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❆❣r❛❞❡❝✐♠❡♥t♦s

❆♦ Pr♦❢✳ ❉r✳ ▼❛r❝♦s ❏❛r❞✐♠✱ ♣❡❧❛ ♦r✐❡♥t❛çã♦✱ ❛♣♦✐♦ ❡ ♣♦r t❡r ♠❡ ❛❜❡rt♦ ❛s ♣♦rt❛s ♣❛r❛ ❛

♣❡sq✉✐s❛ ❡♠ ♠❛t❡♠át✐❝❛✳

❆❣r❛❞❡ç♦ ❛♦s Pr♦❢s✳ ❉rs✳ ❘❛❢❛❡❧ ❞❡ ❋r❡✐t❛s ▲❡ã♦ ❡ ❍❡♥r✐q✉❡ ❙á ❊❛r♣✱ ♣❡❧♦s s❡♠✐♥ár✐♦s✱

❡♥t✉s✐❛s♠♦✱ ❞✐s❝✉ssõ❡s ♠❛t❡♠át✐❝❛s ❡ ♣❡❧❛ ❛t❡♥çã♦✳

❆♦ ■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛ ❝♦♠♦ ✉♠ t♦❞♦✱ q✉❡ ❢♦✐

♠❡✉ ❧❛r ❞✉r❛♥t❡ ❡ss❡s ❛♥♦s✳ ❊♠ ❡s♣❡❝✐❛❧✱ ♥ã♦ ♣♦❞❡r✐❛ ❞❡✐①❛r ❞❡ ❝✐t❛r ♦s Pr♦❢s✳ ❉rs✳ ❆r②

❖r♦③✐♠❜♦✱ ❙❛♥ ▼❛rt✐♥✱ ❆❞r✐❛♥♦ ❞❡ ▼♦✉r❛ ❡ ❉❡ss✐s❧❛✈❛ ❑♦❝❤❧♦✉❦♦✈❛✱ q✉❡ t✐✈❡r❛♠ ✐♥✢✉ê♥❝✐❛

❞✐r❡t❛ ♥❛ ♠✐♥❤❛ ❢♦r♠❛çã♦ ♠❛t❡♠át✐❝❛ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♥❛ r❡❛❧✐③❛çã♦ ❞❡ss❡ tr❛❜❛❧❤♦✳ ❆♦s

❢✉♥❝✐♦♥ár✐♦s ❞♦ ■▼❊❈❈✱ ❛❣r❛❞❡ç♦ ♣❡❧♦ ③❡❧♦ ❡ ❝✉✐❞❛❞♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ à ❡q✉✐♣❡ ❞❛ ❜✐❜❧✐♦t❡❝❛✱

à ❚â♥✐❛ ❡ ▲í✈✐❛ ❞❛ s❡❝r❡t❛r✐❛✱ ❛♦ ♣❡ss♦❛❧ ❞❛ ❧✐♠♣❡③❛ ❡ à ❉♦♥❛ ❩❡❢❛✱ ♣❡❧❛ s✐♠♣❛t✐❛ ❡ ♣❡❧♦

❝❛❢❡③✐♥❤♦✳ ❆❣r❛❞❡ç♦ ❞❡ ❢♦r♠❛ ♠✉✐t♦ ❡s♣❡❝✐❛❧ ❛♦s ❛♠✐❣♦s ❱❛❧t❡r ❈❛♠❛r❣♦✱ ▼❛t❤❡✉s ❇r✐t♦✱

▼❛r❝❡❧♦ ❞❡ ▼❛rt✐♥♦✱ ❉❡❜♦r❛❤ ❘❛♥❣❡❧✱ ❏♦r❞❛♥ ▲❛♠❜❡rt ❡ ❘♦❞r✐❣♦ ❇❛r❜♦s❛✱ s❡♠♣r❡ ♣r❡s❡♥t❡s

♥♦s ❞✐❛s ❜♦♥s ❡ ♥♦s ♥ã♦ tã♦ ❜♦♥s✱ ❡ à ♠✐♥❤❛ ♥❛♠♦r❛❞❛ ❡ ❛♠✐❣❛ ❇❡❛tr✐③ ●✉❡❞❡s ♣❡❧♦ ❝✉✐❞❛❞♦✱

❝♦♠♣❛♥❤❡✐r✐s♠♦ ❡ ✐♥❝❡♥t✐✈♦✳

❆♦s ♠❡✉s ♣❛✐s ❡ ❛✈ós✱ ♣r✐♠❡✐r♦s ❡ ❡t❡r♥♦s ♣r♦❢❡ss♦r❡s✱ ✉♠ ❝❛r✐♥❤♦s♦ ♦❜r✐❣❛❞♦✳ ❆ ✈♦❝ês ❞❡✈♦

t✉❞♦ q✉❡ s♦✉✳

P♦r ✜♠✱ ❛♦ ❈◆Pq ♣♦r t❡r ✜♥❛♥❝✐❛❞♦ ❡st❡ tr❛❜❛❧❤♦✳
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❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ♦s ❛s♣❡❝t♦s ❜ás✐❝♦s ❞❛ t❡♦r✐❛ ❞❡ ❝❛❧✐❜r❡ sã♦ ❛❜♦r❞❛❞♦s✱ ✐♥❝❧✉✐♥❞♦ ❛s ♥♦çõ❡s

❞❡ ❝♦♥❡①ã♦ ❡ ❝✉r✈❛t✉r❛ ❡♠ ✜❜r❛❞♦s ♣r✐♥❝✐♣❛✐s ❡ ✈❡t♦r✐❛✐s✱ ❝♦♥s✐❞❡r❛çõ❡s s♦❜r❡ ♦ ❣r✉♣♦ ❞❡

tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❝❛❧✐❜r❡ ❡ ♦ ❡s♣❛ç♦ ❞❡ ♠♦❞✉❧✐ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ❛ ❡q✉❛çã♦ ❛♥t✐✲❛✉t♦✲❞✉❛❧

❡♠ ❞✐♠❡♥sã♦ q✉❛tr♦ ✭♦ ❡s♣❛ç♦ ❞❡ ♠♦❞✉❧✐ ❞❡ ✐♥st❛♥t♦♥s✮✳ P♦st❡r✐♦r♠❡♥t❡✱ ♠❛♣❛s ♠♦♠❡♥t♦

❡ r❡❞✉çã♦ sã♦ ✐♥tr♦❞✉③✐❞♦s✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♥♦ ❝♦♥t❡①t♦ ❝❧áss✐❝♦ ❞❡ ❣❡♦♠❡tr✐❛ s✐♠♣❧ét✐❝❛ ❡

❞❡♣♦✐s ♥♦ ❝♦♥t❡①t♦ ❞❡ ❣❡♦♠❡tr✐❛ ❤②♣❡r❦ä❤❧❡r✳ P♦r ✜♠✱ sã♦ ❛♣r❡s❡♥t❛❞❛s ❛♣❧✐❝❛çõ❡s ❞❛ t❡♦r✐❛ ❞❡

♠❛♣❛s ♠♦♠❡♥t♦ ❡ r❡❞✉çã♦ ❡♠ t❡♦r✐❛ ❞❡ ❝❛❧✐❜r❡✳ ❆s ❡q✉❛çõ❡s ❆❉❍▼ sã♦ ✐♥tr♦❞✉③✐❞❛s ❡ ♠♦str❛✲

s❡ q✉❡ ❡st❛s ♣♦❞❡♠ s❡r ❞❛❞❛s ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ③❡r♦s ❞❡ ✉♠ ♠❛♣❛ ♠♦♠❡♥t♦ ❤②♣❡r❦ä❤❧❡r✳

❆❧é♠ ❞✐ss♦✱ ❝♦♥s✐❞❡r❛çõ❡s sã♦ ❢❡✐t❛s ❛❝❡r❝❛ ❞❛ ❝♦♥str✉çã♦ ❆❉❍▼ ❞❡ ✐♥st❛♥t♦♥s✱ q✉❡ r❡❧❛❝✐♦♥❛

s♦❧✉çõ❡s ❞❡ss❛s ❡q✉❛çõ❡s ❝♦♠ ❛s s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦ ❞❡ ❛♥t✐✲❛✉t♦✲❞✉❛❧✐❞❛❞❡✳ ❖ ❡s♣❛ç♦ ❞❡

♠♦❞✉❧✐ ❞❡ ❝♦♥❡①õ❡s ♣❧❛♥❛s é t❛♠❜é♠ ❛❜♦r❞❛❞♦✳ ◆❡st❡ ❝❛s♦✱ ❛ ❝✉r✈❛t✉r❛ é ✈✐st❛ ❝♦♠♦ ✉♠ ♠❛♣❛

♠♦♠❡♥t♦ ❡ ♦s ❝á❧❝✉❧♦s ♣♦❞❡♠ s❡r ❣❡♥❡r❛❧✐③❛❞♦s ♣❛r❛ ♦ ❡s♣❛ç♦ ❞❡ ♠♦❞✉❧✐ ❞❡ ❝♦♥❡①õ❡s ♣❧❛♥❛s

s♦❜r❡ ✈❛r✐❡❞❛❞❡s ❑ä❤❧❡r ❞❡ ❞✐♠❡♥sõ❡s ♠❛✐s ❛❧t❛s ❡ ♣❛r❛ ♦ ❡s♣❛ç♦ ❞❡ ♠♦❞✉❧✐ ❞❡ ✐♥st❛♥t♦♥s s♦❜r❡

✈❛r✐❡❞❛❞❡s ❤②♣❡r❦ä❤❧❡r ❞❡ ❞✐♠❡♥sã♦ q✉❛tr♦✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✱ ✜❜r❛❞♦ ✈❡t♦r✐❛❧✱ ❝♦♥❡①ã♦✱ ❝✉r✈❛t✉r❛✱ ✐♥st❛♥t♦♥✱ ❡s♣❛ç♦

❞❡ ♠♦❞✉❧✐✱ ❣❡♦♠❡tr✐❛ ❑ä❤❧❡r✱ ❣❡♦♠❡tr✐❛ ❤②♣❡r❦ä❤❧❡r✱ ♠❛♣❛ ♠♦♠❡♥t♦✱ r❡❞✉çã♦ s✐♠♣❧ét✐❝❛✱ q✉♦✲

❝✐❡♥t❡ ❤②♣❡r❦ä❤❧❡r✱ ❆❉❍▼✳
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❆❜str❛❝t

■♥ t❤✐s ✇♦r❦ ✐t ✐s ❞❡✈❡❧♦♣❡❞ t❤❡ ❜❛s✐❝ ❝♦♥❝❡♣ts ♦❢ ❣❛✉❣❡ t❤❡♦r②✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ♥♦t✐♦♥s ♦❢

❝♦♥♥❡❝t✐♦♥s ❛♥❞ ❝✉r✈❛t✉r❡ ♦♥ ♣r✐♥❝✐♣❛❧ ❜✉♥❞❧❡s ❛♥❞ ✈❡❝t♦r ❜✉♥❞❧❡s✱ ❝♦♥s✐❞❡r❛t✐♦♥s ♦♥ t❤❡ ❣r♦✉♣

♦❢ ❣❛✉❣❡ tr❛♥s❢♦r♠❛t✐♦♥s ❛♥❞ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ ❛♥t✐✲s❡❧❢✲❞✉❛❧ ❝♦♥♥❡❝t✐♦♥s ✐♥ ❞✐♠❡♥s✐♦♥ ❢♦✉r

✭t❤❡ ✐♥st❛♥t♦♥ ♠♦❞✉❧✐ s♣❛❝❡✮✳ ❆❢t❡r✱ ♠♦♠❡♥t ♠❛♣s ❛♥❞ r❡❞✉❝t✐♦♥ ❛r❡ ✐♥tr♦❞✉❝❡❞✳ ❋✐rst ✐♥ t❤❡

❝❧❛ss✐❝❛❧ ❝♦♥t❡①t ♦❢ s②♠♣❧❡❝t✐❝ ❣❡♦♠❡tr②✱ t❤❡♥ ✐♥ ❤②♣❡r❦ä❤❧❡r ❣❡♦♠❡tr②✳ ❆t ❧❛st✱ ❛♣♣❧✐❝❛t✐♦♥s

t♦ t❤❡ t❤❡♦r② ♦❢ ♠♦♠❡♥t ♠❛♣s ❛♥❞ r❡❞✉❝t✐♦♥ ✐♥ ❣❛✉❣❡ t❤❡♦r② ❛r❡ ❣✐✈❡♥✳ ❚❤❡ ❆❉❍▼ ❡q✉❛t✐♦♥s

❛r❡ ✐♥tr♦❞✉❝❡❞ ❛♥❞ ✐t ✐s s❤♦✇♥ t❤❛t s♦❧✉t✐♦♥s t♦ t❤❡s❡ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ❣✐✈❡♥ ❜② t❤❡ ③❡r♦s ♦❢

❛ ❤②♣❡r❦ä❤❧❡r ♠♦♠❡♥t ♠❛♣✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❆❉❍▼ ❝♦♥str✉❝t✐♦♥✱ t❤❛t r❡❧❛t❡s t❤❡ ❆❉❍▼

❡q✉❛t✐♦♥s t♦ ✐♥st❛♥t♦♥ s♦❧✉t✐♦♥s✱ ✐s ❞✐s❝✉ss❡❞✳ ❚❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ ✢❛t ❝♦♥♥❡❝t✐♦♥s ♦✈❡r ❛

❘✐❡♠❛♥♥ s✉r❢❛❝❡ ✐s ❛❧s♦ tr❡❛t❡❞✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❝✉r✈❛t✉r❡ ✐s s❡❡♥ ❛s ❛ ♠♦♠❡♥t ♠❛♣ ❛♥❞ t❤❡

❝❛❧❝✉❧❛t✐♦♥s ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ✢❛t ❝♦♥♥❡❝t✐♦♥s ♦✈❡r ❤✐❣❤❡r✲❞✐♠❡♥s✐♦♥❛❧ ❑ä❤❧❡r ♠❛♥✐❢♦❧❞s

❛♥❞ t♦ t❤❡ ✐♥st❛♥t♦♥ ♠♦❞✉❧✐ s♣❛❝❡ ♦✈❡r ❢♦✉r ❞✐♠❡♥s✐♦♥❛❧ ❤②♣❡r❦ä❤❧❡r ♠❛♥✐❢♦❧❞s✳

❑❡②✇♦r❞s✿ ♣r✐♥❝✐♣❛❧ ❜✉♥❞❧❡s✱ ✈❡❝t♦r ❜✉♥❞❧❡s✱ ❝♦♥♥❡❝t✐♦♥✱ ❝✉r✈❛t✉r❡✱ ✐♥st❛♥t♦♥✱ ♠♦❞✉❧✐

s♣❛❝❡✱ ❑ä❤❧❡r ❣❡♦♠❡tr②✱ ❤②♣❡r❦ä❤❧❡r ❣❡♦♠❡tr②✱ ♠♦♠❡♥t ♠❛♣✱ s②♠♣❧❡❝t✐❝ r❡❞✉❝t✐♦♥✱ ❤②♣❡r❦ä❤❧❡r

r❡❞✉❝t✐♦♥✱ ❆❉❍▼✳
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❙✉♠ár✐♦

❘❡s✉♠♦ ✐①

❘❡s✉♠♦ ✐①

❆❜str❛❝t ①✐

■♥tr♦❞✉çã♦ ①✈

✶ ❚❡♦r✐❛ ❞❡ ❈❛❧✐❜r❡ ✶

✶✳✶ ❋✐❜r❛❞♦s Pr✐♥❝✐♣❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶
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✷ ▼❛♣❛s ▼♦♠❡♥t♦ ❡ ❘❡❞✉çã♦ ✹✸
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❇ ❋♦r♠❛ ✈♦❧✉♠❡ ❡ ❊str❡❧❛ ❞❡ ❍♦❞❣❡ ✾✾

❈ ●❡♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛ ✶✵✸

❉ ❙♦❜r❡ ♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ gE ✶✵✼

❘❡❢❡rê♥❝✐❛ ❇✐❜❧✐♦❣rá✜❝❛ ✶✵✾
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■♥tr♦❞✉çã♦

❆ ✐♥t❡r❛çã♦ ❡♥tr❡ ❛ ❢ís✐❝❛ ❡ ❛ ♠❛t❡♠át✐❝❛ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦ é ❡✈✐❞❡♥t❡✳ ❆ ♠❡❝â♥✐❝❛

♥❡✇t♦♥✐❛♥❛ ❡ ♦ ❝á❧❝✉❧♦✱ ❛ t❡♦r✐❛ ❞❛ r❡❧❛t✐✈✐❞❛❞❡ ❣❡r❛❧ ❞❡ ❊✐♥st❡✐♥ ❡ ❛ ❣❡♦♠❡tr✐❛ r✐❡♠❛♥♥✐❛♥❛ ❡✱

♠❛✐s r❡❝❡♥t❡♠❡♥t❡✱ ❛ t❡♦r✐❛ ❞❛s ❝♦r❞❛s ❡ ❛ ❣❡♦♠❡tr✐❛ ❛❧❣é❜r✐❝❛ sã♦ ❛❧❣✉♥s ❡①❡♠♣❧♦s ♦♥❞❡ ❡st❛

✐♥t❡r❛çã♦ s❡ ♠♦str♦✉ ✈✐t❛❧ ♣❛r❛ ❛♠❜❛s ❛s ár❡❛s✳ ❖✉tr♦ ♣❡rs♦♥❛❣❡♠ ✐♠♣♦rt❛♥t❡ ❞❡ss❛ ❡stór✐❛ é

❛ t❡♦r✐❛ ❞❡ ❝❛❧✐❜r❡✳ ❋♦r♠✉❧❛❞❛ ♣♦r ❢ís✐❝♦s ♥❛ ❞é❝❛❞❛ ❞❡ ✺✵ ❡ ✻✵✱ ❛ t❡♦r✐❛ ❞❡ ❝❛❧✐❜r❡✱ ❝✉❥❛s r❛í③❡s

r❡♠♦♥t❛♠ ❛♦ ❡st✉❞♦ ❞♦ ❡❧❡❝tr♦♠❛❣♥❡t✐s♠♦✱ ❞❡s♣❡rt♦✉ ♦ ✐♥t❡r❡ss❡ ❞❛ ❝♦♠✉♥✐❞❛❞❡ ♠❛t❡♠át✐❝❛

❛♣❡♥❛s ♥♦ ✜♥❛❧ ❞❛ ❞é❝❛❞❛ ❞❡ ✼✵✱ q✉❛♥❞♦ ♣❡r❝❡❜❡✉✲s❡ q✉❡ ❛ t❡♦r✐❛ ❢ís✐❝❛ ♣♦❞✐❛ s❡r ❡♥t❡♥❞✐❞❛

❛ ♣❛rt✐r ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ✜❜r❛❞♦s ❡ ❝♦♥❡①õ❡s✳ ❆ t❡♦r✐❛ ❞❡ ❝❛❧✐❜r❡ ❣❡r♦✉ ❡s♣❡t❛❝✉❧❛r❡s ❛✈❛♥ç♦s

❡♠ t♦♣♦❧♦❣✐❛ ❡ ♥❛ ❣❡♦♠❡tr✐❛✱ ✐♥❝❧✉✐♥❞♦ ✉♠ ♠❡❧❤♦r ❡♥t❡♥❞✐♠❡♥t♦ ❞❛s ✈❛r✐❡❞❛❞❡s ❞❡ ❞✐♠❡♥sã♦

q✉❛tr♦ ❛tr❛✈és ❞♦s ✐♥✈❛r✐❛♥t❡s ❞❡✜♥✐❞♦s ♥♦ ❡s♣❛ç♦ ❞❡ ♠♦❞✉❧✐ ❞❡ ✐♥st❛♥t♦♥s✱ ✐♥tr♦❞✉③✐❞♦s ♣❡❧♦

♠❡❞❛❧❤✐st❛ ❋✐❡❧❞s ❙✐♠♦♥ ❉♦♥❛❧❞s♦♥✳

❖✉tr♦ ❛ss✉♥t♦ ❛❜♦r❞❛❞♦ é ♦ ❞❡ ♠❛♣❛ ♠♦♠❡♥t♦✳ ❍✐st♦r✐❝❛♠❡♥t❡✱ ❡st❡s ♦❜❥❡t♦s ❛♣❛r❡❝❡♠ ❞❡

♠❛♥❡✐r❛ ♥❛t✉r❛❧ ❡♠ ♠❡❝â♥✐❝❛ ❝❧áss✐❝❛✱ ❝♦♠♦ ♦ ♠♦♠❡♥t♦ ❧✐♥❡❛r ❡ ❛♥❣✉❧❛r✱ ❛♥t❡s ♠❡s♠♦ ❞❡ s✉❛

❢♦r♠❛❧✐③❛çã♦ ❝♦♠♦ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ ❡♠ ❣❡♦♠❡tr✐❛ s✐♠♣❧ét✐❝❛✳ ❖ ❝♦♥❝❡✐t♦ ❞❡ ♠❛♣❛ ♠♦♠❡♥t♦

❡ r❡❞✉çã♦ s❡ ♠♦str♦✉ ❡①tr❡♠❛♠❡♥t❡ ❢r✉tí❢❡r♦ ❡♠ t❡♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❡ ❣❡♦♠❡tr✐❛✱ s❡♥❞♦

❣❡♥❡r❛❧✐③❛❞♦ ♥♦ ❝♦♥t❡①t♦ ❞❡ ❣❡♦♠❡tr✐❛ ❑ä❤❧❡r ❡ ❤②♣❡r❦ä❤❧❡r ✭♣♦r ◆✐❣❡❧ ❍✐t❝❤✐♥✱ ❡♠ ❬✷✵❪✮ ❡✱

♠❛✐s r❡❝❡♥t❡♠❡♥t❡✱ ♣❛r❛ ❣❡♦♠❡tr✐❛ ❝♦♠♣❧❡①❛ ❣❡♥❡r❛❧✐③❛❞❛✱ ♣♦r ▼❛r❝♦ ●✉❛❧t✐❡r✐✱ ●✐❧ ❈❛✈❛❧❝❛♥t✐

❡ ❍❡♥r✐q✉❡ ❇✉rs③t②♥✳ ❈♦♠♦ ♦❜s❡r✈❛❞♦ ♣♦r ❆t✐②❛❤ ❡ ❇♦tt ❡♠ ❬✺❪✱ ❛ ❝✉r✈❛t✉r❛ ❞❡ ✉♠ ✜❜r❛❞♦

♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ✉♠ ♠❛♣❛ ♠♦♠❡♥t♦ ♣❛r❛ ❛ ❛çã♦ ❞♦ ❣r✉♣♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❝❛❧✐❜r❡ ♥♦

❡s♣❛ç♦ ❞❡ ❝♦♥❡①õ❡s ❡✱ ❞❡s❞❡ ❡♥tã♦✱ ❛ t❡♦r✐❛ ❣❛♥❤♦✉ ❛♣❧✐❝❛çõ❡s ♥♦ ❡st✉❞♦ ❞❡ ❡s♣❛ç♦s ❞❡ ♠♦❞✉❧✐

♦r✐✉♥❞♦s ❞❛ t❡♦r✐❛ ❞❡ ❝❛❧✐❜r❡✳

❊st❛ ❞✐ss❡rt❛çã♦ é ✉♠❛ ✐♥tr♦❞✉çã♦ à t❡♦r✐❛ ❞❡ ❝❛❧✐❜r❡ ❡ ❝♦♠♦ ♠❛♣❛s ♠♦♠❡♥t♦ ❡ r❡❞✉çã♦

❢♦r♥❡❝❡♠ ✉♠❛ ♠❛♥❡✐r❛ ❡❧❡❣❛♥t❡ ❞❡ ❡♥t❡♥❞❡r ❛❧❣✉♥s ❛s♣❡❝t♦s ❞❛ ♠❡s♠❛✳ ❖ t❡①t♦ ❡stá ♦r❣❛♥✐③❛❞❛

❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✳ ◆♦ ❝❛♣ít✉❧♦ ✶ é ❞❛❞❛ ✉♠❛ ✐♥tr♦❞✉çã♦ ❛♦s ❝♦♥❝❡✐t♦s q✉❡ ♣❡r♠❡✐❛♠ ❛

t❡♦r✐❛ ❞❡ ❝❛❧✐❜r❡✳ ❋✐❜r❛❞♦s ♣r✐♥❝✐♣❛✐s ✭s❡çã♦ ✶✳✶✮ ❡ ✈❡t♦r✐❛✐s ✭s❡çã♦ ✶✳✷✮ sã♦ ❛❜♦r❞❛❞♦s✱ ❛ss✐♠

❝♦♠♦ ❛ r❡❧❛çã♦ ❡♥tr❡ ❡❧❡s✳ ❆s ♥♦çõ❡s ❞❡ ❝♦♥❡①ã♦ ❡ ❝✉r✈❛t✉r❛ sã♦ ❡♥tã♦ ❞✐s❝✉t✐❞❛s ✭s❡çã♦ ✶✳✸✮✳

