


❘❡♥❛t❛ P♦ss♦❜♦♥

❉❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s✿ ♣r♦♣r✐❡❞❛❞❡s ❡ ❛♣❧✐❝❛çõ❡s

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ■♥st✐t✉t♦ ❞❡
▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦
❈✐❡♥tí✜❝❛ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡
❈❛♠♣✐♥❛s ❝♦♠♦ ♣❛rt❡ ❞♦s r❡q✉✐s✐t♦s ❡①✐❣✐❞♦s
♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❛ ❡♠
▼❛t❡♠át✐❝❛ ❆♣❧✐❝❛❞❛✳

❖r✐❡♥t❛❞♦r✿ ❈❤r✐st✐❛♥ ❞❛ ❙✐❧✈❛ ❘♦❞r✐❣✉❡s

❊st❡ tr❛❜❛❧❤♦ ❝♦rr❡s♣♦♥❞❡ à ✈❡rsã♦ ✜♥❛❧
❞❛ ❞✐ss❡rt❛çã♦ ❞❡❢❡♥❞✐❞❛ ♣❡❧❛ ❛❧✉♥❛ ❘❡♥❛t❛
P♦ss♦❜♦♥ ❡ ♦r✐❡♥t❛❞❛ ♣❡❧♦ Pr♦❢❡ss♦r ❉♦✉t♦r
❈❤r✐st✐❛♥ ❞❛ ❙✐❧✈❛ ❘♦❞r✐❣✉❡s✳

❈❛♠♣✐♥❛s
✷✵✷✵







❆❣r❛❞❡❝✐♠❡♥t♦s

❆♦s ♠❡✉s ♣❛✐s✱ ♠❡✉ ✐r♠ã♦ ❡ ♠❡✉ ♥❛♠♦r❛❞♦✱ ♣♦r t♦❞♦ ❛♣♦✐♦ ❡ ❛♠♦r✳

❆♦ Pr♦❢❡ss♦r ❉♦✉t♦r ❈❤r✐st✐❛♥ ❞❛ ❙✐❧✈❛ ❘♦❞r✐❣✉❡s✱ ♣♦r s✉❛ ❞❡❞✐❝❛çã♦✱ ♣❛❝✐ê♥❝✐❛ ❡ ♣♦r ♠❡

♣r♦♣♦r❝✐♦♥❛r t❛♥t❛s ♦♣♦rt✉♥✐❞❛❞❡s ❞❡ ❝r❡s❝✐♠❡♥t♦ ❛❝❛❞ê♠✐❝♦ ❡ ♣❡ss♦❛❧✳

❆♦ Pr♦❢❡ss♦r ❉♦✉t♦r ❙t❡❢❛♥♦ ●❛❧❛t♦❧♦✱ ♣❡❧❛ s♦❧✐❝✐t✉❞❡✳

❆♦s ♣r♦❢❡ss♦r❡s ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s✱ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❞❡ P✐s❛ ❡ ❞❛ ❙❝✉♦❧❛

◆♦r♠❛❧❡ ❙✉♣❡r✐♦r❡ ❞✐ P✐s❛ q✉❡ ❝♦♥tr✐❜✉ír❛♠ ❡♠ ♠✐♥❤❛ ❢♦r♠❛çã♦✳

❆♦ ■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛✱ ♣❡❧❛ ♦♣♦rt✉♥✐❞❛❞❡ ❡ s✉♣♦rt❡✳

➚ ❋✉♥❞❛çã♦ ❞❡ ❆♠♣❛r♦ à P❡sq✉✐s❛ ❞♦ ❊st❛❞♦ ❞❡ ❙ã♦ P❛✉❧♦ ✭❋❆P❊❙P✮✱ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦

♥♦s ♣r♦❝❡ss♦s ✷✵✶✽✴✵✺✸✵✾✲✸ ❡ ✷✵✶✾✴✶✹✼✷✹✲✼✳

❆♦s ❣r❛♥❞❡s ❛♠✐❣♦s q✉❡ ✜③❡r❛♠ ♣❛rt❡ ❞❡st❛ ❥♦r♥❛❞❛✱ ♣♦r t♦❞♦ ❛♣♦✐♦ ❡ ♣❡❧♦s ót✐♠♦s ♠♦♠❡♥t♦s

❥✉♥t♦s✳ ❊♠ ❡s♣❡❝✐❛❧✱ ❛❣r❛❞❡ç♦ à ❈r✐st✐❛♥❡ ❇r✉♥❤❛r❛✱ ❘✐t❛ ❋✐❡♥❣♦ ❡ às ❣r❛♥❞❡s ♠✉❧❤❡r❡s ❞♦

■st✐t✉t♦ ❙✉♦r❡ ❋✐❣❧✐❡ ❞✐ ◆❛③❛r❡t❤✱ q✉❡ ♠❡ ❛❝♦❧❤❡r❛♠ tã♦ ❜❡♠✳



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛✲s❡ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ❡ ♦ ❚❡♦r❡♠❛ ❞❡ ❘♦❦❤❧✐♥ ❡♠

❞✐❢❡r❡♥t❡s ❝♦♥t❡①t♦s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❞✐s❝✉t❡✲s❡ ❛ r❡❧❛çã♦ ❞❡ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ❝♦♠

♦ ♣r♦❜❧❡♠❛ ❝❡♥tr❛❧ ❞❛ ❚❡♦r✐❛ ❞❡ ❚r❛♥s♣♦rt❡ Ót✐♠♦ ✭♦ ♣r♦❜❧❡♠❛ ❞♦s ♣❧❛♥♦s ❞❡ tr❛♥s♣♦rt❡✮ ❡

❛❜♦r❞❛✲s❡ ✉♠❛ ❝♦♥❡①ã♦ ❞❡st❛ ♣❡rs♣❡❝t✐✈❛ ❞❡ ❞❡s✐♥t❡❣r❛çã♦ ❝♦♠ ♦ ❝❛s♦ ❡♠ ❡s♣❛ç♦s ♣❛rt✐❝✐♦♥❛❞♦s✳

❆❧é♠ ❞✐ss♦✱ ❡st✉❞❛✲s❡ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❡ ❡st❛tíst✐❝❛s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s

❛tr❛✈és ❞♦ ♦♣❡r❛❞♦r ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❛ss♦❝✐❛❞♦ ❡✱ ♥❡st❡ ❝♦♥t❡①t♦✱ ❛♣❧✐❝❛✲s❡ ❛ ❞❡s✐♥t❡❣r❛çã♦ ❞❡

♠❡❞✐❞❛s ♣❛r❛ ❞❡✜♥✐r ❡s♣❛ç♦s ❛♣r♦♣r✐❛❞♦s ❛♦ s✐st❡♠❛✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s✱ ❚❡♦r❡♠❛ ❞❡ ❘♦❦❤❧✐♥✱ ❚r❛♥s♣♦rt❡ Ót✐♠♦✱ ❚❡♦r✐❛

❊r❣ó❞✐❝❛✱ s✐st❡♠❛s ❞✐♥â♠✐❝♦s✳



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦✱ ✇❡ st✉❞② t❤❡ ❞✐s✐♥t❡❣r❛t✐♦♥ ♦❢ ♠❡❛s✉r❡s ❛♥❞ ❘♦❦❤❧✐♥✬s ❚❤❡♦r❡♠ ✐♥ ❞✐✛❡r❡♥t

❝♦♥t❡①ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❛r❣✉❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❞✐s✐♥t❡❣r❛t✐♦♥ ♦❢ ♠❡❛s✉r❡s ❛♥❞

t❤❡ ❝❡♥tr❛❧ ♣r♦❜❧❡♠ ♦❢ t❤❡ ❖♣t✐♠❛❧ ❚r❛♥s♣♦rt ❚❤❡♦r② ✭♦♣t✐♠❛❧ tr❛♥s♣♦rt ♣r♦❜❧❡♠✮✳ ❆❧s♦✱ ✇❡

s❤♦✇ ❛ ❝♦♥♥❡❝t✐♦♥ ♦❢ t❤✐s ♣❡rs♣❡❝t✐✈❡ ♦❢ ❞✐s✐♥t❡❣r❛t✐♦♥ ✇✐t❤ t❤❡ ❝❛s❡ ♦❢ ♣❛rt✐t✐♦♥❡❞ s♣❛❝❡s✳

■♥ ❛❞❞✐t✐♦♥✱ ✇❡ st✉❞② s♦♠❡ ❣❡♦♠❡tr✐❝ ❛♥❞ st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❞②♥❛♠✐❝❛❧ s②st❡♠s ❜② t❤❡

❛ss♦❝✐❛t❡❞ tr❛♥s❢❡r ♦♣❡r❛t♦r✱ ❛♥❞✱ ✇✐t❤✐♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ ❛♣♣❧② t❤❡ ❞✐s✐♥t❡❣r❛t✐♦♥ ♦❢ ♠❡❛s✉r❡s

t♦ ❞❡✜♥❡ s✉✐t❛❜❧❡ s♣❛❝❡s t♦ t❤❡ s②st❡♠✳

❑❡②✇♦r❞s✿ ❞✐s✐♥t❡❣r❛t✐♦♥ ♦❢ ♠❡❛s✉r❡s✱ ❘♦❦❤❧✐♥✬s ❚❤❡♦r❡♠✱ ❖♣t✐♠❛❧ ❚r❛♥s♣♦rt✱ ❊r❣♦❞✐❝ ❚❤❡♦r②✱

❞②♥❛♠✐❝❛❧ s②st❡♠s✳



▲✐st❛ ❞❡ ❙í♠❜♦❧♦s

B(X) σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧ ❡♠ X✳

#A ❈❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ A✳

C(X) ❈❧❛ss❡ ❞❡ ❢✉♥çõ❡s r❡❛✐s ❝♦♥tí♥✉❛s ❞❡✜♥✐❞❛s ❡♠ X✳

C+
c ❈♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❞❡ X ❛ R+ ❝♦♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✳

Lip1(X) ❈♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s ▲✐♣s❝❤✐t③ ❡♠ X ❝♦♠ ❝♦♥st❛♥t❡ ▲✐♣s❝❤✐t③ ≤ 1✳

BM(X) ❈♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s r❡❛✐s ♠❡♥s✉rá✈❡✐s ❧✐♠✐t❛❞❛s ❞❡✜♥✐❞❛s ❡♠ X✳

SB(X) ❈♦♥❥✉♥t♦ ❞❛s ♠❡❞✐❞❛s ❜♦r❡❧✐❛♥❛s ❝♦♠ s✐♥❛❧ ❡♠ X✳

Π(µ, ν) ❈♦♥❥✉♥t♦ ❞♦s ♣❧❛♥♦s ❞❡ tr❛♥s♣♦rt❡ ❞❡ µ ♣❛r❛ ν✳
∐

n∈NAn ❈♦✲♣r♦❞✉t♦ ❞♦s ❝♦♥❥✉♥t♦s An✳

Wp(µ, ν) ❉✐stâ♥❝✐❛ ❞❡ ❲❛ss❡rst❡✐♥ ❞❡ ♦r❞❡♠ p ❡♥tr❡ µ ❡ ν✳

C0
b (X) ❊s♣❛ç♦ ❞❛s ❢✉♥çõ❡s r❡❛✐s ❝♦♥tí♥✉❛s ❡ ❧✐♠✐t❛❞❛s ❞❡✜♥✐❞❛s ❡♠ X✳

{0, 1}N ❊s♣❛ç♦ ❞❡ ❈❛♥t♦r✳

Pp(X) ❊s♣❛ç♦ ❞❡ ❲❛ss❡rst❡✐♥ ❞❡ ♦r❞❡♠ p✳

TPM ❊s♣❛ç♦ t❛♥❣❡♥t❡ à M ♥♦ ♣♦♥t♦ p✳

L1(µ) ❋❛♠í❧✐❛ ❞❛s ❢✉♥çõ❡s r❡❛✐s µ✲✐♥t❡❣rá✈❡✐s✳

P(X) ❋❛♠í❧✐❛ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❜♦r❡❧✐❛♥❛s ❡♠ X✳

✶A ❋✉♥çã♦ ✐♥❞✐❝❛❞♦r❛ ❞♦ ❝♦♥❥✉♥t♦ ❆✳

δx ▼❡❞✐❞❛ ❞❡ ❉✐r❛❝ ♥♦ ♣♦♥t♦ x✳

µ× ν ▼❡❞✐❞❛ ♣r♦❞✉t♦✳

‖ · ‖p ◆♦r♠❛ ♥♦ ❡s♣❛ç♦ Lp✳

f |A ❘❡str✐çã♦ ❞❛ ❢✉♥çã♦ f ❛♦ ❝♦♥❥✉♥t♦ A✳

R ❘❡t❛ ❡st❡♥❞✐❞❛❀ R = R ∪ {+∞} ∪ {−∞}✳

s✉♣♣(µ) ❙✉♣♦rt❡ ❞❛ ♠❡❞✐❞❛ µ✳



❙✉♠ár✐♦

■♥tr♦❞✉çã♦ ✶✵

✶ Pr❡❧✐♠✐♥❛r❡s ✶✷

✶✳✶ ❚❡♦r✐❛ ❞❛ ▼❡❞✐❞❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✶✳✷ ❚r❛♥s♣♦rt❡ Ót✐♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✶✳✸ ❱❛r✐❡❞❛❞❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷ ❉❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ✷✻

✷✳✶ ❯♠❛ ❞❡✜♥✐çã♦ ❢♦r♠❛❧ ❞❡ ❞❡s✐♥t❡❣r❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✷✳✷ ❚❡♦r❡♠❛ ❞❡ ❘♦❦❤❧✐♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✸ ❉❡s✐♥t❡❣r❛çã♦ ❡♠ ❞✐❢❡r❡♥t❡s ❝♦♥t❡①t♦s ✺✶

✸✳✶ ❉❡s✐♥t❡❣r❛çã♦ ❡ ❚r❛♥s♣♦rt❡ Ót✐♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✸✳✷ ❉❡s✐♥t❡❣r❛çã♦ ❡ ✈❛r✐❡❞❛❞❡s✿ ❞♦ ❚❡♦r❡♠❛ ✷✳✸ ❛♦ ❈♦r♦❧ár✐♦ ✸✳✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✸✳✷✳✶ ❙♦❜r❡ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✸✳✷✳✷ ❘❡str✐çã♦ ❡ ♠❡❞✐❞❛s ❝♦♠ s✐♥❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✹ ❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ✻✺

✹✳✶ ❊①♣❧♦r❛♥❞♦ ❡①❡♠♣❧♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✹✳✶✳✶ ❚r❛♥s❢♦r♠❛çõ❡s ❡①♣❛♥s♦r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✹✳✶✳✷ ▼❛♣❛ s♦❧❡♥♦✐❞❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

❘❡❢❡rê♥❝✐❛s ✽✶
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◆♦ ✜♥❛❧ ❞♦ sé❝✉❧♦ ❳■❳✱ ❛❧❣✉♠❛s q✉❡stõ❡s ❢✉♥❞❛♠❡♥t❛✐s r❡❧❛❝✐♦♥❛❞❛s à ❡✈♦❧✉çã♦ ❡

❡st❛❜✐❧✐❞❛❞❡ ❞♦ s✐st❡♠❛ s♦❧❛r ❧❡✈❛r❛♠ ❛♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ ❚❡♦r✐❛ ❞❡ ❙✐st❡♠❛s ❉✐♥â♠✐❝♦s q✉❡✱

❞❡ ♠♦❞♦ ❣❡r❛❧✱ ❝♦♠♣r❡❡♥❞❡ ♦ ❡st✉❞♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ s✐st❡♠❛s ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✱ ❡ ❤♦❥❡

é ✉♠ ✈❛st♦ ❡ r✐❝♦ ❝❛♠♣♦ q✉❡ ♣♦ss✉✐ ❛♣❧✐❝❛çõ❡s ❡♠ ❢ís✐❝❛✱ ❜✐♦❧♦❣✐❛✱ ♠❡t❡♦r♦❧♦❣✐❛✱ ❛str♦♥♦♠✐❛✱

❡❝♦♥♦♠✐❛ ❡ ♦✉tr❛s ár❡❛s ❬✽❪✳

❍❡✉r✐st✐❝❛♠❡♥t❡✱ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❝♦♥s✐st❡ ❞❡ ✉♠ ❝♦♥❥✉♥t♦✱ q✉❡ ❛❜r❛♥❣❡ t♦❞♦s

♦s ♣♦ssí✈❡✐s ❡st❛❞♦s ♣❛r❛ ♦ s✐st❡♠❛ ❡♠ ❡st✉❞♦✱ ❡ ✉♠❛ ❢✉♥çã♦ q✉❡ ❞❡s❝r❡✈❡ ❛ ❞✐♥â♠✐❝❛✳ ❯♠

♣♦✉❝♦ ♠❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❞❡ t❡♠♣♦ ❞✐s❝r❡t♦ ❝♦♥s✐st❡ ❡♠ ✉♠ ❡s♣❛ç♦

X ❡ ✉♠❛ ❛♣❧✐❝❛çã♦ f : X → X t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ n ∈ N✱ ❛ ♥✲és✐♠❛ ✐t❡r❛çã♦ ❞❡ f é

fn = f ◦ f ◦ · · · ◦ f ✭n ✈❡③❡s✮ ❡ f 0 = id✱ ❡ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❞❡ t❡♠♣♦ ❝♦♥tí♥✉♦ ❝♦♥s✐st❡

❡♠ ✉♠ ❡s♣❛ç♦ X ❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ tr❛♥s❢♦r♠❛çõ❡s {f t : X → X}t∈R✱ ❞❡♥♦♠✐♥❛❞❛ ✢✉①♦✱

s❛t✐s❢❛③❡♥❞♦ f 0 = id ❡ f t+s = f t ◦ f s✱ ∀ t, s ∈ R✳

❊①✐st❡♠ ♠♦❞❡❧♦s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s q✉❡ sã♦ ❞❡t❡r♠✐♥íst✐❝♦s✱ ♥♦ s❡♥t✐❞♦ q✉❡✱

❞❛❞♦ ✉♠ ❡st❛❞♦ x ❞♦ s✐st❡♠❛✱ t♦♠❛❞♦ ❡♠ q✉❛❧q✉❡r ♠♦♠❡♥t♦✱ é ♣♦ssí✈❡❧ ❞❡t❡r♠✐♥❛r t♦❞❛ ❛

tr❛❥❡tór✐❛ ❢✉t✉r❛ ✭❡✱ q✉❛♥❞♦ ♦ s✐st❡♠❛ é ✐♥✈❡rtí✈❡❧✱ t❛♠❜é♠ ❛ tr❛❥❡tór✐❛ ♣❛ss❛❞❛✮✳ ❆♦ ♠❡s♠♦

t❡♠♣♦✱ ✉♠ s✐st❡♠❛ ♣♦❞❡ ❡①✐❜✐r ❞❡♣❡♥❞ê♥❝✐❛ s❡♥sí✈❡❧ ❞❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✱ ❞❡ ♠♦❞♦ q✉❡

♣❡q✉❡♥❛s ❛❧t❡r❛çõ❡s ♥♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❧❡✈❛♠ à ❝♦♠♣♦rt❛♠❡♥t♦s ❞❡ ❧♦♥❣♦ ♣r❛③♦ ❞r❛♠❛t✐❝❛♠❡♥t❡

❞✐❢❡r❡♥t❡s✱ ♦ q✉❡ é ❝♦♥s✐❞❡r❛❞♦ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❝❛ót✐❝♦ ❬✽❪✳ ❊♠ s✐st❡♠❛s ❝❛ót✐❝♦s✱ ❡♠❜♦r❛

❛ tr❛❥❡tór✐❛ ♣♦ss❛ s❡r ✐♠♣r❡✈✐sí✈❡❧ ♣♦♥t✉❛❧♠❡♥t❡✱ ❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ♣♦❞❡♠ ❡①✐❜✐r

❝❡rt❛ r❡❣✉❧❛r✐❞❛❞❡✱ ❢♦r♥❡❝❡♥❞♦ ✐♥❢♦r♠❛çõ❡s r❡❧❡✈❛♥t❡s s♦❜r❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ s✐st❡♠❛✳ ❖

❡st✉❞♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s é ✉♠❛ ❛❜♦r❞❛❣❡♠ ❞❛ ❞✐♥â♠✐❝❛ q✉❡

❢♦✐ ✐♠♣❧❡♠❡♥t❛❞❛ ♥❛ ❝❤❛♠❛❞❛ ❚❡♦r✐❛ ❊r❣ó❞✐❝❛✳

❆ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s é ✉♠ ❝♦♥❝❡✐t♦ q✉❡ ❡①❡r❝❡ ✉♠ ✐♠♣♦rt❛♥t❡ ♣❛♣❡❧ ♥♦

❡st✉❞♦ ❞❡ ❙✐st❡♠❛s ❉✐♥â♠✐❝♦s ❡ ❚❡♦r✐❛ ❊r❣ó❞✐❝❛✳ ❊♠ t❡r♠♦s ❞❡ ♠❡❞✐❞❛s ❝♦♥❞✐❝✐♦♥❛✐s✱ ❞❛❞♦

✉♠ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ (X,F , µ) ❡ ✉♠❛ ♣❛rt✐çã♦ P ❞❡ X✱ ✉♠❛ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ µ

r❡❧❛t✐✈❛♠❡♥t❡ à P é ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s {µP : P ∈ P} t❛❧ q✉❡ ❝❛❞❛ µP t❡♠ s✉♣♦rt❡

♥♦ r❡s♣❡❝t✐✈♦ ❡❧❡♠❡♥t♦ ✐♥❞❡①❛❞♦ ❡ é ♣♦ssí✈❡❧ r❡♦❜t❡r µ ❛ ♣❛rt✐r ❞❛ ✐♥t❡❣r❛çã♦ ❞❡st❛ ❢❛♠í❧✐❛✳

◆❡st❡ tr❛❜❛❧❤♦✱ ❡st✉❞❛✲s❡ ❡ ❛♣❧✐❝❛✲s❡ ❡st❡ ❝♦♥❝❡✐t♦ ❡♠ ❞✐❢❡r❡♥t❡s ❝♦♥t❡①t♦s✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠

r❡s✉❧t❛❞♦s r❡❧❡✈❛♥t❡s✱ ❝♦♠♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❘♦❦❤❧✐♥✳ ▼❛✐s ❞❡t❛❧❤❛❞❛♠❡♥t❡✿

• ◆♦ ❈❛♣ít✉❧♦ ✶ ❛♣r❡s❡♥t❛✲s❡ ✉♠❛ sí♥t❡s❡ ❞❡ ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s q✉❡ ❡♠❜❛s❛♠ ♦ ❡st✉❞♦✳
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• ◆♦ ❈❛♣ít✉❧♦ ✷ ❛❜♦r❞❛✲s❡ ✉♠❛ ❞❡✜♥✐çã♦ ❢♦r♠❛❧ ❞❡ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ❡ ❡st✉❞❛✲s❡✱

s♦❜ ❞✐❢❡r❡♥t❡s ♣❡rs♣❡❝t✐✈❛s✱ ♦ ❚❡♦r❡♠❛ ❞❡ ❘♦❦❤❧✐♥✱ r❡s✉❧t❛❞♦ q✉❡ ❛✜r♠❛ ❛ ❡①✐stê♥❝✐❛

❞❛ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s s♦❜ ❝❡rt❛s ❝♦♥❞✐çõ❡s✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡✱ sã♦ ❛♣r❡s❡♥t❛❞❛s

três ✈❡rsõ❡s ❞❡st❡ t❡♦r❡♠❛✿ ✉♠❛ ❢♦r♠✉❧❛çã♦ ♣❛r❛ ♠❡❞✐❞❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡✜♥✐❞❛s

❡♠ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦ s❡♣❛rá✈❡❧ ♣❛rt✐❝✐♦♥❛❞♦✱ ✉♠❛ ❢♦r♠✉❧❛çã♦ ✉♠ ♣♦✉❝♦

♠❛✐s ♠♦❞❡r♥❛✱ q✉❡ ❡♥❢❛t✐③❛ ❛❧❣✉♥s ❛s♣❡❝t♦s ❣❡♦♠étr✐❝♦s ❞♦s ❡s♣❛ç♦s ❡♥✈♦❧✈✐❞♦s✱ ❡✱

♣♦r ✜♠✱ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ♣❛r❛ ✉♠❛ ❝❛t❡❣♦r✐❛ ❞❡ ❡s♣❛ç♦s σ✲✜♥✐t♦s ❝♦♠ ♠♦r✜s♠♦s

❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉♦s✳

• ◆♦ ❈❛♣ít✉❧♦ ✸ ❛❜♦r❞❛✲s❡ ❛ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ❝♦♥s✐❞❡r❛♥❞♦ ❡s♣❛ç♦s ♣r♦❞✉t♦✳ ◆❛

❙❡çã♦ ✸✳✶✱ ❡st✉❞❛✲s❡ ❝♦♠♦ ❛ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ♥❡st❛ ♣❡rs♣❡❝t✐✈❛ ❡stá r❡❧❛❝✐♦♥❛❞❛

❝♦♠ ♦ ♣r♦❜❧❡♠❛ ❝❡♥tr❛❧ ❞❛ ❚❡♦r✐❛ ❞❡ ❚r❛♥s♣♦rt❡ Ót✐♠♦✳ ◆❛ ❙❡çã♦ ✸✳✷✱ ❝♦♥s✐❞❡r❛♥❞♦

✈❛r✐❡❞❛❞❡s r✐❡♠❛♥♥✐❛♥❛s ❝♦♠♣❛❝t❛s✱ ❡st✉❞❛✲s❡ ✉♠❛ ❝♦♥❡①ã♦ ❞❡st❛ ♣❡rs♣❡❝t✐✈❛ ❞❡ ❞❡s✐♥✲

t❡❣r❛çã♦ ❝♦♠ ♦ ❝❛s♦ ❡♠ ❡s♣❛ç♦s ♣❛rt✐❝✐♦♥❛❞♦s✳

• P♦r ✜♠✱ ♥♦ ❈❛♣ít✉❧♦ ✹✱ ❡st✉❞❛✲s❡ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❡ ❡st❛tíst✐❝❛s ❞❡

s✐st❡♠❛s ❞✐♥â♠✐❝♦s✱ ❝♦♠♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ ♠❡❞✐❞❛s ✐♥✈❛r✐❛♥t❡s✱ ♠✐st✉r❛✱ ❝♦♥✈❡r❣ê♥❝✐❛

♣❛r❛ ♦ ❡q✉✐❧í❜r✐♦ ❡ ❡st❛❜✐❧✐❞❛❞❡✳ ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ❡st✉❞❛✲s❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦

♦♣❡r❛❞♦r ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❡♠ ❞♦✐s ❡①❡♠♣❧♦s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s✱ s❡♥❞♦ q✉❡ ✉♠ ❞❡❧❡s

é ✉♠ ♠❛♣❛ s♦❧❡♥♦✐❞❛❧✱ ♦♥❞❡ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s é ❛♣❧✐❝❛❞♦ ♣❛r❛

❞❡✜♥✐r ✉♠ ❡s♣❛ç♦ ❛❞❡q✉❛❞♦ ♣❛r❛ ♦ s✐st❡♠❛✳
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❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

❊st❡ ❝❛♣ít✉❧♦ tr❛③ ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s q✉❡ sã♦ ❡♠♣r❡❣❛❞♦s ❛♦ ❧♦♥❣♦ ❞♦

tr❛❜❛❧❤♦✳ ❆ ✐♥t❡♥çã♦ é ❝r✐❛r ✉♠❛ ❢♦♥t❡ ❞❡ r❡❢❡rê♥❝✐❛ s♦❜r❡ ♦s ♣r✐♥❝✐♣❛✐s ❝♦♥❝❡✐t♦s ✉t✐❧✐③❛❞♦s✱ ❛

✜♠ ❞❡ ❢❛✈♦r❡❝❡r ✉♠❛ ❜♦❛ ❧❡✐t✉r❛✳ ❊♠ ❣❡r❛❧✱ ❛ ❞❡♠♦♥str❛çã♦ ❞♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❡st❡

❝❛♣ít✉❧♦ sã♦ ♦♠✐t✐❞❛s✱ ♠❛s✱ ❛♦ ❧♦♥❣♦ ❞♦ t❡①t♦✱ sã♦ ✐♥❞✐❝❛❞❛s ❛s r❡❢❡rê♥❝✐❛s ♣❛r❛ ❛ ❝♦♥s✉❧t❛

❞❛s r❡s♣❡❝t✐✈❛s ❞❡♠♦♥str❛çõ❡s✳

✶✳✶ ❚❡♦r✐❛ ❞❛ ▼❡❞✐❞❛

❆ s❡❣✉✐r sã♦ ❛♣r❡s❡♥t❛❞♦s ❛❧❣✉♥s ❢✉♥❞❛♠❡♥t♦s ❡ r❡s✉❧t❛❞♦s ❞❡ ❚❡♦r✐❛ ❞❛ ▼❡❞✐❞❛✱

q✉❡ sã♦ ❛❜♦r❞❛❞♦s ♥❛s r❡❢❡rê♥❝✐❛s ❬✺❪✱ ❬✶✵❪✱ ❬✶✸❪✱ ❬✷✶❪✱ ❬✷✸❪ ❡ ❬✸✵❪✳ ❈♦♥s✐❞❡r❡ ✉♠ ❝♦♥❥✉♥t♦ X

♥ã♦ ✈❛③✐♦✳ ❯♠❛ á❧❣❡❜r❛ ❞❡ X é ✉♠❛ ❢❛♠í❧✐❛ A ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ X q✉❡ ❝♦♥té♠ ♦ ❝♦♥❥✉♥t♦

✈❛③✐♦ ❡ t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ A ∈ A✱ Ac✱ ♦ ❝♦♠♣❧❡♠❡♥t❛r ❞♦ ❝♦♥❥✉♥t♦ A ❡♠ r❡❧❛çã♦ ❛ X✱

t❛♠❜é♠ ♣❡rt❡♥❝❡ à A✱ ❡✱ ❞❛❞♦s ❞♦✐s ❝♦♥❥✉♥t♦s A,B ∈ A✱ ❛ ✉♥✐ã♦ A∪B ♣❡rt❡♥❝❡ à A✳ ❯♠❛

σ✲á❧❣❡❜r❛ é ✉♠❛ á❧❣❡❜r❛ q✉❡ é ❢❡❝❤❛❞❛ ♣❛r❛ ❛s ✉♥✐õ❡s ❡♥✉♠❡rá✈❡✐s✱ ✐st♦ é✿

❉❡✜♥✐çã♦ ✶✳✶✳ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦✳ ❯♠❛ σ✲á❧❣❡❜r❛ ❡♠ X é ✉♠❛ ❢❛♠í❧✐❛ F ❞❡

s✉❜❝♦♥❥✉♥t♦s ❞❡ X t❛❧ q✉❡✿

✶✳ ∅✱ X ∈ F ✳

✷✳ ❙❡ A ∈ F ✱ ❡♥tã♦ Ac ∈ F ✳

✸✳ ❙❡ An ∈ F ♣❛r❛ t♦❞♦ n ∈ N✱ ❡♥tã♦
∞⋃
n=1

An ∈ F ✳

❖ ♣❛r (X,F) é ❞❡♥♦♠✐♥❛❞♦ ❡s♣❛ç♦ ♠❡♥s✉rá✈❡❧✱ ❡ ✉♠ ❝♦♥❥✉♥t♦ q✉❛❧q✉❡r A ∈ F é

❞❡♥♦♠✐♥❛❞♦ ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧✳ ❉❛❞❛ ✉♠❛ ❢❛♠í❧✐❛ E ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ X✱ ❞❡♥♦♠✐♥❛✲s❡

σ✲á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r E ✱ σ(E)✱ ❛ ♠❡♥♦r σ✲á❧❣❡❜r❛ q✉❡ ❝♦♥té♠ ❡st❛ ❢❛♠í❧✐❛✳ ❆❧é♠ ❞✐ss♦✱ s❡ X

é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✱ ❛ σ✲á❧❣❡❜r❛ ❣❡r❛❞❛ ♣❡❧♦s ❛❜❡rt♦s ❞❡ X é ❞❡♥♦♠✐♥❛❞❛ σ✲á❧❣❡❜r❛ ❞❡

❇♦r❡❧✱ ❡ ❞❡♥♦t❛❞❛ ♣♦r B(X)✳ ◆❡st❡ ❝❛s♦✱ ♦s ❝♦♥❥✉♥t♦s A ∈ B(X) sã♦ ❞❡♥♦♠✐♥❛❞♦s ❜♦r❡❧✐❛♥♦s✳
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❆ ♣❛rt✐r ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ❡s♣❛ç♦ ♠❡♥s✉rá✈❡❧✱ é ♣♦ssí✈❡❧ ❡st❛❜❡❧❡❝❡r ❛ ✐❞❡✐❛ ❞❡ ❢✉♥çã♦

♠❡♥s✉rá✈❡❧✱ q✉❡ é ✉♠❛ ❛♣❧✐❝❛çã♦ q✉❡ ♣r❡s❡r✈❛ ❛ ❢❛♠í❧✐❛ ❞❡ ❝♦♥❥✉♥t♦s ♠❡♥s✉rá✈❡✐s✿

❉❡✜♥✐çã♦ ✶✳✷✳ ❈♦♥s✐❞❡r❡ (X,F) ✉♠ ❡s♣❛ç♦ ♠❡♥s✉rá✈❡❧✳ ❯♠❛ ❢✉♥çã♦ f : X → R é

♠❡♥s✉rá✈❡❧ s❡ f−1(A) ∈ F ✱ ♣❛r❛ t♦❞♦ A ∈ B(R)✳ ▼❛✐s ❣❡r❛❧♠❡♥t❡✱ s❡ (X,F) ❡ (Y,A)

sã♦ ❡s♣❛ç♦s ♠❡♥s✉rá✈❡✐s✱ ✉♠❛ ❢✉♥çã♦ f : X → Y é ♠❡♥s✉rá✈❡❧ s❡✱ ♣❛r❛ t♦❞♦ A ∈ A✱

f−1(A) = {x ∈ X : f(x) ∈ A} ∈ F ✳

❙❡ f, g : X → R sã♦ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s ❡ α ∈ R é ✉♠❛ ❝♦♥st❛♥t❡✱ é ♣♦ssí✈❡❧

❞❡♠♦♥str❛r q✉❡ αf ✱ f+g✱ fg ❡ |f | sã♦✱ t❛♠❜é♠✱ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s✳ ❆❧é♠ ❞✐ss♦✱ s❡ (fn)n∈N
é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s t❛❧ q✉❡ fn : X → R✱ ❡♥tã♦ inf fn(x)✱ sup fn(x)✱

lim inf fn(x) ❡ lim sup fn(x) sã♦ ♠❡♥s✉rá✈❡✐s ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ s❡ ♦ ❧✐♠✐t❡ ❞❛ s❡q✉ê♥❝✐❛

❡①✐st❡✱ ❡❧❡ é ♠❡♥s✉rá✈❡❧✳ ❉❛❞❛ ✉♠❛ ❢✉♥çã♦ f : X → R✱ é ❝♦♥✈❡♥✐❡♥t❡ ❞❡✜♥✐r

f+(x) := max{f(x), 0}

f−(x) := max{−f(x), 0}

❡ ❡s❝r❡✈❡r f(x) = f+(x)−f−(x)✱ ♣♦✐s ✐st♦ ♣❡r♠✐t❡ ❣❡♥❡r❛❧✐③❛r r❡s✉❧t❛❞♦s ✈á❧✐❞♦s✱ ✐♥✐❝✐❛❧♠❡♥t❡✱

❛♣❡♥❛s ♣❛r❛ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s ♥ã♦ ♥❡❣❛t✐✈❛s✳ ◆♦t❡ q✉❡ f é ♠❡♥s✉rá✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

f+ ❡ f− sã♦ ♠❡♥s✉rá✈❡✐s✳ ❯♠❛ ❢✉♥çã♦ ϕ : X → R ♠❡♥s✉rá✈❡❧ q✉❡ ❛ss✉♠❡ ❛♣❡♥❛s ✉♠

❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ✈❛❧♦r❡s é ❞✐t❛ ❢✉♥çã♦ s✐♠♣❧❡s✳ ❖✉ s❡❥❛✱ s❡ ϕ é ✉♠❛ ❢✉♥çã♦ s✐♠♣❧❡s✱ é

♣♦ssí✈❡❧ ❡s❝r❡✈ê✲❧❛ ❞❛ ❢♦r♠❛

ϕ(x) =
n∑

i=1

ai✶Ai
(x)

♦♥❞❡ a1, ..., an sã♦ ♦s ✈❛❧♦r❡s ❞❡ ϕ ❡ Ai = {x ∈ X : ϕ(x) = ai}✱ ♣❛r❛ i = 1, 2, . . . , n✳ ❚♦❞❛

❢✉♥çã♦ s✐♠♣❧❡s ♥ã♦ ♥❡❣❛t✐✈❛ ♣♦ss✉✐ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ú♥✐❝❛✱ ❞❡♥♦♠✐♥❛❞❛ r❡♣r❡s❡♥t❛çã♦ st❛♥✲

❞❛r❞✱ ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ✈❛❧♦r❡s ai ❞✐st✐♥t♦s ❡ ❝♦♥❥✉♥t♦s Ai ❞✐s❥✉♥t♦s✳ ❯♠ r❡s✉❧t❛❞♦ ✐♠♣♦rt❛♥t❡

❛ss♦❝✐❛❞♦ à ❡st❛ ❞❡✜♥✐çã♦ é ♦ s❡❣✉✐♥t❡✿

▲❡♠❛ ✶✳✸✳ ❙❡ f : X → [0,∞] é ♠❡♥s✉rá✈❡❧✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (ϕn) ❞❡ ❢✉♥çõ❡s

s✐♠♣❧❡s ϕn : X → [0,∞] t❛✐s q✉❡✿

✶✳ 0 ≤ ϕn(x) ≤ ϕn+1(x) ♣❛r❛ ❝❛❞❛ x ∈ X ❡ ♣❛r❛ t♦❞♦ n ∈ N✳

✷✳ f(x) = lim
n→∞

ϕn(x) ♣❛r❛ ❝❛❞❛ x ∈ X✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✺✱ ▲❡♠❛ ✷✳✶✶❪✳
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❖✉tr♦ ❝♦♥❝❡✐t♦ ❢✉♥❞❛♠❡♥t❛❧ r❡❧❛❝✐♦♥❛❞♦ à ❡s♣❛ç♦s ♠❡♥s✉rá✈❡✐s é ♦ ❞❡ ♠❡❞✐❞❛✿

❉❡✜♥✐çã♦ ✶✳✹✳ ❯♠❛ ♠❡❞✐❞❛ ❡♠ ✉♠ ❡s♣❛ç♦ ♠❡♥s✉rá✈❡❧ (X,F) é ✉♠❛ ❢✉♥çã♦

µ : F → [0,∞] t❛❧ q✉❡ µ(∅) = 0 ❡ µ é σ✲❛❞✐t✐✈❛✱ ✐st♦ é✱ s❡ {An : n ∈ N} é ✉♠❛ ❢❛♠í❧✐❛ ❞❡

❝♦♥❥✉♥t♦s ♠❡♥s✉rá✈❡✐s t❛❧ q✉❡ An ∩ Am = ∅ ♣❛r❛ n 6= m✱ ❡♥tã♦

µ
(⋃

n

An

)
=
∑

n

µ(An).

❆ tr✐♣❧❛ (X,F , µ) é ❞❡♥♦♠✐♥❛❞❛ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛✳ ❉❡♣❡♥❞❡♥❞♦ ❞❛s ❝❛r❛❝t❡rís✲

t✐❝❛s ❞❡ ✉♠❛ ♠❡❞✐❞❛ µ ❞❡✜♥✐❞❛ ❡♠ (X,F)✱ ✉t✐❧✐③❛✲s❡ ❝❡rt❛s ❞❡♥♦♠✐♥❛çõ❡s ❡s♣❡❝✐❛✐s✳ P♦r

❡①❡♠♣❧♦✱ µ é ❞✐t❛✿ ✜♥✐t❛✱ s❡ µ(X) < ∞❀ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ s❡ µ(X) = 1❀ σ✲✜♥✐t❛✱ s❡ ❡①✐st❡♠

❝♦♥❥✉♥t♦s An ∈ F t❛✐s q✉❡ µ(An) < ∞ ♣❛r❛ t♦❞♦ n ❡ X =
⋃
An❀ ❜♦r❡❧✐❛♥❛✱ s❡ F = B(X)❀

s❡ ν é ♦✉tr❛ ♠❡❞✐❞❛ ❡♠ (X,F)✱ ❞✐③✲s❡ q✉❡ µ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛ ❝♦♠ r❡s♣❡✐t♦ ❛ ν✱ ❡

❞❡♥♦t❛✲s❡ µ≪ ν✱ s❡ ♣❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦ A ∈ F t❛❧ q✉❡ ν(A) = 0 t❡♠✲s❡ q✉❡ µ(A) = 0❀ s❡ µ

é ❜♦r❡❧✐❛♥❛ ❡ ♣❛r❛ t♦❞♦ B ∈ B(X) ❡ t♦❞♦ ǫ > 0 ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ F ❡ ✉♠ ❛❜❡rt♦

A t❛✐s q✉❡ F ⊂ B ⊂ A ❡ µ(F − A) ≤ ǫ✱ ❞✐③✲s❡ q✉❡ µ é r❡❣✉❧❛r✳

❖❜s❡r✈❛çã♦✳ P♦r ❞❡✜♥✐çã♦✱ ✉♠❛ ♠❡❞✐❞❛ t❡♠ ✈❛❧♦r ♣♦s✐t✐✈♦✳ P♦ré♠✱ ❡♠ ❛❧❣✉♥s ❝❛s♦s é út✐❧

❣❡♥❡r❛❧✐③❛r ❡ss❛ ❞❡✜♥✐çã♦✱ ♥♦ s❡❣✉✐♥t❡ s❡♥t✐❞♦✿ ❡♠ ✉♠ ❡s♣❛ç♦ ♠❡♥s✉rá✈❡❧ (X,F)✱ ✉♠❛ ❢✉♥çã♦

µ : F → (−∞,∞] ♦✉ µ : F → [−∞,∞) q✉❡ é σ✲❛❞✐t✐✈❛ ❡ t❛❧ q✉❡ µ(∅) = 0 é ❞❡♥♦♠✐♥❛❞❛

♠❡❞✐❞❛ ❝♦♠ s✐♥❛❧✳ ❙❡ µ ❛ss✉♠❡ ✈❛❧♦r❡s ♥♦ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ (−∞,∞)✱ é ❞❡♥♦♠✐♥❛❞❛ ♠❡❞✐❞❛

❝♦♠ s✐♥❛❧ ✜♥✐t❛✳ ❖ ❚❡♦r❡♠❛ ❞❛ ❉❡❝♦♠♣♦s✐çã♦ ❞❡ ❏♦r❞❛♥ é ✉♠ r❡s✉❧t❛❞♦ ♥♦ q✉❛❧✱ ❞❛❞❛ ✉♠❛

♠❡❞✐❞❛ ❝♦♠ s✐♥❛❧ µ✱ t❡♠✲s❡ q✉❡ ❡①✐st❡♠ ú♥✐❝❛s ♠❡❞✐❞❛s µ+ ❡ µ− t❛✐s q✉❡ µ = µ+ − µ− ❡

µ+ ⊥ µ−✱ ♦♥❞❡ µ+ ⊥ µ− r❡♣r❡s❡♥t❛ q✉❡ ❛s ♠❡❞✐❞❛s µ+ ❡ µ− sã♦ ♠✉t✉❛♠❡♥t❡ s✐♥❣✉❧❛r❡s✱ ✐st♦

é✿ ❡①✐st❡♠ ❞♦✐s ❝♦♥❥✉♥t♦s ♠❡♥s✉rá✈❡✐s✱ P ❡ N ✱ t❛✐s q✉❡ X = P ∪N ✱ P ∩N = ∅✱ µ+(N) = 0

❡ µ−(P ) = 0✳ ❈♦♠ ❡st❡ t❡♦r❡♠❛ é ♣♦ssí✈❡❧ ❣❡♥❡r❛❧✐③❛r ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ♠❡❞✐❞❛s✳

❆❧é♠ ❞✐ss♦✱ t❡♠✲s❡ q✉❡ ❛ s♦♠❛ |µ| = µ+ + µ− é ✉♠❛ ♠❡❞✐❞❛✱ ❞❡♥♦♠✐♥❛❞❛ ✈❛r✐❛çã♦ t♦t❛❧✱ ❡

é ♣♦ssí✈❡❧ ❞❡♠♦♥str❛r q✉❡ ❛ ❢✉♥çã♦ ‖µ‖ ❂ |µ|(X) é ✉♠❛ ♥♦r♠❛ ❝♦♠♣❧❡t❛ ♥♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

r❡❛❧ ❝♦♥st✐t✉í❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ ❞❛s ♠❡❞✐❞❛s ❝♦♠ s✐♥❛❧ ✜♥✐t❛s✳ ❆✐♥❞❛ ♠❛✐s✱ s❡ X é ✉♠ ❡s♣❛ç♦

♠étr✐❝♦ ❝♦♠♣❛❝t♦✱ t❡♠✲s❡ q✉❡ ❡st❡ ❡s♣❛ç♦ é ✐s♦♠♦r❢♦ ❛♦ ❞✉❛❧ ❞♦ ❡s♣❛ç♦ C(X) ❞❛s ❢✉♥çõ❡s

r❡❛✐s ❝♦♥tí♥✉❛s ❡♠ X✳

❉❛❞♦ ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ (X,F , µ)✱ ✉♠ s✉❜❝♦♥❥✉♥t♦ A ⊂ X é ✉♠ ❝♦♥❥✉♥t♦ ❞❡

♠❡❞✐❞❛ ♥✉❧❛ s❡ ❡①✐st✐r B ∈ F t❛❧ q✉❡ A ⊂ B ❡ µ(B) = 0✳ ❉✐③✲s❡ q✉❡ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ é ✈á❧✐❞❛

❡♠ µ✲q✉❛s❡ t♦❞♦ ♣♦♥t♦ ✭♦✉ µ✲ q✉❛s❡ s❡♠♣r❡✮ s❡ ❡st❛ é ✈á❧✐❞❛ ❡♠ t♦❞♦X ❡①❝❡t♦✱ ♣♦ss✐✈❡❧♠❡♥t❡✱

❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛✳ P♦❞❡ s❡r ❝♦♥✈❡♥✐❡♥t❡ q✉❡ t♦❞♦s ♦s ❝♦♥❥✉♥t♦s ❞❡ ♠❡❞✐❞❛

♥✉❧❛ s❡❥❛♠✱ t❛♠❜é♠✱ ♠❡♥s✉rá✈❡✐s✳ ❯♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ ❝♦♠ ❡st❛ ♣r♦♣r✐❡❞❛❞❡ é ❞❡♥♦♠✐♥❛❞♦
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❝♦♠♣❧❡t♦ ✭♦✉ ❞✐③✲s❡ q✉❡ ❛ ♠❡❞✐❞❛ µ é ❝♦♠♣❧❡t❛✮✳ ➱ ♣♦ssí✈❡❧ r❡❛❧✐③❛r ♦ ❝♦♠♣❧❡t❛♠❡♥t♦ ❞❡

✉♠ ❡s♣❛ç♦✱ ✐✳❡✳✱ t♦r♥❛r (X,F , µ) q✉❛❧q✉❡r ❡♠ ✉♠ ❡s♣❛ç♦ ❝♦♠♣❧❡t♦✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡ ❛

❢❛♠í❧✐❛ ❞❡ ❝♦♥❥✉♥t♦s F̃ = {A ⊂ X : ∃ F1, F2 ∈ F ❝♦♠ F1 ⊂ A ⊂ F2 ❡ µ(F2 − F1) = 0}✳

◆♦t❡ q✉❡ F̃ é ✉♠❛ σ✲á❧❣❡❜r❛ q✉❡ ❝♦♥té♠ F ✳ ❈♦♠ ✐ss♦✱ ❛ ❢✉♥çã♦ µ̃ : F̃ → [0,∞] t❛❧ q✉❡

µ̃(A) = µ(F1) = µ(F2) é ✉♠❛ ♠❡❞✐❞❛ ❡♠ F̃ ✱ ❝✉❥❛ r❡str✐çã♦ ❛ F ❝♦✐♥❝✐❞❡ ❝♦♠ µ✳ P♦r

❝♦♥str✉çã♦✱ ♦ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ (X, F̃ , µ̃) é ❝♦♠♣❧❡t♦✳

❊st❛❜❡❧❡❝✐❞♦s ❡st❡s ❝♦♥❝❡✐t♦s✱ é ♣♦ssí✈❡❧ ❞❡✜♥✐r ❛ ✐♥t❡❣r❛❧ ❞❡ ✉♠❛ ❢✉♥çã♦ ❝♦♠

r❡s♣❡✐t♦ à ✉♠❛ ♠❡❞✐❞❛✿ ◆♦ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ (X,F , µ)✱ ❛ ✐♥t❡❣r❛❧ ❞❡ ϕ : X → [0,∞]✱ ✉♠❛

❢✉♥çã♦ s✐♠♣❧❡s ❝♦♠ r❡♣r❡s❡♥t❛çã♦ st❛♥❞❛r❞✱ ❝♦♠ r❡s♣❡✐t♦ à µ é ❞❡✜♥✐❞❛ ♣♦r

∫

X

ϕ dµ =
n∑

i=1

aiµ(Ai).

P❛r❛ ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ f : X → [0,∞]✱ ❞❡✜♥❡✲s❡ ❛ ✐♥t❡❣r❛❧ ❞❡ f ❝♦♠ r❡s♣❡✐t♦ à µ ♣♦r

∫

X

f dµ = sup
{∫

X

ϕ dµ : 0 ≤ ϕ ≤ f ❡ ϕ s✐♠♣❧❡s
}
.

