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1. Introduction

The celebrated Pokhozhaev’s identity [14],[15] is an important tool in the theory of
differential equations. Among a variety of its applications, it is particularly useful
in establishing nonexistence results. Commonly its specific form for each concrete
problem is obtained by using ad hoc procedures, e.g. multiplying the considered
equations by some appropriate functions, integrating by parts and then summing
up the results.

In this paper we look at the Pokhozhaev’s identity from a more general point
of view. Our main purpose is to propose a unified method to generate identities
of this type. The suggested algorithm consists of three steps. The first step is
to obtain an identity for arbitrary sufficiently smooth functions, without using
the fact that some of them satisfy the given differential equations or systems.
The second step is to integrate the identity in question taking into account the
corresponding equations and boundary conditions. The third step is to apply the
divergence theorem.

Obviously the essential point is how to obtain a ‘generic’ starting identity to
be used in the first step. This can be done in the following way.

To begin with, let u®(z), « = 1,2,...,m, be a set of C¥(Q) functions, where
k>1and x € Q CR™ n > 1. We denote by Ay the space of all locally analytic
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100000B-792 (E.M.).



384 Y. Bozhkov and E. Mitidieri Mediterr. j. math.

functions of x,u® and the partial derivatives of u® up to order k. The elements
fl@,u® ufyy, ..o ufy)) of Ay are called differential functions [1],[13].

Given n differential functions & € Aj, and m differential functions n® € Ay,
we associate to them a partial differential operator X in the following way:

T a (e a

X=¢ 0x; n Oue’
Above and throughout this paper we use the Einstein summation convention, that
is, we assume summation from 1 to n over a repeated Latin index and summation
from 1 to m over repeated Greek indices.

The cornerstone of the proposed approach to Pokhozhaev identity is the
following

Theorem 1.1. Let k > 1, u®(z) € C*(Q) and &,n™ € Ay. Let
L= L(aauoﬂzt‘(”l)7 - .,u?k)) € Ay

be an arbitrary differential function. Then the following identity holds

XWL 4+ LD = Bo(L)(n® — uS&’) + Di[LE + Wilu, n — u;é’]], (1.1)
where u = (u*, ..., u™), n=(n',....,n™), u; = (g—gi, o %) and the k-th order

extension X®) of X, the Euler operator E, and the operator W; are defined in
Section 2.

This identity is called the Noether identity. We emphasize that the identity
(1.1) is obtained here without any use of variational structure.

It is now clear from (1.1) why the usual ‘ad hoc’ procedure for obtaining
Pokhozhaev identities, described briefly in the beginning, works - simply for each
specific problem one reproves, in practice, the Noether identity, which is valid in a
general context. In particular, the ‘appropriate’ multipliers of the Euler-Lagrange
equations E, (L) = 0 are nothing but the Lie characteristic functions v® = n® —
u§&? [1],[13] of the conservation laws obtained via the Noether’s theorem [12],
whose conclusion, in fact, follows easily from (1.1).

Our further comments on the fundamental identity (1.1) will be facilitated if
we denote

A=XWL+LDi¢", E=Eo(L)n*—us¢),
N; = L& + Wilu,n — u;&?], N = (Ni,...,Np),
C = BalL)(" = u$€) + DilLE" + Wilu,n — ;€]

Obviously in this notation (1.1) reads:

A=C=FE+Div(N). (1.2)

Now we make the following observations:

(i) If €%, n® were the components of a variational generalized (Lie-Biicklund)

symmetry [1],[13] of the Euler-Lagrange equation E = 0, then A = 0 and hence
Div(NN) = 0 which is the conclusion of the Noether’s theorem [12].
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i) If X were a divergence generalized (Lie-Backlund) symmetry [1],[13] of
there exists B such that Div(B) = A. Then by (1.2)

Div(B) = E + Div(N) = Div(N)

which implies Div[N — B] = 0. Again we obtain the conservation law guaranteed
by the Noether’s theorem [12].

(iii) Usually one first gets A = 0 as a necessary condition for the ‘absolute
invariance’ of the Euler functional [10]. Then 0 = E + Div(N) is a consequence of
the absolute invariance, which, together with E = 0, imply Div(/N) = 0. That is,
A =0 and C = 0 are commonly obtained by some variational arguments, while the
equality A = C holds always for solutions of £ = 0 and thus A = 0 immediately
implies C = 0.

(iv) In fact, one writes the invariance condition for the Euler functional and
obtains a relation between the expressions for the Lagrange Function in two coor-
dinate systems. This relation is given in the terms of the corresponding Jacobian.
Then expanding the relation in question in € (the group parameter) and taking
only the O(e) terms one gets A = 0. See, for instance, [1, pages 274-275], or [13,
page 278].

(v) The identity (1.1) is obtained without any reference and use of invari-
ance, symmetries, etc. It holds for any u, & (x, u, u;, . .. ), n(z, u, u;,...) and L(z,u,
U, . .. ) - sufficiently smooth functions of their arguments.