①✈



❉❡✜♥✐çõ❡s ❡q✉✐✈❛❧❡♥t❡s ❞❡ss❡s ♦❜❥❡t♦s sã♦ ❞❛❞❛s ❡ ♠♦str❛✲s❡ ❛ r❡❧❛çã♦ ❡①✐st❡♥t❡ ❡♥tr❡ ❡❧❛s✳ ❊♠

♣❛rt✐❝✉❧❛r✱ ✉♠❛ ❝♦♥❡①ã♦ ♥✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ✐♥❞✉③ ✉♠❛ ❞❡r✐✈❛❞❛ ❡①t❡r✐♦r ❝♦✈❛r✐❛♥t❡ ♥♦s

✜❜r❛❞♦s ❛ss♦❝✐❛❞♦s ❡ ✉♠❛ ❡①♣r❡ssã♦ ❡①♣❧í❝✐t❛ ♣❛r❛ ❡st❡ ♠❛♣❛ é ❢♦r♥❡❝✐❞❛ ❡♠ ✶✳✸✳✸✳ ❖ ❣r✉♣♦ ❞❡

tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❝❛❧✐❜r❡ é ✐♥tr♦❞✉③✐❞♦✱ ❞✐❢❡r❡♥t❡s ❝❛r❛❝t❡r✐③❛çõ❡s sã♦ ❞❛❞❛s ❡ ❞❡✜♥❡✲s❡ ❛ ❛çã♦

❞❡st❡ ❣r✉♣♦ ♥♦ ❡s♣❛ç♦ ❞❡ ❝♦♥❡①õ❡s✳ ❆ ♥♦çã♦ ❞❡ ✐♥st❛♥t♦♥s ✭✐✳❡✳✱ ✉♠❛ ❝♦♥❡①ã♦ ❝✉❥❛ ❝✉r✈❛t✉r❛

é ❛♥t✐✲❛✉t♦✲❞✉❛❧✮ é ❛❜♦r❞❛❞❛ ♥❛ s❡çã♦ ✶✳✺ ❡ ❝♦♠❡♥tár✐♦s sã♦ ❢❡✐t♦s ❛❝❡r❝❛ ❞♦ s❡✉ ❡s♣❛ç♦ ❞❡

♠♦❞✉❧✐✳ ◆♦ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦ é ❢❡✐t❛ ✉♠❛ ✐♥tr♦❞✉çã♦ ❜ás✐❝❛ à ❣❡♦♠❡tr✐❛ s✐♠♣❧ét✐❝❛✱ ❑ä❤❧❡r ❡

❤②♣❡r❦ä❤❧❡r✱ ✐♥❝❧✉✐♥❞♦ ❝❛r❛❝t❡r✐③❛çõ❡s ❛tr❛✈és ❞❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ♣❛r❛ ❛s ❞✉❛s ú❧t✐♠❛s

❣❡♦♠❡tr✐❛s✳ ▼❛♣❛s ♠♦♠❡♥t♦ ❡ ♦ ❝♦♥❝❡✐t♦ ❞❡ r❡❞✉çã♦ sã♦ ✐♥tr♦❞✉③✐❞♦s ♥♦ ❝♦♥t❡①t♦ ❞❡ ❣❡♦♠❡tr✐❛

s✐♠♣❧ét✐❝❛ ❡ ♣♦st❡r✐♦r♠❡♥t❡ ❣❡♥❡r❛❧✐③❛❞♦s ♣❛r❛ ❣❡♦♠❡tr✐❛ ❤②♣❡r❦ä❤❧❡r✳ P♦r ✜♠✱ ❛♣❧✐❝❛çõ❡s ❞❛

t❡♦r✐❛ sã♦ ❡❧❛❜♦r❛❞❛s ♥♦ ❝❛♣ít✉❧♦ ✸✳ ▼♦str❛✲s❡ q✉❡ ❛s ❡q✉❛çõ❡s ❆❉❍▼ ♣♦❞❡♠ s❡r ❡♥t❡♥❞✐❞❛s

❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ③❡r♦s ❞❡ ✉♠ ♠❛♣❛ ♠♦♠❡♥t♦ ❤②♣❡r❦ä❤❧❡r ❡ sã♦ ❢❡✐t♦s ❝♦♠❡♥tár✐♦s s♦❜r❡ ❛

r❡❧❛çã♦ ❡♥tr❡ ♦ ❡s♣❛ç♦ ❞❡ s♦❧✉ç♦❡s ❞❡ss❛s ❡q✉❛çõ❡s✱ q✉❡ ♣♦ss✉✐ ✉♠❛ ❡str✉t✉r❛ ❤②♣❡r❦❛❤❧❡r✱ ❡ ♦

❡s♣❛ç♦ ❞❡ ♠♦❞✉❧✐ ❞❡ ✐♥st❛♥t♦♥s✳ P♦r ✜♠✱ ♦ ❡s♣❛ç♦ ❞❡ ♠♦❞✉❧✐ ❞❡ ❝♦♥❡①õ❡s ♣❧❛♥❛s é ❛❜♦r❞❛❞♦ ♥♦

❝♦♥t❡①t♦ ❞❡ ♠❛♣❛s ♠♦♠❡♥t♦ ❡ r❡❞✉çã♦ ✭❑ä❤❧❡r✮ ❡ é ❞✐s❝✉t✐❞♦ ❝♦♠♦ ❣❡♥❡r❛❧✐③❛r ♦s r❡s✉❧t❛❞♦s

✭❝❧áss✐❝♦s✮ ♦❜t✐❞♦s ♣❛r❛ ✜❜r❛❞♦s s♦❜r❡ ✈❛r✐❡❞❛❞❡s ❑ä❤❧❡r ♠❛✐s ❣❡r❛✐s✳

①✈✐



❈❛♣ít✉❧♦ ✶

❚❡♦r✐❛ ❞❡ ❈❛❧✐❜r❡

✶✳✶ ❋✐❜r❛❞♦s Pr✐♥❝✐♣❛✐s

❙❡❥❛ ▼ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❡ ● ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✳ ❯♠ ●✲✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ✭❞✐❢❡r❡♥❝✐á✈❡❧✮ s♦❜r❡ ▼ é ✉♠❛ tr✐♣❧❛ ✭P✱ π✱ ψ✮✱ ♦♥❞❡
P é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ π : P −→ M é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ s♦❜r❡❥❡t♦r❛ ❡
ψ : P ×G −→ P ✉♠❛ ❛çã♦ ✭à ❞✐r❡✐t❛✮ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ψ(p, g) = p · g✱ s❛t✐s❢❛③❡♥❞♦✿

✶✳ ψ é ✐♥✈❛r✐❛♥t❡ ♣♦r π✱ ✐✳❡✳✱

π(p · g) = π(p)✱

♣❛r❛ t♦❞♦ p ∈ P ❡ g ∈ G✳

✷✳ ✭tr✐✈✐❛❧✐❞❛❞❡ ❧♦❝❛❧ ❡q✉✐✈❛r✐❛♥t❡✮ ❊①✐st❡ ✉♠❛ ❝♦❜❡rt✉r❛ ❛❜❡rt❛ {Uα}α∈A ❞❡ ▼ ❡ ✉♠❛ ❢❛♠í❧✐❛
❞❡ ❞✐❢❡♦♠♦r✜s♠♦s {ϕα}α∈A✱ ϕα : π−1(Uα) −→ Uα ×G ❞❛ ❢♦r♠❛

ϕα(p) = (π(p), gα(p))✱

♦♥❞❡ gα : π−1(Uα) −→ G s❛t✐s❢❛③

gα(p · g) = gα(p)g✱

♣❛r❛ t♦❞♦ p ∈ π−1(Uα) ❡ g ∈ G✳

✶



❉❡♥♦t❛r❡♠♦s ✉♠ ●✲✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ s♦❜r❡ ▼ ♣♦r P✭▼✱●✮ ❡ ❝❤❛♠❛r❡♠♦s P ❞❡ ❡s♣❛ç♦ t♦t❛❧✱
▼ ❞❡ ❡s♣❛ç♦ ❜❛s❡✱ π ❞❡ ♣r♦❥❡çã♦✱ ● ❞❡ ❣r✉♣♦ ❡str✉t✉r❛❧✱ Pm

.
= π−1(m) ❞❡ ✜❜r❛ ❞❡ P s♦❜r❡ ♠✱ Uα

❞❡ ❛❜❡rt♦ tr✐✈✐❛❧✐③❛♥t❡ ❡ ϕα ❞❡ tr✐✈✐❛❧✐③❛çã♦ ❧♦❝❛❧ ✭às ✈❡③❡s ❝❤❛♠❛r❡♠♦s t❛♠❜é♠ ❞❡ tr✐✈✐❛❧✐③❛çã♦

❧♦❝❛❧ ♦ ♣❛r (Uα, ϕα)✮✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✳ ❙❡❥❛ P✭▼✱●✮ ✉♠ ●✲✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✳ ❯♠❛ s❡çã♦ ❧♦❝❛❧ é ✉♠ ♠❛♣❛ s : U ⊆

M −→ P ❞✐❢❡r❡♥❝✐á✈❡❧ ✭♦♥❞❡ ❯ é ✉♠ ❛❜❡rt♦ ❞❡ ▼✮✱ t❛❧ q✉❡ π ◦ s = IdU ✳ ❉❡♥♦t❛r❡♠♦s ♦ ❡s♣❛ç♦
❞❡ t❛✐s s❡çõ❡s ❧♦❝❛✐s ♣♦r Γ(U, P ) ✭♦✉✱ s✐♠♣❧❡s♠❡♥t❡✱ Γ(U)✱ s❡ ♦ ✜❜r❛❞♦ ❡st✐✈❡r s✉❜❡♥t❡♥❞✐❞♦✮✳
❈❛s♦ U =M ✱ ❞✐③❡♠♦s q✉❡ s é ✉♠❛ s❡çã♦ ❣❧♦❜❛❧ ❞♦ ✜❜r❛❞♦✳

❙❡❣✉❡♠ ❞❛s ❞❡✜♥✐çõ❡s ❛❧❣✉♠❛s ♦❜s❡r✈❛çõ❡s ✐♠❡❞✐❛t❛s✿

✶✳ dimP = dimM + dimG

❇❛st❛ ♥♦t❛r q✉❡ ✉♠❛ tr✐✈✐❛❧✐③❛çã♦ ❧♦❝❛❧ (Uα, ϕα) ♥♦s ❞á ♦ ✐s♦♠♦r✜s♠♦ dϕα(p) : TpP −→

Tπ(p)M ×Tgα(p)G ✭♦♥❞❡ ✐❞❡♥t✐✜❝❛♠♦s ❞❛ ♠❛♥❡✐r❛ ♥❛t✉r❛❧ T(π(p),gα(p))(M ×G) ∼= Tπ(p)M ×

Tgα(p)G✮✳

✷✳ π é s✉❜♠❡rsã♦ ✭✐✳❡✳✱ dπp é s♦❜r❡❥❡t♦r❛ ♣❛r❛ t♦❞♦ p ∈ P ✮

❙❛❜❡✲s❡ q✉❡ ❛ ♣r♦❥❡çã♦ ♥♦ ♣r✐♠❡✐r♦ ❢❛t♦r p1 : M × G −→ M é ✉♠❛ s✉❜♠❡rsã♦✳ ❙❡♥❞♦

❛ss✐♠✱ ❞❛❞♦ m ∈ Uα ⊆ M ✭♦♥❞❡ (Uα, ϕα) é ✉♠❛ tr✐✈✐❛❧✐③❛çã♦ ❧♦❝❛❧✮✱ p ∈ Pm ❡ τ ∈ TmM ✱

❡①✐st❡ (ς, ν) ∈ TmM×Tgα(p) ✭p1 é s✉❜♠❡rsã♦✮✱ t❛❧ q✉❡ dp1(m, gα(p))(ς, ν) = τ ✳ ❆❧é♠ ❞✐ss♦✱

❡①✐st❡ ú♥✐❝♦ υ ∈ TpP t❛❧ q✉❡ dϕα(p)(υ) = (ς, ν)✳ ❙❡❣✉❡ q✉❡ τ = dp1(m, gα(p))(ς, ν) =

dp1(m, gα(p))dϕα(p)(υ) = d(p1 ◦ ϕα)(p)(υ) = dπ(p)(υ)✳

✸✳ π−1(π(p)) = {p · g | g ∈ G} = p ·G✱ ♣❛r❛ t♦❞♦ p ∈ P ✿

❉❡ ❢❛t♦✱ ❞❛❞♦ q ∈ π−1(π(p))✱ s❡❥❛ Uα ✉♠ ❛❜❡rt♦ tr✐✈✐❛❧✐③❛♥t❡ ❝♦♥t❡♥❞♦ π(q) = π(p) = m

❡ ϕα = (π, gα) ❛ tr✐✈✐❛❧✐③❛çã♦ ❧♦❝❛❧ ❛ss♦❝✐❛❞❛✳ ❊♥tã♦✱ ❝♦❧♦❝❛♥❞♦ h = gα(p)
−1gα(q) ∈ G

✭♣r♦❞✉t♦ ❡♠ ●✮✱ ϕα(p · h) = (m, gα(p)h) = (m, gα(q)) = ϕα(q) ❡ t❡♠♦s q = p · h ∈ p · G

✭ϕα é✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ✐♥❥❡t♦r❛✮✳ ❆ ♦✉tr❛ ✐♥❝❧✉sã♦ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞♦ ✐t❡♠ ✶ ❞❛ ❞❡✜♥✐çã♦

❞❡ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✳

❙❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ q✉❡ Pm ∼= G✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ π é s✉❜♠❡rsã♦✱ ❛s ✜❜r❛s Pm ♣❛r✲

t✐❝✐♦♥❛♠ P ❡♠ s✉❜✈❛r✐❡❞❛❞❡s ❞❡ ❞✐♠❡♥sã♦ ❞✐♠ ●✳

✷



✹✳ ❆ ❛çã♦ ❞❡ ● ❡♠ P é ❧✐✈r❡ ✭✐✳❡✳✱ s❡ p · g = p ⇒ g = e✱ ♦♥❞❡ e ∈ G é ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❡

●✮

❙❡❥❛ p ∈ P ✱ ❝♦♠ π(p) = m ∈ Uα✱ ❡ g ∈ G✳ ❙❡ p · g = p✱ ϕα(p · g) = (m, gα(p)g)✳

▼❛s✱ ϕα(p) = (m, gα(p))✱ ❧♦❣♦ gα(p)g = gα(p) ❡ g = e✳

✺✳ ◆♦t❡ q✉❡✱ ❞❛❞❛ ✉♠❛ tr✐✈✐❛❧✐③❛çã♦ ❧♦❝❛❧ (Uα, ϕα)✱ t❡♠♦s ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❡♥tr❡ ❛ ✜❜r❛

s♦❜r❡ ✉♠ ♣♦♥t♦ ❞♦ ❛❜❡rt♦ tr✐✈✐❛❧✐③❛♥t❡ ❡ ●✱ ❛ s❛❜❡r✱ gα|Pm
: Pm −→ G✳ ❆ ❡str✉t✉r❛ ♥❛t✉✲

r❛❧ ❞❡ ❣r✉♣♦ ❡♠ Pm ❤❡r❞❛❞❛ ♣❡❧♦ ❞✐❢❡♦♠♦r✜s♠♦ é s✐♠♣❧❡s♠❡♥t❡ p ∗ q
.
= g−1

α (gα(p)gα(q))✳

❈♦♠♦ q = p · g✱ ♣❛r❛ ✉♠ ú♥✐❝♦ g ∈ G✱ ❡ gα é ●✲❡q✉✐✈❛r✐❛♥t❡✱ ❝❤❡❣❛♠♦s ♥❛ ❡①♣r❡ssã♦

p ∗ q = p · gα(q) ❡ g−1
α (e) é ❝❧❛r❛♠❡♥t❡ ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦✳ ◆♦ ❡♥t❛♥t♦✱ ❝♦♠♦ ♥ã♦ ❡①✐st❡

✉♠ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ♣r❡❢❡r❡♥❝✐❛❧ ✭❡❧❡ ❞❡♣❡♥❞❡ ❞❛ tr✐✈✐❛❧✐③❛çã♦ t♦♠❛❞❛✮✱ ❛s ✜❜r❛s ♥ã♦ sã♦

❣r✉♣♦s ❞❡ ▲✐❡✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✶✳ ◆♦ss❛ ❞❡✜♥✐çã♦ ❞❡ ✜❜r❛❞♦s ♣r✐♥❝✐♣❛✐s ❡stá ❞❡ ❛❝♦r❞♦ ❝♦♠ ❬✸✺❪✳ ❊♥❝♦♥tr❛✲s❡
t❛♠❜é♠ ♥❛ ❧✐t❡r❛t✉r❛ ✉♠❛ ❞❡✜♥✐çã♦ ❛❧t❡r♥❛t✐✈❛ ❞❡ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✳ P❡❞❡✲s❡✱ ❛❧é♠ ❞❛ tr✐✈✐❛❧✐✲
❞❛❞❡ ❧♦❝❛❧ ❡q✉✐✈❛r✐❛♥t❡✱ q✉❡ ❛ ❛çã♦ ❞❡ ● s❡❥❛ ❧✐✈r❡ ❡ P/G s❡❥❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡♦♠♦r❢❛ ❛ ▼✱
❞❡ ♠♦❞♦ q✉❡ ❛ ♣r♦❥❡çã♦ s❡❥❛ ✉♠❛ s✉❜♠❡rsã♦✳ ❙❡ ♦ ❣r✉♣♦ ❞❡ ▲✐❡ ● é ❝♦♠♣❛❝t♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❛s
❞❡✜♥✐çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❊①❡♠♣❧♦ ✶✳✶✳✶✳ ✭✜❜r❛❞♦ tr✐✈✐❛❧✮ ❯♠ ●✲✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ tr✐✈✐❛❧ s♦❜r❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ▼ é s✐♠✲
♣❧❡s♠❡♥t❡ P =M ×G ✭● ❛❣❡ ♥❛t✉r❛❧♠❡♥t❡ ❡♠ P ♣♦r ♠✉❧t✐♣❧✐❝❛çã♦ à ❞✐r❡✐t❛✱ ✐✳❡✳✱ (m,h) · g =
(m,hg)✱ ♦♥❞❡ m ∈ M ❡ g, h ∈ G✮✱ ❝♦♠ π = ♣r♦❥❡çã♦ ♥♦ ♣r✐♠❡✐r♦ ❢❛t♦r✳ ❉❡ss❛ ❢♦r♠❛✱ t❡♠♦s
✉♠❛ tr✐✈✐❛❧✐③❛çã♦ ❣❧♦❜❛❧ ❞❛❞❛ ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡✳

◆♦t❡ q✉❡ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✶✳✶✳✶✱ ♠❛✐s ❛❞✐❛♥t❡✱ ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ é tr✐✈✐❛❧ s❡✱ ❡ s♦♠❡♥t❡
s❡✱ ❛❞♠✐t❡ ✉♠❛ s❡çã♦ ❣❧♦❜❛❧✳

❊①❡♠♣❧♦ ✶✳✶✳✷✳ ✭✜❜r❛❞♦ ❞❡ r❡❢❡r❡♥❝✐❛✐s✮ ❉❛❞❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ▼ ✭❝♦♠ ❞✐♠ ▼ = n✮✱ ♣♦❞❡♠♦s
❛ss♦❝✐❛r ✉♠ ●▲✭♥✱ R✮✲✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✱ ❝❤❛♠❛❞♦ ✜❜r❛❞♦ ❞❡ r❡❢❡r❡♥❝✐❛✐s ❞❡ ▼✳ ❉❡✜♥✐♠♦s ♦
❡s♣❛ç♦ t♦t❛❧ ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦

B(M) = {(m, v1, . . . , vn) | m ∈M ❡ (v1, . . . , vn) é ✉♠❛ ❜❛s❡ ❞❡ TmM}

❈♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ❛çã♦ ❞❡ ●▲✭♥✱ R✮ ❡♠ ❇✭▼✮

(m, v1, . . . , vn) · g = (m, v′1, . . . , v
′
n)

✸



♦♥❞❡ g = (gij) ∈ GL(n,R) ❡ v′j =
n∑

i=1

gijvi✳

❆ ❡①♣r❡ssã♦ ❛❝✐♠❛ é✱ ❞❡ ❢❛t♦✱ ✉♠❛ ❛çã♦ à ❞✐r❡✐t❛✱ ♣♦✐s (m, v1, . . . , vn) · 1n = (m, v1, . . . , vn)

✭♦♥❞❡ 1n = (δij) ∈ GL(n,R) é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡✮ ❡ ❞❛❞♦ ❤ = (hij) ∈ GL(n,R)✱ t❡♠♦s q✉❡

((m, v1, . . . , vn) · g) · h = (m, v′′1 , . . . , v
′′
n)✱ ♦♥❞❡ v

′′
j =

n∑

k=1

hkj v
′
k =

n∑

k,i=1

hkj g
i
kvi =

n∑

i=1

(gh)ijvi✳ ❊ss❛

é ❡①❛t❛♠❡♥t❡ ❛ ❡①♣r❡ssã♦ ❞♦ ❥✲és✐♠♦ ✈❡t♦r ❞❛ ❜❛s❡ ❞❡ (m, v1, . . . , vn) · (gh)✳

❆❧é♠ ❞✐ss♦✱ ❞❡✜♥✐♥❞♦ π : B(M) −→ M ❝♦♠♦ ❛ ♣r♦❥❡çã♦ ♥❛t✉r❛❧ ❡♠ ▼✱ t❡♠♦s q✉❡ ❛ ❛çã♦
é ❝❧❛r❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡ ♣♦r π✳

❱❛♠♦s ❞❛r ❛❣♦r❛ ❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡ ♣❛r❛ ❇✭▼✮ ❡ ❞❡s❝r❡✈❡r ❛s tr✐✈✐❛❧✐③❛çõ❡s ❡q✉✐✈❛r✐❛♥t❡s
❞♦ ✜❜r❛❞♦✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ❞❡ ▼✱ ✭❯✱ φ = (x1, . . . , xn)✮✳
❆ss✐♠✱ ❞❛❞♦ (m, v1, . . . , vn) ∈ B(M)✱ m ∈ U ✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

vj =
n∑

i=1

aij
∂

∂xi

∣∣∣∣
m

✱ ♦♥❞❡ aij = dxi(m)(vj) ∈ R

❉❡✜♥❛ ❡♥tã♦ ♦ s❡❣✉✐♥t❡ ♠❛♣❛

ϕU : π−1(U) −→ U ×GL(n,R)

(m, v1, . . . , vn) 7−→ (m,A)✱

♦♥❞❡ A = (aij) ∈ GL(n,R)✭♣♦✐s é ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡✮

❊st❡ ♠❛♣❛ é ✉♠❛ ❜✐❥❡çã♦✱ ❝♦♠ ✐♥✈❡rs❛ ϕ−1
U : (m, g) 7−→ (m, ∂

∂x1

∣∣
m
, . . . , ∂

∂xn

∣∣
m
) · g✳ ❉❡ ❢❛t♦✱

(m, ∂
∂x1

∣∣
m
, . . . , ∂

∂xn

∣∣
m
) · g = (m, v1, . . . , vn)✱ ♦♥❞❡ vj =

n∑

i=1

gij
∂

∂xi

∣∣∣∣
m

❡ ❝♦♠♦ dxi(m)(vj) =

gij✱ t❡♠♦s q✉❡ ϕ ◦ ϕ−1
U = IdU×GL(n,R)✳ ❚❡♠♦s t❛♠❜é♠ ϕ−1

U ◦ ϕ = Idπ−1(U)✱ ♣♦✐s ϕ−1
U ◦ ϕ :

(m, v1, . . . , vn) 7−→ (m,A) 7−→ (m, ∂
∂x1

∣∣
m
, . . . , ∂

∂xn

∣∣
m
) · A = (m, v1, . . . , vn)✳

◆♦t❡ ❛✐♥❞❛ q✉❡ ϕ é ❡q✉✐✈❛r✐❛♥t❡✿ (m, v1, . . . , vn) · g = (m, v′1, . . . , v
′
n)✱ ❝♦♠ v′j =

n∑

i=1

gijvi ✭❝♦♠♦

❛♥t❡r✐♦r♠❡♥t❡✮✳ ❙❡❥❛✱ A = (aij)✱ ♦♥❞❡ a
i
j = dxi(m)(vj)✱ ❡ gA = (cij)✳ ❆ss✐♠✱ ϕU(m, v′1, . . . , v

′
n) =

(m,B)✱ B = (bij)✱ ♦♥❞❡ b
i
j = dxi(m)(v′j) =

n∑

k=1

gkj dx
i(m)(vk) =

n∑

k=1

gkj a
i
k = cij✳

❉❡✜♥✐♠♦s✱ ❡♥✜♠✱ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ❞❡ ❇✭▼✮ ✭❛ ♣❛rt✐r ❞♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛

✹



❞❡ ▼ (U, φ)✮ ♣♦r (π−1(U), (φ ◦ IdGL(n,R)) ◦ ϕU) ✭♦♥❞❡ ♣❡♥s❛♠♦s ❡♠ GL(n,R) ❝♦♠♦ ✉♠ ❛❜❡rt♦
❞❡ Rn2

✮✳ ❱❡r✐✜❝❛♥❞♦ ❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❞❡ t❛✐s s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ❡ ❛ss✐♠ ♠♦str❛♥❞♦ q✉❡
❞❡ ❢❛t♦ ✐ss♦ ❢♦r♥❡❝❡ ✉♠❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ ❇✭▼✮✱ t❡♠✲s❡ q✉❡ π é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ ϕU é
❞✐❢❡♦♠♦r✜s♠♦ ✭tr✐✈✐❛❧✐③❛çã♦ ❞♦ ✜❜r❛❞♦✮✳

❊①❡♠♣❧♦ ✶✳✶✳✸✳ ✭✜❜r❛❞♦ ❞❡ ❍♦♣❢ q✉❛t❡r♥✐ô♥✐❝♦✮ ❆ ❝♦♥str✉çã♦ ❞♦ ❡s♣❛ç♦ ♣r♦❥❡t✐✈♦ q✉❛t❡r♥✐✲
ô♥✐❝♦ é ❛♥á❧♦❣❛ à ❝♦♥str✉çã♦ ❞❡ Pn ✭❡①❡♠♣❧♦ ✷✳✷✳✶✵✮✱ t♦♠❛♥❞♦ ❝✉✐❞❛❞♦ ❛♣❡♥❛s ❝♦♠ ♦ ❢❛t♦
❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞♦s q✉❛tér♥✐♦s ♥ã♦ s❡r ❝♦♠✉t❛t✐✈❛✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝á✲❧♦ ❝♦♠
S4n−1/S3 ❡ ❝♦♥s✐❞❡r❛r ❛ ♣r♦❥❡çã♦ π : S4n−1 −→ HPn−1✳ ❚❡♠♦s q✉❡ G = Sp(1) ✭q✉❛tér♥✐♦s ❞❡
♥♦r♠❛ ✶✮ ❛❣❡ à ❞✐r❡✐t❛ ❧✐✈r❡♠❡♥t❡ ❡♠ S4n−1 ⊆ Hn ♣♦r ♠✉❧t✐♣❧✐❝❛çã♦ ✭à ❞✐r❡✐t❛✮ ❡♠ ❝❛❞❛ ❡♥✲
tr❛❞❛✳ ❖s ❞❡t❛❧❤❡s ❞❛ ❝♦♥str✉çã♦ ❞♦ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ S4n−1(HPn−1, Sp(1)) ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛
❡♠ ❬✸✺❪✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ♥❂✷✱ HP1 ≃ S4 ❡ t❡♠♦s ♦ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ S7(S4, Sp(1))✱ q✉❡
❞❡s❡♠♣❡♥❤❛ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ ♥❛ t❡♦r✐❛ ❞❡ ❝❛❧✐❜r❡✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✳ ❊①✐st❡ ✉♠❛ ❜✐❥❡çã♦ ❡♥tr❡ tr✐✈✐❛❧✐③❛çõ❡s ❧♦❝❛✐s ❡ s❡çõ❡s ❧♦❝❛✐s ❞♦ ✜❜r❛❞♦
♣r✐♥❝✐♣❛❧ P✭▼✱ ●✮✳

Pr♦✈❛✳ ❉❛❞❛ ✉♠❛ tr✐✈✐❛❧✐③❛çã♦ ❧♦❝❛❧ (Uα, ϕα)✱ t❡♠♦s ✉♠❛ s❡çã♦ ❧♦❝❛❧✱ sα : Uα ⊆ M −→ P ✱

❛ss♦❝✐❛❞❛❀ ❜❛st❛ ❝♦❧♦❝❛r sα(m)
.
= ϕ−1

α (m, e)✳ ❉❡ ❢❛t♦✱ ∃! p ∈ π−1(Uα) t❛❧ q✉❡ ϕα(p) = (m, e)✱

♠❛s ϕα(p) = (π(p), gα(p))✳ ▲♦❣♦✱ π(p) = m ❡ π ◦ sα(m) = π(p) = m✳ ❆❧é♠ ❞✐ss♦✱ sα é ❞✐❢❡r❡♥✲

❝✐á✈❡❧✱ ♣♦✐s é ❝♦♠♣♦s✐çã♦ ❞❡ ❛♣❧✐❝❛çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s m 7→ (m, e) 7→ ϕ−1
α (m, e)✳

P❛r❛ ❛ r❡❝í♣r♦❝❛✱ ❝♦♥s✐❞❡r❡ s ∈ Γ(U) ❡ p ∈ π−1(U)✳ ❈♦♠♦ Pπ(p) = s(π(p)) · G✱ ❡①✐st❡ ✉♠

ú♥✐❝♦ g(p) ∈ G t❛❧ q✉❡ p = s(π(p)) · g(p) ✭✐✳❡✳✱ t❡♠♦s ✉♠ ♠❛♣❛ g : π−1(U) −→ G✮✳ ❉❡✜♥❛

ϕ : π−1(U) −→ U × G ♣♦r ϕ(p) = (m, g(p))✳ ❙❡ ϕ(p) = ϕ(q)✱ π(p) = π(q) ❡ g(p) = g(q)✳

❆ss✐♠✱ p = s(π(p)) · g(p) = s(π(q)) · g(q) = q ❡ ϕ é ✐♥❥❡t✐✈❛✳ P❛r❛ ❛ s♦❜r❡❥❡t✐✈✐❞❛❞❡✱ ❞❛❞♦

(m,h) ∈ U ×G✱ ϕ(s(m) · h) = (m,h)✱ ♣♦✐s g(s(m) · h) é ❞❡✜♥✐❞♦ ❝♦♠♦ ♦ ú♥✐❝♦ ❡❧❡♠❡♥t♦ ❞❡ ●

s❛t✐s❢❛③❡♥❞♦ s(m) · h = s(π(s(m) · h)) · g(s(m) · h) = s(m) · g(s(m) · h) ❡ ❝♦♠♦ ❛ ❛çã♦ é ❧✐✈r❡✱

♦❜t❡♠♦s g(s(m) · h) = h✳ ◆♦t❡ t❛♠❜é♠ q✉❡ ϕ é ❡q✉✐✈❛r✐❛♥t❡✳ ❉❡ ❢❛t♦✱ ❞❛❞♦s p ∈ π−1(U) ❡

h ∈ G✱ p · h = s(π(p · h)) · g(p · h) = (s(π(p)) · g(p)) · g(p)−1g(p · h) = p · g(p)−1g(p · h)✳ ▲♦❣♦✱

♣❡❧❛ ❛çã♦ s❡r ❧✐✈r❡✱ t❡♠♦s g(p · h) = g(p)h✳ �

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❞✉❛s tr✐✈✐❛❧✐③❛çõ❡s ❧♦❝❛✐s (Uα, ϕα = (π, gα)) ❡ (Uβ, ϕβ = (π, gβ))✱ ❝♦♠

Uαβ
.
= Uα ∩ Uβ 6= ∅✳ P♦❞❡♠♦s ❞❡✜♥✐r ❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ gαβ : π−1(Uαβ) −→ G✱ p 7−→

gα(p)gβ(p)
−1 ✭gαβ é ❞✐❢❡r❡♥❝✐á✈❡❧✱ ♣♦✐s é ✉♠❛ ❝♦♠♣♦s✐çã♦ ❞❡ ❛♣❧✐❝❛çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✱ p 7−→

(gα(p), gβ(p)) 7−→ gα(p)gβ(p)
−1✮✳ ◆♦t❡ q✉❡ gαβ é ❝♦♥st❛♥t❡ ♥❛s ✜❜r❛s

gαβ(p · g) = gα(p · g)gβ(p · g)
−1 = gα(p)g(gβ(p)g)

−1 = gα(p)gg
−1gβ(p)

−1 = gαβ(p)

✺



❉❡ss❛ ❢♦r♠❛✱ t❡♠♦s ❛ ❛♣❧✐❝❛çã♦ gαβ : Uαβ −→ G✱ ❞❡✜♥✐❞❛ ♣♦r

gαβ(m) = gαβ(p)✱

♦♥❞❡ p ∈ Pm é q✉❛❧q✉❡r ❡❧❡♠❡♥t♦ ❞❛ ✜❜r❛ ❞❡ m ∈ Uαβ✳ ❆ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡ gαβ s❡❣✉❡ ❞♦

s❡❣✉✐♥t❡ ❧❡♠❛ ✭t♦♠❛♥❞♦ F = gαβ✱ X = G ❡ ♥♦t❛♥❞♦ q✉❡ gαβ ◦ π = gαβ✱ ❝♦♠ gαβ ❞✐❢❡r❡♥❝✐á✈❡❧✮✳

▲❡♠❛ ✶✳✶✳✶✳ ❙❡❥❛ P✭▼✱ ●✮ ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✱ ❨ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ F :M −→ Y

✉♠❛ ❛♣❧✐❝❛çã♦✳ ❊♥tã♦✱ ❋ é ❞✐❢❡r❡♥❝✐á✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ F ◦ π é ❞✐❢❡r❡♥❝✐á✈❡❧✳

Pr♦✈❛✳ ❙❡ ❋ é ❞✐❢❡r❡♥❝✐á✈❡❧✱ F ◦ π t❛♠❜é♠ s❡rá ♣♦r s❡r ❝♦♠♣♦s✐çã♦ ❞❡ ❛♣❧✐❝❛çõ❡s ❞✐❢❡r❡♥✲

❝✐á✈❡✐s✳

❙✉♣♦♥❤❛ ❛❣♦r❛ F ◦ π ❞✐❢❡r❡♥❝✐á✈❡❧✳ ▲♦❝❛❧♠❡♥t❡✱ ❡♠ ✉♠ ❛❜❡rt♦ tr✐✈✐❛❧✐③❛♥t❡ Uα ❞♦ ✜❜r❛❞♦✱

t❡♠♦s

F |Uα
= F ◦ IdUα

= F ◦ (π ◦ sα) = (F ◦ π) ◦ sα

♦♥❞❡ sα é ❛ s❡çã♦ ❧♦❝❛❧ ❛ss♦❝✐❛❞❛ à tr✐✈✐❛❧✐③❛çã♦ ❝♦♠ ❛❜❡rt♦ tr✐✈✐❛❧✐③❛♥t❡ Uα✳ ❈♦♠♦ ❞✐❢❡r❡♥✲

❝✐❛❜✐❧✐❞❛❞❡ é ✉♠ ❝♦♥❝❡✐t♦ ❧♦❝❛❧✱ t❡♠♦s q✉❡ ❋ é ❞✐❢❡r❡♥❝✐á✈❡❧ ♣♦r s❡r ❝♦♠♣♦s✐çã♦ ❞❡ ❛♣❧✐❝❛çõ❡s

❞✐❢❡r❡♥❝✐á✈❡✐s✳ �

◆♦t❡ q✉❡ ❛s ❢✉♥çã♦ ❞❡ tr❛♥s✐çã♦ gαβ ❛♣❛r❡❝❡♠ ♥❛t✉r❛❧♠❡♥t❡ q✉❛♥❞♦ ❝♦♥s✐❞❡r❛♠♦s ❛s tr✐✈✐✲

❛❧✐③❛çõ❡s ❧♦❝❛✐s (Uα, ϕα) ❡ (Uβ, ϕβ) ✭❝♦♠ Uαβ 6= ∅✮✳ ❉❡ ❢❛t♦✱

ϕα ◦ ϕ
−1
β : Uαβ ×G −→ Uαβ ×G

(m,h) 7−→ (m, gαβ(m)h)

❇❛st❛ ♦❜s❡r✈❛r q✉❡ s❡ ϕ−1
β (m,h) = p✱ t❡♠♦s π(p) = m ❡ gβ(p) = h✳ ❆ss✐♠✱ ϕα(p) = (m, gα(p)) =

(m, gα(p)gβ(p)
−1gβ(p)) = (m, gαβ(m)h)✳

❆❧é♠ ❞✐ss♦✱ t♦♠❛♥❞♦ ❛s s❡çõ❡s ❧♦❝❛✐s✱ sα ❡ sβ✱ ❛ss♦❝✐❛❞❛s ❛s tr✐✈✐❛❧✐③❛çõ❡s ❧♦❝❛✐s (Uα, ϕα) ❡

(Uβ, ϕβ)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✈❛❧❡ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦✿

sβ(m) = sα(m) · gαβ(m)✱ m ∈ Uαβ

❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ sα(m) = ϕ−1
α (m, e) = p✳ ❆ss✐♠✱ π(p) = m✱ gα(p) = e ❡ t❡♠♦s q✉❡

ϕβ(p · gαβ)(m) = (m, gβ(p)gα(p)gβ(p)
−1) = (m, e)✳ ▲♦❣♦✱ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❆s ❛♣❧✐❝❛çõ❡s gαβ sã♦ ❝❤❛♠❛❞❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ P✭▼✱ ●✮ ❛ss♦❝✐❛✲

❞❛s às tr✐✈✐❛❧✐③❛çõ❡s ❧♦❝❛✐s {(Uα, ϕα)}✳ ❊❧❛s s❛t✐s❢❛③❡♠ ❛ ❝❤❛♠❛❞❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦❝✐❝❧♦✿

❙❡ Uαβγ
.
= Uα ∩ Uβ ∩ Uγ 6= ∅✱

✻



gαβgβγ = gαγ✱ ❡♠ Uαβγ ✭❝♦♥❞✐çã♦ ❞❡ ❝♦❝✐❝❧♦✮

❉❡ ❢❛t♦✱ ❞❛❞♦ m ∈ Uαβγ ❡ p ∈ Pm✱

gαβ(m)gβγ(m) = gαβ(p)gβγ(p) = gα(p)gβ(p)
−1gβ(p)gγ(p)

−1 = gαγ(p) = gαγ(m)

❊♠ ♣❛rt✐❝✉❧❛r✱ t❡♠♦s q✉❡✿

gαα(m) = e ✭❢❛③❡♥❞♦ Uβ = Uγ = Uα✮

gαβ(m) = (gβα(m))−1 ✭❢❛③❡♥❞♦ Uγ = Uα ❡ ✉s❛♥❞♦ ♦ ✐t❡♠ ❛❝✐♠❛✮

❱❛♠♦s ✐♥tr♦❞✉③✐r ❛ ♥♦çã♦ ❞❡ ♠♦r✜s♠♦s ❡♥tr❡ ●✲✜❜r❛❞♦s ♣r✐♥❝✐♣❛✐s✳

❉❡✜♥✐çã♦ ✶✳✶✳✸✳ ❙❡❥❛♠ P1(M1, G) ❡ P2(M2, G) ●✲✜❜r❛❞♦s ♣r✐♥❝✐♣❛✐s✳ ❯♠ ♠♦r✜s♠♦ ❞❡ ●✲
✜❜r❛❞♦s ♣r✐♥❝✐♣❛✐s é ✉♠ ♠❛♣❛ ❞✐❢❡r❡♥❝✐á✈❡❧ f : P1 −→ P2✱ s❛t✐s❢❛③❡♥❞♦

f(p · g) = f(p) · g✱

♦♥❞❡ p ∈ P1✱ g ∈ G ✭❡ ❡st❛♠♦s ❞❡♥♦t❛♥❞♦ ❛s ❞✉❛s ♣r♦❥❡çõ❡s ♣♦r π✮✳

❖❜s❡r✈❛çõ❡s

✶✳ ❆ ❛♣❧✐❝❛çã♦ ❢ ✐♥❞✉③ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ f ❡♥tr❡ ♦s ❡s♣❛ç♦s ❜❛s❡ q✉❡ ❢❛③ ♦ ❞✐❛❣r❛♠❛

❛❜❛✐①♦ ❝♦♠✉t❛r

P1

π

��

f
// P2

π

��

M1
f

//M2

❉❡ ❢❛t♦✱ ❞❛❞♦ m ∈ Uα ⊆ M1 ✭♦♥❞❡ Uα é ❛❜❡rt♦ tr✐✈✐❛❧✐③❛♥t❡ ❞❡ M1✱ ❝♦♠ sα ∈ Γ(Uα)✮

❞❡✜♥❛

f(m) = π(f(sα(m)))

◆♦t❡ q✉❡ t❛❧ ♠❛♣❛ é ❜❡♠ ❞❡✜♥✐❞♦✱ ♣♦✐s s❡ m ∈ Uαβ ✭Uα ❡ Uβ ❛❜❡rt♦s tr✐✈✐❛❧✐③❛♥t❡s✮✱

sβ(m) = sα(m) · gαβ(m) ❡ π(f(sα(m) · gαβ(m))) = π(f(sα(m)) · gαβ(m)) = π(f(sα(m)))✳

❙❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ q✉❡ f é ❞✐❢❡r❡♥❝✐á✈❡❧✱ ♣♦✐s ❝♦♠♣♦s✐çã♦ ❞❡ ❛♣❧✐❝❛çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✱

❡ f ❢❛③ ♦ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛r✳

✼



✷✳ ❆ r❡str✐çã♦ ❞❡ ❢ à (P1)m ♥♦s ❞á ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❡♥tr❡ ❡st❛ ✜❜r❛ ❡ ❛ ✜❜r❛ (P2)f(m)✳

❉❛❞♦ p ∈ (P1)m✱ ❝♦♠♦ ♦ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛ ❞❡✈❡♠♦s t❡r π(f(p)) = f(π(p)) = f(m)✱ ❞❡

♠♦❞♦ q✉❡ ❛ ✐♠❛❣❡♠ ❞❛ ✜❜r❛ (P1)m ♣♦r ❢ ❡stá ❝♦♥t✐❞❛ ♥❛ ✜❜r❛ (P2)f(m)✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦

(P1)m = p ·G✱ (P2)f(m) = f(p) ·G ❡ f(p · g) = f(p) · g✱ t❡♠♦s ✉♠❛ ❜✐❥❡çã♦ ❡♥tr❡ ❛s ✜❜r❛s

♣❡❧❛ ❢✳

✸✳ ❈❧❛r❛♠❡♥t❡✱ ❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ♣♦❞❡ s❡r ❣❡♥❡r❛❧✐③❛❞❛ ♣❛r❛ ✜❜r❛❞♦s ♣r✐♥❝✐♣❛✐s ❝♦♠ ❣r✉♣♦s

❡str✉t✉r❛✐s ❞✐❢❡r❡♥t❡s ✭❜❛st❛ t♦♠❛r♠♦s✱ ❛❧é♠ ❞❛ ❛♣❧✐❝❛çã♦ ❡♥tr❡ ♦s ❡s♣❛ç♦s t♦t❛✐s✱ ✉♠

❤♦♠♦♠♦r✜s♠♦ ❞❡ ▲✐❡ ❡♥tr❡ ♦s ❣r✉♣♦s ❡str✉t✉r❛✐s✱ ❞❡ ♠♦❞♦ q✉❡ ♥♦ss❛ ❞❡✜♥✐çã♦ s❡r✐❛

♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ t❛❧ ❤♦♠♦♠♦r✜s♠♦ s❡r ❛ ✐❞❡♥t✐❞❛❞❡✮✳ ❆ ❞❡✜♥✐çã♦ ❛♣r❡s❡♥t❛❞❛✱ ♥♦

❡♥t❛♥t♦✱ s❡rá s✉✜❝✐❡♥t❡ ♣❛r❛ ♦s ♣r♦♣ós✐t♦s ❞♦ t❡①t♦✳

❉❡s❡♠♣❡♥❤❛rá ♥♦ t❡①t♦ ✉♠ ♣❛♣❡❧ ❞❡ ❞❡st❛q✉❡ ♦ ❝♦♥❝❡✐t♦ ❞❡ ♠♦r✜s♠♦s ❞❡ ●✲✜❜r❛❞♦s ♣r✐♥✲

❝✐♣❛✐s ❝♦♠ ♠❡s♠❛ ❜❛s❡ ✭♦✉ s❡❥❛✱ M1 = M2 = M ❡ f = IdM✮✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦ ❝♦♥❥✉♥t♦ ❞♦s

✐s♦♠♦r✜s♠♦s ❞♦ ✜❜r❛❞♦ P✭▼✱●✮ s❡rá ❞❡♥♦t❛❞♦ ♣♦r ❆✉t✭P✮ ❡ ❡st❡ s❡rá ❞✐s❝✉t✐❞♦ ❞❡ ❢♦r♠❛ ♠❛✐s

❞❡t❛❧❤❛❞❛ ♥❛ s❡çã♦ ✶✳✹✳

❉❛❞❛s ❢✉♥çõ❡s s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦❝✐❝❧♦ é ♣♦ssí✈❡❧ r❡❝♦♥str✉✐r ♦ ✜❜r❛❞♦✳ ◆♦s

r❡❢❡r✐♠♦s à ♣r♦♣♦s✐çã♦ ✺✳✷ ❞♦ ❬✷✻❪ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✶✳✶✳✶✳ ❙❡❥❛ ● ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡✱ ▼ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ {Uα} ✉♠❛ ❝♦❜❡rt✉r❛
❛❜❡rt❛ ❞❡ ▼✳ ❉❛❞❛s ❢✉♥çõ❡s gαβ : Uαβ −→ G✱ s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦❝✐❝❧♦✱ ❡①✐st❡ ✉♠
✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ s♦❜r❡ ▼✱ P✭▼✱ ●✮✱ ❝✉❥❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ sã♦ ❡①❛t❛♠❡♥t❡ {gαβ}✳ ❆❧é♠
❞✐ss♦✱ ❡ss❡ ✜❜r❛❞♦ é ú♥✐❝❛ ✭❛ ♠❡♥♦s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✮✳

✶✳✷ ❋✐❜r❛❞♦s ❱❡t♦r✐❛✐s

✶✳✷✳✶ ❈♦♥s✐❞❡r❛çõ❡s ●❡r❛✐s

❙❡❥❛ F = R ♦✉ C✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✳ ❯♠ F✲✜❜r❛❞♦ ✈❡t♦r✐❛❧ ✭❞✐❢❡r❡♥❝✐á✈❡❧✮✱ ❞❡ ♣♦st♦ r✱ s♦❜r❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ▼ é
✉♠ ♣❛r (π,E)✱ ♦♥❞❡ ❊ é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❡ π : E −→M ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ s♦❜r❡❥❡t♦r❛✱
s❛t✐s❢❛③❡♥❞♦✿

✶✳ P❛r❛ ❝❛❞❛ m ∈M ✱ ❛ ✜❜r❛ Em
.
= π−1(m) é ✉♠ F✲❡s♣❛ç♦ ✈❡t♦r✐❛❧✳

✽



✷✳ ✭tr✐✈✐❛❧✐❞❛❞❡ ❧♦❝❛❧✮ ❊①✐st❡ ✉♠❛ ❝♦❜❡rt✉r❛ ❛❜❡rt❛ {Uα}α∈A ❞❡ ▼ ❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❞✐❢❡♦✲
♠♦r✜s♠♦s {ϕα}α∈A✱ ϕα : π−1(Uα) −→ Uα × V ❞❛ ❢♦r♠❛ ϕα(p) = (π(p), φα(p))✱ ❞❡ ♠♦❞♦
q✉❡

φα|Em
: Em −→ V é ✉♠ ✐s♦♠♦r✜s♠♦ F✲❧✐♥❡❛r✱

♦♥❞❡ ❱ é ✉♠ F✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ dimFV = r✳

❈❤❛♠❛♠♦s ❊ ❞❡ ❡s♣❛ç♦ t♦t❛❧ ✭♦✉✱ ♣♦r ❛❜✉s♦ ❞❡ ♥♦t❛çã♦✱ ❞❡ F✲✜❜r❛❞♦ ✈❡t♦r✐❛❧✱ ♦✉ s✐♠♣❧❡s✲

♠❡♥t❡ ❞❡ ✜❜r❛❞♦ ✈❡t♦r✐❛❧✱ ❝❛s♦ F ♥ã♦ s❡❥❛ ✐♠♣♦rt❛♥t❡ ♦✉ ❡st❡❥❛ s✉❜❡♥t❡♥❞✐❞♦✮✱ ▼ ❞❡ ❡s♣❛ç♦
❜❛s❡✱ π ❞❡ ♣r♦❥❡çã♦✱ Em

.
= π−1(m) ❞❡ ✜❜r❛ ❞❡ ❊ s♦❜r❡ ♠✱ Uα ❞❡ ❛❜❡rt♦ tr✐✈✐❛❧✐③❛♥t❡ ❡ ϕα ❞❡

tr✐✈✐❛❧✐③❛çã♦ ❧♦❝❛❧ ✭às ✈❡③❡s ❝❤❛♠❛r❡♠♦s t❛♠❜é♠ ❞❡ tr✐✈✐❛❧✐③❛çã♦ ❧♦❝❛❧ ♦ ♣❛r (Uα, ϕα)✮✳ ➱ ✐♥t❡✲

r❡ss❛♥t❡ ♣❡r♠✐t✐r q✉❡ ❱ s❡❥❛ ✉♠ F✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉❛❧q✉❡r✱ ♠❛s ♥ã♦ ❤á ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡

❡♠ s✉♣♦r q✉❡ V = F
r ❡ GL(r,F) é ❞✐t♦ ♦ ❣r✉♣♦ ❞❡ ❡str✉t✉r❛ ❞♦ ✜❜r❛❞♦✳ ❈❤❛♠❛r❡♠♦s ❊ ❞❡

✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❝♦♠♣❧❡①♦ ✭r❡❛❧✮ s❡ ❊ é ✉♠ C✲✜❜r❛❞♦ ✈❡t♦r✐❛❧ ✭R✲✮✳ ❆❧é♠ ❞✐ss♦✱ ✜❜r❛❞♦s ❞❡ ♣♦st♦

r = 1✱ s❡rã♦ ❝❤❛♠❛❞♦s ❞❡ ✜❜r❛❞♦s ❞❡ ❧✐♥❤❛✳

❙❡❥❛ m ∈ Uαβ✳ ❊♥tã♦✱ t❡♠♦s ❞♦✐s ✐s♦♠♦r✜s♠♦s F✲❧✐♥❡❛r❡s✿

φα|Em
: Em −→ V

φβ|Em
: Em −→ V

❉❡✜♥❛ ❡♥tã♦✱

φαβ : Uαβ −→ GL(V )

m 7−→ φα|Em
◦ φβ|

−1
Em

❆s ❛♣❧✐❝❛çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s φαβ sã♦ ❝❤❛♠❛❞❛s ❞❡ ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❊ ❡

{φαβ} é ❝❤❛♠❛❞♦ ❞❡ ❝♦❝✐❝❧♦✱ ❝♦♠ r❡s♣❡✐t♦ ❛ (Uα, ϕα)✱ ❡ ❝❧❛r❛♠❡♥t❡ ✈❛❧❡ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦✿

❙❡ Uαβγ
.
= Uα ∩ Uβ ∩ Uγ 6= ∅✱

φαβφβγ = φαγ✱ ❡♠ Uαβγ ✭❝♦♥❞✐çã♦ ❞❡ ❝♦❝✐❝❧♦✮

❖❜s❡r✈❛çã♦ ✶✳✷✳✶✳ ❖ t❡r♠♦ ❝♦❝✐❝❧♦ é ♠♦t✐✈❛❞♦ ♣♦r {φαβ} s❡r✱ ❞❡ ❢❛t♦✱ ✉♠ ❝♦❝✐❝❧♦ ❡♠ ✉♠❛
t❡♦r✐❛ ❞❡ ❝♦❤♦♠♦❧♦❣✐❛ ✭❛ ❝♦❤♦♠♦❧♦❣✐❛ ❞❡ ❷❡❝❤ ❞❡ ❢❡✐①❡s ❬✹✸❪✱ ❬✽❪✮✳
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❉❡✜♥✐çã♦ ✶✳✷✳✷✳ ❙❡❥❛ E −→M ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❞❡ ♣♦st♦ r ❡ U ⊆M ✉♠ ❛❜❡rt♦✳
❛✮ ❯♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡ s : U −→ E s❛t✐s❢❛③❡♥❞♦ π ◦ s = IdU é ❝❤❛♠❛❞❛ s❡çã♦ ❧♦❝❛❧ ❞❡ ❊✱ ❡
s❡✉ ❝♦♥❥✉♥t♦ ❞❡♥♦t❛❞♦ ♣♦r Γ(U)✳ ❙❡ U =M ✱ ❞✐③❡♠♦s q✉❡ s é ✉♠❛ s❡çã♦ ❣❧♦❜❛❧✳
❜✮ ❯♠ r❡❢❡r❡♥❝✐❛❧ ❧♦❝❛❧ ❞❡ ❊ é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ s❡çõ❡s ❧♦❝❛✐s si ∈ Γ(U)✱ i = 1, . . . , r✱ t❛❧ q✉❡
{(s1)m, . . . , (sr)m}✱ é ✉♠❛ ❜❛s❡ ❞❡ Em✱ ♣❛r❛ t♦❞♦ m ∈ U ✳

❈❧❛r❛♠❡♥t❡✱ s❡ E −→M é ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ r❡❛❧ ❡ U ⊆M é ✉♠ ❛❜❡rt♦✱ t❡♠♦s q✉❡ Γ(U)

é ✉♠ ♠ó❞✉❧♦ s♦❜r❡ ♦ ❛♥❡❧ ❞❡ ❢✉♥çõ❡s ❡♠ ❯✱ C∞(U)✳ ❉❡ ❢❛t♦✱ s❡ f : U
C∞

−→ R ❡ s ∈ Γ(U)✱

(fs)(m)
.
= f(m)s(m) é ♦✉tr❛ s❡çã♦ ❡♠ Γ(U)✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ ❊ é ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❝♦♠♣❧❡①♦✱

Γ(U) é ✉♠ ♠ó❞✉❧♦ t❛♠❜é♠ s♦❜r❡ ❢✉♥çõ❡s s✉❛✈❡s ❝♦♠ ✈❛❧♦r❡s ❡♠ C✱ C∞(U ;C) ✭q✉❡ ❝❧❛r❛♠❡♥t❡

é ♦ ♠❡s♠♦ q✉❡ C∞(U)⊗ C✮✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✶✳ ❆ ❡s❝♦❧❤❛ ❞❡ ✉♠❛ tr✐✈✐❛❧✐③❛çã♦ ❧♦❝❛❧ s♦❜r❡ ✉♠ ❛❜❡rt♦ U ⊆M é ❡q✉✐✈❛❧❡♥t❡
à ❡s❝♦❧❤❛ ❞❡ ✉♠ r❡❢❡r❡♥❝✐❛❧ ❧♦❝❛❧✳

Pr♦✈❛✳ ❉❛❞❛ ✉♠❛ tr✐✈✐❛❧✐③❛çã♦ ϕ : π−1(U) −→ U×V ✱ t♦♠❡ {v1, . . . , vr} ✉♠❛ ❜❛s❡ ❞❡ ❱ ❡ ❞❡✲

✜♥❛✱ ♣❛r❛ m ∈ U ✱ si(m) = ϕ−1(m, vi)✱ i = 1, . . . , r✳ ❊st❡ é ❝❧❛r❛♠❡♥t❡ ✉♠ r❡❢❡r❡♥❝✐❛❧ ❧♦❝❛❧✱ ♣♦✐s

(m, vi) = ϕ(si(m)) = (π(si(m)), φ(si(m)))✳ ▲♦❣♦✱ π(si(m)) = m ❡ φ(si(m)) = vi✳ ❈♦♠♦✱ φ|Em

é ✐s♦♠♦r✜s♠♦✱ φ(si(m)) = vi ♥♦s ❞✐③ q✉❡ {(s1)m, . . . , (sr)m} é ❜❛s❡ ❞❡ Em✳ ❙❡ ✉♠ r❡❢❡r❡♥❝✐❛❧

{s1, . . . , sr} é ❞❛❞♦✱ ❛ tr✐✈✐❛❧✐③❛çã♦ ϕ ❝♦rr❡s♣♦♥❞❡♥t❡ é ❞❛❞❛ ♣♦r ϕ−1(m, v) =
r∑

i=1

vi(m)si(m)✱

♦♥❞❡ vi(m) sã♦ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ✈ ♥❛ ❜❛s❡ {(s1)m, . . . , (sr)m}✳ �

❖❜s❡r✈❛çã♦ ✶✳✷✳✷✳ ❙❡❥❛ {v1, . . . , vr} ✉♠❛ ❜❛s❡ ❞❡ ❱✱ ϕα ❡ ϕβ tr✐✈✐❛❧✐③❛çõ❡s ❞♦ ✜❜r❛❞♦✱ ❡
{sα1 , . . . , s

α
r } ❡ {sβ1 , . . . , s

β
r } s❡✉s r❡s♣❡❝t✐✈♦s r❡❢❡r❡♥❝✐❛✐s ❧♦❝❛✐s✳ ❆ ❢✉♥çã♦ ❞❡ tr❛♥s✐çã♦ φαβ(m) ∈

GL(V ) ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ❛ ♠❛tr✐③ (hij(m))✱ ❞❛❞❛ ♣♦r φαβ(m)vi =
r∑

j=1

hji (m)vj✳ ◆♦ ❡♥t❛♥t♦✱

sαi (m) = ϕ−1
α (m, vi)✱ ❡ ❛ss✐♠✱ φα(sαi (m)) = vi✳ ❆♣❧✐❝❛♥❞♦ ♦ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r φα|−1

Em
♥❛

❡①♣r❡ssã♦ q✉❡ ❞❡✜♥❡ (hij(m))✱ ♦❜t❡♠♦s sβi (m) =
r∑

j=1

hji (m)sαj (m)✳ ❖✉ s❡❥❛✱ ✜①❛❞❛ ✉♠❛ ❜❛s❡ ❞❡

❱✱ ❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ φαβ ♥♦s ❞ã♦ ❛s ♠❛tr✐③❡s ❞❡ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❞♦ r❡❢❡r❡♥❝✐❛❧ β ♣❛r❛
♦ α✳

❊①❡♠♣❧♦ ✶✳✷✳✸✳ ❛✮ M × F
r −→M é ❝❧❛r❛♠❡♥t❡ ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❞❡ ♣♦st♦ r✱

❝♦♠ π = ♣r♦❥❡çã♦ ❡♠ ▼ ✭❛ tr✐✈✐❛❧✐③❛çã♦ é ❣❧♦❜❛❧ ❡ ❞❛❞❛ ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡✮✳ ❚❛❧ ✜❜r❛❞♦ é ❝❤❛♠❛❞♦
tr✐✈✐❛❧✳ ▼❛✐s ❣❡r❛❧♠❡♥t❡✱ ❞✐③❡♠♦s q✉❡ ✉♠ ✜❜r❛❞♦ ❞❡ ♣♦st♦ r é tr✐✈✐❛❧ s❡ ✐s♦♠♦r❢♦ ❛ ❡st❡✳ ❆

✶✵



❞❡✜♥✐çã♦ ❞❡ ♠♦r✜s♠♦s ❡♥tr❡ ✜❜r❛❞♦s s❡rá ❞❛❞❛ ❛ s❡❣✉✐r✳

❜✮ TM =
⋃

m∈M

TmM ❡ Λk(T ∗M) =
⋃

m∈M

Λk(TmM)∗✱ ❝♦♠ ❛s ♣r♦❥❡çõ❡s ♥❛t✉r❛✐s ❡♠ ▼ sã♦

✜❜r❛❞♦s ✈❡t♦r✐❛✐s✳ ❙✉❛s s❡çõ❡s ❣❧♦❜❛✐s sã♦ ❡①❛t❛♠❡♥t❡ Γ(TM) = X(M) ✭❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❞❡
▼✮ ❡ Γ(Λk(T ∗M)) = Ωk(M) ✭❦✲❢♦r♠❛s ❞✐❢❡r❡♥❝✐❛✐s ❞❡ ▼✮✳ ❆s tr✐✈✐❛❧✐③❛çõ❡s ❞♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡✱
♣♦r ❡①❡♠♣❧♦✱ sã♦ ❞❛❞❛s ❛ ♣❛rt✐r ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ❞❡ Mn (U, (x1, . . . , xn))✳
❇❛st❛ ♣r♦❥❡t❛r ✉♠ ✈❡t♦r ❞❡ TmM ❡♠ ♠✱ ❡♠ ❯✱ ❡ ♥❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ss❡ ✈❡t♦r✱ ❝♦♠ r❡s♣❡✐t♦
à ❜❛s❡ { ∂

∂xi

∣∣
m

; i = 1, . . . , n}✱ ❡♠ Rn✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ ❛ ✈❛r✐❡❞❛❞❡ ▼ é ❝♦♠♣❧❡①❛✱ ♦s ❡s♣❛ç♦s
t❛♥❣❡♥t❡s sã♦ ♥❛t✉r❛❧♠❡♥t❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❝♦♠♣❧❡①♦s ❡ ♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ s❡rá ✉♠ ✜❜r❛❞♦
✈❡t♦r✐❛❧ ❝♦♠♣❧❡①♦ ✭t❡r❡♠♦s ♠❛✐s ❛ ❞✐③❡r s♦❜r❡ ✈❛r✐❡❞❛❞❡s ❝♦♠♣❧❡①❛s ❡ ✜❜r❛❞♦s ❝♦♠♣❧❡①♦s ❛♦
❧♦♥❣♦ ❞♦ t❡①t♦✮✳

❉❡✜♥✐çã♦ ✶✳✷✳✸✳ ❙❡❥❛ E −→ M ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ r❡❛❧✳ ❯♠❛ ♠étr✐❝❛ ❡♠ ❊ ❝♦♥s✐st❡ ♥✉♠❛
❡s❝♦❧❤❛ ❞❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦ hm : Em × Em −→ R ❡♠ ❝❛❞❛ ✜❜r❛ ♣❛r❛ ❝❛❞❛ m ∈ M ✳ ❊ss❛
❡s❝♦❧❤❛ ❞❡✈❡ s❡r s✉❛✈❡ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ ❞❛❞❛s s❡çõ❡s ❧♦❝❛✐s s ❡ t✱ ❝♦♥t❡♥❞♦ m ∈ M ❡♠ s❡✉s
❞♦♠í♥✐♦s✱ ❛ ❢✉♥çã♦ m 7−→ hm(s(m), t(m)) é s✉❛✈❡✳ ❙❡ ♦ ✜❜r❛❞♦ é ❝♦♠♣❧❡①♦✱ ♣❡❞✐♠♦s q✉❡ ♦
♣r♦❞✉t♦ ✐♥t❡r♥♦ s❡❥❛ ❤❡r♠✐t✐❛♥♦ ✭❝♦♠ ❛ ♠❡s♠❛ ❝♦♥❞✐çã♦ ❞❡ s✉❛✈✐❞❛❞❡✮ ❡ ❝❤❛♠❛♠♦s t❛❧ ✜❜r❛❞♦
❞❡ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❤❡r♠✐t✐❛♥♦✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✹✳ ❛✮ ❆ ♠étr✐❝❛ r✐❡♠❛♥♥✐❛♥❛ é ✉♠ ❡①❡♠♣❧♦ ❞❡ ♠étr✐❝❛ ♥♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡✳
❜✮ ❆ ♣r❡s❡♥ç❛ ❞❡ ✉♠❛ ♠étr✐❝❛ ♥✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ r❡❛❧ ❞❡ ♣♦st♦ r ♥♦s ♣❡r♠✐t❡ ♦rt♦♥♦r♠❛❧✐③❛r
r❡❢❡r❡♥❝✐❛✐s ❧♦❝❛✐s✱ ❞❡ ♠♦❞♦ q✉❡ ❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ❛ss♦❝✐❛❞❛s t♦♠❛♠ ✈❛❧♦r❡s ❡♠ O(r) ⊆

GL(r,R)✱ ❞✐③❡♠♦s ♥❡ss❡ ❝❛s♦ q✉❡ ♦ ❣r✉♣♦ ❞❡ ❡str✉t✉r❛ ❞❡ ❊ ❢♦✐ r❡❞✉③✐❞♦ ❛ ❖✭r✮ ✭♥♦ ❝❛s♦ ❞❡
✜❜r❛❞♦s ❤❡r♠✐t✐❛♥♦s✱ ♦ ❣r✉♣♦ ❞❡ ❡str✉t✉r❛ ❞♦ ✜❜r❛❞♦ ♣♦❞❡ s❡r r❡❞✉③✐❞♦ ❛ ❯✭r✮✮✳ ❆❧é♠ ❞✐ss♦✱
❞✐③❡♠♦s q✉❡ ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ r❡❛❧ ❞❡ ♣♦st♦ r é ♦r✐❡♥tá✈❡❧ s❡ s❡✉ ❣r✉♣♦ ❞❡ ❡str✉t✉r❛ ♣♦❞❡ s❡r
r❡❞✉③✐❞♦ ❛ GL+(r,R)✳ ❊ss❛ ♥♦çã♦ ❣❡♥❡r❛❧✐③❛ ❛ ♦r✐❡♥t❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡✱ q✉❡✱ ♥❡ss❡
❝❛s♦✱ ❝♦rr❡s♣♦♥❞❡ à ♦r✐❡♥t❛❜✐❧✐❞❛❞❡ ❞❡ s❡✉ ✜❜r❛❞♦ t❛♥❣❡♥t❡✳ ❆ss✐♠✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ❣r✉♣♦ ❞❡
❡str✉t✉r❛ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❞✐♠❡♥sã♦ ♥ ♣♦❞❡ s❡r r❡❞✉③✐❞♦ ❛ ❙❖✭♥✮✳

❉❡✜♥✐çã♦ ✶✳✷✳✹✳ ❉❛❞♦s ❞♦✐s ✜❜r❛❞♦s ✈❡t♦r✐❛✐s s♦❜r❡ ▼✱ πE : E −→ M ❡ πF : F −→ M ✳ ❯♠
♠❛♣❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ψ : E −→ F é ❞✐t♦ ✉♠ ♠♦r✜s♠♦ ❡♥tr❡ ♦s ✜❜r❛❞♦s ❊ ❡ ❋✱ s❡

✶✳ πE = πF ◦ ψ

✷✳ P❛r❛ t♦❞♦ m ∈M ✱ ψm
.
= ψ|Em

: Em −→ Fm é ✉♠❛ ❛♣❧✐❝❛çã♦ F✲❧✐♥❡❛r

❆❧é♠ ❞✐ss♦✱ s❡ ψ é ✉♠ ♠♦r✜s♠♦ ❜✐❥❡t♦r✱ ❞✐③❡♠♦s q✉❡ ❊ ❡ ❋ sã♦ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s ✐s♦♠♦r❢♦s✱ ❡
ψ é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ✜❜r❛❞♦s✳ ❉❡♥♦t❛r❡♠♦s ♣♦r ❍♦♠✭❊✱ ❋✮ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♠♦r✜s♠♦s ❡♥tr❡
❊ ❡ ❋ ❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ❞❡♥♦t❛r❡♠♦s ♣♦r End(E) = Hom(E,E)✳
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◆♦t❡ q✉❡ ❛ ❝♦♥❞✐çã♦ ✶ ❣❛r❛♥t❡ ψm(Em) ⊆ Fm✳ ❉❡ ❢❛t♦✱ s❡ p ∈ Em✱ πF ◦ ψ(p) = πE(p) = m✳

■s♦♠♦r✜s♠♦s ❡♥tr❡ ✜❜r❛❞♦s ♣♦❞❡♠ s❡r ❝❛r❛❝t❡r✐③❛❞♦s ❛ ♣❛rt✐r ❞❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✷✳ ❉♦✐s ✜❜r❛❞♦s ✈❡t♦r✐❛✐s✱ ❞❡ ♣♦st♦ r✱ E −→M ❡ F −→M sã♦ ✐s♦♠♦r❢♦s s❡✱
❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡ ✉♠❛ ❝♦❜❡rt✉r❛ ❞❡ ▼ {Uα} ♣♦r ❛❜❡rt♦s tr✐✈✐❛❧✐③❛♥t❡s ❡ ❢✉♥çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s
λα : Uα −→ GL(r,F)✱ s❛t✐s❢❛③❡♥❞♦✿

φαβ = λαταβλ
−1
β ✱ ❡♠ Uαβ✱

♦♥❞❡ {φαβ} ❡ {ταβ} sã♦ ♦s ❝♦❝✐❝❧♦s ❞♦s ✜❜r❛❞♦s ❊ ❡ ❋✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ✭❝♦♠ r❡s♣❡✐t♦ ❛ {Uα}✮✳

Pr♦✈❛✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♥♦t❡ q✉❡ ♥ã♦ ❤á ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ❡♠ s✉♣♦r q✉❡ ♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧ ❱ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❞❡ ♣♦st♦ r é Fr ♣❛r❛ ❛♠❜♦s ♦s ✜❜r❛❞♦s ❊ ❡ ❋✳ ❆❧é♠

❞✐ss♦✱ ❞❛❞♦s ❞♦✐s ❝♦❝✐❝❧♦s ♣♦❞❡♠♦s s✉♣♦r s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡ ❡st❡s sã♦ s✉❜♦r❞✐♥❛❞♦s

à ♠❡s♠❛ ❝♦❜❡rt✉r❛ ♣♦r ❛❜❡rt♦s tr✐✈✐❛❧✐③❛♥t❡s ✭❜❛st❛ t♦♠❛r ✐♥t❡rs❡çõ❡s ❡♥tr❡ ♦s ❛❜❡rt♦s✮✳

✭⇒✮ ❙❡❥❛ ψ : E −→ F ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ♦s ✜❜r❛❞♦s✱ ❡♥tã♦ ψm : Em −→ Fm é ✉♠

✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r✳ ❉❡✜♥❛ ♣❛r❛ m ∈ Uα✿

λα(m) = φα|Em
◦ ψ−1

m ◦ (τα|Fm
)−1 ∈ GL(r,F)

❉❡✜♥❛ λβ ❞❛ ♠❡s♠❛ ❢♦r♠❛✱ tr♦❝❛♥❞♦ α ♣♦r β✳ ❊♥tã♦✱ s❡ m ∈ Uαβ✿

λα(m)ταβ(m)(λβ(m))−1 =

φα|Em
◦ ψ−1

m ◦ (τα|Fm
)−1 ◦ τα|Fm

◦ τβ|
−1
Fm

◦ τβ|Fm
◦ ψm ◦ φα|

−1
Em

=

φαβ(m)

✭⇐✮ ❙❡ m ∈ Uα✱ ❞❡✜♥❛ ψm = (τα|Fm
)−1 ◦ (λα(m))−1 ◦ φα|Em

: Em −→ Fm q✉❡ é✱ ♣♦r ❞❡✜♥✐çã♦✱

❧✐♥❡❛r✳ ❆ r❡❧❛çã♦ ❡♥tr❡ ❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ♥♦s ❞á q✉❡

(τα|Fm
)−1 ◦ (λα(m))−1 ◦ φα|Em

= (τβ|Fm
)−1 ◦ (λβ(m))−1 ◦ φβ|Em

❡ ❛ss✐♠ ψm ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ ❞❡✜♥✐♠♦s ψ ♣♦r ψ|Em
= ψm✳ ❇❛st❛ ✈❡r✐✜❝❛r ❛ ❞✐❢❡r❡♥❝✐✲

❛❜✐❧✐❞❛❞❡ ❞❡ ψ✳ ❉❛❞♦ p ∈ P ✱ m
.
= π(p) ∈ Uα✱ ♣❛r❛ ❛❧❣✉♠ α✳ ❚♦♠❡ ❛ ✈✐③✐♥❤❛♥ç❛ P |Uα

❞❡ ♣✱ ♦♥❞❡ Uα é t❛♠❜é♠ ✉♠ ❛❜❡rt♦ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ❞❛ ✈❛r✐❡❞❛❞❡ ▼

✭❜❛st❛ r❡str✐♥❣✐r✱ s❡ ♥❡❝❡ssár✐♦✱ ♦ ❛❜❡rt♦ tr✐✈✐❛❧✐③❛♥t❡ Uα✮✳ P♦❞❡♠♦s ♣❡♥s❛r✱ ♣♦r ❛❜✉s♦ ❞❡

♥♦t❛çã♦✱ q✉❡ ♦ ❞✐❢❡♦♠♦r✜s♠♦ (πE, φα) : E|Uα
−→ Uα × F

r é ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s

❧♦❝❛✐s ♣❛r❛ p ∈ E✳ P❡❧♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦✱ (πF , τα) : F |Uα
−→ Uα × F

r é ✉♠ s✐st❡♠❛

❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ♣❛r❛ ψ(p) ∈ Fm ⊆ F ✳ ◗✉❡r❡♠♦s ❡♥t❡♥❞❡r ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❛
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❛♣❧✐❝❛çã♦ ψ̃
.
= (πF , τα) ◦ ψ ◦ (πE, φα)

−1✳ ❙❡❥❛ (m′, v) ∈ Uα × F
r ❡ (πE, φα)(q) = (m′, v)

✭✐✳❡✳✱ πE(q) = m′ ❡ φα(q) = v✮✳ ❆❣♦r❛✱ q′
.
= ψ(q) = ψm′(q) = τ−1

α (λα(m
′))−1φα(q))✳ ❉❛í✱

ψ̃(m′, v) = (πF , τα)(q
′) = (m′, λα(m

′)−1v) ❡ ❛ ❛♣❧✐❝❛çã♦ ψ̃ é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ✭❡ ❛ss✐♠✱ ψ é

❞✐❢❡♦♠♦r✜s♠♦✮✳ �

❆ss✐♠ ❝♦♠♦ ♥♦ ❝❛s♦ ❞❡ ✜❜r❛❞♦s ♣r✐♥❝✐♣❛✐s✱ ❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ❞❡t❡r♠✐♥❛♠ ♦ ✜❜r❛❞♦

