SBL

SISTEMA DE BIBLIOTECAS DA UNICAMP

UNICAMP

UNIVERSIDADE ESTADUAL DE CAMPINAS
SISTEMA DE BIBLIOTECAS DA UNICAMP
REPOSITORIO DA PRODUGAO CIENTIFICA E INTELECTUAL DA UNICAMP

Versao do arquivo anexado / Version of attached file:

Versao do Editor / Published Version

Mais informacoes no site da editora / Further information on publisher's website:
https://www.sciencedirect.com/science/article/pii/5S0393044017301778

DOI: 10.1016/j.geomphys.2017.07.008

Direitos autorais / Publisher's copyright statement:
©2017.0 by Elsevier. All rights reserved.

DIRETORIA DE TRATAMENTO DA INFORMAGAO

Cidade Universitaria Zeferino Vaz Barao Geraldo
CEP 13083-970 — Campinas SP
Fone: (19) 3521-6493
http://www.repositorio.unicamp.br


http://www.repositorio.unicamp.br/

Journal of Geometry and Physics 121 (2017) 176-179

Contents lists available at ScienceDirect

Journal of Geometry and Physics

journal homepage: www.elsevier.com/locate/geomphys

Corrigendum and addendum to “Moduli spaces of framed @Cwsmﬂk
sheaves and quiver varieties”
Claudio Bartocci **, Valeriano Lanza®, Claudio L.S. Rava®

@ Dipartimento di Matematica, Universita di Genova, Italy
b Instituto de Matematica, Estatistica e Computagdo Cientifica, Universidade Estadual de Campinas, Brazil

ARTICLE INFO ABSTRACT

Article history: This paper is an erratum to our paper Moduli spaces of framed sheaves and quiver varieties
Rece@ved 28 June 2017 (J. Geom. Phys., 2016). As a byproduct, we prove a result (Prop. 2.5) providing a description
Received in revised form 7 July 2017 of the fibre T Gr(a, r)®"~!, for each V € Gr(a, r), as the space of isomorphism classes of
Accepted 8 July 2017 certain extensions of sheaves on Hirzebruch surfaces.

Available online 12 August 2017

Keywords:

Framed sheaves
Hirzebruch surfaces
Monads

1. Introduction

The claim (ii) in Proposition 6.7 of [1] is incorrect, as next Example 2.3 will make clear. As a consequence, the claim (iii)
in Proposition 6.7 and Corollary 6.9 are false as well, whilst Proposition 6.8 must be replaced by a slightly weaker statement
(see Proposition 2.4). All results stated in Sections 2 to 5, in Subsections 6.1 to 6.3, and in Section 7 hold true, and their
proofs remain unchanged; also the final part of Section 6.4, after the proof of Corollary 6.9, remains valid as it stands. In the
Introduction, the sentence “the fibres of the direct sum of (copies of) the cotangent bundle classify the sheaves away from
the line at infinity” [1, p. 2] has to be replaced by the sentence “each fibre of the direct sum of (copies of) the cotangent
bundle can be identified with the vector space Exty, . (0%, O, (E)®?)".

If not otherwise stated, the notation is the same as in [1]. For the reader’s convenience, we briefly recall which is the
setting we are working in. We denote by X, the n-th Hirzebruch surface, which can be defined as the projective closure
of the total space of the line bundle Op1(—n); we assume the condition n > 0. The fibre of the natural ruling ¥, — P!
determines a class F € Pic(X,) and we denote by H and E the classes of sections squaring, respectively, to n and —n. As it
is well-known, Pic(X,) is freely generated on Z by H and F; we put Oy, (p, q) = Ox,(pH + gF). We fix a “line at infinity”,
£s, ~ P!, belonging to the class H and not intersecting E. A framed sheaf on X, is a pair (€, ), where £ is a rank r torsion-free
sheaf trivial along ¢, and 6 : €], = (’)2‘9; is an isomorphism. Notice that the condition of being trivial at infinity implies
C]((C/‘) x E.

The moduli space M"(r, a, c) parameterizing isomorphism classes of framed sheaves (&, ) on X, with Chern character
ch(&) =y = (r,aE, —c — %naz) has been extensively studied in [1-3]. It is a fine moduli space, which is nonempty if and
only if

na(1l —a)
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na(1—a)

When the lower bound of the inequality (1.1) is attained, the moduli space M"(r, a, =

explicit form.

