manner. Thus, the S;-module M obtained from M via the extension to
an action of Sy given by Theorem is such that Fy(M) = W (w ra)- If such approach
could give formulas for the automorphisms Af that follow a certain pattern dependent on
¢ and on the weight A\, one could expect that our description problem would then reduce

to deducing a general formula for these automorphisms.

In the following example, we shall put this approach into practice for ¢ = 2 regardless
if the given ¢-weight of the local Weyl module has a unique root or not, so that we can get

the clearest possible first impression out of this method.

Example 3.4.1. Let £ = 2 and let W(\) € %. Since [W(X) : V(wt(X))] # 0, the f-weight
A € P is one of the following type:

X
W1, W16, Wy, a; W2, 4, Where a,b € C*, a # 0.

We first study the cases wi w1 and wa,, o together.

Case 1. Since wt(wy w1 ) = 2wy, then W(wy w1 ) =, C"H@C™ by Theoremm.
In fact, as a result of the decomposition C"™! @ C"™! = V(2w;) & V(w;), an isomorphism
g : C"" @ C""' — W(w; 4w1,p) is solely dependent on how any fixed highest-weight
vectors of weight 2wy, ws are assigned. Denoting by w the generator of W(w; w1 3), the
vectors 7 w and z1;w generate the weight space of weight wy by , so a highest-
weight vector of weight w, is of the form k'z7w + kxp;w, where k, k" € C. Applying a7

on this vector, we have

k(a +b)

0=Khw-—kAw=2kW+Ek(a+bw=F =— 5

(3.4.2)

whence kx;w — 27 k(a + b)x7 w is a highest-weight vector of weight w, for all k € C. In
this way, since v; ® v; and vy ® v9 — vy ® vy are, respectively, highest-weight vectors of
weight 2w; and wy in C** @ C**! we choose g : C"™!' @ C"™! — W (w 4w1,) given by

k(a +b)

5 T]W. (3.4.3)

V1 QU = W, 01®UQ—U2®U1I—>I€£L'£1W—
For ¢ = 2, notice that the vectors in (3.2.12)) can be written as follows:

1
W(l) =V QUy = 5(2’,‘1_(1)1 X Ul) + (Ul RV — V2 ® Ul))
1
W(Q) = Uy ®'U1 — 5(1‘;(’01 ® 'Ul) — (Ul ® Vg — U9y ® Ul))
1) Lo 0
VO = v @ = (257 (0 @ v) + 25 (1 ® v~ © )

1, _ _
v =0y @ vy = 5(:109 xy (11 ®vy) — xy (V1 @ vy — Vg ®v1)).
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In particular, g maps these elements by

2—Fk(a+b) _ _
g(v1 ® vy) = —y W + BRIEAL
2+ k(a+b) _ ko _
g2 ®vy) = A R T
(3.4.4)
2—k(a+b) _ _

Tg T W,

4
2+k(a+b) _ _ k
4

9(01 @ va) = Sag W

g(v2 @ Vpy1) = Ty LW — §x;xilw.

Set M = C[S;] ® C[S], and notice that F»(M) = C"*! @ C"*! by Proposition [3.3.2]
Therefore, we obtain an isomorphism of g-modules f : F5(M) — W (w1 qw1,) by composing
the isomorphism & : Fo(M) — F1(C[S1]) @ F1(C[Sy]) — C"M @ C™*! with g, i.e., f = goh.
In particular, f maps any pure tensor of the form ((1® 1) ® s) ® (w1 ® we) € Fo(M),

where s € Sy, w; € C""! i = 1,2, as follows:
(18©1)®s)® (w1 ®ws) s g(s - (w1 ® wy)) € W(wiawip): (3.4.5)

Since wt(way, o) = 2wy as well, then also gives an isomorphism ¢’ : C"*1 @ C**1 —
W (waw,.a) by setting a = b and w to be the generator of W(wa,, ), S0 an isomorphism
[ Fo(M) — W(waw, ) is similarly obtained by composing f' = ¢’ o h. In this sense,
since g and ¢’ are virtually the “same” map, it suffices to only calculate the endomorphism
A;-t regarding the (-weight w; ,w; 3, with the respective endomorphisms for the case way, 4

being obtained by just setting a = b in the calculated formulas of Af

Since Aj is set to be the inverse of Aj, we first concern ourselves exclusively with
calculating the image of AT on the basis m; = (1® 1) ® 1, my = (1® 1) ® 0 of M, where
o=(1,2) € Sy. Using and Lemma m the vectors A (m;) are derived from the
equality

zg(m; @ wW) = Af(m;) ® v for i, j=1,2 (3.4.6)

as in the steps below.

1. AT (my). Since o - wM) = v, @ vy, then f(my ® w)) = g(vy @ v;) by (3.4.5). Since
v ®@v; has weight ws, then z g(v, ®v;) lies in the weight space of weight wy — 0 = €5+ €,,41,

so there exists scalars A, Ay such that A\1g(v,s1 @ v2) + Aag(v2 @ Vuy1) = 28 g(ve @ v1).
Applying (3.4.4]) to this equality yields

2()\1 + )\2) + ()\2 — )\1)]’6(& + b) l’e_l’l_W T ()\1 — )\g)kxé_’xilw
4 2 (3.4.7)
24 k(a+0b) . k.

4
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We aim to apply z; on (3.4.7) in order to deduce A;, Ay. From Proposition [1.4.2 we have

0= (1) (21)*w = (=1)° (XL1,+(U)AT(U)> W =27 ApW 4 2 AW 2, W,
3

S0 1 oW = (a +b)xy; — abxy w. Thus, we obtain
rgag e, W= he a7, w = (a+ b)x W — 27 ,W = abry w. (3.4.8)
Similarly, we also have

F ot o — - -
Ty To T W = hg107W = (a+ D)W — 2 ;W

+ — — o — o —
Ty Tg T W = heTi ;W =T ;W

e R Tt W — B W — - —w —
Ty Ty T W = hox] W+ x5 [T, 2] |W = hgrT W = —ay (0) 2] W + 2w, (0) ] W = 2] W.

(3.4.9)

Therefore, applying zd to (3.4.7), and using the above equalities just derived, we obtain

2()\1 —+ )\2)4‘()\; — Al)k(a + b) l’l_W ()\1 — )\Q)kl’ilw
- 2 (3.4.10)
2(a + b)+ka*+kb* _ 2+k(a+0b) _
= TTW— —————1 W,
4 4 ’

which implies that

k*(a — b)? — 4
WL Gl ik

44 4k(a+0b) + k*(a — b)?
8k B '

8k

Now, noticing that g (me ® wi)) = f~Had g(va ®v1)) = (Aymy + Aama) @ vV it follows
from ({3.4.6)) that

k*(a—b)* —4 4 +4k(a+0b) + k*(a — b)?
sk 8k

A—li_ (mg) = ma.

2. A (my). We have f(m; @ wM) = g(v; ® 13), and 2§ g(v1 ® vy) lies in the weight
space of weight €y + €,41. Writing 11 g(vpq1 @ v2) + p2g(v2 @ vay1) = 25 g(v1 @ v3), then

2 — k b — k
(pr + p2) + (/12 p1)k(a + )x(;:cl’w n (t 2#2) Ty W
_2—k(a+0b) |

— + —
1 ToyTy W+ 51’0 Ty W.