(vi) Substituting ¢ = h;(z) and n® = —a(z)u® into (1.1) one obtains the
identity which leads, by integration, to the variant of the Pokhozhaev’s identity
discussed in [16]. See page 683 of [16] for a comment on Noether approach to
variational identities.

So far, the first step in obtaining a Pokhozhaev type identity for a given
problem is reduced to choosing the operator X which appears in the Noether
identity. Different choices of X will lead to different Pokhozhaev identities. A choice
closest to the original Pokhozhaev’s idea is suggested by the following observation
of Schoen and Yau: ‘One can use conformal vector fields to derive certain identities
for some special differential equations. Such a fact was first discovered by S. I.
Pokhozhaev [14], who made use of X = r% on R"’([20, page 196],). This X
is the infinitesimal generator of a dilation of the independent variable z, namely
xj = Awj, where ) is a parameter. In this way, for each problem we shall commonly
use a dilation X, extended to the dependent variable(s). The parameters of such
scaling transformations will be chosen to assume critical values. The latter term
is related to the notion of critical exponents which are found as critical values for
embedding theorems. The critical exponents can be also viewed as numbers which
divide the existence and nonexistence cases for various differential equations and
systems. The notion of criticality of differential equations, its relations to scaling
transformations and to the present approach is discussed in another work [2].

The practical aspects of the proposed method to generate Pokhozhaev Iden-
tities can be summarized as follows:

(i
E=0,

1. Take as X a dilation (in = and u) whose coefficients assume critical values.



386 Y. Bozhkov and E. Mitidieri Mediterr. j. math.

2. Calculate the k-th order extension X(®) of X using the formulae in Section
2. (2k is the order of the considered variational problem.)

3. Find the corresponding Function of Lagrange L € Ay.

4. Calculate and simplify the expression A = X® L + LD;¢".

5. Integrate A = Div(N). (See (1.2) and recall that the Euler-Lagrange equation
reads F = 0.)

6. Apply the divergence theorem.

We point out that the approach permits to use other conformal vector fields X
(e.g. inversions) and general ¢ and 7 which may depend on the derivatives of u®.
Such applications will be treated elsewhere.

In this paper we apply the devised method to a number of nonlinear differen-
tial equations and systems. In order to convince the reader that it works properly,
we first obtain some well-known Pokhozhaev identities established by Pokhozhaev
[14] for the Poisson equation, by Pucci and Serrin [16] for potential systems, by
Mitidieri [11] for elliptic Hamiltonian systems, by Giga and Kohn [8] for a semi-
linear equation with power nonlinearity and by Clément and van der Vorst [5]
for unbounded Hamiltonian systems. Then we establish new Pokhozhaev iden-
tities corresponding to: potential systems, mixed Hamiltonian-potential systems,
unbounded Hamiltonian systems and hyperbolic Hamiltonian systems both involv-
ing polyharmonic operators. The obtained Pokhozhaev identities are the starting
point of the next step in this research, namely the corresponding nonexistence re-
sults, which will also be treated elsewhere. For other aspects and applications of the
Pokhozhaev’s identity the interested reader is directed to [6],[7],[17],[18],[19],[22],
[23].

This paper is organized as follows. In Section 2 we introduce notation and
define the basic notions and operators. In Section 3 we prove the fundamental
identity (1.1). In Section 4 we present the applications described above.

2. Preliminaries

In this section we introduce notations and present some formulae which we shall
use in the next sections.

We shall suppose that all considered functions, vector fields, tensors, func-
tionals, etc. are sufficiently smooth in order that the derivatives we write to exist.
When we say that a function is an arbitrary function we mean any sufficiently
smooth function of its arguments.

The independent variable x € 2 C R™ — a bounded or unbounded domain.
The partial derivatives of a smooth function v = v(x) are denoted by subscripts:

Ov 0%v

— Vi = T/
8:@ J 8:618:67 ’
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etc. We shall also assume summation over a repeated index. The Latin indices vary
from 1 to n, while the Greek ones — from 1 to m. The latter will denote collections
of functions, e.g. v*(x).

We introduce the total derivative operator

D; = 0 + ug o 0 + ug; 9 + - ug _9 +
) a 7 u (%) auja 191%92...9] aulﬂz e
where u®(x) are given functions. (See [1],[13].) If v € A;, where the space A; was

defined in the introduction, then

ov o Ov o OV ov
Divza—xi—FUiau—a—Fuijau—o_[‘F"'—Fuulm ”r
J

1112...7]

The Euler-Lagrange equations, corresponding to a functional

J[u] :/L(x u®, ufy))dz,
Q
where L = L(z,u®, u‘("k)) € Ay, are given by

oL oL oL oL

Eo(L)= =— — D;— + D,;D; —1’“DiDi..D17:O,
( ) aua aul + 78 a + + ( ) 1 2 k aulllz
where the operator
) ) 9 )
Ey=—+—-Dij=—+D;Dj—— +(~=1)*D;, Dy, ... D; +...(2.1)

Eoue,

i182..

ou® oue & T ous o
is the Euler operator. See [1 ],[13].
Further, let £, n® € Ay and consider the differential operator
. 0 0

X=¢& & —.