) has a particularly simple and

Theorem 1.1 (= [1, Theorem 6.2]). There are isomorphisms

n na(l1—a)\ _ [Gr(a,r) ifn=1;
M (r, a, 2 |1V Gr(a, r)®! ifn>2,

where Gr(a, r) is the Grassmannian of a-planesin C'.

The main result we shall prove in the next section - sc. Proposition 2.5 - provides a description of the fibre T Gr(a, ryen-1
for each V € Gr(a, r), as the space of isomorphism classes of extensions of the form

0——= V@05, (E) —= & —— (C"/V) ® 05, — 0

2. A description of the fibre T,/ Gr(a, r)®n-1

Let us recall that, if a torsion-free sheaf £ on X, is trivial at infinity and satisfies the “minimality” condition (1.1), then it
is locally free. These sheaves can be explicitly realized as extensions.

Proposition 2.1. (= [1, Proposition 6.7(i)]) A torsion-free sheaf & is trivial at infinity and satisfies condition (1.1) if and only if
it fits into an extension of the form

0—> 05, (B — > L0250 (2.1)

for some integersr > 0and0 <a <.

The following result replaces the erroneous claim [ 1, Proposition 6.7(ii)].

Proposition 2.2. Two vector bundles £ and &' which are trivial at infinity and satisfy condition (1.1) are isomorphic if and only
if they fit into extensions of the form (2.1) which are isomorphic as complexes.

Proof. The “if” part is trivial. To prove necessity, we have to distinguish the case n = 1 from the casen > 2. Whenn = 1, [2,
Lemma 3.1] implies that
Ext, (0% Ox,(E)*) =0.

It follows that all extensions of the form (2.1) split, and this proves the claim in this case. Let us assume n > 2 and let £ and
£’ be two isomorphic vector bundles which are trivial at infinity and satisfy condition (1.1). As shown in [1, § 6.1], £ is the
cohomology of a monad of the form

0—> 0x,(1, 12 g 0¥ —L s oy (1,0020-1 g, (2.2)

where B is surjective (therefore, £ ~ ker 8); analogously for £'. By [2, Lemma 4.7], an isomorphism A : £ — &' lifts
uniquely to an isomorphism of monads. We proved in [1, § 6.3] that such an isomorphism is uniquely determined by an

invertible matrix gg g) where A € GL(a, C) and C € GL(r — a, C). By using the diagram [ 1, eq. (6.18)] it can be shown that

there is an induced diagram
00— 05, (B — > L s ofr— 0

0 —— Oy, (E)®
which is commutative. O

Example 2.3. It should be pointed out that two isomorphic complexes of the form (2.1) may fail to be isomorphic as
extensions. Indeed, if £ fits into an extension of the form (2.1), of course it fits also into the extension

0 —— Oy, (E)®° M e P O?;_a —0, (2.3)

for any A € C*. It is easy to see that the two sequences (2.1) and (2.3) are isomorphic as complexes, but, if . # 1, not as
extensions. O
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Let X, = Xy \ €. This open subset can be naturally regarded as the total space of the line bundle Op1(—n). The statement
of [1, Lemma 6.8] needs to be replaced by the following result; the proof we provided in [1], however, remains unchanged.

Proposition 2.4. Two extensions of the form (2.1) are isomorphic if and only if their restrictions to X, are isomorphic as extensions
of Ox,-modules.
Finally, as a substitute for [1, Corollary 6.9], one has the following proposition.

Proposition 2.5. For n > 2, for each point V € Gr(a, r), thought of as an a-dimensional subspace of C', there is a canonical
isomorphism

Ty Gr(a, 1)*"" ~ Ext,, ((C"/V)® O, V ® Ox, (E)).
Proof. Let V C C' be a point of Gr(a, r) and let W = C"/V. It is well-known (see e.g. [4, Lemma 10.7]) that there is a
canonical isomorphism

Ty Gr(a, r) ~ Hom¢(V, W).
So, one has an induced (canonical) isomorphism

Ty Gr(a, r) ~ Homc(V, W)* =~ Hom¢(W, V).
Every morphism b € Homg(W, V)®"~! can be associated with an extension e(b) of the form