Applying z; to the equality above, (3.4.8) and (3.4.9) gives us

21 +p1)+(pra—p )k (a+-b o)

(p1+p2) (/12 1)k (a )339_%_“,4r (11 2uz) ryarw
2(a+b)—ka’—kb? _ 2—k(a+b) _

- ,Cl?lW— ,Cl?Llw,

4 4
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whence

4k(a+b) — 4 — k*(a — b)? 4 —k*(a—0b)?
= = 3.4.11
H1 Sk y M2 Sk ( )
Therefore, since f~!((xd g(v1 ® va)) = (1M1 + pams) ® v, we conclude that
4k(a+b) — 4 — k*(a — b)? 4 —k*(a —b)?
3. A3 (my). Since f(my ® w?) = g(v; ® vy), we can use the calculations made

for AT (m1) above in order to deduce Aj(ms). In fact, since f~'(zf f(m, @ w?)) =

(Haimsa + pamy) @ v, then

4k(a +b) — 4 — k*(a — b)? +4—k2(a—b)2

A3 (my) = 8k 2 8k

ma.

4. A3 (my). Since f(m; ® w®?) = g(vy ® v1), from the calculations made for Af (ms),

we have

k*(a —b)% — 4 N 4 +4k(a+0b) + k*(a — b)?

Az (m1) = sk 7 8k

my.

Using the relations A;A}L = 1 and the vectors A (m;) just calculated, one can
deduce the vectors A; (m;) for i,j = 1,2 by solving linear systems. Therefore, the So-
module M%® obtained from M through the extension m - yjil = Aj[(m) is such that
Fo(Mb) = W(wi qwip). Let A’ji be the automorphisms of M obtained by setting a = b
in the formulas of A;E above. The module M® obtained by means of the extension

m-y;t = A’;-t (m) is such that Fy(M®) = W (way,.q)-
It is clear that our construction of g given by (3.4.3) and the automorphism A;—L hence

calculated are all dependent on the particular choice of the scalar k. In particular, if one
takes k = 2, then (3.4.3)) reduces to the assignment

v QU1 W, U1 ® U — U @ U1 > 207 W — (a+b)xyw,

with the vectors Af(mi) simplifying to the following clearer expressions:

AT(mQ):”ml_’_(a ) +4+ (a+ )m27
2 b)—(a—0b)*—-1 1—(a—b)2
T
2(a+b) = (a—0)>—1 1—(a—b)? (3.4.12)
Az (ma) = 4 Mt M
AV v
Apmy) = @=L, ALY,

Case 2. We have W(ws,) =, V(wz) = A?(C™) by the isomorphism g : A?(C"™) —
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W (ws,,) which maps

V1 N\ Vg = W,

where w is the generator of W(ws,). In particular, g(v,41 A v2) = x, w. Regarding
the partition (1,1) € Py, its associated Young generator is ¢ = 1 — o. Therefore, since
¢ ® (v; ® vj) — 2u; A vj gives the isomorphism F5(S(1,1)) = A?(C™*™!), we obtain an
isomorphism f : F5(S(1,1)) — W(wa,) by composing these maps appropriately.

In order to obtain the automorphisms A}, we only have to calculate f~!(z{ f(c@w(?)),
as c is basis of S(1,1). In fact, we have x{ f(c ® wll)) = 22w, and since z{w lies in
the weight space of weight € + €,.1, we write 225w = Ag(v,11 A v2) = Azy w. Applying
x4 to both sides of this equality, and noticing that xfx{w = aw, xj 2, w = w, then
A = 2a. Because f~!(zf f(c @ wM))) = ac ® vV, it follows that Af(c) = ac, showing
that AT = aIdgq ). Similarly, one checks that A3 = a Idg(,1) as well. In this way, the
module obtained from S(1,1) by means of the extension m - y;-rl = A;“(m) = am is exactly

S(1,1,a), which we knew beforehand to be such that Fy(S(1,1,a)) = W (waa). o

In the example above, even though our approach worked in a very straightforward
manner with respect to Case 2, a few drawbacks in Case 1 stood out as we now discuss. As
expected from Lemma [3.2.4] our approach used in Case 1 was seen to heavily rely on the
choice of the isomorphism g, in the sense that, depending on the highest-weight vectors
chosen to be assigned by ¢, we may end up with entirely different automorphisms A]i. In
addition to that, the complexity of the calculations and formulas that later unfolded is also
directly dependent on how g was chosen in the first place. In fact, what essentially differs
Case 1 from Case 2 is the fact that the local Weyl module considered in the latter is a
simple g-module, which ultimately simplify the choice of the isomorphism ¢. In this sense,
since the vast majority of the local Weyl modules in the context of &, £ > 2, are reducible
g-modules, including the ones whose ¢-weight has a unique root, such drawbacks associated
with the choice of this isomorphism of g-modules strongly discourage expectations of
deducing similarities between the formulas of Af obtained in each of these contexts. With
that in mind, we shall revisit the S,-modules studied in Case 1 of Example looking

for a different, but equivalent, way of characterizing them.

Example 3.4.2. We now revisit the S-modules M%* and M*® seen in Example m
Here, we suppose that M®® is obtained from C[S;] X C[S;] through the extension given
by the automorphisms Aji satisfying , while M*“ is the extension through the
automorphisms A;i obtained from by setting a = b.

Let us begin with M by first proving that it is cyclic. This will be shown using
a certain short exact sequence involving M“ that does not split. Since V' (2ws,a) is the

irreducible quotient of W (way, ..), we obtain a short exact sequence for some submodule
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|74 g W(‘*’le,a):
0—=W = W(wa,a) = V(2wr1,a) = 0. (3.4.13)

As a g-module, we have the following decomposition into simple summands
W(Wawy.a) = (CH2 =V (2uw;) @ V(wy),

and, since the /-weight space of weight waq,, o is 1-dimensional, any highest-weight vector
of weight 2w, is also a highest-f-weight vector of weight ws,, ,. Therefore, the proper
module W must satisfy W =; V(ws). In particular, W is a simple g-module, so we have
W = V(ws,a). Now, the equivalence of categories F» induces from Proposition a

short exact sequence of So-modules
0—8(1,1,a) > M* 5 8(2,a) — 0. (3.4.14)

In particular, since both S(1,1,a) and S(2,a) are irreducible, this short exact sequence
shows that any submodule of M® has length at the most equal to 2. From the matrices of

A’;r in the basis my, my given by

da-1 1 datl 1
4 4 4 4

AT] = and  [A] = : (3.4.15)
1 datl 1 a1
4 4 4 4

one can check that a is the unique eigenvalue of A’j, with ¢’ = my — msy being the unique,
up to scalar, common eigenvector of eigenvalue a. In particular, it follows that
does not split, as it would require the existence of a common eigenvector for A’; linearly
independent with ¢’. Choosing m € M® such that m(m) # 0, then 7(m) generates S(2, a)
by the fact that S(2,a) is irreducible, so S(2,a) is isomorphic to a quotient of m - C[S,]
by the restriction of 7 to this submodule. In particular, m - C[S,] is not irreducible,
otherwise we would have m - C[S,] = S(2,a) and would split. Therefore, we have
1 < length 5 (m . C[S’g]) < 2, whence m - C[S,] = M®. Therefore, M® is cyclic, with a

generator being any vector m such that w(m) # 0.