¢ ox; i ou”
The functions £¢ and n® are called infinitesimals of the Lie point transformation

gene-rated by X, that is the transformation

v; =xi(z,u,e), u*=u"(z,u,¢),

where € is a parameter and
ox} _ On*®
Oe T T

=0 e=0

¢ =
We associate to X its k-th order extension X (®) given by

i_|_ O‘i_F (1)01&_'_“._'_ (k)ex L
0zx; T oue T By Mivia...ix gy a ’

K3 1112...ik

x (k) — ¢

where
nl(l)a = Dﬂ’]a — (Difj)u?7 7= 1, 27 e,y

Dea -1
) :Dn( ) (Dllfj) Wirin..iy_1js

nzlzg .17 Uit
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with ¢y = 1,2,...,n for I = 2,3,...,k, k = 2,3,.... See [1],[13] for further de-
tails. The functions nl(f)s” are called extended infinitesimals. They can also be

determined by the general prolongation formula

(e = Dil Diz s Diz (77a - glu?) + ézu?lzgzkz (23>

Nivis...i
([13, page 113].)
For any smooth u%, v* and L = L(z, u®, u‘()‘k)) € Ay we define:

OL OL
W, =v* | =—+...(-1)'D.D, ...D;, ———
J[’LL,U] v lau? + ( ) 1 2 k—1 au%1i2,,,ik1]
OL OL
+(Dyv®) |5+ + (=12 Dy,D;, ... Dy, 1
1 8Ui1j 2 3 k lauiljizmik,l
oL

+ -4 (DilDig ...Dik_lvo‘) (24)

fe% )
ou®. . .
21%2...0k—1]

(see [1, pages 254-255]). In particular, if m = k = 1, then, by (2.4), W;[u,v] = vg—ifi.

The introduced notions play an important role in the calculus of variations,
in particular in the Noether’s theorem [12] on conservation laws. We point out,
however, that these objects are defined for arbitrary smooth functions &%, n® and
L which, in general, need not be concerned with any variational setting. This fact
is manifested by the Noether identity which makes the proof of Noether’s theorem
‘purely algebraic’.

3. The Noether Identity

In this section we prove the Noether identity (1.1). We shall use induction on k —
the number of the derivatives of u® which appear in the function L € Ay.
(i) Let k=1, m =1, u! =w and L = L(z,u, Vu) - arbitrary function of x,u
and the first derivatives of u.
Consider the differential operator
; 0 0
X=¢ — —
€ )5 + o) 5
where ¢’ and 7 are arbitrary functions of x and u. The first order extension of X
is given by

| o 0
X0 =g — + (D — u; D& ) —.
éaxi+”au+( K 5)81”
See Section 2. Then
X - OL oL oL - OL X
XML 4 LD =¢ = 4+ Din— —u;D;& == + LD;¢". 3.1
+ =4 ox; +n(9u + ”aui us D& ou; * ¢ (3.1)
On the other hand, let
B(L) = oL D oL

ou ou
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be the Euler operator. We calculate

B(L)( — ujé) + DLE + S (g~ 0,8

oL oL 0L oL

:U%—UDza w ujfja +Uj€7Dl
) . OL , oL oL -
¢l iry. TNy £ Rt 5 WOl o WOV
+LD;i&" 4 &' DiL + (D; aui)(n u;€7) + o Din B Di(u;&’)
oL oL oL . 0L ,
=n— —nDj=— —u;&;— &9 Dj— + LD;E"
778 n la u u]€,7 ou + u]é laul + §
, OL aL OL oL
- 2" D;=—
0x; +€ ' Ou, + n 8uZ
. 0L aL , OL
TN B b et Mt o YOS el PSSR
WD+ D 3%5 iy = G D
that is,
, ;  OL oL i
E(L)(n —u;&’) + Di[LE" + —(77 —u&j)) = ng- + LDig
8L 8LD' B G_L D¢ (3.2)
8u1- gl 8u1 UiisT
Then, (3.1) and (3.2) imply:
xMy, i j oL
FLD = B(L) -~ uy€) + DILE + SE (-] (33)

The identity (3.3) can be easily generalized for an arbitrary number m of
functions u®, a = 1,2, ..., m, and arbitrary & (z,u®),i = 1,2,...,n, n%(z,u®) and
L depending on z, u® and the first derivatives of u™ - just repeat the preceding
calculation with u® in the place of u. In this way the identity (3.3) assumes the
form:

XOL 4 LDE = Bu(L)® —u§€) + DILE + oo —u3€)]  (3.4)

which is (1.1) for k = 1.
(ii) Now we suppose that (1.1) holds for any L = L(®) € A,:
XWLW 10D = B (LW (0" —u§ &)+ DL E+ WP fu,n—u;']]. (3.5)

We have to prove that (1.1) holds for L = L*+1) € A; ;.