❆❧é♠ ❞✐ss♦✱ ❞✐③✲s❡ q✉❡ ✉♠❛ ❢✉♥çã♦ f : X → R é ✐♥t❡❣rá✈❡❧ s❡ é ♠❡♥s✉rá✈❡❧ ❡ f+ ❡ f− ♣♦ss✉❡♠

✐♥t❡❣r❛✐s ✜♥✐t❛s✳ ◆❡st❡ ❝❛s♦✱ ❞❡✜♥❡✲s❡✿

∫

X

f dµ =

∫

X

f+ dµ−

∫

X

f− dµ.

❖❜s❡r✈❛çã♦✳ ❖ ❝♦♥❥✉♥t♦ L1(µ) ❞❛s ❢✉♥çõ❡s r❡❛✐s ✐♥t❡❣rá✈❡✐s é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧ ❡ ❛

❛♣❧✐❝❛çã♦ L : L1(µ) → R q✉❡ ❛ss♦❝✐❛ ❝❛❞❛ f ∈ L1(µ) à ✐♥t❡❣r❛❧
∫
f dµ é ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r

♣♦s✐t✐✈♦✳

❆ s❡❣✉✐r✱ sã♦ ❛♣r❡s❡♥t❛❞♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s s♦❜r❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❛ ✐♥t❡❣r❛❧ r❡❧❛t✐✈❛♠❡♥t❡ à ♣❛ss❛❣❡♠ ❛♦ ❧✐♠✐t❡ ❞❡ s❡q✉ê♥❝✐❛s✳

❚❡♦r❡♠❛ ✶✳✺ ✭❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ▼♦♥ót♦♥❛✮✳ ❈♦♥s✐❞❡r❡ ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ (X,F , µ)

❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s (fn)
∞
n=1 t❛❧ q✉❡ fn : X → [0,∞] ♣❛r❛ t♦❞♦ n ∈ N✱

f1 ≤ f2 ≤ · · · ≤ fn ≤ fn+1 ≤ . . . ❡ lim fn = f ✳ ❊♥tã♦✱ f é ♠❡♥s✉rá✈❡❧ ❡

∫

X

f dµ = lim
n→∞

∫

X

fn dµ.

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✺✱ ❚❡♦r❡♠❛ ✹✳✻❪✳
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▲❡♠❛ ✶✳✻ ✭▲❡♠❛ ❞❡ ❋❛t♦✉✮✳ ❈♦♥s✐❞❡r❡ ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ (X,F , µ) ❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡

❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s (fn)
∞
n=1 t❛❧ q✉❡ fn : X → [0,∞] ♣❛r❛ t♦❞♦ n ∈ N✳ ❊♥tã♦

∫

X

lim inf fn dµ ≤ lim inf

∫

X

fn dµ.

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✺✱ ▲❡♠❛ ✹✳✽❪✳

❚❡♦r❡♠❛ ✶✳✼ ✭❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛✮✳ ❈♦♥s✐❞❡r❡ ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ (X,F , µ)

❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ✐♥t❡❣rá✈❡✐s (fn)
∞
n=1 q✉❡ ❝♦♥✈❡r❣❡ µ✲q✉❛s❡ s❡♠♣r❡ ♣❛r❛ ❛ ❢✉♥çã♦

♠❡♥s✉rá✈❡❧ f : X → R✳ ❙❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧ g t❛❧ q✉❡ |fn| ≤ g ♣❛r❛ t♦❞♦ n ∈ N✱

❡♥tã♦ f é ✐♥t❡❣rá✈❡❧ ❡ ∫

X

f dµ = lim
n→∞

∫

X

fn dµ.

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✺✱ ❚❡♦r❡♠❛ ✺✳✻❪✳

❖✉tr♦ r❡s✉❧t❛❞♦ ✐♠♣♦rt❛♥t❡ q✉❡ s❡rá ✉t✐❧✐③❛❞♦ ♥❡st❡ tr❛❜❛❧❤♦ é ♦ ❚❡♦r❡♠❛ ❞❡

❘❛❞♦♥✲◆✐❦♦❞②♠✱ q✉❡ ❡st❛❜❡❧❡❝❡ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❞✉❛s ♠❡❞✐❞❛s σ✲✜♥✐t❛s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥✲

tí♥✉❛s ❞❡✜♥✐❞❛s ❡♠ ✉♠ ♠❡s♠♦ ❡s♣❛ç♦ ♠❡♥s✉rá✈❡❧✿

❚❡♦r❡♠❛ ✶✳✽ ✭❚❡♦r❡♠❛ ❞❡ ❘❛❞♦♥✲◆✐❦♦❞②♠✮✳ ❙❡❥❛♠ ν ❡ µ ❞✉❛s ♠❡❞✐❞❛s σ✲✜♥✐t❛s ❡♠ (X,F)

❡ s✉♣♦♥❤❛ q✉❡ ν ≪ µ✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ f : X → [0,∞] t❛❧ q✉❡

ν(E) =

∫

E

f dµ

♣❛r❛ E ∈ F ✳ ❆ ❢✉♥çã♦ f é ❞❡♥♦♠✐♥❛❞❛ ❞❡♥s✐❞❛❞❡ ♦✉ ❞❡r✐✈❛❞❛ ❞❡ ❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡ ν ❝♦♠

r❡s♣❡✐t♦ ❛ µ ❡ é ❞❡♥♦t❛❞❛ ♣♦r dν
dµ
✳ ❆✐♥❞❛ ♠❛✐s✱ ❛ ❢✉♥çã♦ f é µ✲q✉❛s❡ s❡♠♣r❡ ✉♥✐❝❛♠❡♥t❡

❞❡t❡r♠✐♥❛❞❛✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✺✱ ❚❡♦r❡♠❛ ✽✳✾❪✳

❆❣♦r❛ q✉❡ ♦s ❝♦♥❝❡✐t♦s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ ❚❡♦r✐❛ ❞❛ ▼❡❞✐❞❛ ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s✱

♣♦❞❡✲s❡ ❡①♣❧♦r❛r ❛❧❣✉♥s ❝♦♥❝❡✐t♦s r❡❧❛❝✐♦♥❛❞♦s à ♠❡❞✐❞❛s ❞❡ tr❛♥s♣♦rt❡✱ t❛♠❜é♠ ❞❡♥♦♠✐♥❛❞❛s

♠❡❞✐❞❛s ♣✉s❤ ❢♦r✇❛r❞✳ ❊ss❡ t✐♣♦ ❞❡ ♠❡❞✐❞❛ é ♦❜t✐❞♦ tr❛♥s❢❡r✐♥❞♦ ✭✏♣✉s❤✐♥❣ ❢♦r✇❛r❞✑✮ ✉♠❛

♠❡❞✐❞❛ ❞❡ ✉♠ ❡s♣❛ç♦ ♠❡♥s✉rá✈❡❧ ♣❛r❛ ♦✉tr♦ ✉s❛♥❞♦ ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡✱

❝♦♥s✐❞❡r❡X1 ❡X2 ❡s♣❛ç♦s ♠étr✐❝♦s s❡♣❛rá✈❡✐s ❡ P(X1) ❡ P(X2) ❛s ❢❛♠í❧✐❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s
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❜♦r❡❧✐❛♥❛s ❡♠ X1 ❡ X2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡ µ ∈ P(X1) ❡ T : X1 → X2 é ✉♠❛ ❢✉♥çã♦

♠❡♥s✉rá✈❡❧✱ ❞❡♥♦t❛✲s❡ ♣♦r T∗µ ∈ P(X2) ♦ ♣✉s❤ ❢♦r✇❛r❞ ❞❡ µ ♣♦r T ✱ ❞❡✜♥✐❞♦ ♣♦r

T∗µ(B) := µ(T−1(B))

♣❛r❛ t♦❞♦ B ∈ B(X2)✳ ▼❛✐s ❣❡r❛❧♠❡♥t❡✱ t❡♠✲s❡

∫

X1

f(T (x)) dµ(x) =

∫

X2

f(y) dT∗µ(y)

♣❛r❛ t♦❞❛ ❢✉♥çã♦ f : X2 → R ❜♦r❡❧✐❛♥❛ ❧✐♠✐t❛❞❛ ✭♦✉ T∗µ✲✐♥t❡❣rá✈❡❧✮✳ ◆♦t❡ q✉❡ s❡ ν ≪ µ✱

❡♥tã♦ T∗ν ≪ T∗µ✱ ♣❛r❛ t♦❞♦ ν, µ ∈ P(X1)✳ ❆✐♥❞❛ ♠❛✐s✱ (T ◦ S)∗µ = T∗(S∗µ) ♣❛r❛

S : X1 → X2✱ T : X2 → X3 ❡ µ ∈ P(X1)✳

❆ s❡❣✉✐r sã♦ ❛♣r❡s❡♥t❛❞❛s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❝♦rr❡❧❛t❛s✱ ❝✉❥❛ ♣r✐♥❝✐♣❛❧ r❡❢❡rê♥❝✐❛

é ❬✸✵❪✱ q✉❡ s❡rã♦ út❡✐s ❛♦ ❧♦♥❣♦ ❞♦ tr❛❜❛❧❤♦✳

❉❡✜♥✐çã♦ ✶✳✾✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ s❡♣❛rá✈❡❧✱ B(X) ❛ σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧ ❡♠ X

❡ P(X) ❛ ❢❛♠í❧✐❛ ❞❡ t♦❞❛s ❛s ♠❡❞✐❞❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❜♦r❡❧✐❛♥❛s ❡♠ X✳ ❖ s✉♣♦rt❡ ❞❡

µ ∈ P(X) é ♦ ❝♦♥❥✉♥t♦ s✉♣♣ µ = {x ∈ X : µ(U) > 0 ♣❛r❛ ❝❛❞❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ x}✳

❉❡✜♥✐çã♦ ✶✳✶✵✳ ❯♠ ❡s♣❛ç♦ X é ❞❡♥♦♠✐♥❛❞♦ ❘❛❞♦♥ s❡ é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ s❡♣❛rá✈❡❧ t❛❧

q✉❡ ♣❛r❛ t♦❞❛ µ ∈ P(X)✱ ♣❛r❛ t♦❞♦ B ∈ B(X)✱ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ Kǫ ⊂ B t❛❧

q✉❡ µ(B −Kǫ) ≤ ǫ✱ ♣❛r❛ t♦❞♦ ǫ > 0✳

❉❡✜♥✐çã♦ ✶✳✶✶✳ ❈♦♥s✐❞❡r❡ (X,F , µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡ (E,B(E)) ✉♠ ❡s♣❛ç♦

♠❡♥s✉rá✈❡❧✳ ❚♦❞❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ φ : (X,F , µ) → (E,B(E)) ✐♥❞✉③ ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡

❡♠ E ❞❛❞❛ ♣♦r

µφ(B) := φ∗µ(B) = µ(φ−1(B)) = µ({x ∈ X : φ(x) ∈ B}),

♣❛r❛ B ∈ B(E)✳ ◆❡st❡ ❝❛s♦✱ µφ é ❞❡♥♦♠✐♥❛❞❛ ❧❡✐ ✭♦✉ ❞✐str✐❜✉✐çã♦✮ ❞❡ φ ❡✱ t❛♠❜é♠ ♣♦❞❡ s❡r

❞❡♥♦t❛❞❛ ♣♦r lei(φ)✳

❉❡✜♥✐çã♦ ✶✳✶✷✳ ❈♦♥s✐❞❡r❡ (X,µ) ❡ (Y, ν) ❡s♣❛ç♦s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳ ❆❝♦♣❧❛r µ ❡ ν ❝♦♥s✐st❡

❡♠ ❝♦♥str✉✐r ❞✉❛s ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s ✭q✉❡ t❛♠❜é♠ sã♦ ❞❡♥♦♠✐♥❛❞❛s ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s✮ X

❡ Y ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ (Ω,P) ❞❡ t❛❧ ❢♦r♠❛ q✉❡ lei(X ) = µ ❡ lei(Y) = ν✳ ❖ ♣❛r

(X ,Y) é ❞❡♥♦♠✐♥❛❞♦ ❝♦✉♣❧✐♥❣ ❞❡ (µ, ν)✳
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❙❡ µ ❡ ν sã♦ ❛s ú♥✐❝❛s ❧❡✐s ❞♦ ♣r♦❜❧❡♠❛✱ ❡♥tã♦✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡✲s❡

❡s❝♦❧❤❡r Ω = X × Y ✳ ❊♠ ✉♠❛ ❢♦r♠✉❧❛çã♦ ♠❛✐s t❡ór✐❝❛✱ ❛❝♦♣❧❛r µ ❡ ν s✐❣♥✐✜❝❛ ❝♦♥str✉✐r ✉♠❛

♠❡❞✐❞❛ γ ❡♠ X × Y t❛❧ q✉❡ γ ❛❞♠✐t❛ µ ❡ ν ❝♦♠♦ ♠❛r❣✐♥❛✐s ❡♠ X ❡ Y ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s

s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❢♦r♠❛s ❡q✉✐✈❛❧❡♥t❡s ❞❡st❛ ❝♦♥❞✐çã♦ ♠❛r❣✐♥❛❧✿

✶✳ (♣r♦❥X)∗γ = µ✱ (♣r♦❥Y )∗γ = ν✱ ♦♥❞❡ (♣r♦❥X) ❡ (♣r♦❥Y ) r❡♣r❡s❡♥t❛♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❛s ♣r♦❥❡çõ❡s (x, y) 7→ x ❡ (x, y) 7→ y❀

✷✳ γ[A× Y ] = µ[A]✱ γ[X × B] = ν[B]✱ ∀ A ⊂ X✱ B ⊂ Y ♠❡♥s✉rá✈❡✐s❀

✸✳ P❛r❛ t♦❞❛s ❢✉♥çõ❡s ✐♥t❡❣rá✈❡✐s ϕ✱ ψ ❞❡✜♥✐❞❛s ❡♠ X ❡ Y ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❡♠✲s❡

∫

X×Y

(ϕ(x) + ψ(y)) dγ(x, y) =

∫

X

ϕ dµ+

∫

Y

ψ dν.

❉❡✜♥✐çã♦ ✶✳✶✸✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ♥♦t❛çã♦ ✉t✐❧✐③❛❞❛ ♥❛ ❉❡✜♥✐çã♦ ✶✳✶✷✱ ✉♠ ❝♦✉♣❧✐♥❣ (X ,Y) é

❞✐t♦ ❞❡t❡r♠✐♥íst✐❝♦ s❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ T : X → Y t❛❧ q✉❡ Y = T (X )✳ ❆❧é♠

❞✐ss♦✱ ♣❛r❛ ❞✐③❡r q✉❡ (X ,Y) é ✉♠ ❝♦✉♣❧✐♥❣ ❞❡t❡r♠✐♥íst✐❝♦ ❞❡ µ ❡ ν✱ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s

sã♦ ❡str✐t❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s✿

✶✳ (X ,Y) é ✉♠ ❝♦✉♣❧✐♥❣ ❞❡t❡r♠✐♥íst✐❝♦ ❞❡ µ ❡ ν ❝✉❥❛ ❧❡✐ γ ❡stá ❝♦♥❝❡♥tr❛❞❛ ♥♦ ❣rá✜❝♦ ❞❡

✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ T : X → Y ❀

✷✳ γ = (■❞, T )∗µ❀

✸✳ X t❡♠ ❧❡✐ µ ❡ Y = T (X )✱ ♦♥❞❡ T∗µ = ν❀

✹✳ X t❡♠ ❧❡✐ µ ❡ Y = T (X )✱ ♦♥❞❡ T é ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ ❞❡ µ ♣❛r❛ ν✱ ♦✉ s❡❥❛✱ ♣❛r❛

t♦❞❛ ❢✉♥çã♦ ν✲✐♥t❡❣rá✈❡❧ ϕ t❡♠✲s❡

∫

Y

ϕ(y) dν(y) =

∫

X

ϕ(T (x)) dµ(x).

❆ ❢✉♥çã♦ T ♥❛s ❛✜r♠❛çõ❡s ❛❝✐♠❛ é ❛ ♠❡s♠❛ ❡ é ❞❡✜♥✐❞❛ ✉♥✐❝❛♠❡♥t❡ µ✲q✉❛s❡

s❡♠♣r❡ ✭q✉❛♥❞♦ ❛ ❧❡✐ ❝♦♥❥✉♥t❛ ❞❡ (X ,Y) ❡stá ✜①❛✮✳ ❆ ✐♠♣❧✐❝❛çã♦ ✐♥✈❡rs❛ é ✈❡r❞❛❞❡✐r❛✿ s❡ T

❡ T̃ ❝♦✐♥❝✐❞❡♠ µ✲q✉❛s❡ s❡♠♣r❡✱ ❡♥tã♦ T∗µ = T̃∗µ✳ ➱ ❝♦♠✉♠ ❞❡♥♦♠✐♥❛r T ❝♦♠♦ ♠❛♣❛ ❞❡

tr❛♥s♣♦rt❡✳ ❈♦♠ ✐ss♦✱ t❡♠✲s❡ ♦ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ♣❛r❛ ♦ ❡st✉❞♦ ❡♠ ❚r❛♥s♣♦rt❡ Ót✐♠♦✱ q✉❡ é

♦ ❛ss✉♥t♦ ❞❛ ♣ró①✐♠❛ s❡çã♦✳
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✶✳✷ ❚r❛♥s♣♦rt❡ Ót✐♠♦

❖s ♣r✐♠❡✐r♦s ❡st✉❞♦s r❡❧❛❝✐♦♥❛❞♦s à ❚❡♦r✐❛ ❞❡ ❚r❛♥s♣♦rt❡ Ót✐♠♦ r❡♠♦♥t❛♠ ♦ ✜♥❛❧

❞♦ sé❝✉❧♦ ❳❱■■■✱ q✉❛♥❞♦ ●❛s♣❛r❞ ▼♦♥❣❡✱ ♠❛t❡♠át✐❝♦ ❢r❛♥❝ês✱ ♣r♦♣ôs ❛ ♠♦❞❡❧❛❣❡♠ ❞❡ ✉♠

♣r♦❜❧❡♠❛ ❧♦❣íst✐❝♦✳ ■♥❢♦r♠❛❧♠❡♥t❡✱ ❡st❡ ♣r♦❜❧❡♠❛ ❝♦♥s✐st❡ ❡♠ tr❛♥s♣♦rt❛r ❝❡rt❛ q✉❛♥t✐❞❛❞❡

❞❡ ❛r❡✐❛ ❞❡ ✉♠ ♣♦♥t♦ ❛ ♦✉tr♦ ❥á ♣ré✲❡st❛❜❡❧❡❝✐❞♦✱ ❞❡ ❢♦r♠❛ q✉❡ ♦ ❝✉st♦ ❞❡ tr❛♥s♣♦rt❡ s❡❥❛

♠í♥✐♠♦ ❬✷✾❪✳ ❋♦r♠❛❧♠❡♥t❡✿

Pr♦❜❧❡♠❛ ❞❡ ▼♦♥❣❡✳ ❈♦♥s✐❞❡r❡ X ❡ Y ❡s♣❛ç♦s ❘❛❞♦♥✱ µ ∈ P(X)✱ ν ∈ P(Y ) ❡ ✉♠❛

❢✉♥çã♦ ❜♦r❡❧✐❛♥❛ c : X ×Y → [0,∞]✳ ❖ ♣r♦❜❧❡♠❛ ❞❡ tr❛♥s♣♦rt❡ ót✐♠♦ ❞❡ ▼♦♥❣❡ é ❡♥❝♦♥tr❛r

inf
T

{∫

X

c(x, T (x)) dµ : T∗µ = ν
}

✭✶✳✶✮

♦♥❞❡ T é ✉♠ ♠❛♣❛ ❞❡ tr❛♥s♣♦rt❡✳

◆♦s t❡r♠♦s ❛♥t❡r✐♦r♠❡♥t❡ ❡st❛❜❡❧❡❝✐❞♦s✱ ▼♦♥❣❡ ❜✉s❝❛✈❛ ❡st❛❜❡❧❡❝❡r ✉♠ ❝♦✉♣❧✐♥❣

❞❡t❡r♠✐♥íst✐❝♦ ót✐♠♦✳ ❆✐♥❞❛ ♠❛✐s✱ ♥♦t❡ q✉❡✱ ♥❡st❛ ❢♦r♠✉❧❛çã♦ ❢♦r♠❛❧✱ ❛s ♠❡❞✐❞❛s µ ❡ ν

♠♦❞❡❧❛♠ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❛r❡✐❛ ❡♠ ❝❛❞❛ ❡s♣❛ç♦✱ ♥♦ s❡♥t✐❞♦ q✉❡✱ ❞❛❞♦s A ⊂ X ❡ B ⊂ Y

❝♦♥❥✉♥t♦s ♠❡♥s✉rá✈❡✐s✱ µ(A) r❡♣r❡s❡♥t❛ ❛ q✉❛♥t✐❞❛❞❡ ❛r❡✐❛ q✉❡ ❡stá ❡♠ A ❡ ν(B) r❡♣r❡s❡♥t❛

❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❛r❡✐❛ q✉❡ ❞❡✈❡ s❡r tr❛♥s♣♦rt❛❞❛ ♣❛r❛ B✳ ❆❧é♠ ❞✐ss♦✱ c(x, y) r❡♣r❡s❡♥t❛ ♦

❝✉st♦ ❞❡ tr❛♥s♣♦rt❛r ✉♠❛ ✉♥✐❞❛❞❡ ❞❡ ♠❛ss❛ ❞♦ ♣♦♥t♦ x ∈ X ♣❛r❛ ♦ ♣♦♥t♦ y ∈ Y ✱ ❡ ♦ ♠❛♣❛

❞❡ tr❛♥s♣♦rt❡ T : X → Y ❛ss♦❝✐❛✱ ✉♥✐❝❛♠❡♥t❡✱ ❝❛❞❛ x à ❧♦❝❛❧✐③❛çã♦ y✱ ♣r❡s❡r✈❛♥❞♦ ✈♦❧✉♠❡✳

▼♦♥❣❡ ❧❡✈♦✉ ❡♠ ❝♦♥s✐❞❡r❛çã♦ q✉❡ ♦ ❝✉st♦ ❞❡ tr❛♥s♣♦rt❡ ❞❡♣❡♥❞❡ ❞❛ ♠❛ss❛ ❞❡

❛r❡✐❛ ❛ s❡r tr❛♥s♣♦rt❛❞❛ ❡ ❞❛ ❞✐stâ♥❝✐❛ ♣❡r❝♦rr✐❞❛ ♥♦ tr❛♥s♣♦rt❡✳ ❊st✉❞♦✉ ♦ ♣r♦❜❧❡♠❛ ❡♠

três ❞✐♠❡♥sõ❡s ♣❛r❛ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❝♦♥tí♥✉❛ ❞❡ ♠❛ss❛✱ ♦❜t❡♥❞♦ ❛✈❛♥ç♦s✱ ♠❛s ♥ã♦ ✉♠❛

❝♦♥❝❧✉sã♦✳ ❖ ♣r♦❜❧❡♠❛ ❢♦✐ ✐♥❞✐r❡t❛♠❡♥t❡ r❡t♦♠❛❞♦ ♣❡❧♦ ♠❛t❡♠át✐❝♦ r✉ss♦ ▲❡♦♥✐❞ ❱✐t❛❧✐②❡✈✐❝❤

❑❛♥t♦r♦✈✐❝❤✳ ❊♠ ✶✾✹✽✱ ❑❛♥t♦r♦✈✐❝❤ r❡❛♣r❡s❡♥t♦✉ ♦ ♣r♦❜❧❡♠❛✱ ✐♥❝♦r♣♦r❛♥❞♦ ♥♦✈♦s r❡s✉❧t❛❞♦s

❞❡s❡♥✈♦❧✈✐❞♦s ♣♦r ❡❧❡✿

Pr♦❜❧❡♠❛ ❞❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤✳ ❈♦♥s✐❞❡r❡ X ❡ Y ❡s♣❛ç♦s ❘❛❞♦♥✱ ♠❡❞✐❞❛s µ ∈ P(X)

❡ ν ∈ P(Y ) ❡ ✉♠❛ ❢✉♥çã♦ ❜♦r❡❧✐❛♥❛ c : X×Y → [0,∞]✳ ❖ ♣r♦❜❧❡♠❛ ❞❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤

❝♦♥s✐st❡ ❡♠ ❡♥❝♦♥tr❛r

min
γ∈Π(µ,ν)

{∫

X×Y

c(x, y) dγ(x, y)
}

✭✶✳✷✮

♦♥❞❡ Π(µ, ν) é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♠❡❞✐❞❛s γ ∈ P(X × Y ) ❝♦♠ ♠❛r❣✐♥❛✐s µ ❡ ν✳
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❊♠ ❣❡r❛❧✱ ❛s ♠❡❞✐❞❛s γ ∈ P(X×Y ) ❝♦♠ ♠❛r❣✐♥❛✐s µ ❡ ν sã♦ ❞❡♥♦♠✐♥❛❞❛s ♣❧❛♥♦s

❞❡ tr❛♥s♣♦rt❡ ❞❡ µ ♣❛r❛ ν ❡ ❛s ♠❡❞✐❞❛s q✉❡ s❛t✐s❢❛③❡♠ ♦ Pr♦❜❧❡♠❛ ❞❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤ sã♦

❞❡♥♦♠✐♥❛❞❛s ♣❧❛♥♦s ❞❡ tr❛♥s♣♦rt❡ ót✐♠♦✳ ■♥❢♦r♠❛❧♠❡♥t❡✱ ♥❡st❛ ♥♦✈❛ ❢♦r♠✉❧❛çã♦ t❡♠✲s❡ q✉❡ ❛

q✉❛♥t✐❞❛❞❡ ❞❡ ❛r❡✐❛ ❡♠ ❞❛❞♦ ♣♦♥t♦ x ♣♦❞❡ s❡r ❞✐✈✐❞✐❞❛ ❡ tr❛♥s♣♦rt❛❞❛ ♣❛r❛ ♣♦♥t♦s ❞✐st✐♥t♦s✱

❡ dγ(x, y) r❡♣r❡s❡♥t❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❛r❡✐❛ q✉❡ é tr❛♥s❢❡r✐❞❛ ❞❡ x ♣❛r❛ y✳

◆♦t❡ q✉❡ ♣♦❞❡♠ ♦❝♦rr❡r ❝❛s♦s ❡♠ q✉❡ ♥ã♦ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ T : X → Y ♠❡♥✲

s✉rá✈❡❧ t❛❧ q✉❡ T∗µ = ν✱ ❞❡ ♠♦❞♦ q✉❡ ♦ Pr♦❜❧❡♠❛ ❞❡ ▼♦♥❣❡ é ✐♥s♦❧ú✈❡❧✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡

❞❛ ❢✉♥çã♦ ❝✉st♦✳ ■ss♦ ♥ã♦ ♦❝♦rr❡ ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ❞❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤✱ ✉♠❛ ✈❡③ q✉❡

µ× ν ∈ Π(µ, ν)✳ ❆❧é♠ ❞✐ss♦✱ q✉❛♥❞♦ ❛ ❢✉♥çã♦ ❝✉st♦ é s❡♠✐❝♦♥tí♥✉❛ ✐♥❢❡r✐♦r♠❡♥t❡✱ é ♣♦ssí✈❡❧

♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ♣❧❛♥♦ ❞❡ tr❛♥s♣♦rt❡ ót✐♠♦ ❬✸❪ ❡✱ ❛✐♥❞❛ ♠❛✐s✱ t❡♠✲s❡ ♦ s❡❣✉✐♥t❡

r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✶✳✶✹ ✭❉✉❛❧✐❞❛❞❡✮✳ ❙❡ c : X × Y → [0,∞] é ✉♠❛ ❢✉♥çã♦ ♣ró♣r✐❛ s❡♠✐❝♦♥tí♥✉❛

✐♥❢❡r✐♦r♠❡♥t❡✱ ❡♥tã♦ ♦ ♠í♥✐♠♦ ❞❛ ❡q✉❛çã♦ ✭✶✳✷✮ é ✐❣✉❛❧ ❛

sup
{∫

X

ϕ(x) dµ+

∫

Y

ψ(y) dν
}

♦♥❞❡ ♦ s✉♣r❡♠♦ é t♦♠❛❞♦ s♦❜ t♦❞♦s (ϕ, ψ) ∈ C0
b (X)×C0

b (Y ) t❛✐s q✉❡ ϕ(x)+ψ(y) ≤ c(x, y)✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✸✱ ❚❡♦r❡♠❛ ✻✳✶✳✶❪✳

❆ ♣❛rt✐r ❞❡ss❡s ♣r♦❜❧❡♠❛s ✢♦r❡s❝❡✉ ❛ ❚❡♦r✐❛ ❞❡ ❚r❛♥s♣♦rt❡ Ót✐♠♦✱ q✉❡ ❤♦❥❡ ♣r♦✈ê

❢❡rr❛♠❡♥t❛s ♣❛r❛ ♦ tr❛t❛♠❡♥t♦ ❞❡ ♣r♦❜❧❡♠❛s ❡♠ ❞✐✈❡rs❛s ár❡❛s ❝♦♠♦ Pr♦❜❛❜✐❧✐❞❛❞❡ ❡ ❙✐st❡♠❛s

❉✐♥â♠✐❝♦s✳ ❆❧❣✉♠❛s r❡❢❡rê♥❝✐❛s r❡❧❡✈❛♥t❡s s♦❜r❡ ❚r❛♥s♣♦rt❡ Ót✐♠♦ sã♦ ❬✷❪✱ ❬✸❪✱ ❬✷✾❪ ❡ ❬✸✵❪✳

❆ s❡❣✉✐r ❞❡✜♥❡✲s❡ ✉♠ ❝♦♥❝❡✐t♦✱ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♥❛ ❚❡♦r✐❛ ❞❡ ❚r❛♥s♣♦rt❡ Ót✐♠♦✱

q✉❡ s❡rá ✉t✐❧✐③❛❞♦ ♥❡st❡ tr❛❜❛❧❤♦✳ ◆♦ ❡st✉❞♦ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ tr❛♥s♣♦rt❡ ♣♦❞❡ s❡r ✐♥t❡r❡ss❛♥t❡

❝♦♥s✐❞❡r❛r q✉❡ ♦ ❝✉st♦ ❞❡♣❡♥❞❡ ❞❛s ♠❡❞✐❞❛s tr❛♥s♣♦rt❛❞❛s✱ ❡ ♣❡♥s❛r ♥♦ ❝✉st♦ ót✐♠♦ ❝♦♠♦ ✉♠

t✐♣♦ ❞❡ ❞✐stâ♥❝✐❛ ❡♥tr❡ µ ❡ ν✿

❉❡✜♥✐çã♦ ✶✳✶✺ ✭❉✐stâ♥❝✐❛ ❞❡ ❲❛ss❡rst❡✐♥✮✳ ❙❡❥❛♠ (X, d) ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦ s❡♣❛✲

rá✈❡❧ ❡ p ∈ [1,∞)✳ P❛r❛ ❞✉❛s ♠❡❞✐❞❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ µ, ν ❡♠ X✱ ❛ ❞✐stâ♥❝✐❛ ❞❡ ❲❛ss❡rst❡✐♥

❞❡ ♦r❞❡♠ p ❡♥tr❡ µ ❡ ν é ❞❛❞❛ ♣♦r

Wp(µ, ν) :=
(

inf
γ∈Π(µ,ν)

∫
d(x1, x2)

p dγ(x1, x2)
) 1

p

.

❈♦♠ ❡ss❛ ❞❡✜♥✐çã♦✱ Wp ♥ã♦ é ✉♠❛ ❞✐stâ♥❝✐❛ ♥♦ s❡♥t✐❞♦ ❡str✐t♦✱ ♣♦✐s ♣♦❞❡ ❛ss✉♠✐r

♦ ✈❛❧♦r +∞✳ ❆❞❡♠❛✐s✱ s❛t✐s❢❛③ ♦s ❛①✐♦♠❛s ❞❡ ❞✐stâ♥❝✐❛✳ ❆ss✐♠✱ ♣❛r❛ ❝♦♥❝❧✉✐r ❛ ❝♦♥str✉çã♦✱ é

♥❛t✉r❛❧ r❡str✐♥❣✐r Wp à ✉♠ s✉❜❝♦♥❥✉♥t♦ ♥♦ q✉❛❧ ❡st❛ t♦♠❛ ✈❛❧♦r❡s ✜♥✐t♦s✳
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❉❡✜♥✐çã♦ ✶✳✶✻✳ ❖ ❡s♣❛ç♦ ❞❡ ❲❛ss❡rst❡✐♥ ❞❡ ♦r❞❡♠ p é ❞❡✜♥✐❞♦ ❝♦♠♦

Pp(X) :=
{
µ ∈ P(X) :

∫
d(x, x̃)pµ(dx) < +∞

}

♣❛r❛ ❛❧❣✉♠ x̃ ∈ X ❛r❜✐trár✐♦✳

❉❡st❡ ♠♦❞♦✱ Wp ❞❡✜♥❡ ✉♠❛ ❞✐stâ♥❝✐❛ ✭✜♥✐t❛✮ ❡♠ Pp(X)✳ ➱ ♣♦ssí✈❡❧ ❞❡♠♦♥str❛r

q✉❡✱ s❡ (X, d) é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦ s❡♣❛rá✈❡❧ ❡ d é ✉♠❛ ♠étr✐❝❛ ❧✐♠✐t❛❞❛✱ ❡♥tã♦ ❛

❞✐stâ♥❝✐❛ p✲❲❛ss❡rst❡✐♥ ♠❡tr✐③❛ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛ s♦❜r❡ P(X)✳ ❆✐♥❞❛ ♠❛✐s✱ s❡ X é ❝♦♠♣❛❝t♦✱

❡♥tã♦ (P(X),Wp) é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦✳ P❛r❛ ❞❡t❛❧❤❡s ❡ ♠❛✐s ✐♥❢♦r♠❛çõ❡s✱ ❝♦♥s✉❧t❡

❬✸✵✱ ❈❛♣ít✉❧♦ ✻❪✳

✶✳✸ ❱❛r✐❡❞❛❞❡s

◆❡st❛ s❡çã♦ sã♦ ❛♣r❡s❡♥t❛❞❛s ❞❡✜♥✐çõ❡s ✐♠♣♦rt❛♥t❡s r❡❧❛❝✐♦♥❛❞❛s ❛♦ ❝♦♥❝❡✐t♦ ❞❡

✈❛r✐❡❞❛❞❡✳ ❆ ♣r✐♥❝✐♣❛❧ r❡❢❡rê♥❝✐❛ ✉t✐❧✐③❛❞❛ é ❬✾❪✳ ❊♠ t❡r♠♦s ❣❡r❛✐s✱ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦

n é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ q✉❡ s❡ ❛ss❡♠❡❧❤❛ ❧♦❝❛❧♠❡♥t❡ ❛♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ n✲❞✐♠❡♥s✐♦♥❛❧

❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ❝❛❞❛ ♣♦♥t♦✳ ❆✐♥❞❛ ♠❛✐s✱ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ é ✉♠❛ ✈❛r✐❡❞❛❞❡

q✉❡ é ❝♦♠♣❛❝t❛ ❝♦♠♦ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✳

❈♦♥s✐❞❡r❡M ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✳ ❯♠❛ ❝❛rt❛ ❧♦❝❛❧ é ✉♠ ♣❛r (U, ϕ) ♦♥❞❡ U é ✉♠

❛❜❡rt♦ ❞❡ M ❡ ϕ : U → Rm é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ s♦❜r❡ ♦ ❛❜❡rt♦ ϕ(U) ⊂ Rm✳ ❉❡♥♦♠✐♥❛✲s❡

❛t❧❛s ❞❡ ❞✐♠❡♥sã♦ m ❡ ❝❧❛ss❡ Cr s♦❜r❡ M ✉♠❛ ❝♦❧❡çã♦ A ❞❡ ❝❛rt❛s ❧♦❝❛✐s t❛✐s q✉❡✿

✶✳
⋃

(U,ϕ)∈A

U =M ❀

✷✳ ❙❡ (U, ϕ), (Ũ , ϕ̃) ∈ A ❡ U ∩ Ũ 6= ∅✱ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦

ϕ̃ ◦ ϕ−1 : ϕ(U ∩ Ũ) → ϕ̃(U ∩ Ũ)

é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ Cr ❡♥tr❡ ❛❜❡rt♦s ❞❡ Rm✳

❖s ❞✐❢❡♦♠♦r✜s♠♦s ❛❝✐♠❛ sã♦ ❞❡♥♦♠✐♥❛❞♦s ♠✉❞❛♥ç❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s✳ ❆❧é♠ ❞✐ss♦✱

♦ ❛t❧❛s A é ❞❡♥♦♠✐♥❛❞♦ ❛t❧❛s ♠❛①✐♠❛❧ q✉❛♥❞♦ ❝♦♥té♠ t♦❞❛s ❛s ❝❛rt❛s ❧♦❝❛✐s (Ũ , ϕ̃) ❝✉❥❛s

♠✉❞❛♥ç❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❝♦♠ ❡❧❡♠❡♥t♦s (U, ϕ) ∈ A sã♦ ❞✐❢❡♦♠♦r✜s♠♦s Cr✳ ❯♠ ❡s♣❛ç♦

t♦♣♦❧ó❣✐❝♦ ❞❡ ❍❛✉s❞♦r✛ M ❝♦♠ ❜❛s❡ ❡♥✉♠❡rá✈❡❧✱ ♠✉♥✐❞♦ ❞❡ ✉♠ ❛t❧❛s ♠❛①✐♠❛❧ é ❞❡♥♦♠✐♥❛❞♦

✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳

❈♦♥s✐❞❡r❛♥❞♦ M ✉♠❛ m✲✈❛r✐❡❞❛❞❡ ❝♦♠ ❛t❧❛s A = {ϕa : Ua → Xa}✱ ♣♦❞❡✲s❡

❝♦♥s✐❞❡r❛r ♦ ❝♦♥❝❡✐t♦ ❞❡ s✉❜✈❛r✐❡❞❛❞❡✳ ❉❛❞♦ N ⊂ M ✱ N é ❞✐t❛ s✉❜✈❛r✐❡❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦

n < m s❡ ❡①✐st✐r ❛❧❣✉♠ ❛t❧❛s B = {ψb : Vb → Yb} ❞❡ M t❛❧ q✉❡ A ❡ B sã♦ ❝♦♠♣❛tí✈❡✐s✱ ✐st♦

é✱ ❛s ♠✉❞❛♥ç❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ψb ◦ϕ−1
a ❡ ϕa ◦ ψ

−1
b sã♦ ❞✐❢❡r❡♥❝✐á✈❡✐s ❡♠ s❡✉s ❞♦♠í♥✐♦s ♣❛r❛
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t♦❞♦ a, b✱ ❡ ❛ ❝❛rt❛ ❧♦❝❛❧ ψb ❡♥✈✐❛ V
′

b = Vb ∩N s♦❜r❡ ✉♠ ❛❜❡rt♦ Y
′

b ⊂ Rn × 0m−n ♣❛r❛ t♦❞♦

b✳ ◆♦t❡ q✉❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ t♦❞❛ s✉❜✈❛r✐❡❞❛❞❡ é ✉♠❛ ✈❛r✐❡❞❛❞❡✳

❖✉tr♦ ❝♦♥❝❡✐t♦ ✐♠♣♦rt❛♥t❡ é ♦ ❞❡ ❡s♣❛ç♦ t❛♥❣❡♥t❡ à ✉♠❛ ✈❛r✐❡❞❛❞❡ M ✳ P❛r❛ ❝❛❞❛

p ∈ M ✱ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ C(p) ❞❛s ❝✉r✈❛s c : I → M ✱ ♦♥❞❡ I é ✉♠ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦

❝♦♥t❡♥❞♦ ③❡r♦✱ t❛✐s q✉❡ c(0) = p ❡ c é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ ✵✳ ❉✉❛s ❝✉r✈❛s c1, c2 ∈ C(p) sã♦

❡q✉✐✈❛❧❡♥t❡s s❡ (ϕ ◦ c1)
′(0) = (ϕ ◦ c2)

′(0) ♣❛r❛ t♦❞❛ ❝❛rt❛ ❧♦❝❛❧ ϕ : U → X✱ ❝♦♠ p ∈ U ✳ ❙❡❥❛

[c] ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ q✉❛❧q✉❡r ❝✉r✈❛ c ∈ C(p)✳ ❖ ❡s♣❛ç♦ t❛♥❣❡♥t❡ à M ♥♦ ♣♦♥t♦ p✱

❞❡♥♦t❛❞♦ ♣♦r TpM ✱ é ♦ ❝♦♥❥✉♥t♦ ❞❡ t❛✐s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳

❉❛❞❛ ✉♠❛ ❝❛rt❛ ❧♦❝❛❧ ϕa : Ua → Xa q✉❛❧q✉❡r✱ ❝♦♠ p ∈ Ua✱ ❛ ❛♣❧✐❝❛çã♦

Dϕa(p) : TpM → Rm

[c] 7→ (ϕa ◦ c)
′(0)

❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ é ✉♠❛ ❜✐❥❡çã♦✱ ❞❡ ♠♦❞♦ q✉❡ é ♣♦ssí✈❡❧ ✐❞❡♥t✐✜❝❛r TpM ❝♦♠ Rd ❡ ♦ ❡s♣❛ç♦

t❛♥❣❡♥t❡ ❛❞q✉✐r❡ ✉♠❛ ❡str✉t✉r❛ ❞❡ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛ ❝❛rt❛ ❧♦❝❛❧✳

❉❡ ❢❛t♦✱ ❞❛❞❛ q✉❛❧q✉❡r ♦✉tr❛ ❝❛rt❛ ❧♦❝❛❧ ψb : Vb → Yb ❝♦♠ p ∈ Vb✱ t❡♠✲s❡

Dψb(p) = D(ψb ◦ ϕ
−1
a )(ϕa(p)) ◦Dϕa(p).

❈♦♠♦ D(ψb ◦ϕ
−1
a )(ϕa(p)) é ✉♠ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r✱ s❡❣✉❡ q✉❡ ❛s ❡str✉t✉r❛s ❞❡ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

tr❛♥s♣♦rt❛❞❛s ♣♦r Dϕa(p) ❡ Dψb(p) ❞♦ ❡s♣❛ç♦ ❡✉❝❧✐❞❡❛♥♦ ♣❛r❛ TpM ❝♦✐♥❝✐❞❡♠✳

❈♦♠ ❛ ♥♦çã♦ ❞❡ ❡s♣❛ç♦ t❛♥❣❡♥t❡ é ♣♦ssí✈❡❧ ✐♥tr♦❞✉③✐r ❛ ✐❞❡✐❛ ❞❡ ❞❡r✐✈❛❞❛ ❞❡

✉♠❛ ❢✉♥çã♦ ❡♥tr❡ ❞✉❛s ✈❛r✐❡❞❛❞❡s✿ ❛ ❛♣❧✐❝❛çã♦ f : M → N ✱ ♦♥❞❡ M ❡ N sã♦ ✈❛r✐❡❞❛❞❡s✱ é

❞✐❢❡r❡♥❝✐á✈❡❧ s❡ ψb◦f ◦ϕ−1
a : ϕa(Ua∩f

−1(Vb)) → ψb(Vb∩f(Ua)) é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧

♣❛r❛ t♦❞❛ ❝❛rt❛ ❧♦❝❛❧ ϕa : Ua → Xa ❞❡M ❡ t♦❞❛ ❝❛rt❛ ❧♦❝❛❧ ψb : Vb → Yb ❝♦♠ f(Ua)∩Vb 6= 0✳

❆❧é♠ ❞✐ss♦✱ f é ❞❡ ❝❧❛ss❡ Cr s❡ M ❡ N sã♦ ✈❛r✐❡❞❛❞❡s Cr ❡ t♦❞❛ ❛♣❧✐❝❛çã♦ ψb ◦ f ◦ ϕ−1
a é ❞❡

❝❧❛ss❡ Cr✳ ❆ ❞❡r✐✈❛❞❛ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♥tr❡ ❞✉❛s ✈❛r✐❡❞❛❞❡s f : M → N ♥♦

♣♦♥t♦ p ∈M é ❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r Df(p) : TpM → Tf(p)N ❞❡✜♥✐❞❛ ♣♦r

Df(p) = Dψb(f(p))
−1 ◦D(ψb ◦ fϕ

−1
a )(ϕa(p)) ◦Dϕa(p)

♦♥❞❡ ϕa : Ua → Xa é ✉♠❛ ❝❛rt❛ ❧♦❝❛❧ ❞❡ M ❝♦♠ p ∈ Ua ❡ ψb : Vb → Yb é ✉♠❛ ❝❛rt❛

❧♦❝❛❧ ❞❡ N ❝♦♠ f(p) ∈ Vb✳ ❆✐♥❞❛ ♠❛✐s✱ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r ❛ ❞❡r✐✈❛❞❛ ❞❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦

❞✐❢❡r❡♥❝✐á✈❡❧ ❡♥tr❡ ❞✉❛s ✈❛r✐❡❞❛❞❡s ♣❡♥s❛♥❞♦ ♥♦ ❝♦♥❝❡✐t♦ ❞❡ ✜❜r❛❞♦ t❛♥❣❡♥t❡✳ ❖ ✜❜r❛❞♦

t❛♥❣❡♥t❡ à ✈❛r✐❡❞❛❞❡ M é ❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛

TM =
⋃

p∈M

TpM
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❞❡ t♦❞♦s ♦s ❡s♣❛ç♦s t❛♥❣❡♥t❡s ❛ M ✳ P❛r❛ ❝❛❞❛ ❝❛rt❛ ❧♦❝❛❧ ϕ : Ua → Xa✱ ❝♦♥s✐❞❡r❡

TUa
M =

⋃

p∈Ua

TpM

❡ ❛ ❛♣❧✐❝❛çã♦ Dϕa : TUa
M → Xa×Rm ❞❛❞❛ ♣♦r [c] 7→ ((ϕa◦c)(0), (ϕa◦c)

′(0))✳ ❈♦♥s✐❞❡r❡ ❡♠

TM ❛ t♦♣♦❧♦❣✐❛ q✉❡ t♦r♥❛ ❝❛❞❛Dϕ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳ ❙✉♣♦♥❞♦ q✉❡ ♦ ❛t❧❛s {ϕa : U → Xa}

❞❡ M é ❞❡ ❝❧❛ss❡ Cr ❡♥tã♦✱ ❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s

Dϕb ◦ ϕ
−1
a : ϕa(Ua ∩ Ub)× Rm → ϕb(Ua ∩ Ub)× Rm

é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ❝❧❛ss❡ Cr−1✱ ♣❛r❛ a, b q✉❛✐sq✉❡r t❛✐s q✉❡ Ua ∩ Ub 6= ∅✳ ❉❡st❡ ♠♦❞♦✱ TM

❡stá ♠✉♥✐❞♦ ❝♦♠ ❛ ❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡ ❞❡ ❝❧❛ss❡ Cr−1 ❡ ❞✐♠❡♥sã♦ 2m✳ ❆ss✐♠✱ ❛ ❞❡r✐✈❛❞❛

❞❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ f :M → N é ❛ ❛♣❧✐❝❛çã♦ Df : TM → TN ❝✉❥❛ r❡str✐çã♦

❛ ❝❛❞❛ ❡s♣❛ç♦ t❛♥❣❡♥t❡ TpM ❡stá ❞❛❞❛ ♣♦r Df(p)✳ ❙❡ f é ❞❡ ❝❧❛ss❡ Cr✱ ❡♥tã♦ Df é ❞❡ ❝❧❛ss❡

Cr−1✱ r❡❧❛t✐✈❛♠❡♥t❡ à ❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡ ♥♦s ✜❜r❛❞♦s t❛♥❣❡♥t❡s TM ❡ TN ✐♥tr♦❞✉③✐❞❛

❛♥t❡r✐♦r♠❡♥t❡✳

P♦r ✜♠✱ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ♥❛ ✈❛r✐❡❞❛❞❡ M é ✉♠❛ ❛♣❧✐❝❛çã♦ X : M → TM

t❛❧ q✉❡ π ◦X = id✱ ♦♥❞❡ π : TM →M ❛ss♦❝✐❛ ❛ ❝❛❞❛ v ∈ TM ♦ ú♥✐❝♦ ♣♦♥t♦ p ∈M t❛❧ q✉❡

v ∈ TpM ✳ ❖✉ s❡❥❛✱ ❛ ❛♣❧✐❝❛çã♦ X ❛ss♦❝✐❛ p ❛ ✉♠ ❡❧❡♠❡♥t♦ ❞♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡✳ ❖ ❝❛♠♣♦ ❞❡

✈❡t♦r❡s é ❞❡ ❝❧❛ss❡ Ck✱ ❝♦♠ k ≤ r − 1✱ s❡ X ❢♦r ❞❡ ❝❧❛ss❡ Ck✳ ❙✉♣♦♥❤❛ q✉❡ k ≥ 1✳ ❊♥tã♦ ♦

t❡♦r❡♠❛ ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❣❛r❛♥t❡ q✉❡✱ ♣❛r❛ t♦❞♦

p ∈ M ✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❝✉r✈❛ cp : Ip → M t❛❧ q✉❡ cp(0) = p ❡ c
′

p(t) = X(cp(t)) ♣❛r❛ t♦❞♦

t ∈ Ip✱ ♦♥❞❡ Ip é ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ ♠❛①✐♠❛❧ ❝♦♠ ❡st❛ ♣r♦♣r✐❡❞❛❞❡✳ ❙❡ M é ❝♦♠♣❛❝t❛✱ t❡♠✲s❡

Ip = R ♣❛r❛ q✉❛❧q✉❡r p ∈ M ✳ ❆❧é♠ ❞✐ss♦✱ ❛s tr❛♥s❢♦r♠❛çõ❡s f t : M → M ❞❡✜♥✐❞❛s ♣♦r

f t(p) = cp(t) sã♦ ❞✐❢❡♦♠♦r✜s♠♦s ❞❡ ❝❧❛ss❡ Ck✱ ❝♦♠ f 0 = id ❡ f s ◦ f t = f s+t ♣❛r❛ q✉❛✐sq✉❡r

s, t ∈ R✳ ❆ ❢❛♠í❧✐❛ f t : t ∈ R é ❝❤❛♠❛❞❛ ✢✉①♦ ❞♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X✳

❱❛r✐❡❞❛❞❡s r✐❡♠❛♥♥✐❛♥❛s ❯♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ é ✉♠❛ ✈❛r✐❡❞❛❞❡M ♠✉♥✐❞❛ ❞❡ ✉♠❛

♠étr✐❝❛ r✐❡♠❛♥♥✐❛♥❛✱ q✉❡ ❝♦♥s✐st❡ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ p ∈ M ✉♠ ♣r♦❞✉t♦

✐♥t❡r♥♦ ♥♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ TpM ✱ ♦✉ s❡❥❛✱ ✉♠❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛

·p : TpM × TpM → R

t❛❧ q✉❡ v ·p v > 0 ♣❛r❛ t♦❞♦ ✈❡t♦r ♥ã♦ ♥✉❧♦ v ∈ TpM ✳ ❆✐♥❞❛✱ é ♥❡❝❡ssár✐♦ q✉❡ ❡st❡ ♣r♦❞✉t♦

✐♥t❡r♥♦ ✈❛r✐❡ ❞✐❢❡r❡♥❝✐❛✈❡❧♠❡♥t❡ ❝♦♠ ♦ ♣♦♥t♦ p✱ ♥♦ s❡❣✉✐♥t❡ s❡♥t✐❞♦✿ ❞❛❞❛ ✉♠❛ ❝❛rt❛ ❧♦❝❛❧

ϕ : U → X ❞❡ M q✉❛❧q✉❡r✱ ♣❛r❛ ❝❛❞❛ p ∈ U é ♣♦ssí✈❡❧ ✐❞❡♥t✐✜❝❛r TpM ❝♦♠ Rm✱ ✈✐❛ Dϕ(p)✱

❡ ❡♥tã♦ ❝♦♥s✐❞❡r❛r ·p ❝♦♠♦ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ♥♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦✳ ❈♦♠ ✐ss♦✱ ❝♦♥s✐❞❡r❛♥❞♦

e1, e2, ..., em ✉♠❛ ❜❛s❡ ❞❡ Rm✱ t♦♠❛✲s❡ ❛s ❢✉♥çõ❡s gi,j(p) = ei ·p ej ❞✐❢❡r❡♥❝✐á✈❡✐s ♣❛r❛ t♦❞♦

♣❛r (i, j) ❡ ♣❛r❛ q✉❛❧q✉❡r ❡s❝♦❧❤❛ ❞❛ ❝❛rt❛ ❧♦❝❛❧ ❡ ❞❛ ❜❛s❡✳
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❚♦❞❛ s✉❜✈❛r✐❡❞❛❞❡ N ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ M ❤❡r❞❛ ✉♠❛ ❡str✉t✉r❛ ❞❡

✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛✱ ❞❛❞❛ ♣❡❧❛ r❡str✐çã♦ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ·p ❞❡ M ❛♦ s✉❜❡s♣❛ç♦ t❛♥❣❡♥t❡

TpN ❞❡ ❝❛❞❛ p ∈ N ✳ ❚♦❞❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ ❛❞♠✐t❡ ✭✐♥✜♥✐t❛s✮ ♠étr✐❝❛s r✐❡♠❛♥♥✐❛♥❛s✳ ■ss♦

s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❲❤✐t♥❡②✱ ♦ q✉❛❧ ❛✜r♠❛ q✉❡ t♦❞❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ ♣♦❞❡ s❡r r❡❛❧✐③❛❞❛

❝♦♠♦ s✉❜✈❛r✐❡❞❛❞❡ ❞❡ ❛❧❣✉♠ ❡s♣❛ç♦ ❡✉❝❧✐❞❡❛♥♦✳

❉❡✜♥✐çã♦ ✶✳✶✼✳ ❈♦♥s✐❞❡r❡ M ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❡ γ : [a, b] → M ✉♠❛ ❝✉r✈❛

❞✐❢❡r❡♥❝✐á✈❡❧✳ ❖ ❝♦♠♣r✐♠❡♥t♦ ❞❡ γ é ❞❛❞♦ ♣♦r

ℓ(γ) =

∫ b

a

‖γ′(t)‖γ(t)dt

♦♥❞❡ ‖v‖p =
√
(v ·p v)✳

❉❡✜♥✐çã♦ ✶✳✶✽✳ ❈♦♥s✐❞❡r❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛M ✳ ❆ ❞✐stâ♥❝✐❛ d ❛ss♦❝✐❛❞❛ à ♠étr✐❝❛

r✐❡♠❛♥♥✐❛♥❛ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s p, q ∈M é

d(p, q) = inf
γ∈Λp,q

ℓ(γ)

♦♥❞❡ Λp,q ❞❡♥♦t❛ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❝✉r✈❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ❧✐❣❛♥❞♦ p ❡ q✳

❆ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ γ : [a, b] →M é ❞✐t❛ ♠✐♥✐♠✐③❛♥t❡ s❡ ℓ = d(γ(a), γ(b))✳ ❯♠❛

❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ γ : I →M ✱ ❞❡✜♥✐❞❛ ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ I✱ é ❝❤❛♠❛❞❛ ❣❡♦❞és✐❝❛ s❡ é

❧♦❝❛❧♠❡♥t❡ ♠✐♥✐♠✐③❛♥t❡✿ ♣❛r❛ t♦❞♦ a ∈ I ❡①✐st❡ δ > 0 t❛❧ q✉❡ ❛ r❡str✐çã♦ ❞❡ γ ❛♦ ✐♥t❡r✈❛❧♦

[a− δ, a + δ] é ♠✐♥✐♠✐③❛♥t❡✳ ◆♦t❡ q✉❡ t♦❞❛ ❝✉r✈❛ ♠✐♥✐♠✐③❛♥t❡ é ❣❡♦❞és✐❝❛✱ ♠❛s ❛ r❡❝í♣r♦❝❛

♥ã♦ é ✈❡r❞❛❞❡✐r❛✳ ❆❧é♠ ❞✐ss♦✱ s❡ γ é ❣❡♦❞és✐❝❛✱ ❡♥tã♦ ‖γ′(t)‖γ(t) é ❝♦♥st❛♥t❡ ❡♠ I✱ ❡✱ ♣❛r❛

t♦❞♦ p ∈M ❡ t♦❞♦ v ∈ TpM ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❣❡♦❞és✐❝❛ γp,v : Ip,v →M t❛❧ q✉❡ γp,v(0) = p✱

γ
′

p,v(0) = v ❡ Ip,v é ✐♥t❡r✈❛❧♦ ♠❛①✐♠❛❧ t❛❧ q✉❡ γp,v é ❧♦❝❛❧♠❡♥t❡ ♠✐♥✐♠✐③❛♥t❡✳ ❖ ✢✉①♦ ❣❡♦❞és✐❝♦

♥♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ é
f t : TM → TM

(p, v) 7→ (γp,v(t), γ
′

p,v(t)).