Set ¢ = my + ms, so Cq is isomorphic to the trivial representation of Sy and we have
S(2,a) =g, Cq. In view of this, we conclude that 7(g) # 0 and we have M = ¢ - C[S,] by
the argument above. In particular, using (3.4.15|), one checks that

1

_ 1/ . !/
¢y =a.q—4q andq-yz—a-q+§q,
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so q satisfies the following relations

¢ (y1—a)(yy —a) =0
q-(y1+y2—2a)=0 (3.4.16)
g

o=q.
Let I be right ideal of C[S,] generated by the elements
o—1,y1+y2 —2a, and (y1 — a)(y1 — a). (3.4.17)

From ([3.4.16)), we see that M is isomorphic to a quotient of C[S,]/1, so it suffices to show
that C[S,]/I is a 2-dimensional module in order to conclude that M® 22 C[S,]/I. Instead
of performing these computations here, we refer to the results seen in Subsection for
the general case. In particular, it will follow from those results that v,v - y; form linearly
independent set in C[S,]/I and that their image under the action of the inverse elements

yrL, ys ! lie in their span, where v denote the image of 1 € C[S,] in the quotient C[S,]/1.

Finally, we study how the relations modify when considering the module M ®®.
Since the local Weyl module W (w; ,w1,) is irreducible with Fo(M®**) = W (w w1 4),
from we see that M*? = C[S,](a)XC[S](b), so it suffices to derive relations for
C[S1](a)XC[S,](b) only. Notice that m; = (1® 1) ® 1 and my = (1 ® 1) ® ¢ are also basis

elements of this module which satisfy

miys = amy miys = bmy

may; = bmy malYs = ams.

Because C[S;](a)XC[S,](b) is irreducible, every vector generates it. In particular, for

g = my + my, we see that
q-y1=">bq+ (a—0b)my and q-ys =aq+ (b—a)m,

so ¢ satisfies the relations

g (1 —b)(y1—a)=0
q-(y1+ya—(a+b)=0 (3.4.18)
q-0=q.

Similarly as in the previous case, we have C[S;](a)XC[S,](b) = C[S,]/I’, where I" is the
right ideal generated by o — 1,41 +y2 — (a +b) and (y; — b)(y1 — a). o

The relations seen in the last example satisfied by the chosen generator of both
M® and C[S;](a)XC[S,](b) are strikingly similar. Indeed, not only both modules are
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generated by the same generator m; + my - o, but also the relations satisfied by this
generator in the context of M“ can be acquired from the relations derived in the context
of C[S1](a)XC[S,](b) by just setting a = b. Given the fact that both of these modules
corresponds via the functor to W(wa,, o) and W(w; w1 p), respectively, these similarities
suggest that, if one wants to characterize the modules corresponding to the local Weyl
modules W (w) € %, whose underlying weight are such that wt(w) = fw; for £ other than
¢ = 2, it is essential to study the relations satisfied by the generator m = >~ .5, m1-o of the
simple module M = (C[Sl](al)@ _ @C[Sl](ag) € .7, where m; = (1) ® 1 € M, a; € C*
with a; # a; for all i # j.

In the next example, we further explore these relations for £ = 3 and establish some

connections with the symmetric polynomials.

Example 3.4.3. Let ¢ = 3. The module C[S;](a;)XC[S;](az)XC[S,](as) is 6-dimensional

with a basis given by

m=111)1l, m=101011);, m3=(111)® 0,
my=(1R1®1)Rc1001, Ms=10101® 0102, Meg=(1R1R®1®1)R ocy0;.

In this case, the generator m is equal to 236':1 m;, and it is clear that m is stabilized by
S3. From the defining relations (3.2.1)), we have

Y301 = 01Y3, Y102 = 021

01Y1 = Y201, O02Y2 = Y309,

whence we obtain that

miy; = aymy,
MalY1 = QaMa,
ms3y; = ayms,
mgylYys = azMmy,
msYy; = aaMs,

mey; = agmeg,

miYs = G2My,
malYs = a1Ma,
msys = agms,
Myl = G2y,
msYys = ag3Mms,

meYys = a1Mg,

miys = aszmsy,
maYys3 = a3Mya,
mays = azaMs,
mayYys = a1My,
msYs = a1Ms,

meys = Q2Mg.

m = Z?:1 m;, one checks that the above relations imply

m - (y1 — a1)(y1 — az)(yr —ag) =0
m - (Y2 — a1)(y2 — az2)(y2 — az) =0
m-(y+y2+ys—(a+b+c)) =0

We shall only deduce relations involving the elements y;,1 < j < /. From the fact that

(3.4.19)

Looking for linear dependence between the vectors m,m - y;, m - y?, m - yy; fori,j = 1,2,
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we deduce that the following one also holds:
(aray + ayas + azas)m — (a1 +ag +az)m - (y1 +vo) +m- (v +y3) +m-y1y, = 0. (3.4.20)

It is worth noticing that (3.4.20]) above can be rewritten in terms of complete homogeneous

and elementary symmetric polynomials as follows:

2
(Z Yej(ar,az, az)hy ](y17y2)> =0.

Similarly, (3.4.19) also rewrites as

(5
(5

Revisiting Example from this perspective as well, we see that the first two relations

n (3.4.18]) rewrite as

Yej(ar,as, az)hi—j(yi, y2,yz)> 0

H Mw ||M~

Ye;(ar, ag, az)hs— J(yz)> =0, 1<i<2,

k
q- (Zea’(a, b)hk—j(yl,yz)> =0, 1<k<2
7=0

o
The considerations seen above generalize as follows. Set a = (ay,--- ,a,) € (CX)¥,
and write e;(a) = e;(ar, - ,ar), hj(a) = hj(ay,--- ,ap) for all 0 < j < ¢. Then, the vector
m=73ges,M1-0E€M= C[S1](a1)X - - - KC[Sy](ar) satisfies the following relations
m-(c—1)=0 forall o €&,
(3.4.21)

m- (i(—l)jej(a)hrj(yh'“ /M) =0,1<r<t

J=0

It is clear that m - ¢ = m holds for every ¢ € §y. As for the remaining relations in
yset (y); = (1@ @y ®---®1) € C[S]® - ®C[S)] with y; in the j-th
tensor factor 1 < j < (. Thus, recalling the usual action of C[S;] ® --- ® C[Si] on
C[S1)(ar) ® C[S ]( ¢), notice that (1%%) - (y1); = a;1%*. In this way, since we have

ml-yj=<<1®€> (y1);) ® 1, then
ml'yj:ajml,lgjgf.

