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Estat́ıstica e Computação Cient́ıfica da Univer-
sidade Estadual de Campinas como parte dos
requisitos exigidos para a obtenção do t́ıtulo de
Doutor em Matemática.
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Resumo

A hipótese de Riemann (HR) é considerada o problema aberto mais importante na

matemática, que afirma que os zeros não triviais da função zeta de Riemann se encontram

na ”linha cŕıtica”. Este problema foi estudado durante cerca de um século e meio, mas

ainda não se tem uma demonstração para ele. O principal objectivo desta tese é estudar o

semigrupo de operadores de composição ponderada pWnqn¥1, onde

Wnfpzq � p1� z � � � � � zn�1qfpznq

sobre o espaço de Hardy H2 do disco aberto unitário. Mostramos uma nova reformulação

da HR envolvendo este semigrupo. Encontramos uma nova famı́lia de vetores ćıclicos a fim

de generalizar o critério Báez-Duarte em H2. Também fazemos uma abordagem da HR

através do critério Báez-Duarte no espaço Hardy do semi-plano H2pC1{2q.

Palavras-chave: Espaços de Hardy; Hipótese de Riemann; Operador de composição pon-

derado; Subespaços invariantes; Vetores ćıclicos; Problema de Completude de Dilatação

Periódica (PCDP).



Abstract

The Riemann hypothesis (RH) is considered to be the most important open problem in

mathematics, which states that the non-trivial zeros of the Riemann zeta function lie

on the “critical line”. This problem has been studied for about a century and a half, but

there is still no proof for it. The main purpose of this thesis is to study the semigroup of

weighted composition operators pWnqn¥1, where

Wnfpzq � p1� z � � � � � zn�1qfpznq

on the Hardy space H2 of the open unit disk. We show a new reformulation of the RH

involving this semigroup. We find a new family of cyclic vectors in order to generalize

the Báez-Duarte criterion in H2. We also make an approach of the RH through the

Báez-Duarte criterion in the Hardy space of the half-plane H2pC1{2q.

Keywords: Hardy spaces; Riemann hypothesis; Weighted composition operator; Invariant

subspaces; Cyclic vectors; Periodic Dilation Completeness Problem (PDCP).



List of symbols

N the set of natural numbers.

N0 the set of non-negative integers.

C the set of complex numbers.

D the set tz : |z|   1u.

T the set tz : |z| � 1u.

Cα the set tz P C : Re z ¡ αu.

Hol(D) the space of all holomorphic functions on D.

H2pDq the Hardy-space of the unit disk.

H2
0 the set tf P H2pDq : fp0q � 0u.

H2pCαq the Hardy-space of the half-plane Cα.

H8pDq the set of analytic functions on D which are bounded.

H2 the Hilbert space of Dirichlet series.

H Hilbert space.

LpHq the bounded operators on H.

A the weighted Bergman space of the unit disk.

Dδζ the local Dirichlet spaces at ζ P T.

L2p0, 1q the space of square-integrable functions on p0, 1q.

V the functions which are a.e constant on each sub-interval

�
1

n� 1 ,
1
n

�
,

n � 0, 1, 2....

} . }2 the norm of H2pDq.

} . }8 the norm of H8pDq.

} . }H2pCαq the norm of H2pCαq.

} . }H2 the norm of H2.

Cφ composition operators.



Tϕ,φ weighted composition operators.

µ the Möbius function.

ζ the Riemann zeta function.

r x s the integer part of x.

txu fractional part of x.

χpa,bq characteristic function of the interval pa, bq.

dA the normalized area measure of D.

logptq logarithm on the basis e of t ¡ 0.
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Introduction

The Riemann hypothesis (RH) is a mathematical conjecture which was first

published in 1859 by Bernhard Riemann. This conjecture is considered to be the most

important open problem in mathematics: It states that the zeros of the Riemann zeta

function in the complex plane that have real part between 0 and 1 lie on the “critical line”

Re(s)=1/2. This problem is one of the millennium problems.

In 1950, Bertil Nyman introduced in his doctoral thesis, [15], a reformulation

for the RH, equivalent to the density of the space spanned by a family of functions

tfλ : 0   λ ¤ 1u on L2p0, 1q, where fλpxq � tλ{xu � λt1{xu. Five years later, [5], Arne

Beurling makes a generalization of Nyman Theorem, where, besides generalizing the space

L2p0, 1q to the spaces Lpp0, 1q, 1   p   1, he adds another equivalence stating that the RH

is equivalent to χp0,1q being in the closure of the space spanned by the family mentioned

above. These three equivalences are known today as the Nyman-Beurling criterion for the

RH.

In 2003, [2], Báez-Duarte showed a stronger version of the Nyman-Beurling

criterion in L2p0, 1q. He proved that the uncountable family tfλ : 0   λ ¤ 1u may be

replaced by the sequence tf1{k : k ¥ 1u.
Applying an unitary operator between Hilbert spaces, Bagchi, [3], gave an

equivalent version of the Báez-Duarte criterion in a weighted sequence space l2w, where

the functions f1{k were replaced by sequences rk � pkt1{ku, kt2{ku, kt3{ku, . . . q and the

characteristic function χp0,1q was replaced by the constant sequence 1 � p1, 1, 1, . . . q.
Recently, Noor, [22], gave the Hardy space H2 version of the Báez-Duarte

Theorem. Let N denote the linear span of functions

hkpzq � 1
1� z

log
�

1� z � � � � � zk�1

k




for k ¥ 2. Then the Báez-Duarte criterion may be stated as follows:

“The RH holds if and only if the constant 1 belongs to the closure of N in H2”.

In [22], a semigroup of weighted composition operators W � pWnqn¥1 on H2

was introduced, where

Wnfpzq � p1� z � � � � � zn�1qfpznq � 1� zn

1� z
fpznq.

Each Wn is bounded on H2, W1 � I and WnWm � Wnm for each m,n ¥ 1. The connection

of W to the RH stems from the fact that subspace N is invariant under W, that is,
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WnpN q � N for all n ¥ 2. A vector f P H2 is called a cyclic vector for an operator

semigroup tSn : n ¥ 1u if the span of tSnf : n ¥ 1u is dense in H2. Noor showed that the

constant 1 appearing in the Báez-Duarte criterion in H2 may be replaced by any cyclic

vector for the semigroup W .

The semigroup W is also related to an open problem in harmonic analysis

known as the Periodic Dilation Completeness problem (PDCP). The PDCP asks which 2-

periodic functions φ on p0,8q have the property that the span of its dilates tφpnxq : n ¥ 1u
is dense in L2p0, 1q. Such φ are called PDCP functions. This difficult open problem was

first considered independently by Wintner, [23], and Beurling, [6].

The PDCP has an equivalent reformulation in H2. N. Nikolski, [14], proved

that solving this problem is equivalent to characterizing the cyclic vectors of a semigroup

T � pTnqn¥1 on H2
0 :� H2 a C, defined by Tnfpzq � fpznq. Although the semigroups T

and W are not unitarily equivalent (see details in section 2.3), they are semiconjugate;

this is, TnpI � Sq � pI � SqWn, where S is the shift of multiplication by z in H2. This

relation allowed Noor to guarantee that cyclic vectors of W are properly embedded into

the PDCP functions. The multiplicative semigroup T is completely characterized, up to

unitary equivalence, by four properties (see [16, Theorem 2.2]):

1) For each prime p, Tp defines a shift operator.

2) For different primes p and q, Tp and Tq double commute; this is, Tp and Tq commute,

and so do Tp and T �q .

3) The semigroup T is such that

dim
8£
k�1

KerT �pk � 1.

4) The semigroup T is such that

8£
n�1

�
8ª
k�n

Tpk

�
� t0u,

where tpku8k�1 is the sequence of prime numbers.

In order to study the semigroup pWn{
?
nqn¥1, we shall see that this semigroup satisfies

condition 1q, 3q and 4q, but not condition 2q.
This thesis will be divided into four chapters. In the first chapter we shall

provide basic results that will be required throughout this work. We shall discuss the

Riemann hypothesis, some Hilbert spaces of holomorphic functions and properties related

to the shift and weighted composition operators.
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Chapter two will be concerned with the study of the semigroup W . In the first

section we shall provide the explicit form of each operator W �
n for n ¥ 1. In the second

section we shall see that the subspace spanned by thn � hm : n,m ¥ 2u is not dense in

H2pDq, and, in addition, the dimension of this subspace is closely related to the RH. The

last section is focused on the invariant subspaces; in particular, a new reformulation of the

RH involving the invariance of NK under Wk, for any k ¥ 2, is presented.

In chapter three, generalizations of the Báez-Duarte criterion in H2 will be

presented. For a first reformulation, a result of Yang, [24], will be used. For a second

generalization, a question about cyclic vectors for the semigroup W will be solved.

In chapter four we shall discuss about the Báez-Duarte criterion in the Hardy

space of the half-plane H2pC1{2q . We shall prove that in a Hardy space of a smaller

half-plane, the function E can be approximated by a linear combination of functions Gk

(see [3, Theorem 2]).
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1 Preliminaries

In this chapter some necessary concepts for the development of this thesis will

be given. We shall start by introducing the Riemann zeta function and a famous conjecture

related to it: the Riemann hypothesis. We shall provide some reformulations related to

this conjecture in the Hardy spaces H2pDq and H2pCαq. Then we shall present a shift

semigroup of weighted composition operators in H2pDq having a relation with the RH

and another important open problem: The Periodic Dilation Completeness Problem from

Harmonic analysis.