❋♦❧❤❡❛çã♦ ●r♦ss♦ ♠♦❞♦✱ ✉♠❛ ❢♦❧❤❡❛çã♦ ❞❡ ❞✐♠❡♥sã♦ n ❞❡ ✉♠❛m✲✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧M

é ✉♠ t✐♣♦ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡M ❡♠ s✉❜✈❛r✐❡❞❛❞❡s ❝♦♥❡①❛s ❞❡ ❞✐♠❡♥sã♦ n < m✱ ❞❡♥♦♠✐♥❛❞❛s

❢♦❧❤❛s✱ q✉❡ s❡ ❡♠♣✐❧❤❛♠ ❧♦❝❛❧♠❡♥t❡✳ ❙ã♦ ❝♦♠♦ s✉❜❝♦♥❥✉♥t♦s ❞❡ Rn × Rm−n ❝♦♠ ❛ s❡❣✉♥❞❛

❝♦♦r❞❡♥❛❞❛ ❝♦♥st❛♥t❡✳ ❋♦r♠❛❧♠❡♥t❡✿ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦ m ❡ ❝❧❛ss❡ C∞✳

❯♠❛ ❢♦❧❤❡❛çã♦ ❞❡ ❞✐♠❡♥sã♦ ❞❡ n < m é ✉♠ ❛t❧❛s ♠❛①✐♠❛❧ F ❞❡ M ❝♦♠ ❛s s❡❣✉✐♥t❡s

♣r♦♣r✐❡❞❛❞❡s✿
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✶✳ ❙❡ (U, ϕ) ∈ F ✱ ❡♥tã♦ ϕ(U) = U1 ×U2 ⊂ Rn ×Rm−n ♦♥❞❡ U1 ❡ U2 sã♦ ❞✐s❝♦s ❛❜❡rt♦s✳

✷✳ ❙❡ (U, ϕ) ∈ F ❡ (V, ψ) ∈ F sã♦ t❛✐s q✉❡ U ∩ V 6= ∅✱ ❡♥tã♦ ♦ ♠❛♣❛ ♠✉❞❛♥ç❛ ❞❡

❝♦♦r❞❡♥❛❞❛s ψ ◦ ϕ−1 : ϕ(U ∩ V ) → ψ(U ∩ V ) é ❞❛ ❢♦r♠❛ ψ ◦ ϕ−1 = (h1(x, y), h2(y))✳

❉❛❞❛ ✉♠❛ ❢♦❧❤❡❛çã♦ F ❞❡ ❝❧❛ss❡ Cr ❡ ❞✐♠❡♥sã♦ n✱ ❝♦♠ 0 < n < m✱ ❞❡ ✉♠❛ m✲✈❛r✐❡❞❛❞❡

M ✱ ❝♦♥s✐❞❡r❡ (U, ϕ) ∈ F ❝♦♠ ϕ(U) = U1 × U2 ⊂ Rn × Rm−n✳ ❖s ❝♦♥❥✉♥t♦s ❞❛ ❢♦r♠❛

ϕ−1(U1 × {c})✱ ♦♥❞❡ c ∈ U2 sã♦ ❞❡♥♦♠✐♥❛❞♦s ♣❧❛❝❛s ❞❡ F ✳ ❆❧é♠ ❞✐ss♦✱ ❞❡♥♦♠✐♥❛✲s❡ ♣♦r

❝❛♠✐♥❤♦ ❞❡ ♣❧❛❝❛s ❞❡ F ❛ s❡q✉ê♥❝✐❛ α1, . . . , αk ❞❡ ♣❧❛❝❛s t❛✐s q✉❡ αi ∩ αi+1 6= ∅ ♣❛r❛

i = 1, . . . , k − 1✳ ❈♦♥s✐❞❡r❡ ❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ p ∽ q ⇐⇒ ∃ ✉♠ ❝❛♠✐♥❤♦ ❞❡ ♣❧❛❝❛s

α1, . . . , αk t❛❧ q✉❡ p ∈ α1✱ q ∈ αk✳ ❆s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡st❛ r❡❧❛çã♦ sã♦ ❞❡♥♦♠✐♥❛❞❛s

❢♦❧❤❛s ❞❡ F ✳ ➱ ✐♠❡❞✐❛t♦ ❞❛ ❞❡✜♥✐çã♦ q✉❡ ❝❛❞❛ ❢♦❧❤❛ é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✳
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❈❛♣ít✉❧♦ ✷

❉❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s

❱♦♥ ◆❡✉♠❛♥♥✱ ❡♠ ✶✾✸✷✱ ✐♥tr♦❞✉③✐✉ ✉♠❛ ❞❡✜♥✐çã♦ r✐❣♦r♦s❛ ❞❡ ❞❡s✐♥t❡❣r❛çã♦ ❞❡

♠❡❞✐❞❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❬✸✶❪✳ ❉❡s❞❡ ❡♥tã♦✱ ❡st❡ ❝♦♥❝❡✐t♦ t❡♠ s✐❞♦ ✉♠❛ ❢❡rr❛♠❡♥t❛ ♠✉✐t♦

út✐❧ ♥♦ ❡st✉❞♦ ❞❡ ❞✐✈❡rs❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s✳ ❈♦♠♦ ✉♠ ❡①❡♠♣❧♦✱ ♣♦❞❡✲s❡

❝✐t❛r ♦ ❚❡♦r❡♠❛ ❞❛ ❉❡❝♦♠♣♦s✐çã♦ ❊r❣ó❞✐❝❛✱ q✉❡ ❡st❛❜❡❧❡❝❡✱ s♦❜ ❝❡rt❛s ❝♦♥❞✐çõ❡s ❞♦ ❡s♣❛ç♦✱

q✉❡ t♦❞❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✐♥✈❛r✐❛♥t❡ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❝♦♥✈❡①❛

❞❡ ♠❡❞✐❞❛s ❡r❣ó❞✐❝❛s ✭♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❚❡♦r❡♠❛ ✺✳✶✳✸ ❡♠ ❬✷✶❪✮✳ ❊st❡ t❡♦r❡♠❛ ❡stá

r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ✉♠ ✐♠♣♦rt❛♥t❡ r❡s✉❧t❛❞♦ ❞❛ ❚❡♦r✐❛ ❞❛ ▼❡❞✐❞❛✱ ♦ ❚❡♦r❡♠❛ ❞❡ ❘♦❦❤❧✐♥✱ q✉❡

❛✜r♠❛ q✉❡✱ ❛ss❡❣✉r❛❞❛s ❝❡rt❛s ❝♦♥❞✐çõ❡s ❞♦ ❡s♣❛ç♦✱ é ♣♦ssí✈❡❧ r❡❛❧✐③❛r ❛ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ ✉♠❛

♣r♦❜❛❜✐❧✐❞❛❞❡ ❡♠ t❡r♠♦s ❞❡ ♠❡❞✐❞❛s ❝♦♥❞✐❝✐♦♥❛✐s✳

◆❡st❡ ❝❛♣ít✉❧♦✱ é ❛♣r❡s❡♥t❛❞❛ ✉♠❛ ❞❡✜♥✐çã♦ ❢♦r♠❛❧ ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ❞❡s✐♥t❡❣r❛çã♦ ❞❡

♠❡❞✐❞❛s✱ ❡♠ t❡r♠♦s ❞❡ ♠❡❞✐❞❛s ❝♦♥❞✐❝✐♦♥❛✐s✳ ❆❞❡♠❛✐s✱ ♦ ❚❡♦r❡♠❛ ❞❡ ❘♦❦❤❧✐♥ é ❛♣r❡s❡♥t❛❞♦

❡♠ ❞✐❢❡r❡♥t❡s ♣❡rs♣❡❝t✐✈❛s✿ ♥❛ ♣r✐♠❡✐r❛✱ ❜❛s❡❛❞❛ ❡♠ ❬✷✶❪✱ ❝♦♥s✐❞❡r❛✲s❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦

❝♦♠♣❧❡t♦ ❡ s❡♣❛rá✈❡❧ ❡ ✉♠❛ ♣❛rt✐çã♦ ♠❡♥s✉rá✈❡❧ ❞❡st❡❀ ❡♠ ♦✉tr❛ ♣❡rs♣❡❝t✐✈❛✱ ❝♦♥s✐❞❡r❛✲s❡

✉♠❛ ❢♦r♠✉❧❛çã♦ ♠❛✐s ♠♦❞❡r♥❛✱ ❛♣r❡s❡♥t❛❞❛ ♦r✐❣✐♥❛❧♠❡♥t❡ ❡♠ ❬✷✺❪✱ q✉❡ ✈❛✐ ♠❛✐s ❛❧é♠✱ tr❛✲

③❡♥❞♦✱ t❛♠❜é♠✱ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❡st❡ t❡♦r❡♠❛ ♣❛r❛ ✉♠❛ ❝❛t❡❣♦r✐❛ ❞❡ ❡s♣❛ç♦s σ✲✜♥✐t♦s

❝♦♠ ♠♦r✜s♠♦s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉♦s✳

✷✳✶ ❯♠❛ ❞❡✜♥✐çã♦ ❢♦r♠❛❧ ❞❡ ❞❡s✐♥t❡❣r❛çã♦

❈♦♥s✐❞❡r❡ (X,B, µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡ P ✉♠❛ ♣❛rt✐çã♦ ❞❡ X ❡♠ s✉❜✲

❝♦♥❥✉♥t♦s ♠❡♥s✉rá✈❡✐s✳ ❉❡♥♦t❡ ♣♦r π ❛ ♣r♦❥❡çã♦ ♥❛t✉r❛❧ q✉❡ ❛ss♦❝✐❛ ❝❛❞❛ ♣♦♥t♦ x ∈ X ❛♦

❡❧❡♠❡♥t♦ ❞❛ ♣❛rt✐çã♦ P ∈ P q✉❡ ♦ ❝♦♥té♠✿

π : X → P

x 7→ P (x).

◆♦t❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ π ❢♦r♥❡❝❡ ✉♠❛ ❡str✉t✉r❛ ❞❡ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ à ♣❛rt✐çã♦ P ✳

❉❡ ❢❛t♦✱ ❞❡✜♥✐♥❞♦ q✉❡ A ⊂ P é ♠❡♥s✉rá✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ π−1(A) é ✉♠ s✉❜❝♦♥❥✉♥t♦

♠❡♥s✉rá✈❡❧ ❞❡ X✱ t❡♠✲s❡ q✉❡ B̂ = {A ⊂ P : A é ♠❡♥s✉rá✈❡❧} é ✉♠❛ σ✲á❧❣❡❜r❛ ❡♠ P ✳ ❆ss✐♠✱



❈❛♣ít✉❧♦ ✷✳ ❉❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ✷✼

❝♦♥s✐❞❡r❛♥❞♦ µ̂ ♦ ♣✉s❤ ❢♦r✇❛r❞ ❞❡ µ ♣♦r π✱ ✐st♦ é✿

µ̂(A) := π∗µ(A) = µ(π−1(A))

♣❛r❛ t♦❞♦ A ⊂ P ♠❡♥s✉rá✈❡❧✱ ❞❡✜♥❡✲s❡ ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡♠ P ✳ ❆ ♠❡❞✐❞❛ µ̂ é ❞❡♥♦♠✐♥❛❞❛

♠❡❞✐❞❛ q✉♦❝✐❡♥t❡✳ ◆❡st❡ ❝♦♥t❡①t♦✱ ❞❡✜♥❡✲s❡ ✉♠❛ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ µ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

❉❡✜♥✐çã♦ ✷✳✶✳ ❯♠❛ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ µ r❡❧❛t✐✈❛♠❡♥t❡ à ✉♠❛ ♣❛rt✐çã♦ P ❞❡ X é ✉♠❛ ❢❛♠í❧✐❛

{µP : P ∈ P} ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❡♠ X t❛❧ q✉❡✱ ♣❛r❛ E ⊂ X ♠❡♥s✉rá✈❡❧✿

✶✳ µP (P ) = 1 ♣❛r❛ µ̂✲q✉❛s❡ t♦❞♦ P ∈ P ✳

✷✳ P 7→ µP (E) é ♠❡♥s✉rá✈❡❧✳

✸✳ µ(E) =
∫
µP (E) dµ̂(P )✳

◆❡st❡ ❝❛s♦✱ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s µP sã♦ ❞❡♥♦♠✐♥❛❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❞❡ µ ❝♦♠

r❡❧❛çã♦ à P ✳

Pr♦♣♦s✐çã♦ ✷✳✷✳ ❙❡ ❛ σ✲á❧❣❡❜r❛ B ❛❞♠✐t❡ ✉♠ ❣❡r❛❞♦r ❡♥✉♠❡rá✈❡❧ ❡ s❡ {µP : P ∈ P} ❡

{µ
′

P : P ∈ P} sã♦ ❞❡s✐♥t❡❣r❛çõ❡s ❞❡ µ r❡❧❛t✐✈❛♠❡♥t❡ ❛ P ✱ ❡♥tã♦ µP = µ
′

P ♣❛r❛ µ̂✲q✉❛s❡ t♦❞♦

P ∈ P ✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ Γ ✉♠ ❣❡r❛❞♦r ❡♥✉♠❡rá✈❡❧ ❞❡ B ❡ A ❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r Γ✱ ❞❡

♠♦❞♦ q✉❡ A s❡❥❛ ❡♥✉♠❡rá✈❡❧✳ P❛r❛ ❝❛❞❛ A ∈ A✱ ❝♦♥s✐❞❡r❡✿

DA = {P ∈ P : µP (A) > µ
′

P (A)}

EA = {P ∈ P : µP (A) < µ
′

P (A)}.

❙❡ P ∈ DA✱ ❡♥tã♦ P ⊂ π−1(DA) ❡✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❞❡s✐♥t❡❣r❛çã♦✱ t❡♠✲s❡

µP (A ∩ π−1(DA)) = µP (A).

❙❡ P /∈ DA✱ ❡♥tã♦ P ∩ π−1(DA) = ∅✱ ❞❡ ♠♦❞♦ q✉❡

µP (A ∩ π−1(DA)) = 0.

❆❞❡♠❛✐s✱ ♦ ♠❡s♠♦ é ✈á❧✐❞♦ ❛♦ ❝♦♥s✐❞❡r❛r µ
′

P ✳ ▲♦❣♦✱ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✸ ❞❛ ❉❡✜♥✐çã♦ ✷✳✶✱

s❡❣✉❡ q✉❡✿

µ(A ∩ π−1(DA)) =

{ ∫
µP (A ∩ π−1(DA))dµ̂(P ) =

∫
DA
µP (A)dµ̂(P )∫

µ
′

P (A ∩ π−1(DA))dµ̂(P ) =
∫
DA
µ

′

P (A)dµ̂(P ).



❈❛♣ít✉❧♦ ✷✳ ❉❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ✷✽

❯♠❛ ✈❡③ q✉❡ µP (A) > µ
′

P (A)✱ s❡❣✉❡ q✉❡ µ̂(DA) = 0 ♣❛r❛ t♦❞♦ A ∈ A✳ ❈♦♠ ♦ ♠❡s♠♦

❛r❣✉♠❡♥t♦✱ s❡❣✉❡ q✉❡ µ̂(EA) = 0 ♣❛r❛ t♦❞♦ A ∈ A✳ ❆ss✐♠✱

µ̂
( ⋃

A∈A

(DA ∪ EA)
)
= 0.

P❛r❛ t♦❞♦ P ❡♠
(⋃

A∈A(DA ∪ EA)
)c

✱ ❛s ♠❡❞✐❞❛s µP ❡ µ
′

P ❝♦✐♥❝✐❞❡♠ ❡♠ A ❡✱ ♣♦rt❛♥t♦✱

❝♦✐♥❝✐❞❡♠ ❡♠ B✱ ♦✉ s❡❥❛✱ µP = µ
′

P ♣❛r❛ µ̂✲q✉❛s❡ t♦❞♦ P ∈ P ✳

❆ Pr♦♣♦s✐çã♦ ✷✳✷ ❛✜r♠❛ ❛ ✉♥✐❝✐❞❛❞❡ ❞❛ ❞❡s✐♥t❡❣r❛çã♦ ♣❛r❛ ✉♠ ❝❛s♦ ❜❡♠ ❣❡r❛❧✱

♣♦✐s ✈❛❧❡ s❡♠♣r❡ q✉❡ X é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❝♦♠ ❜❛s❡ ❡♥✉♠❡rá✈❡❧ ❞❡ ❛❜❡rt♦s ❡ B é ✉♠❛

σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧✳ ❆♣❡s❛r ❞✐ss♦✱ ❛✐♥❞❛ ♥ã♦ ❤á ❣❛r❛♥t✐❛ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❞❡s✐♥t❡❣r❛çã♦✳

P♦r ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡ ❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♠ R ❞❛❞❛ ♣♦r

x ∽ y ⇐⇒ x− y ∈ Z.

❖ ❡s♣❛ç♦ S1 ❞❡ t♦❞❛s ❡ss❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ é ❝❛♥♦♥✐❝❛♠❡♥t❡ ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ ♦ ❝ír❝✉❧♦

✉♥✐tár✐♦ ♥♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦✳ ❚♦♠❛♥❞♦ π : R → S1 q✉❡ ❛ss♦❝✐❛ ❝❛❞❛ x ∈ R à s✉❛ ❝❧❛ss❡ ❞❡

❡q✉✐✈❛❧ê♥❝✐❛✱ ❞❡✜♥❛ ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ λ ❡♠ S1 ♣♦r

λ(E) := m(π−1(E) ∩ [k, k + 1))

♣❛r❛ q✉❛❧q✉❡r k ∈ Z✱ ♦♥❞❡ m é ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ❡♠ R✳ ❖❜s❡r✈❡ q✉❡ λ é ✉♠❛ ♠❡❞✐❞❛

❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡ é ✐♥✈❛r✐❛♥t❡ ♣♦r r♦t❛çõ❡s✱ ✐st♦ é✱ s❡ R : S1 → S1 é ✉♠❛ r♦t❛çã♦✱ ❡♥tã♦

λ(A) = λ(R−1(A)) ♣❛r❛ t♦❞♦ A ⊂ S1 ♠❡♥s✉rá✈❡❧✳ ❈♦♥s✐❞❡r❡ f : S1 → S1 ✉♠❛ r♦t❛çã♦

✐rr❛❝✐♦♥❛❧ ❡ P ✉♠❛ ♣❛rt✐çã♦ ❞❡ S1 ❝✉❥♦s ❡❧❡♠❡♥t♦s sã♦ ❛s ór❜✐t❛s {fn(x) : n ∈ Z} ❞❡ f ✳

❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ✉♠❛ ❞❡s✐♥t❡❣r❛çã♦ {λP : P ∈ P} ❞❡ λ r❡❧❛t✐✈❛♠❡♥t❡ à P ✳ ❈♦♥s✐❞❡r❛♥❞♦

❛ ❢❛♠í❧✐❛ {f∗λP : P ∈ P}✱ t❡♠✲s❡ q✉❡✿ ❝♦♠♦ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞❛ ♣❛rt✐çã♦ sã♦ ❝♦♥❥✉♥t♦s

✐♥✈❛r✐❛♥t❡s✱f∗λP (P ) = λP (P ) = 1 ♣❛r❛ λ̂✲q✉❛s❡ t♦❞♦ P ∈ P ❀ P❛r❛ E ⊂ S1 ♠❡♥s✉rá✈❡❧✱

P 7→ f∗λP (E) é ♠❡♥s✉rá✈❡❧✱ ✉♠❛ ✈❡③ q✉❡ {λP} é ❞❡s✐♥t❡❣r❛çã♦❀ ❈♦♠♦ λ é ✐♥✈❛r✐❛♥t❡ ♣♦r f ✱

λ(E) = λ(f−1(E)) =

∫
f∗λP (E)dλ̂(P ).

❉❡st❡ ♠♦❞♦✱ {f∗λP : P ∈ P} é ✉♠❛ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ λ r❡❧❛t✐✈❛♠❡♥t❡ à P ✳ ❊♥tr❡t❛♥t♦✱

♣❡❧❛ ✉♥✐❝✐❞❛❞❡✱ f∗λP = λP ♣❛r❛ λ̂✲q✉❛s❡ t♦❞♦ P ∈ P ✱ ❞❡ ♠♦❞♦ q✉❡ λP é f ✲✐♥✈❛r✐❛♥t❡✱ ♦

q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s P é ❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦ ❡♥✉♠❡rá✈❡❧ ❡ ♣♦rt❛♥t♦ ♥ã♦ ♣♦❞❡ ❡①✐st✐r

♥❡♥❤✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✐♥✈❛r✐❛♥t❡ q✉❡ ❞ê ♣❡s♦ ♣♦s✐t✐✈♦ ❛ P ✳ ❊♥tã♦✱ ♥ã♦ é ♣♦ssí✈❡❧ ❞❡s✐♥t❡❣r❛r

λ r❡❧❛t✐✈❛♠❡♥t❡ à P ❬✷✶✱ ❊①❡♠♣❧♦ ✺✳✶✳✽❪✳

❖ ❚❡♦r❡♠❛ ❞❡ ❘♦❦❤❧✐♥ ❛✜r♠❛ ❛ ❡①✐stê♥❝✐❛ ❞❛ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ ✉♠❛ ♠❡❞✐❞❛ s♦❜

❝❡rt❛s ❝♦♥❞✐çõ❡s ❞♦ ❡s♣❛ç♦ X ❡ ❞❛ ♣❛rt✐çã♦ P ❞❡ X✿ é ♥❡❝❡ssár✐♦ q✉❡ X s❡❥❛ ❡s♣❛ç♦ ♠étr✐❝♦



❈❛♣ít✉❧♦ ✷✳ ❉❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ✷✾

❝♦♠♣❧❡t♦ ❡ s❡♣❛rá✈❡❧ ❡ q✉❡ P s❡❥❛ ♠❡♥s✉rá✈❡❧✳ ❆ ♣❛rt✐çã♦ P é ♠❡♥s✉rá✈❡❧ s❡ ❡①✐st❡ ❛❧❣✉♠

❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ X0 ⊂ X ❝♦♠ ♠❡❞✐❞❛ t♦t❛❧ t❛❧ q✉❡ P =
∨∞
n=1 Pn r❡str✐t♦ ❛ X0✱ ♣❛r❛

✉♠❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ ❞❡ ♣❛rt✐çõ❡s ❡♥✉♠❡rá✈❡✐s P1 ≺ P2 ≺ · · · ≺ Pn ≺ . . . ✳ ◆♦t❡ q✉❡

Pi ≺ Pi+1 s✐❣♥✐✜❝❛ q✉❡ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ Pi+1 ❡stá ❝♦♥t✐❞♦ ❡♠ ❛❧❣✉♠ ❡❧❡♠❡♥t♦ ❞❡ Pi✳

✷✳✷ ❚❡♦r❡♠❛ ❞❡ ❘♦❦❤❧✐♥

❈♦♥s✐❞❡r❛♥❞♦ ❛ ♠❡s♠❛ ♥♦t❛çã♦ ❞❛ s❡çã♦ ❛♥t❡r✐♦r✱ ♦ ❚❡♦r❡♠❛ ❞❡ ❘♦❦❤❧✐♥ ♣♦❞❡ s❡r

❡♥✉♥❝✐❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

❚❡♦r❡♠❛ ✷✳✸✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦ ❡ s❡♣❛rá✈❡❧✱ s❡❥❛ P ✉♠❛ ♣❛rt✐çã♦ ♠❡♥✲

s✉rá✈❡❧ ❞❡ X ❡ s❡❥❛ µ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳ ❊♥tã♦ µ ❛❞♠✐t❡ ✉♠❛ ❞❡s✐♥t❡❣r❛çã♦

r❡❧❛t✐✈❛♠❡♥t❡ à P ✱ ♦✉ s❡❥❛✱ ❡①✐st❡ {µP : P ∈ P} t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ E ⊂ X ♠❡♥s✉rá✈❡❧✿

✶✳ µP (P ) = 1 ♣❛r❛ µ̂✲q✉❛s❡ t♦❞♦ P ∈ P ✳

✷✳ P 7→ µP (E) é ♠❡♥s✉rá✈❡❧✳

✸✳ µ(E) =
∫
µP (E) dµ̂(P )✳

P❛r❛ ❞❡♠♦♥str❛r ♦ ❚❡♦r❡♠❛ ✷✳✸✱ sã♦ ♥❡❝❡ssár✐♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s✳ ❈♦♥s✐❞❡r❡

Pn(x) ♦ ❡❧❡♠❡♥t♦ ❞❛ ♣❛rt✐çã♦ Pn q✉❡ ❝♦♥té♠ ♦ ♣♦♥t♦ x ∈ X✳ ❉❛❞❛ ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧

❧✐♠✐t❛❞❛ ϕ : X → R✱ ❞❡✜♥❛ en(ϕ) : X → R✱ ❛ ❡s♣❡r❛♥ç❛ ❝♦♥❞✐❝✐♦♥❛❧ ❞❡ ϕ r❡❧❛t✐✈❛♠❡♥t❡ à

Pn✱ ♣♦r✿

en(ϕ, x) =





1
µ(Pn(x))

∫
Pn(x)

ϕ dµ, s❡ µ(Pn(x)) > 0

0, s❡ µ(Pn(x)) = 0.

❖❜s❡r✈❡ q✉❡ en(ϕ) é ❝♦♥st❛♥t❡ ❡♠ ❝❛❞❛ Pn ∈ Pn ❡ q✉❡ é ♣♦ssí✈❡❧ ❡s❝r❡✈❡r✿

∫
en(ϕ) dµ =

∑

Pn

∫

Pn

en(ϕ) dµ

=
∑

Pn

∫

Pn

(
1

µ(Pn)

∫

Pn

ϕ dµ

)
dµ

=
∑

Pn

(
1

µ(Pn)

∫

Pn

ϕ dµ

)∫

Pn

1 dµ

=
∑

Pn

∫

Pn

ϕ dµ

=

∫
ϕ dµ.
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❈♦♠ ✐ss♦✱ ❝♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ❧❡♠❛✿

▲❡♠❛ ✷✳✹✳ ❉❛❞❛ ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ ❧✐♠✐t❛❞❛ ϕ : X → R✱ ❡①✐st❡ Xϕ ⊂ X✱ ❝♦♠

µ(Xϕ) = 1✱ t❛❧ q✉❡✿

✶✳ e(ϕ, x) = lim
n→∞

en(ϕ, x) ❡①✐st❡ ♣❛r❛ t♦❞♦ x ∈ Xϕ✳

✷✳ e(ϕ) : Xϕ → R é ♠❡♥s✉rá✈❡❧ ❡ ❝♦♥st❛♥t❡ ❡♠ ❝❛❞❛ P ∈ P ✳

✸✳
∫
ϕ dµ =

∫
e(ϕ) dµ✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ q✉❡ ϕ ≥ 0✳ ❉❛❞♦s α✱ β✱ ❝♦♠ α < β✱ t♦♠❡

S(α, β) = {x ∈ X : lim inf
n

en(ϕ, x) < α < β < lim sup
n

en(ϕ, x)}.

◆♦t❡ q✉❡ en(ϕ, x) ❞✐✈❡r❣❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ x ∈ S(α, β)✱ ❝♦♠ α ❡ β ♥ú♠❡r♦s r❛❝✐♦♥❛✐s✱ ✐st♦

é✱ e(ϕ, x) ❡①✐st❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ x ∈ Xϕ✱ ♦♥❞❡

Xϕ =
⋂

α,β∈Q
α<β

S(α, β)c.

❆✜r♠❛çã♦✳ µ(Xϕ) = 1✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ α ❡ β ✜①♦s ❡✱ ❞❛❞♦ x ∈ S(α, β)✱ ✜①❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✐♥t❡✐r♦s

1 6 ax1 < bx1 < · · · < axi < bxi < . . . t❛❧ q✉❡ eaxi (ϕ, x) ≤ α ❡ ebxi (ϕ, x) ≥ β, ∀ i > 1✳

❈♦♥s✐❞❡r❡ ♦s ❝♦♥❥✉♥t♦s

Ai =
⋃

x∈S(α,β)

Paxi (x)

Bi =
⋃

x∈S(α,β)

Pbxi (x)

❞❡ ♠♦❞♦ q✉❡ S(α, β) ⊂ Ai+1 ⊂ Bi ⊂ Ai✱ ✉♠❛ ✈❡③ q✉❡ Pn ≺ Pn+1 ♣❛r❛ t♦❞♦ n ∈ N✳ ❉❡st❡

♠♦❞♦✱ t❡♠✲s❡ q✉❡

S(α, β) ⊂ S̃(α, β) =
∞⋂

i=1

Bi =
∞⋂

i=1

Ai.

❆✐♥❞❛✱ ♥♦t❡ q✉❡✱ ❞❛❞♦s ❞♦✐s ❝♦♥❥✉♥t♦s q✉❛✐sq✉❡r q✉❡ ❢♦r♠❛♠ Ai✱ ♣♦r ❡①❡♠♣❧♦✱ Pax1i (x1) ❡

Pax2i (x2)✱ ♦✉ Pax1i (x1)∩Pax2i (x2) = ∅ ♦✉ ✉♠ ❡stá ❝♦♥t✐❞♦ ♥♦ ♦✉tr♦✳ ❉❡st❡ ♠♦❞♦✱ ♦s ❝♦♥❥✉♥t♦s

Paxi (x)♠❛①✐♠❛✐s sã♦ ❞✐s❥✉♥t♦s ❞♦✐s✲❛✲❞♦✐s✱ ❢♦r♠❛♥❞♦ ✉♠❛ ♣❛rt✐çã♦ ❞❡ Ai✳ ❙♦♠❛♥❞♦ s♦❜r❡ ❡st❡s

❝♦♥❥✉♥t♦s ♠❛①✐♠❛✐s ❝♦♠ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛✱ ❡ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ eaxi (ϕ, x)✱ t❡♠✲s❡✿
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∫

Ai

ϕ dµ =
∑

Pax
i
(x)

∫

Pax
i
(x)

ϕ dµ

=
∑

Pax
i
(x)

eaxi (ϕ, x) µ(Paxi (x))

6
∑

Pax
i
(x)

α µ(Paxi (x))

= α µ(Ai).

❆♥❛❧♦❣❛♠❡♥t❡✱

∫

Bi

ϕ dµ =
∑

Pbx
i
(x)

∫

Pbx
i
(x)

ϕ dµ

=
∑

Pbx
i
(x)

ebxi (ϕ, x) µ(Pbxi (x))

>
∑

Pbx
i
(x)

β µ(Pbxi (x))

= β µ(Bi).

❈♦♠♦ Ai ⊃ Bi✱ ❡ ❝♦♠♦ ϕ ≥ 0 ♣♦r ❤✐♣ót❡s❡✱ t❡♠✲s❡✿

α µ(Ai) ≥

∫

Ai

ϕ dµ ≥

∫

Bi

ϕ dµ ≥ β µ(Bi). ✭✷✳✶✮

P♦r ❝♦♥✈❡r❣ê♥❝✐❛ ♠♦♥ót♦♥❛✱

lim
i→∞

∫

Ai

ϕ dµ =

∫

S̃(α,β)

ϕ dµ = lim
i→∞

∫

Bi

ϕ dµ.

❈♦♠ ✐ss♦✱ ❛♦ t♦♠❛r ♦ ❧✐♠✐t❡ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✮ q✉❛♥❞♦ i→ ∞✱ t❡♠✲s❡ q✉❡

α µ(S̃(α, β)) ≥ β µ(S̃(α, β))

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ µ(S̃(α, β)) = 0✱ ✉♠❛ ✈❡③ q✉❡ α < β✳ ❆❣♦r❛✱ ❝♦♠♦ S(α, β) ⊂ S̃(α, β)✱

t❡♠✲s❡ q✉❡ µ(S(α, β)) = 0✳ ❈♦♠♦ Xϕ é ✉♠❛ ✐♥t❡rs❡çã♦ ❡♥✉♠❡rá✈❡❧✱ s❡❣✉❡ q✉❡ µ(Xϕ) = 1✳

⊳

P❛r❛ ♦ ❝❛s♦ ❣❡r❛❧✱ ❡♠ q✉❡ ϕ ♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✉♠❛ ❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛✱

♣♦❞❡✲s❡ ❡s❝r❡✈❡r ϕ = ϕ+ − ϕ− ♦♥❞❡ ϕ+ ❡ ϕ− sã♦ ♠❡♥s✉rá✈❡✐s✱ ♥ã♦ ♥❡❣❛t✐✈❛s ❡ ❧✐♠✐t❛❞❛s✳



❈❛♣ít✉❧♦ ✷✳ ❉❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ✸✷

❈♦♠ ✐ss♦✱ ❡①✐st❡♠ ❝♦♥❥✉♥t♦s Xϕ+ ✱ Xϕ− ⊂ X✱ ❝♦♠ µ(Xϕ+) = µ(Xϕ−) = 1✱ t❛✐s q✉❡

e(ϕ+, x) = lim
n→∞

en(ϕ
+, x)

e(ϕ−, x) = lim
n→∞

en(ϕ
−, x).

❯♠❛ ✈❡③ q✉❡ en(ϕ, x) = en(ϕ
+, x)− en(ϕ

−, x)✱ ♦ ❧✐♠✐t❡

lim
n→∞

en(ϕ, x) = lim
n→∞

en(ϕ
+, x)− lim

n→∞
en(ϕ

−, x)

❡①✐st❡ ♣❛r❛ t♦❞♦ x ∈ Xϕ✱ ♦♥❞❡ ♦ ❝♦♥❥✉♥t♦ Xϕ = Xϕ+ ∩ Xϕ− é t❛❧ q✉❡ µ(Xϕ) = 1✳ ❈♦♠

✐ss♦✱ ✜❝❛ ❞❡♠♦♥str❛❞❛ ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞♦ ❧❡♠❛✳ P❛r❛ ❛ s❡❣✉♥❞❛ ♣❛rt❡✱ ♦❜s❡r✈❡ q✉❡ e(ϕ) é

♠❡♥s✉rá✈❡❧ ❝♦♠♦ ❧✐♠✐t❡ ❞❡ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s✳ ❆✐♥❞❛ ♠❛✐s✱ ❞❛❞♦ q✉❡ Pn ≺ P ✱ t❡♠✲s❡ q✉❡

en(ϕ) é ❝♦♥st❛♥t❡ ❡♠ ❝❛❞❛ P ∈ P ✱ r❡str✐t♦ ❛ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ X ❝♦♠ ♠❡❞✐❞❛ t♦t❛❧✳ ▲♦❣♦

♦ ♠❡s♠♦ ✈❛❧❡ ♣❛r❛ e(ϕ)✳ P♦r ✜♠✱ ♣❛r❛ ❛ t❡r❝❡✐r❛ ♣❛rt❡✱ ♥♦t❡ q✉❡ |en(ϕ)| ≤ sup |ϕ|✱ ♣❛r❛ t♦❞♦

n ≥ 1✳ ❙❛❜❡✲s❡ q✉❡ ∫
ϕ dµ =

∫
en(ϕ) dµ

❡♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✼✱ t❡♠✲s❡

∫
e(ϕ) dµ = lim

n→∞

∫
en(ϕ) dµ =

∫
ϕ dµ.

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✸✳ ❈♦♥s✐❞❡r❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ A ⊂ X ♠❡♥s✉rá✈❡❧ ❡ ❛ ❢✉♥✲

çã♦ ϕ = ✶A✳ P❡❧♦ ▲❡♠❛ ✷✳✹✱ t❡♠✲s❡

e(ϕ, x) = e(✶A, x) = lim
n→∞

µ(Pn(x) ∩ A)

µ(Pn(x))
.

❆❧é♠ ❞✐ss♦✱ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

PA := {P ∈ P : P ∩X✶A
6= ∅}

❞❡ ♠♦❞♦ q✉❡ µ̂(PA) = 1✳ ❉❡✜♥❛ ❛ ❢✉♥çã♦ E(A) : PA → R q✉❡ ❛ss♦❝✐❛ ❝❛❞❛ P ∈ PA ❛♦

✈❛❧♦r E(A,P ) = e(✶A, x) ♣❛r❛ q✉❛❧q✉❡r x ∈ P ∩X✶A
✳ ❖❜s❡r✈❡ q✉❡ E(A) ❡stá ❜❡♠ ❞❡✜♥✐❞❛

❡ é ♠❡♥s✉rá✈❡❧✱ ♣♦✐s e(✶A) = E(A) ◦ π ✭❧❡♠❜r❛♥❞♦ q✉❡ π : X → P é ❛ ❛♣❧✐❝❛çã♦ q✉❡ ❛ss♦❝✐❛

❝❛❞❛ ❡❧❡♠❡♥t♦ x ∈ X ❝♦♠ ❛ ♣❛rt✐çã♦ q✉❡ ♦ ❝♦♥té♠✮✱ ❞❡ ♠♦❞♦ q✉❡

∫
ϕ dµ =

∫
e(ϕ) dµ =

∫
e(✶A) dµ =

∫
E(A) ◦ π dµ =

∫
E(A) dµ̂.
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❈♦♠♦ X é s❡♣❛rá✈❡❧✱ ♣♦ss✉✐ ❜❛s❡ ❡♥✉♠❡rá✈❡❧ ❞❡ ❛❜❡rt♦s✳ ❙❡❥❛ U = {Uk : k ∈ N}

✉♠❛ ❜❛s❡ ❞❡ ❛❜❡rt♦s ❞❡ X ❡ s❡❥❛ A ❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r U ✳ A ❣❡r❛ ❛ σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧

❞❡ X ❡✱ ❛❧é♠ ❞✐ss♦ A é ❡♥✉♠❡rá✈❡❧✱ ♣♦✐s ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ✉♥✐ã♦ ❞❛s á❧❣❡❜r❛s ❣❡r❛❞❛s ♣❡❧♦s

s✉❜❝♦♥❥✉♥t♦s {Uk : 1 ≤ k ≤ n}✱ ♣❛r❛ ❝❛❞❛ n ≥ 1✱ q✉❡ sã♦ ✜♥✐t❛s✳ ❉❡✜♥❛

P∗ =
⋂

A∈A

PA.

❊♥tã♦

µ̂(P∗) = µ̂

(
⋂

A∈A

PA

)
= µ

(
π−1

(
⋂

A∈A

PA

))
.

❖❜s❡r✈❡ q✉❡

X −
⋂

A∈A

PA = X ∩

(
⋂

A∈A

PA

)c

= X ∩

(
⋃

A∈A

Pc
A

)
=
⋃

A∈A

(X ∩ Pc
A) =

⋃

A∈A

Pc
A

❡✱ ❞❡st❡ ♠♦❞♦✱

µ̂

(
X −

⋂

A∈A

PA

)
= µ̂

(
⋃

A∈A

Pc
A

)
= 0.

P♦rt❛♥t♦✱ s❡❣✉❡ q✉❡ µ̂(P∗) = 1✳ ❆❣♦r❛✱ ♣❛r❛ ❝❛❞❛ P ∈ P∗✱ ❞❡✜♥❛

µP : A → [0, 1]

A 7→ E(A,P ).

◆♦t❡ q✉❡✿

→ µP (X) = E(X,P ) = e(✶X , x) ♣❛r❛ q✉❛❧q✉❡r x ∈ X✶X
✳ P♦rt❛♥t♦✱

µP (X) = lim
n→∞

en(✶X , x)

= lim
n→∞

1

µ(Pn(x))

∫

Pn(x)

✶X dµ

= lim
n→∞

µ(Pn(x) ∩X)

µ(Pn(x))

= 1.
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→ µP é ✉♠❛ ❢✉♥çã♦ ❛❞✐t✐✈❛✳ ❉❡ ❢❛t♦✱ t♦♠❡ A ❡ B ❞✐s❥✉♥t♦s✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ P ∈ P∗✿

E(A ∪ B,P ) = e(✶A∪B, x) = lim
n→∞

1

µ(Pn(x))

∫

Pn(x)

✶A∪B dµ

= lim
n→∞

µ(Pn(x) ∩ (A ∪ B))

µ(Pn(x))

= lim
n→∞

µ((Pn(x) ∩ A) ∪ (Pn(x) ∩ B))

µ(Pn(x))

= lim
n→∞

µ(Pn(x) ∩ A) + µ(Pn(x) ∩ B)

µ(Pn(x))

= lim
n→∞

µ(Pn(x) ∩ A)

µ(Pn(x))
+ lim

n→∞

µ(Pn(x) ∩B)

µ(Pn(x))

= E(A,P ) + E(B,P ).

P♦r ❬✷✶✱ Pr♦♣♦s✐çã♦ ✺✳✷✳✷❪✱ ❡st❛ ❢✉♥çã♦ s❡ ❡st❡♥❞❡ ❛ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡

✭q✉❡ ❛✐♥❞❛ s❡rá ❞❡♥♦t❛❞❛ ♣♦r µP ✮ ❞❡✜♥✐❞❛ ♥❛ σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧ ❞❡ X✳ ❆ss✐♠✱ ♦❜té♠✲s❡ ✉♠❛

❢❛♠í❧✐❛ ❞❡ ♠❡❞✐❞❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ {µP : P ∈ P∗}✳ ❆❣♦r❛✱ ❜❛st❛ ♠♦str❛r q✉❡ ❡st❛ ❢❛♠í❧✐❛ é✱

❞❡ ❢❛t♦✱ ✉♠❛ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ µ r❡❧❛t✐✈❛♠❡♥t❡ à P∗✿

❈♦♥❞✐çã♦ ✶✳ µP (P ) = 1 ♣❛r❛ µ̂✲q✉❛s❡ t♦❞♦ P ∈ P∗✳

❙❡❥❛ P ∈ P∗✳ P❛r❛ ❝❛❞❛ n ∈ N✱ ❝♦♥s✐❞❡r❡ Pn ♦ ❡❧❡♠❡♥t♦ ❞❡ Pn q✉❡ ❝♦♥té♠ P ✳

◆♦t❡ q✉❡✱ s❡ A ∈ A é t❛❧ q✉❡ A ∩ Pn = ∅ ♣❛r❛ ❞❛❞♦ n✱ t❡♠✲s❡ q✉❡ A ∩ Pm = ∅ ♣❛r❛ t♦❞♦

m ≥ n✱ ❥á q✉❡ Pm ⊂ Pn ♣❛r❛ t♦❞♦ m > n✳ ❊♥tã♦✱

µP (A) = E(A,P ) = lim
m→∞

µ(A ∩ Pm)

µ(Pm)
= 0.