In particular, it follows that my - h;(y1, - -, ye) = hj(a)m, for every complete homogeneous
symmetric polynomial h;(y,--- ,y¢), 0 < j < £. Moreover, from (3.2.1)) and the fact that
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hi(y1,- -+ ,ye) is a symmetric polynomial, notice that

Uhj(y17"' Jyf) = h](y17 7yf)0-

for every o € §;. Therefore, we obtain

(m1o)- (i(—l)f‘exa)hr_j(yl, - ,yw) . (i(—l)fexa)hr_j(a))mm.

Jj=0 Jj=0

Now, using (|1.8.7)) for z; = a;, from the above equality we see that

(mio)- (S @y ) ) =0

§=0
whence we finally deduce that (3.4.21]) holds. This inspires the main theorem of the next

subsection.

We finish this subsection with an example related to a local Weyl module whose

highest-weight is not of the form fw; as in the previous examples.

Example 3.4.4. Set £ = 3,w = Wy, 4w, 4, and consider the Weyl module W = W (w) € %.
The irreducible quotient of W is V(w; 4+ we, a), so we obtain the following short exact

sequence for some proper submodule W’:
0—=>W =W = V(v +wsy,a) — 0. (3.4.22)
As a g-module, we have the following decomposition into simple summands
W =, V() @ V(wg) = V(wg +w2) @ V(ws).

Since dim W, = 1, any highest-weight vector of weight w; + ws of W is also a highest-¢-
weight vector of (-weight w, so the proper submodule W’ must satisfy W’ =; V(ws). In

particular, W’ is a simple g-module. Therefore, we have W' = V' (w3, a).

The Weyl module W being indecomposable ensures that the exact sequence (3.4.22))

does not split. We now show that any non-splitting exact sequence
0— V(ws,a) = X = V(w +wy,a) =0 (3.4.23)

implies W = X, where X € %;. By the surjectivity of 7, let u € X be a highest-f-weight
vector of (-weight w94, SO that V(wy + ws, a) is isomorphic to a quotient of U(g)-u by
the restriction of 7 to this submodule. In particular, U(g)-u is not irreducible, otherwise
U(g)u = V(wy + we,a) would imply that splits. Since the length of X is 2
by (3.4.23), we have 1 < lengthy(U(g)-u) < 2, whence X = U(§)-u. Therefore, by the
universal property of Weyl modules, X is a quotient of W. Noticing that both have the
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same dimension by (3.4.23)) and (3.4.22), it follows that X = W.
From the equivalence of categories F3 and (3.4.22)), we obtain a non-splitting short

exact sequence of Ss-modules:
0—-S8(1,1,1,a) = M — S§(2,1,a) — 0,

where fg(M ) = W. Moreover, since any non-splitting short exact sequence as in ([3.4.23))
implies X = W, then any non-splitting short exact sequence 0 — S(1,1,1,a) - M’ —
S(2,1,a) — 0 implies M’ = M by the equivalence of categories. We shall use this property
to construct M’ suitably as follows. Namely, setting M’ to be the external direct sum of
vector spaces M' = S§(1,1,1,a) x 8(2,1,a), we aim to define an action of S3 on M’ and
construct a non-trivial short exact sequence 0 — S(1,1,1,a) - M’ — S§(2,1,a) — 0 so
that M’ = M as Ss-modules.

Let p: S35 — GL(M’) be the representation associated with the action of S3 on M’
(v-z,w-z)=p(x)(v,w), x €8s, (v,w) € M.

We extend this representation to a representation of Sz by defining automorphisms p(y;)
which, along with p(o;), satisfy the defining relations of S;. As a S-module, we identify
{0} x §(2,1,a) with §(2,1) generated by the Young symmetrizer:

c=01+(1,2)(1-(1,3)=1-(1,3)+(1,2) — (1,3,2),

and with basis w; = ¢ and wy = ¢+ (1,2). Set S(1,1,1,a) = Cv. We shall construct
p(y;) € GL(M') as the unique automorphisms defined by

p(y;)(v,0) = (av,0),  p(y;)(0,wx) = (ajrv, awy) (3.4.24)

for some nontrivial choice of a;;, € C,1 < j < 3,1 <k < 2. In face of (3.2.1), we want

these scalars a;j to be such that we also have

plo1)p(ys)p(or) = plys) (3.4.25)
p(o1)p(y1)p(or) = pys) (3.4.26)
p(o2)p(y1)p(o2) = ply1) (3.4.27)
p(o2)p(y2)p(o2) = pys) (3.4.28)
p(yi)py;) = py;)p(yi), 1 <14,j < 3. (3.4.29)

One easily notices that the above identities are satisfied when evaluated at (v,0) € M’, so

we only have to work with vectors of the form (0, wy) € M'.

1. For all (0,wy) € M’', we have that p(y;)p(y;)(0, w) = p(vi)(a; v, awy) = (aa; kv +
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aa; kv, a®wy). Similarly, we obtain p(y;)p(y;)(0,wx) = (aa;rv + aa;,v,a’wy), whence

(13.4.29) is satisfied for any choice of a;y.

2. Notice that (p(o1)p(ys)p(01))(0, wy) = (—ag 2v, awy). Since p(ys3) (0, wy) = (asq, awy),
in order to satisfy (13.4.25)), we must have

as —+ ago = 0.

Similarly calculating on the vector (0, ws), we once more derive the equality a1 + a2 = 0.

3. We have ((p(c1)p(y1)p(01))(0,wy) = (—ay2v,aw,). In order to satisfy (3.4.26)) on
(0,w;), we must have

21 + 12 = 0.

Now, calculating on the vector (0, ws), we derive that

a2 2 + a1 = 0.

4. Notice that w - (2,3) = wy — wy and that ws - (2,3) = —w,. In this way, we obtain
that ((p(o2)p(y1)p(02))(0,w1) = ((a12 — a1.1)v, aw;), whence from (3.4.27) we derive

a192 — 2@171 = 0.

We also have ((p(o2)p(y1)p(02))(0,ws) = (a1 2v, aws), which is exactly p(y1)(0, ws) for any

choice of ay 5.

5. Note that ((p(o2)p(y2)p(02))(0,w1) = ((ag2 — ag1)v, aw;), whence it follows from

(3.4.28) that

Qg2 — Q21 — A3 1 = 0.

Analogously, we have ((p(02)p(y2)p(02))(0, w2) = (ag2v, aws), so we obtain

Q292 —A32 = 0.

One can check that the associated linear system obtained from the variables a;
and the equations above has a nontrivial solution for all a; o # 0. In this way, by our
construction of these automorphisms based on the choice of the scalars a;;, we obtain
a representation p:Ss — GL(M') extending p:Ss — GL(M'). In particular, it is clear
that S(1,1,1,a) x {0} =2 S(1,1,1,a) as Ss-modules. Setting ¢ : M’ — S(2,1,a) to be the
epimorphism of Ss-modules (v, w) — w, then Ker ¢ = S(1,1,1,a) x {0} gives us a short
exact sequence

0—S(1,1,1,a) = M 2 S(2,1,a) — 0.