✈❡t♦r✐❛❧✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✸✳ ❙❡❥❛ ▼ ✉♠❛ ✈❛r✐❡❞❛❞❡✱ {Uα} ✉♠❛ ❝♦❜❡rt✉r❛ ❛❜❡rt❛ ❞❡ ▼ ❡ {gαβ : Uαβ −→

GL(r,F)} ❛♣❧✐❝❛çõ❡s s✉❛✈❡s s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦❝✐❝❧♦✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠ ✜❜r❛❞♦
✈❡t♦r✐❛❧ q✉❡ ❛❞♠✐t❡ tr✐✈✐❛❧✐③❛çõ❡s ♣❛r❛ ❛s q✉❛✐s ❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ sã♦ {gαβ}✳ ❆❧é♠ ❞✐ss♦✱
s❡ {gαβ} ❡ {g′αβ} s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦❝✐❝❧♦ ❡ ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ♣♦r ❛♣❧✐❝❛çõ❡s
λα : Uα −→ GL(r,F)✱ ❝♦♠♦ ♥❛ Pr♦♣✳ ✶✳✷✳✶✱ ❡♥tã♦ ♦s ✜❜r❛❞♦s ✈❡t♦r✐❛✐s ❞❡t❡r♠✐♥❛❞♦s ♣❡❧❛s
❞✉❛s ❢❛♠í❧✐❛s sã♦ ✐s♦♠♦r❢♦s✳

Pr♦✈❛✳ ❱❛♠♦s ❞❛r ✉♠ ❡s❜♦ç♦ ❞❛ ♣r♦✈❛ s❡♠ s❡ ✐♠♣♦rt❛r ❝♦♠ ♦s ❞❡t❛❧❤❡s ♠❛✐s té❝♥✐❝♦s✳ ❙❡❥❛

{gαβ} s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦❝✐❝❧♦✳ ❉❡✜♥❛ ♦ s❡❣✉✐♥t❡ q✉♦❝✐❡♥t❡✿

E =
⋃

α

(Uα × F
r)

/
∼

♦♥❞❡✱ (m, v, α) ∼ (m′, v′, β) ⇔ m = m′ e gβα(m)v = v′ ✭❛q✉✐✱ (m, v, α) é ❛♣❡♥❛s ✉♠❛ ♥♦t❛çã♦

♣❛r❛ ❞✐③❡r q✉❡ m ∈ Uα✮✳

◆♦t❡ q✉❡ [m, v, α] = [m, gβα(m)v, β] ❡ π([m, v, α])
.
= m ❝❧❛r❛♠❡♥t❡ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ é

s♦❜r❡❥❡t♦r❛✳ ❋✐①❛❞♦ α ✜❝❛ ❝❧❛r♦ q✉❡ ❛ ❛♣❧✐❝❛çã♦✿

ϕα : π−1(Uα) −→ Uα × F
r

[m, v, α] 7−→ (m, v)

s❡rá ✉♠❛ tr✐✈✐❛❧✐③❛çã♦ ♣❛r❛ ♦ ✜❜r❛❞♦ ❊ ✭♦♥❞❡ ❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❊ é ❞❛❞❛ ♣❛r❛ q✉❡

✐ss♦ s❡❥❛ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✮✳

❉❡ss❛ ❢♦r♠❛✱ s❡❣✉✐♥❞♦ ❛ ♥♦t❛çã♦ ❞♦ ✐♥í❝✐♦ ❞❛ s❡çã♦✱ ϕα = (π, φα)✱ ♦♥❞❡ φα([m, v, α]) = v✳

❱❛♠♦s ❝❛❧❝✉❧❛r ❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ♣❛r❛ ❡ss❛s tr✐✈✐❛❧✐③❛çõ❡s✿

φαβ(m)v = φα|Em
◦ φβ|

−1
Em
v

❙❡❥❛ q = φβ|
−1
Em
v ∈ Em ✭✐✳❡✳ q = [m, v, β]✮✳ ❉❛í✱ φα(q) = φα([m, gαβ(m)v, α]) = gαβ(m)v✳

P❛r❛ ❛ s❡❣✉♥❞❛ ♣❛rt❡✱ s❡❥❛♠ ❊ ❡ ❊✬ ♦s ✜❜r❛❞♦s ✈❡t♦r✐❛✐s ❞❡t❡r♠✐♥❛❞♦s ♣♦r {gαβ} ❡ {g′αβ}✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡✜♥❛✱ ♣❛r❛ ❝❛❞❛ α✱ ψα ❡♠ E|Uα
♣♦r [m, v, α] 7−→ [m,λα(m)v, α]✳ Pr✐♠❡✐r♦✱

❛ ❛♣❧✐❝❛çã♦ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐s ♣❛r❛ m ∈ Uαβ✿

✶✸



ψα[m, v, α] = [m,λα(m)v, α] = [m, g′βα(m)λα(m)v, β]

P♦r ♦✉tr♦ ❧❛❞♦✱

ψβ[m, v, α] = ψβ[m, gβα(m)v, β] = [m,λβ(m)gβα(m)v, β]

▼❛s✱ ❛ r❡❧❛çã♦ ❡♥tr❡ ♦s ❝♦❝✐❝❧♦s ❞á q✉❡ gβα(m) = g′βα(m)λα(m) ❡ ❛ss✐♠ t❡♠♦s ✉♠ ❞✐❢❡♦♠♦r✜s♠♦

ψ : E −→ E ′ q✉❡ é ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ✜❜r❛❞♦s✳ �

❖❜s❡r✈❛çã♦ ✶✳✷✳✺✳ ❉❛❞♦s ♦s ✜❜r❛❞♦s ✈❡t♦r✐❛✐s E −→M ✱ ❝♦♠ ❝♦❝✐❝❧♦ {φαβ}✱ ❡ F −→M ✱ ❝♦♠
❝♦❝✐❝❧♦ {ταβ}✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r ♥♦✈♦s ✜❜r❛❞♦s ✈❡t♦r✐❛✐s✱ ❜❛s❡❛❞♦s ♥❛s ❝♦♥str✉çõ❡s ❞❛ á❧❣❡❜r❛
❧✐♥❡❛r✱ ❛ ♣❛rt✐r ❞❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦✳ ❆♦ ❝♦♥s✐❞❡r❛r♠♦s ❛s ❢✉♥çõ❡s (φtαβ)

−1✱ q✉❡ ❝❡rt❛♠❡♥t❡
s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦❝✐❝❧♦✱ ♦❜t❡♠♦s ♦ ❝❤❛♠❛❞♦ ✜❜r❛❞♦ ❞✉❛❧ ❛ ❊ ✭❞❡♥♦t❛❞♦ ♣♦r E∗✮✱ ❝✉❥❛s
✜❜r❛s sã♦ ✐❞❡♥t✐✜❝❛❞❛s ❝♦♠ E∗

m✳ ■ss♦ ❡stá ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ✐♥t✉✐çã♦✱ ♣♦✐s tr✐✈✐❛❧✐③❛çõ❡s ❞♦
✜❜r❛❞♦ ❝♦rr❡s♣♦♥❞❡♠ ❛ r❡❢❡r❡♥❝✐❛✐s ❧♦❝❛✐s ❡ ✉♠❛ ❢✉♥çã♦ ❞❡ tr❛♥s✐çã♦ φαβ✱ ✈✐st♦ ❝♦♠♦ ♠❛tr✐③✱
♥❛❞❛ ♠❛✐s é q✉❡ ❛ ♠✉❞❛♥ç❛ ❡♥tr❡ r❡❢❡r❡♥❝✐❛✐s ❞✐st✐♥t♦s ✭❝♦rr❡s♣♦♥❞❡♥t❡s ❛ ϕα ❡ ϕβ✮✳ ❆❣♦r❛✱
❛♦ t♦♠❛r♠♦s ♦s ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❞✉❛✐s E∗

m✱ ❡ ❝♦♥s✐❞❡r❛r♠♦s ❛s ❜❛s❡s ❞✉❛✐s✱ ♣♦r á❧❣❡❜r❛ ❧✐♥❡❛r✱
❛ ♠❛tr✐③ ❝♦rr❡s♣♦♥❞❡♥t❡ s❡rá ❛ ♠❛tr✐③ ✐♥✈❡rs❛ tr❛♥s♣♦st❛ ❞❛ ♦r✐❣✐♥❛❧✳ ❖✉tr♦s ❡①❡♠♣❧♦s sã♦ ♦
✜❜r❛❞♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ✭E ⊗ F ✮✱ ❝✉❥❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ sã♦ φαβ ⊗ ταβ ❡ ♦ ✜❜r❛❞♦ s♦♠❛

❞✐r❡t❛ ✭E ⊕ F ✮✱ ❝✉❥❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ sã♦ φαβ ⊕ ταβ =

(
φαβ 0

0 ταβ

)
✳

❱✐♠♦s ♥♦ ❡①❡♠♣❧♦ ✶✳✶✳✷ q✉❡ ❞❛❞❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ▼ ❞❡ ❞✐♠❡♥sã♦ ♥✱ ♣♦❞❡♠♦s ❛ss♦❝✐❛r ✉♠

GL(n,R)✲✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ❛ ♣❛rt✐r ❞♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ ❚✭▼✮✱ q✉❡ é ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧✳ ▼❛✐s

❣❡r❛❧♠❡♥t❡✱ ❡ss❛ ❝♦♥str✉çã♦ ♣♦❞❡ s❡r ❢❡✐t❛ ♣❛r❛ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s q✉❛✐sq✉❡r E −→ M ✱ ♦♥❞❡

❞❡✜♥✐♠♦s B(E) ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ (m, s1(m), . . . , sn(m))✱ ♦♥❞❡ {s1, . . . , sn} é ✉♠ r❡❢❡r❡♥❝✐❛❧

❧♦❝❛❧ q✉❡ ❝♦♥té♠ ♠ ❡♠ s❡✉ ❞♦♠í♥✐♦✳ ❙❡ ♦ ♣♦st♦ ❞❡ ❊ é r✱ ❇✭❊✮ é ✉♠ GL(r,R)✲✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✳

❆ s❡❣✉✐r✱ ✈❡r❡♠♦s ❝♦♠♦✱ ❛ ♣❛rt✐r ❞❡ ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✱ ♣♦❞❡♠♦s ❛ss♦❝✐❛r ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧✳

✶✳✷✳✷ ❋✐❜r❛❞♦s ❆ss♦❝✐❛❞♦s

❙❡❥❛ π : P −→ M ✉♠ ●✲✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✱ ❱ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ρ : G −→ GL(V ) ✉♠❛

r❡♣r❡s❡♥t❛çã♦ ✭♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡ ✉♠❛ ❛çã♦ à ❡sq✉❡r❞❛ ❞❡ ● ❡♠ ❱✱ g · v = ρ(g)v✮✳ ❉❡ss❛

❢♦r♠❛✱ ❡①✐st❡ ✉♠❛ ❛çã♦ à ❞✐r❡✐t❛ ♥❛t✉r❛❧ ❞❡ ● ❡♠ P × V ❞❛❞❛ ♣♦r✿

(p, v) · g = (p · g, ρ(g−1)v)

❉❡ ❢❛t♦✱ (p, v) · e = (p, v) ❡ (p, v) · gh = (p · gh, ρ(h−1g−1)v) = ((p · g) · h, ρ(h−1)ρ(g−1)v) =

((p, v)·g)·h✳ ❈♦♠♦ ❛ ❛çã♦ ❞❡ ● ❡♠ P é ❧✐✈r❡✱ ● ❛❣❡ ❧✐✈r❡♠❡♥t❡ ❡♠ P×V ✳ ❙❡❥❛ E = (P×V )

/
G
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✭t❛♠❜é♠ ❞❡♥♦t❛❞♦ P ×ρ V ✮ ❡ ❞❡✜♥❛ πE : E −→M ✱ ♣♦r πE([p, v]) = π(p)✳ ❊ss❛ ❛♣❧✐❝❛çã♦ ❡stá

❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐s π(p · g) = π(p)✳

❙❡ ϕα = (π, gα) : π
−1(Uα) −→ Uα×G é ✉♠❛ tr✐✈✐❛❧✐③❛çã♦ ❞❡ P✱ ✈❛❧❡ q✉❡ p = sα(π(p)) ·gα(p)✱

♣❛r❛ t♦❞♦ p ∈ π−1(Uα)✳ ❉❡ ❢❛t♦✱ ♣ ❡ sα(π(p)) ❡stã♦ ♥❛ ♠❡s♠❛ ✜❜r❛✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦

h : π−1(Uα) −→ G t❛❧ q✉❡ p · h(p) = sα(π(p))✳ ❆♣❧✐❝❛♥❞♦ ϕα✱ ♦❜t❡♠♦s (π(p), gα(p)h(p)) =

(π(p), e)✱ ❧♦❣♦ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ ❆ss✐♠✱ [p, v] = [sα(π(p)) · gα(p), v] = [sα(π(p)), ρ(gα(p))v]✳

❊♥tã♦✱ ❞❡✜♥❛✿

ϕ̃α : π−1
E (Uα) −→ Uα × V

[p, v] 7−→ (π(p), ρ(gα(p))v)

❈♦♠♦ p = sα(π(p)) · gα(p) ❡ gα(sα(m)) = e✱ ❛ ❛♣❧✐❝❛çã♦ ϕ̃α−1 : (m, v) 7−→ [sα(m), v] é ✐♥✈❡rs❛

❞❡ ϕ̃α✱ ❡ ❛ss✐♠ ϕ̃α é ✉♠❛ ❜✐❥❡çã♦✳

❉❛❞♦ [p, v] ∈ π−1
E (Uα) é s❡♠♣r❡ ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r U ′

α ⊆ Uα ⊆ M q✉❡ é ✉♠ ❛❜❡rt♦ ❞❡ ✉♠

s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ❝❡♥tr❛❞♦s ❡♠ π(p) ∈ M ✳ ❆ss✐♠✱ ♣❡❞✐♥❞♦ q✉❡ π−1
E (U ′

α) s❡❥❛ ✉♠

❛❜❡rt♦ ❞❡ ❊✱ ♣♦❞❡♠♦s ♣❡♥s❛r ♥❛ r❡str✐çã♦ ❞❡ ϕ̃α ❛ π−1
E (U ′

α) ❝♦♠♦ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s

♣❛r❛ ❊✳ ❉❡ss❛ ❢♦r♠❛✱ ϕ̃α é ❞✐❢❡♦♠♦r✜s♠♦✱ s✉❛ r❡str✐çã♦ à ✉♠❛ ✜❜r❛ ✐♥❞✉③ ✉♠ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r

❡♥tr❡ ❡st❛ ❡ ❱ ❡ πE é s✉❛✈❡✱ ❞❡ ♠♦❞♦ q✉❡ E = P ×ρ V −→ M é ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❝♦♠ ✜❜r❛

❱❀ ♦ ❝❤❛♠❛❞♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❛ss♦❝✐❛❞♦ ❛ P✭▼✱●✮ ❡ ρ✳

❱❛♠♦s ❛❣♦r❛ ❡♥t❡♥❞❡r ❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ✜❜r❛❞♦ ❛ss♦❝✐❛❞♦ ❛ ♣❛rt✐r ❞❛s ❢✉♥çõ❡s

❞❡ tr❛♥s✐çã♦ gαβ : Uαβ −→ G ❞♦ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✳ ▲❡♠❜r❡ q✉❡ gαβ(m) = gα(p)gβ(p)
−1 ♣❛r❛

q✉❛❧q✉❡r p ∈ Pm✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣♦❞❡♠♦s ❝♦❧♦❝❛r p = sβ(m) ✭♦♥❞❡✱ sβ(m) ❡r❛ ❛ s❡çã♦

❛ss♦❝✐❛❞❛ à tr✐✈✐❛❧✐③❛çã♦ ϕβ = (π, gβ)✮ ❡ ♦❜t❡♠♦s gαβ(m) = gα(sβ(m))✳ ❚♦♠❡ m ∈ Uαβ ❡

v ∈ V ✳ ◗✉❡r❡♠♦s ❝❛❧❝✉❧❛r φαβ(m)v = φα|Em
◦ φβ|

−1
Em
v✱ ♦♥❞❡ ϕ̃α = (π, φα) ❡ ϕ̃β = (π, φβ)

sã♦ ❛s tr✐✈✐❛❧✐③❛çõ❡s ❞❡ ❊ ❝♦rr❡s♣♦♥❞❡♥t❡s às tr✐✈✐❛❧✐③❛çõ❡s ❞♦ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ϕα = (π, gα)

❡ ϕβ = (π, gβ)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♠♦✱ φβ([p, v]) = ρ(gβ(p))v✱ φβ|
−1
Em
v = [p, ρ(gβ(p)

−1)v]✳

❈♦❧♦❝❛♥❞♦ p = sβ(m)✱ φβ|
−1
Em
v = [sβ(m), v] ❡ ❛ss✐♠✱ φαβ(m)v = ρ(gα(sβ(m))v) = ρ(gαβ(m))v✳

❘❡s✉♠✐♥❞♦✿

Pr♦♣♦s✐çã♦ ✶✳✷✳✹✳ ❙❡❥❛ P✭▼✱●✮ ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ❝♦♠ ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ gαβ : Uαβ −→

G ❡ ρ : G −→ GL(V ) ✉♠❛ r❡♣r❡s❡♥t❛çã♦✱ ♦♥❞❡ ❱ é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❊♥tã♦ ♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧
❛ss♦❝✐❛❞♦ E = P ×ρ V −→ M é ♦ ✜❜r❛❞♦ ❞❛❞♦ ♣❡❧❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ρ(gαβ) : Uαβ −→

GL(V )✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✻✳ ❙❡❥❛ {v1, . . . , vm} ✉♠❛ ❜❛s❡ ❞❡ ❱✳ ❉❛❞❛ ❛ tr✐✈✐❛❧✐③❛çã♦ ϕ̃α✱ ♦❜t❡♠♦s ♦ r❡✲
❢❡r❡♥❝✐❛❧ ❧♦❝❛❧ {sα1 , . . . , s

α
m}✱ ❞❡✜♥✐❞♦ ♣♦r sαi (m) = ϕ̃α

−1(m, vi) = [sα(m), vi]✱ ♣❛r❛ i = 1, . . . ,m✳

✶✺



❊①❡♠♣❧♦ ✶✳✷✳✼✳ ❙❡❥❛ P✭▼✱●✮ ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✳
❛✮❙❡ G ⊆ GL(V )✱ t❡♠♦s ❛ r❡♣r❡s❡♥t❛çã♦ ❝❛♥ô♥✐❝❛ G →֒ GL(V ) ❡ ❛ss✐♠ ♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧
❛ss♦❝✐❛❞♦ t❡♠ ❛s ♠❡s♠❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ♦r✐❣✐♥❛❧✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦
❣r✉♣♦ ❞❡ ❡str✉t✉r❛ ❞♦ ✜❜r❛❞♦ ❛ss♦❝✐❛❞♦ ❢♦✐ r❡❞✉③✐❞♦ ❛♦ ❣r✉♣♦ ❡str✉t✉r❛❧ ❞♦ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✳
❜✮ ❚♦♠❛♥❞♦ V = g✱ ♦ ❣r✉♣♦ ❛❣❡ ♥❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❛tr❛✈és ❞❛ r❡♣r❡s❡♥t❛çã♦ ❛❞❥✉♥t❛ Ad : G −→

GL(g)✳ ❈❤❛♠❛♠♦s ♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ P ×Ad g ❞❡ ✜❜r❛❞♦ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡✱ ❡ ❞❡♥♦t❛♠♦s ❡ss❡
✜❜r❛❞♦ ♣♦r gP ✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✽✳ ❙❡❥❛ E −→M ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ r❡❛❧ ❞❡ ♣♦st♦ r✱ ❝♦♠ ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦
φαβ : Uαβ −→ GL(r,R)✳ ❱✐♠♦s q✉❡ ❡r❛ ♣♦ssí✈❡❧ ❛ss♦❝✐❛r ✉♠ GL(r,R)✲✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✱ ♦
✜❜r❛❞♦ ❞❡ r❡❢❡r❡♥❝✐❛✐s ❇✭❊✮✳ ❈❛❞❛ r❡❢❡r❡♥❝✐❛❧ ❙ ❡♠ m ∈M ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♠ ✐s♦♠♦r✜s♠♦
❧✐♥❡❛r S : Rr −→ Em ✭q✉❡ ❧❡✈❛ ❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ Rr ♥♦ r❡❢❡r❡♥❝✐❛❧ ❡♠ ♠✮✳ ❉❛í✱ s❡ (π, φα) é
✉♠❛ tr✐✈✐❛❧✐③❛çã♦ ❞❡ ❊✱ ❞❡✜♥✐♠♦s ✉♠❛ tr✐✈✐❛❧✐③❛çã♦ ❞❡ ❇✭❊✮✱ ϕα = (πB(E), gα) : B(E)|Uα

−→

GL(r,R)✱ ♣♦r ϕα(m, p) 7→ (m,φα|Em
◦ p)✳ P♦rt❛♥t♦✱ ❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ❞❡ ❇✭❊✮ sã♦

gαβ(m) = gα(m, p)gβ(m, p)
−1 = φα|Em

◦p◦p−1 ◦φβ|
−1
Em

= φαβ(m)✳ ▲♦❣♦✱ ❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦
❞❡ ❊ ❡ ❇✭❊✮ sã♦ ❛s ♠❡s♠❛s✳ ❆❣♦r❛✱ GL(r,R) ❛❣❡ ❡♠ Rr ♣♦r ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ♠❛tr✐③❡s ✭✐✳❡✳
❛ r❡♣r❡s❡♥t❛çã♦ é ❛ ✐❞❡♥t✐❞❛❞❡✮✳ ❉❛í ♦ ✜❜r❛❞♦ ❛ss♦❝✐❛❞♦ ❛ ❇✭❊✮ ♣♦r ❡ss❛ ❛çã♦ ❝❛♥ô♥✐❝❛ t❡♠
❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ✐❣✉❛✐s ❛♦ ❞♦ ✜❜r❛❞♦ ❊ ❡✱ ♣♦rt❛♥t♦✱ t❛❧ ✜❜r❛❞♦ ❛ss♦❝✐❛❞♦ ❞❡✈❡ s❡r ✐s♦♠♦r❢♦
❛♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ♦r✐❣✐♥❛❧✳

✶✳✸ ❈♦♥❡①ã♦ ❡ ❈✉r✈❛t✉r❛

✶✳✸✳✶ ❈♦♥❡①ã♦ ❡ ❈✉r✈❛t✉r❛ ❡♠ ❋✐❜r❛❞♦s Pr✐♥❝✐♣❛✐s

❈♦♥❡①ã♦

❙❡❥❛ π : P −→ M ✉♠ ●✲✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ❡ ψ(p, g) = p · g ❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ ● ❡♠ P✳

❉❛❞♦s p ∈ P ❡ g ∈ G✱ ❞❡♥♦t❛r❡♠♦s ♣♦r ψg : P −→ P ✭ψp : G −→ P ✮ ❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧

p 7−→ p · g ✭g 7−→ p · g✮✳

❉❡✜♥✐çã♦ ✶✳✸✳✶✳ ❉❛❞♦ p ∈ P ✱ dπp : TpP −→ Tπ(p)M é ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❡ ♣♦❞❡♠♦s ❞❡✜♥✐r
♦ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ Vp = kerdπp ⊆ TpP ✱ ❝❤❛♠❛❞♦ s✉❜❡s♣❛ç♦ ✈❡rt✐❝❛❧ ❞❡ TpP ✳ ❙❡ ✉♠ ❝❛♠♣♦
❞❡ ✈❡t♦r❡s X ∈ X(P ) s❛t✐s❢❛③ Xp ∈ Vp✱ ♣❛r❛ t♦❞♦ p ∈ P ✱ ❡st❡ s❡rá ❝❤❛♠❛❞♦ ❞❡ ✈❡rt✐❝❛❧✱ ❡ ♦
❝♦♥❥✉♥t♦ ❞❡ t❛✐s ❝❛♠♣♦s ❞❡♥♦t❛❞♦ ♣♦r XV (P )✳

✶✻



❙❡❥❛ g ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞♦ ❣r✉♣♦ ●✳ ❉❛❞♦ ξ ∈ g✱ ❛ ♣❛rt✐r ❞❛ ❛çã♦ ❞❡ ● ❡♠ P✱ é ♣♦ssí✈❡❧

❛ss♦❝✐❛r ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s Xξ ∈ X(P )✱ ❝❤❛♠❛❞♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❢✉♥❞❛♠❡♥t❛❧ ❛ss♦❝✐❛❞♦