By Definitions (2.1), (2.2) and (2.4) one can obtain the following recurent
relations:
XU+ — x ) 4 g (k41 9

1112 Zk+1a a ?
1182 041

(3.6)
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. . . aL(k—H)
W el = W) + (1) Dy, Dy
1.1k
8L(k+1)
(1) ED (D) Dy, . Dy e
auilzglk (3.7)
AQLk+1) '
~(Di- Di ) Dis
el —11E
oL *+1)
+(Diy - .. Dy v® EIC
and
oL k+1)
E((Ik—o—l)(L(k—O—l)) _ E((yk) (L(k)) + (=1)*1D;, ...Dy Dy, ., R (3.8)
11U U411

In (3.5) and (3.7) the notation W) means that in the formula (2.4) for W; the
function L = L) € A;. Similarly, in the left-hand side of (3.8) the Euler operator
is applied to L = L*+1) ¢ A;,;, while in the right-hand side of (3.8) the Euler
operator is applied to the same L € Aj41 but viewed as a function L*) € Ay, the

(k + 1)-th derivatives of u® being considered parameters.
Then by (2.3), (3.5) and (3.6) we have

XD L0+ § LD Dgi = XM LK) L0 pygi g plkiDe optn
P02 et L QUG Gy iy

= ES(L®)o* + DLW+ WP u, v]]

—|—(D11 ...DikDikJran)agL&—F ZU;J; i agllﬁ
Wiy igigg Lo tRBRA1 OUL  ipig g
.9)
where v = n® — u?é-j.
On the other hand
E&k+1)(L(k+1))va _|_Di[L(k+1)€i + Wi(kJrl)[u,v]] _ Eék) (L(k))va
,(k+1) ]
—+ (—1)k+1’UQDi1 ce le Dik+1 aa =+ Dl[L(k"’l)é'l]
aui1~~~ikik+1
aL(k+l)
+D;W ¥ [u,v] + D; {(—1)%6*131-1 T (3.10)
1%1...1k
aL(k+l)
+ (—1)(k_1)(DZ‘1Ua)DZ'2 e DZ;C 80‘7 —+ ...
W5 i .. i,
8L(k+1) aL(k—H)
_(Dz sz Ua)Dlgai—f' i ...ngvo‘ Ao
' o kauil...ik,liik ' : auil...iki
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by (3.7) and (3.8). Performing the differentiation of the expression in braces in
(3.10), most of the resulting terms cancel. Then from (3.10) and using

‘ ‘ ] aL(k-H)
DLEVE) = DiLWE) + €Ul iy ga———
21 k41

we obtain
EE @O0y 4 DLt 4 WD, 0] = ES (LW + D, [LR ¢

(k) oL k+1) ; oL k+1)
AW, o]] + Dy ... Diy Dy, 5o g e
i1 il i1 ig il
(3.11)

From (3.9) and (3.11) it follows that
X(k+1)L(k+l) +L(k+1)DZ€Z — Eék_‘—l) (L(k+1))v°‘ 4 DZ[L(k+1)€Z + Wi(k?"rl) ['LL,U]],

which completes the proof.

4. Applications

In this section we present several examples of nonlinear differential equations and
systems for which we establish the corresponding Pokhozhaev identity. The cal-
culations of the extended infinitesimals determining the prolongations of the con-
sidered operators X are omitted since this is a straightforward substitution of the
coefficients of X into the formulae stated in Section 2. Furthermore, for the same
reason, only the final simplified form of X *) L+ LD,&" is presented. We note that
the group parameter A which we shall use in this section and the parameter € in
Section 2 are related by A = exp[e]. Hence £ = 0 corresponds to A = 1.

4.1. Poisson equations

For the sake of completeness we shall obtain here the 1965 Pokhozhaev’s identity
[14] for the equation

Au+ f(u) =0 (4.1)
in a bounded domain 2 C R™, n > 3, with homogeneous Dirichlet condition
u=20 (4.2)

on 0f). The corresponding Function of Lagrange is

L= %u? — F(u), F(u)= /Ouf(z)dz.

We consider the dilation
0 2—n 0O
X=z,— +——u—.
x ox; + 2 “au

Then
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The first order extension of X is given by
0 2—-n 0 n 0
X(l)z i — U — —U;j——.
v o0x; + 2 uau 2u du;
By a straightforward calculation

n —

5 2uf(u) —nF(u). (4.3)

XWL 4+ LD =

Then by (3.3), (4.2), (4.3) and the divergence theorem, we obtain easily

n—2 1 9
/Q[ 5 uf(u)—nF(u)]dx=—§/aQ|Vu| (z,v)ds,

where v is the outward unit normal to 9€2.

Before concluding this subsection we would like to comment on the choice of
the operator X.