Supposing by absurd that this exact sequence splits, it follows that M’ has a submodule

isomorphic to §(2,1,a). As an Sz-module, M’ has a unique submodule isomorphic to
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S(2,1), which is the submodule generated by the vectors (0,wy),1 < k < 2. Therefore,
by uniqueness, the submodule of M’ isomorphic to S(2,1,a) must coincide with the
submodule generated by the vectors (0, wy). However, by our construction of the scalars
a;r, above, this set is not an Ss-module, obtaining a contradiction. Therefore, the sequence
above does not split, and M’ with the action of S; explicitly given by p is the desired
module such that Fy(M') = W. o

3.4.2 Modules corresponding to Weyl modules of highest-weight fw;

Let a = (ay,...,a;) € (C*)! and consider the following elements of C[S,]:
k .
Fy = Fr(a) =Y (=1Yej(@)he_j(yr, -+ ,ye), 1 < k < L. (3.4.30)
=0

Let R, be the quotient of C[S,] by the right ideal generated by Fj, 1 < k < ¢, together
with 0 — 1,0 € §;. Now, let w € &7 be such that wt(w) = fw; and suppose that

V4
w =[] wiq- (3.4.31)
j=1

Relations (3.4.21]) inspire the following theorem.

Theorem 3.4.5. In the above notation, we have Fy(Rq) = W (w) as §-modules.

In particular, since W (w) = V®¢ = F,(C[S,]) as g-modules, it follows from the fact

that JF, is an equivalence of categories that we have the isomorphisms of right Sy-modules
R, 2 C[S,] forall ac (C*). (3.4.32)

In the following, we show that (3.4.32)) holds independently of Theorem |3.4.5|

It will be convenient to identify R, with a quotient of the polynomial ring Cly;, - - - , y¢|
as follows. Consider the right action of S, on Clyi,--- ,y,| of permuting the variables
y;, 1 < j < L. Regarding the elements in as elements of Clyy, - -+, yel, let I, be the
ideal generated by Fi(a),1 < k < ¢. In particular, we have f -0 € I, for all f € I, and
o € &, so there is a natural induced right action of Sy on the quotient ring Clyy, - - -, y¢]/Ia-
Let us denote this right S;-module by Ps,.

Let S C Clyi, - - - , y¢] be the multiplicative set generated by the variables y;,1 < 5 < /.
Thus, the localization S~'C[yi, - - - , y¢] is the Laurent polynomial ring C[yi™, - - -, yi*]. Con-
sider also the localized module S™'P,. Since I, = Ann(P,) by definition and Clyy, - - , ]
is a finitely generated Cl[y, - - - , y¢]-module, we have

Ann(S7'P,) = S,
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where S™'I, is the ideal of Clyi',--- ,y7"'] generated by the image of I, under the
localization map Cly,--- ,y] — Clyi',--- ,yF"]. Let p : Clys, -+ , 5] — End(P,) be
the associated representation. At the end of this section, we shall provide a proof that
p(S) C Aut(Pa). Assuming for now that p(S) C Aut(P,) holds, the universal property
of localization then implies that there exists a unique extension of representation p :
Clyi!, -+ ,yi'] — End(P,) and, furthermore, the map

S7IPy — Pa, m/s+— p(s) " 'm,
is an isomorphism of C[yf!, - ,yfl]—modules. In other words, we have
(C[yitla U 7y2:1]/5_11a = 7Da (3433)

as Clyi™,--- ,yi']-modules. The action of Sy on Clyi,--- ,y] extends naturally to an
action on C[yi!, - -+, y£']. Therefore, regarding C[S] as C[yi, - - -, yi'] x C[S/] in view
of the isomorphism of algebras C[Z"] = C[yi, - - - ,y7], then is an isomorphism
of C[S;]-modules.

Let v be the image of 1 in the S;-module R,. Since v-S; = {v} by definition, it follows
from that R = Clyf!, -+, yF"]/S ', as Si-modules, whence implies the
isomorphism of S;-modules:

R, =~ P,. (3.4.34)

Therefore, in order to show ([3.4.32)), it suffices to show that P, = C[S,] as S;-modules.

Let us denote by Y = Clyy,--- , ] and by Y the symmetric polynomials in the
variables y;, 1 < j < £. Let I$* be the ideal of Y generated by the symmetric polynomials
Fi(a) in , 1 < k < (. Thus, considering the quotient Y'5¢/I%¢ by the very definition
of the elements Fj(a) one easily checks that the image of each hy = hg(y1,--- ,y,) in the
quotient Y'5¢ /IS¢ is a scalar, whence by it follows that IS¢ is a maximal ideal of
Y'Se. In particular, there exists z = (21, -+ ,2,) € C* such that IS¢ equals the ideal J(z)
of Y5 generated by the elements hj, — 2,1 < k < £. Setting I(z) to be the ideal of Y
generated by the elements h; — z;,1 < j < {, one sees that I, = I(z) as ideals of Y. We
thus work equivalently with the quotient P(z) = Y/I(z) instead of Pa.

Set P(0) to be the quotient of Y by the ideal generated by hi,1 < k < ¢. This
quotient in the literature is referred to as the ring of coinvariants and the fact that
P(0) = C[S/] as S;-modules traces back to Chevalley and a proof can be found in [42]
Proposition 3.32], for instance. A more constructive approach to P(0) will be utilized in
order to characterize P(z) as follows. Recall the set STab(&) of standard tableaux of the
partition & € P, seen in Subsection and set

T = U (STab(¢) x STah(¢)).

E€Py
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The proof of the following theorem was sketched in [53] and a detailed proof of a more
general statement was given in [2, Theorem 2] and [1] (see also [33] for further generaliza-

tions).

Theorem 3.4.6. There exists a set & = {F2 €Y : (T,S) € T} satisfying the following

properties:

(i) F is basis for Y as a Y -module.
(i) The image of F in P(0) is a C-basis.

(iii) For each & € Py and S € STab(€), the C-span of the set F£ = {F7 : T € STab(£)}
is a simple Sg-submodule of Y isomorphic to S(€). O

The polynomials F2 are explicitly described combinatorially and are known as higher
Specht polynomials. Denoting by V¢ the simple submodule mentioned in part (i) of
Theorem [3.4.6] it follows from (i), (#ii) that

Y= & Vv (3.4.35)
£ePy SeStab(§)

The following lemma will be fundamental in characterizing P(z).

Lemma 3.4.7. Let A be a commutative associative ring with 1 and B a subring (with 1)
of A. Let J be an ideal of B and let I be the ideal of A generated by J (the extension of
J in A). Suppose further that A is a free (right) B-module with basis (ay)kex for some
index set K. Then, I = @ragJ. In particular, if A is a domain, (ar + I)rer is a basis of
the B/J-module A/I.