1.1 The Riemann zeta function

In this section we shall introduce the Riemann zeta function and its extension

as a meromorphic1 function in the complex plane. Also, some properties that satisfy this

function will be presented.

The results of this section can be found at [20].

Definition 1.1.1. The Riemann zeta function is initially defined for real s ¡ 1 by the

convergent series

ζpsq �
8̧

n�1

1
ns
.

The Riemann zeta function can be extended analytically to a meromorphic

function in the complex plane. First, we extend the series defining ζ to a half-plane of C
and, after that, it is extended by analytic continuation to the entire complex plane. These

classical facts are summarized in the following results.

Proposition 1.1.2. The series defining ζpsq converges for Repsq ¡ 1, and the function ζ is

holomorphic in this half-plane.

Theorem 1.1.3. The zeta function has a meromorphic continuation into the entire complex

plane, whose only singularity is a simple pole at s � 1.

Now we present some properties related to the zeros of the Riemann zeta

function.

Theorem 1.1.4. The only zeros of ζ outside the strip 0 ¤ Repsq ¤ 1 are at the negative

even integers, �2,�4,�6, . . . .
1 A meromorphic function on an open subset Ω of the complex plane is a function that is holomorphic

on all of Ω, except for a set of isolated points, which are poles of the function.
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Theorem 1.1.5. The zeta function has no zeros on the line Repsq � 1.

The zeros of ζ located outside the strip 0 ¤ Repsq ¤ 1 are called the trivial

zeros of the zeta function.

1.1.1 The Riemann Hypothesis

In this subsection we shall present a conjecture related to the zeros of the

Riemann zeta function, known as the Riemann hypothesis and considered the most

important open problem in mathematics. In addition, some results on number theory will

be introduced.

We begin by denoting the space Cα, α P R, as the half-plane

Cα � ts � σ � it : σ ¡ α,�8   t   8u .

The set ts � σ � it : σ � 1{2,�8   t   8u is called the critical line.

By the analytic continuation of the zeta function, it is shown that the zeros of

ζ occur in symmetric pairs about the critical line; that is, if ρ is a zero, so is 1� ρ, ρ and

1 � ρ. In particular, since ζ has no zero on the line Repsq � 1, it follows that it has no

zero on the line Repsq � 0.

At this point, we know that all of the non-trivial zeros of the Riemann zeta

function must lie in the strip 0   Repsq   1. Riemann, in his famous paper [18], introduced

a conjecture about this problem, which is stated as follows.

Conjecture 1. (Riemann hypothesis2). The non-trivial zeros of the Riemann zeta

function lie on the critical line.

In view of the symmetry mentioned above, the RH is equivalent to saying that

ζ has no zeros on C1{2. In chapter 4, there is a particular interest on this half-plane.

1.2 Spaces of holomorphic functions and the PDCP

1.2.1 The Hardy-Hilbert space of the unit disk

Let D be the open unit disk on the complex plane. The Hardy-Hilbert space of

the disk, to be denoted H2pDq, is the Banach space of all analytic functions f on D having

power series representation with square-summable complex coefficients. More precisely,

fpzq �
8̧

n�0
f̂pnqzn P H2pDq if and only if }f}2

2 :�
8̧

n�0
|f̂pnq|2   8.

2 Sometimes we will denote the Riemann hypothesis by RH.
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The inner product inducing the H2pDq norm is given by

xf, gy2 �
8̧

n�0
f̂pnqĝpnq,

where pf̂pnqq8n�0 and pĝpnqq8n�0 are the sequences of Maclaurin coefficients for f and g,

respectively.

There is an alternative definition of the Hardy–Hilbert space.

Theorem 1.2.1. (See [12, Theorem 1.1.12]) Let f be an analytic on D. Then f P H2pDq if

and only if

sup
0 r 1

1
2π

» 2π

0
|fpreiθq|2dθ   8.

Moreover, for f P H2pDq,

}f}2
2 � sup

0 r 1

1
2π

» 2π

0
|fpreiθq|2dθ.

For any f P H2 and ζ P T, the radial limit f�pζq :� lim
rÑ1�

fprζq exists m�a.e

on T, where m denotes the normalized Lebesgue measure on T.

A space of analytic functions arises in order to study operators on H2pDq.
Definition 1.2.2. The space H8pDq consists of all functions that are analytics and bounded

on D. The norm of a function f on H8pDq is defined by }f}8 � suptfpzq : z P Du.

The space (H8pDq, } � }8) defines a Banach space. Furthermore, every element

of H8pDq belongs to H2pDq . In fact,

sup
0 r 1

1
2π

» 2π

0
|fpreiθq|2dθ ¤ sup

0 r 1

1
2π

» 2π

0
}f}2

8dθ � }f}2
8.

In particular, }f}2 ¤ }f}8.

1.2.2 A weighted Bergman space

The weighted Bergman space of the unit disk, to be denoted by A, is the

Hilbert space of analytic functions fpzq �
8̧

n�0
anz

n and gpzq �
8̧

n�0
bnz

n defined on D for

which the inner product is given by

xf, gy :�
8̧

n�0

anbn
pn� 1qpn� 2q .

There also exists an area integral form of the corresponding A-norm given by

}f}2
A �

»
D
|fpzq|2p1� |z|2qdApzq,

where dA is the normalized area measure on D. The text [10] is a modern reference for

such weighted Bergman spaces.
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1.2.3 Local Dirichlet spaces

Another important family of proper subspaces of H2pDq are known as the local

Dirichlet spaces. Let δζ be the Dirac measure at ζ P T. The local Dirichlet space at ζ P T,

denoted by Dδζ , consists of all f P H2 satisfying

Dζpfq �
»
D
|f 1pzq|2 1� |z|2

|z � ζ|2dApzq   8, (1.2.1)

where dA is the normalized area measure of D. Then Dδζ is a Hilbert space with the norm

}f}2
Dδζ

� }f}2
2 �Dζpfq. The book [13] is a reference for such local Dirichlet spaces.

These subspaces can be redefined as follows.

Theorem 1.2.3. (See [13, Theorem 7.2.1]) Let ζ P T and f P Hol(D). Then Dζpfq   8 if

and only if

fpzq � a� pz � ζqgpzq

for some g P H2 and a P C. In this case Dζpfq � }g}2
2 and

a � f�pζq :� lim
rÑ1�

fprζq.

Each local Dirichlet space Dδζ is a proper dense subspace of H2 and it has the

property that evaluation at the boundary f ÞÑ f�pζq is a bounded linear functional (see

[13, Theorem 8.1.2 (ii)]).

An alternative way to verify the integral condition (1.2.1) is as follows (see [13,

Page 115, exercise 5]). For completeness we give a proof.

Theorem 1.2.4. Let f be holomorphic on D with fpzq �
8̧

n�0
anz

n and ζ P T. If
8̧

n�0
anζ

n

converges and

8̧

k�0

�����
8̧

n�k�1
anζ

n

�����
2

  8, (1.2.2)

then Dζpfq   8.

Proof. We illustrate here the case ζ � 1 (the generalized case is made by a change of

variable z ÞÑ ζz). Define

gpzq :�
8̧

k�0

�
8̧

n�k�1
an

�
zk.
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By (1.2.2), it is easy to see that g is in H2. Now, notice that

pz � 1qgpzq � pz � 1q
8̧

k�0

�
8̧

n�k�1
an

�
zk

�
8̧

k�0

�
8̧

n�k�1
an

�
zk�1 �

8̧

k�0

�
8̧

n�k�1
an

�
zk

�
8̧

k�1

�
8̧

n�k

an

�
zk �

8̧

k�0

�
8̧

n�k�1
an

�
zk

�
8̧

k�1

�
8̧

n�k

an �
8̧

n�k�1
an

�
zk �

8̧

n�1
an

�
8̧

k�1
akz

k �
8̧

n�1
an

�
8̧

k�0
akz

k �
8̧

n�0
an � fpzq �

8̧

n�0
an.

Then

fpzq � pz � 1qgpzq �
8̧

n�0
an.

By Theorem 1.2.3, the assertion follows.

1.2.4 The Hilbert space of Dirichlet series

In this section we are concerned with Dirichlet series, which are series of the

form

fpsq �
8̧

n�1
ann

�s, s P C,

where panq8n�1 is a complex sequence.

The Hilbert space of Dirichlet functions, to be denoted by H2, is the Hilbert

space of all analytic functions on C1{2 having Dirichlet series representation with square-

summable complex coefficients. More precisely,

fpsq �
8̧

n�1
ann

�s P H2 if and only if }f}2
H2 :�

8̧

n�1
|an|2   8.

It is a complex Hilbert space when endowed with the inner product

xf, gyH2 �
8̧

n�1
anbn,

where fpsq �
8̧

n�1
ann

�s and gpsq �
8̧

n�1
bnn

�s.
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There is a natural semigroup S � pSnqn¥1 in H2 defined by

Snfpsq � n�sfpsq.

The semigroups S � pSnqn¥1 and T � pTnqn¥1 are unitarily equivalent. Defining

the unitary operator R : H2
0 Ñ H2 by:

R : zk ÞÑ k�s,

it is not difficult to verify that SnR � RTn, for each n ¥ 1.

This semigroup was extensively studied in [16]. In particular as an immediate

consequence of Theorem 2.2 of this paper, we can state:

Theorem 1.2.5. The semigroup S is the only multiplicative semigroup, up to unitary

equivalence, satisfying the following properties:

1) For each prime p, Sp defines a shift operator.