We note that the one parameter Lie group of point transformations generated

by
0 2 0
Y=0—+—u—
o ox; + 1 —puau
is a symmetry of the equation
Au+uP =0,

as it can be easily verified. Moreover, by a direct calculation one can show that it
is a variational symmetry of this equation, that is

YWL 4 LD:g =0,
if and only if
n+2
n—2’
the critical Sobolev exponent. With this choice of p, the operator Y is exactly
the conformal vector field X used above to obtain the 1965 Pokhozhaev’s identity.

In the next subsections we shall choose critical values of the coefficients of the
operator X using similar heuristic arguments.

4.2. Elliptic potential systems
The next example is the following potential system of m equations

—Aut = Fa(ut . um),
—Au? = AFpa(ulu?,. . um),

(4.4)
—Au™ = MFum(utu?, . u™),

in a bounded domain 2 C R", n > 3, with the Dirichlet boundary condition

w=u=- =um=0 (4.5)
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on 0. We shall suppose that the real constants ¢® # 0 for all « = 1,...,m and

that F(0,...,0) = 0. The case ¢! = --- = ¢™ = 1 has been treated in [16] by Pucci
and Serrin.
This system has a variational structure and its Function of Lagrange is given
by
1 a2 1,2 m
:ﬁ(uj) — F(u ,u®,...,u™)
The dilation
r; = Amj,
ure = /\(2—n)/2uoz7

has infinitesimals

fe% 2—n) o
ne = e

and its first order generator is given by

X0y, 0 276 9

Then
n—2

XYL 4+ LD = U Fyo —nF(u',u?, ... u™). (4.6)

Finally, by (3.4), (4.5), (4.6) and the divergence theorem, we obtain the following
identity:

-2 1
/[n u*Fya —nF U, .., u™)|de = —— |Vu®)?(z,v)ds.
o 2 2¢* Joq
If ¢! =-.- = ¢™ =1 the above identity is well known.

We emphasize that some of the constants ¢ might be negative. E.g in the
special case m = 2, u! = u, u? = v for the system

—Au = F,(u,v),
Av = F,(u,v),

whose Lagrangian is given by

1 1
L= §|Vu|2 — §|VU|2 —F,

the variational identity reads

n—2 1 2 2
/Q[ 5 (uFy + vF,) — nF(u,v)|de = 5/89(|V11| — |Vul*)(z, v)ds.
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4.3. Elliptic Hamiltonian systems

Our third example is the semilinear Hamiltonian system of 2m equations

_Aul = H,Ul(’l,bl,...,um,vly~-'7vm)7
—A'Ul = Hul(’l,bl,...,um,vly~-'7vm)7
: ' (4.7)
—Au™ = va(ul,...,um,vl7-~-7vm)7
_Afum = Hum(’l,bl,...,Um,vla-~'7vm)7

in © with the homogeneous Dirichlet boundary conditions on 9f). Clearly, its
variational structure is determined by the following Function of Lagrange:

o, 1 m .1 m
L=ujvy —H(u,...,u™v,...,0™).

Further, the dilation

* — .
;= Amj,
WY = )\11"‘(2—11)/2”(17
P e — /\ba(2—n)/2va’

where a® and b® are real numbers such that

a® + b =2,
has infinitesimals )
& =z,
o= e
o = e

(Note that in the expressions a®u® and b*v® above there is no summation!)
Its first order generator is:

0 +a°‘(2—n)uai+b°‘(2—n)vai_Ao‘nuai_Bo‘nvai
ox; 2 du™ 2 ove 2 Touy 2 T oy
where A% = (2 —n)a® — 2, B® = (2 — n)b* — 2 and the summation over « is
assumed again. We have

X(l) =T

 on—2
XWp 4 Lpei =" 5 (0" u Hyo + 00" Hye) = nH. (4.8)

Then by (3.4), (4.8), the boundary conditions and the divergence theorem, we
obtain
n—2. . . o ou® Ov®*
/Q[ 5 (a®u*Hyo + 0*u“Hyo ) — nH]dx = o O 00 (z,v)ds,
where a® + b =2, a=1,...,m.
In particular if m = 1, u! = w and v' = v, the resulting identity for the
system

—Au = Hy(u,v),
—Av

I
&
S
<
g
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in Q with the homogeneous Dirichlet boundary conditions on 02 is as follows:

n—2 Ou Ov
/Q[ 5 (auH, + bvH,) — nH (u,v)|dz = — ” 55(% v)ds.
Up to notation, the latter identity is exactly the formula (3.5) on [11, page 137].
Thus we can recover immediately the corresponding nonexistence result of Miti-
dieri [11, page 136].
We observe that the approach applies to more general Hamiltonian systems
of type:
Lu = Hy(u,v),
{ L*v = Hy(u,v),

where L is a linear higher order elliptic operator in divergence form and L* is its
formally adjoint operator.