Proof. Since I is a B-submodule of A such that IJ C I, then A/I is naturally a B/J-
module. By hyphotesis, we have
A= wB. (3.4.36)

keK
Since aJ C aiB, (3.4.36) implies that the sum ), axJ is direct and, since ayJ C I by
the definition of I, we have ®ra,J C I. Conversely, given ¢ € I, we can write ¢ as the
finite sum i = Y, ¢4 for some ¢, € A, j; € J. From (3.4.36)), we also write ¢, = >, apby s
for some by, s € B to get

i=y (Zakbk,s)js = zk:ak(zbk,sjs) € Xk:GkJ,

s k s

thus proving that I C ®raiJ.
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Now, set By, = apB and J, = a,J = BiJ, k € K, so J, is a B-submodule of the
B-module By. Let 7 : A — @, Bx/J be the epimorphism of B-modules given by

a=3 b= (bt ),

where by € Bgand 3, (bs—i—Js) € @®r B/ Jk is the corresponding sequence such that the s-th
coordinate belongs to B,/ Js. Noticing that 7 has kernel I = @y Jy, then A/I = @,(By/Jx)
as B-modules. Let f : B — By/Jy be the epimorphism of B-modules given by b +— a;b+Jj.
If fr(b) = Ji, then axb = ayj for some j € J. Since A is a domain by assumption, then
b= j € J, showing that Ker f = J. Therefore, By/Ji, = B/J as B-modules and, hence,
also as B/J-modules by the fact that J, = ByJ. In particular, By/Jy is a cyclic B/J-
module generated by ay + Ji. Therefore, in view of the isomorphism A/l = @, (Bx/Jx)
it follows that (ax + I)gex is linearly independent over B/J and generates A/l as a
B/J-module. O

In light of (3.4.35) and using Lemma with A =Y, B = YESZ,J = J(z),] =
I(Z)7K:Ta Qg :F’Igak: (T7S)7 we get

Pz)=Y/Iz) =P B VF+1(z), (3.4.37)
£eP, SeStab(€)
which implies Py = P(z) = C[S/] since V¥ + I(z) = S(€) and the cardinality of STab(¢)
equals dim V(&) (see [53]).

We now return to Theorem [3.4.5 In the next lemma, we identify vectors in Fy(R,)
which are highest-¢-weight vectors of /-weight w.

Lemma 3.4.8. Set v = v € V&', Any nonzero pure tensor of the form u® v € Fy(R,)
is a highest-C-weight vector of {-weight w.

Proof. The vector v ® v has weight fw;. Since there can be no weight of V®¢ higher
than fwy, then 1 (u ® v) = 0. Moreover, since x; v = 0 for ¢ # 1, then h;,.(u ® v) =
[z}, ;27 ](u ® v) = 0 follows as well, whence we obtain A;,(u® v) = 0, 7 € Z~. Thus, in
order to show that u ® v is a highest-f-weight vector of /-weight w, we are left to verify
that © ® v is an eigenvector for the action of A;, of eigenvalue equal to the coefficient of
t" in the polynomial [T{_, (1 — a,t). In fact, it suffices to calculate the eigenvalue of Ay, on
(u® V), since Ag, = [T;er Aiy and A, (u ® v) = 0 for i # 1. Also, one notices from ([1.8.4)

that the coefficient of #" in [T, (1 — a;t) equals (—1)"e,(ay, - - - ,a;), so we have to show

Ao, (u@v) = (=1)"e (ar, - ,a)(u®@V),r € L. (3.4.38)
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Setting § = # and s = 0 in Proposition [1.4.2] it follows that
()P (@)D (u@v) = (1) Ag (u @ V), € Zsg, (3.4.39)
so we only have to handle the left-hand side of (3.4.39)). Iterating (3.2.3)), we get

@) V(@) = = 3wy @ A7) (), (3.4.40)

T jeJdr
where J, = {4 = (j1,J2,---,Jr) : 1 < ji < L, j; # js for i # s} and

Yi = Yji - Yjrs
Aj(rg) =Dy (zg) - Ay (z5), J € Jp.

The condition j; # js follows from Ag(x, )™ (v) = 0 for m > 1. Furthermore, noticing that
Aj(zy)(v) =0 for j € J, with r > ¢, then ()™ (u ® v) = 0 shows that holds
for r > £, so we move to the case 0 < r < . Noticing that in this case (z;)" Aj(z,)(v) =
rlv,j € J,, then

@)@ wev) = 5 3 (uy0v)

" jedr
Using the fact that y;y; = y,vy:, we collect all the r! repeating terms of the form y;, ---y;,
with 1 < j; < -+ < j, </ to finally obtain

(@) @)W v) =u-e(yr,- - y) @V, (3.4.41)
since e,(y1, - - -, ye) satisfies (1.8.3]). We now proceed inductively to show that
w-er(yi, o ye) = erlan, -+ yagu, 0<r <L (3.4.42)

It is clear that (3.4.42)) holds for » = 0. Let 0 < r < ¢ and and assume that it also holds
for all 0 < s < r. Using ((1.8.7) and the inductive hyphotesis, we get

r—1
wer(yr - ) =(= 1" (g ) A (~ 1P e (an, - ag) (whey (g, oue))-

j=1

(3.4.43)

Now, since v F, = 0 in R,, where v the image of 1, the following relation holds in R, as
well:

r

(_1)T+1u : h?"(yla e 7y€) = Z<_1)j+r+2€j(a’l7 e 70/5) (’LL : hr—j(yl; e 792))‘
j=1
Plugging this relation back in (3.4.43), then u - e,(y1, -+ ,y,) = e.(a,- -, ar)u follows,
finishing the induction on r. Thus, (3.4.42)) and (3.4.41)) combined with (3.4.39|) shows
that (3.4.38]) holds, completing the proof. O
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Proof of Theorem[3.4.5 Notice that guarantees the existence of u € R, such that
u ® v # 0. Namely, any u such that the image of v under the isomorphism has
nonzero projection on the submodule S(§) C C[S/], where S(&) is the 1-dimensional
trivial representation associated with the Young symmetrizer ¢y = >-,¢s, 0 of the partition
& = (¢) of £. In this way, the submodule V, of fg(Ra) generated by fg(Ra)gwl is nonzero
by the previous lemma. In particular, any vector in f}(Ra) w, 1s also a highest-(-weight

vector of (-weight w. We now show that
Va = Fi(Ra). (3.4.44)
If that were not the case, we would have a short exact sequence
0— Va— Fi(Ry) =W =0 (3.4.45)

for some nonzero module W. Moreover, since Vj, is generated by fg(Ra) tw; 1t follows that
(wy is not a weight of W. From the equivalence established by F, there would also exists

a short exact sequence of Si-modules
0—>K—>R,—L—0 (3.4.46)

such that F;(K) = Vi and Fy(L) = W. Considering a splitting of this sequence in the
category of S;-modules, say R, = K & L, it follows that

u@v=0 foral wel, (3.4.47)

otherwise W would admit a nonzero vector of weight ¢w; by the previous lemma. Now,
notice that v, the image of 1 in R,, is such that Cv = S(&;) as S;-modules by definition
of v. In particular, this shows that v ® v # 0. Moreover, it follows from , and the
isomorphism R, = C[S/], that Cv is the unique submodule of R, isomorphic to S(&p).
Writing v = ko + [y for some kg € K,ly € L', then v-0 = v for 0 € §; and K N L' = {0}
shows that koo = ko, lo -0 =l for all 0 € Sy, i.e., we have Ckq = S(&) and Cly = S(&) if
both kg, ly # 0. Therefore, by the uniqueness of Cv as the submodule isomorphic to S(&y),
then either kg = 0 or [y = 0. Now, v ® v # 0 combined with implies that kg # 0,
so v = kg € K and it follows that R, = K, as v is the generator of R,. Consequently,

regarding (3.4.45)) and (3.4.46)), the conclusion (3.4.44)) follows.