❛ ξ✱ ❞❛❞♦ ♣♦r

(Xξ)p =
d
dt

∣∣
t=0

(p · exp(tξ)) = d
dt

∣∣
t=0

ψp ◦ exp(tξ) = dψp(e)ξ

❉❡♥♦t❡♠♦s ♣♦r σ : g −→ X(P ) ❛ ❛♣❧✐❝❛çã♦ ξ 7−→ Xξ✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✶✳ ❆ ❛♣❧✐❝❛çã♦ σ : g −→ X(P ) é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡✳ ❆❧é♠
❞✐ss♦✱ s❡ σ(ξ) = Xξ s❡ ❛♥✉❧❛ ❡♠ ❛❧❣✉♠ ♣♦♥t♦ ❞❡ P✱ ❡♥tã♦ ξ = 0✳

Pr♦✈❛✳ ❱❡❥❛ ♣á❣✐♥❛ ✸✶✵✱ ❝❛♣ít✉❧♦ ✽✱ ❞❡ ❬✹✶❪ �

❈❛♠♣♦s ❢✉♥❞❛♠❡♥t❛✐s sã♦ ✈❡rt✐❝❛✐s✱ ♣♦✐s ❞❛❞♦ ξ ∈ g✱ t❡♠♦s q✉❡ dπpdψp(e)ξ = d(π ◦ψp)(e)ξ✱

♠❛s π ◦ ψp : g ∈ G 7−→ π(p · g) = π(p) ∈ M ✱ ♦✉ s❡❥❛✱ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥st❛♥t❡ ❡ ❛ss✐♠✱

dπpdψp(e)ξ = 0✳ P♦rt❛♥t♦✱ dψp(e) : g −→ Vp ❡ Xξ ∈ XV (P )✳ ▼❛s✱ ❝♦♠♦ π é ✉♠❛ s✉❜♠❡rsã♦✱

♣❡❧♦ t❡♦r❡♠❛ ❞♦ ♥ú❝❧❡♦ ❡ ✐♠❛❣❡♠✱ ❞❡✈❡♠♦s t❡r q✉❡ dimVp = dimM − dimP = dimG = dimg ❡

♣❡❧❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛✱ dψp(e) é ✐♥❥❡t✐✈❛ ✭♣♦✐s✱ s❡ dψp(e)ξ = σ(ξ)p = 0 ⇒ ξ = 0✮✳ ❈♦♥❝❧✉í♠♦s

❛ss✐♠ q✉❡ dψp(e) : g −→ Vp é ✉♠ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r✳

❖❜s❡r✈❛çã♦ ✶✳✸✳✶✳ ❈♦♠♦ π é ✉♠❛ s✉❜♠❡rsã♦✱ ❛s ✜❜r❛s sã♦ s✉❜✈❛r✐❡❞❛❞❡s ✭❞✐❢❡♦♠♦r❢❛s ❛ ●✮✱
❡ ♦ ❡s♣❛ç♦ ✈❡rt✐❝❛❧ Vp ♥❛❞❛ ♠❛✐s é q✉❡ Tpπ−1(π(p))✳ ❉❡ ❢❛t♦✱ ❞❛❞♦ v ∈ Tpπ

−1(π(p))✱ ❡①✐st❡ ✉♠❛
❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ c : (−ǫ, ǫ) −→ π−1(π(p))✱ ❝♦♠ c(0) = p ❡ c′(0) = v✳ ▲♦❣♦✱ π ◦ c(t) = π(p)

❡ ❞❡r✐✈❛♥❞♦ ❡♠ t = 0 ♦❜t❡♠♦s dπ(p)v = 0 ✭✐✳❡✳✱ v ∈ Vp✮✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ v ∈ Vp✱ ∃! ξ ∈ g✱
t❛❧ q✉❡ v = dψp(e)ξ =

d
dt

∣∣
t=0

(p · exp(tξ))✳ ❈♦♠♦ ❛ ❝✉r✈❛ γ(t) = p · exp(tξ) é t❛❧ q✉❡ γ(0) = p✱
γ′(0) = v ❡ π ◦ γ(t) é ❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛ π(p)✱ s❡❣✉❡ q✉❡ v ∈ Tpπ

−1(π(p))✳

❖ s✉❜❡s♣❛ç♦ ✈❡rt✐❝❛❧ ❛ss♦❝✐❛❞♦ ❛ ✉♠ ♣♦♥t♦ p ∈ P ❞❡t❡r♠✐♥❛ t♦❞♦s ♦s ♦✉tr♦s ❡s♣❛ç♦s ✈❡rt✐❝❛✐s

❛ss♦❝✐❛❞♦s ❛ ♣♦♥t♦s ❞❛ ♠❡s♠❛ ✜❜r❛ ❞❡ ♣✱ ❛tr❛✈és ❞❛ ❛çã♦ à ❞✐r❡✐t❛ ❞❡ ● ❡♠ P✳

▲❡♠❛ ✶✳✸✳✶✳ dψg(p)Vp = Vp·g

Pr♦✈❛✳ ❙❡❥❛ v ∈ Vp ✭✐✳❡✳✱ dπpv = 0✮✳ ❊♥tã♦✱ dπ(p · g)dψg(p)v = d(π ◦ ψg)(p)v = dπ(p)v = 0✱

♦♥❞❡ ✉s❛♠♦s q✉❡ π◦ψg(p) = π(p ·g) = π(p)✱ ❡ ❛ss✐♠ ♦❜t❡♠♦s q✉❡ dψg(p)Vp ⊆ Vp·g✳ P❛r❛ ❛ ♦✉tr❛

✐♥❝❧✉sã♦✱ t♦♠❡ v ∈ Vp·g✳ ❈♦♠♦ dψp·g(e) : g −→ Vp·g é ✉♠ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r✱ ∃!ξ ∈ g✱ t❛❧ q✉❡

v = dψp·g(e)ξ = d(ψg◦ψg−1 ◦ψp·g)(e)ξ = dψg(p)d(ψg−1 ◦ψp·g)(e)ξ✳ ▼❛s✱ dπ(p)d(ψg−1 ◦ψp·g)(e)ξ =

d(π ◦ ψg−1 ◦ ψp·g)(e)ξ✳ ❈♦♠♦ π ◦ ψg−1 ◦ ψp·g : h ∈ G 7−→ π(p · ghg−1) = π(p)✱ ♦✉ s❡❥❛✱ é ✉♠❛

❛♣❧✐❝❛çã♦ ❝♦♥st❛♥t❡✱ ❞❡✈❡♠♦s t❡r d(ψg−1 ◦ ψp·g)(e)ξ ∈ Vp✳ �

❆❧é♠ ❞✐ss♦✱ ✈❛❧❡ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦✳

✶✼



▲❡♠❛ ✶✳✸✳✷✳ dψgXξ = XAd(g−1)ξ

Pr♦✈❛✳ ■ss♦ s❡❣✉❡ ❞♦ s❡❣✉✐♥t❡ ❝á❧❝✉❧♦

(XAd(g−1)ξ)p·g = dψp·g(e)Ad(g
−1)ξ = dψp·g(e)dCg−1(e)ξ = d(ψg ◦ ψg−1 ◦ ψp·g ◦ Cg−1)(e)ξ

= dψg(p)d(ψg−1 ◦ ψp·g ◦ Cg−1)(e)ξ

❈♦♠♦ ψg−1◦ψp·g◦Cg−1 : h ∈ G 7−→ ((p·g)·(g−1hg))·g−1 = p·h✱ t❡♠♦s q✉❡ ψg−1◦ψp·g◦Cg−1 = ψp✳

▲♦❣♦✱ (XAd(g−1ξ))p·g = dψg(p)(Xξ)p✳ �

❉❡✜♥✐çã♦ ✶✳✸✳✷✳ ❙❡❥❛ P ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦ ❞ ❡ ❦ ✉♠ ✐♥t❡✐r♦✱ ❝♦♠ 1 ≤ k ≤ d✳
❯♠❛ ❞✐str✐❜✉✐çã♦ ❉✱ ❦✲❞✐♠❡♥s✐♦♥❛❧✱ é ✉♠❛ ❛♣❧✐❝❛çã♦ q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ p ∈ P ✉♠ s✉❜❡s♣❛ç♦
Dp ⊆ TpP ❞❡ ❞✐♠❡♥sã♦ ❦✳ ❉✐③❡♠♦s q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❉ é s✉❛✈❡ s❡✱ ♣❛r❛ ❝❛❞❛ p ∈ P ✱ ❡①✐st✐r
✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❯ ❞❡ ♣ ❡ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s X1, . . . , Xk ∈ X(U)✱ t❛✐s q✉❡ {(X1)q, . . . , (Xk)q} é
✉♠❛ ❜❛s❡ ❞❡ Dq✱ ♣❛r❛ t♦❞♦ q ∈ U ✳

❆té ❛q✉✐ ❛ss♦❝✐❛♠♦s ❛ ❝❛❞❛ ♣♦♥t♦ p ∈ P ✉♠ s✉❜❡s♣❛ç♦ ❞❡ TpP ✐s♦♠♦r❢♦ à á❧❣❡❜r❛ ❞❡ ▲✐❡ g

❞❡ ♠❛♥❡✐r❛ ●✲✐♥✈❛r✐❛♥t❡✳ ❊st❛ é ✉♠❛ ❞✐str✐❜✉✐çã♦ s✉❛✈❡✱ ✈✐st♦ q✉❡ ✉♠❛ ❜❛s❡ ❞❡ g ❢♦r♥❡❝❡ ✭✈✐❛

σ✮ ❛ ❝♦♥❞✐çã♦ ❞❡ s✉❛✈✐❞❛❞❡✳ ◆ã♦ ❡①✐st❡✱ ♥♦ ❡♥t❛♥t♦✱ ✉♠ ❝♦♠♣❧❡♠❡♥t♦ ♥❛t✉r❛❧ ♣❛r❛ Vp ❡♠ TpP ✳

❊ss❡ ♣r♦❜❧❡♠❛ s❡rá s❛♥❛❞♦ ❛ ♣❛rt✐r ❞❛ ✐♥tr♦❞✉çã♦ ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♥❡①ã♦ ♥♦ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧

P✭▼✱●✮✳

❉❡✜♥✐çã♦ ✶✳✸✳✸✳ ❯♠❛ ❝♦♥❡①ã♦ ✭❞❡ ❊❤r❡s♠❛♥♥✮ ♥♦ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ P✭▼✱●✮ é ✉♠❛ ❞✐str✐❜✉✐✲
çã♦ s✉❛✈❡ ❍ ✭❝❤❛♠❛❞❛ ❞❡ ❤♦r✐③♦♥t❛❧✮✱ s❛t✐s❢❛③❡♥❞♦✿

✶✳ TpP = Vp ⊕Hp✱ ♣❛r❛ t♦❞♦ p ∈ P

✷✳ dψg(p)Hp = Hp·g✱ ♣❛r❛ t♦❞♦ p ∈ P ❡ g ∈ G ✭✐✳❡✳ ❍ é ●✲✐♥✈❛r✐❛♥t❡✮✳

❖❜s❡r✈❛çã♦ ✶✳✸✳✷✳ ❙❡❣✉❡ ❞♦ ♣r✐♠❡✐r♦ ✐t❡♠ ❞❛ ❞❡✜♥✐çã♦ q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❤♦r✐③♦♥t❛❧ ❞❡✈❡
t❡r ❞✐♠❡♥sã♦ ✐❣✉❛❧ ❛ dimP − dimG = dimM ✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ Vp = kerdπp✱ ♦❜t❡♠♦s q✉❡
dπp : Hp−̃→Tπ(p)M é ✉♠ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r✳

❊①❡♠♣❧♦ ✶✳✸✳✸✳ ❙❡❥❛ ❣ ✉♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ●✲✐♥✈❛r✐❛♥t❡ ❞❡ P✳ ❊♥tã♦✱ Hp
.
= V ⊥

p =

{v ∈ TpP | gp(v, u) = 0 ♣❛r❛ t♦❞♦ u ∈ Vp} ♥♦s ❢♦r♥❡❝❡ ✉♠❛ ❝♦♥❡①ã♦ ❡♠ P✭▼✱●✮✳
❖ ♣r✐♠❡✐r♦ ✐t❡♠ ❞❛ ❞❡✜♥✐çã♦ é ❝❧❛r❛♠❡♥t❡ s❛t✐s❢❡✐t♦✳
❱❛♠♦s ♠♦str❛r ❛ ●✲✐♥✈❛r✐â♥❝✐❛✱ ♦✉ s❡❥❛✱ dψg(p)V ⊥

p = V ⊥
p·g✳

✐✮ ❉❛❞♦ v ∈ V ⊥
p ✱ q✉❡r❡♠♦s ♠♦str❛r q✉❡ gp·g(dψg(p)v, u) = 0✱ ♣❛r❛ t♦❞♦ u ∈ Vp·g✳ ❈♦♠♦

✶✽



dψg(p)Vp = Vp·g✱ s❡❥❛ v1 ∈ Vp t❛❧ q✉❡ dψg(p)v1 = v✳ P❡❧❛ ●✲✐♥✈❛r✐â♥❝✐❛ ❞❛ ♠étr✐❝❛✱
gp·g(dψg(p)v, dψg(p)v1) = gp(v, v1) = 0✳ ❆ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ✈❡♠ ❞♦ ❢❛t♦ ❞❡ v ∈ V ⊥

p ❡ v1 ∈ Vp✳
✐✐✮ ❉❛❞♦ v ∈ V ⊥

p·g✳ ❊♥tã♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r v = dψg(p)dψg−1(p · g)v✳ ❱❛♠♦s ♠♦str❛r q✉❡
dψg−1(p · g)v ∈ V ⊥

p ✳ ❙❡❥❛ u ∈ Vp✱ ❡♥tã♦ gp(dψg−1(p · g)v, u) = gp·g(v, dψg(p)u) = 0✱ ♣♦✐s
u ∈ Vp ⇒ dψg(p)u ∈ Vp·g✳

❈♦♥❡①õ❡s ❛♣❛r❡❝❡♠ ❞❡ ♠❛♥❡✐r❛ ✐♥t✉✐t✐✈❛✱ q✉❛♥❞♦ ❞❡✜♥✐❞❛s ❛ ♣❛rt✐r ❞❡ ❞✐str✐❜✉✐çõ❡s s✉❛✈❡s✳

◆♦ ❡♥t❛♥t♦✱ ❞✐str✐❜✉✐çõ❡s ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❢♦r♥❡❝❡♠ ❛ ♠❛♥❡✐r❛ ♠❛✐s ❢á❝✐❧ ❞❡ ❧✐❞❛r ❝♦♠

t❛✐s ♦❜❥❡t♦s✳ ❆❧t❡r♥❛t✐✈❛♠❡♥t❡✱ ♣♦❞❡♠♦s t❡♥t❛r ❝❛r❛❝t❡r✐③❛r ❛s ❝♦♥❡①õ❡s ❝♦♠♦ ♣r♦❥❡çõ❡s ❡♠

s✉❜❡s♣❛ç♦s ✈❡rt✐❝❛✐s ✭q✉❡✱ ❝♦♠♦ ✈✐♠♦s✱ ♣♦❞❡♠ s❡r ♣❡♥s❛❞♦s ❝♦♠♦ ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡ ●✮✱

s❛t✐s❢❛③❡♥❞♦ ❛❧❣✉♠ t✐♣♦ ❞❡ ✐♥✈❛r✐â♥❝✐❛ ♣❡❧❛ ❛çã♦ ❞❡ ● ❡♠ P✳ ■ss♦ s❡rá ♦❜t✐❞♦ ❛tr❛✈és ❞♦ ❝♦♥❝❡✐t♦

❞❡ ✉♠❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦✳

❉❡✜♥✐çã♦ ✶✳✸✳✹✳ ❯♠❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦ é ✉♠❛ ✶✲❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ P ❝♦♠ ✈❛❧♦r❡s ♥❛
á❧❣❡❜r❛ ❞❡ ▲✐❡ g✱ ω ∈ Ω1(P ; g)✱ s❛t✐s❢❛③❡♥❞♦✿

✶✳ ω(σ(ξ)) = ξ✱ ♣❛r❛ t♦❞♦ ξ ∈ g

✷✳ ψ∗
gω = Adg−1ω✱ ♣❛r❛ t♦❞♦ g ∈ G

❖❜s❡r✈❛çã♦ ✶✳✸✳✹✳ ❆❜r✐♥❞♦ ♦s ✐t❡♥s ❞❛ ❞❡✜♥✐çã♦✱ t❡♠♦s q✉❡✿
✶✳ ω(p)(dψp(e)ξ) = ξ✱ ♦♥❞❡ p ∈ P ✱ ξ ∈ g

✷✳ ω(p · g)(dψg(p)v) = Adg−1(ω(p)v)✱ ♦♥❞❡ g ∈ G✱ v ∈ TpP ✳

❉❡♥♦t❛r❡♠♦s ♦ ❡s♣❛ç♦ ❞❛s ✶✲❢♦r♠❛s ❞❡ ❝♦♥❡①ã♦ ♣♦r A✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✷✳ A 6= ∅

Pr♦✈❛✳ ❙❡❥❛ θ ❛ ❢♦r♠❛ ❞❡ ▼❛✉r❡r✲❈❛rt❛♥ ✭✈❡r ❛♣ê♥❞✐❝❡ ❆✮✳ ❊♥tã♦✱ ωα
.
= g∗αθ é ✉♠❛ ✶✲❢♦r♠❛

❞❡ ❝♦♥❡①ã♦ ♣❛r❛ ♦ ✜❜r❛❞♦ tr✐✈✐❛❧ P |Uα
✭♦♥❞❡ (Uα, ϕα = (π, gα)) é ✉♠❛ tr✐✈✐❛❧✐③❛çã♦ ❞♦ ✜❜r❛❞♦

P✭▼✱●✮✮✳ ❉❡ ❢❛t♦✱

✐✮ ❉❛❞♦ p ∈ P |α ❡ ξ ∈ g✱ ωα(p)(dψp(e)ξ) = θ(gα(p))(dgα(p)dψp(e)ξ) = d(Lgα(p)−1 ◦ gα ◦ ψp)(e)ξ✳

❈♦♠♦✱ Lgα(p)−1 ◦ gα ◦ψp : h ∈ G 7→ gα(p)
−1gα(p · h) = h✱ t❡♠♦s ωα(p)(dψp(e)ξ) = dIdG(e)ξ = ξ✳

✐✐✮ ψ∗
gg

∗
αθ = (gα ◦ ψg)

∗θ✱ ▼❛s✱ ♣❡❧❛ ❡q✉✐✈❛r✐â♥❝✐❛ ❞❡ gα✱ gα ◦ ψg = Rg ◦ gα ❡ ❛ss✐♠✱ ψ∗
gg

∗
αθ =

g∗αR
∗
gθ = g∗α(Ad

−1
g θ) = Ad−1

g g∗αθ

❆❣♦r❛✱ ❜❛st❛ t♦♠❛r ✉♠❛ ♣❛rt✐çã♦ ❞❛ ✉♥✐❞❛❞❡ {λα} s✉❜♦r❞✐♥❛❞❛ à ❝♦❜❡rt✉r❛ ❛❜❡rt❛ ❞❡ ▼✱

{Uα}✱ ♣♦r ❛❜❡rt♦s tr✐✈✐❛❧✐③❛♥t❡s ❞♦ ✜❜r❛❞♦✳ ❆ss✐♠✱ ❞❡✜♥✐♠♦s ω =
∑

α

λαωα✳ ❙❡♥❞♦ ❡st❛ ✉♠❛

❝♦♠❜✐♥❛çã♦ ❛✜♠ ❞❡ ✶✲❢♦r♠❛s✱ t❡♠♦s ✉♠❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦ ❡♠ t♦❞♦ P ✭❛ ❝♦♠❜✐♥❛çã♦ ❞❡✈❡

s❡r ❛✜♠ ♣❛r❛ q✉❡ ❛ ♣r✐♠❡✐r❛ ❝♦♥❞✐çã♦ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦ s❡❥❛ s❛t✐s❢❡✐t❛✮✳ �

✶✾



▲❡♠❛ ✶✳✸✳✸✳ ❖ ❡s♣❛ç♦ ❞❛s ✶✲❢♦r♠❛s ❞❡ ❝♦♥❡①ã♦ A é ✉♠ ❡s♣❛ç♦ ❛✜♠ ♠♦❞❡❧❛❞♦ ♥♦ ❡s♣❛ç♦
✈❡t♦r✐❛❧ Ω1(M ; gP )✳

Pr♦✈❛✳ ■ss♦ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ Pr♦♣✳ ❆✳✵✳✸ ❞♦ ❛♣ê♥❞✐❝❡✳ ❉❛❞❛s ❞✉❛s ❝♦♥❡①õ❡s ω1, ω2 ∈

Ω1(P, g)✱ t❡♠♦s q✉❡ ω1 − ω2 é ✉♠❛ ❢♦r♠❛ ❜ás✐❝❛ ❡ ❛ss✐♠ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ❡❧❡♠❡♥t♦ ❞❡

Ω1(M ; gP )✳ ❆❧é♠ ❞✐ss♦✱ ✜①❛❞♦ ω ∈ A✱ ❞❛❞♦ ζ ∈ Ω1(M ; gP )✱ ω + ζ ∈ A ✭♦♥❞❡ ✉s❛♠♦s ♥♦✲

✈❛♠❡♥t❡ ❛ ❜✐❥❡çã♦ ❡♥tr❡ Ω1(M ; gP ) ❡ Ω1
G(P ; g)✮✳ �

Pr♦♣♦s✐çã♦ ✶✳✸✳✸✳ ❊①✐st❡ ✉♠❛ ❜✐❥❡çã♦ ❡♥tr❡ ❝♦♥❡①õ❡s ✭❞❡ ❊❤r❡s♠❛♥♥✮ ❡ ✶✲❢♦r♠❛s ❞❡ ❝♦♥❡①ã♦✳

Pr♦✈❛✳ ✐✮ ❙❡❥❛ ❍ ✉♠❛ ❝♦♥❡①ã♦✳ ❉❛❞♦ v ∈ TpP ✱ s❡❥❛♠ vH ∈ Hp ❡ vV ∈ Vp✱ t❛✐s q✉❡

v = vH + vV ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ∃! ξ ∈ g ❝♦♠ vV = dψp(e)ξ✳ ❉❡✜♥❛ ❡♥tã♦✱ ω(p)v = ξ ❡ ♥♦t❡

q✉❡ ωp : TpP −→ g é ❧✐♥❡❛r✱ ♣♦✐s dψp(e) é ❧✐♥❡❛r✳ ❙❡ ζ ∈ g✱ σ(ζ) ∈ XV (P ) ❡ ❛ ♣r✐♠❡✐r❛ ❝♦♥✲

❞✐çã♦ ♣❛r❛ ω s❡r ✉♠❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦ é ❛✉t♦♠❛t✐❝❛♠❡♥t❡ s❛t✐s❢❡✐t❛✳ ❆ s❡❣✉♥❞❛ ❝♦♥❞✐çã♦

é ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❧❡♠❛ ✶✳✸✳✷✳ ❉❡ ❢❛t♦✱ t♦♠❛♥❞♦ v = vV + vH ❝♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♣❡❧❛ ●✲

✐♥✈❛r✐â♥❝✐❛ ❞❛s ❞✐str✐❜✉✐çõ❡s ✭✈❡rt✐❝❛❧ ❡ ❤♦r✐③♦♥t❛❧✮ ω(p·g)(dψg(p)v) = ω(p·g)(dψg(p)dψp(e)ξ) =

ω(p · g)(d(ψg ◦ ψp)(e)ξ)✳ ▼❛s✱ ψg ◦ ψp : h ∈ G 7−→ (p · h) · g = (p · g) · g−1hg = ψp·g ◦ Cg−1(h)✳

❆❣♦r❛✱ d(ψp·g ◦Cg−1)(e)ξ = dψp·g(e)(Adg−1ξ)✱ ❧♦❣♦ ω(p · g)(dψg(p)v) = Adg−1ξ = Adg−1(ω(p)v)✳

❆✐♥❞❛ ♣r❡❝✐s❛♠♦s ✈❡r✐✜❝❛r ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡ ω✳ ❙✉♣♦♥❤❛ dimG = k ❡ dimM = n ✭❡

❛ss✐♠✱ dimP = n+ k✮✳ ◆✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ P é ♣♦ssí✈❡❧✱ ♣❡❧❛ s✉❛✈✐❞❛❞❡ ❞❛ ❞✐str✐❜✉✐çã♦ ❤♦r✐✲

③♦♥t❛❧✱ ❛❝❤❛r ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s {Y1, . . . , Yn} q✉❡ ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ ♦s ❡s♣❛ç♦s ❤♦r✐③♦♥t❛✐s

♥❡ss❛ ✈✐③✐♥❤❛♥ç❛✳ ❙❡ {ξ1, . . . , ξk} é ✉♠❛ ❜❛s❡ ❞❡ g✱ t❡♠♦s ✉♠❛ ❜❛s❡ ♣❛r❛ ♦s ❡s♣❛ç♦s t❛♥❣❡♥✲

t❡s ♥❡ss❛ ✈✐③✐♥❤❛♥ç❛ ❞❛❞❛ ♣❡❧♦s ❝❛♠♣♦s {Y1, . . . , Yn, . . . , σ(ξ1), . . . , σ(ξk)}✳ P♦❞❡♠♦s ❡s❝r❡✈❡r✱