4.4. Mixed elliptic systems

In this subsection we shall obtain the Pokhozhaev’s identity for the following mixed
Hamiltonian-potential system consisting of 2m + r equations

—Aul = Hvl,

—Avl = Hu1

—Aum = HUM,

_A'Um = Hu7n 5 (49)
—Aw' = 'Hy,

—Aw" = ("Hyr,

in 2 with homogeneous Dirichlet boundary conditions:

[e3

u* =v*=w’ =0 (4.10)

on 9Q. Here H = H(u',...,u™ vl,... ;0™ wt ... ,w"), H(0,...,0) = 0 and the
constants ¢® £ 0 forall 3 =1,...,r.
The Function of Lagrange of (4.9) is given by

1
L =ujvi + ﬁ(wf)Q —Hu', ..., u™ ot o™ wt L wT).
The dilation
x5 Axj,
we = )\aa(2—n)/2uo¢
TR — )\ba(2—n)/2va
w*ﬁ — A(Z—n)/Qwﬁ’

where the real numbers a and b satisfy

a® 4+ b* =2,
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has infinitesimals

na _ a“(2—n) ue
2 b
¢a — b*(2—n) ¥
2 b)
1/;5 — %T"wﬁ'

(Note that in the expressions a®u® and b*v® above there is no summation!)
Its first order generator is

0  a*(2—-n) 0 *(2-n) , 0 2—n 0
XM = g, 2\ e 2 e P B_~
. 0z; + 2 Y oue + 2 v Ov™ + 2 v OowP i1l
A 0 B, 9 e 9 G
2 “our T T2 o 2 ol

where A% = (2 —n)a® — 2, B® = (2 — n)b* — 2 and the summation over « is
assumed again. We have

-2
XOL+ LDt = ”T(aauaﬂua + 60 Hyo + wP Hyys) — nH. (4.12)

Then by (3.4), (4.10), (4.12) and the divergence theorem, we obtain

-2
/[n?(ao‘ua we + b0 Hyo + wPHys) — nH)dz
Q

du® v 1
=— — ——  — |V d

| 15+ gl Ve Pl ds,

where a® + 0% =2, a = 1,....,m, 8 = 1,...r, H = H(u',...,u™ o', ... ,0o™

wh .o w").

)

In particular if m = 1, » = 1, u! = u, v' = v and w' = w, the resulting

identity for the system

—Au = H,(u,v,w),
—Av = Hy(u,v,w),
—Aw = cHy(u,v,w),

in 2 with the homogeneous Dirichlet boundary conditions reads:

-2
/[n 5 (auH, + bvH, + wH,) — nH (u,v,w)]dx
Q

Oudv 1 9
| G+ 5 IVulle s,

where a + b = 2 and the constant ¢ # 0.
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4.5. Unbounded Hamiltonian systems

In [4] Clément, Felmer and Mitidieri obtained some results concerning the existence
of positive periodic and of homoclinic solutions to Hamiltonian systems of the type

{ up —Au = Hy(u,v),

- —Av = Hy(u,v), (4.13)

in xR and u=v=0ondN xR. (Here § is a bounded domain in R", n > 1
and H(0,0) = H,(0,0) = H,(0,0) = 0.) Further a Pokhozhaev type identity was
established in [5].

Our purpose is to obtain the corresponding Pokhozhaev’s identity using the
Noether approach.

To begin with, we observe that (4.13) has a variational structure determined
by the following Function of Lagrange:

1 1
L= VUt — UV + V) — H(u,v).
Indeed, the Euler operator
E1=£—Dti—Di 0

ou ouy 8_uz
applied to L gives

1 1
E\(L) = —QU H, — Dt(§v) —D;v; = —vy — Av— H, =0,

which is the second equation of (4.13). Similarly

0 0 0

1 1
= Ut — H, — Dt(—§u) — Dju; =us — Au— H, =0,

which is the first equation of (4.13). We note that the total derivative operators
in this case read

E>(L)

D—g—i—u i-l—vg—i-u i-l—u‘i—i—v i-ﬁ-v»i
ot o Tav T T ou T Y ouy "y Y By
and

D._i+.g+.g+.i+ i+i+i
YT Oy Yigy TV gy T Ouy Yij Ou, vit Ovy Yi ov;
We now consider a dilation

r; = Awj,

= A%,

ut = Mu,

vt = ABy,
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where the constants A and B will be specified later. Clearly its generator X has
infinitesimals

¢ = 2,
nt = Au,
n? = Bo.
By (2.2) the first order extension of X is given by
0 0 0 0
XMW= g 2t — + Au—— + Bu—
Yt 8t8+ “Bu T 00 ; ;
A—2up— A—Du;— B —2)vy— B—-1)v;,—.
+ Jus Ouy + Ju Ou; + Jue Ovy + Jo ov;
(4.14)
Then, after some work, we calculate
X 1
XWOL 4+ L(Dyp + Digh) = §(A + B+ n)[vuy — uvp + uivy) (4.15)

—AuH, — BvH, — (n+ 2)H (u,v).
Choosing A = —an, B = —bn, where a + b = 1, in the above equality, we obtain
XL+ L(Dip + Di&") = n(auH, + bvH,) — (n + 2)H(u,v).