Now, it is clear from the definition of V, and the equality V, = ]:"g(Ra) shown above
that Fy(Ra) is a quotient of the local Weyl module W (w). Since Fy(Ry) = V& = W (w)
as g-modules by (3.4.32) and Corollary m, it then follows that Fy(Ra) = W(w) as
g-modules, proving Theorem [3.4.5] O

We finish this section with the promised proof mentioned in the beginning of this
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section that p(S) € Aut(P,). For this proof, we will heavily utilize properties of sym-

metric polynomials that we first deduce as follows. For convenience, let us denote

by X, = Clzy, -+ ,z,],n € Z-o. Since the symmetric polynomials are generated by
the elementary e, = eg(z1,--- ,z,) and complete homogeneous symmetric polynomials
hi = hg(x1, -+ ,x,), for each hg, 1 < k < n, there exists a unique g € X} such that

hi, = qi(er, -+, ex). (3.4.48)

For instance, ¢ = x1,q2 = x% — X9, and q3 = :vzl)’ — 22129 + x3. It follows from the classical

relation ((1.8.7) that

k
QG = Z(_l)ﬂ-lquk_j‘ (3.4.49)

j=1
Conversely, let §r € X}, be such that e, = Gg(hq,- - , hx). One can also write (1.8.7]) in the

form 0 = °%_(—1)’e;_;h;, whence

k
Ge = Y (=1 ;G (3.4.50)
j=1
showing that §r = ¢, and also that
k .
ze =y (=M a g, 1<k <4, (3.4.51)
j=1

when considering ([3.4.48)). Let us check that
a(qr, . qp) = forall 1<k</. (3.4.52)

Proceeding by induction, since ¢; = x1, we readily see that the induction starts. Assume
k > 1 and that (3.4.52)) holds for ¢;,j < k. By (3.4.49), we then get

k k
; Ind. Hyp. ; (3.4.51))
q]C(Qh cee an) = Z(_l)]+1qjq]€—j(q1, Ce ,Qk_j) :yp Z(_l)J+Iijk—j = I,
j=1 =1

completing the induction.

Now, let g, € X, be the unique element such that
hk = qu(hl, ey hg) for all k& Z 0. (3453)

For instance, g = ), if & < £. Since e = 0 for k > ¢, (1.8.7) and §x = ¢x imply

¢
de+16 = Z(_l)]ﬂxulqu]'- (3.4.54)

=1
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Comparing with (3.4.51), we get

g0 = (=1)"(qee—1 — ). (3.4.55)
Combining with (3.4.52)), we get
0= q(q, . q) = (=" (qee1(q, - q1) — q)- (3.4.56)

We finally use these properties to deduce our desired result.

Lemma 3.4.9. For a € (C*)*, we have p(S) C Aut(P,)

Proof. Set Yy, = Cly1,- - ,yk], k € Zso. We need to show that p(y;) € Aut(P,) for all
1 < 5 < L. Since the argument is symmetric in j, we may assume that 7 = ¢ for simplicity.
Thus, we show that y,» = 0 for some r € P, implies r = 0. Let R be the submodule of P,
generated by such r. In what follows, we prove that R = 0.

Recall the elements Fi(a) € I,. Since Fj(a)r = 0 by the very definition of P,, and
since y,r = 0, it then follows that R is a cyclic Y;_;-module generated by a vector r which

satisfies (at least) the relations
Fl(a)r=0,1<i</, (3.4.57)

where
k .
Fia) => (=1Yej(ar, -, ao)hu—j(yr, -+ ,ye—1), 1 < k < L. (3.4.58)
j=0

Let P. be the quotient of Y;_; by the ideal generated by Fj(a),1 < k </, so that R is
isomorphic to a quotient of P.. Let 7’ be the image of 1 in P.. In order to conclude that

R =0, it suffices to show P, = 0 or, equivalently, 7’ = 0.

Henceforth, to shorten notation, set ¢; = ej(ay, -+ ,ap), Fj = Fj(a) as well as H; =
hi(yi, - ,ye—1),1 < j < {. We suppose that " # 0 and derive a contradiction. Let us

assume that we know that ' is a common eigenvector for H;, 1 < i < £, more precisely:

Hir' = qi(cr, ey c)r, (3.4.59)

where ¢; is given by (3.4.48)). By (3.4.53) we have

Hﬂ’/ = Qg,g_l(Hl, Ceey Hg_l)T,, (3460)

and, hence,

C]é,é—l(f_h, CI 7q€—1) = (JE(Cla Ca, ... acf)7 (3461)
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where, for short, we wrote ¢; in place of g;(c1,ca, ..., ¢;) on the left hand side. However,
(3.4.56)) implies

Qe,zq(qb e 7q£71) - 614(017027 e ;Ce) = (—1)4013 = (—1)6@16@ s Gy, (3-4-62)

yielding a contradiction since a € (C*)*.

It remains to prove (3.4.59)), which we shall do by induction on 1 <4 < . The case
1 =1 is clear from (3.4.57)) and ¢; = 1. Assume ¢ > 1 and use the induction hypothesis

on (|3.4.57)) to get

0= Fi, "= HZ‘T’/ + Z(—l)jCjHi_jT’/ = Hﬂ’/ + (Z(—l)jqui_j(Cl, e 7ci—j)> T’,.

J=1 J=1

An application of (3.4.49) completes the proof. m

3.4.3 Discussions and further directions

We now discuss how the results obtained in the last subsection relate to some other

results previously established in the literature about local Weyl modules.

The proof of Theorem here presented was conducted in two parts: the first part
in which we show that Fy(Ra) is isomorphic to a quotient of W (w) and the second part
in which we conclude that W(w) = Fy(Ra), with the latter being heavily dependent on
Corollary obtained from the results of [I4], 26]. In particular, from the first part and
from the isomorphism of Sy-modules R, = C[S], it follows that

dim W (w) > dim V&, (3.4.63)

with the proof of this inequality here given being independent from the fact derived in

[T4, 26] that W (w) = V¢ as g-modules. However, a few concerns arise from the context
in which we derived (3.4.63)), as we now discuss.

Since we are dealing with the affine Schur-Weyl duality, at first is only valid
for values ¢ < n, since the proof that F;(Ra,) = W (w) of the previous subsection is heavily
dependent on the fact that F; is an equivalence of categories. However, this hyphotesis
was unnecessary in Corollary 1.3.4 of [14] which gives the following inequality with respect

to the dimension of an arbitrary local Weyl module W (X):

n+1

W) (k)
. ) : (3.4.64)
1

dim W(X) > ﬁ (

and from which (3.4.63) follows as a particular case. Nevertheless, if one considers the

broader category of finite-dimensional g-modules, the functor F; is still well-defined even
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for values ¢ > n. In particular, one can ask whether the local Weyl modules W (w) in
this broader setting are still such that there exists finite-dimensional S;-modules M with
Fo(M) = W (w). If that is the case, and the functor still behaves suitably with respect to
exact sequences, one can hope to give a proof of independently of [14], 26] and

which is not dependent on ¢ < n. We are still investigating this.