2) For different primes p and q, Sp and Sq double commute; this is, Sp and Sq commute,

and so do Sp and S�q .

3) The semigroup S is such that

dim
8£
k�1

KerS�pk � 1.

4) The semigroup S is such that

8£
n�1

�
8ª
k�n

Spk

�
� t0u,

where tpku8k�1 is the sequence of prime numbers.

Throughout the next chapters, we shall see that the multiplicative semigroup

pWn{
?
nqn¥1 satisfies condition 1q, 3q and 4q, but not condition 2q.

1.2.5 Hardy space of the half-plane

The Hardy-Hilbert space of the half-plane Cα, to be denoted H2pCαq, is the

Hilbert space of all analytic functions F in Cα such that

}F }2
H2pCαq :� sup

x¡α

1
2π

» 8

�8

|F px� itq|2dt   8.
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It is known that any F in H2pCαq has, almost everywhere on the line tRepsq � αu, a

non-tangential boundary value F � given by (see [11, Chapter 8]):

F �pα � itq � lim
xÑα

F px� itq.
This F � is such that

}F }2
H2pCαq �

1
2π

» 8

�8

|F �pα � itq|2dt.

Thus H2pCαq may be identified (via the isometric embedding F ÞÑ F �) with a closed

subspace of the L2-space of the line tRepsq � αu with respect to the Lebesgue measure

scaled by the factor
1

2π .

1.2.6 A reformulation of the Riemann hypothesis on H2pC1{2q

In this subsection we introduce the unitary equivalent version of the Baez-Duarte

criterion for H2pC1{2q given in [3].

For each k ¥ 2, define

Gkpsq � pk�s � k�1qζpsq
s

and Epsq � 1
s
, s P C1{2,

which belong to H2pC1{2q (see [3, Page 139]). In terms of these notations, the formulation

of the Baez-Duarte criterion in H2pC1{2q is the following.

Theorem 1.2.6. Riemann hypothesis is true if and only if E belongs to the closed linear

span of tGk : k ¥ 2u in H2pC1{2q.

In Chapter 4 we shall give an approach to the RH through this reformulation.

1.2.7 Weighted composition operators on H2pDq

We begin by introducing the definition of composition operators, which are

operators induced by analytic self-maps of D. More precisely, if φ is an analytic function

mapping D into itself, we define the composition operator Cφ by

pCφfqpzq � fpφpzqq,
for all f P H2pDq and z P D.

Composition operators are always bounded linears operators on H2pDq (see

[12, Theorem 5.1.5]).

A weighted composition operator is nothing more than a composition operator

followed by a multiplication. More precisely, if ψ is analytic on D and φ analytic self-map

of D, we define the weighted composition operator Tψ,φ by

pTψ,φfqpzq � ψpzqfpφpzqq,
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for all f P H2pDq and z P D.

In particular, if ψ P H8, Tψ,φ defines a bounded linear operator on H2pDq. This

comes from the fact that the composition operator is bounded and the multiplication by a

function in H8pDq induces a bounded linear operator on H2pDq (see [12, Chapter 3]).

Example 1.2.7. i) For each n ¥ 1, let Tn be the linear operator on H2pDq defined by

Tnfpzq � fpznq.

Making φnpzq � zn, it is easy to see that Tn is a composition operator, since Tn � Cφn.

Note also that T1 � I and TmTn � Tmn; this means that T � pTnqn¥1 defines a

multiplicative semigroup on H2pDq.

ii) For each n ¥ 1, let Wn be the linear operator on H2pDq defined by

Wnfpzq � p1� z � � � � � zn�1qfpznq.

Making ψnpzq � 1�z�� � ��zn�1, it is easy to see that Wn is a weighted composition

operator, since Wn � ψnCφn. Note also that W1 � I and WmWn � Wmn; this means

that W � pWnqn¥1 defines a multiplicative semigroup on H2pDq.

The semigroup T when restricted to H2
0 :� tf P H2pDq : fp0q � 0u was

extensively studied in [14]. The semigroup W was first introduced in [22] and its study is

related to the RH. For this reason, a major part of this thesis is devoted to the study of

this semigroup.

1.2.8 A reformulation of the Riemann hypothesis on H2pDq

In [4], Balazard and Saias introduced an equivalent version of the Báez-Duarte

criterion in the weighted space l2ω with inner product given by

xx, yy �
8̧

n�1

xpnqypnq
npn� 1q

for sequences x, y P l2ω. For each k ¥ 2, let rk denote the sequence defined by rkpnq � ktn{ku.
Then the Báez-Duarte criterion in l2ω may be stated as follows.

Theorem 1.2.8. The RH is true if and only if 1 :� p1, 1, 1, . . . q belongs to the closed linear

span of trk : k ¥ 2u in l2ω.

In [22], Noor gave a unitary equivalent version of Theorema 1.2.8 for the Hardy

space H2pDq by using the unitary operator Φ :� T�1 �Ψ : l2ω Ñ H2pDq, where Ψ : l2ω Ñ A
and T : H2pDq Ñ A are unitary operators defined by

Ψpxp1q, xp2q, . . . q �
8̧

k�0
xpk � 1qzk (1.2.3)
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and

Tfpzq � pp1� zqfpzqq1
1� z

. (1.2.4)

The operator Ψ was first introduced, in a equivalent form, in [3, page 145], whereas T can

be found in [13, Lemma 7.2.3]. Such operator T is initially defined on the whole space

of holomorphic functions on D, Hol(D), but when restricted to H2 defines an isometric

isomorphism onto the weighted Bergman space A.

Noor showed that

Rpzq :� Ψ1 � 1
1� z

and Rkpzq :� Ψrk � 1
1� z

rlogp1� z � � � � � zk�1qs1.

Then

Φ1 � T�1R � �1 and Φrk � T�1Rk � hk,

where

hkpzq � 1
1� z

log
�

1� z � � � � � zk�1

k



,

which belongs to H2pDq. Then the Báez-Duarte criterion in H2pDq can be stated as follows.

Theorem 1.2.9. (See [22, Theorem 6]) The Riemann hypothesis holds if and only if the

constant 1 belongs to the closed linear span of thk : k ¥ 2u.

Noor also related the Riemann hypothesis with the multiplicative semigroup

W . It is easy to see that

Wnhk � hnk � hn, for all k, n ¥ 1 (where h1 � 0).

Hence the linear span of thk : k ¥ 2u is invariant under W . A vector f P H2pDq is called a

cyclic vector for an operator semigroup tSn : n ¥ 1u if the span of tSnf : n ¥ 1u is dense

in H2pDq. Hence the following result generalizes Theorem 1.2.9.

Theorem 1.2.10. (See [22, Theorem 8]) The following statements are equivalent:

1) the Riemann hypothesis,

2) the closed linear span of thk : k ¥ 2u contains a cyclic vector for W,

3) spanthk : k ¥ 2u is dense in H2pDq.

Items 1q and 2q say that the constant 1 appearing in 1.2.9 may be replaced by

any cyclic vector of W . At this point, there is only one known cyclic vector: the constant

1. In chapter 3 we shall discover a family of cyclic vectors for W .
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We finish this subsection with two important results of [22] that will be useful

in Chapter 2 and 4. Let S be the shift operator on H2pDq defined by Sfpzq � zfpzq.
The Möbius function is defined on N by µpnq � p�1qk if n is the product of

k distinct primes and µpnq � 0 otherwise. For the proof of the following Lemma, Noor

required of the Prime Number Theorem in equivalent forms.

Lemma 1.2.11. (See [22, Lemma 11]) The series
8̧

k�2

µpkq
k

pI � Sqhk converges to 1� z in

H2pDq, where µ is the Möbius function

Theorem 1.2.12. (See [22, Theorem 12]) Let N be the linear span of thk : k ¥ 2u. Then

NK XDδ1 � t0u.

1.2.9 The Periodic Dilation Completeness Problem (PDCP)

Aurel Wintner in 1944, [23], and, independently, Arne Beurling in 1945, [6],

formulated the following completeness problem.

Periodic Dilation Completeness Problem (PDCP). To characterize

functions ψ P L2p0, 1q for which the dilation system tψpkxq : k � 1, 2, . . . u is complete in

L2p0, 1q, where ψ is identified with its extension to an odd 2-periodic function on R. Such

a function ψ is said to be a PDCP function.

Partial results have been achieved, but the problem is still open. See [14],

[9], [22] and [8] for references. In particular, Noor showed that the cyclic vectors of the

semigroup W are properly embedded into PDCP functions.

Theorem 1.2.13. There exists an injective linear map V : H2pDq Ñ L2p0, 1q such that if f

is a cyclic vector for W in H2pDq, then V f is a PDCP function.

The embedding of Theorem 1.2.13 is given by V � UP pI � Sq, where P is the

orthogonal projection of H2pDq onto H2
0 and U : H2

0 Ñ L2p0, 1q is the unitary operator

defined by

U : zn ÞÝÑ
?

2 sinpnπxq,

with en :�
?

2 sinpnπxq, n ¥ 1, an orthonormal basis of L2p0, 1q.

1.2.10 Shift operators

Let H be a Hilbert space and LpHq be the set of bounded linear operators on

H. An operator S in LpHq is a shift operator if S is an isometry and S�n Ñ 0 strongly,

that is, }S�nf} Ñ 0 for all f in H.