❈♦♥s✐❞❡r❡ n ✜①♦✳ P❛r❛ ❝❛❞❛ s ≥ 1✱ s❡❥❛ P s
n ❛ ✉♥✐ã♦ ❞❡ t♦❞♦s ♦s ❝♦♥❥✉♥t♦s ❞❛ ❢♦r♠❛ U1∩· · ·∩Us

q✉❡ ✐♥t❡rs❡❝t❛♠ Pn✳ ◆♦t❡ q✉❡✱ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ❛♥t❡r✐♦r✱ µP ((P s
n)
c) = 0 ❡ ❡♥tã♦ µP (P s

n) = 1✱

∀ s ≥ 1✳ ❆ss✐♠✱ t♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ q✉❛♥❞♦ s→ ∞✱ t❡♠✲s❡ q✉❡ µP (U) = 1 ♣❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦

❛❜❡rt♦ U q✉❡ ❝♦♥té♠ Pn✳ ❈♦♠♦ t♦❞❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡♠ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ é r❡❣✉❧❛r✱

µP é r❡❣✉❧❛r ❡✱ ♣♦rt❛♥t♦✱ µP (Pn) = 1✳ ❆ss✐♠✱ ♥♦ ❧✐♠✐t❡ n→ ∞✱ t❡♠✲s❡ q✉❡ µP (P ) = 1 ♣❛r❛

t♦❞♦ P ∈ P∗✳

❈♦♥❞✐çõ❡s ✷ ❡ ✸✳ P 7→ µP (E) é ♠❡♥s✉rá✈❡❧ ∀ E ⊂ X ♠❡♥s✉rá✈❡❧ ❡ µ(E) =
∫
µP (E) dµ̂(P )✳

P♦r ❝♦♥str✉çã♦✱ t❡♠✲s❡ q✉❡✱ ❞❛❞♦ q✉❛❧q✉❡r A ∈ A✱ ❛ ❢✉♥çã♦ P 7→ µP (A)✱ ♦♥❞❡
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µP (A) = E(A,P )✱ é ♠❡♥s✉rá✈❡❧ ❡ s❛t✐s❢❛③

µ(A) =

∫
E(A,P ) dµ̂(P )

=

∫
µP (A) dµ̂(P ).

❆❣♦r❛✱ ♥♦t❡ q✉❡ ❢❛♠í❧✐❛ C = {B ⊂ X : B s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ✷ ❡ ✸} é ✉♠❛

❝❧❛ss❡ ♠♦♥ót♦♥❛✱ ✐st♦ é✱ ❞❛❞♦s B1 ⊂ B2 ⊂ . . . ❡♠ C✱ t❡♠✲s❡
⋃
n∈NBn ∈ C ❡✱ ❞❛❞♦s

s✉❜❝♦♥❥✉♥t♦s B1 ⊃ B2 ⊃ . . . ❡♠ C✱ t❡♠✲s❡
⋂
n∈NBn ∈ C✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ (Bn)n∈N

s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ ❞❡ ❝♦♥❥✉♥t♦s ❡♠ C ❡ B =
⋃
n∈NBn✳ ❊♥tã♦

P 7→ µP (B) = sup
n

µP (Bn)

é ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ ❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ▼♦♥ót♦♥❛

µ(B) = lim
n→∞

µ(Bn)

= lim
n→∞

∫
µP (Bn) dµ̂

=

∫
lim
n→∞

µP (Bn) dµ̂

=

∫
µP (B) dµ̂.

▲♦❣♦✱ B ∈ C✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ ❇ é ✐♥t❡rs❡çã♦ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡❝r❡s❝❡♥t❡ (Bn)n∈N ❡♠ C✱

❡♥tã♦ P 7→ µP (B) é ♠❡♥s✉rá✈❡❧ ❡ µ(B) =
∫
µP (B) dµ̂✳ ❆ss✐♠✱ C é ✉♠❛ ❝❧❛ss❡ ♠♦♥ót♦♥❛

q✉❡ ❝♦♥té♠ A✳ ❯♠❛ ✈❡③ q✉❡ ❛ ♠❡♥♦r ❝❧❛ss❡ ♠♦♥ót♦♥❛ q✉❡ ❝♦♥té♠ ✉♠❛ á❧❣❡❜r❛ A ❝♦✐♥❝✐❞❡

❝♦♠ ❛ σ✲á❧❣❡❜r❛ σ(A) ❣❡r❛❞❛ ♣♦r A ✱ s❡❣✉❡ q✉❡ ❛s ♣r♦♣r✐❡❞❛❞❡s ✷ ❡ ✸ sã♦ ✈á❧✐❞❛s ❡♠ t♦❞❛ ❛

σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧ ❞❡ X✳

❖❜s❡r✈❛çã♦✳ ◆❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ❞❡ ❘♦❦❤❧✐♥✱ X é ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦ ❡ s❡♣❛rá✈❡❧✳

❆ss✐♠✱ s❡❣✉❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷ ❛ ✉♥✐❝✐❞❛❞❡ ❞❛ ❞❡s✐♥t❡❣r❛çã♦ ♦❜t✐❞❛✳

❖ ❚❡♦r❡♠❛ ❞❡ ❘♦❦❤❧✐♥ ♣♦❞❡ s❡r ❛❜♦r❞❛❞♦ s♦❜ ❞✐✈❡rs❛s ♣❡rs♣❡❝t✐✈❛s✳ P♦r ❡①❡♠✲

♣❧♦✱ ♦ tr❛❜❛❧❤♦ ❞❡ ❙✐♠♠♦♥s ❡♠ ❬✷✺❪ ❢♦r♥❡❝❡ ✉♠❛ ❢♦r♠✉❧❛çã♦ ✭❝❤❡✐❛ ❞❡ s✉t✐❧❡③❛s✮ ❞✐st✐♥t❛ ❞♦

❡st✉❞♦ ♦r✐❣✐♥❛❧ ❞❡ ❘♦❦❤❧✐♥ ❬✷✷❪ ❡ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❡st❡ r❡s✉❧t❛❞♦ ♣❛r❛ ❛ ❝❛t❡❣♦r✐❛ ❞❡ ❡s♣❛✲

ç♦s σ✲✜♥✐t♦s ❝♦♠ ♠♦r✜s♠♦s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉♦s✳ P❛r❛ ❛❜♦r❞❛r ❡ss❡ ♥♦✈♦ ♣❛♥♦r❛♠❛✱ é

♥❡❝❡ssár✐♦ ❡st❛❜❡❧❡❝❡r ❛❧❣✉♠❛s ♥♦t❛çõ❡s ❡ ❞❡✜♥✐çõ❡s✳
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❉❡✜♥✐çã♦ ✷✳✺✳ ❈♦♥s✐❞❡r❡ ✉♠ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ (X,µ)✱ ✉♠ ❡s♣❛ç♦ ♠❡♥s✉rá✈❡❧ Y ✱ ✉♠❛

❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ π : X → Y ❡ ❞❡✜♥❛ ❛ ♠❡❞✐❞❛ µ̂ := π∗µ ❡♠ Y ✳ ❉❡♥♦♠✐♥❛✲s❡ s✐st❡♠❛ ❞❡

♠❡❞✐❞❛s ❝♦♥❞✐❝✐♦♥❛✐s ❞❡ µ ❝♦♠ r❡s♣❡✐t♦ ❛ (X, π, Y ) ❛ ❝♦❧❡çã♦ ❞❡ ♠❡❞✐❞❛s (µy)y∈Y t❛❧ q✉❡

✶✳ P❛r❛ ❝❛❞❛ y ∈ Y ✱ µy é ✉♠❛ ♠❡❞✐❞❛ ❡♠ π−1(y)✳

✷✳ µy é ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ ♣❛r❛ µ̂✲q✉❛s❡ t♦❞♦ y ∈ Y ✳

✸✳ ❆s ♠❡❞✐❞❛s (µy)y∈Y s❛t✐s❢❛③❡♠✱ ∀ A ⊂ X ♠❡♥s✉rá✈❡❧✱ ❛ ❧❡✐ ❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ t♦t❛❧✿

µ(A) =

∫
µy(A)dµ̂(y). ✭✷✳✷✮

◆♦t❛çã♦ ✷✳✻✳ ❉❛❞♦ ♦ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ (X,µ)✱ ❝♦♥s✐❞❡r❡ A ⊂ X ♠❡♥s✉rá✈❡❧✱ ❝♦♠

µ(A) > 0✱ ❡ ✉♠❛ ❢✉♥çã♦ ψ : X → R ✐♥t❡❣rá✈❡❧✳ ❉❡✜♥❡✲s❡✿

Pµ(x ∈ F | x ∈ A) := µA(F ) :=
µ(F ∩ A)

µ(A)

Eµ(ψ(x) | x ∈ A) :=

∫
ψ(x)dµA(x).

❉❡✜♥✐çã♦ ✷✳✼✳ ❈♦♥s✐❞❡r❡ (X,µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ t♦♣♦❧ó❣✐❝♦✱ Y ✉♠ ❡s♣❛ç♦ ♠é✲

tr✐❝♦✱ π : X → Y ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ ❡ µ̂ := π∗µ✳ ❉❛❞♦ y ∈ Y ❡ B(y, ǫ) ❛ ❜♦❧❛ ❛❜❡rt❛

❝❡♥tr❛❞❛ ❡♠ y ❡ ❝♦♠ r❛✐♦ ǫ✱ ❞❡♥♦♠✐♥❛✲s❡ ♠❡❞✐❞❛ ❝♦♥❞✐❝✐♦♥❛❧ t♦♣♦❧ó❣✐❝❛ ❞❡ µ ❝♦♠ r❡s♣❡✐t♦ ❛

(X, π, y, Y ) ♦ ❧✐♠✐t❡ ❢r❛❝♦∗

µy := lim
ǫ→0

µπ−1(B(y,ǫ)) = lim
ǫ→0

µ|π−1(B(y,ǫ))

µ̂(B(y, ǫ))
✭✷✳✸✮

s❡ ❡st❡ ❡①✐st❡ ❡ t❡♠ s✉♣♦rt❡ ❡♠ π−1(y)✳

❉❡✜♥✐çã♦ ✷✳✽✳ ❯♠ ❡s♣❛ç♦ ♠❡♥s✉rá✈❡❧ (X,B) é ❞❡♥♦♠✐♥❛❞♦ ❇♦r❡❧ st❛♥❞❛r❞ s❡ ❡①✐st❡ ✉♠❛

♠étr✐❝❛ ❡♠ X q✉❡ ♦ t♦r♥❛ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦ s❡♣❛rá✈❡❧✱ ❞❡ ♠♦❞♦ q✉❡ B s❡❥❛ ❛

σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ❝♦♥s✐❞❡r❛✲s❡ ❝♦♠♦ ❡s♣❛ç♦ ❇♦r❡❧ st❛♥❞❛r❞ ♦ ❡s♣❛ç♦ ❞❡

❈❛♥t♦r {0, 1}N ❝♦♠ ❛ σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧ ❛ss♦❝✐❛❞❛ à t♦♣♦❧♦❣✐❛ ♣r♦❞✉t♦ ✭❞❛ t♦♣♦❧♦❣✐❛ ❞✐s❝r❡t❛

❡♠ {0, 1}✮✳

❉❡✜♥✐çã♦ ✷✳✾✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦ s❡♣❛rá✈❡❧ X é ❞❡♥♦♠✐♥❛❞♦

✉♥✐✈❡rs❛❧♠❡♥t❡ ♠❡♥s✉rá✈❡❧ s❡ é ♠❡♥s✉rá✈❡❧ ❡♠ r❡❧❛çã♦ à t♦❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❜♦r❡❧✐❛♥❛ ❝♦♠♣❧❡t❛



❈❛♣ít✉❧♦ ✷✳ ❉❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ✸✼

❞❡ X✳ ❆✐♥❞❛✱ X é ❞❡♥♦♠✐♥❛❞♦ ✉♥✐✈❡rs❛❧♠❡♥t❡ ♠❡♥s✉rá✈❡❧ s❡ é ✉♠ s✉❜❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ ❞❡

s❡✉ ❝♦♠♣❧❡t❛♠❡♥t♦✳ ❈♦♠♦ ♥❡st❡ tr❛❜❛❧❤♦ ❝♦♥s✐❞❡r❛✲s❡ ♦ ❡s♣❛ç♦ ❞❡ ❈❛♥t♦r✱ ❞❡✜♥❡✲s❡ q✉❡ ✉♠

❡s♣❛ç♦ ✉♥✐✈❡rs❛❧♠❡♥t❡ ♠❡♥s✉rá✈❡❧ é ✉♠ ❡s♣❛ç♦ ♠❡♥s✉rá✈❡❧ X ♣❛r❛ ♦ q✉❛❧ ❡①✐st❡ ✉♠ ♠❡r❣✉❧❤♦

✐s♦♠ór✜❝♦ iX : X → {0, 1}N t❛❧ q✉❡✱ ♣❛r❛ t♦❞❛ ♠❡❞✐❞❛ ❜♦r❡❧✐❛♥❛ µ ❡♠ {0, 1}N✱ iX(X) ❡stá

♥♦ ❝♦♠♣❧❡t❛♠❡♥t♦ ❞❡ µ✳

❉❡✜♥✐çã♦ ✷✳✶✵✳ ❯♠ ❡s♣❛ç♦ ♠étr✐❝♦ X é ❞❡♥♦♠✐♥❛❞♦ ❡s♣❛ç♦ ✉❧tr❛✲♠étr✐❝♦ s❡ s❛t✐s❢❛③ ❛

❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r ✉❧tr❛✲♠étr✐❝❛✿

d(x, z) 6 max(d(x, y), d(y, z)), ∀ x, y, z ∈ X.

❈♦♠ ❡ss❛s ❞❡✜♥✐çõ❡s✱ ♦ ❡♥✉♥❝✐❛❞♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❘♦❦❤❧✐♥ ❡♠ ❬✷✺❪ é ❞❛❞♦ ❞❛

s❡❣✉✐♥t❡ ❢♦r♠❛✿

❚❡♦r❡♠❛ ✷✳✶✶ ✭❚❡♦r❡♠❛ ❞❡ ❘♦❦❤❧✐♥✮✳ ❈♦♥s✐❞❡r❡ X ✉♠ ❡s♣❛ç♦ ✉♥✐✈❡rs❛❧♠❡♥t❡ ♠❡♥s✉rá✈❡❧✱ Y

✉♠ ❡s♣❛ç♦ ♠❡♥s✉rá✈❡❧ t❛❧ q✉❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ♠❡♥s✉rá✈❡❧ ✐♥❥❡t✐✈❛ ❞❡ Y ♥♦ ❡s♣❛ç♦ ❇♦r❡❧

st❛♥❞❛r❞✳ ❆✐♥❞❛✱ t♦♠❡ π : X → Y ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ ❡ µ ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❜♦r❡❧✐❛♥❛ ❡♠

X✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠ s✐st❡♠❛ ❞❡ ♠❡❞✐❞❛s ❝♦♥❞✐❝✐♦♥❛✐s (µy)y∈Y ❞❡ µ ❝♦♠ r❡s♣❡✐t♦ ❛ (X, π, Y )

❡ ❡ss❡ s✐st❡♠❛ é ú♥✐❝♦✳

P❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✶✱ é ✉t✐❧✐③❛❞♦ ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ❛✉①✐❧✐❛r✿

❚❡♦r❡♠❛ ✷✳✶✷✳ ❈♦♥s✐❞❡r❡ (X,µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♠étr✐❝♦ ❝♦♠♣❛❝t♦✱ Y ✉♠

❡s♣❛ç♦ ✉❧tr❛✲♠étr✐❝♦ s❡♣❛rá✈❡❧ ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦ ♦✉ ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ s❡♣❛rá✈❡❧✳

❙❡❥❛ π : X → Y ♠❡♥s✉rá✈❡❧✳ ❊♥tã♦✱ ♣❛r❛ µ̂✲q✉❛s❡ t♦❞♦ y ∈ Y ✱ ❛ ♠❡❞✐❞❛ ❝♦♥❞✐❝✐♦♥❛❧

t♦♣♦❧ó❣✐❝❛ ❞❡ µ ❝♦♠ r❡s♣❡✐t♦ ❛ (X, π, y, Y ) ❡①✐st❡ ❝♦♠♦ ♥❛ ❉❡✜♥✐çã♦ ✷✳✼✳ ❆❧é♠ ❞✐ss♦✱ ❛

❢❛♠í❧✐❛ (µy)y∈Y é ✉♠ s✐st❡♠❛ ❞❡ ♠❡❞✐❞❛s ❝♦♥❞✐❝✐♦♥❛✐s ❝♦♠♦ ♥❛ ❉❡✜♥✐çã♦ ✷✳✺ ✭s❡ µy ♥ã♦

❡①✐st❡✱ ❝♦♥s✐❞❡r❛✲s❡ µy = 0✮✳

❆❣♦r❛✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✷✳✶✷✱ ♣r♦✈❛✲s❡ ♦ ❚❡♦r❡♠❛ ✷✳✶✶✿

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✶✳ ❈♦♥s✐❞❡r❡ X ′ = {0, 1}N✳ ◆♦t❡ q✉❡ {0, 1} é ❝♦♠♣❛❝t♦✱

♣♦✐s é ✜♥✐t♦✱ ❡✱ ❞❡st❡ ♠♦❞♦✱ {0, 1}N é ❝♦♠♣❛❝t♦ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❚②❝❤♦♥♦✛✳ ❆❧é♠ ❞✐ss♦✱

❝♦♥s✐❞❡r❡ iX : X → X ′ ✉♠❛ ❢✉♥çã♦ ✐♥❝❧✉sã♦✱ ❝✉❥❛ ❡①✐stê♥❝✐❛ é ❣❛r❛♥t✐❞❛ ♣❡❧❛ ♠❡♥s✉r❛❜✐❧✐❞❛❞❡

✉♥✐✈❡rs❛❧ ❞❡ X✳ ❙❡❥❛ µ′ = iX∗µ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡♠ X ′✳ ❉❡st❡ ♠♦❞♦✱ (X ′, µ′)



❈❛♣ít✉❧♦ ✷✳ ❉❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ✸✽

é ✉♠ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♠étr✐❝♦ ❝♦♠♣❛❝t♦✳ ❈♦♥s✐❞❡r❡✱ t❛♠❜é♠✱ iY : Y → Y ′ ✉♠❛

❛♣❧✐❝❛çã♦ ✐♥❥❡t✐✈❛ ♠❡♥s✉rá✈❡❧✱ ♦♥❞❡ Y ′ = {0, 1}N ❡q✉✐♣❛❞♦ ❝♦♠ ❛ σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧✳ ◆♦t❡

q✉❡ Y ′ é ✉♠ ❡s♣❛ç♦ ✉❧tr❛✲♠étr✐❝♦ ✭♣♦✐s ❢♦✐ t♦♠❛❞❛ ❛ ♠étr✐❝❛ ❞✐s❝r❡t❛✮✱ s❡♣❛rá✈❡❧ ✭✉♠❛ ✈❡③ q✉❡

{0, 1}N é ♣♦❧♦♥ês✮ ❡ ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦ ✭❝♦♠♣❛❝✐❞❛❞❡ ✐♠♣❧✐❝❛ ❝♦♠♣❛❝✐❞❛❞❡ ❧♦❝❛❧✮✳ ❈♦♠♦

iY : Y → Y ′ é ✐♥❥❡t✐✈❛ ♠❡♥s✉rá✈❡❧✱ ♣♦❞❡✲s❡ ❝♦♥s✐❞❡r❛r π : X → Y ′✳ ❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ ♦

s❡❣✉✐♥t❡ ❧❡♠❛✳

▲❡♠❛ ✷✳✶✸✳ ❈♦♥s✐❞❡r❡ ✉♠ ❡s♣❛ç♦ ♠❡tr✐③á✈❡❧ (X, T )✱ ✉♠ s✉❜❝♦♥❥✉♥t♦ A ❞❡ X✱ ✉♠ ❡s♣❛ç♦

♣♦❧♦♥ês Y ❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❜♦r❡❧✐❛♥❛ f : A → Y ✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ t♦♣♦❧♦❣✐❛ ♠❡tr✐③á✈❡❧

♠❛✐s ✜♥❛ T ′ ❡♠ X q✉❡ ❣❡r❛ ❛ ♠❡s♠❛ σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧✱ t❛❧ q✉❡ f é ❝♦♥tí♥✉❛ ❝♦♠ r❡s♣❡✐t♦

à T ′✳ ❆✐♥❞❛ ♠❛✐s✱ f : A→ Y ❛❞♠✐t❡ ✉♠❛ ❡①t❡♥sã♦ ❜♦r❡❧✐❛♥❛ g : X → Y ✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✷✻✱ ✸✳✷✳✸✱ ♣á❣✐♥❛ ✾✷❪✳ ⊳

❈♦♠ ✐ss♦✱ t❡♠✲s❡ q✉❡ π : X → Y ′ ❛❞♠✐t❡ ✉♠❛ ❡①t❡♥sã♦ π′ : X ′ → Y ′ ❇♦r❡❧

♠❡♥s✉rá✈❡❧✳ ❆ss✐♠✱ sã♦ s❛t✐s❢❡✐t❛s ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✶✷ ♣❛r❛ (X ′, µ′, π′, Y ′)✱ ♦✉ s❡❥❛✿

♣❛r❛ µ̂′✲q✉❛s❡ t♦❞♦ y′ ∈ Y ′ ❛ ♠❡❞✐❞❛ ❝♦♥❞✐❝✐♦♥❛❧ t♦♣♦❧ó❣✐❝❛ ❞❡ µ′ ❝♦♠ r❡s♣❡✐t♦ ❛ (X ′, π′, y′, Y ′)

❡①✐st❡ ❡ t❡♠✲s❡ q✉❡

µ′
y′ := lim

ǫ→0
µ′
(π′)−1(B(y′,ǫ))

❡ (µ′
y′)y′∈Y ′ é ✉♠ s✐st❡♠❛ ❞❡ ♠❡❞✐❞❛s ❝♦♥❞✐❝✐♦♥❛✐s ❞❡ µ′ ❝♦♠ r❡s♣❡✐t♦ ❛ (X ′, π′, Y ′) t❛❧ q✉❡✿

✶✳ P❛r❛ ❝❛❞❛ y′ ∈ Y ′✱ µ′
y′ é ✉♠❛ ♠❡❞✐❞❛ ❡♠ (π′)−1(y′)✳

✷✳ µ′
y′ é ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❛r❛ µ̂′✲q✉❛s❡ t♦❞♦ y′ ∈ Y ′✳

✸✳ ❆s ♠❡❞✐❞❛s (µ′
y′)y′∈Y ′ s❛t✐s❢❛③❡♠✱ ♣❛r❛ t♦❞♦ B′ ⊂ X ′ ♠❡♥s✉rá✈❡❧✱

µ′(B′) =

∫
µ′
y′(B

′)dµ̂′(y′). ✭✷✳✹✮

P❛r❛ ❝❛❞❛ y ∈ Y ✱ s❡❥❛

µy =

{
(µ′

iY (y) | iX(X)) ◦ (i−1
X )−1, s❡ s✉♣♣(µ′

iY (y)) ⊂ iX(X)

0, s❡ s✉♣♣(µ′
iY (y)) * iX(X).

❖ ♦❜❥❡t✐✈♦ é ♠♦str❛r q✉❡ (µy)y∈Y ✱ ♦♥❞❡ ❝❛❞❛ µy é ❞❡✜♥✐❞❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛

❡q✉❛çã♦ ❛❝✐♠❛✱ é ✉♠ s✐st❡♠❛ ❞❡ ♠❡❞✐❞❛s ❝♦♥❞✐❝✐♦♥❛✐s ❞❡ µ ❝♦♠ r❡s♣❡✐t♦ ❛ (X, π, Y )✳ P❛r❛



❈❛♣ít✉❧♦ ✷✳ ❉❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ✸✾

✐ss♦✱ ♥♦t❡ q✉❡ ❝♦♠♦ π′ é ❡①t❡♥sã♦ ❞❡ π✱ t❡♠✲s❡ iY ◦ π = π′ ◦ iX ❡

µ̂ ◦ i−1
Y = µ ◦ π−1 ◦ i−1

Y

= µ ◦ (iY ◦ π)−1

= µ ◦ (π′ ◦ iX)
−1

= µ ◦ i−1
X ◦ (π′)−1

= µ′ ◦ (π′)−1

= µ̂′.

◆♦t❡ q✉❡ µ′
iY (y) é ✉♠❛ ♠❡❞✐❞❛ ❡♠ (π′)−1(iY (y))✱ ♣❛r❛ ❝❛❞❛ y ∈ Y ✳ ❆✐♥❞❛✱ s❡

µ′
iY (y)(X

′− iX(X)) > 0✱ ❡♥tã♦ µy = 0 é ✉♠❛ ♠❡❞✐❞❛ ❡♠ π−1(y)✳ ❙❡ µ′
iY (y)(X

′− iX(X)) = 0✱

t❡♠✲s❡ q✉❡ µy = (µ′
iY (y) | iX(X)) ◦ (i−1

X )−1 t❡♠ s✉♣♦rt❡ ❡♠ i−1
X ((π′)−1(iY (y)) ∩ iX(X)) q✉❡✱

♣❡❧❛ ✐♥❥❡t✐✈✐❞❛❞❡ ❞❡ iY ✱ é ✐❣✉❛❧ ❛ π−1(y)✳ ❆ss✐♠✱ µ′
iY (y) = µy ◦ i

−1
X ✱ ❞❡ ♠♦❞♦ q✉❡✱ s❡ µ′

iY (y) é

✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ ❡♥tã♦ µy é ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳

❈♦♠♦ µ′ = µ ◦ i−1
X ✱ t❡♠✲s❡ µ′(X ′ − iX(X)) = µ ◦ i−1

X (X ′ − iX(X)) = µ(∅) = 0✳

P❡❧❛ ❡q✉❛çã♦ ✭✷✳✹✮✱ s❡❣✉❡ q✉❡ µ′
y′(X

′ − iX(X)) = 0✳ ❊♥tã♦✱ t❡♠✲s❡ q✉❡✱ ♣❛r❛ µ̂✲q✉❛s❡ t♦❞♦

y ∈ Y ✱ µ′
iY (y) é ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡ µ′

iY (y)(X
′ − iX(X)) = 0✳ ❆ss✐♠✱ µy é ✉♠❛

♠❡❞✐❞❛ ❡♠ π−1(y) ♣❛r❛ t♦❞♦ y ∈ Y ✱ s❡♥❞♦ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❛r❛ µ̂✲q✉❛s❡ t♦❞♦ y ∈ Y ✱

❡ µ′
iY (y) = µy ◦ i

−1
X ✱ ❡ ❛s ❞✉❛s ♣r✐♠❡✐r❛s ❝♦♥❞✐çõ❡s ❞❛ ❉❡✜♥✐çã♦ ✷✳✺ sã♦ s❛t✐s❢❡✐t❛s✳

❆❣♦r❛✱ ♣❛r❛ ❞❡♠♦♥str❛r ❛ ❝♦♥❞✐çã♦ ✸✿ ❋✐①❡ B ⊂ X ♠❡♥s✉rá✈❡❧✳ ❈♦♠♦ iX é ✉♠

♠❡r❣✉❧❤♦✱ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ❜♦r❡❧✐❛♥♦ B′ ⊂ X ′ t❛❧ q✉❡ B = i−1
X (B′)✳ ❈♦♠♦✱ ♣❛r❛ µ̂✲q✉❛s❡

t♦❞♦ y ∈ Y ✱ µ′
iY (y) = µy ◦ i

−1
X ✱ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r

µ′
iY (y)(B

′) = µy ◦ i
−1
X (B′) = µy(B).

❆ss✐♠✱ ❛ ❢✉♥çã♦ y 7→ µy(B) é ✐❣✉❛❧✱ µ̂✲q✉❛s❡ s❡♠♣r❡✱ à ❝♦♠♣♦s✐çã♦ ❞❡ iY ❝♦♠ ❛ ❢✉♥çã♦

y′ 7→ µ′
y′(B

′)✱ ❡✱ s❡♥❞♦ ❛ss✐♠✱ é µ̂✲♠❡♥s✉rá✈❡❧✳ ❆✐♥❞❛✱ ♥♦t❡ q✉❡ µ′(B′) = µ◦ i−1
X (B′) = µ(B)✱

❞❡ ♠♦❞♦ q✉❡

µ(B) = µ′(B′) =

∫
µ′
y′(B

′) dµ̂′(y′)

=

∫
µ′
iY (y)(B

′) dµ̂(y)

=

∫
µy ◦ i−1

X (B′) dµ̂(y)

=

∫
µy(B) dµ̂(y)

❝♦♥❝❧✉✐♥❞♦✱ ❛ss✐♠✱ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❝♦♥❞✐çã♦ ✸✳ P♦rt❛♥t♦✱ (µy)y∈Y é ✉♠ s✐st❡♠❛ ❞❡ ♠❡❞✐❞❛s

❝♦♥❞✐❝✐♦♥❛✐s ❞❡ µ ❝♦♠ r❡s♣❡✐t♦ ❛ (X, π, Y )✳



❈❛♣ít✉❧♦ ✷✳ ❉❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ✹✵

❆✐♥❞❛ r❡st❛ ❞❡♠♦♥str❛r ❛ ✉♥✐❝✐❞❛❞❡✳ ❊st❛ s❡❣✉❡ ❞❡ s✉♣♦s✐çõ❡s ♠❛✐s ❢r❛❝❛s✿ ❛♦

✐♥✈és ❞❡ ❛ss✉♠✐r ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ X ❡ Y ❞❡✜♥✐❞❛s ♥♦ ❡♥✉♥❝✐❛❞♦✱ ♣♦❞❡✲s❡ ❛ss✉♠✐r ❛♣❡♥❛s

q✉❡ X ❡ Y sã♦ ❡s♣❛ç♦s ♠❡♥s✉rá✈❡✐s ❡ q✉❡ ❛ σ✲á❧❣❡❜r❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ♠❡♥s✉rá✈❡✐s ❞❡ X

é ❣❡r❛❞❛ ❞❡ ♠❛♥❡✐r❛ ❡♥✉♠❡rá✈❡❧ ✭♥♦t❡ q✉❡ ✐st♦ ❞❡❝♦rr❡ ❞❛ ♠❡♥s✉r❛❜✐❧✐❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞❡ X✱

✉♠❛ ✈❡③ q✉❡ {0, 1}N é s❡♣❛rá✈❡❧ ❡ q✉❛❧q✉❡r s✉❜❝♦♥❥✉♥t♦ ❞❡ ✉♠ ❡s♣❛ç♦ ♠❡♥s✉rá✈❡❧ s❡♣❛rá✈❡❧

é s❡♣❛rá✈❡❧✮✳ Pr✐♠❡✐r❛♠❡♥t❡✱ s❡rá ♣r♦✈❛❞❛ ❛ ✉♥✐❝✐❞❛❞❡ ❞❡ ❝❛❞❛ ❡✈❡♥t♦ ✐♥❞✐✈✐❞✉❛❧♠❡♥t❡ ❡✱

♣♦st❡r✐♦r♠❡♥t❡✱ ❛ s❡♣❛r❛❜✐❧✐❞❛❞❡ ❞❡ X ♣❡r♠✐t✐rá ❛ ❡①t❡♥sã♦ à ✉♥✐❝✐❞❛❞❡ ❡♥✉♥❝✐❛❞❛✳

▲❡♠❛ ✷✳✶✹✳ ❙❡ (µy)y∈Y é ✉♠ s✐st❡♠❛ ❞❡ ♠❡❞✐❞❛s ❝♦♥❞✐❝✐♦♥❛✐s ❞❡ µ r❡❧❛t✐✈❛♠❡♥t❡ ❛ (X, π, Y )✱

❡♥tã♦ ♣❛r❛ t♦❞♦s S ⊂ Y ❡ B ⊂ X ♠❡♥s✉rá✈❡✐s✱ t❡♠✲s❡

µ(π−1(S) ∩ B) =

∫

S

µy(B)dµ̂(y). ✭✷✳✺✮

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ µy ♣♦ss✉✐ s✉♣♦rt❡ ❡♠ π−1(y)✱ t❡♠✲s❡ q✉❡

µy(π
−1(S) ∩ B) = ✶S(y)µy(B)

❡✱ ♣♦rt❛♥t♦✱ ❛ ❡q✉❛çã♦ ✭✷✳✺✮ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❡q✉❛çã♦ ✭✷✳✷✮✳ ⊳

❈♦r♦❧ár✐♦ ✷✳✶✺✳ ❯♠ s✐st❡♠❛ ❞❡ ♠❡❞✐❞❛s ❝♦♥❞✐❝✐♦♥❛✐s é ú♥✐❝♦ ♥♦ s❡♥t✐❞♦ q✉❡✱ s❡ (µy)y∈Y ❡

(νy)y∈Y sã♦ ❞♦✐s s✐st❡♠❛s ❞❡ ♠❡❞✐❞❛s ❝♦♥❞✐❝✐♦♥❛✐s ♣❛r❛ ✉♠❛ ♠❡s♠❛ ♠❡❞✐❞❛ µ✱ ❡♥tã♦✱ ♣❛r❛

t♦❞♦ B ⊂ X ♠❡♥s✉rá✈❡❧✱ µy(B) = νy(B) ♣❛r❛ µ̂✲q✉❛s❡ t♦❞♦ y ∈ Y ✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ▲❡♠❛ ✷✳✶✹ s❡❣✉❡ q✉❡

∫

S

µy(B)dµ̂(y) =

∫

S

νy(B)dµ̂(y)

♣❛r❛ t♦❞♦ S ⊂ Y ♠❡♥s✉rá✈❡❧✳ ❈♦♥s✐❞❡r❡ ♦s ❝♦♥❥✉♥t♦s

S1 = {y ∈ Y : µy(B) < νy(B)}

S2 = {y ∈ Y : µy(B) > νy(B)}.

❙❡ µ(S1) > 0✱ t❡♠✲s❡ q✉❡
∫
S
µy(B)dµ̂(y) >

∫
S
νy(B)dµ̂(y)✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ✐❣✉❛❧❞❛❞❡

❛❝✐♠❛✳ ❊♥tã♦✱ µ(S1) = 0✳ ❉♦ ♠❡s♠♦ ♠♦❞♦✱ µ(S2) = 0✳ P♦rt❛♥t♦ µy(B) = νy(B) ♣❛r❛

µ̂✲q✉❛s❡ t♦❞♦ y ∈ Y ✳ ⊳

❖ ❈♦r♦❧ár✐♦ ✷✳✶✺ ❣❛r❛♥t❡ ❛ ✉♥✐❝✐❞❛❞❡ ♣❛r❛ ❡✈❡♥t♦s ✐♥❞✐✈✐❞✉❛✐s✳ ❈♦♠ ❡ss❡ r❡s✉❧t❛❞♦

♣♦❞❡✲s❡ ❛♣❡♥❛s ❣❛r❛♥t✐r q✉❡ µy(B) = νy(B) ♣❛r❛ ✉♠❛ ❝♦❧❡çã♦ ❡♥✉♠❡rá✈❡❧ ❞❡ s✉❜❝♦♥❥✉♥t♦s



❈❛♣ít✉❧♦ ✷✳ ❉❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ✹✶

♠❡♥s✉rá✈❡✐s B ⊂ X✳ ▼❛s✱ ❛ss✐♠ ❝♦♠♦ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ é ♣♦ssí✈❡❧ ✉s❛r ♦ ❢❛t♦ ❞❡ q✉❡

❛ σ✲á❧❣❡❜r❛ ❞❡ X é ❣❡r❛❞❛ ❞❡ ❢♦r♠❛ ❡♥✉♠❡rá✈❡❧✿ ❙❡❥❛ (Bn)n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❣❡r❛❞♦r❛✱

❞❡ ♠♦❞♦ q✉❡ ❛ ❝♦❧❡çã♦ ❞❡ ✐♥t❡rs❡çõ❡s ✜♥✐t❛s (∩n∈FBn)F⊂N ; #F<∞ é✱ t❛♠❜é♠✱ ❡♥✉♠❡rá✈❡❧✳

❆ss✐♠✱ ♣❛r❛ µ̂✲q✉❛s❡ t♦❞♦ y ∈ Y ✱ µy(B) = νy(B) ♣❛r❛ ❝❛❞❛ B ♥❡st❛ ❝♦❧❡çã♦✳ P♦r ❬✶✵✱ ♣á❣✐♥❛

✹✺✱ ✶✳✻✳✷❪✱ ✐ss♦ ✐♠♣❧✐❝❛ q✉❡ ♣❛r❛ µ̂✲q✉❛s❡ t♦❞♦ y ∈ Y ✱ µy(B) = νy(B) ♣❛r❛ ❝❛❞❛ B ⊂ X

♠❡♥s✉rá✈❡❧✱ ✐st♦ é✱ µy = νy ♣❛r❛ µ̂✲q✉❛s❡ t♦❞♦ y ∈ Y ✳

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✷✳ P❛r❛ ❡st❛ ❞❡♠♦♥str❛çã♦✱ ❝♦♥s✐❞❡r❡ ♦ ❧❡♠❛✿

▲❡♠❛ ✷✳✶✻✳ ❙❡❥❛ ψ : X → R é ✐♥t❡❣rá✈❡❧✳ ❊♥tã♦

y 7→ Eµ(ψ(x) | π(x) = y) := lim
ǫ→0

Eµ(ψ(x) | π(x) ∈ B(y, ǫ)) ✭✷✳✻✮

♦♥❞❡ B(y, ǫ) é ❛ ❜♦❧❛ ❝❡♥tr❛❞❛ ❡♠ y ❡ ❝♦♠ r❛✐♦ ǫ✱ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ♣❛r❛ µ̂✲q✉❛s❡ t♦❞♦ y ∈ Y ✱

❡ é ✉♠❛ ❞❡r✐✈❛❞❛ ❞❡ ❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡ π∗(ψµ) ❝♦♠ r❡s♣❡✐t♦ ❛ µ̂✳

❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡✿

Eµ(ψ(x) | π(x) ∈ B(y, ǫ)) =

∫
ψ(x) dµπ−1(B(y,ǫ))(x)

=

∫
ψ(x) d

(
µ(π−1(B(y, ǫ)) ∩ x)

µ(π−1(B(y, ǫ)))

)

=
(ψµ) ◦ π−1(B(y, ǫ))

µ̂(B(y, ǫ))
.

❆✐♥❞❛✱ t❡♠✲s❡ q✉❡ ❡st❡ ❧❡♠❛ é✱ ♥❛ ✈❡r❞❛❞❡✱ ♦ ❚❡♦r❡♠❛ ❞❛ ❉✐❢❡r❡♥❝✐❛çã♦ ❞❡ ▲❡❜❡s❣✉❡ ❛♣❧✐❝❛❞♦

❛♦ ❡s♣❛ç♦ Y ❡ às ♠❡❞✐❞❛s π∗(ψµ) ❡ µ̂✳ ⊳

❆❣♦r❛✱ ♣❛rt✐♥❞♦ ❞♦ ▲❡♠❛ ✷✳✶✻✱ é ♣♦ssí✈❡❧ ❝❤❡❝❛r ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ µy✿

→ P❛r❛ µ̂✲q✉❛s❡ t♦❞♦ y ∈ Y ✱ µy := lim
ǫ→0

µπ−1(B(y,ǫ))✳

❈♦♥s✐❞❡r❡ ❛ ❝❧❛ss❡ ❞❡ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s✱ C(X)✳ ❙❛❜❡✲s❡ q✉❡ C(X) é s❡♣❛rá✈❡❧✱

✐st♦ é✱ ❡①✐st❡ ✉♠❛ ❝♦❧❡çã♦ ❡♥✉♠❡rá✈❡❧ ❞❡ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s q✉❡ é ❞❡♥s❛ ♥❛ t♦♣♦❧♦❣✐❛ ✉♥✐❢♦r♠❡✳

❆ss✐♠✱ s❡❥❛ Ψ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❡♥✉♠❡rá✈❡❧ ❞❡♥s♦ ❞❡ C(X)✱ ❞❡ ♠♦❞♦ q✉❡ N =
⋃
ψ∈ΨNψ é

✉♠ ❝♦♥❥✉♥t♦ ♥✉❧♦✳ ❆❣♦r❛✱ ♥♦t❡ q✉❡ ♣❛r❛ t♦❞♦ ψ ∈ C(X) = Ψ✱ Nψ ⊂ N ✱ ♦♥❞❡ Ψ é ♦ ❢❡❝❤♦

✉♥✐❢♦r♠❡ ❞❡ Ψ✳ ❉❡ ❢❛t♦✱ t♦♠❡ ❛ s❡q✉ê♥❝✐❛ ψn ∈ Ψ q✉❡ ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ ψ✳



❈❛♣ít✉❧♦ ✷✳ ❉❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ✹✷

❊♥tã♦✱ ♣❛r❛ t♦❞♦ y ∈ (Y −N)✱ Eµ(ψn(x) | π(x) = y) ❡①✐st❡ ♣❛r❛ t♦❞♦ n ∈ N✳ ❊♥tã♦

Eµ(ψ(x) | π(x) = y) = lim
ǫ→0

lim
n→∞

Eµ(ψn(x) | π(x) ∈ B(y, ǫ))

= lim
n→∞

lim
ǫ→0

Eµ(ψn(x) | π(x) ∈ B(y, ǫ))

= lim
n→∞

Eµ(ψn(x) | π(x) = y)

♦♥❞❡ ❛ tr♦❝❛ ❞❡ ❧✐♠✐t❡s é ❥✉st✐✜❝❛❞❛ ♣♦rq✉❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ é ✉♥✐❢♦r♠❡ ❡♠ r❡❧❛çã♦ à n✳ ❊♠

♣❛rt✐❝✉❧❛r✱ ♥♦t❡ q✉❡ s❡ Eµ(ψ(x) | π(x) = y) ❡①✐st❡✱ ❡♥tã♦ y ∈ Y − Nψ✳ ❆ss✐♠✱ ♣♦r ❝♦♥tr❛✲

♣♦s✐t✐✈❛✱ s❡❣✉❡ q✉❡ Nψ ⊂ N ✳

P❡❧♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r✱ ✜①❛♥❞♦ y ∈ (Y − N) t❡♠✲s❡ q✉❡ ∀ ψ ∈ C(X)✱ ♦ ❧✐♠✐t❡

✭✷✳✻✮ ❡①✐st❡✳ ◆♦t❡ q✉❡

Ln(ψ) = Eµ

(
ψ(x) | π(x) ∈ B

(
y,

1

n

))
, ψ ∈ Ψ

❞❡✜♥❡ ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ♥ã♦ ♥❡❣❛t✐✈♦ ❡ ❧✐♠✐t❛❞♦ ❡♠ Ψ✳ ❙❡

L(ψ) = lim
n→∞

Ln(ψ), ψ ∈ Ψ, |Ln(ψ)| <∞

❡①✐st❡✱ é ❝❧❛r♦ q✉❡ L é t❛♠❜é♠ ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ♥ã♦ ♥❡❣❛t✐✈♦ ❡ ❧✐♠✐t❛❞♦ ❡♠ Ψ✳ ◆♦t❡

q✉❡ ❡st❡ ❧✐♠✐t❡ ❡①✐st❡✱ ♣♦✐s é ♦ ♠❡s♠♦ ❧✐♠✐t❡ ❞❡ ✭✷✳✻✮✳ ❆ss✐♠✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❬✻✱ ♣á❣✐♥❛ ✼✼❪✱

L ❞❡t❡r♠✐♥❛ ✉♥✐❝❛♠❡♥t❡ ✉♠❛ ♠❡❞✐❞❛ ❡♠ π−1(Y )✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ❛s ♠❡❞✐❞❛s µπ−1(B(y,ǫ))

❝♦♥✈❡r❣❡♠ ♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ ♣❛r❛ ✉♠❛ ♠❡❞✐❞❛ ❧✐♠✐t❡

µy := lim
ǫ→0

µπ−1(B(y,ǫ)).

◆♦t❡ q✉❡ µy é ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ ✉♠❛ ✈❡③ q✉❡ X é ❝♦♠♣❛❝t♦✱ ❡♥tr❡t❛♥t♦✱ ❛✐♥❞❛

♥ã♦ ❢♦✐ ♣r♦✈❛❞♦ q✉❡ µy é s✉♣♦rt❛❞❛ ✐♥t❡✐r❛♠❡♥t❡ ❡♠ π−1(y)✳

→ ❆ ❝♦❧❡çã♦ ❞❡ ♠❡❞✐❞❛s (µy)y∈Y−N s❛t✐s❢❛③ ❛ ❧❡✐ ❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ t♦t❛❧✳

◆♦t❡ q✉❡✱ ♣❡❧♦ ▲❡♠❛ ✷✳✶✻✱ s❡ ψ é q✉❛❧q✉❡r ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ ✐♥t❡❣r❛♥❞♦ ❡♠ ❛♠❜♦s

♦s ❧❛❞♦s ❞❛ ❡q✉❛çã♦ ✭✷✳✸✮✱ ♦❜té♠✲s❡

∫
ψ dµy =

∫
ψ d
(
lim
ǫ→0

µπ−1(B(y,ǫ))

)

= lim
ǫ→0

∫
ψ dµπ−1(B(y,ǫ))

= lim
ǫ→0

Eµ(ψ(x) | π(x) ∈ B(y, ǫ))

= Eµ(ψ(x) | π(x) = y)



❈❛♣ít✉❧♦ ✷✳ ❉❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ✹✸

❞❡ ♠♦❞♦ q✉❡ ❛ ❢✉♥çã♦ y 7→
∫
ψdµy ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ♣❛r❛ µ̂✲q✉❛s❡ t♦❞♦ y ∈ Y ✱ é µ̂✲

♠❡♥s✉rá✈❡❧ ❡ é ✉♠❛ ❞❡r✐✈❛❞❛ ❞❡ ❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡ π∗(ψµ) ❝♦♠ r❡s♣❡✐t♦ ❛ µ̂✳ ❉❡ ❛❝♦r❞♦ ❝♦♠

❛ ❞❡✜♥✐çã♦ ❞❛ ❞❡r✐✈❛❞❛ ❘❛❞♦♥✲◆✐❦♦❞②♠✱ ✐ss♦ s✐❣♥✐✜❝❛ q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧

S ⊂ Y ✱ ∫

π−1(S)

ψ dµ = (π∗(ψµ))(S) =

∫

S

[ ∫
ψ dµy

]
dµ̂(y) ✭✷✳✼✮

♦♥❞❡ ♦ ❧❛❞♦ ❞✐r❡✐t♦ é t♦♠❛❞♦ ♣❛r❛ ✐♥❝❧✉✐r ❛ s✉♣♦s✐çã♦ ❞❡ q✉❡ ❛ ❢✉♥çã♦ y 7→
∫
ψdµy é ♠❡♥s✉✲

rá✈❡❧✳ ❆❣♦r❛✱ ♦ ♦❜❥❡t✐✈♦ é ❣❡♥❡r❛❧✐③❛r ✭✷✳✼✮ ♣❛r❛ t♦❞❛s ❛s ψ ♠❡♥s✉rá✈❡✐s ❧✐♠✐t❛❞❛s✳

❙❡❥❛ BM(X) ♦ ❝♦♥❥✉♥t♦ ❞❡ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s ❧✐♠✐t❛❞❛s ❞❡ X ❛ R✳ ❙❛❜❡✲s❡

q✉❡ C(X) ⊆ BM(X) é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡♥s♦✱ s❡ BM(X) ❡stá ♠✉♥✐❞♦ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛

❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♠♦♥ót♦♥❛ ❬✷✻✱ ❚❡♦r❡♠❛ ❞❡ ▲❡❜❡s❣✉❡✲❍❛✉s❞♦r✛✱ ♣á❣✐♥❛ ✾✶❪✳ ❊♥tã♦✱ ❜❛st❛

♠♦str❛r q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ψ ∈ BM(X) q✉❡ s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ ✭✷✳✼✮ é ❢❡❝❤❛❞♦

♥❛ t♦♣♦❧♦❣✐❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♠♦♥ót♦♥❛✳ ❉❡♥♦t❡ ♣♦r A ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ψ ∈ BM(X)

q✉❡ s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ ✭✷✳✼✮✳ ❈♦♥s✐❞❡r❡ (ψn)n∈N✱ ❝♦♠ ψn ∈ A✱ t❛❧ q✉❡ ψn → ψ✳ ❈♦♠♦

r❡s✉❧t❛❞♦ ❞❡ ❚♦♣♦❧♦❣✐❛ ●❡r❛❧✱ s❛❜❡✲s❡ q✉❡ ψ ∈ A ✭❡ ❛ r❡❝í♣r♦❝❛ é ✈❡r❞❛❞❡✐r❛✱ ✉♠❛ ✈❡③ q✉❡ ♦

❝♦♥❥✉♥t♦ é ♠❡tr✐③á✈❡❧✮✳ ◆♦t❡ q✉❡ s❡ ψn → ψ ♠♦♥♦t♦♥✐❝❛♠❡♥t❡✱ ❡♥tã♦
∫
ψndµy →

∫
ψdµy

♠♦♥♦t♦♥✐❝❛♠❡♥t❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ▼♦♥ót♦♥❛✳ ❆ss✐♠✱ s❡ y 7→
∫
ψndµy é µ̂✲

♠❡♥s✉rá✈❡❧ ♣❛r❛ t♦❞♦ n ∈ N✱ ❡♥tã♦ y 7→
∫
ψdµy é✱ t❛♠❜é♠✱ µ̂✲♠❡♥s✉rá✈❡❧✳ P♦rt❛♥t♦✱ ❛

❡q✉❛çã♦ ✭✷✳✼✮ é ✈á❧✐❞❛ ♣❛r❛ t♦❞❛s ❛s ❢✉♥çõ❡s ❡♠ A =⇒ A = A✱ ♦✉ s❡❥❛✱ A é ❢❡❝❤❛❞♦✳

❆ss✐♠✱ ❛ ❡q✉❛çã♦ ✭✷✳✼✮ é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ t♦❞❛s ❛s ψ ♠❡♥s✉rá✈❡✐s ❧✐♠✐t❛❞❛s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡

ψ = ✶B✱ ❡♥tã♦ ❛ ❡q✉❛çã♦ ✭✷✳✼✮ é s✐♠♣❧✐✜❝❛❞❛ ♣❛r❛ ❛ ❡q✉❛çã♦ ✭✷✳✺✮✳ ❙❡✱ ❛❧é♠ ❞✐ss♦✱ S = Y ✱

❡♥tã♦ ❛ ❡q✉❛çã♦ ✭✷✳✺✮ é s✐♠♣❧✐✜❝❛❞❛ ♣❛r❛ ❛ ❡q✉❛çã♦ ✭✷✳✷✮✳

→ P❛r❛ µ̂✲q✉❛s❡ t♦❞♦ y ∈ Y ✱ ❛ ♠❡❞✐❞❛ µy ❡stá ✐♥t❡✐r❛♠❡♥t❡ s✉♣♦rt❛❞❛ ❡♠ π−1(y)✳

◆♦t❡ q✉❡ ❞✐③❡r q✉❡ µy ❡stá s✉♣♦rt❛❞❛ ✐♥t❡✐r❛♠❡♥t❡ ❡♠ π−1(y) é ♦ ♠❡s♠♦ q✉❡ ❞✐③❡r

q✉❡ π∗µy = δy✱ ♦♥❞❡ δy é ❛ ♠❡❞✐❞❛ ❞❡ ❉✐r❛❝ ❡♠ y✳ ❚♦♠❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✺✮ ❝♦♥s✐❞❡r❛♥❞♦

B = π−1(C)✱ ♦♥❞❡ C é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❡♥✉♠❡rá✈❡❧ ❞❡ Y ✱ t❡♠✲s❡✿

µ(π−1(S) ∩ π−1(C)) =

∫

S

µy ◦ π
−1(C)dµ̂(y).