The general inequality (3.4.64)) which gives (3.4.63) was originally pointed out in [15]

to follow from the works seen in [19] [54} [I1] involving the dimension of local Weyl modules
in the setting of finite-dimensional representations of U, (§’) and the classical limits (¢ — 1)
of these modules. In [14], (3.4.64]) was reobtained using the notion of fusion products, and,
in [26], this result was developed using connections with the notion of Demazure modules.
In fact, these external connections was also used to obtain the reverse direction of this
inequality, and in both articles the bases of local Weyl modules for the affine Lie algebra
of sly, first developed in [19] using the quantum setting, was assumed to construct the
general argument. A construction of bases for the local Weyl modules, including bases for
the local Weyl modules for the affine Lie algebra of sl, independently from the quantum

setting construction in [19], was given in [6] 20, 39, [49] in different approaches.

It is interesting to notice that, in our context, even with the concerns above, we
managed to obtain only using the theory of Sy and S;-modules and the affine
Schur-Weyl duality established by the functor F, without relying on the notions of fusion
products, Demazure modules or any known construction of bases of local Weyl modules
for the affine Lie algebra of sly. Now, if one wants to obtain the reverse inequality without
external connections, it is natural to raise the following question: In the same way the
isomorphism of S;-modules R, = C[S,] was fundamental to show (3.4.63), is it possible
to obtain the reverse inequality by working exclusively in the setting of S-modules or
Si-modules? For example, the local Weyl modules are characterized by the universal
property that any finite-dimensional highest-¢-weight g-module is isomorphic to a quotient
of the corresponding local Weyl module. Regarding the S;-modules corresponding to
the local Weyl modules, can one expect that they can also be characterized by some
universal property regarding quotients? If that is the case, is then R, such that it satisfies
exactly the universal property of that module? We still leave this questions unanswered.
In particular, if one is successful in such characterization, the reverse inequality of
would follow independently from the works of [I4] 26], although probably still dependent
on the hyphotesis ¢ < n. In fact, if properly generalized, it leads to a direction of further
exploring the modules corresponding to the local Weyl modules whose ¢-weights A are
not necessarily such that wt(A) = fw;, by characterizing these modules in terms of some

universal property.

We end this work by doing a comparison with [25] whose content has a considerable
intersection with Sections [3.2 and [3.3] above. The author of the present work initiated the
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study of the affine Schur-Weyl duality as an undergraduate research project in the context
of Fapesp IC Grant [29]. In particular, Section above is a significantly improved version
of Section 3 of the final report concerning that grant, submitted to Fapesp in January 2020.
In March 2020, we were told by V. Chari, who was aware of the efforts in this direction
previously made in [4], that Y. Flicker had posted a related preprint on his own website.
That preprint, at that time, culminated exactly with the result established by Theorem
and did not address any of the topics discussed in Sections [3.3]and [3.4] which we were
working on at that moment. The present work is supported by Fapesp Grant 2019/23380-0.
In February 2021, we reported to Fapesp that we had made a study of that preliminary
version of [25] which contributed to a further improvement of what became Section [3.2]
which is now indeed more detailed than the corresponding part in the present published
version of [25]. Unfortunately, at the time we wrote that report, the preprint had been
withdrawn from the author’s webpage, so we could not include a link to it in the report to

Fapesp.

On February 2nd 2022, we visited the author’s webpage again and discovered that
Flicker’s initial preprint had been substantially expanded, growing from 8 to 15 sections,
and published in Journal of Lie Theory in Setember of 2021. One interesting addition to
the published version of [25], which is related to Section [3.2] is the proof that the functor
in Theorem is not an equivalence of categories when ¢ = n + 1. This is achieved in
Section 15 by showing that, in that case, the evaluation modules of the sign representation
for Sy admit non-trivial self-extensions, while their image under the functor, the trivial
representation for the loop algebra, are known not to admit nontrivial self-extensions
(Section 15 of [25] contains other interesting points). The material covered in Section
above was also added to the published version of [25] as Section 8. Although we have
developed this material independently of [25] - given that it was not present in the early
version of the preprint we had studied -, since both works are heavily based on the quantum
version originally shown in [I7], it turns out that the approaches are unavoidably very
similar. Section contains more details than [25, Section 8]. The terminology “Zelevinsky
tensor product”, which we use following [I7], is not used in [25]. We regard the fact that
this master’s project unintentionally acquired a feel of competition with [25], whose author
is a senior and highly accomplished mathematician, as a strong indication of the relevance

of this topic.

The material of Section which was the main goal of our project since the early
stages of [4] and [29], is not addressed in [25]. However, another addition to the published
version of [25] was a citation to the paper [23] which, among other results, describes a
version of the Schur-Weyl duality of Z-graded modules for the current algebra g[t] on
the one hand and the degenerate affine Hecke algebra H, = C[S] x Clyi, ..., y,] on the
other. In particular, since the Weyl module W;()) for the current algebra g[t| defined
in Section [2.4]is isomorphic to the the pull-back ¢} (W (w»,)) along the homomorphism
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t % t—a,a € C*, which in turn is isomorphic to a level-1 Demazure module (see [I4]), the
Weyl module W;(A) is then a Z-graded g[t]-module and one may consider the H,-module
corresponding to Wy (). By exploring the theory of highest-weight categories, the authors
of [23] show that the module corresponding to W;(\) under their version of the Schur-Weyl
duality is a certain module referred to as the local Kato module, which we shall denote
here by K (A). It will be convenient to think of A both as an element of Pt as well as the
corresponding partition of ¢ by the correspondence . It is then proved in [23] that
the graded Sy-character of K () is given by the so-called ¢-Whitacker function and that

we have an isomorphism of Syi-modules
K()\) = Indg S,

where S, is the subgroup Sg, x S, X - - S, associated to the partition £ = (&,..., &)

given by the transpose of the partition associated to A, and S is the sign representation
of §; regarded as an Sy-module by restriction. However, the description of the action of
the elements y; on K () in [23] is not as transparent as one might desire. For instance,
following the path we trailed in Subsection , for A\ = lw; one might expect that K(\)
is isomorphic to the quotient Ry of H, by the right ideal generated by ¢ — 1,0 € &y,
together with the elements Fy(a) with a = (0,0, ...,0), since h @ t*, k > 1, annihilates the
generator of Wi(fwy). As of this moment, we do not see how to show this from the very
abstract description of K () given in [23]. A far as we know, the question of studying the
modules corresponding to local Weyl modules has not been addressed elsewhere beside
[23] and our work. In particular, a description of the answer in terms of generators and
relation as we gave in Section for the case A = fw; has not been given before ours.
At the moment, we are focusing on unraveling the action of the elements y; on K (\) for

general \ hoping to be able to extend the results of Section |3.4.2
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