There is an alternative definition for the shift operators (see [19]).
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Theorem 1.2.14. An isometry S P LpHq is a shift operator if and only if
8£
j�0

SjH � t0u.

We next introduce a decomposition of a Hilbert space in terms of a shift

operators.

Theorem 1.2.15. (See [19, Chapter 1]) Let S P LpHq be a shift operator. A subspace M of

H reduces S if and only if

M �
8̧

j�0

à
SjM0,

where M0 is a subspace of KerS�. Each f PM has a unique representation f �
8̧

j�0
Sjkj,

where kj PM0, j ¥ 0.

Definition 1.2.16. Two shift semigroups S � pSkqk¥1 and V � pVkqk¥1 defined on Hilbert

spaces H and K, respectively, are said to be unitarily equivalent if there exists an unitary

operator R : H Ñ K such that R�1VkR � Sk, for each k ¥ 1.

We define the multiplicity of a shift operator S P LpHq to be the dimension of

the Ker S�.

Theorem 1.2.17. (See [19, Chapter 1]) Two shift operators are unitarily equivalent if and

only if they have the same multiplicity.

In chapter 2 we shall see that the semigroup pWk{
?
kqk¥1 defines a semigroup

of shift operators.
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2 A semigroup related to the Riemann hy-

pothesis

This chapter is concerned with the study of the semigroup W . In the first part

we shall see that the subspace spanned by thn � hm : n,m ¥ 2u is not dense in H2pDq,
and, in addition, the dimension of this subspace is closely related to the RH. The second

part is focused on the invariant subspaces; in particular, a new reformulation of the RH

involving the invariance of NK under Wk, for any k ¥ 2, is presented.

From now on we shall denote H2 :� H2pDq.

2.1 Explicit form of W �
n

The main objective of this section is to provide the explicit form of each element

of the semigroup W� � pW �
n qn¥1. We also prove that each operator Wn, n ¥ 1, defines an

isometry.

By the definition of Wn, it is not difficult to see that

Wn � pI � S � � � � � Sn�1qTn, @n ¥ 1,

where Tnfpzq � fpznq and Sfpzq � zfpzq. Taking adjoint, we obtain

W �
n � T �n � T �nS

� � � � � � T �nS
�pn�1q, (2.1.1)

where S� is given by pS�fqpzq � fpzq � fp0q
z

(see [19, Page 1]). So if we find the explicit

form of T �n , we are done. To do that, we use the following result.

Theorem 2.1.1. (See [7, Section 2]) Let ϕ be an analytic function on D such that ϕpDq � D.

Then the adjoint of a composition operator Cϕ on H2 is given by

pC�
ϕfqpzq �

1
2π

» 2π

0

fpeiθq
1� ϕpeiθqzdθ.

Since Tn is a composition operator with symbol ϕpzq � zn, Theorem 2.1.1 can
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be applied to T �n . Indeed,

pT �n fqpzq �
1

2π

» 2π

0

fpeiθq
1� e�niθz

dθ

� 1
2π

» 2π

0

eniθfpeniθq
eniθ � z

dθ

� 1
2πi

»
T

ζn�1fpζq
ζn � z

dζ

� 1
2πi

»
T

ζn�1fpζq
pζ � n

?
zqpζ � n

?
zωnq . . . pζ � n

?
zωn�1

n qdζ,

where n
?
z is the principal n-th root of z and ωn � e2πi{n. By the Residue Theorem, we

obtain

pT �n fqpzq �
p n?zqn�1fp n?zq

p n?z � n
?
zωnq . . . p n

?
z � n

?
zωn�1

n q
� p n?zqn�1ωn�1

n fp n?zωnq
p n?zωn � n

?
zqp n?zωn � n

?
zω2

nq . . . p n
?
zωn � n

?
zωn�1

n q

� � � � � p n?zqn�1ωpn�1q2
n fp n?zωn�1

n q
p n?zωn�1

n � n
?
zq . . . p n?zωn�1

n � n
?
zωn�2

n q
� fp n?zq
p1� ωnq . . . p1� ωn�1

n q
� ωn�1

n fp n?zωnq
pωn � 1qpωn � ω2

nq . . . pωn � ωn�1
n q

� � � � � ωpn�1q2
n fp n?zωn�1

n q
pωn�1

n � 1q . . . pωn�1
n � ωn�2

n q
� fp n?zq
p1� ωnq . . . p1� ωn�1

n q
� fp n?zωnq
p1� ω�1

n qp1� ωnq . . . p1� ωn�2
n q

� � � � � fp n?zωn�1
n q

p1� ω
�pn�1q
n q . . . p1� ω�1

n q
.

Therefore

pT �n fqpzq �
fp n?zq � fp n?zωnq � � � � � fp n?zωn�1

n q
p1� ωnq . . . p1� ωn�1

n q
� fp n?zq � fp n?zωnq � � � � � fp n?zωn�1

n q
n

,

where the last equality comes from

zn � 1 � pz � 1qpz � ωnq . . . pz � ωn�1
n q

ðñ 1� z � � � � � zn�1 � pz � ωnq . . . pz � ωn�1
n q.
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In order to use relation (2.1.1), note that, by using the definition of S�, we can

verify

pS�nfqpzq � fpzq � f̂p0q � f̂p1qz � � � � � f̂pn� 1qzn�1

zn

� fpzq �°n�1
j�0 f̂pjqzj
zn

.

Then, for n ¥ 2,

pW �
n fqpzq �

1
n

�
n�1̧

j�0
fpωjn n

?
zq �

n�1̧

j�0
pS�fqpωjn n

?
zq � � � � �

n�1̧

j�0
pS�pn�1qfqpωjn n

?
zq
�

� 1
n

�
n�1̧

j�0
fpωjn n

?
zq �

n�1̧

j�0

fpωjn n
?
zq � f̂p0q

ωjn n
?
z

� � � � �
n�1̧

j�0

fpωjn n
?
zq �°n�2

l�0 f̂plqpωjn n
?
zql

pωjn n
?
zqn�1

�
. (2.1.2)

To simplify this expression, note that

n�1̧

j�0

f̂p0q
ωjn n
?
z
� f̂p0q

n
?
z

n�1̧

j�0
ω�jn � f̂p0q

n
?
z
p1� ωn � � � � � ωn�1

n q � 0

...

n�1̧

j�0

°n�2
l�0 f̂plqpωjn n

?
zql

pωjn n
?
zqn�1

� 1
p n?zqn�1

n�1̧

j�0

n�2̧

l�0

f̂plqpωjn n
?
zql

pωjnqn�1

� 1
p n?zqn�1

n�2̧

l�0
f̂plqp n?zql

n�1̧

j�0
ωjpl�n�1q
n

� 1
p n?zqn�1

n�2̧

l�0
f̂plqp n?zql

n�1̧

j�0
ωjpl�1q
n � 0,

where the last equality comes from the identity (see [1, Theorem 8.1])

n�1̧

k�0
ωkmn �

#
n if n|m
0 otherwise.

(2.1.3)

Then, going back to (2.1.2):

pW �
n fqpzq �

1
n

�
n�1̧

j�0
fpωjn n

?
zq � 1

n
?
z

n�1̧

j�0

fpωjn n
?
zq

ωjn
� � � � � 1

p n?zqn�1

n�1̧

j�0

fpωjn n
?
zq

ω
jpn�1q
n

�
.

We state now some properties involving these semigroups.

Theorem 2.1.2. The following statements hold:
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1. W �
nTn � I,

2. W �
nS

kTn � I, for k � 0, 1, . . . , n� 1,

3. W �
nS

nTn � S,

4. W �
nWn � nI,

Proof. 1. Notice that

pW �
nTnfqpzq �

1
n

�
n�1̧

j�0
pTnfqpωjn n

?
zq � � � � � 1

p n?zqn�1

n�1̧

j�0

pTnfqpωjn n
?
zq

ω
jpn�1q
n

�

� 1
n

�
n�1̧

j�0
fpzq � 1

n
?
z

n�1̧

j�0

fpzq
ωjn

� � � � � 1
p n?zqn�1

n�1̧

j�0

fpzq
ω
jpn�1q
n

�

� fpzq,

Where the last equality comes by using the identity (2.1.3). Hence W �
nTn � I.

2. Let us take 0 ¤ k ¤ n� 1. Then

pW �
nS

kTnfqpzq � 1
n

�
n�1̧

j�0
pSkTnfqpωjn n

?
zq � � � � � 1

p n?zqk
n�1̧

j�0

pSkTnfqpωjn n
?
zq

ωjkn

� � � � � 1
p n?zqn�1

n�1̧

j�0

pSkTnfqpωjn n
?
zq

ω
jpn�1q
n

�

� 1
n

�
n�1̧

j�0
pωjn n

?
zqkfpzq � � � � � 1

p n?zqk
n�1̧

j�0
pωjn n

?
zqk fpzq

ωjkn

� � � � � 1
p n?zqn�1

n�1̧

j�0
pωjn n

?
zqk fpzq

ω
jpn�1q
n

�

� 1
n

�
p n?zqkfpzq

n�1̧

j�0
ωjkn � � � � �

n�1̧

j�0
fpzq

� � � � � p n?zqkfpzq
p n?zqn�1

n�1̧

j�0

1
ω
jpn�k�1q
n

�

� fpzq,

where the last equality comes by using identity (2.1.3). Hence W �
nS

kTn � I.
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3. Notice that

pW �
nS

nTnfqpzq � 1
n

�
n�1̧

j�0
pSnTnfqpωjn n

?
zq � � � � � 1

p n?zqn�1

n�1̧

j�0

pSnTnfqpωjn n
?
zq

ω
jpn�1q
n

�

� 1
n

�
n�1̧

j�0
pωjn n

?
zqnfpzq � � � � � 1

p n?zqn�1

n�1̧

j�0

pωjn n
?
zqnfpzq

ω
jpn�1q
n

�

� 1
n

�
n�1̧

j�0
zfpzq � 1

n
?
z

n�1̧

j�0

zfpzq
ωjn

� � � � � 1
p n?zqn�1

n�1̧

j�0

zfpzq
ω
jpn�1q
n

�

� zfpzq,

where the last equality comes by using identity (2.1.3). Hence W �
nS

nTn � S.