▼❛s✱

µ(π−1(S) ∩ π−1(C)) =

∫
✶(π−1(S)∩π−1(C))dµ =

∫

S

✶C(y)dµ̂(y)

❧♦❣♦ ∫

S

✶C(y)dµ̂(y) =

∫

S

µy ◦ π
−1(C)dµ̂(y)

♣❛r❛ t♦❞♦s ♦s ❝♦♥❥✉♥t♦s ♠❡♥s✉rá✈❡✐s C✱ S ⊂ Y ✳ P♦r ✉♠ ❛r❣✉♠❡♥t♦ s❡♠❡❧❤❛♥t❡ ❛♦ ✉t✐❧✐③❛❞♦

♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❈♦r♦❧ár✐♦ ✷✳✶✺✱ t❡♠✲s❡ q✉❡ ♣❛r❛ ❝❛❞❛ ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ C ⊂ Y ❡ ♣❛r❛



❈❛♣ít✉❧♦ ✷✳ ❉❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ✹✹

µ̂✲q✉❛s❡ t♦❞♦ y ∈ Y

δy(C) = ✶C(y) = µy ◦ π
−1(C). ✭✷✳✽✮

❚♦♠❛♥❞♦ ✉♠❛ ❝♦❧❡çã♦ ❞❡♥s❛ ❡♥✉♠❡rá✈❡❧ ❞❡ s✉❜❝♦♥❥✉♥t♦s ♠❡♥s✉rá✈❡✐s ❞❡ Y ✱ ♣♦❞❡✲

s❡ ✐♥✈❡rt❡r ❛ ♦r❞❡♠ ❞♦s q✉❛♥t✐✜❝❛❞♦r❡s✱ ♥♦t❛♥❞♦ q✉❡ ❛ ❝♦❧❡çã♦ ❞❡ t♦❞♦s ♦s ❝♦♥❥✉♥t♦s ♠❡♥s✉✲

rá✈❡✐s ♣❛r❛ ♦s q✉❛✐s ✭✷✳✽✮ ✈❛❧❡ é ❢❡❝❤❛❞❛ s♦❜ ❝♦♥✈❡r❣ê♥❝✐❛ ♠♦♥ót♦♥❛✳ ❆❣♦r❛✱ t♦♠❡ C = {y}✳

❆ss✐♠✱ ♣❛r❛ µ̂✲q✉❛s❡ t♦❞♦ y ∈ Y ✱ µy(π−1(y)) = 1✳

❆té ❛q✉✐✱ ❛tr✐❜✉✐✉✲s❡ ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ♣r♦❜❛❜✐❧íst✐❝❛ ❛♦ ❚❡♦r❡♠❛ ❞❡ ❘♦❦❧❤✐♥✳ ❊♠

s❡✉ tr❛❜❛❧❤♦✱ ❙✐♠♠♦♥s ❛♣r❡s❡♥t❛ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❡ss❡ r❡s✉❧t❛❞♦ ♣❛r❛ ✉♠❛ ❝❛t❡❣♦r✐❛ ❞❡

❡s♣❛ç♦s ❞❡ ♠❡❞✐❞❛ σ✲✜♥✐t♦s ❝♦♠ ♠♦r✜s♠♦s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉♦s✱ t❡♥❞♦ ❡♠ ✈✐st❛ q✉❡

❡①✐st❡♠ ❝❛s♦s ❞❡ ♠❡❞✐❞❛s σ✲✜♥✐t❛s ❞❛s q✉❛✐s ❛s ♠❡❞✐❞❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ s✉r❣❡♠ ♥❛t✉r❛❧♠❡♥t❡✳

❊ss❛ ♣❡rs♣❡❝t✐✈❛ s❡rá ❛❜♦r❞❛❞❛ ❛❣♦r❛✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❡ ✉♠❛ ✈❡rsã♦ ❣❡♥❡r❛❧✐③❛❞❛ ❞❛

❉❡✜♥✐çã♦ ✷✳✺ ❡ ❞❛ ❉❡✜♥✐çã♦ ✷✳✼✿

❉❡✜♥✐çã♦ ✷✳✶✼✳ ❙❡❥❛♠ (X,µ) ❡ (Y, ν) ❡s♣❛ç♦s ❞❡ ♠❡❞✐❞❛s✱ ❡ π : X → Y ✉♠❛ ❢✉♥çã♦

♠❡♥s✉rá✈❡❧✳ ❯♠ s✐st❡♠❛ ❞❡ ♠❡❞✐❞❛s ❝♦♥❝✐♦♥❛✐s ❞❡ µ ❝♦♠ r❡s♣❡✐t♦ ❛ (X, π, Y, ν) é ✉♠❛

❝♦❧❡çã♦ ❞❡ ♠❡❞✐❞❛s (νy)y∈Y t❛❧ q✉❡

✶✳ P❛r❛ ❝❛❞❛ y ∈ Y ✱ νy é ✉♠❛ ♠❡❞✐❞❛ ❡♠ π−1(y)✳

✷✳ P❛r❛ ❝❛❞❛ B ⊂ X ♠❡♥s✉rá✈❡❧✱ ❛s ♠❡❞✐❞❛s (νy)y∈Y s❛t✐s❢❛③❡♠ ❛ ❧❡✐ ❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡

t♦t❛❧ ❣❡♥❡r❛❧✐③❛❞❛✿

µ(B) =

∫
νy(B)dν(y). ✭✷✳✾✮

❉❡✜♥✐çã♦ ✷✳✶✽✳ ❈♦♥s✐❞❡r❡ (X,µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ t♦♣♦❧ó❣✐❝♦✱ (Y, ν) ✉♠ ❡s♣❛ç♦ ❞❡

♠❡❞✐❞❛ ♠étr✐❝♦ ❡ π : X → Y ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧✳ ❉❛❞♦ y ∈ Y ❡ B(y, ǫ) ❛ ❜♦❧❛ ❛❜❡rt❛

❝❡♥tr❛❞❛ ❡♠ y ❡ ❝♦♠ r❛✐♦ ǫ✱ ❛ ♠❡❞✐❞❛ ❝♦♥❞✐❝✐♦♥❛❧ t♦♣♦❧ó❣✐❝❛ ❞❡ µ ❝♦♠ r❡s♣❡✐t♦ ❛ (X, π, y, Y, ν)

é ♦ ❧✐♠✐t❡ ❢r❛❝♦∗

νy := lim
ǫ→0

µ|π−1(B(y,ǫ))

ν(B(y, ǫ))
✭✷✳✶✵✮

s❡ ❡st❡ ❡①✐st❡✱ é ❧♦❝❛❧♠❡♥t❡ ✜♥✐t♦✱ ❡ ♣♦ss✉✐ s✉♣♦rt❡ π−1(y)✳

➱ ✈á❧✐❞♦ r❡ss❛❧t❛r q✉❡✱ ❡♠ ❛♠❜❛s ❛s ❞❡✜♥✐çõ❡s✱ t❡♠✲s❡ νy ♥♦ ❧✉❣❛r ❞❡ µy✱ ❞❡ ♠♦❞♦

q✉❡ s❡ ν = µ̂ ❡ µ é ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ ❡ss❛s ❞❡✜♥✐çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s às ♦r✐❣✐♥❛✐s✳

❈♦♠ ✐ss♦✱ é ♣♦ssí✈❡❧ ❡♥✉♥❝✐❛r ♦s s❡❣✉✐♥t❡s t❡♦r❡♠❛s✿



❈❛♣ít✉❧♦ ✷✳ ❉❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ✹✺

❚❡♦r❡♠❛ ✷✳✶✾ ✭❚❡♦r❡♠❛ ❞❡ ❘♦❦❤❧✐♥ ❣❡♥❡r❛❧✐③❛❞♦✮✳ ❈♦♥s✐❞❡r❡ (X,µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛

σ✲✜♥✐t♦ ✉♥✐✈❡rs❛❧♠❡♥t❡ ♠❡♥s✉rá✈❡❧✱ (Y, ν) ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ σ✲✜♥✐t♦ t❛❧ q✉❡ ❡①✐st❡ ✉♠❛

❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ ✐♥❥❡t✐✈❛ ❞❡ Y ❡♠ {0, 1}N✳ ❆✐♥❞❛✱ s❡❥❛ π : X → Y ✉♠❛ ❛♣❧✐❝❛çã♦ ♠❡♥s✉rá✈❡❧

❡ ❝♦♥s✐❞❡r❡ ❛ ♠❡❞✐❞❛ µ̂ = π∗µ✳ ❙✉♣♦♥❤❛ q✉❡ µ̂ ≪ ν✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠ s✐st❡♠❛ ❞❡ ♠❡❞✐❞❛s

❝♦♥❞✐❝✐♦♥❛✐s (νy)y∈Y ❞❡ µ ❝♦♠ r❡s♣❡✐t♦ ❛ (X, π, Y, ν)✳ P❛r❛ ν✲q✉❛s❡ t♦❞♦ y ∈ Y ✱ νy é ✉♠❛

♠❡❞✐❞❛ σ✲✜♥✐t❛✳ ❆❧é♠ ❞✐ss♦✱ ❛s ♠❡❞✐❞❛s ❝♦♥❞✐❝✐♦♥❛✐s sã♦ ú♥✐❝❛s✱ ♥♦ s❡♥t✐❞♦ q✉❡ s❡ (γy)y∈Y

é q✉❛❧q✉❡r ♦✉tr♦ s✐st❡♠❛ ❞❡ ♠❡❞✐❞❛s ❝♦♥❞✐❝✐♦♥❛✐s ❞❡ µ ❝♦♠ r❡s♣❡✐t♦ ❛ (X, π, Y, ν)✱ t❡♠✲s❡

νy = γy ♣❛r❛ ν✲q✉❛s❡ t♦❞♦ y ∈ Y ✳

❚❡♦r❡♠❛ ✷✳✷✵✳ ❙❡❥❛♠ (X,µ) ❡ (Y, ν) ❡s♣❛ç♦s ❞❡ ♠❡❞✐❞❛ ♠étr✐❝♦s✱ s❡♣❛rá✈❡✐s✱ ❧♦❝❛❧♠❡♥t❡

✜♥✐t♦s ❡ ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦s✳ ❆ss✉♠❛ q✉❡ Y é ✉♠ ❡s♣❛ç♦ ✉❧tr❛✲♠étr✐❝♦ ♦✉ ✉♠❛ ✈❛r✐❡❞❛❞❡

r✐❡♠❛♥♥✐❛♥❛✳ ❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ ♠❡♥s✉rá✈❡❧ π : X → Y ❡ ❛ ♠❡❞✐❞❛ µ̂ = π∗µ✳ ❙✉♣♦♥❤❛

q✉❡ µ̂ ≪ ν✳ ❊♥tã♦✱ ♣❛r❛ ν✲q✉❛s❡ t♦❞♦ y ∈ Y ✱ ❛ ♠❡❞✐❞❛ ❝♦♥❞✐❝✐♦♥❛❧ t♦♣♦❧ó❣✐❝❛ ❞❡ µ ❝♦♠

r❡s♣❡✐t♦ ❛ (X, π, y, Y, ν) ❡①✐st❡✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❉❡✜♥✐çã♦ ✷✳✶✽✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❝♦❧❡çã♦ ❞❡

♠❡❞✐❞❛s (νy)y∈Y ❞❡ µ é ✉♠ s✐st❡♠❛ ❞❡ ♠❡❞✐❞❛s ❝♦♥❞✐❝✐♦♥❛✐s✱ ❝♦♠♦ ♥❛ ❉❡✜♥✐çã♦ ✷✳✶✼✳

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✾✳ ❯♠❛ ✈❡③ q✉❡ (X,µ) é ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ σ✲✜♥✐t♦

✉♥✐✈❡rs❛❧♠❡♥t❡ ♠❡♥s✉rá✈❡❧✱ ❝♦♥s✐❞❡r❡ X =
∐

n∈NAn✱ ♦♥❞❡ ❝❛❞❛ An ♣♦ss✉✐ ♠❡❞✐❞❛ ✜♥✐t❛ ❡

é ✉♥✐✈❡rs❛❧♠❡♥t❡ ♠❡♥s✉rá✈❡❧✳ P❛r❛ ❝❛❞❛ n ∈ N✱ ❝♦♥s✐❞❡r❡ in : An → {0, 1}N ✉♠ ♠❡r❣✉❧❤♦

✐s♦♠ór✜❝♦✱ ❞❡ ♠♦❞♦ q✉❡ in(An) é ✉♥✐✈❡rs❛❧♠❡♥t❡ ♠❡♥s✉rá✈❡❧✳ ✏❈♦❧❛♥❞♦✑ ❛❞❡q✉❛❞❛♠❡♥t❡

❛s in✱ ♦❜té♠✲s❡ ✉♠ ♠❡r❣✉❧❤♦ ✐s♦♠ór✜❝♦ iX : X → X ′ := N × {0, 1}N t❛❧ q✉❡ iX(X) é

✉♥✐✈❡rs❛❧♠❡♥t❡ ♠❡♥s✉rá✈❡❧✳ ❚♦♠❛♥❞♦ µ′ = iX∗µ✱ t❡♠✲s❡ q✉❡ (X ′, µ′) é ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛

✉❧tr❛✲♠étr✐❝♦✱ s❡♣❛rá✈❡❧✱ ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡ ❧♦❝❛❧♠❡♥t❡ ✜♥✐t♦✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ é ♣♦ssí✈❡❧

❝♦♥str✉✐r ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ ✐♥❥❡t✐✈❛ iY : Y → Y ′ := N × {0, 1}N t❛❧ q✉❡ ν ′ := iY ∗ν é

❧♦❝❛❧♠❡♥t❡ ✜♥✐t❛✳ ❆ss✐♠✱ t❡♠✲s❡ q✉❡ (Y ′, ν ′) é ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ ✉❧tr❛✲♠étr✐❝♦✱ s❡♣❛rá✈❡❧✱

❧♦❝❛❧♠❡♥t❡ ✜♥✐t♦ ❡ ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦✳ ❆✐♥❞❛ t❡♠✲s❡✱ ♣♦r ❬✷✻✱ ✸✳✷✳✸✱ ♣á❣✐♥❛ ✾✷❪✱ q✉❡ ❛

❛♣❧✐❝❛çã♦ π ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ❛ ✉♠❛ ❢✉♥çã♦ ❇♦r❡❧ ♠❡♥s✉rá✈❡❧ π′ : X ′ → Y ′✳ ❈♦♠ ✐ss♦✱

t❡♠✲s❡ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✷✵ ♣❛r❛ (X ′, µ′, π′, Y ′, ν ′)✳ ❊♥tã♦✱ ❝♦♥s✐❞❡r❡ (ν ′y′)y′∈Y ′ ✉♠

s✐st❡♠❛ ❞❡ ♠❡❞✐❞❛s ❝♦♥❞✐❝✐♦♥❛✐s ❞❡ µ′ ❝♦♠ r❡s♣❡✐t♦ ❛ (X ′, π′, Y ′, ν ′)✳

◆♦t❡ q✉❡ ❛ ♠❡s♠❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❡①✐stê♥❝✐❛ ❞♦ s✐st❡♠❛ ❞❡ ♠❡❞✐❞❛s ❝♦♥❞✐❝✐♦♥❛✐s

r❡❛❧✐③❛❞❛ ♣❛r❛ ♦ ❚❡♦r❡♠❛ ✷✳✶✶ é ✈á❧✐❞❛ ♣❛r❛ ❡st❡ t❡♦r❡♠❛✱ s✉❜st✐t✉✐♥❞♦ µ̂ ♣♦r ν✱ µ̂′ ♣♦r ν ′✱ µy
♣♦r νy ❡ ✏♣r♦❜❛❜✐❧✐❞❛❞❡✑ ♣♦r ✏σ✲✜♥✐t♦✑✱ ❧❡♠❜r❛♥❞♦ q✉❡ ✉♠❛ ♠❡❞✐❞❛ ❧♦❝❛❧♠❡♥t❡ ✜♥✐t❛ ❡♠ ✉♠

❡s♣❛ç♦ ♠étr✐❝♦ s❡♣❛rá✈❡❧ ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦ é σ✲✜♥✐t❛✱ ❞❡ ♠♦❞♦ q✉❡ ❛s ♠❡❞✐❞❛s ♦r✐✉♥❞❛s

❞❛ ❉❡✜♥✐çã♦ ✷✳✶✽ sã♦✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡✱ σ✲✜♥✐t❛s✳

P❛r❛ ♣r♦✈❛r ❛ ✉♥✐❝✐❞❛❞❡✱ ❛ss✉♠❛ q✉❡ µ é ✜♥✐t❛✳ ◆❡st❡ ❝❛s♦✱

∫
νy(X)dν(y) = µ(X) <∞
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❡♥tã♦ νy(X) < ∞ ♣❛r❛ ν✲q✉❛s❡ t♦❞♦ y ∈ Y ✳ ❉❡st❡ ♠♦❞♦✱ ❛ ♣r♦✈❛ ❞❡ ✉♥✐❝✐❞❛❞❡ ❞❛❞❛ ♣❛r❛ ♦

❚❡♦r❡♠❛ ✷✳✶✶ é ✈á❧✐❞❛ t♦♠❛♥❞♦ ❛s ♠❡s♠❛s s✉❜st✐t✉✐çõ❡s ❝✐t❛❞❛s ❛❝✐♠❛✳ ❆❣♦r❛✱ s❡ µ é ✉♠❛

♠❡❞✐❞❛ σ✲✜♥✐t❛✱ ❝♦♠♦ X =
∐

n∈NAn✱ ♣❛r❛ t♦❞♦ s✐st❡♠❛ ❞❡ ♠❡❞✐❞❛s ❝♦♥❞✐❝✐♦♥❛✐s (νy)y∈Y ❞❡

µ r❡❧❛t✐✈❛♠❡♥t❡ ❛ (X, π, ν)✱ ♣❛r❛ ❝❛❞❛ n ∈ N✱ t❡♠✲s❡ q✉❡ (νy|An
)y∈Y é ✉♠ s✐st❡♠❛ ❞❡ ♠❡❞✐❞❛s

❝♦♥❞✐❝✐♦♥❛✐s ❞❡ µ|An
r❡❧❛t✐✈❛♠❡♥t❡ ❛ (An, π, ν)✳ ❆ss✐♠✱ s❡ (νy)y∈Y ❡ (γy)y∈Y sã♦ ❞♦✐s s✐st❡♠❛s

❞❡ ♠❡❞✐❞❛s ❝♦♥❞✐❝✐♦♥❛✐s ❞❡ µ ❝♦♠ r❡s♣❡✐t♦ ❛ (X, π, ν)✱ ❡♥tã♦ ♣❛r❛ ❝❛❞❛ n ∈ N✱ (νy|An
)y∈Y

❡ (γy|An
)y∈Y sã♦ s✐st❡♠❛s ❞❡ ♠❡❞✐❞❛s ❝♦♥❞✐❝✐♦♥❛✐s ❞❡ µ|An

❝♦♠ r❡s♣❡✐t♦ ❛ (An, π, ν)✳ ❆

✉♥✐❝✐❞❛❞❡ ♣❛r❛ ♦ ❝❛s♦ ✜♥✐t♦ ✐♠♣❧✐❝❛ q✉❡ νy|An
= γy|An

✱ ♣❛r❛ ν✲q✉❛s❡ t♦❞♦ y ∈ Y ✳ ❚♦♠❛♥❞♦

y ∈ Y ✜①♦ ❡ ✈❛r✐❛♥❞♦ n ∈ N t❡♠✲s❡ q✉❡✱ ♣❛r❛ ν✲q✉❛s❡ t♦❞♦ y ∈ Y ✱ νy|An
= γy|An

♣❛r❛ t♦❞♦

n ∈ N ✭❞❡ ❢❛t♦✱ ❛ ❡♥✉♠❡r❛❜✐❧✐❞❛❞❡ ❞❡ N ❥✉st✐✜❝❛ ❡st❛ ✐♥✈❡rsã♦ ❞❡ q✉❛♥t✐✜❝❛❞♦r❡s✮✳ ❊✱ ♣❛r❛

❝❛❞❛ y ∈ Y ✱ t❡♠✲s❡

νy =
∑

n∈N

νy|An
=
∑

n∈N

γy|An
= γy.

❆ss✐♠✱ s❡❣✉❡ q✉❡ νy = γy ♣❛r❛ ν✲q✉❛s❡ t♦❞♦ y ∈ Y ✳

❆❣♦r❛✱ ❢❛❧t❛ ❞❡♠♦♥str❛r ♦ ❚❡♦r❡♠❛ ✷✳✷✵✳ ◆♦t❡ q✉❡ ❡①✐st❡♠ ❞✉❛s ❣❡♥❡r❛❧✐③❛çõ❡s

❢❡✐t❛s ❛ ♣❛rt✐r ❞♦ ❚❡♦r❡♠❛ ✷✳✶✷✿ ν = µ̂ ♣❛r❛ µ̂ ≪ ν ❡ ❡s♣❛ç♦s ❝♦♠♣❛❝t♦s ♣❛r❛ ❡s♣❛ç♦s

❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦s✳ ❊♠ ✈✐st❛ ❞✐ss♦✱ ❛ ❞❡♠♦♥str❛çã♦ s❡rá r❡❛❧✐③❛❞❛ ❝♦♥s✐❞❡r❛♥❞♦ ❞♦✐s

❝❛s♦s✿ X ❝♦♠♦ ❡s♣❛ç♦ ❝♦♠♣❛❝t♦ ❡ ♦ ❝❛s♦ ❣❡r❛❧ ✭X ❝♦♠♦ ❡s♣❛ç♦ ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦✮✳

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✵✳

❈❛s♦ ✶✿ X é ❝♦♠♣❛❝t♦✳ ◆❡st❡ ❝❛s♦✱ ❝♦♠♦ µ é ❧♦❝❛❧♠❡♥t❡ ✜♥✐t❛ ♣♦r ❤✐♣ót❡s❡✱ t❡♠✲s❡ q✉❡ µ é

✜♥✐t❛✳ ❈♦♠ ✐ss♦✱ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✶✷ sã♦ s❛t✐s❢❡✐t❛s ♣❛r❛ ❛ ♠❡❞✐❞❛ ♥♦r♠❛❧✐③❛❞❛

µX :=
µ

µ(X)
.

❆ ♣r✐♠❡✐r❛ ❛✜r♠❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✷ é q✉❡ ♣❛r❛ µ̂✲q✉❛s❡ t♦❞♦ y ∈ Y ✱ ♦ ❧✐♠✐t❡

❢r❛❝♦✯ ❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✸✮ ❡①✐st❡ ❡ ❡stá s✉♣♦rt❛❞♦ ❡♠ π−1(y)✳ ❆♦ ❝♦♠♣❛r❛r ❛s ❡q✉❛çõ❡s

✭✷✳✸✮ ❡ ✭✷✳✶✵✮✱ ♥♦t❛✲s❡ q✉❡ ❡st❛s s❡ ❞✐❢❡r❡♠ ❞❡ ✉♠ ❢❛t♦r

f(y) = lim
ǫ→0

µ̂(B(y, ǫ))

ν(B(y, ǫ))
. ✭✷✳✶✶✮

P❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❉✐❢❡r❡♥❝✐❛çã♦ ❞❡ ▲❡❜❡s❣✉❡✱ ❡st❡ ❧✐♠✐t❡ ❡①✐st❡ ❡ é ✜♥✐t♦ ♣❛r❛ ν✲q✉❛s❡ t♦❞♦

y ∈ Y ✳ ❆✐♥❞❛ ♠❛✐s✱ ❛ ❢✉♥çã♦ f ❛ss✐♠ ❞❡✜♥✐❞❛ é ✉♠❛ ❞❡r✐✈❛❞❛ ❞❡ ❘❛❞♦♥✲◆✐❦♦❞②♠ ❞❡ µ̂

r❡❧❛t✐✈❛♠❡♥t❡ ❛ ν✳ ❉❡st❡ ♠♦❞♦✱ s❡❣✉❡ q✉❡ ♦ ❧✐♠✐t❡ ✭✷✳✶✵✮ ❡①✐st❡ ❡ é ✐❣✉❛❧ ❛ f(y)µy✱ ♣❛r❛

µ̂✲q✉❛s❡ t♦❞♦ y ∈ Y ✳ ❆❣♦r❛✱ é ♥❡❝❡ssár✐♦ ♠♦str❛r q✉❡ ❡st❡ ❡①✐st❡ ♣❛r❛ ν✲q✉❛s❡ t♦❞♦ y ∈ Y ✿

❙❡❥❛ F ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s y ∈ Y t❛❧ q✉❡ ❛ ♠❡❞✐❞❛ ❝♦♥❞✐❝✐♦♥❛❧ µy ❡①✐st❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛

❉❡✜♥✐çã♦ ✷✳✽✳ ❊♥tã♦ N := (X − F ) é ✉♠ ❝♦♥❥✉♥t♦ µ̂✲♥✉❧♦✱ ❡



❈❛♣ít✉❧♦ ✷✳ ❉❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ✹✼

∫

N

f(y)dν(y) =

∫

N

lim
ǫ→0

µ̂(B(y, ǫ))

ν(B(y, ǫ))
dν(y) = µ̂(N) = 0.

❆ss✐♠ f(y) = 0 ♣❛r❛ ν✲q✉❛s❡ t♦❞♦ y ∈ N ✳ ❈♦♠♦ ❛ ❡q✉❛çã♦ ✭✷✳✸✮ é ❧✐♠✐t❛❞❛ ❡ f(y) = 0

t❡♠✲s❡ q✉❡ ♦ ❧✐♠✐t❡ ✭✷✳✶✵✮ é ③❡r♦ ♣❛r❛ ν✲q✉❛s❡ t♦❞♦ y ∈ N ✳ ❊♠ ❝♦♥❝❧✉sã♦✱ t❡♠✲s❡ q✉❡ ♣❛r❛

ν✲q✉❛s❡ t♦❞♦ y ∈ Y ✱ ♦ ❧✐♠✐t❡ ✭✷✳✶✵✮ ❡①✐st❡ ❡ é ❞❛❞♦ ♣♦r✿

νy =

{
f(y)µy, s❡ y 6∈ N

0, s❡ y ∈ N
✭✷✳✶✷✮

♦♥❞❡ µy é ✉♠❛ ♠❡❞✐❞❛ ❝♦♥❞✐❝✐♦♥❛❧✳

P❛r❛ ❝♦♠♣❧❡t❛r✱ ❢❛❧t❛ ♠♦str❛r q✉❡ ♣❛r❛ ν✲q✉❛s❡ t♦❞♦ y ∈ Y ✱ νy é ✜♥✐t❛ ❡ ❝♦♠

s✉♣♦rt❡ ❡♠ π−1(y) ❡ q✉❡ ❛ ❡q✉❛çã♦ ✭✷✳✾✮ é ✈á❧✐❞❛ ♣❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ B ⊂ X✳

❈♦♥s✐❞❡r❡ y ∈ Y ❡ ♥♦t❡ q✉❡✱ s❡ y ∈ N ✱ ❡♥tã♦ νy = 0 é tr✐✈✐❛❧♠❡♥t❡ ✜♥✐t♦ ❡ s✉♣♦rt❛❞♦ ❡♠

π−1(y)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ y ∈ F ✱ ❡♥tã♦ µy ❡①✐st❡ ❡ s❛t✐s❢❛③ ❛ ❉❡✜♥✐çã♦ ✷✳✽✱ ♦✉ s❡❥❛✱ é ✉♠❛

♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡ ❡stá ✐♥t❡✐r❛♠❡♥t❡ s✉♣♦rt❛❞❛ ❡♠ π−1(y)✳ ❆❣♦r❛✱ s❡ f(y) <∞✱ ❡♥tã♦

νy é✱ t❛♠❜é♠✱ ✜♥✐t❛ ❡ ✐♥t❡✐r❛♠❡♥t❡ s✉♣♦rt❛❞❛ ❡♠ π−1(y)✳ ❈♦♠♦ f(y) < ∞ ♣❛r❛ ν✲q✉❛s❡

t♦❞♦ y ∈ Y ✱ ♥ã♦ ❤á ♠❛✐s ♥❛❞❛ ♦ q✉❡ ♠♦str❛r✳ ◆♦t❡ q✉❡ ♦ ❚❡♦r❡♠❛ ✷✳✶✷ ✐♠♣❧✐❝❛ ❛ ❡q✉❛çã♦

✭✷✳✷✮✱ ❞❡ ♠♦❞♦ q✉❡ ❜❛st❛ ♠♦str❛r q✉❡ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛s ❡q✉❛çõ❡s ✭✷✳✷✮ ❡ ✭✷✳✾✮ sã♦ ✐❣✉❛✐s✳

❉❡ ❢❛t♦✿
∫
νy(B) dν(y) =

∫

F

f(y)µy(B) dν(y)

=

∫

F

(
lim
ǫ→0

µ̂(B(y, ǫ))

ν(B(y, ǫ))

)
µy(B) dν(y)

=

∫
µy(B) dµ̂(y).

⊳

❈❛s♦ ✷✿ ❣❡r❛❧✳ ❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ❧❡♠❛✿

▲❡♠❛ ✷✳✷✶✳ ❙❡ X é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ s❡♣❛rá✈❡❧ ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛

s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ ❞❡ ❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s Kn ⊂ X t❛❧ q✉❡ X = ∪n∈NKn✱ ❡ t❛❧ q✉❡ ♣❛r❛

q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ K ⊂ X✱ ❡①✐st❡ N t❛❧ q✉❡ K ⊂ KN ✳

❉❡♠♦♥str❛çã♦✳ ❯♠❛ ✈❡③ q✉❡ X é ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦✱ ❡①✐st❡ ✉♠❛ ❝♦❜❡rt✉r❛ ❛❜❡rt❛ ❞❡

❝♦♥❥✉♥t♦s ❛❜❡rt♦s r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦s✳ ❈♦♠♦ X é ♠étr✐❝♦ s❡♣❛rá✈❡❧✱ s❡❣✉❡ q✉❡ X é

▲✐♥❞❡❧ö❢✱ ❡ ❛ss✐♠ ❡①✐st❡ ✉♠❛ s✉❜❝♦❜❡rt✉r❛ ❡♥✉♠❡rá✈❡❧ (Uj)j∈N✳ ❙❡❥❛ Kn := ∪j<nUj✱ ❞❡

♠♦❞♦ q✉❡ Kn é ❝♦♠♣❛❝t♦✳ ❊♥tã♦ X ⊂ ∪j∈NUj ⊂ ∪n∈NKn ⊂ X✳ ❋✐♥❛❧♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡

K ⊂ X é ❝♦♠♣❛❝t♦✳ ❊♥tã♦ ❛ ❝♦❜❡rt✉r❛ (Uj)j∈N ♣♦ss✉✐ s✉❜❝♦❜❡rt✉r❛ ✜♥✐t❛ (Uj)j<N ✳ ❆ss✐♠✱

K ⊂ ∪j<NUj ⊂ ∪j<NUj = Kn✳ ◭
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❙❡❥❛ (Kn)n∈N ❝♦♠♦ ♥♦ ▲❡♠❛ ✷✳✷✶✳ P❛r❛ ❝❛❞❛ n ∈ N✱ ❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡Kn ✐♠♣❧✐❝❛

q✉❡ (Kn, µ|Kn
, π, Y, ν) s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✷✵✱ ♥♦ ❝❛s♦ ❥á ❞❡♠♦♥str❛❞♦✳ ❉❡♥♦t❡

❛ ♠❡❞✐❞❛ ❝♦♥❞✐❝✐♦♥❛❧ t♦♣♦❧ó❣✐❝❛ ❞❡ µ|Kn
❝♦♠ r❡s♣❡✐t♦ ❛ (Kn, π, y, Y, ν) ♣♦r νn,y✱ s❡ ❡❧❛ ❡①✐st❡

❡ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞❛ ❉❡✜♥✐çã♦ ✷✳✶✽✳

❆✜r♠❛çã♦ ✶✳ ❉❛❞♦ y ∈ Y ✜①♦✱ s✉♣♦♥❤❛ q✉❡✱ ♣❛r❛ ❝❛❞❛ n ∈ N✱ ❛ ♠❡❞✐❞❛ ❝♦♥❞✐❝✐♦♥❛❧ νn,y

❡①✐st❡ ❡ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞❛ ❉❡✜♥✐çã♦ ✷✳✶✽✳ ❊♥tã♦✱ ❛ s❡q✉ê♥❝✐❛ (νn,y)n∈N é ♠♦♥ót♦♥❛

❝r❡s❝❡♥t❡✱ ❡ ❛ ♠❡❞✐❞❛ νy := lim
n→∞

νn,y é ❛ ♠❡❞✐❞❛ ❝♦♥❞✐❝✐♦♥❛❧ t♦♣♦❧ó❣✐❝❛ ❞❡ µ ❝♦♠ r❡s♣❡✐t♦ à

(X, π, y, Y, ν)✳

❉❡♠♦♥str❛çã♦✳ ❖ ❢❛t♦ ❞❡ (νn,y)n∈N s❡r ✉♠❛ s❡q✉ê♥❝✐❛ ♠♦♥ót♦♥❛ ❝r❡s❝❡♥t❡ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡

❞♦ ❢❛t♦ ❞❡ (Kn)n∈N s❡r ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❝♦♥❥✉♥t♦s ♠♦♥ót♦♥❛ ❝r❡s❝❡♥t❡✳ ❆♥t❡s ❞❡ ♣r♦ss❡❣✉✐r✱

❝♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

▲❡♠❛ ✷✳✷✷✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ ❡ (µn) ✉♠❛ s❡q✉ê♥❝✐❛ ♠♦♥♦t♦♥✐❝❛♠❡♥t❡ ❝r❡s❝❡♥t❡

❞❡ ♠❡❞✐❞❛s ❡♠ X✳ ❊♥tã♦✱ µ(A) := lim
n→∞

µn(A) é ✉♠❛ ♠❡❞✐❞❛✳ ❆✐♥❞❛ ♠❛✐s✱ ♣❛r❛ t♦❞❛ ❢✉♥çã♦

♠❡♥s✉rá✈❡❧ ♥ã♦ ♥❡❣❛t✐✈❛ ψ : X → R✱ t❡♠✲s❡

∫
ψ dµ = lim

n→∞

∫
ψ dµn. ✭✷✳✶✸✮

❉❡♠♦♥str❛çã♦✳ µ é ♠❡❞✐❞❛✱ ♣♦✐s✿

✶✳ µ(∅) = lim
n→∞

µn(∅) = 0❀

✷✳ ❙❡❥❛ A =
∐

m∈NAm✳ ❊♥tã♦

µ(A) = lim
n→∞

µn(A)

= lim
n→∞

∑

m∈N

µn(Am)

=
∑

m∈N

lim
n→∞

µn(Am)

=
∑

m∈N

µ(Am).

◆♦t❡ q✉❡✱ s❡ ψ é ✉♠❛ ❢✉♥çã♦ ✐♥❞✐❝❛❞♦r❛✱ ❡♥tã♦ ❛ ❡q✉❛çã♦ ✭✷✳✶✸✮ s❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦✳

❙❡ ψ é ✉♠❛ ❢✉♥çã♦ s✐♠♣❧❡s✱ ❛ ❡q✉❛çã♦ ✭✷✳✶✸✮ t❛♠❜é♠ é ❝❧❛r❛♠❡♥t❡ ❡st❛❜❡❧❡❝✐❞❛✳ P❛r❛ ✉♠❛

ψ q✉❛❧q✉❡r✱ ❝♦♥s✐❞❡r❡ ✉♠❛ s❡q✉ê♥❝✐❛ ♠♦♥♦t♦♥✐❝❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ❞❡ ❢✉♥çõ❡s s✐♠♣❧❡s✱ (ψm)✱

q✉❡ ❝♦♥✈❡r❣❡ ♣❛r❛ ψ✳ ❊♥tã♦✿
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∫
ψdµ = lim

m→∞

∫
ψm dµ

= lim
m→∞

lim
n→∞

∫
ψm dµn

≤ lim
m→∞

lim
n→∞

∫
ψ dµn

= lim
n→∞

∫
ψ dµn.

❆✐♥❞❛✱ ❝♦♠♦ µn ≤ µ✱ t❡♠✲s❡
∫
ψdµn ≤

∫
ψdµ ❡✱ t♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ q✉❛♥❞♦ n→ ∞✱ ♦❜té♠✲s❡

❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♦♣♦st❛✳ ❆ss✐♠✱ s❡❣✉❡ ✭✷✳✶✸✮✳

⊳

❱♦❧t❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❆✜r♠❛çã♦ ✶✱ ♥♦t❡ q✉❡ νy(A) := lim
n→∞

νn,y(A) é ✉♠❛

♠❡❞✐❞❛✱ ♠❛s é ♥❡❝❡ssár✐♦ ♠♦str❛r q✉❡ é ❧♦❝❛❧♠❡♥t❡ ✜♥✐t❛ ❡ q✉❡ é ✐❣✉❛❧ ❛♦ ❧✐♠✐t❡ ❢r❛❝♦✯ ✭✷✳✶✵✮✳

P❛r❛ ❝❛❞❛ x ∈ X✱ ❝♦♥s✐❞❡r❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ x q✉❡ s❡❥❛ r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t❛✳ P♦r

❬✶✵✱ ✼✳✶✳✽✱ ♣á❣✐♥❛ ✶✾✾❪✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ψ ∈ C+
c (X) ❝♦♠ ✶U ≤ ψ✳ ❊♥tã♦✱

νy(U) ≤

∫
ψ dνy = lim

ǫ→0

∫
ψ dµ|π−1(B(y,ǫ))

ν(B(y, ǫ))
<∞. ✭✷✳✶✹✮

❉❡ ❢❛t♦✱ t♦♠❡ N ❣r❛♥❞❡ ♦ s✉✜❝✐❡♥t❡✱ ❞❡ ♠♦❞♦ q✉❡ s✉♣♣(ψ) ⊆ KN ✳ ❊♥tã♦ ♣❛r❛ t♦❞♦ n ≥ N ✱

♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❡st❛ ❡q✉❛çã♦ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ✐♥t❡✐r❛♠❡♥t❡ ❡♠ Kn ❡✱ ♣♦r ❞❡✜♥✐çã♦✱

lim
ǫ→0

∫
ψ dµ|π−1(B(y,ǫ))

ν(B(y, ǫ))
=

∫
ψdνn,y <∞.

❊♥tã♦✱ ♣❛r❛ t♦❞♦ n ≥ N ✱ t❡♠✲s❡ q✉❡
∫
ψ dνn,y é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ n✳ ❚♦♠❛♥❞♦ ♦ ❧✐♠✐t❡

q✉❛♥❞♦ n→ ∞✱ ❛ ❡q✉❛çã♦ ✭✷✳✶✹✮ ✜❝❛ ♣r♦✈❛❞❛ ❞❡✈✐❞♦ ❛ ✭✷✳✶✸✮✱ ❡✱ ❛ss✐♠✱ t❡♠✲s❡ q✉❡ νy ❡stá

❞❡ ❛❝♦r❞♦ ❝♦♠ ✭✷✳✶✵✮ ❡ é ❧♦❝❛❧♠❡♥t❡ ✜♥✐t❛✳ ❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ y ∈ Y ✜①♦ ❡ ψ := ✶X−π−1(y)✱

❞❡ ♠♦❞♦ q✉❡✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ r❡s✉❧t❛❞♦ ❞♦ ▲❡♠❛ ✷✳✷✷✱ t❡♠✲s❡✿

νy(X − π−1(y)) =

∫
ψ dνy

= lim
n→∞

∫
ψ dνn,y

= lim
n→∞

νn,y(X − π−1(y))

= 0.

❆ss✐♠✱ s❡❣✉❡ q✉❡ νy ❡stá ✐♥t❡✐r❛♠❡♥t❡ s✉♣♦rt❛❞❛ ❡♠ π−1(y)✱ ♦ q✉❡ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦

❞❛ ❆✜r♠❛çã♦ ✶✳ ◭
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❆s ❤✐♣ót❡s❡s ❞❛ ❆✜r♠❛çã♦ ✶ sã♦ s❛t✐s❢❡✐t❛s ♣❛r❛ ν✲q✉❛s❡ t♦❞♦ y ∈ Y ✱ ❞❡ ♠♦❞♦

q✉❡ ❛ ♣r✐♠❡✐r❛ ❛✜r♠❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✵ ✜❝❛ ❞❡♠♦♥str❛❞❛✳ ❆❣♦r❛✱ ❢❛❧t❛ ❞❡♠♦♥str❛r q✉❡ ❛

❡q✉❛çã♦ ✭✷✳✾✮ é s❛t✐s❢❡✐t❛ ♣❛r❛ t♦❞♦ B ⊂ X ♠❡♥s✉rá✈❡❧✳ P❛r❛ ✐ss♦✱ ❞❛❞♦ y ∈ Y ✱ ❝♦♥s✐❞❡r❡

ψ := ✶B✱ ❞❡ ♠♦❞♦ q✉❡ νy(B) = lim
n→∞

νn,y(B)✳ ■♥t❡❣r❛♥❞♦ ❝♦♠ r❡♣❡✐t♦ ❛ ν✱ t❡♠✲s❡✿

∫
νn,y(B) dν(y) =

∫
lim
n→∞

νn,y(B) dν(y)

= lim
n→∞

∫
νn,y(B) dν(y)

= lim
n→∞

µ(B ∩Kn)

= µ(B)

❝♦♥❝❧✉✐♥❞♦✱ ❛ss✐♠✱ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✵✳ ⊳
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❈❛♣ít✉❧♦ ✸

❉❡s✐♥t❡❣r❛çã♦ ❡♠ ❞✐❢❡r❡♥t❡s ❝♦♥t❡①t♦s

❆s ❞✐❢❡r❡♥t❡s ❢♦r♠✉❧❛çõ❡s ❞♦ ❚❡♦r❡♠❛ ❞❡ ❘♦❦❤❧✐♥ ❡✈✐❞❡♥❝✐❛♠ q✉❡ ♦ ❝♦♥❝❡✐t♦ ❞❡

❞❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ♣♦❞❡ s❡r ❛❜♦r❞❛❞♦ ❡♠ ❞✐❢❡r❡♥t❡s ❝♦♥t❡①t♦s✳ P♦r ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡

♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ❞❡ ❞❡s✐♥t❡❣r❛çã♦ ❬✸✱ ❚❡♦r❡♠❛ ✺✳✸✳✶❪✿

❚❡♦r❡♠❛ ✸✳✶✳ ❙❡❥❛♠ X ❡ Z ❡s♣❛ç♦s ♠étr✐❝♦s s❡♣❛rá✈❡✐s ❘❛❞♦♥✱ γ ∈ P(Z)✱ π : Z → X

✉♠❛ ❛♣❧✐❝❛çã♦ ❜♦r❡❧✐❛♥❛ ❡ µ ∈ P(X) ❞❛❞❛ ♣♦r µ = π∗γ✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡

♣r♦❜❛❜✐❧✐❞❛❞❡s ❜♦r❡❧✐❛♥❛s {γx : x ∈ X} ⊂ P(Z)✱ µ✲q✉❛s❡ s❡♠♣r❡ ❞❡t❡r♠✐♥❛❞❛✱ t❛❧ q✉❡✱ ♣❛r❛

µ✲q✉❛s❡ t♦❞♦ x ∈ X✱

γx(Z − π−1(x)) = 0 ✭✸✳✶✮

❡✱ ♣❛r❛ q✉❛❧q✉❡r ❢✉♥çã♦ ❜♦r❡❧✐❛♥❛ ϕ : Z → [0,∞]✱

∫

Z

ϕ(z) dγ(z) =

∫

X

(∫

π−1(x)

ϕ(z)dγx(z)

)
dµ(x). ✭✸✳✷✮

❈♦r♦❧ár✐♦ ✸✳✷✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ Z := X × Y ✱ t❡♠✲s❡ γ ∈ P(X × Y ) ❡ µ = π∗γ ♦❜t✐❞♦

✈✐❛ ♣r♦❥❡çã♦ ♥♦ ♣r✐♠❡✐r♦ ❝♦♠♣♦♥❡♥t❡✳ ❈♦♠ ✐ss♦✱ ♣♦❞❡✲s❡ ✐❞❡♥t✐✜❝❛r ❝❛♥♦♥✐❝❛♠❡♥t❡ ❝❛❞❛ ✜❜r❛

π−1(x) ❝♦♠ Y ❡ ❡♥❝♦♥tr❛r ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❜♦r❡❧✐❛♥❛s {γx : x ∈ X} ⊂ P(Y )

q✉❡ é µ✲q✉❛s❡ s❡♠♣r❡ ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛✱ ❡ t❛❧ q✉❡ γ :=
∫
X
γxdµ(x)✳

❊st❛ ✐♥t❡r❡ss❛♥t❡ ♣❡rs♣❡❝t✐✈❛ ❞❛ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ♣♦❞❡ s❡r ❛❜♦r❞❛❞❛ ♥♦

❝♦♥t❡①t♦ ❞❛ ❚❡♦r✐❛ ❞❡ ❚r❛♥s♣♦rt❡ Ót✐♠♦✿ é ♣♦ssí✈❡❧ ❝♦♥s✐❞❡r❛r ✉♠ ♣❧❛♥♦ γ✱ ❝✉❥♦ ♣r✐♠❡✐r♦

♠❛r❣✐♥❛❧ s❡❥❛ µ ∈ P(X)✱ ❝♦♠♦ ✉♠ t✐♣♦ ❞❡ ♠❛♣❛ ❞❡ tr❛♥s♣♦rt❡ ✏❡st♦❝ást✐❝♦✑ x 7→ γx✱

s❡♥❞♦ ❛♣❧✐❝á✈❡❧ ❛♦ Pr♦❜❧❡♠❛ ❞❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤✱ ❡ ❝♦rr❡s♣♦♥❞❡♥❞♦ ❛ ✉♠ t✐♣♦ ❞❡ ♠❛♣❛ ❞❡

tr❛♥s♣♦rt❡ ✏❞❡t❡r♠✐♥íst✐❝♦✑ q✉❛♥❞♦ γx ❢♦r ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❉✐r❛❝✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❞❡s✐♥t❡❣r❛çã♦

♥❡st❡ ❝♦♥t❡①t♦ t❡♠ s✐❞♦ ❛♣❧✐❝❛❞❛ ❡♠ ❡①❡♠♣❧♦s r❡❧❛❝✐♦♥❛❞♦s à ❞✐♥â♠✐❝❛ ❤✐♣❡r❜ó❧✐❝❛✱ ♣❛r❛ ❛

❝♦♥str✉çã♦ ❞❡ ❡s♣❛ç♦s ❢✉♥❝✐♦♥❛✐s q✉❡ ♣❡r♠✐t❡♠ ♦ ❡st✉❞♦ ❞❡ ❞✐✈❡rs❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❞❡t❡r♠✐✲

♥❛❞♦s s✐st❡♠❛s ✭✈❡❥❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❬✶✺❪ ❡ ❬✶✻❪✮✳ ◆❡st❡ ❝❛♣ít✉❧♦✱ ❛ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s é

❡①♣❧♦r❛❞❛ ❞❡♥tr♦ ❞❡st❡ ❝❡♥ár✐♦✳



❈❛♣ít✉❧♦ ✸✳ ❉❡s✐♥t❡❣r❛çã♦ ❡♠ ❞✐❢❡r❡♥t❡s ❝♦♥t❡①t♦s ✺✷

✸✳✶ ❉❡s✐♥t❡❣r❛çã♦ ❡ ❚r❛♥s♣♦rt❡ Ót✐♠♦

❆ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ ♣❧❛♥♦s ❞❡ tr❛♥s♣♦rt❡ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞❛ ♣❛r❛ ✐♥tr♦❞✉③✐r ✉♠❛

♣❡rs♣❡❝t✐✈❛ ❞✐❢❡r❡♥t❡ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ ♣r♦♣♦st♦s ♣♦r ▼♦♥❣❡ ❡ ❑❛♥t♦r♦✈✐❝❤✱

❝♦♠♦ ❛❜♦r❞❛❞♦ ❡♠ ❬✹❪ ❡ ❬✶✽❪✳ ❙❡❥❛♠ X, Y ⊂ RN ❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s✳ ❈♦♥s✐❞❡r❡ ♦s ❡s♣❛ç♦s

X ❡ X × Y ✱ ✉♠❛ ♠❡❞✐❞❛ γ ∈ P(X × Y ) ❝✉❥♦ ♣r✐♠❡✐r♦ ♠❛r❣✐♥❛❧ s❡❥❛ µ✱ ❡ ♦ ❈♦r♦❧ár✐♦ ✸✳✷✳

◆❡st❡ ❝♦♥t❡①t♦✱ ❞❡♥♦t❛✲s❡ γ ♣♦r µ ⊗ γx ✭❝♦♠ ❡ss❛ ♥♦t❛çã♦ ♣r♦❝✉r❛✲s❡ ❡✈✐❞❡♥❝✐❛r ♦ ♣r✐♠❡✐r♦

♠❛r❣✐♥❛❧ ❞❡ γ ❡ ❛ ❞❡s✐♥t❡❣r❛çã♦ ❝♦♥s✐❞❡r❛❞❛✮✳ ❆ss✐♠✱ ❞❡✜♥❡✲s❡ ✉♠ ♠❛♣❛ ❞❡ ❞❡s✐♥t❡❣r❛çã♦

♣❡❧❛ ❢✉♥çã♦

f : X → (P(Y ),W1)

x 7→ γx

t❛❧ q✉❡ γ = µ⊗ f(x) ❡ ♦♥❞❡ W1 é ❛ ❞✐stâ♥❝✐❛ ✶✲❲❛ss❡rst❡✐♥✳ ❆ ♣❛rt✐r ❞❡st❛ ❞❡✜♥✐çã♦✱ t❡♠✲s❡✿

▲❡♠❛ ✸✳✸✳ ❯♠❛ ❛♣❧✐❝❛çã♦ f : X → (P(Y ),W1) é ✉♠ ♠❛♣❛ ❞❡ ❞❡s✐♥t❡❣r❛çã♦ s❡✱ ❡ s♦♠❡♥t❡

s❡✱ é ❇♦r❡❧✳

❉❡♠♦♥str❛çã♦✳ (⇒) P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❆s❝♦❧✐✲❆r③❡❧á✱ ♦ ❡s♣❛ç♦ Lip1(Y ) é ❝♦♠♣❛❝t♦ r❡❧❛t✐✈❛✲

♠❡♥t❡ à ❝♦♥✈❡r❣ê♥❝✐❛ ✉♥✐❢♦r♠❡ ❬✸✱ Pr♦♣♦s✐çã♦ ✸✳✸✳✶❪✳ ❈♦♥s✐❞❡r❡ D ⊂ Lip1(Y ) ❞❡♥s♦ ❡♥✉♠❡✲

rá✈❡❧ ❡ ϕ ∈ Lip1(Y )✳ ◆♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❡♠ q✉❡ ♠❡❞✐❞❛s ν1✱ ν2 ∈ P(Y ) ♣♦ss✉❡♠ s✉♣♦rt❡

❧✐♠✐t❛❞♦✱ é ♣♦ssí✈❡❧ ✉s❛r ❛ ❢ór♠✉❧❛ ❞❛ ❞✉❛❧✐❞❛❞❡ ✭❚❡♦r❡♠❛ ✶✳✶✹✮ ♣❛r❛ ♦❜t❡r

W1(ν1, ν2) = sup
ϕ∈Lip1(Y )

{∫

Y

ϕ d(ν1 − ν2)
}
= sup

ϕ∈D

∫

Y

ϕ d(ν1 − ν2).