Hence, from the boundary conditions and the divergence theorem, we finally obtain
n/ (auH,, + bvH,)dx — (n + 2)/ H(u,v)dz
Q Q

d n 1 1
= /Q[2t(ui’l}i = H(u,v)) + 5 (b — a)uv + uviz; — sowzildr (4.16)
Ou Ov v du
— | = Qg oo 4 2ty
00 v Ov (ZZ?, V) + 2tuy o + 2tvy 8y]d3,

where a + b = 1 and we have taken into account the vanishing of u and v on 0.

4.6. Unbounded Hamiltonian systems involving polyharmonic operators

In this subsection we state the Pokhozhaev identity for the more general problem
of higher order:

ur + (=DFAR = Hy(u,v),
—v + (=D)FARy = Hy,(u,v),
with Navier boundary conditions
u=Au=---=A""lu=v=Av=---=AF1y=0

on 0f).
In order not to increase the volume of this paper we shall not present the
corresponding details merely pointing out the following main points:

— we suppose that k > 2 is an even number (the case k odd can be treated in
a similar way);
— we follow the approach in [3] and use similar formulae to those obtained there;
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— the Function of Lagrange for the considered problem is given by

L= Sou — Jun, + (A¥2u) (A/20) — H(u,v);

— the used dilation has infinitesimals

é‘] = Iy,

¢ = 2kt,
nt = —anu,
n? = —bnuv,

where the constants a and b are such that a +b = 1. The corresponding k-th
order extension is given by

X&) = xiai + 2kt% —an u% —bn v%
—(an + %)“ta_ut — (an + Du, 8?” — (bn + 2k)vta—vt — (bn + 1)”1'8%
—(an + 2)uijwij — (bn + 2)111-3-% -
—(an + k)ugy. 4, % — (bn + k)vi, .4, % — ...
(4.17)

Then after some tedious work we obtain the following Pokhozhaev identity:
/(auHu + bvH,)dx — (n + 2k)/ H(u,v)dz
Q Q

_ %/[%t ((A¥20)(A9/20) — H(u,0)) + 2 (b — ajuw + Suvia, — ZougrJde
Q

2 2
k—1
d )
—|—/ T,V —(Alu).=(AF 1y
m[( )l:O 5y (B W5 )
k/2—1 P k/2—1 9
+2kt Y (Alut)a(Ak—l—lv) +2kt Y (Alvt)a(Ak—l—lu)]ds
=0 =0

with a + b = 1 and Navier boundary conditions. In the case k£ = 2 this identity
reads

n / (auH,, + bvH,)dz — (n +4) | H(u,v)dx
Q Q

d n 1 1
= /Q[4t(AuAv — H(u,v)) + §(b —a)uv + Witi — §vuixi]dx

ou 0 ov 0 5} 0
+ /aQ[Ea(Av) + aa(Au) + 4tut$(Av) + 4tvt%(Au)](x, v)ds,

where a +b=1and v =v = Au = Av = 0 on 9.



400 Y. Bozhkov and E. Mitidieri Mediterr. j. math.

4.7. Hyperbolic Hamiltonian systems
In this subsection we consider the nonlinear hyperbolic system of Hamiltonian
type

uy — Au+ Hy(u,v) = 0,
{ 0 (4.18)

v — Av + Hy(u,v) =
in © x R with the homogeneous Dirichlet boundary conditions on 92 x R. Its
Function of Lagrange is defined as follows:

L = wvy —ujv; — H(u,v).

In order to obtain the Pokhozhaev’s identity for (4.18) we introduce the
operator X, which is the infinitesimal generator of the dilation

zr; = Az,
o= At

wt = )\a(l—n)/Qu7
- )\b(l—n)/QU,

where the real numbers a and b are such that

a+b=2.
Clearly X has infinitesimals
gj = Ty,
¢ =t
n = a(12—”)u7
n”? = b(lz—") v.

The first order extension of X is given by

0 0 a(l—=n) 0 b(l-n) 0O

w_ , 9 .9 K 0

X R T T LI B
A 9 A 8 B o B 9

+§Uta—Ut + Eul(“)_ul + E’Uta—vt + gvia—w,

where A = (1 —n)a—2 and B = (1 —n)b— 2. Then

XOL 4 LDy + D'y = =

(auH, + bvH,) — (n+ 1)H (u,v). (4.19)

Then by (3.4), (4.19), the boundary conditions and the divergence theorem, we
obtain

-1
pr / [te(u,v) + (zjujvr + zjvuL) + o (auvy + bouy)|dz
Q

- /[(n+1)H(u,v)— i
Q

ou Ov ov ou
+ /aQ[(utvt + ——V)(x, v)+ tut% + toy E]ds,

(auH,, + bvH,)|dz

where e(u,v) is the energy (density)

e(u,v) = vy + uv; + H(u,v).
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Let Q be a ball of radius R and centre at the origin of R". If we assume for
(u,v) appropriate vanishing conditions as R — oo then we obtain the following
conformal identity for the nonlinear hyperbolic system (4.18):

-1
(auvy + bouy)|dz

n
T [te(u,v) + (zjujv, + zjvjuL) +

= /[(n + 1) H (u,v) — r (auH,, + bvH,)|dz,

where a + b = 2 and the integration is performed over the whole R™.
The established identities generalize to systems the Morawetz’s dilational
identity for nonlinear wave equations presented and discussed by Strauss in [21].