4. Notice that

W �
nWn � W �

n pI � S � � � � � Sn�1qTn
� W �

nTn �W �
nSTn � � � � �W �

nS
n�1Tn

� I � I � � � � � I � nI.

Hence W �
nWn � nI.

Property 4) of Theorem 2.1.2 says that the operator Vn :� Wn{
?
n, for each

n ¥ 1, defines an isometry.

2.2 Properties of the semigroup W

In section 2.1 we described the explicit form of each W �
n ; due to the complexity

of that expression, it sometimes will be useful to work with the coefficient form. We start

this section by finding this expression.

As introduced in Section 1.2.7, each Wn is defined by

Wnfpzq � p1� z � � � � � zn�1qfpznq.

Let fpzq �
8̧

k�0
f̂pkqzk be the expansion of an arbitrary function in H2. Then

Wnfpzq � p1� z � � � � � zn�1q
8̧

k�0
f̂pkqznk

�
8̧

k�0
f̂pkqpznk � znk�1 � � � � � znk�n�1q.
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Now, for any other g P H2 of the form gpzq �
8̧

k�0
ĝpkqzk, we have

xWnf, gy2 �
8̧

k�0
f̂pkqpĝpnkq � ĝpnk � 1q � � � � � ĝpnk � n� 1qq � xf,W �

n gy2.

Hence we can identify the adjoint operators as follows:

W �
n gpzq �

8̧

k�0
Bnpkqzk, (2.2.1)

where Bnpkq � ĝpnkq � ĝpnk � 1q � � � � � ĝpnk � n� 1q.

Theorem 2.2.1. The semigroup W is such that

8£
n�2

KerW �
n �

8£
n�1

KerW �
pn � x1� zy,

where P :� tpnun¥1 is the set of all primes.

Proof. Suppose f P KerW �
n for all n ¥ 2. Computing the first term of the power series

(2.2.1), we have

Bnp0q � f̂p0q � f̂p1q � � � � � f̂pn� 1q � 0, @n ¥ 2.

This implies that f̂pnq � Bn�1p0q �Bnp0q � 0, for all n ¥ 2, and hence

fpzq � f̂p0q � f̂p1qz � f̂p0qp1� zq.

This implies that

8£
n�2

KerW �
n � x1� zy.

The other containment is straightforward. Now, to verify

8£
k�1

KerW �
pn �

8£
k�2

KerW �
n ,

we use the multiplicative property of tW �
n : n ¥ 2u . Indeed, by the fundamental theorem

of arithmetic, each natural number can be represented as a product of prime power:

n � pr1
1 p

r2
2 . . . prkk . Then

W �
n � W �r1

p1 W �r2
p2 . . .W �rk

pk
.

We generalize this result as follows:
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Theorem 2.2.2. The semigroup W is such that

8£
n�k�1

KerW �
n � span

 
1� z, 1� z2, . . . , 1� zk

(
.

Proof. Follows as Theorem 2.2.1.

Let tMiuiPI be a family of subsets of a Hilbert space H; we denote
ª
iPI

Mi as

the closed linear span of
¤
iPI

Mi.

Corollary 2.2.3. The semigroup W is such that

8ª
n�k�1

ImWn �
 
1� z, 1� z2, . . . , 1� zk

(K
.

Proof. Since

8£
n�k�1

KerW �
n �

8£
n�k�1

ImWK
n

�
�

8¤
n�k�1

ImWn

�K

�
�

8ª
n�k�1

ImWn

�K

,

the corollary follows as an immediate consequence of Theorem 2.2.2.

The following result provides us a tool to know when an element in H2 is not a

cyclic vector for W .

Theorem 2.2.4. If f K 1� z, then f is not cyclic vector for W.

Proof. By Corollary 2.2.3,
8ª
n�2

ImWn � t1� zuK. Then, for every f P H2:

span tWnf : n ¥ 2u �
8ª
n�2

ImWn � t1� zuK .

In particular, if f K 1� z, we have

span tWnf : n ¥ 1u � t1� zuK � H2.

Another consequence is the following. For every k ¥ 2, set

Nk :� WkN � span thnk � hk : n ¥ 2u .

Since

hn � hm � phn � hnmq � phnm � hmq,
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it is easy to see that

8ª
k�2

Nk � span thn � hm : n,m ¥ 2u.

Next theorem shows that this is a proper subspace of H2. This is an unexpected result

since RH holds if and only if the subspace N � span thn : n ¥ 2u is dense in H2.

Theorem 2.2.5.
8ª
k�2

Nk is a closed proper subspace of H2.

Proof. This is an immediate consequence of
8ª
k�2

Nk being a subspace of
8ª
k�2

ImWk.

These subspaces are also related to RH as follows.

Theorem 2.2.6. Let n ¥ 1. Then the RH is true if and only if dim

�
8ª

k�n�1
Nk

�K

� n.

Proof. Suppose RH is true. Since N � H2 and Wk{
?
k is an isometry, we obtain

NK
k � WkN

K � pWkN qK � ImWK
k � KerW �

k .

Then �
8ª

k�n�1
Nk

�K

�
8£

k�n�1
NK
k �

8£
k�n�1

KerW �
k .

By Theorem 2.2.2, �
8ª

k�n�1
Nk

�K

� span
 
1� z, 1� z2, . . . , 1� zn

(
.

For the converse, suppose dim

�
8ª

k�n�1
Nk

�K

� n. By Theorem 2.2.2,

span t1� z, . . . , 1� znu �
�

8ª
k�n�1

ImWk

�K

�
�

8ª
k�n�1

Nk

�K

.

By our assumption

NK �
�

8ª
k�n�1

Nk

�K

� span t1� z, . . . , 1� znu .

Since NK XDδ1 � t0u, we conclude that NK � t0u. Hence RH is true.

Corollary 2.2.7. RH is true if and only if the orthogonal complement of thn � hm : n,m ¥ 2u
is one dimensional.

Proof. Just take n � 1 in Theorem 2.2.6.
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2.3 Invariant subspaces

The main objective of this section is to obtain a new reformulation for the RH

in terms of the invariance of the closure of N under W �
n , for any n ¥ 2. Other properties

of this semigroup are also presented.

Lemma 2.3.1. The semigroup W is such that

8£
n�1

�
8ª
k�n

ImWpk

�
�

8£
n�2

�
8ª
k�n

ImWk

�
� t0u.

Proof. By Corollary 2.2.3,
8ª
k�n

ImWk �
 
1� z, 1� z2, . . . , 1� zn�1(K .

If f P
8£
n�2

�
8ª
k�n

ImWk

�
, then f K 1� zn, for every n ¥ 1. This implies that

f̂p0q � f̂p1q � � � � � f̂pnq � . . . .

Thus f � 0. Therefore

8£
n�2

�
8ª
k�n

ImWk

�
� t0u.

Using the multiplicative property of tWk : k ¥ 1u, it follows that

8£
n�1

�
8ª
k�n

ImWpk

�
�

8£
n�2

�
8ª
k�n

ImWk

�
.

This completes the proof.

Corollary 2.3.2. For any k ¥ 2,
8£
n�0

W n
k pH2q � t0u .

Proof. Just notice that W n
k � Wkn . So

8£
n�0

W n
k pH2q �

8£
n�2

�
8ª
k�n

ImWk

�
� t0u .

A consequence of Corollary 2.3.2 is that Vk :� Wk{
?
k is not only an isometry,

but a shift operator too, for every k ¥ 2 (see Theorem 1.2.14). Even though pVkqk¥1 is a

shift semigroup satisfying Theorem 2.2.1 and Lemma 2.3.1, the operators Vp and V �
q do

not always commute, for different primes p and q. In particular,

W2W
�
3 1 � 1� z � 2 � W �

3 W21.

So V � pVkqk�1 and T � pTkqk�1 are not unitarily equivalent semigroups (see Theorem

1.2.5).
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Theorem 2.3.3. KerW �
n is infinite-dimensional for all n ¥ 2.

Proof. It is not difficult to verify that KerW �
n contains the functions

z ÞÑ zjn � zjn�1 � � � � � zjn�n�2 � pn� 1qzjn�n�1.

Since all of the above functions are mutually orthogonal, KerW �
n is infinite-dimensional.

By Theorem 1.2.17, we derive that the shift operators Vn � Wn{
?
n, for n ¥ 2,

are unitarily equivalent to each other.

Lemma 2.3.4. Ker W �
n is a subset of the local Dirichlet space Dδ1 for all n ¥ 2.