ω =
k∑

j=1

ωjξj✱ ♦♥❞❡ ωj sã♦ ✶✲❢♦r♠❛s ❞❡ P✳ ❆ ✶✲❢♦r♠❛ ω é ❞✐❢❡r❡♥❝✐á✈❡❧ s❡ ❝❛❞❛ ωj ♦ ❢♦r✳ ❯♠❛

✶✲❢♦r♠❛ ❡♠ P ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ✉♠❛ ❛♣❧✐❝❛çã♦ C∞(P )✲❧✐♥❡❛r ❞❡ X(P ) ❛ C∞(P )✳ ❈♦♠♦

ωj(σ(ξi)) = δij ∈ C∞(P ) ❡ ωj(Yi) = 0 ∈ C∞(P )✱ ω é ❞✐❢❡r❡♥❝✐á✈❡❧✳

✐✐✮ ❙❡❥❛ ❛❣♦r❛ ω ∈ Ω1(P ; g) ✉♠❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦✳ ❈♦♠♦✱ ❞❛❞♦ ξ ∈ g✱ ω(p)(dψp(e)ξ) = ξ✱

✐✳❡✳✱ ωp é s♦❜r❡❥❡t✐✈❛ ♣❛r❛ t♦❞♦ p ∈ P ✱ ♦ s✉❜❡s♣❛ç♦ Hp
.
= ker(ωp) ⊆ TpP t❡♠ ❞✐♠❡♥sã♦ ❝♦♥s✲

t❛♥t❡ ♣❛r❛ t♦❞♦ p ∈ P ✭✐❣✉❛❧ ❛ ❞✐♠▼✮✳ Pr✐♠❡✐r❛♠❡♥t❡✱ Vp ∩ Hp = {0}✱ ♣♦✐s s❡ v ∈ Vp ∩ Hp✱

v = dψp(e)ξ✱ ♣❛r❛ ❛❧❣✉♠ ξ ∈ g✱ ❝♦♠ ω(p)v = 0✱ ♠❛s ω(p)v = ξ✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞♦ v ∈ TpP ✱

v = (v−dψp(e)(ω(p)v))+dψp(e)(ω(p)v)✱ ❝❧❛r❛♠❡♥t❡ v−dψp(e)(ω(p)v) ∈ Hp ❡ dψp(e)(ω(p)v) ∈

Vp✱ ❞❡ ♠♦❞♦ q✉❡✱ TpP = Vp ⊕ Hp✳ ❱❛♠♦s ♠♦str❛r q✉❡ ❡ss❛ ❞✐str✐❜✉✐çã♦✱ ❞❡✜♥✐❞❛ ♣❡❧♦ ♥ú❝❧❡♦

❞❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦✱ é ●✲✐♥✈❛r✐❛♥t❡✳ ❙❡ v ∈ Hp✱ ω(p · g)(dψg(p)v) = Adg−1(ω(p)v) = 0✱ ❧♦❣♦

dψg(p)Hp ⊆ Hp·g✳ ❆❣♦r❛✱ ❞❛❞♦ u ∈ Hp·g✱ u = d(ψg ◦ ψg−1)(p · g)u = dψg(p)dψg−1(p · g)u✱ ❡

✷✵



ω(p)((dψg−1)(p ·g)u) = ω((p ·g) ·g−1)((dψg−1)(p ·g)u) = Adg(ω(p ·g)u) = 0✱ ❧♦❣♦ t❡♠♦s t❛♠❜é♠

Hp·g ⊆ dψg(p)Hp ✭♠❛✐s ❞✐r❡t❛♠❡♥t❡✱ ♣♦❞❡rí❛♠♦s ♥♦t❛r q✉❡ dψg é ✐♥❥❡t✐✈♦✱ ♣♦✐s ψg é ❞✐❢❡♦♠♦r✲

✜s♠♦✱ ❡ s❡ dψg(p)Hp ⊆ Hp·g✱ ❝♦♠♦ dimHp = dimHp·g✱ ✈❛❧❡ dψg(p)Hp = Hp·g ✮✳ ❋❛❧t❛ ♠♦str❛r

q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❛ss✐♠ ❞❡✜♥✐❞❛ é s✉❛✈❡✳ P❛r❛ ❝❛❞❛ ♣♦♥t♦✱ ❝♦♥s✐❞❡r❡ ✉♠ ❛❜❡rt♦ ❞❡ ✉♠ s✐st❡♠❛

❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ❞❡ P ❡ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ♥❡ss❛ ✈✐③✐♥❤❛♥ç❛ {Y1, . . . , Yn+k} q✉❡ ❢♦r♥❡❝❡♠

✉♠❛ ❜❛s❡ ♣❛r❛ ♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❡♠ ❝❛❞❛ ♣♦♥t♦ ❞❛ ✈✐③✐♥❤❛♥ç❛✳ ❙❡❥❛ t❛♠❜é♠ {ξ1, . . . , ξk} ✉♠❛

✉♠❛ ❜❛s❡ ❞❡ g ❡ ω =
k∑

j=1

ωjξj✱ ♦♥❞❡ ωj sã♦ ✶✲❢♦r♠❛s ❞❡ P✳ P❛r❛ i = 1, . . . , n+ k✱ ❞❡✜♥❛

Yi = Yi −
k∑

j=1

ωj(Yi)σ(ξj)

❈❧❛r❛♠❡♥t❡✱ t❛✐s ❝❛♠♣♦s sã♦ ❤♦r✐③♦♥t❛✐s✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞♦ ✉♠ ✈❡t♦r ❤♦r✐③♦♥t❛❧✱ ❡❧❡ ♣♦❞❡ s❡r

❡s❝r✐t♦ ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r
n+k∑

r=1

brYr =
n+k∑

r=1

brYr✱ ♣♦✐s t♦❞♦s ♦✉tr♦s t❡r♠♦s sã♦ ✈❡rt✐❝❛✐s✳

❙❡♥❞♦ ❛ss✐♠✱ ♦s Yi
′
s ❣❡r❛♠ ♦s ❡s♣❛ç♦s ❤♦r✐③♦♥t❛✐s ♥❡ss❛ ✈✐③✐♥❤❛♥ç❛ ❡ é ♣♦ssí✈❡❧ ❡s❝♦❧❤❡r ♥ ❞❡❧❡s

❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ✭♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ♣♦ss✐✈❡❧♠❡♥t❡ ♠❡♥♦r✮✳ �

➱ ♣♦ssí✈❡❧ ❞❛r ✉♠❛ t❡r❝❡✐r❛ ❝❛r❛❝t❡r✐③❛çã♦ ♣❛r❛ ❝♦♥❡①õ❡s ♥✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ P✭▼✱●✮✱

❡♠ t❡r♠♦s ❞❡ ♦❜❥❡t♦s ❞❛ ❜❛s❡ ▼✳ ❙❡❥❛♠ {(Uα, ϕα = (π, gα))} ❛s tr✐✈✐❛❧✐③❛çõ❡s ❞♦ ✜❜r❛❞♦✱ {sα}

❛s s❡çõ❡s ❝♦r❡s♣♦♥❞❡♥t❡s ❡ {gαβ : Uαβ −→ G} ❛s ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ ❞♦ ✜❜r❛❞♦ ✭❧❡♠❜r❡ q✉❡

sβ = sα · gαβ✮✳ ❈♦♥s✐❞❡r❡ t❛♠❜é♠ ❛ ❢♦r♠❛ ❞❡ ▼❛✉r❡r✲❈❛rt❛♥ θ ∈ Ω1(G, g)✱ ❞❡✜♥✐❞❛ ♣♦r θg =

dLg−1 ✳ ❉❛❞❛ ✉♠❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦ ω ∈ Ω1(P ; g)✱ ❞❡♥♦t❡♠♦s ♣♦r Aα = s∗α(ω) ∈ Ω1(Uα; g)

✭❝❤❛♠❛❞♦s ♣♦t❡♥❝✐❛✐s ❞❡ ❝❛❧✐❜r❡✮ ❡ θαβ = g∗αβω ∈ Ω1(Uαβ; g)✳ ❆♣❡s❛r ❞❡ {Aα} ♥ã♦ ❢♦r♠❛r ✉♠❛

✶✲❢♦r♠❛ ❣❧♦❜❛❧ ❡♠ ▼ ✭✐✳❡✳ ♦s ♣✉❧❧✲❜❛❝❦s ♥ã♦ ❝♦✐♥❝✐❞❡♠✮✱ ✈❛❧❡ ♦ s❡❣✉✐♥t❡

Pr♦♣♦s✐çã♦ ✶✳✸✳✹✳ ❉❛❞❛ ✉♠❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦ ω ∈ Ω1(P ; g)✱ t❡♠♦s q✉❡

Aβ = Ad(g−1
αβ )Aα + θαβ✱ ❡♠ Uαβ

❆♥t❡s ❞❡ ❞❡♠♦♥str❛r ❛ ♣r♦♣♦s✐çã♦ ♣r❡❝✐s❛♠♦s ❞♦ s❡❣✉✐♥t❡ ❧❡♠❛✿

▲❡♠❛ ✶✳✸✳✹✳ ❙❡❥❛ ψ : P × G −→ P ✱ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❊♥tã♦✱ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r
♥❛t✉r❛❧♠❡♥t❡ T(p,g)(P ×G) ≃ TpP × TgG ❡ ✈❛❧❡

dψ(p,g)(u, v) = dψg(p)u+ dψp(g)v

♣❛r❛ t♦❞♦ p ∈ P ✱ g ∈ G✱ u ∈ TpP ❡ v ∈ TgG✳
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Pr♦✈❛✳ ✭Pr♦♣ ✶✳✸✳✸✮ ❙❡❥❛ m ∈ Uαβ ❡ v ∈ TmM ✳ ❚❡♠♦s q✉❡ sβ = ψ ◦ (sα, gαβ) ❡ ♣❡❧❛ r❡❣r❛

❞❛ ❝❛❞❡✐❛✱ ❛♣❧✐❝❛♥❞♦ ♦ ❧❡♠❛ ❛♥t❡r✐♦r ♣❛r❛ ❛ ❛çã♦ ψ✱ ♦❜t❡♠♦s

dsβ(m)v = dψ(sα(m), gαβ(m))(dsα(m)v, dgαβ(m)v) =

dψsα(m)(gαβ(m))(dgαβ(m)v) + dψgαβ(m)(sα(m))(dsα(m)v)

❱❛♠♦s ❝❤❛♠❛r ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞❡ss❛ s♦♠❛ ❞❡ ① ❡ ♦ s❡❣✉♥❞♦ ❞❡ ②✳ P❡❧♦ s❡❣✉♥❞♦ ✐t❡♠ ❞❛

❞❡✜♥✐çã♦ ❞❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦ ω✱

ωsα(m)·gαβ(m)(y) = Adgαβ(m)−1(ωsα(m)(dsα(m)v)) =

Adgαβ(m)−1((s∗αω)mv) = Adgαβ(m)−1(Aα(m)v)

❆❣♦r❛✱ x = d(ψsα(m) ◦ gαβ)(m)v✳ ▼❛s✱ ψsα(m) ◦ gαβ = ψsα(m)·gαβ(m) ◦ Lg−1 ◦ gαβ✳ ▲♦❣♦✱ x =

dψsα(m)·gαβ(m)(e)ξ✱ ♦♥❞❡ ξ = dLgαβ(m)−1(gαβ(m))dgαβ(m)v ∈ g✳ ❚❡♠♦s ❡♥tã♦ q✉❡ ωsα(m)·gαβ(m)(x) =

ξ✳ P♦r ♦✉tr♦ ❧❛❞♦✱ θαβ(m)v = (g∗αβω)mv = θgαβ(m)
(dgαβ(m)v) = dLgαβ(m)−1(gαβ(m))dgαβ(m)v =

ξ✳ �

❉❛❞❛ ✉♠❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦ ω✱ ❞❡♥♦t❡ ♣♦r ωα s✉❛ r❡str✐çã♦ ❛ π−1(Uα)✳ ❊ss❛s ωα ∈

Ω1(P |Uα
; g)} ♣♦❞❡♠ s❡r ❞❡s❝r✐t❛s ❛ ♣❛rt✐r ❞❛s Aα✳ ❆♥t❡s ❞❡ ❡①♣❧✐❝✐t❛r ❛ r❡❧❛çã♦✱ ♣r❡❝✐s❛♠♦s ❞❛

s❡❣✉✐♥t❡ ♦❜s❡r✈❛çã♦✳ ❙❡❥❛ m ∈ Uα ❡ ❞❡♥♦t❡ ♣♦r p = sα(m)✳

P |Uα

π
−→ Uα

sα−→ P |Uα

❈❤❛♠❡♠♦s✱ ♣r♦✈✐s♦r✐❛♠❡♥t❡✱ ❞❡ ❚ ❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r d(sα ◦ π)p : TpP −→ TpP ✳ ❈♦♠♦ π ◦ sα =

IdUα
✱ ✈❛❧❡ dπ(p)dsα(m) = IdTpP ❡ T 2 = T ◦ T = dsα(m)(dπ(p)dsα(m))dπ(p) = T ✭✐✳❡✳✱ ❚ é ✉♠

♦♣❡r❛❞♦r ❞❡ ♣r♦❥❡çã♦✮✳ ❙❡♥❞♦ ❛ss✐♠✱ ♣♦r á❧❣❡❜r❛ ❧✐♥❡❛r✱ TpP = kerT ⊕ imT ✭❝❛❞❛ ❡❧❡♠❡♥t♦

v ∈ TpP é ❞❛ ❢♦r♠❛ Tv + (v − Tv)✮✳ ◆♦ ❡♥t❛♥t♦✱ ❞❡ dπ(p)dsα(m) = IdTpP ✱ ❝♦♥❝❧✉í♠♦s q✉❡

dsα(m) é ✐♥❥❡t✐✈♦ ❡ ❛ss✐♠✱ kerT = ker(dsα(m)dπ(p)) = kerd(πp) = Vp✳ P♦rt❛♥t♦✱ ♣r♦✈❛♠♦s ♦

s❡❣✉✐♥t❡ ❧❡♠❛✿

▲❡♠❛ ✶✳✸✳✺✳ ❙❡❥❛ s : U −→ P |U ✉♠ s❡çã♦ ❞♦ ✜❜r❛❞♦ P✭▼✱ ã♦✱ s❡ p = s(m)✱ ♦♥❞❡ m ∈ U ✱
❡♥tã♦ TpP = im(d(sα ◦ π)p)⊕ Vp

Pr♦♣♦s✐çã♦ ✶✳✸✳✺✳ ❙❡❥❛ ω ∈ Ω1(P ; g) ✉♠❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦ ❞♦ ✜❜r❛❞♦ P✭▼✱●✮✳ ❊♥tã♦✱

ωα = Adg−1
α

◦ π∗Aα + g∗αθ

✷✷



Pr♦✈❛✳ ✐✮ ❱❛♠♦s ♠♦str❛r q✉❡ ❛ ♣r♦♣♦s✐çã♦ é ✈á❧✐❞❛ ♣❛r❛ p = sα(m)✱ ♦♥❞❡m ∈ Uα ❡ v ∈ TpP ✳

P❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ v = dsα(m)dπ(p)v + dψp(e)ξ✱ ♣❛r❛ ✉♠ ú♥✐❝♦ ξ ∈ g✳ ❈♦♠♦ gα(p) = e ✭♣♦✐s✱

sα(m) = ϕ−1
α (m, e) ❡ ϕα = (π, gα)✮✿

Adgα(p)−1(π∗Aα)pv + (g∗αθ)pv =

Aα(m)(dπ(p)v) + θ(e)(dgα(p)v) = ωp(dsα(m)dπ(p)v) + dgα(p)v

❱❛♠♦s ✉s❛r ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ v = dsα(m)dπ(p)v + dψp(e)ξ ♣❛r❛ ❝❛❧❝✉❧❛r dgα(p)v✳ ❈♦♠♦

gα ◦ sα ◦ π é ❛ ❛♣❧✐❝❛çã♦ ❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❡ ● ❡ gα ◦ ψp : h ∈ G 7−→

gα(p · h) = gα(p)h = h✱ ✐✳❡✳✱ é ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ ❞❡ ●✱ ♦❜t❡♠♦s✱ ♣❡❧❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛✱ q✉❡

dgα(p)v = ξ = ωp(dψp(e)ξ)✳ P♦rt❛♥t♦✱ ♦❜t❡♠♦s ωp(dsα(m)dπ(p)v + dψp(e)ξ) = ωpv✳

✐✐✮ ❆❣♦r❛✱ ❝♦♠♦ P |Uα
=

⋃

m∈Uα

(sα(m) · G)✱ ❜❛st❛ ✈❡r✐✜❝❛r ❛ r❡❧❛çã♦ ♥♦s ♣♦♥t♦s p · g✱ ♦♥❞❡

p = sα(m)✳ ◆♦t❡ ❛✐♥❞❛ q✉❡ q✉❛❧q✉❡r ✈❡t♦r ❞❡ T(p·g)P ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ dψg(p)v✱ ♦♥❞❡

v ∈ TpP ✭♣♦✐s✱ dψg(p) é ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r✮ ❡ gα(p · g) = gα(p)g = g✳ ❆ss✐♠✱ ❞❡✈❡♠♦s ♠♦str❛r

q✉❡

ω(p · g)(dψg(p)v) = Adgα(p·g)−1((π∗Aα)(p · g)dψg(p)v) + (g∗αθ)p·gdψg(p)v

❖ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❡q✉❛çã♦ ❛ s❡r ♠♦str❛❞❛ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦✿

Adg−1(Aα(m)dπ(p · g)dψg(p)v) + θg(dgα(p · g)dψg(p)v) =

Ag−1Aα(m)dπ(p)v + d(Lg−1 ◦ gα ◦ ψg)(p)v = ✭♣♦✐s✱ π ◦ ψg = π✮

Adg−1(π∗Aα)pv + Adg−1dgα(p)v = ✭♣♦✐s✱ Lg−1 ◦ gα ◦ ψg = Cg−1 ◦ gα ✮

Adg−1(ωpv)

▼❛s✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ✉♠❛ ✶✲❢♦r♠❛✱ Adg−1(ωpv) = ω(p · g)(dψg(p)v) ❝♦♠♦ q✉❡rí❛♠♦s✳ �

❉❛❞❛ ✉♠❛ ❝♦❧❡çã♦ ❞❡ ✶✲❢♦r♠❛s {Aα ∈ Ω1(Uα; g)}✱ ♦♥❞❡ {(Uα, ϕα)} sã♦ ❛s tr✐✈✐❛❧✐③❛çõ❡s ❞♦

✜❜r❛❞♦ P✭▼✱●✮✱ s❛t✐s❢❛③❡♥❞♦✱ ♥❛s ✐♥t❡rs❡çõ❡s✱ ❛ r❡❧❛çã♦ ❞❡s❝r✐t❛ ♥❛ Pr♦♣✳ ✶✳✸✳✸✱ ❡①✐st❡ ✉♠❛

ú♥✐❝❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦ ω✱ t❛❧ q✉❡ Aα = s∗α(ω) ∈ Ω1(Uα; g)✳ ❊st❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦ é

❞❡✜♥✐❞❛ ❧♦❝❛❧♠❡♥t❡ ✭❡♠ P |Uα
✮ ♣❡❧♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❡q✉❛çã♦ ❞❛ Pr♦♣✳ ✶✳✸✳✹✳ ❋❛③❡♥❞♦ ❝á❧❝✉❧♦s

♠✉✐t♦ s✐♠✐❧❛r❡s ❛♦s r❡❛❧✐③❛❞♦s ❛té ❛q✉✐✱ ✈❡r✐✜❝❛✲s❡ q✉❡✱ ❞❡ ❢❛t♦✱ ❡ss❛s ✶✲❢♦r♠❛s ❧♦❝❛✐s ❞❡ P

❝♦✐♥❝✐❞❡♠ ♥❛s ✐♥t❡rs❡çõ❡s Uαβ ✭♦✉ s❡❥❛✱ r❡♣r❡s❡♥t❛♠ ✉♠❛ ✶✲❢♦r♠❛ ❣❧♦❜❛❧ ω ∈ Ω1(P ; g)✮ ❡ ω

s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞❛ ❞❡✜♥✐çã♦ ❞❡ ✉♠❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦✳

✷✸



❈✉r✈❛t✉r❛

❙❡❥❛ ω ∈ Ω1(P, g) ✉♠❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦ ♥♦ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ P✭▼✱●✮✱ ❡ H ⊆ TP ❛

❞✐str✐❜✉✐çã♦ ❤♦r✐③♦♥t❛❧ ❛ss♦❝✐❛❞❛ ✭❝♦♠♦ ✈✐♠♦s✱ Hp = ker(ωp)✮✳ ❉❡✜♥✐♠♦s✱ ❛tr❛✈és ❞❛ ❛♣❧✐❝❛çã♦

Dω : Ω1(P, g) −→ Ω2(P, g)✱ ❛ ✷✲❢♦r♠❛ ❞❡ ❝✉r✈❛t✉r❛ Ω ∈ Ω2(P, g) ♣♦r✿

Ωp(u, v) = (Dωω)p(u, v) = dωp(u
H , vH)

♦♥❞❡ p ∈ P ✱ u, v ∈ TpP ❡ uH ✭vH✮ é ❛ ♣r♦❥❡çã♦ ❞❡ ✉ ✭✈✮ ❡♠ Hp✳

❆♦ ❝♦♥trár✐♦ ❞❛ ❞✐str✐❜✉✐çã♦ ✈❡rt✐❝❛❧✱ ❛ ❞✐str✐❜✉✐çã♦ ❤♦r✐③♦♥t❛❧ ❍ ♥❡♠ s❡♠♣r❡ é ✐♥t❡❣rá✈❡❧✳

❆ ✷✲❢♦r♠❛ ❞❡ ❝✉r✈❛t✉r❛ ♠❡❞❡ ♦ q✉❛♥t♦ ❍ ❞❡✐①❛ ❞❡ s❡r ✐♥t❡❣rá✈❡❧✳ ❉❡ ❢❛t♦✱ ❞❛❞♦s X, Y ∈ X(P )✿

Ω(X, Y ) = dω(XH , Y H) = XH(ω(Y H))− Y H(ω(XH))− ω([XH , Y H ]) = −ω([XH , Y H ])

♣♦✐s ✈❡t♦r❡s ❤♦r✐③♦♥t❛✐s s❡ ❛♥✉❧❛♠✱ ♣♦r ❞❡✜♥✐çã♦✱ ♥❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦✳ P♦rt❛♥t♦✱ ❍ é ✐♥t❡✲

❣rá✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Ω = 0✳ ❈❤❛♠❛♠♦s ω ❞❡ ❝♦♥❡①ã♦ ♣❧❛♥❛ s❡ s✉❛ ✷✲❢♦r♠❛ ❞❡ ❝✉r✈❛t✉r❛ é

♥✉❧❛✳

❙❡ η1, η2 ∈ Ω1(P, g)✱ ♣♦❞❡♠♦s ❣❡♥❡r❛❧✐③❛r ♦ ♣r♦❞✉t♦ ❡①t❡r✐♦r ♣❛r❛ ❢♦r♠❛s ❝♦♠ ✈❛❧♦r❡s ❡♠ g

♣♦r ♠❡✐♦ ❞♦ ❝♦❧❝❤❡t❡ ❞❡ ▲✐❡✳ ❆ss✐♠✱ ❞❡✜♥✐♠♦s [η1, η2] ∈ Ω2(P, g) ♣♦r✿

[η1, η2](X, Y ) = [η1(X), η2(Y )]− [η1(Y ), η2(X)]

◆♦ ❝❛s♦ η1 = η2 = η✱ t❡♠♦s [η, η](X, Y ) = 2[η(X), η(Y )]✳

❈♦♠ ❡ss❛ ♥♦t❛çã♦ ♠♦str❛r❡♠♦s ❛ ❡q✉❛çã♦ ❡str✉t✉r❛❧ ❞❡ ❈❛rt❛♥✿

Pr♦♣♦s✐çã♦ ✶✳✸✳✻✳ ❆ ✷✲❢♦r♠❛ ❞❡ ❝✉r✈❛t✉r❛ s❛t✐s❢❛③✿

Ω = dω +
1

2
[ω, ω]

Pr♦✈❛✳ ❉❛❞♦s X, Y ∈ X(P )✱ ❞❡✈❡♠♦s ♠♦str❛r q✉❡ dω(XH , Y H) = dω(X, Y )+[ω(X), ω(Y )]✳

❱❛♠♦s ❞✐✈✐❞✐r ❡♠ ❝❛s♦s✿

✐✮ X, Y ∈ XH(P )✿ ❝♦♠♦ ❛ ♣r♦❥❡çã♦ ❤♦r✐③♦♥t❛❧ ❞❡ ✉♠ ✈❡t♦r ❤♦r✐③♦♥t❛❧ é ❡❧❡ ♠❡s♠♦ ❡ ❡st❡s s❡