P❛r❛ ❞❡t❛❧❤❡s✱ ❝♦♥s✉❧t❡ ❬✸✵✱ ❈❛♣ít✉❧♦ ✻❪ ♦✉ ❬✸✱ ❙❡çã♦ ✼✳✶❪✳ ❈♦♠♦ x 7→ f(x) é ❜♦r❡❧✐❛♥❛✱ ♣❛r❛

t♦❞♦ ϕ ∈ Lip1(Y )✱ t❡♠✲s❡ q✉❡

ψϕ : X → R

x 7→

∫

Y

ϕ d(ν − f(x))

é✱ t❛♠❜é♠✱ ❜♦r❡❧✐❛♥❛✳ ❈♦♠ ❡ss❛s ❝♦♥❞✐çõ❡s✱ ♣❛r❛ q✉❡ f s❡❥❛ ❇♦r❡❧ ❜❛st❛ q✉❡

f−1(B(ν, r)) =
⋂

ϕ∈D

ψ−1
ϕ ((−r, r)) := A

♦♥❞❡ B(ν, r) é ❛ ❜♦❧❛ ❛❜❡rt❛ ❡♠ (P(Y ),W1) ❝❡♥tr❛❞❛ ❡♠ ν ❡ ❝♦♠ r❛✐♦ r✳ ❉❡ ❢❛t♦✱ s❡ x ∈ A✱

|ψϕ(x)| < r ♣❛r❛ t♦❞♦ ϕ ∈ D ❡✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ψϕ✱ t❡♠✲s❡ q✉❡ W1(ν, f(x)) < r✱ ❞❡ ♠♦❞♦

q✉❡ f(x) ∈ B(ν, r)✳ ❉♦ ♠❡s♠♦ ♠♦❞♦✱ s❡ f(x) ∈ B(ν, r)✱ ❡♥tã♦ W1(ν, f(x)) < r ❡✱ ♣❡❧❛ ❢ór♠✉❧❛

❞❛ ❞✉❛❧✐❞❛❞❡✱ |ψϕ(x)| := |
∫
Y
ϕd(ν − f(x))| < r ♣❛r❛ t♦❞♦ ϕ ∈ D✱ ❞❡ ♠♦❞♦ q✉❡ x ∈ A✳
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(⇐) ❈♦♥s✐❞❡r❡ ✉♠ ❝♦♥❥✉♥t♦ A ⊂ Y ❛❜❡rt♦✳ ◆♦t❡ q✉❡

f(x)(A) =

∫

Y

✶A(y) df(x).

P❛r❛ ✉♠❛ ❢✉♥çã♦ ϕ s❡♠✐❝♦♥tí♥✉❛ ✐♥❢❡r✐♦r♠❡♥t❡ s♦❜r❡ Y ✱ ❝♦♥s✐❞❡r❡ Iϕ ❞❛❞❛ ♣♦r✿

Iϕ : (P(Y ),W1) → R

λ 7→

∫

Y

ϕ(y) dλ. ✭✸✳✸✮

❯♠❛ ✈❡③ q✉❡W1 ♠❡tr✐③❛ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ ❞❡ P(Y ) ❬✸✱ ❈❛♣ít✉❧♦ ✼❪✱ t❡♠✲s❡ q✉❡ ❛ ❢✉♥çã♦ Iϕ é

s❡♠✐❝♦♥tí♥✉❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ P❛r❛ t♦❞♦ x ∈ X✱ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r
∫
Y
ϕ(y) df(x) = Iϕ(f(x))✳ P♦r

❤✐♣ót❡s❡✱ f é ❜♦r❡❧✐❛♥❛✱ ❡ ❡♥tã♦ f(·)(A) : X → R é ❝♦♠♣♦s✐çã♦ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ s❡♠✐❝♦♥tí♥✉❛

✐♥❢❡r✐♦r♠❡♥t❡ ❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❜♦r❡❧✐♥❛✱ ♣♦rt❛♥t♦ ❇♦r❡❧✳ ▲♦❣♦✱ f é ♠❛♣❛ ❞❡ ❞❡s✐♥t❡❣r❛çã♦✳

P❡♥s❛♥❞♦ ♥♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❢♦r♠✉❧❛❞♦ ♣♦r ▼♦♥❣❡✱ ❞❛❞♦ ✉♠ ♠❛♣❛ ❞❡

tr❛♥s♣♦rt❡ T : X → Y ✱ ✉♠❛ ♠❡❞✐❞❛ µ ∈ P(X) ❡ ❛ ♠❡❞✐❞❛ ν = T∗µ ∈ P(Y )✱ ♦ ♠❛♣❛ ❞❡

❞❡s✐♥t❡❣r❛çã♦ é ❞❛ ❢♦r♠❛ x 7→ δT (x)✱ ♦♥❞❡ δT (x) é ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❉✐r❛❝✳ ➱ ♣♦ssí✈❡❧ ♠♦str❛r

q✉❡ ❡①✐st❡ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ♠❡❞✐❞❛s s♦❜r❡ ♦ ❡s♣❛ç♦ (P(Y ),W1)✱ ❞❛❞❛s ♣❡❧♦ ♣✉s❤ ❢♦r✇❛r❞

❞❡ µ ♣♦r ♠❛♣❛s ❞❡ ❞❡s✐♥t❡❣r❛çã♦✱ ❡ ♦ s❡❣✉♥❞♦ ♠❛r❣✐♥❛❧ ❞♦s ♣❧❛♥♦s ❞❡ tr❛♥s♣♦rt❡ ✐♥❞✉③✐❞♦s

♣♦r ♠❛♣❛s ❞❡ tr❛♥s♣♦rt❡s ❞✐st✐♥t♦s✿

▲❡♠❛ ✸✳✹✳ ❈♦♥s✐❞❡r❡ T : X → Y ❡ S : X → Y ♠❛♣❛s ❞❡ tr❛♥s♣♦rt❡✱ ✉♠❛ ♠❡❞✐❞❛ µ ∈ P(X)

❡ ❛s ❢✉♥çõ❡s f ❡ g ❞❡✜♥✐❞❛s ♣♦r✿

f : X → (P(Y ),W1)

x 7→ δT (x)

g : X → (P(Y ),W1)

x 7→ δS(x).

❚❡♠✲s❡ q✉❡ T∗µ = S∗µ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ f∗µ = g∗µ✳

❉❡♠♦♥str❛çã♦✳ ✭⇒✮ ❈♦♥s✐❞❡r❡ ✉♠❛ ❢✉♥çã♦ ϕ(y) = ψ(δy) ♣❛r❛ ψ ∈ C((P(Y ),W1)) q✉❛❧q✉❡r✳

❊♥tã♦✱
∫

Y

ψd(f∗µ) =

∫

X

ψ(f(x))dµ =

∫

X

ψ(δT (x))dµ =

∫

X

ϕ(T (x))dµ =

∫

X

ϕ(S(x))dµ =

∫

Y

ψd(g∗µ).

P❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞❡ ψ✱ s❡❣✉❡ q✉❡ f∗µ = g∗µ✳
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✭⇐✮ ❙❡❥❛ ϕ ∈ C(Y )✳ ❈♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ Iϕ ❞❡✜♥✐❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✸✮✳ ❚❡♠✲s❡ q✉❡

∫

P(Y )

Iϕ(λ)d(f∗µ) =

∫

P(Y )

Iϕ(λ)d(g∗µ) ⇐⇒

∫

X

Iϕ(f(x))dµ =

∫

X

Iϕ(g(x))dµ

⇐⇒

∫

X

(∫

Y

ϕ(y)df(x)

)
dµ =

∫

X

(∫

Y

ϕ(y)dg(x)

)
dµ.

❯♠❛ ✈❡③ q✉❡ ∫

Y

ϕ(y) df(x) = ϕ(T (x))

❡ ∫

Y

ϕ(y) dg(x) = ϕ(S(x))

❛ ú❧t✐♠❛ ❡q✉❛çã♦ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

∫

X

ϕ(T (x)) dµ =

∫

X

ϕ(S(x)) dµ.

P❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞❡ ϕ✱ ✐♥❢❡r❡✲s❡ q✉❡ T∗µ = S∗µ✳

❈♦r♦❧ár✐♦ ✸✳✺✳ ❈♦♥s✐❞❡r❡ T : X → Y ❡ S : X → Y ♠❛♣❛s ❞❡ tr❛♥s♣♦rt❡✱ ✉♠❛ ♠❡❞✐❞❛

µ ∈ P(X)✱ ♦s ♠❛♣❛s ❞❡ ❞❡s✐♥t❡❣r❛çã♦ f ❡ g ❞❡✜♥✐❞♦s ❝♦♠♦ ♥♦ ▲❡♠❛ ✸✳✹ ❡ ❛s ♠❡❞✐❞❛s

γ = µ ⊗ f(x) ❡ η = µ ⊗ g(x)✳ ❊♥tã♦ f∗µ = g∗µ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ πy∗γ = πy∗η✱ ♦♥❞❡ πy é ❛

♣r♦❥❡çã♦ ♥❛ s❡❣✉♥❞❛ ❝♦♠♣♦♥❡♥t❡✱ (x, y) 7→ y✳

❉❛❞♦s γ, η ∈ Π(µ, ν)✱ ❝♦♠ γ = µ⊗ f(x) ❡ η = µ⊗ g(x)✱ ❞✐③✲s❡ q✉❡ γ é ❡q✉✐✈❛❧❡♥t❡

❛ η ♣♦r ❞❡s✐♥t❡❣r❛çã♦✱ ❡ ❞❡♥♦t❛✲s❡ γ ≈ η✱ s❡ f∗µ = g∗µ✳ ❈♦♠ ❡st❛ ❡q✉✐✈❛❧ê♥❝✐❛✱ é ♣♦ssí✈❡❧

❞❡✜♥✐r ✉♠❛ ❡s♣é❝✐❡ ❞❡ ❝❧❛ss❡ ❞❡ tr❛♥s♣♦rt❡✱ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

❉❡✜♥✐çã♦ ✸✳✻✳ ❉❛❞♦ γ ∈ Π(µ, ν) ❝♦♠ γ = µ⊗ f(x)✱ ❛ ❝❧❛ss❡ ❞❡ tr❛♥s♣♦rt❡ ❞❡ γ é ❞❡✜♥✐❞❛

❝♦♠♦ ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ [γ] = {η = µ⊗ g(x) : g∗µ = f∗µ}✳

❆ss✐♠✱ t❡♠✲s❡ q✉❡ t♦❞♦s ♦s ♣❧❛♥♦s ❞❡ tr❛♥s♣♦rt❡ ✐♥❞✉③✐❞♦s ♣♦r ♠❛♣❛s ❞❡ tr❛♥s♣♦rt❡

♣❡rt❡♥❝❡♠ à ♠❡s♠❛ ❝❧❛ss❡ ❞❡ tr❛♥s♣♦rt❡✳ ❆✐♥❞❛ ♠❛✐s✱ ❝♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✿

Pr♦♣♦s✐çã♦ ✸✳✼✳ ❈♦♥s✐❞❡r❡ ✉♠ ♠❛♣❛ ❞❡ tr❛♥s♣♦rt❡ T : X → Y t❛❧ q✉❡✱ ♣❛r❛ ✉♠❛ ♠❡❞✐❞❛

µ ∈ P(X) ♥ã♦ ❛tô♠✐❝❛✱ T∗µ = ν ❡ γ = µ ⊗ δT (x)✳ ❙❡ η ∈ [γ]✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ♠❛♣❛ ❞❡

tr❛♥s♣♦rt❡ S : X → Y t❛❧ q✉❡ η = µ⊗ δS(x)✳



❈❛♣ít✉❧♦ ✸✳ ❉❡s✐♥t❡❣r❛çã♦ ❡♠ ❞✐❢❡r❡♥t❡s ❝♦♥t❡①t♦s ✺✺

❉❡♠♦♥str❛çã♦✳ P♦r ❬✶✱ ❚❡♦r❡♠❛ ✾✳✸❪✱ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❜♦r❡❧✐❛♥❛s

Sn : X → Y t❛❧ q✉❡ η = lim
n→∞

µ ⊗ δSn(x) ❡ (Sn)∗µ = ν ♣❛r❛ t♦❞♦ n ∈ N✱ ❞❡ ♠♦❞♦ q✉❡

µ⊗ δSn(x) ∈ [γ] ∀ n ∈ N✳ ❈♦♥s✐❞❡r❡ ϕ(y) = |y|2 ❡ ♥♦t❡ q✉❡

∫

X

|Sn(x)|
2 dµ =

∫

X

ϕ(Sn(x)) dµ =

∫

Y

ϕ(y) dν =

∫

Y

|y|2 dν <∞.

❈♦♥s✐❞❡r❡ ψ ∈ C((P(Y ),W1))✱ ❞❡✜♥✐❞❛ ♣♦r ψ(δy) = |y|2✱ ❡ ∆ ⊂ P(Y ) ♦ ❝♦♥❥✉♥t♦ ❞❛s

♠❡❞✐❞❛s ❞❡ ❉✐r❛❝✳ ◆♦t❡ q✉❡ ψ é ▲✐♣s❝❤✐t③ s♦❜r❡ ∆✱ ❝♦♠ r❡s♣❡✐t♦ à ❞✐stâ♥❝✐❛ ✶✲❲❛ss❡rst❡✐♥✳

❊♥tã♦✱ ❝♦♥s✐❞❡r❡ q✉❛❧q✉❡r ❡①t❡♥sã♦ ▲✐♣s❝❤✐t③ ❞❡ ψ s♦❜r❡ t♦❞♦ P(Y )✳ ❈♦♠♦ (δSn
)∗µ = (δT )∗µ✱

t❡♠✲s❡ q✉❡

∫

X

|Sn(x)|
2 dµ =

∫

X

ψ(δSn(x)) dµ =

∫

X

ψ(δT (x)) dµ =

∫

X

|T (x)|2 dµ

♣❛r❛ t♦❞♦ n ∈ N✳ P♦rt❛♥t♦✱ ♣❛ss❛♥❞♦ à ✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ ♣♦❞❡✲s❡ s✉♣♦r q✉❡ Sn é ❢r❛❝❛♠❡♥t❡

❝♦♥✈❡r❣❡♥t❡ ♣❛r❛ ✉♠ ❧✐♠✐t❡ ❢r❛❝♦ S✳ P♦r ❬✶✱ ▲❡♠❛ ✾✳✶❪ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳

❉❡♥tr♦ ❞❡st❡ ❝♦♥t❡①t♦✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ tr❛♥s♣♦rt❡ ❞❡ ▼♦♥❣❡ ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞♦

❝♦♠♦✿ ♠✐♥✐♠✐③❛r
∫
X×Y

c(x, y) dγ ❡♠ ✉♠❛ ❝❧❛ss❡ ❞❡ tr❛♥s♣♦rt❡ ✜①❛ ❞❡ Π(µ, ν)✱ ✐st♦ é✱ ❡♥❝♦♥tr❛r

min
{∫

X×Y

c(x, y)dγ : γ ∈ [µ⊗ δT ]
}

♣❛r❛ ✉♠ ❞❛❞♦ ♠❛♣❛ ❞❡ tr❛♥s♣♦rt❡ T ✳ ❆❣♦r❛✱ ❡♠ r❡❧❛çã♦ ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤✱

♦❜s❡r✈❡ q✉❡ ❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✸✳✹ ✈❛❧❡ ♣❛r❛ ♣❧❛♥♦s ❞❡ tr❛♥s♣♦rt❡s

❣❡r❛✐s✱ ❞❡ ♠♦❞♦ q✉❡ ♦ s❡❣✉♥❞♦ ♠❛r❣✐♥❛❧ ♣♦❞❡ s❡r ✜①❛❞♦ ♣❡❧♦s ♠❛♣❛s ❞❡ ❞❡s✐♥t❡❣r❛çã♦✱ ❞❛

s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

▲❡♠❛ ✸✳✽✳ ❈♦♥s✐❞❡r❡ ✉♠❛ ♠❡❞✐❞❛ µ ∈ P(X)✱ ♦s ♠❛♣❛s ❞❡ ❞❡s✐♥t❡❣r❛çã♦ f : X → P(Y )

❡ g : X → P(Y ) ❡ ♦s ♣❧❛♥♦s γ = µ ⊗ f(x) ❡ η = µ ⊗ g(x)✳ ❚❡♠✲s❡ q✉❡ f∗µ = g∗µ =⇒

πy∗γ = πy∗η✱ ♦♥❞❡ πy é ❛ ♣r♦❥❡çã♦ ♥❛ s❡❣✉♥❞❛ ❝♦♠♣♦♥❡♥t❡✱ (x, y) 7→ y✳

P♦ré♠✱ ❛ r❡❝í♣r♦❝❛ ❞♦ ▲❡♠❛ ✸✳✽ ♥ã♦ é ✈❡r❞❛❞❡✐r❛✳ P♦r ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡ ♦

s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❞❡ tr❛♥s♣♦rt❡✿ ❚rês ❢á❜r✐❝❛s✱ x1✱ x2 ❡ x3✱ ❝♦♠ ♣r♦❞✉çã♦ ✐❞ê♥t✐❝❛✱ ❢♦r♥❡❝❡♠

✶✵✵✪ ❞❡ s❡✉s ♣r♦❞✉t♦s ♣❛r❛ ❞✉❛s ❧♦❥❛s✱ y1 ❡ y2✱ s❡♥❞♦ q✉❡ ❛ ❧♦❥❛ y2 t❡♠ ✉♠❛ ❞❡♠❛♥❞❛

❝✐♥❝♦ ✈❡③❡s ♠❛✐♦r q✉❡ ❛ ❧♦❥❛ y1✳ ❈♦♥s✐❞❡r❡ µ ❛ ♠❡❞✐❞❛ q✉❡ ❢♦r♥❡❝❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣r♦❞✉t♦s

♣r♦❞✉③✐❞♦s ♥❛s ❢á❜r✐❝❛s ❡ ν ❛ ♠❡❞✐❞❛ r❡❧❛❝✐♦♥❛❞❛ à q✉❛♥t✐❞❛❞❡ ❞❡ ♣r♦❞✉t♦s ❡♥tr❡❣✉❡ ♥❛s ❧♦❥❛s✳

❉❡♥tr♦ ❞❡st❡ ❝❡♥ár✐♦✱ ❡st❛s ♠❡❞✐❞❛s sã♦ ❞❛❞❛s ♣♦r✿

µ =
1

3
δx1 +

1

3
δx2 +

1

3
δx3



❈❛♣ít✉❧♦ ✸✳ ❉❡s✐♥t❡❣r❛çã♦ ❡♠ ❞✐❢❡r❡♥t❡s ❝♦♥t❡①t♦s ✺✻

ν =
1

6
δy1 +

5

6
δy2 .

❈♦♥s✐❞❡r❡ ♦ ♣❧❛♥♦ ❞❡ tr❛♥s♣♦rt❡ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✶✱ q✉❡ ❞✐✈✐❞❡ ♦s ♣r♦❞✉t♦s ♣r♦❞✉③✐❞♦s

♥❛ ❢á❜r✐❝❛ x1 ❡♥tr❡ ❛s ❞✉❛s ❧♦❥❛s✱ ❞❡ ♠♦❞♦ q✉❡ ♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ♠❛♣❛ ❞❡ ❞❡s✐♥t❡❣r❛çã♦✱

r❡♣r❡s❡♥t❛❞♦ ♣♦r f ✱ é ❞❛❞♦ ♣♦r f(x1) = 1
2
δy1 +

1
2
δy2 ✱ f(x2) = δy2 ❡ f(x3) = δy2 ✳

❋✐❣✉r❛ ✸✳✶✿ ❊①❡♠♣❧♦✿ P❧❛♥♦ ❞❡ tr❛♥s♣♦rt❡ ✶✳

◆♦t❡ q✉❡✱ ❝♦♠♦ µ é ❞❛ ❢♦r♠❛
∑
i

αiδxi ✱ t❡♠✲s❡ q✉❡ f∗µ =
∑
i

αiδf(xi)✳ ❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡

♦❝♦rr❛ ✉♠❛ ❛❧t❡r❛çã♦ ♥❛ ❧♦❣íst✐❝❛ ❡✱ ♥♦ ♥♦✈♦ ♣❧❛♥♦ ❞❡ tr❛♥s♣♦rt❡✱ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✷✱ ❛

❢á❜r✐❝❛ x1 ❡♥tr❡❣✉❡ s✉❛ ♣r♦❞✉çã♦ ❛♣❡♥❛s ♥❛ ❧♦❥❛ y2 ❡ ❛ ❢á❜r✐❝❛ x2 ❞✐✈✐❞❛ ❛ ♣r♦❞✉çã♦ ❡♥tr❡

❛s ❞✉❛s ❧♦❥❛s✳ ◆❡st❛ ♥♦✈❛ s✐t✉❛çã♦✱ ♦ ♠❛♣❛ ❞❡ ❞❡s✐♥t❡❣r❛çã♦✱ r❡♣r❡s❡♥t❛❞♦ ♣♦r g✱ é ❞❛❞♦

♣♦r g(x1) = δy2 ✱ g(x2) = 1
2
δy1 +

1
2
δy2 ❡ g(x3) = δy2 ✳ ❖❜s❡r✈❡ q✉❡ f∗µ = g∗µ✱ ♦✉ s❡❥❛✱ ❛

❝❧❛ss❡ ❞❡ tr❛♥s♣♦rt❡ ♥ã♦ ♠✉❞❛✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ♥❡st❡ ♥♦✈♦ ♣❧❛♥♦ ❞❡ tr❛♥s♣♦rt❡ ❛s ❢á❜r✐❝❛s

x1 ❡ x2 ❡♥tr❡❣✉❡♠ ❡♠ ❛♠❜❛s ❛s ❧♦❥❛s✱ ❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✸✱ ❞❡ ♠♦❞♦ q✉❡ x1 ❡♥✈✐❡

✸✵✪ ❞❡ s✉❛ ♣r♦❞✉çã♦ ♣❛r❛ y1 ❡ ✼✵✪ ♣❛r❛ y2 ❡ x2 ❡♥✈✐❡ ✷✵✪ ❞❡ s✉❛ ♣r♦❞✉çã♦ ♣❛r❛ y1 ❡ ✽✵✪

♣❛r❛ y2✱ ♦ ♠❛♣❛ ❞❡ ❞❡s✐♥t❡❣r❛çã♦✱ ❛❣♦r❛ r❡♣r❡s❡♥t❛❞♦ ♣♦r h✱ s❡r✐❛ h(x1) = 3
10
δy1 +

7
10
δy2 ✱

h(x2) = 2
10
δy1 +

8
10
δy2 ❡ h(x3) = δy2 ✳ ◆❡st❡ ❝❛s♦✱ f∗µ 6= h∗µ ❡✱ ❞❡st❡ ♠♦❞♦✱ ♦s ♣❧❛♥♦s ❞❡

tr❛♥s♣♦rt❡ ✶ ❡ ✸ ♥ã♦ ♣❡rt❡♥❝❡♠ à ♠❡s♠❛ ❝❧❛ss❡ ❞❡ tr❛♥s♣♦rt❡✳

❋✐❣✉r❛ ✸✳✷✿ ❊①❡♠♣❧♦✿ P❧❛♥♦ ❞❡ tr❛♥s♣♦rt❡ ✷✳ ❋✐❣✉r❛ ✸✳✸✿ ❊①❡♠♣❧♦✿ P❧❛♥♦ ❞❡ tr❛♥s♣♦rt❡ ✸✳

❆✐♥❞❛ ♠❛✐s✱ s❡ ♦❝♦rr❡ ✉♠❛ ♣❡q✉❡♥❛ ♠✉❞❛♥ç❛ ♥♦ ♣❧❛♥♦ ❞❡ tr❛♥s♣♦rt❡ ✸✱ ❞❡ ♠♦❞♦

q✉❡ x1 ♣❛ss❡ ❛ ❡♥tr❡❣❛r ✶✵✪ ❞❡ s✉❛ ♣r♦❞✉çã♦ ❡♠ y1 ❡ ✾✵✪ ❡♠ y2 ❡ x2 ❡♥tr❡❣✉❡ ✹✵✪ ❞❡

s✉❛ ♣r♦❞✉çã♦ ❡♠ y1 ❡ ✻✵✪ ❡♠ y2✱ ♦ ♥♦✈♦ ♠❛♣❛ ❞❡ ❞❡s✐♥t❡❣r❛çã♦ k é ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

k(x1) = 1
10
δy1 + 9

10
δy2 ✱ k(x2) = 4

10
δy1 + 6

10
δy2 ❡ k(x3) = δy2 ✳ ❉❡st❡ ♠♦❞♦ h∗µ 6= k∗µ✳

❆ss✐♠✱ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❛❞♦t❛❞❛ ♣❛r❛ ❝❧❛ss❡ ❞❡ tr❛♥s♣♦rt❡✱ ❛♦ ❛❧t❡r❛r ♦ ♥ú♠❡r♦ ❞❡ ❢á❜r✐❝❛s q✉❡

❡♥tr❡❣❛♠ ♣r♦❞✉t♦s ❡♠ ♠❛✐s ❞❡ ✉♠❛ ❧♦❥❛✱ ♦✉ ❛❧t❡r❛r ♦ ♠♦❞♦ ❝♦♠♦ ❛ ❞✐✈✐sã♦ ❞❛ ❡♥tr❡❣❛ é ❢❡✐t❛

❡♠ ❝❛❞❛ ❢á❜r✐❝❛✱ ❛❧t❡r❛✲s❡ ❛ ❝❧❛ss❡ ❞❡ tr❛♥s♣♦rt❡✳



❈❛♣ít✉❧♦ ✸✳ ❉❡s✐♥t❡❣r❛çã♦ ❡♠ ❞✐❢❡r❡♥t❡s ❝♦♥t❡①t♦s ✺✼

P♦r ❡ss❛s ❝♦♥s✐❞❡r❛çõ❡s✱ é ♥❡❝❡ssár✐❛ ♦✉tr❛ ❞❡✜♥✐çã♦ ❞❡ ❝❧❛ss❡ ❞❡ tr❛♥s♣♦rt❡ ♣❛r❛

♦ ❝♦♥t❡①t♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤✳ ❈♦♥s✐❞❡r❡ µ⊗ f ∈ Π(µ, ν) ❡ Λ = f∗µ✳ ❯♠❛

✈❡③ q✉❡ (πy)∗(µ⊗ f) = ν✱ ♣❛r❛ t♦❞♦ ϕ ∈ C(Y ) t❡♠✲s❡ q✉❡

∫

Y

ϕ(y) dν =

∫

X

(∫

Y

ϕ(y) df(x)

)
dµ

=

∫

X

Iϕ(f(x)) dµ

=

∫

P(Y )

Iϕ(λ) dΛ(λ)

=

∫

P(Y )

(∫

Y

ϕ(y)dλ
)
dΛ

♦♥❞❡ Iϕ é ❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✸✮ ❡ λ ∈ P(Y )✳ ❉❡st❡ ♠♦❞♦✱ t♦❞❛ ♠❡❞✐❞❛ ❞❡

♣r♦❜❛❜✐❧✐❞❛❞❡ Λ s♦❜r❡ (P(Y ),W1) q✉❡ s❛t✐s❢❛③

∫

P(Y )

λ dΛ = ν ✭✸✳✹✮

❞❡✜♥❡ ✉♠❛ ❝❧❛ss❡ ❞❡ tr❛♥s♣♦rt❡ [γ] = {µ⊗ f : f∗µ = Λ}✳ P♦r ❡①❡♠♣❧♦✱ ❛ ❝❧❛ss❡ ❞❡ tr❛♥s♣♦rt❡

[µ×ν] ❝♦rr❡s♣♦♥❞❡ à ♠❡❞✐❞❛ Λ = δν ✳ ❉❡st❡ ♣♦♥t♦ ❞❡ ✈✐st❛✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤

♥❛ ❝❧❛ss❡ Λ ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞♦ ❝♦♠♦✿

MKΛ(c, µ, ν) = inf
γ

{∫

X×Y

c(x, y) dγ : γ = µ⊗ f, f∗µ = Λ
}
.

❊st❛ ♥♦çã♦ ❞❡ ❝❧❛ss❡ ❞❡ tr❛♥s♣♦rt❡ ♣❡r♠✐t❡ ❝♦♥str✉✐r ♦ ♣r♦❜❧❡♠❛ ❞❡ ▼♦♥❣❡✲❑❛♥t♦r♦✈✐❝❤ ❝♦♠♦

✉♠ ♣r♦❜❧❡♠❛ ❞❡ ▼♦♥❣❡ ❛❜str❛t♦ ❡♥tr❡ ♦s ❡s♣❛ç♦s X ❡ P(Y )✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ❢✉♥çã♦ ❝✉st♦

c̃(x, λ) =

∫

Y

c(x, y) dλ.

❉❡ ❢❛t♦✱ ♥♦t❡ q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r ♠❛♣❛ ❞❡ ❞❡s✐♥t❡❣r❛çã♦ f : X → P(Y ) t❛❧ q✉❡ f∗µ = Λ✱

∫

X

c̃(x, f(x)) dµ =

∫

X

(∫

Y

c(x, y)df(x)

)
dµ

=

∫

X×Y

c(x, y) d(µ⊗ f)

❡✱ ❞❡st❡ ♠♦❞♦✱ ♦ ♣r♦❜❧❡♠❛ MKΛ(c, µ, ν) é ❡q✉✐✈❛❧❡♥t❡ ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ▼♦♥❣❡ M(c̃, µ,Λ)✳



❈❛♣ít✉❧♦ ✸✳ ❉❡s✐♥t❡❣r❛çã♦ ❡♠ ❞✐❢❡r❡♥t❡s ❝♦♥t❡①t♦s ✺✽

✸✳✷ ❉❡s✐♥t❡❣r❛çã♦ ❡ ✈❛r✐❡❞❛❞❡s✿ ❞♦ ❚❡♦r❡♠❛ ✷✳✸ ❛♦

❈♦r♦❧ár✐♦ ✸✳✷

❊♠ ❬✶✺✱ ❙❡çã♦ ✶✵❪ é ❛♣r❡s❡♥t❛❞♦ ✉♠ ❡①❡♠♣❧♦ ♥♦ q✉❛❧ ❝♦♥s✐❞❡r❛✲s❡ ♦ s❡❣✉✐♥t❡

s✐st❡♠❛✿ ✉♠ ♠❛♣❛ s♦❧❡♥♦✐❞❛❧ F : Σ → Σ✱ ♦♥❞❡ Σ = S1 × D2✱ ❡ t❛❧ q✉❡ F é ♦ s❦❡✇

♣r♦❞✉❝t F (x, y) = (T (x), G(x, y))✱ ❞❡ ♠♦❞♦ q✉❡ ❛ ❛♣❧✐❝❛çã♦ T : S1 → S1 é ❡①♣❛♥s♦r❛ ❡

G : Σ → D2 é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠ ||∂G
∂x
||∞ < ∞✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♥s✐❞❡r❛✲s❡ ✉♠❛

❢♦❧❤❡❛çã♦ F s = {{x} × D2}x∈S1 ✱ ❞❡ t❛❧ ♠♦❞♦ q✉❡ F s ❡st❡❥❛ ❝♦♥tr❛✐♥❞♦✱ ♦✉ s❡❥❛✱ ∃ α ∈ R✱

0 < α < 1✱ t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ x ∈ S1✱ t❡♠✲s❡ |G(x, y1)− G(x, y2)| ≤ α|y1 − y2|✱ ♣❛r❛ t♦❞♦

y1, y2 ∈ D2✳ ❊♥tã♦✱ ❝♦♥s✐❞❡r❛✲s❡ ♦ ❚❡♦r❡♠❛ ❞❡ ❘♦❦❤❧✐♥ ❡ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ µ

❞❡✜♥✐❞❛ ❡♠ Σ✱ ❞❡s❝r❡✈❡✲s❡ ✉♠❛ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ µ ❛♦ ❧♦♥❣♦ ❞❛s ❢♦❧❤❛s ❞❡ F s ❡✱ ❝♦♠ ✐ss♦✱

❡st✉❞❛✲s❡ ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞♦ s✐st❡♠❛ ❡♠ q✉❡stã♦✳ ❊st❡ ❡①❡♠♣❧♦ s❡rá ❛♣r❡s❡♥t❛❞♦

❝♦♠ ♠❛✐s ❞❡t❛❧❤❡s ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✳ ◆❡st❛ s❡çã♦✱ ❡①♣❧♦r❛✲s❡ ❡st❛ ❛❜♦r❞❛❣❡♠ ❞❡ ❛♣❧✐❝❛çã♦

❞♦ ❚❡♦r❡♠❛ ❞❡ ❘♦❦❤❧✐♥ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ❢♦❧❤❡❛çã♦ ✭❞❡ ❢♦r♠❛ ✉♠ ♣♦✉❝♦ ♠❛✐s ❛❜r❛♥❣❡♥t❡ ❞♦

q✉❡ ❡♠ ❬✶✺❪✮ ❡✱ ❛ ♣❛rt✐r ❞❡❧❛✱ ✉♠❛ ❝♦♥❡①ã♦ ❡♥tr❡ ♦ ❚❡♦r❡♠❛ ✷✳✸ ❡ ♦ ❈♦r♦❧ár✐♦ ✸✳✷✳

❈♦♥s✐❞❡r❡ Σ =M1 ×M2✱ ♦♥❞❡ M1 ❡ M2 sã♦ ✈❛r✐❡❞❛❞❡s r✐❡♠❛♥♥✐❛♥❛s ❝♦♠♣❛❝t❛s

✜♥✐t❛s ❡ ❛ ❢♦❧❤❡❛çã♦ ❞❡ Σ ❞❛❞❛ ♣♦r F s = {{x} ×M2}x∈M1 ✳ ❉❡♥♦t❡ ♣♦r SB(Σ) ♦ ❝♦♥❥✉♥t♦

❞❛s ♠❡❞✐❞❛s ❜♦r❡❧✐❛♥❛s ❝♦♠ s✐♥❛❧ ❡♠ Σ ❡ ♣♦r AB(Σ) ♦ ❝♦♥❥✉♥t♦ {µ ∈ SB(Σ) : πx∗µ
+ ≪ m1

❡ πx∗µ
− ≪ m1}✱ ♦♥❞❡ πx : Σ → M1 é ❛ ♣r♦❥❡çã♦ ❞❛❞❛ ♣♦r (x, y) 7→ x✱ m1 é ❛ ♠❡❞✐❞❛ ❞❡

▲❡❜❡s❣✉❡ ❡♠ M1 ❡ µ+ ❡ µ− r❡♣r❡s❡♥t❛♠ ❛s ♣❛rt❡s ♣♦s✐t✐✈❛ ❡ ♥❡❣❛t✐✈❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❛

❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❏♦r❞❛♥ ❞❡ µ✳ ❈♦♥s✐❞❡r❡ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ µ ∈ AB(Σ)✱ ❛ ❢✉♥çã♦

π : Σ → F s✱ q✉❡ ❛ss♦❝✐❛ ❝❛❞❛ ♣♦♥t♦ (x, y) ∈ Σ ♦ ❡❧❡♠❡♥t♦ ζ ❞❡ F s q✉❡ ♦ ❝♦♥té♠✱ ❡ ❛ ♠❡❞✐❞❛

♦❜t✐❞❛ ♣❡❧♦ ♣✉s❤ ❢♦r✇❛r❞ ❞❡ µ ♣♦r π✱ µ̂ = π∗µ✳ ❖❜s❡r✈❡ q✉❡ é ♣♦ssí✈❡❧ ❝♦♥str✉✐r ✉♠❛ s❡q✉ê♥❝✐❛

❝r❡s❝❡♥t❡ ❞❡ ♣❛rt✐çõ❡s ❡♥✉♠❡rá✈❡✐s ❝♦♥s✐❞❡r❛♥❞♦ ❛ ✐❞❡✐❛ ❞❡ ♣❛rt✐çã♦ ❞❛ ✉♥✐❞❛❞❡ s✉❜♦r❞✐♥❛❞❛

à ❝♦❜❡rt✉r❛✱ ❞❡ ♠♦❞♦ q✉❡ F s é ✉♠❛ ♣❛rt✐çã♦ ♠❡♥s✉rá✈❡❧ ❞❡ Σ✳ ❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❡ q✉❡ Σ

é ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦ ❡ s❡♣❛rá✈❡❧✱ ✉♠❛ ✈❡③ q✉❡ é ♣r♦❞✉t♦ ❞❡ ✈❛r✐❡❞❛❞❡s r✐❡♠❛♥♥✐❛♥❛s

❝♦♠♣❛❝t❛s✳ ❆ss✐♠✱ ♦ ❚❡♦r❡♠❛ ✷✳✸ ❞❡s❝r❡✈❡ ✉♠❛ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ µ r❡❧❛t✐✈❛♠❡♥t❡ ❛ F s ♣♦r

✉♠❛ ❢❛♠í❧✐❛ {µζ : ζ ∈ F s} ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❡♠ Σ✱ t❛❧ q✉❡✱ ♣❛r❛ E ⊂ Σ ♠❡♥s✉rá✈❡❧✱ t❡♠✲s❡✿

✶✳ µζ(ζ) = 1✱ ♣❛r❛ µ̂✲q✉❛s❡ t♦❞♦ ζ ∈ F s✳

✷✳ ζ 7→ µζ(E) é ♠❡♥s✉rá✈❡❧✳

✸✳ µ(E) =
∫
µζ(E) dµ̂(ζ)✳

■♥❞♦ ❡♠ ❞✐r❡çã♦ ❛♦ ❈♦r♦❧ár✐♦ ✸✳✷✱ ❛♦ ✐♥✈és ❞❡ ❛ss♦❝✐❛r ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s

♦❜t✐❞❛s ✈✐❛ ❞❡s✐♥t❡❣r❛çã♦ à ❡❧❡♠❡♥t♦s ❞❡ F s✱ é ♥❡❝❡ssár✐♦ ❛ss♦❝✐á✲❧❛s à ❡❧❡♠❡♥t♦s ❞❡M1✳ P❛r❛

✐ss♦✱ r❡❡s❝r❡✈❛ F s ♣♦r {ζx}x∈M1 ✱ ♦♥❞❡ ζx = {x}×M2 ♣❛r❛ ❝❛❞❛ x ∈M1✱ ❡ ❝♦♥s✐❞❡r❡ ❛ ♠❡❞✐❞❛

µx = πx∗µ✳ P❛r❛ ❝❛❞❛ x ∈M1✱ ❝♦♥s✐❞❡r❡ µζx ❛ r❡str✐çã♦ ❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ µζ ♣❛r❛



❈❛♣ít✉❧♦ ✸✳ ❉❡s✐♥t❡❣r❛çã♦ ❡♠ ❞✐❢❡r❡♥t❡s ❝♦♥t❡①t♦s ✺✾

❛ q✉❛❧ ζ = {x} ×M2 à ζ✳ ❖❜s❡r✈❡ q✉❡ π−1(ζ) = {x} ×M2 = ζx = πx
−1(x)✱ ❞❡ ♠♦❞♦ q✉❡

∫
µζ(E)dµ̂(ζ) =

∫
µζ(E)µ(π

−1(dζ))

=

∫

M1

µζx(E ∩ ζx)µ(πx
−1(dx))

=

∫

M1

µζx(E ∩ ζx)dµx

♦✉ s❡❥❛✱ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r

µ(E) =

∫

M1

µζx(E ∩ ζx)dµx.

◆♦t❡ q✉❡✱ ❞❡st❡ ♠♦❞♦✱ µζx ❡stá s✉♣♦rt❛❞❛ ❡♠ πx
−1(x) = ζx✳ ❊♥tã♦✱ é ♣♦ssí✈❡❧ ❝♦♥s✐❞❡r❛r

❛ ❞❡s✐♥t❡❣r❛çã♦ {µζx : ζx ∈ F s} ❛♦ ❧♦♥❣♦ ❞❛s ❢♦❧❤❛s ❞❡ Σ✱ ❛ss♦❝✐❛❞❛ à ♠❡❞✐❞❛ µx✳ ❆✐♥❞❛

♠❛✐s✱ ❝♦♥s✐❞❡r❡ πy : Σ → M2 ❛ ♣r♦❥❡çã♦ ❞❡✜♥✐❞❛ ♣♦r πy(x, y) = y ❡ πy|ζx : ζx → M2 ❛

r❡str✐çã♦ ❞❡ πy à ❢♦❧❤❛ ζx✳ ❖❜s❡r✈❡ q✉❡ ❝♦♠ ❛ r❡str✐çã♦ πy|ζx é ♣♦ssí✈❡❧ ✐❞❡♥t✐✜❝❛r ❝❛❞❛ ✜❜r❛

(πx)
−1(x) ❝♦♠ M2✱ ♠✉♥✐♥❞♦ ❝❛❞❛ ❢♦❧❤❛ ❝♦♠ ❛ ❡str✉t✉r❛ ❞❛ ✈❛r✐❡❞❛❞❡ M2✳ ❆ss✐♠✱ ♣♦❞❡✲s❡

❞❡✜♥✐r ✉♠❛ ♠❡❞✐❞❛ ❡♠ M2 ♣♦r µ
′

ζx
(A) = πy|ζx∗µζx(A)✱ ♣❛r❛ A ⊂ M2 ♠❡♥s✉rá✈❡❧✳ ❖✉ s❡❥❛✱

❛♦ ❝♦♥s✐❞❡r❛r ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❜♦r❡❧✐❛♥❛ µ ❡♠ Σ ❡ ❛ ♠❡❞✐❞❛ µx = πx∗µ✱ é ♣♦ssí✈❡❧ ♦❜t❡r

✉♠❛ ❢❛♠í❧✐❛ {µ
′

ζx
: x ∈ M1} ⊂ P(M2)✱ µx✲q✉❛s❡ s❡♠♣r❡ ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛✱ t❛❧ q✉❡

µ =
∫
M1
µ

′

ζx
dµx✱ ✐st♦ é✱ ❛ ❞❡s✐♥t❡❣r❛çã♦ ❞❡s❝r✐t❛ ♥♦ ❈♦r♦❧ár✐♦ ✸✳✷✳

✸✳✷✳✶ ❙♦❜r❡ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛s

❆ ❝♦♥t✐♥✉✐❞❛❞❡ ❛❜s♦❧✉t❛ ❞❡ ♠❡❞✐❞❛s é ✉♠❛ ✐♠♣♦rt❛♥t❡ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ♦ ❡st✉❞♦ ❞❡

❞✐✈❡rs❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s✳ ❉❡♥tr♦ ❞♦ ❝♦♥t❡①t♦ ❞❡ ❞❡s✐♥t❡❣r❛çã♦ tr❛❜❛❧❤❛❞♦

♥❡st❛ s❡çã♦✱ ❡ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❛❜♦r❞❛❣❡♠ r❡❛❧✐③❛❞❛ ❡♠ ❬✶✻❪✱ é ♣♦ssí✈❡❧ ♠♦str❛r q✉❡✱ s❡ ✉♠❛

♠❡❞✐❞❛ ν é ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛ ❡♠ r❡❧❛çã♦ ❛ µ✱ ❡♥tã♦✱ νζx ≪ µζx ✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡✱

❝♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✱ Σ = M1 × M2✱ ❛ ❢♦❧❤❡❛çã♦ F s ❡ ❛s ❛♣❧✐❝❛çõ❡s πx ❡ πy|ζx ✳ ❚♦♠❡

✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ µ ∈ AB(Σ) ❡ ❝♦♥s✐❞❡r❡ ✉♠❛ ❞❡s✐♥t❡❣r❛çã♦ {µζx : x ∈ M1}

❛ss♦❝✐❛❞❛ à ♠❡❞✐❞❛ µx = πx∗µ✳ ◆♦t❡ q✉❡✱ ❝♦♠♦ µ ∈ AB(Σ)✱ µx ♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞❛

❝♦♠ ✉♠❛ ❞❡♥s✐❞❛❞❡ ♠❛r❣✐♥❛❧ ♥ã♦ ♥❡❣❛t✐✈❛ φx : M1 → R✱ ❡ ♣♦❞❡✲s❡ ❞❡✜♥✐r ❛ r❡str✐çã♦ ❞❡

µ ❡♠ ζx✱ µ|ζx(A) = πy|ζx∗(φx(x)µζx)(A)✱ ♣❛r❛ t♦❞♦ A ⊂ M2 ♠❡♥s✉rá✈❡❧✳ ❆✐♥❞❛✱ ❝♦♥s✐❞❡r❡

f : M1 × M2 → R ✉♠❛ ❢✉♥çã♦ µ✲✐♥t❡❣rá✈❡❧ ❡ ❞❡♥♦t❡ ♣♦r ν = fµ ❛ ♠❡❞✐❞❛ ❞❡✜♥✐❞❛ ♣♦r

ν(E) :=
∫
E
fdµ✳ ❉❡♥♦t❡ f |ζx ❛ r❡str✐çã♦ ❞❡ f ❛♦ ❝♦♥❥✉♥t♦ ζx = {x} ×M2 ❡ fx :M2 → R ❛

❢✉♥çã♦ ❞❡✜♥✐❞❛ ♣♦r fx(y) = f(x, y)✳ ❖❜s❡r✈❡ q✉❡ fx = f |ζx ◦ πy|
−1
ζx,

❡ f |ζx = fx ◦ πy|ζx ✳

Pr♦♣♦s✐çã♦ ✸✳✾✳ ❙❡ {νζx} é ✉♠❛ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ ν ❛ss♦❝✐❛❞❛ à νx := πx∗ν✱ ❡♥tã♦ t❡♠✲s❡

q✉❡ νx ≪ µx ❡ νζx ≪ µζx ✳ ❆✐♥❞❛ ♠❛✐s✱

f̃(x) =
dνx
dm1

(x) =

∫

M2

fxdµ|ζx ✭✸✳✺✮
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❡ ♣❛r❛ νx✲q✉❛s❡ t♦❞♦ x ∈M1

dνζx
dµζx

(y) =

{
f |ζx (y)∫
f |ζx (y)dµζx

, s❡ x ∈ Bc

0, s❡ x ∈ B.
✭✸✳✻✮

♣❛r❛ y ∈M2✱ ♦♥❞❡ B = f̃−1(0)✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ❝❛❞❛ ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ A ⊂M1✱ ♥♦t❡ q✉❡✿

∫

A

dνx
dm1

dm1 =

∫

M1×M2

✶A ◦ πxd(fµ)

=

∫

M1×M2

✶π−1
x (A)fdµ

=

∫

M1

(∫

M2

✶π−1
x (A)|ζxf |ζxdµζx

)
dµx

=

∫

M1

(
φx(x)

∫

M2

✶π−1
x (A)|ζxf |ζxdµζx

)
dm1

=

∫

A

(∫

M2

fxdµ|ζx

)
dm1

❡✱ ❞❡st❡ ♠♦❞♦✱ t❡♠✲s❡ q✉❡
dνx
dm1

=

∫

M2

fxdµ|ζx

♣❛r❛ m1✲q✉❛s❡ t♦❞♦ x ∈M1✳ ❆✐♥❞❛✱ ♥♦t❡ q✉❡

∫
fxdµ|ζx = φx(x)

∫
f |ζxdµζx ✭✸✳✼✮

❞❡ ♠♦❞♦ q✉❡ f̃(x) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ φx(x) = 0 ♦✉
∫
f |ζxdµζx = 0✳ ❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ ❛

❢✉♥çã♦ hx :M2 → R ❞❛❞❛ ♣♦r

hx(y) =

{
f |ζx (y)∫
f |ζx (y)dµζx

, s❡ x ∈ Bc

0, s❡ x ∈ B.