Proof. Let f P KerW �
n . Our goal is to prove that D1pfq   8 using (1.2.2). By (2.2.1) we

have

Bnpkq � f̂pnkq � f̂pnk � 1q � � � � � f̂pnk � n� 1q � 0

for all k ¥ 0. Using this relation and the fact that lim
jÑ0

|f̂pjq| � 0 (since f P H2), we obtain

that
8̧

j�0
f̂pjq � 0,

which is the first condition in (1.2.2). For the second condition, let ki be the unique positive

integer such that nki ¤ i� 1 ¤ nki � n� 1 for each i ¥ 0. Then by (1.2.2) we have

D1pfq �
8̧

i�0

�����
8̧

j�i�1
f̂pjq

�����
2

�
8̧

i�0

�����
nki�n�1¸
j�i�1

f̂pjq
�����
2

¤
8̧

i�0

�
nki�n�1¸
j�nki

|f̂pjq|
�2

¤ 2n
8̧

i�0

nki�n�1¸
j�nki

|f̂pjq|2 � 2nn
8̧

i�0

npi�1q�1¸
j�ni

|f̂pjq|2

� 2nn
8̧

j�0
|f̂pjq|2   8.

Therefore f P Dδ1 .

The new reformulation of the RH can be stated as follows.

Theorem 2.3.5. Let n ¥ 2. Then the Riemann hypothesis is true if and only if the closure

of N is W �
n -invariant.

Proof. Suppose the RH is true. Then the closure of N is H2, so the assertion follows.

Conversely, suppose the closure of N is invariant under W �
n for a given n ¥ 2. Note that

the closure of N is also invariant under Wn; therefore, the closure of N reduces W �
n , what

is equivalent, NK reduces Wn. Since Wn{
?
n is a shift operator, it follows by Theorem

1.2.15 that there exists a subspace M0 of KerW �
n such that
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NK �
8̧

j�0

à W j
n?
n
jM0=

8̧

j�0

à
W j
nM0.

In particular, M0 � NK, and by Lemma 2.3.4, M0 � Dδ1 . Since NKXDδ1 � t0u, M0 � t0u ,
which means that NK � t0u . Hence RH is true.

Theorem 2.3.6. Wn has no eigenvectors for any n ¥ 2.

Proof. For n ¥ 2, suppose there exists f � 0 in H2 and λ P C such that Wnf � λf . By

the injectivity of Wn, λ � 0. Notice that

Wn2f � λ2f, . . . ,Wnkf � λkf, . . .

Since nk Ñ 8 as k Ñ 8, follows that

f P
8£
n�2

�
8ª
k�n

ImWk

�
� t0u ,

which is a contradiction.

As an important consequence of this Theorem, we derive the following Corollary.

Corollary 2.3.7. Wn does not have non-trivial finite-dimensional invariant subspace, for

any n ¥ 2.

Proof. It is an immediate consequence of Theorem 2.3.6.

The natural question now is to know if any W �
n has a non-trivial infinite-

dimensional invariant subspace, for n ¥ 2. Notice that

Nk � ImWk � pKerW �
k qK .

Then KerW �
k � NK

k . Thus NK
k is a non-trivial infinite-dimensional invariant subspace for

each W �
n , n ¥ 2 (see Theorem 2.3.3).

2.3.1 Eigenvectors and the spectrum of W �
n

In this subsection we provide a characterization for all common eigenvectors of

W� and we found out who the spectrum of Wk and W �
k are, for every k ¥ 2.

Theorem 2.3.8. A non-zero function f is a common eigenvector of W� if and only if

satisfy the following properties:

i) f̂pnq � pλn�1 � λnq f̂p0q, @n ¥ 1,



Chapter 2. A semigroup related to the Riemann hypothesis 36

ii)
8̧

n�1
|λn�1 � λn|2   8,

iii) λmn � λmλn (λ1 � 1), m,n P N,

where λk is the corresponding eigenvalues for W �
k .

Proof. Suppose f is a common eigenvector of W� with eigenvalues tλkuk¥1. This means

that

W �
k f � λkf, @k ¥ 1.

Computing the first term of the power series (2.2.1), we have

Bkp0q � f̂p0q � f̂p1q � � � � � f̂pk � 1q � λkf̂p0q.
This implies that

f̂pkq � Bk�1p0q �Bkp0q � pλk�1 � λkqf̂p0q, @k ¥ 1.

Hence item iq follows. Item iiq follows by the fact that f is in H2 and f � 0. Finally, item

iiiq follows by the fact that W �
mn � W �

mW
�
n . Conversely, suppose f is a non-zero function

satisfying property iq, iiq and iiiq. By item iq and iiq, f P H2. Without loss of generality,

let us take f̂p0q � 1; then

pW �
k fqpzq �

8̧

n�0

�
k�1̧

j�0
f̂pkn� jq

�
zn

�
k�1̧

j�0
f̂pjq �

8̧

n�1

�
k�1̧

j�0
f̂pkn� jq

�
zn

� λk �
8̧

n�1
pλkn�k � λknq zn

� λk

#
1�

8̧

n�1
pλn�1 � λnq zn

+

� λkfpzq, @k ¥ 2.

In particular,

fpzq �
8̧

n�1

�
1

n� 1 �
1
n



zn � 1 � p1� zq

8̧

n�0

1
n� 1z

n

� p1� zq
z

8̧

n�0

1
n� 1z

n�1 � pz � 1q
z

logp1� zq

is a common eigenvector of W�.

Let σpT q be the spectrum of a given operator T and Bpa, rq, Bpa, rq the open

and closed ball of radius r center at a in the complex plane, respectively.
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Theorem 2.3.9. σpW �
k q � σpWkq � Bp0,

?
kq.

Proof. Note first, by using properties of the spectrum, that

σpW �
k q � Bp0, }W �

k }q � Bp0,
?
kq.

To prove the other containment, let λ P Bp0,
?
kq. We must show that λ is an eigenvalue

for W �
k . Indeed, note that W �

k f � λf is equivalent to

f̂p0q � f̂p1q � � � � � f̂pk � 1q � λf̂p0q
f̂pkq � f̂pk � 1q � � � � � f̂p2k � 1q � λf̂p1q

f̂p2kq � f̂p2k � 1q � � � � � f̂p3k � 1q � λf̂p2q
...

So a f satisfying this can be defined like this:

f̂p0q � 1, f̂p1q � f̂p2q � � � � � f̂pk � 1q � λ� 1
k � 1

f̂pkq � f̂pk � 1q � � � � � f̂pk2 � 1q � λ

k

�
λ� 1
k � 1




f̂pk2q � f̂pk2 � 1q � � � � � f̂pk3 � 1q � λ2

k2

�
λ� 1
k � 1



.

...

We only need to show is that f P H2:

8̧

k�0

���f̂pkq���2 � 1� pk � 1q |λ� 1|2
pk � 1q2 � kpk � 1q |λ|

2

k2
|λ� 1|2
pk � 1q2 � k2pk � 1q |λ|

4

k4
|λ� 1|2
pk � 1q2 � . . .

� 1� |λ� 1|2
pk � 1q �

|λ|2
k

|λ� 1|2
pk � 1q �

|λ|4
k2

|λ� 1|2
pk � 1q � . . .

� 1� |λ� 1|2
k � 1

8̧

k�0

�
|λ|2
k

�n

,

where the last summation converges because |λ|  
?
k. Thus Bp0,

?
kq � σpW �

k q. Since

the spectrum of an operator is closed, we conclude that σpW �
k q � Bp0,

?
kq. To verify that

σpWkq � Bp0,
?
kq, we simply use the fact that

σpWkq �
 
λ : λ P σpW �

k q
(
.
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3 Generalization of the Báez-Duarte criterion

in H2

Recently, the mathematician Jongho Yang, [24], generalized the classical Nyman-

Beurling criterion of the RH in L2p0, 1q by replacing χp0,1q with χpa,bq for any 0 ¤ a   b ¤ 1.

With this in mind and a contribution of Bagchi, [3], to the Báez-Duarte criterion in L2p0, 1q,
we shall generalize the Noor criterion of the RH in H2. The second part is also focused

on generalizing the Báez-Duarte criterion in H2, but this time with an unexplored tool

provided by Noor: cyclic vectors for the semigroup tWn : n ¥ 1u.
We start this chapter by introducing the Jongho Yang’s generalization of the

Nyman-Beurling criterion. This criterion can be stated, in a slighted modified form, as

follows:

Theorem 3.0.1. (See [24, Theorem 1.2]) Let fλpxq � tλ{xu � λt1{xu. Then the Riemann

hypothesis is true if and only if χpa,bs belongs to the closed linear span of tfλ : 0   λ ¤ 1u
for any 0 ¤ a   b ¤ 1 in L2p0, 1s.

In [3], Bagchi showed that in addition to the Baéz-Duarte criterion, RH is

equivalent to the density of the linear span of
 
f1{k : k ¥ 1

(
in the closed subspace of

L2p0, 1s, let us call V, consisting of the functions which are a.e. constant on each sub-

interval

�
1

n� 1 ,
1
n

�
, n � 0, 1, 2.... It is shown that in fact these functions f1{kpxq �

t1{kxu � 1{kt1{xu are in V since

f1{kpxq � f1{k

�
1
n



�
!n
k

)
, @x P

�
1

n� 1 ,
1
n

�
.

Theorem 3.0.2. (See [3, Theorem 7]) The following statements are equivalents:

i) The Riemann hypothesis,

ii) χp0,1s belongs to the closed linear span of
 
f1{k : k ¥ 1

(
, and

iii) the linear span of
 
f1{k : k ¥ 1

(
is dense in V.