0— > V®O0x5(E)—>£—>W®05, —=0 (2.4)
in the following way. We set

v=[V"®0s5(l,-)]eWR0s,), W=V®"1g05/(1,0)

(notice that these sheaves are isomorphic to those in (2.2)) and define the morphism

Bp:V— W
Br =X ® bse, (2.5)
where
0 0
x = idy ®c 1,1 N R 1,4 y2 |
0

Soo is a global section of O, (1, 0) whose zero locus is £x, and {y1, ¥} is a basis for H%(Ox, (0, 1)) (cf. [1, eq. (6.7)]). The
morphism gy, is surjective and fits into the commutative diagram E(b), which is analogous to that introduced in [ 1, eq. (6.18)]:

0 0 (2.6)
0 > V®O0yE) Ker B We® 05, — =0
. :
0 >V ®oy(l,-1)— >V " — W0y, — =0
X Bb
W W
0 0

where 7 is the canonical injection,

. (idyen . . _ _ _ _
j= <' ‘6‘9), =0 idw), «=idy® (3 =y (=y) oy ()Y,

p = 7 o t,and i is induced by the other morphisms. The top row of the diagram (2.6) defines the extension e(b) (2.4) we
were looking for. Actually, by construction, the sheaf ker g, fits into a monad of the form (2.2), so that it is locally free and
trivial at infinity.
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The previous procedure enables us to define a map

¢v : Homg(W,Vv)e-1 Ext}ozn (W ® 05,,V ® 05,(E)),
b > [e(b)]

where we denote by [e(b)] the isomorphism class of the extension e(b). This map is canonical in the sense that it does not
depend on the choice of a basis for Hom¢(W, V)®"~1, Our purpose is now to prove that gy is a vector space isomorphism.
To this aim, we proceed in 5 steps.

Step 1. The diagram E(b) (2.6) can be regarded as a short exact sequence in the abelian category €oh,(X,) of bounded
complexes of coherent sheaves on X,,. Explicitly, E(b) can be written in the form

0 M_; —S = Mo(b) —= M, 0,

where

M_;: 0——>V®O0x,(E)—> Vo ® 05, (1, -1) ——> W —> 0,

Bp

Mg(b): 0 ker By ——=V w 0,
M;: WQR®O0s, —W® 05, —0,

G =(i,j,idw),

F=(p,n,0).

Step 2. It is easy to define a vector space homomorphism

£: Extyy,sn(Mi, M) —> Extggzn (W ® 05,,V ® 05, (E)),
[E] > [e]

where e is the top row of E. (Notice that the additive structure of both spaces is provided by the Baer sum.) At the same time,
one has a map ¢y : Homg(W, V)®=1 Extéoh (=M1, M_) given by b > [E(b)], so that gy = & o ¢y.

Step 3. Straightforward, though rather cumbersome computations show that the map ¢y is a vector space homomor-
phism. As a consequence, the same is true for the map ¢y .

Step 4. Next, we prove the injectivity of the homomorphism ¢y. Let b € Hom(W, V)®"~1 and suppose that g, (b) = 0,
i.e., that [e(b)] is the split extension class. In particular, this entails the existence of an isomorphism

v : (V® 0x,(E) ® (W ® O5,) — ker .
As a consequence, the morphism B fits into the short exact sequence

0—— (V@ 0x,(E) ® (W@ 05,) —2 >V P 0.

It is easy to check that the morphism 7 o ¥ can be put into the block matrix form (8 g) for some A € Autc(W). Therefore,
the condition

Bro(toW)=0
implies b = 0 (cf. Eq. (2.5)), and ¢y is injective.

Step 5. To conclude the proof, it is enough to show that the vector spaces T, Gr(a, r)®"=1 and Ext}oxn (W ® 05,V
OEH(E)) have the same dimension. The former has dimension a(r — a)(n — 1). As for the latter, one has the canonical
isomorphism

Extggxn (W ® 05, V ® Ox,(E)) ~ Hom(W, V) ® H'(Ox, (E)).

Since h%(0, (E)) = 1and h*(Ox;, (E)) = 0(cf. [2, Lemma 3.1]), the Riemann-Roch formula implies h!(Oz,(E)) = n—1. O
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