♣❛r❛ y ∈M2✱ ♦♥❞❡ B = f̃−1(0)✳ ◆♦t❡ q✉❡✱ ♣❛r❛ t♦❞♦ E ⊂M1 ×M2✱ t❡♠✲s❡✿
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ν(E) =

∫

E

fdµ

=

∫

M1

∫

E∩ζx

f |ζxdµζxdµx

=

∫

Bc

∫

E∩ζx

f |ζxdµζxdµx

=

∫

Bc

∫

E∩ζx

∫
f |ζxdµζx∫
f |ζxdµζx

f |ζxdµζxdµx

=

∫

Bc

(
φx(x)

∫
f |ζxdµζx

)( 1∫
f |ζxdµζx

∫

E∩ζx

f |ζxdµζx

)
dm1

=

∫

Bc

f̃(x)
( 1∫

f |ζxdµζx

∫

E∩ζx

f |ζxdµζx

)
dm1

=

∫

Bc

( 1∫
f |ζxdµζx

∫

E∩ζx

f |ζxdµζx

)
df̃m1

=

∫

Bc

∫

E∩ζx

hxdµζxdνx

=

∫

M1

∫

E∩ζx

hxdµζxdνx

❡✱ ♣♦rt❛♥t♦✱ s❡❣✉❡ ❛ ❡q✉❛çã♦ ✭✸✳✻✮✳

✸✳✷✳✷ ❘❡str✐çã♦ ❡ ♠❡❞✐❞❛s ❝♦♠ s✐♥❛❧

❆té ♦ ♠♦♠❡♥t♦ ❝♦♥s✐❞❡r♦✉✲s❡ ❛♣❡♥❛s ♠❡❞✐❞❛s ♣♦s✐t✐✈❛s µ ∈ AB(Σ)✱ ♠❛s é ♣♦ssí✈❡❧

❣❡♥❡r❛❧✐③❛r ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ♠❡❞✐❞❛s ❝♦♠ s✐♥❛❧✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❏♦r❞❛♥✳

P❛r❛ ✉♠❛ ♠❡❞✐❞❛ ❝♦♠ s✐♥❛❧ µ ∈ AB(Σ) ❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ µ = µ+−µ−✱ s❡❣✉✐♥❞♦

❛ ❛❜♦r❞❛❣❡♠ ❞❡ ❬✶✻❪✱ ❞❡✜♥❡✲s❡ ❛ r❡str✐çã♦ ❞❡ µ ❡♠ ζx ♣♦r µ|ζx = µ+|ζx − µ−|ζx ✳ P♦❞❡✲s❡

❞❡♠♦♥str❛r q✉❡ ❡st❛ r❡str✐çã♦ µ|ζx ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❞❡❝♦♠♣♦s✐çã♦✱ ♦✉ s❡❥❛✱ s❡ µ = µ1 − µ2✱

♦♥❞❡ µ1 ❡ µ2 sã♦ ♠❡❞✐❞❛s ♣♦s✐t✐✈❛s q✉❛✐sq✉❡r✱ ❡♥tã♦ µ|ζx = µ1|ζx −µ2|ζx ♣❛r❛ m1✲q✉❛s❡ t♦❞♦

x ∈M1✳ P❛r❛ ✐ss♦✱ sã♦ ♥❡❝❡ssár✐♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s✿

Pr♦♣♦s✐çã♦ ✸✳✶✵✳ ❙❡❥❛♠ µ1, µ2 ∈ AB(Σ) ♠❡❞✐❞❛s ♣♦s✐t✐✈❛s ❝✉❥❛s ❞❡♥s✐❞❛❞❡s ♠❛r❣✐♥❛✐s

sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ d(µ1x) = φxdm1 ❡ d(µ2x) = ψxdm1✱ ♦♥❞❡ φx, ψx ∈ L1(m1)✳ ❊♥tã♦

(µ1 + µ2)|ζx = µ1|ζx + µ2|ζx ♣❛r❛ m1✲q✉❛s❡ t♦❞♦ x ∈M1✳

❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡ d(µ1 + µ2) = (φx + ψx)dm1✳ ❆✐♥❞❛✱ ❝♦♥s✐❞❡r❡ ❛ ❞❡s✐♥t❡❣r❛çã♦ ❞❡

µ1 + µ2 ❞❛❞❛ ♣♦r {(µ1 + µ2)ζx}ζx ✱ ♦♥❞❡

(µ1 + µ2)ζx =

{
φx(x)

φx(x)+ψx(x)
µ1x +

ψx(x)
φx(x)+ψx(x)

µ2x, s❡ φx(x) + ψx(x) 6= 0

0, s❡ φx(x) + ψx(x) = 0
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P❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞❛ ❞❡s✐♥t❡❣r❛çã♦✱ t❡♠✲s❡ q✉❡✱ ♣❛r❛ m1✲q✉❛s❡ t♦❞♦ x ∈M1✱

(φx + ψx)(x)(µ1 + µ2)ζx = (φx + ψx)(x)

(
φx(x)

φx(x) + ψx(x)
µ1x +

ψx(x)

φx(x) + ψx(x)
µ2x

)

❡♥tã♦

(φx + ψx)(x)(µ1 + µ2)ζx = φx(x)µ1x + ψx(x)µ2x.

P♦rt❛♥t♦✱ (µ1 + µ2)|ζx = µ1|ζx + µ2|ζx ♣❛r❛ m1✲q✉❛s❡ t♦❞♦ x ∈M1✳

❉❡✜♥✐çã♦ ✸✳✶✶✳ ❉✐③✲s❡ q✉❡ ✉♠❛ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛ λ1 é ❞✐s❥✉♥t❛ ❞❡ ✉♠❛ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛ λ2

s❡ (λ1 − λ2)
+ = λ1 ❡ (λ1 − λ2)

− = λ2✳

▲❡♠❛ ✸✳✶✷✳ ❈♦♥s✐❞❡r❡ µ ❡ ν ♠❡❞✐❞❛s ❝♦♠ s✐♥❛❧ ❡ s✉❛s r❡s♣❡❝t✐✈❛s ❞❡❝♦♠♣♦s✐çõ❡s ❞❡ ❏♦r❞❛♥

µ = µ+ − µ− ❡ ν = ν+ − ν−✳ ❊♥tã♦✱ ❡①✐st❡♠ ♠❡❞✐❞❛s ♣♦s✐t✐✈❛s µ1, µ2, µ
++, µ−−, ν++ ❡ ν−−

t❛✐s q✉❡ µ+ = µ++ + µ1✱ µ
− = µ−− + µ2✱ ν

+ = ν++ + µ2 ❡ ν− = ν−− + µ1✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ µ = ν1−ν2 ❡ ❝♦♥s✐❞❡r❡ µ′ = ν1−µ
+✱ ❞❡ ♠♦❞♦ q✉❡ ν1 = µ++µ′✳

❈♦♠♦ µ = µ+ − µ−✱ t❡♠✲s❡ q✉❡ µ+ − µ− = ν1 − ν2✱ ❞❡ ♠♦❞♦ q✉❡ ν2 = ν1 − µ+ + µ− ❡

❡♥tã♦ ν2 = µ− + µ′✳ ❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ ❛ ♠❡❞✐❞❛ µ+ − ν−✱ ❝♦♠ s✉❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❏♦r❞❛♥

(µ+ − ν−)+ − (µ+ − ν−)−✳ ❙❡❣✉✐♥❞♦ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦✱ t❡♠✲s❡

µ+ = (µ+ − ν−)+ + µ1

ν− = (µ+ − ν−)− + µ1

♣❛r❛ ❛❧❣✉♠❛ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛ µ1✳ ❉♦ ♠❡s♠♦ ♠♦❞♦✱ ❝♦♥s✐❞❡r❛♥❞♦ (ν+ − µ−) ❡ s✉❛ ❞❡❝♦♠♣♦✲

s✐çã♦ ❞❡ ❏♦r❞❛♥ (ν+ − µ−)+ − (ν+ − µ−)−✱ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r

ν+ = (ν+ − µ−)+ + µ2

µ− = (ν+ − µ−)− + µ2

♣❛r❛ ❛❧❣✉♠❛ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛ µ2✳

➱ ❝❧❛r♦ q✉❡ (µ+ − ν−)+ é ❞✐s❥✉♥t❛ ❞❡ (µ+ − ν−)− ❡ q✉❡ (ν+ − µ−)+ é ❞✐s❥✉♥t❛

❞❡ (ν+ − µ−)−✳ ❆✐♥❞❛✱ ❝♦♠♦ µ+ ❡ µ− sã♦ ❞✐s❥✉♥t❛s✱ (µ+ − ν−)+ ❡ (ν+ − µ−)− sã♦ t❛♠❜é♠

❞✐s❥✉♥t❛s✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ν+ ❡ ν− sã♦ ❞✐s❥✉♥t❛s✱ s❡❣✉❡ q✉❡ (ν+ − µ−)+ ❡ (µ+ − ν−)− sã♦

❞✐s❥✉♥t❛s✳ ❆ss✐♠✱ s❡❣✉❡ q✉❡

((µ+ − ν−)+ + (ν+ − µ−)+)− ((ν+ − µ−)− + (µ+ − ν−)−)



❈❛♣ít✉❧♦ ✸✳ ❉❡s✐♥t❡❣r❛çã♦ ❡♠ ❞✐❢❡r❡♥t❡s ❝♦♥t❡①t♦s ✻✸

é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ❏♦r❞❛♥ ❞❡ µ+ ν✳ ❆ss✐♠✱ t❡♠✲s❡ ♦ r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦ t♦♠❛♥❞♦

µ++ = (µ+ − ν−)+

µ−− = (ν+ − µ−)−

ν++ = (ν+ − µ−)+

ν−− = (µ+ − ν−)−.

Pr♦♣♦s✐çã♦ ✸✳✶✸✳ ❈♦♥s✐❞❡r❡ µ, ν ∈ AB(Σ)♠❡❞✐❞❛s ❝♦♠ s✐♥❛❧✳ ❊♥tã♦✱ (µ+ν)|ζx = µ|ζx+ν|ζx
♣❛r❛ m1✲q✉❛s❡ t♦❞♦ x ∈M1✳

❉❡♠♦♥str❛çã♦✳ ❉❛❞❛s ❛s ❞❡❝♦♠♣♦s✐çõ❡s ❞❡ ❏♦r❞❛♥ ❞❡ µ ❡ ν✱ ♣♦r ❞❡✜♥✐çã♦✱ t❡♠✲s❡

µ|ζx = µ+|ζx − µ−|ζx

ν|ζx = ν+|ζx − ν−|ζx .

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ▲❡♠❛ ✸✳✶✷✱ ❝♦♥s✐❞❡r❡ µ+ = µ++ + µ1✱ µ− = µ−− + µ2✱ ν+ = ν++ + µ2 ❡

ν− = ν−− + µ1✳ ❆ss✐♠✱

(µ+ ν)+ = (((µ++ + µ1)− (µ−− + µ2)) + ((ν++ + µ2)− (ν−− + µ1)))
+ = µ++ + ν++

(µ+ ν)− = (((µ++ + µ1)− (µ−− + µ2)) + ((ν++ + µ2)− (ν−− + µ1)))
− = µ−− + ν−−.

P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✵✱ t❡♠✲s❡ q✉❡

µ+|ζx = µ++|ζx + µ1|ζx

µ−|ζx = µ−−|ζx + µ2|ζx

ν+|ζx = ν++|ζx + µ2|ζx

ν−|ζx = ν−−|ζx + µ1|ζx

❡✱ ❛✐♥❞❛✱

(µ+ ν)+|ζx = µ++|ζx + ν++|ζx

(µ+ ν)−|ζx = µ−−|ζx + ν−−|ζx



❈❛♣ít✉❧♦ ✸✳ ❉❡s✐♥t❡❣r❛çã♦ ❡♠ ❞✐❢❡r❡♥t❡s ❝♦♥t❡①t♦s ✻✹

❞❡ ♠♦❞♦ q✉❡

(µ+ ν)|ζx = (µ+ ν)+|ζx − (µ+ ν)−|ζx
= (µ++|ζx + ν++|ζx)− (µ−−|ζx + ν−−|ζx)

= µ+|ζx − µ1|ζx + ν+|ζx − µ2|ζx − µ−|ζx + µ2|ζx − ν−|ζx + µ1|ζx
= µ+|ζx − µ−|ζx + ν+|ζx − ν−|ζx
= µ|ζx + ν|ζx .

❈♦r♦❧ár✐♦ ✸✳✶✹✳ ❈♦♥s✐❞❡r❡ µ ∈ AB(Σ)✳ ❙❡ µ1 ❡ µ2 sã♦ ♠❡❞✐❞❛s ♣♦s✐t✐✈❛s q✉❛✐sq✉❡r t❛✐s q✉❡

µ = µ1 − µ2✱ ❡♥tã♦ µ|ζx = µ1|ζx − µ2|ζx ✱ ✐✳❡✳✱ ❛ r❡str✐çã♦ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ µ✳



❈❛♣ít✉❧♦ ✹✳ ❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ✻✺

❈❛♣ít✉❧♦ ✹

❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞❡ s✐st❡♠❛s

❞✐♥â♠✐❝♦s

❆ ❚❡♦r✐❛ ❊r❣ó❞✐❝❛ ❡st✉❞❛ ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞♦s s✐st❡♠❛s ❞✐♥â♠✐❝♦s✳ ❊♠

t❡r♠♦s ❣❡r❛✐s✱ ❧✐❞❛ ❝♦♠ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ♠✉♥✐❞♦s ❝♦♠ ✉♠❛ ♠❡❞✐❞❛ ✐♥✈❛r✐❛♥t❡✳ ❈♦♥✲

s✐❞❡r❛♥❞♦ ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ (X,B, µ)✱ µ é ✐♥✈❛r✐❛♥t❡ ♣❡❧❛ tr❛♥s❢♦r♠❛çã♦ ♠❡♥s✉rá✈❡❧

f : X → X s❡ µ(A) = µ(f−1(A)) ♣❛r❛ t♦❞♦ A ∈ B✱ ♦✉ s❡❥❛✱ f ♣r❡s❡r✈❛ µ s❡✱ ❡ s♦♠❡♥t❡ s❡✱∫
ϕ dµ =

∫
ϕ◦f dµ✱ ♣❛r❛ t♦❞❛ ❢✉♥çã♦ ϕ : X → R µ✲✐♥t❡❣rá✈❡❧✳ ❊①✐st❡♠ ♠❡❞✐❞❛s ✐♥✈❛r✐❛♥t❡s

q✉❡ sã♦ ✏❡s♣❡❝✐❛✐s✑✱ ♣♦✐s ❞❡❝♦❞✐✜❝❛♠ ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞♦ s✐st❡♠❛✳ ❚❛✐s ♠❡❞✐❞❛s sã♦

❞❡♥♦♠✐♥❛❞❛s ❢ís✐❝❛s ❡ sã♦ ❞❡✜♥✐❞❛s ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

❉❡✜♥✐çã♦ ✹✳✶✳ ❈♦♥s✐❞❡r❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ M ✱ ✉♠❛ ❛♣❧✐❝❛çã♦ f :M →M ❞❡ ❝❧❛ss❡

C1 ❡ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ f ✲✐♥✈❛r✐❛♥t❡ µ✳ ❆ ♠❡❞✐❞❛ µ é ❞❡♥♦♠✐♥❛❞❛ ♠❡❞✐❞❛ ❢ís✐❝❛

s❡ ♦ ❝♦♥❥✉♥t♦

B(µ) =
{
x ∈M : lim

n→∞

1

n

n−1∑

j=0

ϕ(f j(x)) =

∫
ϕ dµ, ∀ ϕ :M → R ❝♦♥tí♥✉❛

}

t❡♠ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ♣♦s✐t✐✈❛✳ ❖ ❝♦♥❥✉♥t♦ B(µ) é ❝❤❛♠❛❞♦ ❞❡ ❜❛❝✐❛ ❞❡ µ✳

❆❧é♠ ❞✐ss♦✱ ❞✐✈❡rs❛s ♣r♦♣r✐❡❞❛❞❡s ❡stã♦ ❛ss♦❝✐❛❞❛s à ♠❡❞✐❞❛s ✐♥✈❛r✐❛♥t❡s✱ ❝♦♠♦✱

♣♦r ❡①❡♠♣❧♦✱ ♠✐st✉r❛ ❡ ❡r❣♦❞✐❝✐❞❛❞❡✳ ❉❛❞❛ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ♠❡♥s✉rá✈❡❧ f : X → X ❡

✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ f ✲✐♥✈❛r✐❛♥t❡ µ✱ ♦ s✐st❡♠❛ (f, µ) é ❞✐t♦ ✭❢♦rt❡♠❡♥t❡✮ ♠✐st✉r❛❞♦r s❡

lim
n→∞

µ(f−n(A) ∩ B) = µ(A)µ(B)

❡ ❢r❛❝❛♠❡♥t❡ ♠✐st✉r❛❞♦r s❡

lim
n→∞

1

n

n−1∑

k=0

|µ(f−k(A) ∩B)− µ(A)µ(B)| = 0



❈❛♣ít✉❧♦ ✹✳ ❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ✻✻

♣❛r❛ q✉❛✐sq✉❡r ❝♦♥❥✉♥t♦s A ❡ B ♠❡♥s✉rá✈❡✐s✳ ❉❛❞♦ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ E ⊂ X✱ ♦

s✐st❡♠❛ (f, µ) é ❞✐t♦ ❡r❣ó❞✐❝♦ s❡ τ(E, x) = µ(E) ♣❛r❛ µ✲q✉❛s❡ t♦❞♦ x ∈ X✱ ♦♥❞❡

τ(E, x) = lim
n→∞

1

n
#{0 ≤ j < n : f j ∈ E} = lim

n→∞

1

n

n−1∑

j=0

✶E(f
j(x))

é ♦ t❡♠♣♦ ♠é❞✐♦ ❞❡ ✈✐s✐t❛ ❞❡ x ❛ E✳ ❖✉tr❛s ❢♦r♠❛s ❡q✉✐✈❛❧❡♥t❡s ❞❡ ❞❡✜♥✐r ❛ ❡r❣♦❞✐❝✐❞❛❞❡ ❞❡

(f, µ) sã♦ ❬✷✶✱ Pr♦♣♦s✐çã♦ ✹✳✶✳✸❪✿

• P❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ E ⊂ X✱ ❛ ❢✉♥çã♦ τ(E, ·) é ❝♦♥st❛♥t❡ µ✲q✉❛s❡ s❡♠♣r❡✳

• P❛r❛ t♦❞❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧ ϕ : X → R t❡♠✲s❡ q✉❡ lim
n→∞

1
n

∑n−1
j=0 ϕ(f

j(x)) =
∫
ϕdµ

♣❛r❛ µ✲q✉❛s❡ t♦❞♦ ♣♦♥t♦✱ ✐st♦ é✱ ♠é❞✐❛s t❡♠♣♦r❛✐s ❝♦✐♥❝✐❞❡♠ ❝♦♠ ♠é❞✐❛s ❡s♣❛❝✐❛✐s✳

• P❛r❛ t♦❞❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧ ϕ : X → R ❛ ♠é❞✐❛ t❡♠♣♦r❛❧ lim
n→∞

1
n

∑n−1
j=0 ϕ(f

j(x)) é

❝♦♥st❛♥t❡ ❡♠ µ✲q✉❛s❡ t♦❞♦ ♣♦♥t♦✳

• P❛r❛ t♦❞♦ s✉❜❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ B t❡♠✲s❡ µ(B) = 0 ♦✉ µ(B) = 1✱ ♦✉ s❡❥❛✱ ♦ s✐st❡♠❛

é ❞✐♥❛♠✐❝❛♠❡♥t❡ ✐♥❞✐✈✐sí✈❡❧✳

❖❜s❡r✈❛çã♦✳ ❯♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ ψ : X → R é ❞✐t❛ ✐♥✈❛r✐❛♥t❡ s❡ ψ ◦f = ψ ❡♠ µ✲q✉❛s❡

t♦❞♦ ♣♦♥t♦✳ ❯♠ ❝♦♥❥✉♥t♦ B ⊂ X é ❞✐t♦ ✐♥✈❛r✐❛♥t❡ s❡ s✉❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ✶B é ✉♠❛

❢✉♥çã♦ ✐♥✈❛r✐❛♥t❡✳

❖❜s❡r✈❛çã♦✳ ❉❛ ❞❡✜♥✐çã♦✱ t♦❞♦ s✐st❡♠❛ ♠✐st✉r❛❞♦r é ❢r❛❝❛♠❡♥t❡ ♠✐st✉r❛❞♦r✳ ❆✐♥❞❛✱ ❛

♠✐st✉r❛ é ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ♠❛✐s ❢♦rt❡ q✉❡ ❛ ❡r❣♦❞✐❝✐❞❛❞❡✱ ♥♦ s❡❣✉✐♥t❡ s❡♥t✐❞♦✿ ❙✉♣♦♥❤❛ q✉❡

❡①✐st❡ ❛❧❣✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ A ⊂ X ❝♦♠ 0 < µ(A) < 1 ❡ t♦♠❡ B = Ac✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦

n ∈ N✱ f−n(A)∩B = ∅✳ ▲♦❣♦✱ µ(f−n(A)∩B) = 0 ♣❛r❛ t♦❞♦ n✱ ❡♥q✉❛♥t♦ q✉❡ µ(A)µ(B) 6= 0

❡ ♦ s✐st❡♠❛ (f, µ) ♥ã♦ é ♠✐st✉r❛❞♦r✳ ❈♦♠ ✐ss♦✱ s❡❣✉❡ q✉❡ t♦❞♦ s✐st❡♠❛ ♠✐st✉r❛❞♦r é ❡r❣ó❞✐❝♦

❡✱ ♣❡❧♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦✱ t♦❞♦ s✐st❡♠❛ ❢r❛❝❛♠❡♥t❡ ♠✐st✉r❛❞♦r é ❡r❣ó❞✐❝♦✳

❖ ❡st✉❞♦ ❞❡ ♠❡❞✐❞❛s ✐♥✈❛r✐❛♥t❡s ♣♦❞❡ ❝♦♥❞✉③✐r à ✐♥❢♦r♠❛çõ❡s ✐♠♣♦rt❛♥t❡s s♦❜r❡

♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞✐♥â♠✐❝♦ ❞♦ s✐st❡♠❛✱ ❞✐✜❝✐❧♠❡♥t❡ ♦❜t✐❞❛s ❞❡ ♦✉tr♦ ♠♦❞♦✳ ❙ã♦ ❝♦♥❤❡❝✐❞♦s

r❡s✉❧t❛❞♦s q✉❡ ❣❛r❛♥t❡♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ♠❡❞✐❞❛s ✐♥✈❛r✐❛♥t❡s s♦❜ ❝❡rt❛s ❝♦♥❞✐çõ❡s✳ P♦r ❡①❡♠✲

♣❧♦✱ s❡ X é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ ❡ f é ❝♦♥tí♥✉❛✱ s❛❜❡✲s❡ q✉❡ ❡①✐st❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛

♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ f ✲✐♥✈❛r✐❛♥t❡ ❡♠ X ❬✷✶✱ ❚❡♦r❡♠❛ ✷✳✶❪✳ ❖ ❡st✉❞♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞♦ ♦♣❡r❛❞♦r ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛ é ✉♠❛ ♠❛♥❡✐r❛ ❞❡ ❡♥❝♦♥tr❛r t❛✐s ♠❡❞✐❞❛s✱

❛❧é♠ ❞❡ ♦✉tr♦s r❡s✉❧t❛❞♦s r❡❧❡✈❛♥t❡s ❬✶✺❪✳



❈❛♣ít✉❧♦ ✹✳ ❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ✻✼

❉❛❞♦ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ X ❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❜♦r❡❧✐❛♥❛ T : X → X✱ ♦ ♦♣❡r❛❞♦r

❞❡ tr❛♥s❢❡rê♥❝✐❛ ❛ss♦❝✐❛❞♦ à T é ❛ ❢✉♥çã♦ ❧✐♥❡❛r L : SB(X) → SB(X) ❞❡✜♥✐❞❛ ❞❡ ♠♦❞♦ q✉❡✱

s❡ ν ∈ SB(X)✱ ❡♥tã♦ L[ν] ∈ SB(X) é t❛❧ q✉❡ L[ν](A) = ν(T−1(A)) ♣❛r❛ t♦❞♦ A ⊂ X

♠❡♥s✉rá✈❡❧✳ ❙❡ ❛ ♠❡❞✐❞❛ ❝♦♥s✐❞❡r❛❞❛ é ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛ ❝♦♠ r❡s♣❡✐t♦ à ♠❡❞✐❞❛ ❞❡

▲❡❜❡s❣✉❡ m✱ ❞❡ ♠♦❞♦ q✉❡ dν = fdm ❝♦♠ f ∈ L1(X, ν)✱ ❡ s❡ T é ♥ã♦ s✐♥❣✉❧❛r ❝♦♠ r❡s♣❡✐t♦

❛ m ✭♦✉ s❡❥❛✱ m(T−1(A)) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ m(A) = 0✮✱ ❡st❡ ♦♣❡r❛❞♦r ✐♥❞✉③ ♦✉tr♦

♦♣❡r❛❞♦r L̃ : L1(m) → L1(m) q✉❡ ❛❣❡ ♥❛s ♠❡❞✐❞❛s ❞❡♥s✐❞❛❞❡✱ é ♣♦s✐t✐✈♦ ❡ ♣r❡s❡r✈❛ ❛ ✐♥t❡❣r❛❧∫
L̃fdm =

∫
fdm✳ ❆ss✐♠✱ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ q✉❡ L̃ é ✉♠❛ ❝♦♥tr❛çã♦ ❢r❛❝❛ ♣❛r❛ ❛ ♥♦r♠❛ L1✱

✐st♦ é✱ s❡ f é ✉♠❛ ❞❡♥s✐❞❛❞❡ ❡♠ L1✱ ❡♥tã♦ ‖L̃f‖1 ≤ ‖f‖1✳ ❆❧é♠ ❞✐ss♦✿

Pr♦♣♦s✐çã♦ ✹✳✷✳ ❙❡ f ∈ L1(m) ❡ g ∈ L∞(m)✱ ❡♥tã♦

∫
gL̃(f) dm =

∫
g ◦ Tfdm.

❉❡♠♦♥str❛çã♦✳ ❙❡ g ✉♠❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛✱ ✐✳ ❡✳✱ g = ✶A✱ t❡♠✲s❡ q✉❡✿

∫
g ◦ Tfdm =

∫
✶A ◦ Tfdm =

∫
✶T−1(A)fdm =

∫

A

L̃fdm =

∫
gL̃(f)dm.

❯♠❛ ✈❡③ q✉❡ g ∈ L∞ ♣♦r ❤✐♣ót❡s❡✱ é ♣♦ssí✈❡❧ ❛♣r♦①✐♠á✲❧❛ ♣♦r ❢✉♥çõ❡s s✐♠♣❧❡s✳ ❉❡st❡ ♠♦❞♦✱

❝♦♥s✐❞❡r❡ ĝ =
∑

i ai✶Ai
✱ ❝♦♠ ‖g − ĝ‖∞ ≤ ǫ ❡

∫
ĝL(f)dm =

∫
ĝ ◦ Tfdm.

❆ss✐♠ ∫
gL̃(f)dm =

∫
[g − ĝ]L̃(f)dm+

∫
ĝL̃(f)dm

❡

∫
g ◦ Tfdm =

∫
[g − ĝ] ◦ Tfdm+

∫
ĝ ◦ Tfdm.

◆♦t❡ q✉❡✿

∣∣∣
∫

[g − ĝ] ◦ Tfdm
∣∣∣ ≤ ‖[g − ĝ] ◦ T‖∞‖f‖1 ≤ ‖[g − ĝ]‖∞‖f‖1 ≤ ǫ

❡ ∣∣∣
∫

[g − ĝ]L̃(f)dm
∣∣∣ ≤ ‖[g − ĝ]‖∞‖L̃f‖1 ≤ ǫ

❡ ❡♥tã♦ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳



❈❛♣ít✉❧♦ ✹✳ ❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ✻✽

◆❡st❡ ❝❛♣ít✉❧♦ ❡st✉❞❛✲s❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ♠❡❞✐❞❛s ✐♥✈❛r✐❛♥t❡s ❡ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s

❡♠ ❞♦✐s ❡①❡♠♣❧♦s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s✱ ✉t✐❧✐③❛♥❞♦ ♦ ♦♣❡r❛❞♦r ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❛ss♦❝✐❛❞♦✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❛✲s❡ s✐st❡♠❛s ❝✉❥❛ ❞✐♥â♠✐❝❛ é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❡①♣❛♥s♦r❛✳ ❊♠

s❡❣✉✐❞❛✱ ❝♦♥s✐❞❡r❛✲s❡ ♦ ❝❛s♦ ❞♦ s✐st❡♠❛ ❝♦♠ ♠❛♣❛ s♦❧❡♥♦✐❞❛❧ ✉♥✐❢♦r♠❡♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✱

♥♦ q✉❛❧ ❛ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s é ✉t✐❧✐③❛❞❛ ❝♦♠♦ ❢❡rr❛♠❡♥t❛ ♥❛ ❞❡✜♥✐çã♦ ❞❡ ❡s♣❛ç♦s

❛♣r♦♣r✐❛❞♦s ❛♦ s✐st❡♠❛✳

✹✳✶ ❊①♣❧♦r❛♥❞♦ ❡①❡♠♣❧♦s

✹✳✶✳✶ ❚r❛♥s❢♦r♠❛çõ❡s ❡①♣❛♥s♦r❛s

❆s tr❛♥s❢♦r♠❛çõ❡s ❡①♣❛♥s♦r❛s f : M → M tê♠ ❝♦♠♦ ♣r♦♣r✐❡❞❛❞❡ ❝❛r❛❝t❡ríst✐❝❛

❡①♣❛♥❞✐r❡♠ ❞✐stâ♥❝✐❛s ❡♥tr❡ ♣♦♥t♦s ♣ró①✐♠♦s✱ ♦✉ s❡❥❛✱ sã♦ t❛✐s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ σ > 1

❡ d(f(x), f(y)) ≥ σ d(x, y)✱ ♣❛r❛ d(x, y) s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥❛✳ ❙❡ M é ✉♠❛ ✈❛r✐❡❞❛❞❡

❝♦♠♣❛❝t❛ ❡ f é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❝❧❛ss❡ C1✱ ❞✐③✲s❡ q✉❡ f é ❡①♣❛♥s♦r❛ s❡ ❡①✐st❡ σ > 1 ❡

❛❧❣✉♠❛ ♠étr✐❝❛ r✐❡♠❛♥♥✐❛♥❛ ❡♠ M t❛❧ q✉❡

‖Df(x)v‖ ≥ σ‖v‖ ✭✹✳✶✮

♣❛r❛ t♦❞♦ x ∈M ❡ t♦❞♦ v ∈ TxM ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ f é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❧♦❝❛❧✱ ♣♦✐s ❛ ❡q✉❛çã♦

✭✹✳✶✮ ✐♠♣❧✐❝❛ q✉❡ Df(x) é ✉♠ ✐s♦♠♦r✜s♠♦ ♣❛r❛ t♦❞♦ x ∈ M ✳ ❆s tr❛♥s❢♦r♠❛çõ❡s ❡①♣❛♥s♦r❛s

❡①✐❜❡♠ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❞✐♥â♠✐❝♦ r✐❝♦✱ t❛♥t♦ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ♠étr✐❝♦ ❡ t♦♣♦❧ó❣✐❝♦✱

q✉❛♥t♦ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❡r❣ó❞✐❝♦✱ ♣❡r♠✐t✐♥❞♦ ❡st❛❜❡❧❡❝❡r ♣❛r❛❞✐❣♠❛s q✉❡ sã♦ út❡✐s ♣❛r❛

❝♦♠♣r❡❡♥❞❡r ♠✉✐t♦s s✐st❡♠❛s ❝♦♠♣❧❡①♦s✳

◆❡st❛ s❡çã♦✱ é ❝♦♥s✐❞❡r❛❞♦ ♦ ♠❛♣❛ ❞❡ ❡①♣❛♥sã♦ T : S1 → S1 t❛❧ q✉❡ T ∈ C2 ❡

|T ′(x)| > 1 ♣❛r❛ t♦❞♦ x✱ ❡ sã♦ ❡①♣❧♦r❛❞❛s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s✱ t❡♥❞♦ ❝♦♠♦ ❡♠❜❛s❛♠❡♥t♦

♦ ❛rt✐❣♦ ❬✶✺❪✳ ❈♦♥s✐❞❡r❛♥❞♦ ♦ ♦♣❡r❛❞♦r ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❛ss♦❝✐❛❞♦ à T ✱ ♦ ❡s♣❛ç♦ ✏❢♦rt❡✑

W 1,1 ✭q✉❡ é ♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❞❛s ❢✉♥çõ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛s✱ ♣❛r❛ ❛s q✉❛✐s f(x) =

f(0)+
∫ x
0
f ′(t) dt ♣❛r❛ ❛❧❣✉♠ f ′ ∈ L1✱ ❝♦♠ ❛ ♥♦r♠❛ ‖f‖ = ‖f‖1 + ‖f ′‖1✮ ❡ ♦ ❡s♣❛ç♦ ✏❢r❛❝♦✑

L1✱ ❞❡♠♦♥str❛✲s❡ q✉❡ ♦s ✐t❡r❛❞♦s ❞❡ L s❛t✐s❢❛③❡♠ ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▲❛s♦t❛✲❨♦r❦❡❀ ❈♦♠

✐ss♦✱ ❞❡♠♦♥str❛✲s❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ♠❡❞✐❞❛s ✐♥✈❛r✐❛♥t❡s ❡ ♣r♦♣r✐❡❞❛❞❡s ❞❡ ♠✐st✉r❛✱ ❝♦♥✈❡r❣ê♥❝✐❛

❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ♦ ❡q✉✐❧í❜r✐♦✱ ❣❛♣ ❡s♣❡❝tr❛❧ ❡ ❡st❛❜✐❧✐❞❛❞❡✳

❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▲❛s♦t❛✲❨♦r❦❡ ❈♦♥s✐❞❡r❡ L ♦ ♦♣❡r❛❞♦r ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❛ss♦❝✐❛❞♦ à T ✳

P❛r❛ ♠♦str❛r q✉❡ ♦s ✐t❡r❛❞♦s ❞❡ L s❛t✐s❢❛③❡♠ ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▲❛s♦t❛✲❨♦r❦❡✱ ❝♦♥s✐❞❡r❡ ❛

❢ór♠✉❧❛ ❡①♣❧✐❝✐t❛ ♣❛r❛ ♦ ♦♣❡r❛❞♦r ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❛ss♦❝✐❛❞♦ à T ✿

Lf(x) =
∑

y∈T−1(x)

f(y)

|T ′(y)|
✭✹✳✷✮



❈❛♣ít✉❧♦ ✹✳ ❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ✻✾

❝✉❥❛ ❞❡♠♦♥str❛çã♦ é ❛♣r❡s❡♥t❛❞❛ ❡♠ ❬✼✱ ♣á❣✐♥❛ 85❪✳ ❚♦♠❛♥❞♦ ❛ ❞❡r✐✈❛❞❛ ❞❛ ❡q✉❛çã♦ ✭✹✳✷✮✱

♥♦t❛✲s❡ q✉❡

(Lf)′ = L
[ 1
T ′

f ′
]
− L

[ T ′′

(T ′)2
f
]

❞❡ ♠♦❞♦ q✉❡

‖(Lf)′‖1 ≤
∥∥∥ f

′

T ′

∥∥∥
1
+
∥∥∥ T

′′f

(T ′)2

∥∥∥
1

≤ α‖f ′‖1 +
∥∥∥ T ′′

(T ′)2

∥∥∥
∞
‖f‖1

♦♥❞❡ α = max( 1
T ′
)✳ ❊♥tã♦✱ é ♣♦ssí✈❡❧ ❡s❝r❡✈❡r

‖(Lf)′‖1 + ‖Lf‖1 ≤ α‖f ′‖1 + α‖f‖1 +
(∥∥∥ T ′′

(T ′)2

∥∥∥
∞
+ 1
)
‖f‖1

❡ ❛ss✐♠

‖Lf‖ ≤ α‖f‖+
(∥∥∥ T ′′

(T ′)2

∥∥∥
∞
+ 1
)
‖f‖1.

■t❡r❛♥❞♦ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ t❡♠✲s❡

‖(Lnf)‖ ≤ αn‖f‖+

(∥∥∥ T ′′

(T ′)2

∥∥∥
∞
+ 1
)

1− α
‖f‖1 ✭✹✳✸✮

q✉❡ é ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▲❛s♦t❛✲❨♦r❦❡✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠❡ç❛♥❞♦ ❝♦♠ f ∈ W 1,1✱ t♦❞♦s ♦s

❡❧❡♠❡♥t♦s ❞❛ s❡q✉ê♥❝✐❛ Lnf ❞❡ ✐t❡r❛❞♦s ❞❡ f ❡stã♦ ❡♠W 1,1✱ ❡ s✉❛s ♥♦r♠❛s sã♦ ✉♥✐❢♦r♠❡♠❡♥t❡

❧✐♠✐t❛❞❛s✳ P❡❧❛ ❡q✉❛çã♦ ✭✹✳✸✮✱ t❡♠✲s❡ q✉❡ ‖(Lnf)‖ é ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞❛✱ ❡ t❛♠❜é♠

‖(Lnf)‖∞ ♦ é✳ ❆✐♥❞❛✱ ✉♠❛ ✈❡③ q✉❡ ♦ ♦♣❡r❛❞♦r ❞❡ tr❛♥s❢❡rê♥❝✐❛ é ♣♦s✐t✐✈♦✱ t❡♠✲s❡ q✉❡

sup
n, ‖f‖∞=1

‖(Lnf)‖∞ = sup
n

‖(Ln1)‖∞.

❉❡✜♥❛ M := supn ‖(L
n1)‖∞✳ ❉❡st❡ ♠♦❞♦✱ ❡①✐st❡ n1 t❛❧ q✉❡ αn1M < 1✳ ❙❡❥❛ T2 = T n1

✉♠❛ ♥♦✈❛ tr❛♥s❢♦r♠❛çã♦✱ q✉❡ ❛✐♥❞❛ ♣♦ss✉✐ ❛s ♠❡s♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ r❡❣✉❧❛r✐❞❛❞❡✱ ❡ ❡①♣❛♥❞❡

✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ S1✳ ❙❡❥❛ L2 ♦ ♦♣❡r❛❞♦r ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❛ss♦❝✐❛❞♦ à T2✳ ❉❛ ❡q✉❛çã♦ ✭✹✳✷✮✱

t❡♠✲s❡ q✉❡

‖(L2f)
′‖∞ ≤

∥∥∥L2

( 1

T2
f ′
)∥∥∥

∞
+
∥∥∥L2

( T
′′

2

(T
′

2)
2
f
)∥∥∥

∞

≤ αn1M‖f ′‖∞ +M
∥∥∥ T

′′

2

(T
′

2)
2

∥∥∥
∞
‖f‖∞. ✭✹✳✹✮

❈♦♥s✐❞❡r❡ ❛ ♥♦r♠❛ ‖ ‖ℓ ❞❡✜♥✐❞❛ ♣♦r ‖f‖ℓ = ‖f ′‖∞ + ‖f‖∞ ❡ t♦♠❡ λ = αn1M < 1✳ ❈♦♠

✐ss♦✱ s❡❣✉❡ q✉❡ L2 s❛t✐s❢❛③ ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▲❛s♦t❛✲❨♦r❦❡✿ ‖Ln2f‖ℓ ≤ λn‖f‖ℓ + B‖f‖∞✳



❈❛♣ít✉❧♦ ✹✳ ❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ✼✵

❉❛í✱ t❡♠✲s❡ q✉❡

‖Lnn1+qf‖ℓ ≤ λn‖Lqf‖ℓ +B‖Lqf‖∞

≤ λnM‖f‖ℓ +BM‖f‖∞ ✭✹✳✺✮

❡ ❡♥tã♦ L t❛♠❜é♠ s❛t✐s❢❛③ ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▲❛s♦t❛✲❨♦r❦❡ ❝♦♠ ❡ss❛s ♥♦r♠❛s✳

❊①✐stê♥❝✐❛ ❞❡ ♠❡❞✐❞❛ ✐♥✈❛r✐❛♥t❡ ❈♦♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▲❛s♦t❛✲❨♦r❦❡ é ♣♦ssí✈❡❧ ♣r♦✈❛r ❛

❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ♠❡❞✐❞❛ ✐♥✈❛r✐❛♥t❡ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛ ❡♠ L1 ✭❝♦♠ ❞❡♥s✐❞❛❞❡ ❡♠W 1,1✮

♣❛r❛ T ✳ ❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ❢♦r♥❡❝❡ ✉♠ ❛r❣✉♠❡♥t♦ ❞❡ ❝♦♠♣❛❝✐❞❛❞❡ ♥❡❝❡ssár✐♦ ♣❛r❛ t❛❧✳

❚❡♦r❡♠❛ ✹✳✸✳ ✭W 1,1 é ❝♦♠♣❛❝t❛♠❡♥t❡ ✐♠❡rs♦ ❡♠ L1✮ ❙❡ B ⊂ W 1,1 é ✉♠ ❝♦♥❥✉♥t♦ ❢♦rt❡✲

♠❡♥t❡ ❧✐♠✐t❛❞♦✱ ❡♥tã♦ ♣❛r❛ ❝❛❞❛ ǫ > 0✱ B t❡♠ ✉♠❛ ǫ✲r❡❞❡ ✜♥✐t❛ ♣❛r❛ ❛ t♦♣♦❧♦❣✐❛ L1✳ ❊♠

♣❛rt✐❝✉❧❛r✱ q✉❛❧q✉❡r s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ fn ∈ W 1,1 ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ fnk
❝♦♥✈❡r❣✐♥❞♦

❢r❛❝❛♠❡♥t❡ ❛ f ∈ L1✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✶✺✱ Pr♦♣♦s✐çã♦ ✺❪✳

❈♦♥s✐❞❡r❡ ✉♠❛ s❡q✉ê♥❝✐❛

gn =
1

n

n−1∑

i=1

Ln1

♦♥❞❡ 1 é ❛ ❞❡♥s✐❞❛❞❡ ❞❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ♥♦r♠❛❧✐③❛❞❛ m✳ P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▲❛s♦t❛✲

❨♦r❦❡✱ ❛ s❡q✉ê♥❝✐❛ t❡♠ ✉♠❛ ♥♦r♠❛ W 1,1 ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞❛ ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✸✱ ❡①✐st❡

✉♠❛ s✉❜s❡q✉ê♥❝✐❛ gnk
❝♦♥✈❡r❣✐♥❞♦ ❡♠ L1 ♣❛r❛ ✉♠ ❧✐♠✐t❡ h✳ ❈♦♠♦ L é ❝♦♥tí♥✉♦ ♥❛ ♥♦r♠❛

L1✱ t❡♠✲s❡

Lh = L
(
lim
k→∞

gnk

)
= lim

k→∞
Lgnk

= h

❞❡ ♠♦❞♦ q✉❡ h é ✉♠❛ ❞❡♥s✐❞❛❞❡ ✐♥✈❛r✐❛♥t❡✳ ❆✐♥❞❛ ❢❛❧t❛ ❞❡♠♦♥str❛r q✉❡ h ∈ W 1,1✱ P❛r❛ ✐ss♦✱

♥♦t❡ q✉❡ Lm(gn) ∈ W 1,1 ❡ ❛s ♥♦r♠❛s sã♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞❛s✳ P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡

▲❛s♦t❛✲❨♦r❦❡✱ s❡❣✉❡ q✉❡

‖La+m(gn1)− Lb+m(gn2)‖ ≤ αm‖La(gn1)− Lb(gn2)‖+B‖La(gn1)− Lb(gn2)‖1.

◆♦t❡✱ t❛♠❜é♠✱ q✉❡ s❡ ‖L0(gnk
) − h‖1 ≤ ǫ✱ ❡♥tã♦ ‖Lj(gnk

) − h‖1 ≤ ǫ ♣❛r❛ t♦❞♦ j ≥ 0✳

❆ss✐♠ ❛ s❡q✉ê♥❝✐❛ Lk(gnk
) ❝♦♥✈❡r❣❡ ♣❛r❛ h ❡♠ L1 ❡✱ ♣❡❧❛ ❡q✉❛çã♦ ❛❝✐♠❛✱ é ✉♠❛ s❡q✉ê♥❝✐❛

❞❡ ❈❛✉❝❤② ♥❛ ♥♦r♠❛ W 1,1✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ k1 < k2✳ ❊♥tã♦

‖Lk1(gnk1
)− Lk2(gnk2

)‖ ≤ αk1‖L0(gnk1
)− Lk2−k1(gnk2

)‖+B‖L0(gnk1
)− Lk2−k1(gnk2

)‖1.



❈❛♣ít✉❧♦ ✹✳ ❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ✼✶

❯♠❛ ✈❡③ q✉❡ W 1,1 é ❝♦♠♣❧❡t♦✱ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ é ❡♠ W 1,1 ♣❛r❛ ❛❧❣✉♠ ❧✐♠✐t❡✱ q✉❡ é ❢♦rç❛❞♦ ❛

s❡r h✳ P♦rt❛♥t♦✱ h ∈ W 1,1✳

▼✐st✉r❛ ❈♦♥s✐❞❡r❡ ♦s ❡s♣❛ç♦s ❢♦rt❡ ❡ ❢r❛❝♦ ❞❡ ❞❡♥s✐❞❛❞❡ ♠é❞✐❛ ③❡r♦✿

Vs =
{
g ∈ W 1,1 :

∫
g dm = 0

}

Vw =
{
g ∈ L1 :

∫
g dm = 0

}

♦♥❞❡ m é ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ♥♦r♠❛❧✐③❛❞❛ ❡ ❝♦♥s✐❞❡r❡ ❛s s❡❣✉✐♥t❡s ♣r♦♣♦s✐çõ❡s✿

Pr♦♣♦s✐çã♦ ✹✳✹✳ ❙❡ ♣❛r❛ ❛❧❣✉♠ f ≥ 0 t❛❧ q✉❡
∫
fdm = 1✱ Lnf ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ❡♠ L1

♣❛r❛ h✱ ❡♥tã♦ T ♣♦ss✉✐ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✐♥✈❛r✐❛♥t❡ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛ ❝♦♠

❞❡♥s✐❞❛❞❡ h✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡
∫
hdm = 1✳ P♦r ❤✐♣ót❡s❡ t❡♠✲s❡

q✉❡ Lnf ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ h
∫
fdm✱ ♠❛s✱ ✐st♦ ♦❝♦rr❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ t♦❞♦

φ ∈ L∞ t❡♠✲s❡

∫
φhdm = lim

n→∞

∫
φLn+1fdm = lim

n→∞

∫
(φ ◦ T )Lnfdm =

∫
(φ ◦ T )hdm =

∫
φLhdm.