4.8. Hyperbolic Hamiltonian Euler-Bernoulli systems involving polyharmonic
operators

In this subsection we apply the Noether approach to the following problem

ug + (—D)FAFu 4+ Hy(u,v) = 0,
v + (=1)*A*v + Hy(u,v) = 0
with Navier boundary conditions on 9f2:
v=Au=---=AF"ly=v=Av=-.. = Ay =0.

The latter problem is related to that in the preceding section. If £ = 2 then
this is a generalization to Hamiltonian systems of the Euler-Bernoulli equation

Ut +A2u =0

describing the transverse oscillations of plates. This equation has been extensively
studied, among others, by Lasiecka and Triggiani (see [9] and the refernces therein).
Using the Function of Lagrange (for k& even)

ULV — (Ak/zu)(Ak/%) — H(u,v),
the dilation

r; = Az,
= Ak,
ut = )\a(k:—n)u7
v = Ab(kmn)y
where the real numbers a and b are such that a +b =1 and
X® = xz(“)ixl + kt% +a(k— n)u% +b(k — n)v%
+ (a(k —n) — k)u,gi + (a(k —n) — l)uli
8’U¢ aui
0 0
+ (b(k —n) — k)vta_vt + (b(k —n) — 1)via—vi
0 0
+ -+ (alk —n) — k)ui, .4, + bk —n)—Kwvy. if=———— ...,

3Ui1...ik 3Ui1...ik
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and the same assumptions and the approach as in Subsection 4.6, we obtain the
following Pokhozhaev identity:

(n—k) /Q(auHu +bvH,)dz — (n+ k) /Q H(u,v)dz

= —% [kt e(u,v) + (n — k) (auvy + bvuy) + upv;z; + veuiz;)da
el g
/ (ugvy — ;5 Ak 1l v))(z,v)
k/2-1 k/2—1

—ktz Mll ktz Akll)]d

with Navier boundary conditions, a +b =1 and
e(u,v) = wvy + (AP 2u)(AF20) + H(u,v)

is the higher order energy density.

If Q is a ball of radius R and centre at the origin of R™ as in the preceding
section we obtain the following conformal identity for the considered nonlinear
hyperbolic system involving the polyharmonic operator:

d

pr /[kt e(u,v) + (n — k)(auvy + boug) + wpvim; + veua;|de

= /[(n + k)H (u,v) + (k —n)(auH, + bvH,)|dz,
where a + b = 1 and the integration is performed over the whole R™.
4.9. Giga-Kohn equations
The semilinear partial differential equation

1
—Aw + §y1w1 + fw = w? (4.20)

was studied by Giga and Kohn in [8]. Here w = w(y) is a positive function of
y € R" p > 1is areal number and 3 = 1/(p — 1). This equation can be written
in a divergence form as follows:

—Div(pVw) + Bpw = pw?,

where p = exp(—|y|*>/4), |y|*> = y? = ¥7_,y?. Hence the corresponding Function
of Lagrange is given by

1 B 1
L= Zpw?+ Zpuw? - — P+l
2ng+2pw p+1pw
Indeed, by (2.1) the Euler-Lagrange equation for L is
oL OL

which is (4.20) multiplied by p > 0.
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Now we consider the operator

0 0

X :gax' +7I%

with infinitesimals

¢ (-2 - s
= —y;, = — w.
Yo 1= \p¥1 2+
The first order extension XM of X is given by
0 n 1 0
XU = gy = )2 —
4 Ox; + p+1 2(p+ 1)|y| “ouw
n [( n 41 1 | |2> 1 } 0
- W; — ——Y;W| —.
pt1 2(p+ 1) p 17 Gy
Then, after a not very tedious calculation, we obtain

. 2—n
XV 4 LDgldy = [ —— 4222 / 2
/[ + LD;¢'|dy <p+1 +— pIVw|~dy

1/1 1 e 1
Sl e d
+3 (2 p+1>/ply| |Vw|=dy,

where the integration on R™ is justified as in [8] due to the presence of the factor
p.

(4.21)

The identity (4.21) is exactly the identity established by Giga and Kohn
in [8]. In fact, the ezxact form of the corresponding Pokhozhaev identity is that
obtained by choosing ¢! = —y; and = (n/(p + 1))w, which is an identity also
obtained and used in [8] to get (4.21).
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