Combining these two results, we can generalize the original Báez-Duarte crite-

rion as follows.

Theorem 3.0.3. The Riemann hypothesis is true if and only if χp0, 1
n
s belongs to the closed

linear span of
 
f1{k : k ¥ 1

(
for any n P N.
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Proof. It is clear that χp0, 1
n
s P V. Suppose the RH is true; by Theorem 3.0.2 follows that

χp0, 1
n
s belongs to the closed linear span of

 
f1{k : k ¥ 1

(
. The converse is straightforward

by Theorem 3.0.1.

Theorem 3.0.4. The Riemann hypothesis is true if and only if χp 1
n�1 ,

1
n
s belongs to the closed

linear span of
 
f1{k : k ¥ 1

(
for any n P N.

Proof. It follows as Theorem 3.0.3.

Our purpose is to transfer Theorem 3.0.3 and Theorem 3.0.4 to H2, so we need

to choose a suitable unitary operator from V to H2. In subsection 1.2.8, Noor transferred

the Báez-Duarte criterion in l2ω to H2 through the unitary operator Φ :� T�1 �Ψ : l2ω Ñ H2

(see 1.2.3 and 1.2.4). If we consider the canonical isometric isomorphism Υ : V Ñ l2ω given

by

Υf � pfp1q, fp1{2q, fp1{3q, . . . q,

then the operator Φ �Υ � T�1 �Ψ �Υ : V Ñ H2 defines a unitary operator. The operator

Ψ �Υ : V Ñ A is such that

pΨ �Υqfpzq �
8̧

k�0
f

�
1

k � 1



zk.

We shall use these operators to generalize the Báez-Duarte criterion in H2.

Theorem 3.0.5. The Riemann hypothesis is true if and only if the polinomial 1�z�� � ��zn
belongs to the closed linear span of thk : k ¥ 2u in H2 for any n P N0.

Proof. In order to prove this, we must show that there exists a constant cn such that

pΦ �Υqχp0, 1
n�1 s

� cnp1� z � � � � � znq, for each n P N0. (3.0.1)

In fact, note that

pΨ �Υqχp0, 1
n�1 s

�
8̧

k�n

zk � zn

1� z

and

T p1� z � � � � � znq � pp1� zqp1� z � � � � � znqq1
1� z

� p1� zn�1q1
1� z

� �pn� 1q zn

1� z
.

Therefore

pΦ �Υqχp0, 1
n�1 s

� pT�1 �Ψ �Υqχp0, 1
n�1 s

� �1� z � � � � � zn

n� 1 .

This proves (3.0.1) and the theorem (as a consequence of Theorem 3.0.3).
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For n ¥ 1, define

pnpzq � nzn �
n�1̧

k�0
zk.

In [13, Lemma 7.2.2] it was shown that tpn : n ¥ 1u is an orthogonal basis for H2. In terms

of these polinomials, we have the following generalization for the RH.

Theorem 3.0.6. The Riemann hypothesis is true if and only if the polinomial pn belongs to

the closed linear span of thk : k ¥ 2u in H2 for any n P N.

Proof. Notice that

pΨ �Υqχp 1
n�1 ,

1
n
s � zn�1

and

pTpnqpzq � pp1� zqpnzn �°n�1
k�0 z

kqq1
1� z

� ppn� 1qzn � nzn�1 � 1q1
1� z

� npn� 1qz
n�1 � zn

1� z

� npn� 1qzn�1.

Therefore

pΦ �Υqχp 1
n�1 ,

1
n
s �

pn
npn� 1q .

As a consequence of Theorem 3.0.4, the proof is complete.

Due to Theorem 1.2.10, it is natural to ask whether 1� z � � � � � zn and pnpzq,
for n ¥ 1, are cyclic vectors for W . By Corollary 2.2.4, it is not difficult to see that each

1 � z � � � � � zn, for n ¥ 1, is not a cyclic vector. The same holds for each pn, n ¥ 2. It

remains to be known whether p1pzq � 1� z is a cyclic vector or not. We shall answer this

question in the next subsection.

3.1 Cyclic vectors for the semigroup W

In this subsection we are concerned on generalizing the Báez-Duarte criterion

in H2 by finding a new family of cyclic vectors for the semigroup W . As a consequence we

provide a generalization of the original Báez-Duarte criterion in L2p0, 1q.
Let pm,λpzq :� zm � � � � � z � λ, m P N and λ P C.

Theorem 3.1.1. Let m P N and λ P C such that |λ� 1| ¡ ?
m� 1. Then pm,λ is a cyclic

vector for W.
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Proof. Note first that

pWnpm,λqpzq � Wnpzm � � � � � z � λq

�
npm�1q�1¸
j�nm

zj � � � � �
2n�1̧

j�n

zj �
n�1̧

j�0
λzj

�
npm�1q�1¸

j�n

zj �
n�1̧

j�0
λzj.

So, let us take f P H2 such that f K Wnpm,λ, for each n ¥ 1; this is

npm�1q�1¸
j�n

f̂pjq �
n�1̧

j�0
λf̂pjq, @n ¥ 1. (3.1.1)

Looking at the particular cases n � pm� 1qk in (3.1.1), k ¥ 0, we get:

k � 0
m̧

j�1
f̂pjq � λf̂p0q

k � 1
pm�1q2�1¸
j�m�1

f̂pjq � λ
m̧

j�0
f̂pjq

� λpλ� 1qf̂p0q

k � 2
pm�1q3�1¸
j�pm�1q2

f̂pjq � λ

pm�1q2�1¸
j�0

f̂pjq

� λ2pλ� 1qf̂p0q � λpλ� 1qf̂p0q
� λpλ� 1q2f̂p0q

and for the general case we use induction to obtain

pm�1qk�1�1¸
j�pm�1qk

f̂pjq � λpλ� 1qkf̂p0q.

By the geometric sum formula with common ratio λ� 1 we have

pm�1qk�1�1¸
j�0

f̂pjq �
ķ

j�0
λpλ� 1qkf̂p0q � f̂p0q

�
�

1� pλ� 1qk�1

1� pλ� 1q


λf̂p0q � f̂p0q

� �pλ� 1qk�1 � 1
�
f̂p0q � f̂p0q

� pλ� 1qk�1f̂p0q.

Thus

pm�1qk�1�1¸
j�0

f̂pjq � pλ� 1qk�1f̂p0q.
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Using the Cauchy-Schwarz inequality, we have

|f̂p0q| ¤
�?

m� 1
|λ� 1|


k�1

}f} ,

and �?
m� 1
|λ� 1|


k�1

ÝÑ 0 as k ÝÑ 8 ðñ ?
m� 1   |λ� 1|.

So, in these conditions, f̂p0q � 0. By using the same arguments, for each r ¥ 1, taking

n � pr � 1qpm � 1qk in (3.1.1), it can be shown that f̂prq � 0; thus, f � 0 . Therefore,

pm,λpzq � zm � � � � � z � λ is a cyclic vector for |λ� 1| ¡ ?
m� 1.

The new generalization of the Báez-Duarte criterion in H2 can be stated as

follows.

Theorem 3.1.2. Let m P N and λ P C such that |λ�1| ¡ ?
m� 1. The Riemann hypothesis

is true if and only if pm,λ belongs to the closed linear span of thk : k ¥ 2u in H2.

Proof. Immediate consequence of Theorem 3.1.1 and Theorem 1.2.10.

Transfering Theorem 3.1.2 to L2p0, 1s, we obtain a new generalization of the

original Báez-Duarte criterion. Let fm,λ :� pλ� 1qχp 1
m�1 ,1s � pλ�mqχp0, 1

m�1s.

Theorem 3.1.3. Let m P N and λ P C such that |λ�1| ¡ ?
m� 1. The Riemann hypothesis

is true if and only if fm,λ belongs to the closed linear span of
 
f1{k : k ¥ 1

(
in L2p0, 1s.

Proof. Notice that

pTpm,λqpzq � pp1� zqpzm � � � � � z � λqq1
1� z

� pz � zm�1 � λ� λzq1
1� z

� p1� λq � pm� 1qzm
1� z

� pp1� λq � pm� 1qzmq
8̧

n�0
zn

� p1� λq � � � � � p1� λqzm�1 �
8̧

n�m

pλ�mqzn.

Then

pΥ�1 � Φ�1qpm,λ � pΥ�1 �Ψ�1 � T qpm,λ � fm,λ.

As a consequence of Theorem 3.1.2, the proof is complete.
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To finish this section, we present a family of PDCP functions. For every m P N
and λ P C, let gm,λ :� p1� λqe1 � em�1, where ekpxq �

?
2 sinpkπxq.

Theorem 3.1.4. Let m P N and λ P C such that |λ� 1| ¡ ?
m� 1. Then gm,λ is a PDCP

function.

Proof. In order to use the embedding of Theorem 1.2.13 and Theorem 3.1.1, we see that

P pI � Sqpm,λ � P pz � zm�1 � λ� λzq � p1� λqz � zm�1.

Applying the unitary operator U : zn ÞÝÑ en, the desired result follows.
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4 An approach to the Riemann hypothe-

sis through the Báez-Duarte criterion in

H2pCαq

In section 1.2.5 it was introduced the Báez-Duarte criterion in H2pC1{2q. This

criterion says that the Riemann hypothesis is true if and only if the function E belongs to

the closed linear span of tGk : k ¥ 2u (see Theorem 1.2.6). In this chapter we prove that

this convergence is in fact true but in a Hardy space with a smaller half-plane. We also

prove this convergence explicitly.