Pr♦♣♦s✐çã♦ ✹✳✺✳ ❙❡ ♦ s✐st❡♠❛ ♣♦ss✉✐ ✉♠❛ ♠❡❞✐❞❛ ✐♥✈❛r✐❛♥t❡ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛ ❝♦♠

❞❡♥s✐❞❛❞❡ h ∈ L1 ❡✱ ♣❛r❛ t♦❞♦ f ∈ L1 t❛❧ q✉❡
∫
fdm = 0✱ t❡♠✲s❡ q✉❡ Lnf ❝♦♥✈❡r❣❡

❢r❛❝❛♠❡♥t❡ ♣❛r❛ 0✱ ❡♥tã♦ T é ♠✐st✉r❛❞♦r✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛s ❤✐♣ót❡s❡s✱ ❞❛❞♦ ✉♠ f ∈ L1✱ t❡♠✲s❡ q✉❡ Lnf − h
∫
fdm ❝♦♥✈❡r❣❡

❢r❛❝❛♠❡♥t❡ ♣❛r❛ 0✱ ❞❡ ♠♦❞♦ q✉❡ Lnf ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ h
∫
fdm✳ ❈♦♥s✐❞❡r❡ ❞♦✐s

❝♦♥❥✉♥t♦s ♠❡♥s✉rá✈❡✐s A ❡ B ❡ ❞❡♥♦t❡ ♣♦r hm ❛ ♠❡❞✐❞❛ ❝♦♠ ❞❡♥s✐❞❛❞❡ h ❝♦♠ r❡s♣❡✐t♦ à

♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ m✳ ❚❡♠✲s❡

[hm](A ∩ T−n(B)) =

∫
✶A(✶B ◦ T n)hdm =

∫
✶BL

n(h✶A)dm

q✉❡✱ q✉❛♥❞♦ n→ ∞✱ ❝♦♥✈❡r❣❡ ♣❛r❛

∫
✶B

(
h

∫
h✶Adm

)
dm =

∫
(h✶B)dm ·

∫
(h✶A)dm = [hm](E)[hm](F ).
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Pr♦♣♦s✐çã♦ ✹✳✻✳ P❛r❛ ❝❛❞❛ g ∈ Vs ✈❛❧❡ q✉❡ lim
n→∞

‖Lng‖1 = 0✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ ‖g‖ℓ < ∞✳ P❡❧❛ ❡q✉❛çã♦ ✭✹✳✺✮ t❡♠✲s❡ q✉❡ ‖Lng‖ℓ ≤ M̄ ✳

❊s❝r❡✈❛ g = g+ − g−✱ ❞❡ ♠♦❞♦ q✉❡ ‖g‖1 = 2
∫
g+dm✳ ◆♦t❡ q✉❡ ❡①✐st❡ ✉♠ ♣♦♥t♦ x̄ t❛❧

q✉❡ g+(x̄) ≥ 1
2
‖g‖1✳ ❈♦♥s✐❞❡r❡ ❛ ✈✐③✐♥❤❛♥ç❛ N = B(x̄, 1

4
‖g‖1M̄

−1) ❞❡ x̄ ❡ ♦❜s❡r✈❡ q✉❡✱

♣❛r❛ ❝❛❞❛ ♣♦♥t♦ x ∈ N ✱ t❡♠✲s❡ q✉❡ g+(x) ≥ 1
4
‖g‖1✳ ❈♦♥s✐❞❡r❡ t❛♠❜é♠ d = min |T ′| ❡

D = max |T ′|✳ ❙❡ n1 é ♦ ♠❡♥♦r ✐♥t❡✐r♦ t❛❧ q✉❡ dn1 1
2
‖g‖1M̄

−1 > 1✱ ❡♥tã♦ T n1(N) = S1 ❡

Ln1g+ t❡♠ ❞❡♥s✐❞❛❞❡ ❛♦ ♠❡♥♦s

‖g‖1
4Dn1

≥
‖g‖1

4Delog(2‖g‖
−1
1 M̄)

logD
log d

=
‖g‖1
4D

(2‖g‖−1
1 M̄)

logD
log d

❡♠ S1✳ ❖ ♠❡s♠♦ ✈❛❧❡ ♣❛r❛ g−✳ ❉❡st❡ ♠♦❞♦✱ ❞❡♣♦✐s ❞❡ n1 ✐t❡r❛çõ❡s✱ ❛ ♣❛rt❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛

s❡ ❛♥✉❧❛ ❝♦♠ ❛ ♣❛rt❡ ❝♦♥st❛♥t❡ ♥❡❣❛t✐✈❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❡ t❡♠✲s❡

‖Ln1g‖1 ≤ ‖g‖1 − C‖g‖
logD
log d

+1

1

♦♥❞❡ C = (2M̄−1)
logD
log d

4D
✳ ❉❡♥♦t❡ g1 = Ln1g ❡ r❡♣✐t❛ ❛ ❝♦♥str✉çã♦✱ ❞❡ ♠♦❞♦ q✉❡

‖g2‖1 = ‖Ln2g1‖1 ≤ ‖g1‖1 − ‖g1‖
logD
log d

+1

1 .

❆ss✐♠✱ t❡♠✲s❡ ✉♠❛ s❡q✉ê♥❝✐❛ t❛❧ q✉❡

‖gn+1‖1 ≤ ‖gn‖1 − ‖gn‖
logD
log d

+1

1

❡ ❡♥tã♦ ‖gn‖1 → 0✳ ❙❡ g ∈ W 1,1✱ é ♣♦ssí✈❡❧ ❛♣r♦①✐♠❛r g ♣♦r g̃ t❛❧ q✉❡ ‖g̃‖ℓ <∞✱ ♥♦ s❡♥t✐❞♦

q✉❡ ‖g − g̃‖1 ≤ ǫ✳ ❯♠❛ ✈❡③ q✉❡ ‖L‖L1→L1 ≤ 1 t❡♠✲s❡ q✉❡ lim
n→∞

‖Ln(g − g̃)‖1 ≤ ǫ ❡ ♦

r❡s✉❧t❛❞♦ s❡❣✉❡✳

P❡❧❛s três ♣r♦♣♦s✐çõ❡s ❛❝✐♠❛✱ s❡❣✉❡✿

❈♦r♦❧ár✐♦ ✹✳✼✳ ▼❛♣❛s ❡①♣❛♥s♦r❡s ❞♦ ❝ír❝✉❧♦ ❝♦♠ ♠❡❞✐❞❛ W 1,1 ✐♥✈❛r✐❛♥t❡ sã♦ ♠✐st✉r❛❞♦r❡s✳

❆✐♥❞❛ ♠❛✐s✱ ♥♦t❡ q✉❡ s❡ h1 ❡ h2 sã♦ ❞✉❛s ❞❡♥s✐❞❛❞❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✐♥✈❛r✐❛♥t❡s✱ ❡♥tã♦

h1 − h2 ∈ Vs ❡ é ✐♥✈❛r✐❛♥t❡✱ ♦ q✉❡ é ✐♠♣♦ssí✈❡❧✳ ❉❡st❡ ♠♦❞♦✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ♠❡❞✐❞❛

✐♥✈❛r✐❛♥t❡ ❡♠ W 1,1 ♣❛r❛ ♠❛♣❛s ❡①♣❛♥s♦r❡s ❡♠ S1✳



❈❛♣ít✉❧♦ ✹✳ ❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ✼✸

❈♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ♦ ❡q✉✐❧í❜r✐♦ P❛r❛ ✉♠ tr❛t❛♠❡♥t♦ ✉♠ ♣♦✉❝♦ ♠❛✐s ❣❡r❛❧✱ ❞❡♥♦t❡ ♦

❡s♣❛ç♦ ✏❢♦rt❡✑ ♣♦r (Bs, ‖·‖s) ❡ ♦ ❡s♣❛ç♦ ✏❢r❛❝♦✑ ♣♦r (Bw, ‖·‖w)✳ ❉✐③✲s❡ q✉❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦

T ❡♠ X✱ ❝♦♠ ♦♣❡r❛❞♦r ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❛ss♦❝✐❛❞♦ L✱ t❡♠ ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ♦ ❡q✉✐❧í❜r✐♦ ❝♦♠

✈❡❧♦❝✐❞❛❞❡ φ✱ ❝♦♠ r❡s♣❡✐t♦ à ❡ss❛s ♥♦r♠❛s✱ s❡ ♣❛r❛ q✉❛❧q✉❡r f ∈ Vs✱ ♦♥❞❡ Vs é ♦ ❡s♣❛ç♦ ❢♦rt❡

❞❡ ❞❡♥s✐❞❛❞❡ ♠é❞✐❛ ③❡r♦✱ t❡♠✲s❡

‖Lnf‖w ≤ φ(n)‖f‖s. ✭✹✳✻✮

❙❡ L é ✉♠ ♦♣❡r❛❞♦r ❛❣✐♥❞♦ ♥♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❝♦♠♣❧❡①♦ (B, ‖ · ‖)✱ ♦ ❡s♣❡❝tr♦ ❞❡ L é

❞❡✜♥✐❞♦ ♣♦r spec(L) = {λ : (λid − L) ♥ã♦ ♣♦ss✉✐ ✐♥✈❡rs❛ ❧✐♠✐t❛❞❛} ❡ ♦ r❛✐♦ ❡s♣❡❝tr❛❧ ❞❡ L

♣♦r ρ(L) = sup{|x| : x ∈ spec(L)}✳ ❖✉tr❛ ❢♦r♠❛ ❞❡ ❡①♣r❡ss❛r ♦ r❛✐♦ ❡s♣❡❝tr❛❧ é

ρ(L) = lim
n→∞

n
√
‖Ln‖. ✭✹✳✼✮

❉❡st❡ ♠♦❞♦✱ é ♣♦ssí✈❡❧ ♥♦t❛r q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥❡①ã♦ ❡♥tr❡ ❛s ♣r♦♣r✐❡❞❛❞❡s ❡s♣❡❝tr❛✐s ❞♦

♦♣❡r❛❞♦r ❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞♦s ✐t❡r❛❞♦s✳ ❉✐③✲s❡ q✉❡ L ♣♦ss✉✐ ✉♠ ❣❛♣ ❡s♣❡❝tr❛❧

s❡ L = λP +N ✱ ♦♥❞❡ P é ✉♠❛ ♣r♦❥❡çã♦ ❡ dim(Im(P )) = 1✱ PN = NP = 0 ❡ ρ(N) < |λ|✳

❆❣♦r❛✱ s✉♣♦♥❞♦ q✉❡ L ❛❣❡ ♥♦s ❡s♣❛ç♦s (Bs, ‖ · ‖s)✱ (Bw, ‖ · ‖w) ❡ q✉❡✿

✶✳ P❛r❛ ❝❛❞❛ g ∈ Bs t❡♠✲s❡ ‖Lng‖ ≤ Aλn1‖g‖s +B‖g‖w❀

✷✳ P❛r❛ ❝❛❞❛ g ∈ Vs t❡♠✲s❡ q✉❡ lim
n→∞

‖Lng‖w = 0❀

✸✳ Vs é ❝♦♠♣❛❝t❛♠❡♥t❡ ✐♠❡rs♦ ❡♠ Vw❀

✹✳ ❆ ♥♦r♠❛ ❢r❛❝❛ ❞♦ ♦♣❡r❛❞♦r r❡str✐t❛ ❛ Vs s❛t✐s❢❛③ supn ‖L
n|Vs‖w <∞✳

é ♣♦ssí✈❡❧ ❞❡♠♦♥str❛r ✭✈❡❥❛ ❬✶✺✱ ♣á❣✐♥❛s ✶✷ ❡ ✶✸❪✮ q✉❡ ❡①✐st❡♠ C2 > 0 ❡ ρ2 < 1 t❛✐s q✉❡ ♣❛r❛

t♦❞♦ g ∈ Vs

‖Lng‖s ≤ C2ρ
n
2‖g‖s. ✭✹✳✽✮

P❡❧❛ s✉♣♦s✐çã♦ ✶ ❡ ♣❡❧❛ ❡q✉❛çã♦ ✭✹✳✼✮✱ s❡❣✉❡ q✉❡ ♦ r❛✐♦ ❡s♣❡❝tr❛❧ ❞❡ L ❡♠ Bs ♥ã♦ ♣♦❞❡

s❡r ♠❛✐♦r q✉❡ 1✳ P❡❧❛ s❡❣✉♥❞❛ ❤✐♣ót❡s❡✱ ❡①✐st❡ ❛♣❡♥❛s ✉♠ ♣♦♥t♦ ✜①♦ ❞❡ L ❡♠ Bs ❡ ❛♣❡♥❛s

✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✐♥✈❛r✐❛♥t❡✱ q✉❡ s❡rá ❞❡♥♦t❛❞❛ ♣♦r h✳ ❈♦♠♦ ❡①✐st❡ ✉♠❛ ♠❡❞✐❞❛

✐♥✈❛r✐❛♥t❡ ❡♠ Bs✱ ❡♥tã♦ ♦ r❛✐♦ ❡s♣❡❝tr❛❧ é ✐❣✉❛❧ ❛ ✉♠✳ P❛r❛ t♦❞♦ g ∈ Bs ♣♦❞❡✲s❡ ❡s❝r❡✈❡r

g = [g − hg(X)] + [hg(X)]✳ ❆ ❢✉♥çã♦ P : Bs → Bs ❞❡✜♥✐❞❛ ❝♦♠♦ P (g) = hg(X) é ✉♠❛

♣r♦❥❡çã♦ ❡ ❛ ❢✉♥çã♦ N : Bs → Bs ❞❡✜♥✐❞❛ ❝♦♠♦ N(g) = L[g−hg(X)] é t❛❧ q✉❡ N(Bs) ⊂ Vs✱

N |Vs = L|Vs ❡✱ ♣❡❧❛ ❡q✉❛çã♦ ✭✹✳✽✮ s❛t✐s❢❛③ ρ(N) < |λ|✳ ❖❜s❡r✈❡ q✉❡ ✈❛❧❡ q✉❡ L = P +N ❡

PN = NP = 0✳ ❉❡st❡ ♠♦❞♦✱ s♦❜ ❛s ❤✐♣ót❡s❡s ❞❡ 1 ❛ 4✱ L ♣♦ss✉✐ ❣❛♣ ❡s♣❡❝tr❛❧✳

❆❣♦r❛✱ ♥♦t❡ q✉❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✸✱ Pr♦♣♦s✐çã♦ ✹✳✻ ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▲❛s♦t❛✲

❨♦r❦❡✱ ❛s ❤✐♣ót❡s❡s ❞❡ 1 ❛ 4 sã♦ ✈❡r✐✜❝❛❞❛s ♣❛r❛ ♦ ❛♣❧✐❝❛çã♦ ❡①♣❛♥s♦r❛ T : S1 → S1✱ ♣❛r❛

❛ ♥♦r♠❛ W 1,1 ✭❝♦♠ ❛ ♥♦r♠❛ L1 ♣❛r❛ ❛ ♥♦r♠❛ ❢r❛❝❛✮✳ ❆❧é♠ ❞✐ss♦✱ ♥♦t❡ q✉❡ ❛ ❡q✉❛çã♦ ✭✹✳✽✮



❈❛♣ít✉❧♦ ✹✳ ❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ✼✹

✐♠♣❧✐❝❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ♦ ❡q✉✐❧í❜r✐♦✳ ❉❡st❡ ♠♦❞♦ t❡♠✲s❡ q✉❡ T t❡♠ ❝♦♥✈❡r❣ê♥❝✐❛

♣❛r❛ ♦ ❡q✉✐❧í❜r✐♦ ❡ L ♣♦ss✉✐ ❣❛♣ ❡s♣❡❝tr❛❧✳

❊st❛❜✐❧✐❞❛❞❡ ❆ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ s✐st❡♠❛ ❡stá r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ s✉❛ r❡s♣♦st❛ q✉❛♥❞♦ s♦❢r❡

♣❡rt✉r❜❛çõ❡s✳ ❆s ♣❡rt✉r❜❛çõ❡s ♣♦❞❡♠ s❡r ❞❡t❡r♠✐♥íst✐❝❛s ♦✉ ❡st♦❝ást✐❝❛s✱ s❡♥❞♦ q✉❡✱ ♥♦

♣r✐♠❡✐r♦ ❝❛s♦✱ ♦ ♦♣❡r❛❞♦r ❞❡ tr❛♥s❢❡rê♥❝✐❛ é ♣❡rt✉r❜❛❞♦ ♣♦r ♣❡q✉❡♥❛s ♠✉❞❛♥ç❛s ♥❛ ❞✐♥â♠✐❝❛

❛❞❥❛❝❡♥t❡✳ ❏á ❛s ♣❡rt✉r❜❛çõ❡s ❡st♦❝ást✐❝❛s ♣♦ss✉❡♠ ❞✐✈❡rs❛s ❢♦r♠❛s✱ s❡♥❞♦ q✉❡ ❛ ♠❛✐s s✐♠♣❧❡s

❝♦♥s✐st❡ ❡♠ ❛❞✐❝✐♦♥❛r ❛❧❣✉♠ r✉í❞♦ ❛♦ r❡s✉❧t❛❞♦ ❞❛ ❞✐♥â♠✐❝❛ ❞❡t❡r♠✐♥íst✐❝❛ ❛ ❝❛❞❛ ✐t❡r❛çã♦✳

❙❛❜❡✲s❡ q✉❡✱ s❡ ✉♠❛ ♠❡❞✐❞❛ ✈❛r✐❛ ❝♦♥t✐♥✉❛♠❡♥t❡✱ ♠✉✐t❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s

❞♦ s✐st❡♠❛ sã♦ ❡stá✈❡✐s s♦❜ ♣❡rt✉❜❛çõ❡s✳ P♦ré♠✱ ❛s ♠❡❞✐❞❛s ❢ís✐❝❛s ♣♦❞❡♠ ♠✉❞❛r ❞❡s❝♦♥t✐✲

♥✉❛♠❡♥t❡✳ ➱ ♣♦ssí✈❡❧ ❞❡♠♦♥str❛r q✉❡✱ s♦❜ ❝❡rt❛s ❝♦♥❞✐çõ❡s r❡❧❛❝✐♦♥❛❞❛s à ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛

♦ ❡q✉✐❧í❜r✐♦ ❡ ♦ t✐♣♦ ❞❡ ♣❡rt✉r❜❛çã♦✱ ❛ ♠❡❞✐❞❛ ❢ís✐❝❛ ♣♦❞❡ t❡r ✉♠❛ ✈❛r✐❛çã♦ ❝♦♥tí♥✉❛✳ P❛r❛

✐ss♦✱ ❝♦♥s✐❞❡r❡✱ ♥♦✈❛♠❡♥t❡✱ ♦s ❡s♣❛ç♦s (Bs, ‖ · ‖s)✱ (Bw, ‖ · ‖w)✱ Vs ❡ Vw✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛

tr❛♥s❢♦r♠❛çã♦ T✱ ❡ ❝♦♥s✐❞❡r❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s Lδ✱ δ ∈ [0, 1)✱ t❛❧ q✉❡ Lδ(Bs) ⊂ Bs

❡ Lδ(Bw) ⊂ Bw✳ ❙✉♣♦♥❤❛ q✉❡✿

❯❋✶✳ ❊①✐st❡♠ ❝♦♥st❛♥t❡s A✱ B✱ λ1 ∈ R✱ ❝♦♠ λ1 < 1✱ t❛✐s q✉❡ ♣❛r❛ t♦❞♦ f ∈ Bs✱ t♦❞♦ n ≥ 1

❡ t♦❞♦ δ ∈ [0, 1)✱ ❝❛❞❛ ♦♣❡r❛❞♦r s❛t✐s❢❛③ ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▲❛s♦t❛✲❨♦r❦❡

‖Lnδ f‖s ≤ Aλn1‖f‖s +B‖f‖w. ✭✹✳✾✮

❯❋✷✳ Lδ ❛♣r♦①✐♠❛ L0 q✉❛♥❞♦ δ é ♣❡q✉❡♥♦✱ ♥♦ s❡❣✉✐♥t❡ s❡♥t✐❞♦✿ ❡①✐st❡ C ∈ R t❛❧ q✉❡✱ ♣❛r❛

t♦❞♦ g ∈ Bs✱

‖(Lδ − L0)g‖w ≤ δC‖g‖s. ✭✹✳✶✵✮

❯❋✸✳ L0 ♣♦ss✉✐ ❝♦♥✈❡r❣ê♥❝✐❛ ❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ♦ ❡q✉✐❧í❜r✐♦✱ r❡❧❛t✐✈❛♠❡♥t❡ à ‖ · ‖w ❡ ‖ · ‖s✳

❯❋✹✳ ❊①✐st❡ M t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ δ ∈ [0, 1)✱ n ∈ N ❡ g ∈ Bs✱ t❡♠✲s❡ ‖Lnδ g‖w ≤M‖g‖w✳

❙♦❜ ❡ss❛s ❤✐♣ót❡s❡s✱ ♣♦❞❡✲s❡ ❣❛r❛♥t✐r q✉❡ ❛ ♠❡❞✐❞❛ ✐♥✈❛r✐❛♥t❡ ❞♦ s✐st❡♠❛ ✈❛r✐❛

❝♦♥t✐♥✉❛♠❡♥t❡ ♥❛ ♥♦r♠❛ ❢r❛❝❛ q✉❛♥❞♦ L0 é ♣❡rt✉r❜❛❞♦ ♣❛r❛ Lδ✱ ♣❛r❛ ♣❡q✉❡♥♦s ✈❛❧♦r❡s ❞❡ δ✳

❖❜s❡r✈❡ q✉❡ ❛s ❝♦♥❞✐çõ❡s UF1 ❡ UF3 ❥✉♥t❛s ✐♠♣❧✐❝❛♠ q✉❡ L0 ❡✈❡♥t✉❛❧♠❡♥t❡ ❝♦♥tr❛✐ Vs✳ ❉❡

❢❛t♦✱ s❡❥❛ f ∈ Vs✱ ❡♥tã♦

‖Ln+m0 f‖s ≤ Aλn1‖L
m
0 f‖s +B‖Lm0 f‖w

≤ Aλn1‖L
m
0 f‖s +BEλm2 ‖f‖s

≤ Aλn1 (B + A)‖f‖s +BEλm2 ‖f‖s

♣❛r❛ ♦s q✉❛✐s ❡①✐st❡♠ m,n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛✐s q✉❡ ‖Ln+m0 f‖s ≤
1
2
‖f‖s✳



❈❛♣ít✉❧♦ ✹✳ ❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ✼✺

❆♥t❡s ❞❡ ♣r♦ss❡❣✉✐r✱ ❝♦♥s✐❞❡r❡ q✉❡ ♦s ♦♣❡r❛❞♦r❡s L0 ❡ Lδ ♣r❡s❡r✈❛♠ ✉♠ ❡s♣❛ç♦

♥♦r♠❛❞♦ ❞❡ ♠❡❞✐❞❛s (B, ‖ · ‖B) ❝♦♥t✐❞♦ ♥♦ ❝♦♥❥✉♥t♦ ❞❛s ♠❡❞✐❞❛s ❜♦r❡❧✐❛♥❛s ❡♠ X✳ ❙✉♣♦♥❤❛

q✉❡ f0, fδ ∈ B sã♦ ♠❡❞✐❞❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✜①❛s✱ ❞❡ L0 ❡ Lδ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

▲❡♠❛ ✹✳✽✳ ❙✉♣♦♥❤❛ q✉❡

❛✳ ‖Lδfδ − L0fδ‖B <∞✳

❜✳ Li0 é ❝♦♥tí♥✉❛ ❡♠ B✱ ❞❡ ♠♦❞♦ q✉❡ ❡①✐st❡ Ci t❛❧ q✉❡ ♣❛r❛ t♦❞♦ g ∈ B✱ ‖Li0g‖B ≤ Ci‖g‖B✳

❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ N ✱ t❡♠✲s❡

‖fδ − f0‖B ≤ ‖LN0 (fδ − f0)‖B + ‖Lδfδ − L0fδ‖B
∑

i∈[0,N−1]

Ci ✭✹✳✶✶✮

❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ ❧❡♠❛ ♣r♦✈é♠ ❞❡ ❝á❧❝✉❧♦ ❞✐r❡t♦ ✭♣❛r❛ ❞❡t❛❧❤❡s✱ ❝♦♥s✉❧t❡ ❬✶✺✱

♣á❣✐♥❛ ✶✻❪✮✳ ❆❣♦r❛✱ s✉♣♦♥❞♦ Bw = B✱ s❡❣✉❡✿

Pr♦♣♦s✐çã♦ ✹✳✾✳ ❙✉♣♦♥❤❛ q✉❡ Lδ é ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s

UF1 ✲ UF4✱ f0 é ❛ ú♥✐❝❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✐♥✈❛r✐❛♥t❡ ❞❡ L0 ❡ fδ é ✉♠❛ ♠❡❞✐❞❛ ❞❡

♣r♦❜❛❜✐❧✐❞❛❞❡ ✐♥✈❛r✐❛♥t❡ ❞❡ Lδ✳ ❊♥tã♦ ‖fδ − f0‖w = O(δ log δ)✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▲❛s♦t❛✲❨♦r❦❡ ✉♥✐❢♦r♠❡✱ t❡♠✲s❡ q✉❡ ‖fδ‖s ≤ M sã♦

✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞♦s✱ ❡ ❡♥tã♦✱ ‖Lδfδ − L0fδ‖w ≤ δCM ✳ P♦r UF4✱ Ci ≤ M2✱ ❞❡ ♠♦❞♦

q✉❡

‖fδ − f0‖w ≤ δCMM2N + ‖LN0 (f0 − fδ)‖w.

P❡❧❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ♦ ❡q✉✐❧í❜r✐♦ ❞❡ L0✱ t❡♠✲s❡

‖LN0 (f0 − fδ)‖w ≤ C2ρ
N
2 ‖(fδ − f0)‖s ≤ C2ρ

N
2 M

❡ ❡♥tã♦

‖(fδ − f0)‖B ≤ δCMM2N + C2ρ
N
2 M.

❚♦♠❛♥❞♦ N = ⌊ log δ
log ρ2

⌋✱ s❡❣✉❡ q✉❡

‖(fδ − f0)‖B ≤ δ log δCM2M
1

log ρ2
+ C2δM.



❈❛♣ít✉❧♦ ✹✳ ❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ✼✻

➱ ♣♦ssí✈❡❧ ❛♣❧✐❝❛r ❡ss❡ tr❛t❛♠❡♥t♦ ❣❡r❛❧ ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ ❡①♣❛♥s♦r❛ T : S1 → S1✱

❝♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❡①♣❛♥s♦r❛s Tδ✱ δ ∈ [0, 1) q✉❡ s❛t✐s❢❛③

‖Tδ − T0‖ ≤ Kδ ✭✹✳✶✷✮

♣❛r❛ ❛❧❣✉♠ K ∈ R✳ P❛r❛ ❝❛❞❛ ✉♠ ❞❡ss❡s ♠❛♣❛s✱ ❛ss♦❝✐❡ ✉♠ ♦♣❡r❛❞♦r ❞❡ tr❛♥s❢❡rê♥❝✐❛ Lδ
❛❣✐♥❞♦ ❡♠ W 1,1✳ ◆♦t❡ q✉❡ ❡st❛ ❢❛♠í❧✐❛ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s UF1✱ UF3 ❡ UF4✳ ❘❡❛❧✐③❛♥❞♦

❛❧❣✉♥s ❝á❧❝✉❧♦s ❬✶✺✱ Pr♦♣♦s✐çã♦ ✷✻❪✱ ♠♦str❛✲s❡ q✉❡ ❛ ❡q✉❛çã♦ ✭✹✳✶✷✮ ✐♠♣❧✐❝❛ ❛ ❝♦♥❞✐çã♦ UF2✱

♦✉ s❡❥❛✱ s❡ L0 ❡ Lδ sã♦ ♦♣❡r❛❞♦r❡s ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ♠❛♣❛s ❞❡ ❡①♣❛♥sã♦ T0 ❡ Tδ s❛t✐s❢❛③❡♥❞♦

❛ ❡q✉❛çã♦ ✭✹✳✶✷✮✱ ❡♥tã♦ ❡①✐st❡ C ∈ R t❛❧ q✉❡ ♣❛r❛ t♦❞♦ g ∈ W 1,1

‖(Lδ − L0)f‖1 ≤ δC‖f‖W 1,1 . ✭✹✳✶✸✮

❈♦♠ ✐ss♦✱ ♣♦❞❡✲s❡ ❛♣❧✐❝❛r ❛ Pr♦♣♦s✐çã♦ ✹✳✾ ♣❛r❛ ♣r♦✈❛r ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ♠❡❞✐❞❛ ✐♥✈❛r✐❛♥t❡

♣❛r❛ ❡ss❛ ❢❛♠í❧✐❛ ❞❡ ❛♣❧✐❝❛çõ❡s ❡ t❡r ✉♠❛ ❡st✐♠❛t✐✈❛ ❡①♣❧✐❝✐t❛ ♣❛r❛ ♦ ♠ó❞✉❧♦ ❞❡ ❝♦♥t✐♥✉✐❞❛❞❡✿

❈♦♥s✐❞❡r❛♥❞♦ hδ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ♠❡❞✐❞❛s ✐♥✈❛r✐❛♥t❡ ❡♠ L1 ♣❛r❛ ♦s ♠❛♣❛s Tδ✱ t❡♠✲s❡ q✉❡

‖h0 − hδ‖1 = O(δ log δ)✳

✹✳✶✳✷ ▼❛♣❛ s♦❧❡♥♦✐❞❛❧

◆❡st❛ s❡çã♦✱ é ❝♦♥s✐❞❡r❛❞♦ ✉♠ s✐st❡♠❛ ❝✉❥❛ ❞✐♥â♠✐❝❛ é ♠♦❞❡❧❛❞❛ ♣♦r ✉♠ ♠❛♣❛

s♦❧❡♥♦✐❞❛❧ F ✱ t❡♥❞♦ ❝♦♠♦ ❜❛s❡ ♦ ❡①❡♠♣❧♦ ❛♣r❡s❡♥t❛❞♦ ❡♠ ❬✶✺✱ ❙❡çã♦ ✶✵❪✳ ❆ ❞❡s✐♥t❡❣r❛çã♦ ❞❡

♠❡❞✐❞❛s ❛❜♦r❞❛❞❛ ♥❛ ❙❡çã♦ ✸✳✷ é ❛♣❧✐❝❛❞❛ ♥❡st❡ ❡①❡♠♣❧♦ ♣❛r❛ ❛ ❞❡✜♥✐çã♦ ❞❡ ❡s♣❛ç♦s ❛❞❛♣t❛❞♦s

♣❛r❛ ♦ s✐st❡♠❛ ❡✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ♦♣❡r❛❞♦r ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❛ss♦❝✐❛❞♦ à F ✱ ❞❡♠♦♥str❛✲s❡ ❛

❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ♠❡❞✐❞❛ ✐♥✈❛r✐❛♥t❡✳

❈♦♥s✐❞❡r❡ ♠❛♣❛ s♦❧❡♥♦✐❞❛❧ F : Σ → Σ✱ ♦♥❞❡ Σ = S1 × D2✱ t❛❧ q✉❡ F é ♦

s❦❡✇ ♣r♦❞✉❝t F (x, y) = (T (x), G(x, y)) ♦♥❞❡ T : S1 → S1 é tr❛♥s❢♦r♠❛çã♦ ❡①♣❛♥s♦r❛ ❡

G : Σ → D2 é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠ ||∂G
∂x
||∞ < ∞✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡

T ♣♦ss✉✐ ❣r❛✉ q✱ ❡✱ ❝♦♠ ❛❜✉s♦ ❞❡ ♥♦t❛çã♦✱ ❝♦♥s✐❞❡r❡ T : [0, 1] → [0, 1]✱ ❝✉❥❛s r❛♠✐✜❝❛çõ❡s

sã♦ Ti✱ i = 1, 2, . . . , q✳ ❈♦♥s✐❞❡r❡ ❛ ❢♦❧❤❡❛çã♦ F s = {{x} × D2}x∈S1 ✱ ❞❡ t❛❧ ♠♦❞♦ q✉❡ F s

s❡❥❛ ❝♦♥tr❛çã♦✱ ♦✉ s❡❥❛✱ q✉❡ ❡①✐st❛ ✉♠ α ∈ R✱ 0 < α < 1✱ t❛❧ q✉❡ ♣❛r❛ t♦❞♦ x ∈ S1 t❡♠✲s❡

|G(x, y1)−G(x, y2)| ≤ α|y1 − y2|✱ ♣❛r❛ t♦❞♦ y1, y2 ∈ D2✳

❉❡♥♦t❡ ♣♦r AB(Σ) ♦ ❝♦♥❥✉♥t♦ {µ ∈ SB(Σ) : πx∗µ
+ ≪ m ❡ πx∗µ

− ≪ m}✱ ♦♥❞❡

πx : Σ → S1 é ❛ ♣r♦❥❡çã♦ ❞❛❞❛ ♣♦r (x, y) 7→ x ❡ m é ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ❡♠ S1✳ ❈♦♥s✐❞❡r❡

✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ µ ∈ AB(Σ) ❡ ❛ ♠❡❞✐❞❛ µx = πx∗µ✱ q✉❡ ♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞❛

❝♦♠ ✉♠❛ ❞❡♥s✐❞❛❞❡ ♠❛r❣✐♥❛❧ ♥ã♦ ♥❡❣❛t✐✈❛ φx : S1 → R✳ ❆❧é♠ ❞✐ss♦✱ ❞❡♥♦t❡ ❛ ❢♦❧❤❡❛çã♦ F s

♣♦r {ζx}x∈S1 ✱ ❝♦♠ ζx = {x} × D2 ♣❛r❛ ❝❛❞❛ x ∈ S1✳ ◆♦t❡ q✉❡ ❛ ❛❜♦r❞❛❣❡♠ ❞❛ ❙❡çã♦ ✸✳✷

é ✈á❧✐❞❛ ♣❛r❛ ❡st❡ s✐st❡♠❛✳ ❉❡st❡ ♠♦❞♦✱ ♦❜tê♠✲s❡ ✉♠❛ ❢❛♠í❧✐❛ {µζx : x ∈ S1} ⊂ P(D2)✱

µx✲q✉❛s❡ s❡♠♣r❡ ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛✱ t❛❧ q✉❡ µ =
∫
S1 µζxdµx✳



❈❛♣ít✉❧♦ ✹✳ ❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ✼✼

❈♦♠ ❡ss❛ ❞❡s✐♥t❡❣r❛çã♦ é ♣♦ssí✈❡❧ ❝♦♥str✉✐r ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ❞❡ ♠❡❞✐❞❛s ❝♦♠

s✐♥❛❧ ♣❛r❛ ❡st✉❞❛r ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s r❡❧❛❝✐♦♥❛❞❛s à ❡st❡ s✐st❡♠❛✿

❉❡✜♥✐çã♦ ✹✳✶✵✳ ❙❡❥❛ L1 ⊂ AB(Σ) ❞❡✜♥✐❞♦ ♣♦r

L
1 =

{
µ ∈ AB(Σ) :

∫

S1

W 0
1 (µ

+|ζx , µ
−|ζx) dm <∞

}
✭✹✳✶✹✮

♦♥❞❡ µ+|ζx , µ
−|ζx r❡♣r❡s❡♥t❛♠ ❛s ♣❛rt❡s ♣♦s✐t✐✈❛ ❡ ♥❡❣❛t✐✈❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❛ ❞❡❝♦♠♣♦s✐çã♦

❞❡ ❏♦r❞❛♥ ❞❛ r❡str✐çã♦ ❞❡ µ ❡♠ ζx✱ ♥♦ s❡♥t✐❞♦ ❞❛s s❡çõ❡s ✸✳✷✳✶ ❡ ✸✳✷✳✷✳ ❉❡✜♥❛ ✉♠❛ ♥♦r♠❛

❡♠ L1✱ ‖ · ‖✏✶✑ : L
1 → R ♣♦r

‖µ‖✏✶✑ =

∫

S1

W 0
1 (µ

+|ζx , µ
−|ζx) dm. ✭✹✳✶✺✮

❖❜s❡r✈❛çã♦✳ P❛r❛ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ (Γ, d)✱ g : Γ → R ✉♠❛ ❢✉♥çã♦ ▲✐♣s❝❤✐t③ ❡

L(g) = sup
x,y∈Γ

{
|g(x)− g(y)|

d(x, y)

}
,

❞❛❞❛s µ ❡ ν ❞✉❛s ♠❡❞✐❞❛s ❝♦♠ s✐♥❛❧ ❡♠ Γ✱ ❛ ❞✐stâ♥❝✐❛ ✶✲❲❛ss❡rst❡✐♥ ❡♥tr❡ µ ❡ ν ♣♦❞❡ s❡r

❡s❝r✐t❛ ❝♦♠♦

W 0
1 (µ, ν) = sup

L(g)≤1,‖g‖∞≤1

∣∣∣∣∣

∫
gdµ−

∫
gdν

∣∣∣∣∣. ✭✹✳✶✻✮

❉❡♥♦t❡ W 0
1 (0, µ) ♣♦r ‖µ‖W ✳ ❚❡♠✲s❡ q✉❡ ‖ · ‖W ❞❡✜♥❡ ✉♠❛ ♥♦r♠❛ ♥♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❛s

♠❡❞✐❞❛s ❝♦♠ s✐♥❛❧ ❞❡✜♥✐❞❛s ❡♠ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦✳

❆✐♥❞❛✱ é ✈á❧✐❞♦ r❡ss❛❧t❛r ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ♥♦r♠❛ ‖ · ‖W r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ♦

♦♣❡r❛❞♦r ❞❡ tr❛♥s❢❡rê♥❝✐❛✿ ❞❛❞♦ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ Γ q✉❛❧q✉❡r✱ s❡ ❛ ❛♣❧✐❝❛çã♦ H : Γ → Γ é

✉♠❛ ❝♦♥tr❛çã♦ ❢r❛❝❛ ❡ LH é ♦ ♣❡r❛❞♦r ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❛ss♦❝✐❛❞♦ à H✱ t❡♠✲s❡ q✉❡

‖LHµ‖W ≤ ‖µ‖W ✭✹✳✶✼✮

♣❛r❛ t♦❞❛ µ ∈ SM(Γ)✳ ❉❡ ❢❛t♦✱ ✉♠❛ ✈❡③ q✉❡ H é ❝♦♥tr❛çã♦✱ s❡ g é t❛❧ q✉❡ ‖g‖∞ ≤ 1 ❡

Lip(g) ≤ 1✱ ♦ ♠❡s♠♦ ✈❛❧❡ ♣❛r❛ g ◦H ❡ ❡♥tã♦

∣∣∣
∫
g d(LH(µ))

∣∣∣ =
∣∣∣
∫
g ◦H dµ

∣∣∣ ≤ ‖µ‖W .

❚♦♠❛♥❞♦ ♦ s✉♣r❡♠♦ ❡♠ ‖g‖∞ ≤ 1 ❡ Lip(g) ≤ 1✱ ♦❜té♠✲s❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✹✳✶✼✮✳



❈❛♣ít✉❧♦ ✹✳ ❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ✼✽

❙❡❥❛ LF ♦ ♦♣❡r❛❞♦r ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❛ss♦❝✐❛❞♦ ❛ F ✱ ✐✳ ❡✳✱ [LFµ](E) = µ(F−1(E))

♣❛r❛ µ ∈ AB(Σ) ❡ E ⊂ Σ ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧✳ ❊♠ ❬✶✻❪ é ❛❜♦r❞❛❞❛ ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦

♦♣❡r❛❞♦r ❞❡ tr❛♥s❢❡rê♥❝✐❛ q✉❡ ♦ ❢❛③ ❢✉♥❝✐♦♥❛r ❝♦♠♦ ✉♠ ♦♣❡r❛❞♦r ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳ ❆♣❡s❛r ❞❡

s❡r tr❛t❛❞♦ ♥♦ ❛rt✐❣♦ ❞❡ ♠♦❞♦ ♠❛✐s ❣❡r❛❧✱ ❡st❛ ❝❛r❛❝t❡r✐③❛çã♦ s❡ ❛♣❧✐❝❛ ❛ ❡st❡ ❝❛s♦✱ ❢♦r♥❡❝❡♥❞♦✿

Pr♦♣♦s✐çã♦ ✹✳✶✶✳ P❛r❛ ✉♠❛ ❢♦❧❤❛ ζx ∈ F s✱ ❞❡✜♥❛ ♦ ♠❛♣❛ Fζx : D2 → D2 ♣♦r

Fζx = πy ◦ F |ζx ◦ πy|
−1
ζx

♦♥❞❡ πy|ζx é ❛ ♣r♦❥❡çã♦ πy ❞❡✜♥✐❞❛ ♣♦r (x, y) 7→ y✱ r❡str✐t❛ à ❢♦❧❤❛ ζx✳ P❛r❛ t♦❞♦ µ ∈ L1 ❡

♣❛r❛ q✉❛s❡ t♦❞♦ x ∈ S1✱ t❡♠✲s❡ q✉❡

(LFµ)|ζx =

q∑

i=1

FT−1
i (x)∗

µ|T−1
i (x)

|T
′

i ◦ T
−1
i (x)|

. ✭✹✳✶✽✮

❆❣♦r❛✱ sã♦ ❡①♣❧♦r❛❞❛s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❛ss♦❝✐❛❞❛s à LF ✱ ❛ ✜♠ ❞❡ ♠♦str❛r ❛

❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ♠❡❞✐❞❛ ✐♥✈❛r✐❛♥t❡ ❡♠ L1 ♣❛r❛ ♦ s✐st❡♠❛ s♦❧❡♥♦✐❞❛❧✳

Pr♦♣♦s✐çã♦ ✹✳✶✷✳ ❙❡ µ ∈ L1✱ ❡♥tã♦ ‖LFµ‖✏✶✑ ≤ ‖µ‖✏✶✑ ✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡✱ ♣❛r❛ t♦❞♦ i✱ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ γ = Ti(α)✳ ❊♥tã♦

‖LFµ‖✏✶✑ =
∫
S1

‖(LFµ)|ζx‖W dm

≤
q∑
i=1

∫
T (xi)

∥∥∥
F
T
−1
i

(γ)
∗

µ|
T
−1
i

(γ)

|T
′

i ◦T
−1
i (γ)|

∥∥∥
W
dm

=
q∑
i=1

∫
xi

‖Fα∗µ|α‖W dm(α)

=
q∑
i=1

∫
xi

‖µ|α‖Wdm(α)

= ‖µ‖✏✶✑

❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

▲❡♠❛ ✹✳✶✸✳ ❙❡❥❛ F : Γ → Γ ✉♠❛ ❝♦♥tr❛çã♦✱ ♦♥❞❡ Γ é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦✳ P❛r❛

t♦❞❛ µ ∈ SM(Γ)✱ ✈❛❧❡ ‖F∗µ‖W ≤ α‖µ‖W + µ(Γ)✱ ♦♥❞❡ α é ❛ t❛①❛ ❞❡ ❝♦♥tr❛çã♦ ❞❡ F ✳

❉❡♠♦♥str❛çã♦✳ ❙❡ g é t❛❧ q✉❡ Lip(g) ≤ 1 ❡ ‖g‖∞ ≤ 1✱ ❡♥tã♦ t❡♠✲s❡ q✉❡ g ◦ F é α✲▲✐♣s❝❤✐t③



❈❛♣ít✉❧♦ ✹✳ ❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ✼✾

❡ ‖g ◦ Fζx − θ‖∞ ≤ α ♣❛r❛ ❛❧❣✉♠ θ ≤ 1✳ ❆ss✐♠✱

∣∣∣
∫
g d(F∗µ)

∣∣∣ =
∣∣∣
∫
g ◦ F dµ

∣∣∣

=
∣∣∣
∫
g ◦ F − θ dµ

∣∣∣+
∣∣∣
∫
θ dµ

∣∣∣

= α
∣∣∣
∫

1
α
g ◦ F − θ dµ

∣∣∣+ θµ(Γ)

≤ α‖µ‖W + µ(Γ).

❚♦♠❛♥❞♦ ♦ s✉♣r❡♠♦ ❡♠ Lip(g) ≤ 1 ❡ ‖g‖∞ ≤ 1✱ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❈♦♠ ❡ss❡ r❡s✉❧t❛❞♦✱ ♣♦❞❡✲s❡ ❞❡♠♦♥str❛r ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✹✳✶✹✳ P❛r❛ t♦❞❛ ♠❡❞✐❞❛ ❝♦♠ s✐♥❛❧ µ ∈ L1 t❡♠✲s❡

‖F∗µ‖✏✶✑ ≤ α‖µ‖✏✶✑ + (α + 1)‖φx‖1. ✭✹✳✶✾✮

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✶✺✱ Pr♦♣♦s✐çã♦ ✺✼❪✳

◆♦t❡ q✉❡✱ ✐t❡r❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✹✳✶✾✮ ♦❜té♠✲s❡ ‖LnFµ‖✏✶✑ ≤ αn‖µ‖✏✶✑ + ᾱ‖φx‖1✱

♦♥❞❡ ᾱ = 1+α
1−α

✳ ❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s ♠❡❞✐❞❛s ♠é❞✐❛ ③❡r♦ ❞❛❞♦ ♣♦r

V = {µ ∈ L
1 : µ(Σ) = 0}.

❯♠❛ ✈❡③ q✉❡ πx∗µ = µx = φxm✱ t❡♠✲s❡ q✉❡
∫
φx dm = 0 s❡ µ ∈ V ✳ ❉❡st❡ ♠♦❞♦✱ ♣❡❧❛

❡q✉❛çã♦ ❞❡ ✐t❡r❛çã♦ ❛❝✐♠❛ ❡ ♣❡❧❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ♦ ❡q✉✐❧í❜r✐♦ ♣❛r❛ ❛♣❧✐❝❛çõ❡s ❡①♣❛♥s♦r❛s

❝♦♠ r❡s♣❡✐t♦ às ♥♦r♠❛s ❞❡ L1 ❡ W 1,1✱ ❞✐s❝✉t✐❞❛s ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ s❡❣✉❡✿

Pr♦♣♦s✐çã♦ ✹✳✶✺ ✭❈♦♥✈❡r❣ê♥❝✐❛ ❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ♦ ❡q✉✐❧í❜r✐♦✮✳ ❊①✐st❡♠ D ∈ R ❡ 0 < β1 < 1

t❛✐s q✉❡✱ ♣❛r❛ t♦❞❛ µ ∈ V ❡ t♦❞♦ n ≥ 1✱ t❡♠✲s❡

‖LnFµ‖✏✶✑ ≤ D2β
n
1 (‖µ‖1 + ‖φx‖W 1,1).

❆❣♦r❛ ♣♦❞❡✲s❡ ❞❡♠♦♥str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ♠❡❞✐❞❛ ✐♥✈❛r✐❛♥t❡ ♥♦ ❝♦♥❥✉♥t♦ L1

♣❛r❛ ♦ s✐st❡♠❛ s♦❧❡♥♦✐❞❛❧✳



❈❛♣ít✉❧♦ ✹✳ ❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ✽✵

Pr♦♣♦s✐çã♦ ✹✳✶✻✳ ❊①✐st❡ ✉♠❛ ú♥✐❝❛ µ ∈ L1 t❛❧ q✉❡ LFµ = µ✳

❉❡♠♦♥str❛çã♦✳ ❖ ♠❛♣❛ T é ❡①♣❛♥s♦r ❡ ♣♦ss✉✐ ✉♠❛ ♠❡❞✐❞❛ ✐♥✈❛r✐❛♥t❡ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛✱

q✉❡ s❡rá ❞❡♥♦♠✐♥❛❞❛ ϕx✳ ❈♦♥s✐❞❡r❡ ❛ ♠❡❞✐❞❛ ν = ϕx × m ❡ ❛ s❡q✉ê♥❝✐❛ νn = Lnfν✳ P❡❧❛

Pr♦♣♦s✐çã♦ ✹✳✶✺ t❡♠✲s❡ q✉❡ ‖νn − νp‖✏✶✑ ≤ D2β
n
1 ✱ ❞❡ ♠♦❞♦ q✉❡ νn é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡

❈❛✉❝❤②✳ ❈♦♥s✐❞❡r❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ νnk
t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ ❢♦❧❤❛ ζx✱ νnk

|ζx é ✉♠❛ s❡q✉ê♥❝✐❛

❞❡ ❈❛✉❝❤② ♣❛r❛ ❛ ♥♦r♠❛ ‖ · ‖W ✳ ❈♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❛s ♠❡❞✐❞❛s ❞❡ ❇♦r❡❧ ♣♦s✐t✐✈❛s ❡♠ Σ é

❝♦♠♣❧❡t♦ ❝♦♠ r❡s♣❡✐t♦ à ‖ · ‖W ✱ ❡ss❛ s❡q✉ê♥❝✐❛ ♣♦ss✉✐ ✉♠ ❧✐♠✐t❡✱ q✉❡ é ✉♠❛ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛✱

❡ ✐ss♦ ❞❡✜♥❡ ✉♠❛ ♠❡❞✐❞❛ ❧✐♠✐t❡ µ✱ q✉❡ é ✐♥✈❛r✐❛♥t❡✳ ❆ ✐♥t❡❣r❛❜✐❧✐❞❛❞❡ ❞❡ ‖ν|ζx‖W s❡❣✉❡ ❞♦

❢❛t♦ ❞❡ q✉❡ ‖νnk
|γ‖W ≤ supϕx ✭❡ ❡♥tã♦ é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛✮ ❡ ‖νnk

|ζx‖W ❝♦♥✈❡r❣❡

♣♦♥t✉❛❧♠❡♥t❡ ♣❛r❛ ‖ν|ζx‖W ✱ ❡ ❛ ✉♥✐❝✐❞❛❞❡ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ Pr♦♣♦s✐çã♦ ✹✳✶✺✳

◆♦ ❛rt✐❣♦ ❬✶✺❪ ❛✐♥❞❛ é ❛♣r❡s❡♥t❛❞❛ ❛ ❝♦♥str✉çã♦ ❞❡ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ✏❢♦rt❡✑ ♣❛r❛

❡st❡ s✐st❡♠❛✱ ♥♦ q✉❛❧ ❡①✐st❡ ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▲❛s♦t❛✲❨♦r❦❡ ♣❛r❛ ♦ ♦♣❡r❛❞♦r ❞❡ tr❛♥s❢❡rê♥❝✐❛

❛♣❧✐❝❛❞♦ à ♠❡❞✐❞❛s ♥ã♦ ♥❡❣❛t✐✈❛s ❡✱ ❛✐♥❞❛✱ é ❞❡♠♦♥str❛❞♦ q✉❡ ❛ ✐t❡r❛çã♦ LnF ♠❛♥té♠ ✉♠❛

r❡❣✉❧❛r✐❞❛❞❡ ❧✐♠✐t❛❞❛ ♥❡ss❛ ♥♦r♠❛ ✏❢♦rt❡✑✳

◆❡st❡s ❡①❡♠♣❧♦s ♦❜s❡r✈❛✲s❡ ❝♦♠♦ ❡st❡ t✐♣♦ ❞❡ ❛❜♦r❞❛❣❡♠✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ♦♣❡r❛❞♦r

❞❡ tr❛♥s❢❡rê♥❝✐❛✱ ♣❡r♠✐t❡ ♦❜t❡r ✐♥ú♠❡r❛s ✐♥❢♦r♠❛çõ❡s r❡❧❡✈❛♥t❡s r❡❧❛❝✐♦♥❛❞❛s à ♣r♦♣r✐❡❞❛❞❡s

❡st❛tíst✐❝❛s ❞❡ s✐st❡♠❛ ❞✐♥â♠✐❝♦s✳ ❆❧é♠ ❞✐ss♦✱ ❡st❡ ❡①❡♠♣❧♦ ❞♦ s✐st❡♠❛ s♦❧❡♥♦✐❞❛❧ ✐❧✉str❛ ❝♦♠♦

❛ ❞❡s✐♥t❡❣r❛çã♦ ❞❡ ♠❡❞✐❞❛s é ✉♠ ❝♦♥❝❡✐t♦ ❜❛st❛♥t❡ ✈❡rsát✐❧✱ ♥♦ s❡♥t✐❞♦ q✉❡ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞♦

❡♠ ❞✐✈❡rs♦s ❝❡♥ár✐♦s✳
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