In order to reach the goal, we shall make use of Lemma 1.2.11. First note that

hkpzq � 1
1� z

log
�

1� z � � � � � zk�1

k




� 1
1� z

�
logp1� zkq � logp1� zq � log k

�
,

so

pI � Sqhkpzq � logp1� zkq � logp1� zq � log k.

Applying the orthogonal projection P : H2 Ñ H2
0 , we have

gkpzq :� P pI � Sqhkpzq � logp1� zkq � logp1� zq

�
8̧

n�1

zn

n
�

8̧

n�1

znk

n
. (4.0.1)

Applying the unitary operator R : H2
0 Ñ H2 (see Section 1.2.4), we have

pRgkqpsq �
8̧

n�1

n�s

n
�

8̧

n�1

pnkq�s
n

�
8̧

n�1

n�s

n
� k�s

8̧

n�1

n�s

n

� p1� k�sq
8̧

n�1
n�ps�1q

� p1� k�sqζps� 1q, s P C1{2.

To take these functions to the Hardy space of a half-plane, we consider the following

bounded linear operator (see [17, Page 1622])

M : H2 ÝÑ H2pC1{2q
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defined by

pMfqpsq � fpsq{s, s P C1{2.

By making a translation, we can define the linear operator

M1 : H2 ÝÑ H2pC3{2q

given by

pM1fqpsq � fps� 1q{s, s P C3{2.

Let us see that this operator is well defined and bounded. In fact, for f P H2 and σ ¡ 3{2,

1
2π

» 8

�8

|M1f pσ � itq|2 dt � 1
2π

» 8

�8

|fpσ � 1� itq|2
|σ � it|2 dt

¤ 1
2π

» 8

�8

|fpσ � 1� itq|2
|σ � 1� it|2 dt

¤ sup
x¡1{2

1
2π

» 8

�8

|fpx� itq|2
|x� it|2 dt

� }Mf}2
H2pC1{2q

.

Taking supremum over all σ ¡ 3{2, we derive that M1f is in H2pC3{2q. And, by the

boundedness of M, we have

}M1f}H2pC3{2q
¤ }Mf}H2pC1{2q

¤ }M} }f}H2 , @f P H2.

Therefore, M1 is also a bounded linear operator. The operator M satisfies the following

properties:

pM11qpsq � 1
s

and

pM1Rgkqpsq � pRgkqps� 1q
s

� p1� k1�sqζpsq
s

� �kpk�s � k�1qζpsq
s

� �kGkpsq.

With all this in mind, we state the following theorem.

Theorem 4.0.1. The series
8̧

k�2
µpkqGk converges to E in H2pC3{2q.
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Proof. By Lemma 1.2.11 we have that

ņ

k�2

µpkq
k

pI � Sqhk ÝÑ 1� z in H2.

By the continuity of P and R, we have

ņ

k�2

µpkq
k

gk ÝÑ �z in H2
0

and
ņ

k�2

µpkq
k

Rgk ÝÑ �1 in H2.

Applying the linear operator M1, we have

8̧

k�2
µpkqGk ÝÑ E in H2pC3{2q.

Corollary 4.0.2. E belongs to the closed linear span of tGk : k ¥ 2u in H2pC3{2q.

Proof. Follows as a consequence of Theorem 4.0.1.

We turn next to improve Theorem 4.0.1. The objective will be to show that

this convergence still holds in a Hardy space with a larger half-plane. Our motivation to

do this will be Lemma 1.2.11. So we start by generalizing functions (4.0.1) in the following

way. For τ ¡ 1{2 and k ¥ 1, define

gτkpzq � kτ�1
8̧

n�1

zn

nτ
�

8̧

n�1

znk

nτ
.

It is clear that gτk P H2
0 . Notice that

pRgτkqpsq � kτ�1
8̧

n�1

n�s

nτ
� k�s

8̧

n�1

n�s

nτ

� kτ�1
8̧

n�1
n�ps�τq � k�s

8̧

n�1
n�ps�τq

� pkτ�1 � k�sqζps� τq, s P C1{2.

Let us define now the linear operator

Mτ : H2 ÝÑ H2pC1{2�τ q

given by

Mτ : f ÝÑ fps� τq{s.
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Following the same ideas as in the case of M1, it is possible to prove that the operator

Mτ is well defined and bounded. Such operator Mτ satisfies the following properties:

pMτ1qpsq � 1
s

and

pMτRg
τ
kqpsq �

pRgτkqps� τq
s

� pkτ�1 � kτ�sqζpsq
s

� �kτ pk�s � k�1qζpsq
s

� �kτGkpsq.

The following lemma is inspired from Lemma 1.2.11. The idea of the proof is

still maintained.

Lemma 4.0.3. The series
8̧

k�2

µpkq
kτ

gτk coverges to �z in H2
0 for each τ ¡ 1{2.

Proof. Since gτ1 � 0, we have

ņ

k�2

µpkq
kτ

gτk �
ņ

k�1

µpkq
kτ

gτkpzq

�
ņ

k�1

µpkq
kτ

#
kτ�1

8̧

j�1

zj

jτ
�

8̧

j�1

zjk

jτ

+

�
ņ

k�1

µpkq
k

8̧

j�1

zj

jτ
�

ņ

k�1

µpkq
kτ

8̧

j�1

zjk

jτ

and �����
ņ

k�1

µpkq
k

8̧

j�1

zj

jτ

�����
H2

0

�
�����
ņ

k�1

µpkq
k

�����
�����
8̧

j�1

zj

jτ

�����
H2

0

ÝÑ 0

as nÑ 8, because (see [1, Theorem 4.16])

8̧

k�1

µpkq
k

� 0.

So, we only need to prove that������
ņ

k�1

µpkq
kτ

8̧

j�1

zjk

jτ
� z

�����
H2

0

ÝÑ 0 (4.0.2)
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as nÑ 8. Indeed,

ņ

k�1

µpkq
kτ

8̧

j�1

zjk

jτ
�

ņ

k�1
µpkq

8̧

j�1

zjk

jτkτ

� µp1q
8̧

j�1

zj

jτ
� µp2q

8̧

j�1

z2j

2τjτ � � � � � µpnq
8̧

j�1

znj

nτjτ

� zµp1q � z2

2τ pµp1q � µp2qq � z3

3τ pµp1q � µp3qq � . . .

�
8̧

j�1

zj

jτ

�
�� ¸

d|j,
1¤d¤n

µpdq

�
�

�
ņ

j�1

zj

jτ

�¸
d|j

µpdq
�
�

8̧

j�n�1

zj

jτ

�
�� ¸

d|j,
1¤d¤n

µpdq

�
�

�
ņ

j�1

zj

jτ

�
1
j

�
�

8̧

j�n�1

zj

jτ

�
�� ¸

d|j,
1¤d¤n

µpdq

�
�. (4.0.3)

The last equality comes from the identity (see [1, Theorem 2.1])

¸
d|j

µpdq �
�

1
j

�
.

Going back to (4.0.3), we have

ņ

k�1

µpkq
kτ

8̧

j�1

zjk

jτ
� z �

8̧

j�n�1

�
�� 1
jτ

¸
d|j,

1¤d¤n

µpdq

�
�zj

� z � φnpzq,

where

φnpzq �
8̧

j�n�1

�
�� 1
jτ

¸
d|j,

1¤d¤n

µpdq

�
�zj.

If we prove that }φn}H2
0
ÝÑ 0, as nÑ 8, we shall be done.
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If σpnq denotes the number of divisor of n, it follows that

}φn}2
H2

0
�

8̧

j�n�1

1
j2τ

�������
¸
d|j,

1¤d¤n

µpdq

�������
2

¤
8̧

j�n�1

1
j2τ

�¸
d|j

1
�2

�
8̧

j�n�1

σpjq2
j2τ .

The function σ satisfies the relation σpnq � opnεq1, for every ε ¡ 0 (see [1, page 296]). In

particular, σpnq À nε for some ε ¡ 0 such that τ ¡ 1{2� ε. Therefore

}φn}2
H2

0
À

8̧

j�n�1

j2ε

j2τ ¤
8̧

j�n�1

1
j2τ�2ε .

Since 2τ � 2ε ¡ 1, we have

}φn}H2
0
ÝÑ 0 as n ÝÑ 8.

This proves (4.0.2) and the lemma.

The refinement of Theorem 4.0.1 can be stated as follows.

Theorem 4.0.4. The series
8̧

k�2
µpkqGk converges to E in H2pC1{2�τ q for every τ ¡ 1{2.

Proof. By Lemma 4.0.3, we have

ņ

k�2

µpkq
kτ

gτk ÝÑ �z in H2
0 .

Applying the linear operator Mτ �R, we obtain that

�
ņ

k�2

µpkq
kτ

kτGk ÝÑ �E in H2pC1{2�τ q.

This means that

ņ

k�2
µpkqGk ÝÑ E in H2pC1{2�τ q.

Corollary 4.0.5. E belongs to the closed linear span of tGk : k ¥ 2u in H2pC1�εq for every

ε ¡ 0.

1 The notation fpnq � opgpnqq as n Ñ8 means that lim
nÑ8

fpnq

gpnq
� 0.
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Proof. Follows as a consequence of Theorem 4.0.4.

The most interesting fact of Theorem 4.0.4 is that we can know explicitly the

coefficients; so the question is: this convergence is still maintained in the Hardy space

H2pC1{2q? If so, the RH would be true.
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