❛♥✉❧❛♠ ❡♠ ω s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

✐✐✮ X, Y ∈ XV (P )✿ X = σ(ξ1)✱ Y = σ(ξ2)✱ ξ1, ξ2 ∈ g✳ ❖ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ❡q✉❛çã♦ s❡ ❛♥✉❧❛✱ ♣♦✐s

XH = Y H = 0✳ ❆❣♦r❛✱

dω(X, Y ) = X(ω(Y ))− Y (ω(X)− ω([X, Y ])

✷✹



▼❛s✱ X(ω(Y )) = X(ω(σ(ξ2)) = X(ξ2)✱ ♦♥❞❡ ξ2 é ✈✐st♦ ❝♦♠♦ ❛ ❛♣❧✐❝❛çã♦ ❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛ ξ2✱

❞❡ P ❡♠ g✳ ▲♦❣♦✱ X(ω(Y )) = 0 ✭♦ ♠❡s♠♦ ♣❛r❛ Y (ω(X))✮✳ ❈♦♠♦ [σ(ξ1), σ(ξ2)] = σ([ξ1, ξ2])✱

ω([X, Y ]) = ω(σ([ξ1, ξ2]) = [ξ1, ξ2] = [ω(X], ω(Y )] ❡ ❛ ❡q✉❛çã♦ ✈❛❧❡ ♥❡ss❡ ❝❛s♦✳

✐✐✐✮ X = σ(ξ) ∈ XV (P ) ❡ Y ∈ XH(P )✿ ♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ❡q✉❛çã♦ ❡ ♥♦✈❛♠❡♥t❡ ③❡r♦✱ ❛ss✐♠ ❝♦♠♦

♦ t❡r♠♦ [ω(X), ω(Y )]✳ ▼❛s✱ dω(X, Y ) = X(ω(Y ))−Y (ω(X)−ω([X, Y ]) = −ω([X, Y ])✳ ▼❛s✱ ♦

❝♦♠✉t❛❞♦r ❞❡ ❞♦✐s ✈❡t♦r❡s é ❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ ❞❡ ✉♠ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ♦✉tr♦✱ [X, Y ]p = (LXY )p =

lim
t→0

1

t
(dφ−t

X (φtX(p))YφtX(p)−Yp)✱ ♦♥❞❡ φtX é ♦ ✢✉①♦ ❞❡ ❳✳ ❈♦♠♦X = σ(ξ)✱ t❡♠♦s q✉❡ φtX = ψexp(tξ)

❡ ωp([X, Y ]p) = lim
t→0

1

t
(ωp(dψexp(−tξ)(ψexp(tξ)(p))Yψexp(tξ)(p))− ωp(Yp))✳ P❡❧❛ ❞❡✜♥✐çã♦✱ ωp(Yp) = 0

❡ t❡♠♦s q✉❡ ωp(dψexp(−tξ)(ψexp(tξ)(p))Yψexp(tξ)(p)) = Adexp(−tξ)−1(ωp·exp(tξ)Yp·exp(tξ)) = 0 ✳ �

▲❡♠❛ ✶✳✸✳✻✳ ❆ ✷✲❢♦r♠❛ ❞❡ ❝✉r✈❛t✉r❛ é ❜ás✐❝❛✱ ✐✳❡✳✱ Ω ∈ Ω2
G(P ; g)✳

Pr♦✈❛✳ P❡❧❛ ❞❡✜♥✐çã♦✱ Ω s❡ ❛♥✉❧❛ ❡♠ ✈❡t♦r❡s ✈❡rt✐❝❛✐s✳ ❆❣♦r❛✱ ❞❛❞♦ g ∈ G✱ ✉t✐❧✐③❛♥❞♦ ❛

Pr♦♣✳ ✶✳✸✳✺✱

ψ∗
gΩ = ψ∗

gdω +
1

2
ψ∗
g [ω, ω] = dψ∗

gω +
1

2
[ψ∗
gω, ψ

∗
gω] =

dAdg−1ω +
1

2
[Adg−1ω,Adg−1ω] = Adg−1(dω +

1

2
[ω, ω]) = Adg−1Ω

♦♥❞❡ ❢♦✐ ✉s❛❞♦ q✉❡ ψ∗
g [ω, ω] = [ψ∗

gω, ψ
∗
gω] ✭❞❡ ❢❛t♦✱ ❛✈❛❧✐❛♥❞♦ ♥✉♠ ♣♦♥t♦ p ∈ P ❡ ❡♠ ✈❡t♦r❡s

u, v ∈ TpP ✱ ♦❜t❡♠♦s 2[ωψg(p)(dψg(p)u), ωψg(p)(dψg(p)v)]✮ ❡ q✉❡ Adg−1 é ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡

á❧❣❡❜r❛s ❞❡ ▲✐❡✳ �

❈♦♠♦ ♥♦ ❝❛s♦ ❞❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦✱ ❞❡✜♥✐♠♦s ♦s ❝❛♠♣♦s ❞❡ ❝❛❧✐❜r❡ ♣♦r Fα
.
= s∗αΩ ∈

Ω2(Uα; g)✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ Pr♦♣✳ ✶✳✸✳✺✱ ♣♦❞❡♠♦s ❡①♣r❡ss❛r ♦s ❝❛♠♣♦s ❞❡ ❝❛❧✐❜r❡ ❛ ♣❛rt✐r

❞♦s ♣♦t❡♥❝✐❛✐s ❞❡ ❝❛❧✐❜r❡✿

Fα = dAα +
1

2
[Aα,Aα]

❉❡ ❢❛t♦✱ Fα = s∗αΩ = s∗α(dω +
1

2
[ω, ω]) = ds∗αω +

1

2
[s∗αω, s

∗
αω]✳ ❆❧é♠ ❞✐ss♦✿

Pr♦♣♦s✐çã♦ ✶✳✸✳✼✳ ❖s ❝❛♠♣♦s ❞❡ ❝❛❧✐❜r❡ s❛t✐s❢❛③❡♠ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦

Fα = Adgαβ
Fβ

Pr♦✈❛✳

Fα = dAα +
1

2
[Aα,Aα]

♣❡❧❛ Pr♦♣✳ ✶✳✸✳✹✱ Aα = Adg−1
βα
Aβ + g∗βαθ✳ P♦rt❛♥t♦✱

✷✺



Fα = d(Adg−1
βα
Aβ + g∗βαθ) +

1

2
[Adg−1

βα
Aβ + g∗βαθ, Adg−1

βα
Aβ + g∗βαθ] =

d(Adg−1
βα
Aβ) + g∗βαdθ + Adg−1

βα

1

2
[Aβ,Aβ] + g∗βα

1

2
[θ, θ] + [g∗βαθ, Adg−1

βα
Aβ]

P❡❧♦ ▲❡♠❛ ❆✳✵✳✼ ❡ ❛ ❢ór♠✉❧❛ ❡str✉t✉r❛❧ ❞❛ ❢♦r♠❛ ❞❡ ▼❛✉r❡r✲❈❛rt❛♥ ♦❜t❡♠♦s ♦ r❡s✉❧t❛❞♦✳ �

P♦rt❛♥t♦✱ s❡❣✉❡ q✉❡ ♦ ❝❛♠♣♦s ❞❡ ❝❛❧✐❜r❡ ❞❡✜♥❡♠ ✉♠❛ ✷✲❢♦r♠❛ ❣❧♦❜❛❧ ❞❡ ▼ ❝♦♠ ✈❛❧♦r❡s ♥♦

✜❜r❛❞♦ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ ✭✈❡r ❛♣ê♥❞✐❝❡✮✱ ❛ q✉❛❧ ❞❡♥♦t❛r❡♠♦s Fω ∈ Ω2(M ; gP )✳

◆♦t❡ ❛✐♥❞❛ q✉❡ Fω é ❡①❛t❛♠❡♥t❡ ❛ ✷✲❢♦r♠❛ ❞❛❞❛ ♣❡❧❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ Ω2
G(P ; g) ❡

Ω2(M ; gP )✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ q✉❡ Ω 7→ Ω̃ ∈ Ω2(M ; gP )✱ ❡♥tã♦ ♥♦ ❛❜❡rt♦ tr✐✈✐❛❧✐③❛♥t❡ Uα✱ t❡♠♦s

Ω̃(m)(u, v) = [sα(m),Ω(sα(m))(dsα(m)u, dsα(m)v] = [sα(m), (s∗αΩ)(m)(u, v)]

♣♦✐s dπ(sα(m)dsα(m) = d(π ◦ sα)(m) = Id✳

✶✳✸✳✷ ❈♦♥❡①ã♦ ❡ ❈✉r✈❛t✉r❛ ❡♠ ❋✐❜r❛❞♦s ❱❡t♦r✐❛✐s

❈♦♥❡①ã♦

❯♠❛ ❝♦♥❡①ã♦ ♥♦ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ✐♥❞✉③ ✉♠❛ ❝♦♥❡①ã♦ ♥♦s ✜❜r❛❞♦s ❛ss♦❝✐❛❞♦s✳ ❆♥t❡s ❞❡

♠♦str❛r ❝♦♠♦ s❡ ❞á ❡ss❛ r❡❧❛çã♦✱ ✈❛♠♦s ✐♥tr♦❞✉③✐r ♦ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♥❡①ã♦ ♥✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧✳

❉❡✜♥✐çã♦ ✶✳✸✳✺✳ ❙❡❥❛ E −→ M ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ r❡❛❧✳ ❯♠❛ ❝♦♥❡①ã♦ ❡♠ ❊ é ✉♠❛ ♠❛♣❛
∇ : Γ(E) −→ Ω1(M ;E) R✲❧✐♥❡❛r✱ s❛t✐s❢❛③❡♥❞♦ ❛ r❡❣r❛ ❞❡ ▲❡✐❜♥✐③

∇(fs) = df ⊗ s+ f∇s

♣❛r❛ t♦❞♦ f ∈ C∞(M) ❡ s ∈ Γ(E)✳

❖❜s❡r✈❛çã♦ ✶✳✸✳✺✳ ❛✮ ❯♠❛ ❝♦♥❡①ã♦ ❡♠ ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❝♦♠♣❧❡①♦ s❡ ❞á ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛✱
♣❡❞✐♥❞♦ q✉❡ ∇ s❡❥❛ ✉♠ ♠❛♣❛ C✲❧✐♥❡❛r ❡ ❛ r❡❣r❛ ❞❡ ▲❡✐❜♥✐③ ✈❛❧❤❛ ♣❛r❛ f ∈ C∞(M ;C)✳
❜✮ ❈♦♠♦ ❞❡s❝r✐t♦ ♥♦ ❛♣ê♥❞✐❝❡ ❆✱ Ω1(M ;E)

.
= Γ(T ∗M ⊗ E) ≃ Ω1(M)⊗ Γ(E)✱ ♦♥❞❡ ♦ s❡❣✉♥❞♦

♣r♦❞✉t♦ t❡♥s♦r✐❛❧ é t♦♠❛❞♦ s♦❜r❡ ♦ ❛♥❡❧ ❞❡ ❢✉♥çõ❡s s✉❛✈❡s ❞❡ ▼ ✭♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ ♠ó❞✉❧♦s✮
✭❬✹✸❪✱ ♣❣ ✻✽✮✳

❈♦♥s✐❞❡r❡ ♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❊✱ ❞❡ ♣♦st♦ r✱ ❞♦t❛❞♦ ❞❡ ✉♠❛ ❝♦♥❡①ã♦ ∇✳ ❚❛❧ ✜❜r❛❞♦ é ❧♦✲

❝❛❧♠❡♥t❡ ❞❡s❝r✐t♦ ♣❡❧❛s tr✐✈✐❛❧✐③❛çõ❡s ϕα ✭♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ♣❡❧♦s r❡❢❡r❡♥❝✐❛✐s ❧♦❝❛✐s ❝♦rr❡s✲

♣♦♥❞❡♥t❡s {sα1 , . . . , s
α
r }✮✳ ❱❛♠♦s ❡♥t❡♥❞❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❧♦❝❛❧ ❞❡ ∇ ❡♠ ✉♠ r❡❢❡r❡♥❝✐❛❧ ❧♦❝❛❧

{s1, . . . , sr}✱ si ∈ Γ(U) ✭♣♦r ❝♦♠♦❞✐❞❛❞❡✱ s✉♣r✐♠✐♠♦s ♦ í♥❞✐❝❡ α✮✳ ❙❡

✷✻



∇si =
r∑

j=1

Aji ⊗ sj✱ ♦♥❞❡ A
j
i ∈ Ω1(U)

❡♥tã♦✱ ❞❛❞♦ σ ∈ Γ(U)✱ σ =
r∑

j=1

σisi✱ ♦♥❞❡ σi ∈ C∞(U)✱ t❡♠♦s

∇σ = ∇(
r∑

i=1

σisi) =
r∑

i=1

∇(σisi) =
r∑

i=1

dσi ⊗ si + σi∇si =

r∑

i=1

(dσi ⊗ si + σi(
r∑

j=1

Aji ⊗ sj)) =
r∑

k=1

(dσk +
r∑

i=1

Aki σ
i)⊗ sk

P♦❞❡♠♦s r❡♣r❡s❡♥t❛r ❢♦r♠❛s ❝♦♠ ✈❛❧♦r❡s ♥♦ ✜❜r❛❞♦ ❊ ✭❧♦❝❛❧♠❡♥t❡✮ ♣♦r ✈❡t♦r❡s ❝♦❧✉♥❛✱ ❝♦♠

r❡s♣❡✐t♦ ❛♦ r❡❢❡r❡♥❝✐❛❧ {s1, . . . , sr}✳ P♦r ❡①❡♠♣❧♦✱ r❡♣r❡s❡♥t❛♠♦s σ ∈ Γ(E) = Ω0(M,E)✱ ❞❛❞♦

♣♦r σ =
r∑

j=1

σisi✱ ♣♦r (σ) =




σ1

✳✳✳

σr


✳ ❆ss✐♠✱ ♦ ❝á❧❝✉❧♦ ❛♥t❡r✐♦r ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦✿


 ∇σ


 = (d+ A)


 σ




♦♥❞❡ A = (Aij) é ✉♠❛ ♠❛tr✐③ ❝♦♠ ❡♥tr❛❞❛s ❡♠ Ω1(U)✱ ❝❤❛♠❛❞❛ ♠❛tr✐③ ❞❡ ❝♦♥❡①ã♦ ❡♠ ❯✳

❆s ♠❛tr✐③❡s ❞❡ ❝♦♥❡①ã♦ Aα ❡ Aβ ❞❡✜♥❡♠ ❛ ❝♦♥❡①ã♦ ♣❛r❛ s❡çõ❡s ❡♠ Γ(E|Uα
) ❡ Γ(E|Uβ

)✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P❡❧❛ ♦❜s❡r✈❛çã♦ ✶✳✷✳✷✱ ✜①❛❞❛ ✉♠❛ ❜❛s❡ ❞❡ ❱✱ ❛ ❢✉♥çã♦ ❞❡ tr❛♥s✐çã♦ φαβ ❡r❛

r❡♣r❡s❡♥t❛❞❛ ♣♦r ✉♠❛ ♠❛tr✐③✱ ❛ q✉❛❧✱ ♣♦r ❛❜✉s♦ ❞❡ ♥♦t❛çã♦✱ ♥♦s r❡❢❡r✐r❡♠♦s t❛♠❜é♠ ♣♦r φαβ✱

q✉❡ ❡r❛ ❛ ♠❛tr✐③ ❞❡ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡ ❞♦ r❡❢❡r❡♥❝✐❛❧ ❞❡ β ♣❛r❛ ♦ r❡❢❡r❡♥❝✐❛❧ ❞❡ α✳ ❆ss✐♠✱ s❡

σ ∈ Γ(E|Uαβ
)✱ ❡♠ ♥♦t❛çã♦ ♠❛tr✐❝✐❛❧✱ (σ)α = φαβ(σ)β✳ ❆ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r ♥♦s ❞✐③ ❝♦♠♦ ❡ss❛s

♠❛tr✐③❡s s❡ r❡❧❛❝✐♦♥❛♠ ❡♠ Uαβ✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✽✳ ❙❡❥❛ ❊ ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ♠✉♥✐❞♦ ❞❡ ✉♠❛ ❝♦♥❡①ã♦ ∇✳ ❆s ♠❛tr✐③❡s ❞❡
❝♦♥❡①ã♦ ❛ss♦❝✐❛❞❛s ❛♦s ❛❜❡rt♦s tr✐✈✐❛❧✐③❛♥t❡s Uα✱ Aα✱ ❡ Uβ✱ Aβ✱ s❡ r❡❧❛❝✐♦♥❛♠ ❡♠ Uαβ ♣♦r✿

Aβ = φ−1
αβdφαβ + φ−1

αβA
αφαβ

Pr♦✈❛✳ ❚❡♠♦s q✉❡

(∇σ)β = φ−1
αβ(∇σ)α = φ−1

αβ(d+ Aα)φαβ(σ)β

✷✼



P♦r ♦✉tr♦ ❧❛❞♦✱ (∇σ)β = (d+ Aβ)(σ)β✳ P♦rt❛♥t♦✱

d(σ)β + Aβ(σ)β = φ−1
αβdφαβ(σ)β + φ−1

αβφαβd(σ)β + φ−1
αβA

αφαβ(σ)β

❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ �

❈❧❛r❛♠❡♥t❡ ✈❛❧❡ ❛ r❡❝í♣r♦❝❛✳ ❖✉ s❡❥❛✱ s❡ t❡♠♦s ♠❛tr✐③❡s ❞❡ ✶✲❢♦r♠❛s s❛t✐s❢❛③❡♥❞♦ ❛s r❡❧❛çõ❡s

❞❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛✱ é ♣♦ssí✈❡❧ ❞❡✜♥✐r ✉♠❛ ❝♦♥❡①ã♦ ❧♦❝❛❧♠❡♥t❡ ♣♦r d+A ❡ ❛ r❡❧❛çã♦ ❡♥tr❡ ❛s

♠❛tr✐③❡s ❣❛r❛♥t❡ q✉❡ ❛ ❝♦♥❡①ã♦ ❡stá✱ ❞❡ ❢❛t♦✱ ❞❡✜♥✐❞❛ ❣❧♦❜❛❧♠❡♥t❡✳

❙❡❥❛ ❛❣♦r❛ P✭▼✱●✮ ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✱ ❝♦♠ ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ gαβ : Uαβ −→ G✱ ❡

ρ : G −→ GL(V ) ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ● ♥✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❱✱ ❞❡ ❞✐♠❡♥sã♦ r✳ ❱✐♠♦s ❡♥tã♦

q✉❡ ♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❛ss♦❝✐❛❞♦ E = P ×ρ V t❡♠ ❢✉♥çõ❡s ❞❡ tr❛♥s✐çã♦ φαβ = ρ(gαβ)✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✾✳ ❙❡❥❛ ω ∈ Ω1(P, g) ✉♠❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦ ❞❡ P✭▼✱●✮ ✭❡ {Aα = s∗αω ∈

Ω1(Uα; g)}✳ ❆ss✐♠✱ {dρ(e)(Aα)} ❞❡✜♥❡ ✉♠❛ ❝♦♥❡①ã♦ ∇ ♥♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❛ss♦❝✐❛❞♦
E = P ×ρ V ✳

Pr♦✈❛✳ P❡❧❛ Pr♦♣✳ ✶✳✸✳✸✱ ✈❛❧❡ Aβ = Ad(g−1
αβ )Aα + θαβ✳ ❆❣♦r❛✱ dρ(e)Ad(g−1

αβ )Aα = d(ρ ◦

Cg−1
αβ
)(e)Aα✳ ▼❛s ρ s❡r r❡♣r❡s❡♥t❛çã♦ ✐♠♣❧✐❝❛ q✉❡ ρ◦Cg−1

αβ
= Cρ(g−1

αβ
) ◦ρ✱ ❧♦❣♦ dρ(e)Ad(g

−1
αβ )Aα =

Adρ(g−1
αβ

)(dρ(e)Aα)✳ ❈♦♠♦ ρ(g−1
αβ ) t♦♠❛ ✈❛❧♦r❡s ❡♠ ●▲✭❱✮✱ t❡♠♦s q✉❡ Adρ(g−1

αβ
) = Cρ(g−1

αβ
) ❡ ❛s✲

s✐♠✱ dρ(e)Ad(g−1
αβ )Aα = ρ(g−1

αβ )Aαρ(gαβ)✳ ❱❛♠♦s ❝❛❧❝✉❧❛r ❛❣♦r❛ dρ(e)θαβ = dρ(e)g∗αβθ✱ ♦♥❞❡ θ

é ❛ ❢♦r♠❛ ❞❡ ▼❛✉r❡r✲❈❛rt❛♥✳ ❙❡❥❛ m ∈ Uαβ ❡ v ∈ TmM ✳ ❊♥tã♦✱ dρ(e)(θgαβ(m)(dgαβ(m)v)) =

dρ(e)dLgαβ(m)−1(gαβ(m))dgαβ(m)v = d(ρ ◦ Lgαβ(m)−1 ◦ gαβ)(m)v✳ ▼❛s✱ ρ ◦ Lgαβ(m)−1 ◦ gαβ =

Lρ(gαβ(m)−1) ◦ ρ(gαβ)✳ ▲♦❣♦✱ dρ(e)(θgαβ(m)(dgαβ(m)v)) = ρ(gαβ(m)−1)d(ρ(gαβ))mv✳ ❖♥❞❡ ❢♦✐

✉s❛❞♦ q✉❡ dLB(C) = LB✱ s❡ B,C ∈ GL(V )✳ P♦rt❛♥t♦✱ ❝♦♠♦ {dρ(e)(Aα)} s❛t✐s❢❛③ ❛ r❡❧❛çã♦ ❞❛

Pr♦♣✳ ✶✳✸✳✺✱ ♦❜té♠✲s❡ ✉♠❛ ❝♦♥❡①ã♦ ∇ ❡♠ ❊✱ ❞❛❞❛ ❡♠ Uα✱ ❡♠ ♥♦t❛çã♦ ♠❛tr✐❝✐❛❧ s✉❜❡♥t❡♥❞❡♥❞♦✲

s❡ ♦ r❡❢❡r❡♥❝✐❛❧✱ ♣♦r d + dρ(e)(Aα) ✭♥♦t❡ q✉❡✱ ✉♠❛ ✈❡③ ✜①❛❞♦ ♦ r❡❢❡r❡♥❝✐❛❧✱ dρ(e)(Aα) é r❡♣r❡✲

s❡♥t❛❞❛ ♣♦r ✉♠❛ ♠❛tr✐③ ❝♦♠ ❡♥tr❛❞❛ ❡♠ ❢♦r♠❛s✮✳ �

❈✉r✈❛t✉r❛

❙❡❥❛ E −→ M ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ♠✉♥✐❞♦ ❞❡ ✉♠❛ ❝♦♥❡①ã♦ ∇ : Γ(E) −→ Ω1(M ;E)

R✳ ❈♦♠♦ ❡①♣❧✐❝❛❞♦ ♥♦ ❛♣ê♥❞✐❝❡✱ Ω(M ;E) é ✉♠ ♠ó❞✉❧♦ ❣r❛❞✉❛❞♦ s♦❜r❡ ❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛

Ω(M)✳ P♦❞❡♠♦s ❡♥tã♦ ❣❡♥❡r❛❧✐③❛r ❛ ❞❡r✐✈❛❞❛ ❡①t❡r✐♦r ❝♦♠✉♠ ♣❛r❛ ❢♦r♠❛s ❝♦♠ ✈❛❧♦r❡s ♥♦

✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❊ ❡st❡♥❞❡♥❞♦ ❛ ❝♦♥❡①ã♦ ∇

Ω0(M ;E)
d∇−→ Ω1(M ;E) −→ . . . −→ Ωk(M ;E)

d∇−→ Ωk+1(M ;E) −→ . . .

✷✽



❞❡ ♠♦❞♦ q✉❡ d∇ = ∇ ❡♠ Γ(E) = Ω0(M ;E) ❡ ✈❛❧❡ ❛ r❡❣r❛ ❞❡ ▲❡✐❜♥✐③✿

d∇(η ∧ α) = dη ∧ α + (−1)rη ∧ d∇α

♦♥❞❡ η ∈ Ωr(M) ❡ α ∈ Ωs(M ;E)✳

❉❡✜♥✐çã♦ ✶✳✸✳✻✳ ❉❛❞❛ ✉♠❛ ❝♦♥❡①ã♦ ∇ ❡♠ ❊✱ ❝❤❛♠❛♠♦s ❞❡ ❝✉r✈❛t✉r❛ ❞❡ss❛ ❝♦♥❡①ã♦ F∇ =

d2∇ = d∇ ◦ d∇✳

◆♦t❡ q✉❡ ❛ ❝✉r✈❛t✉r❛ F∇ : Γ(E) −→ Ω2(M ;E) ✐♥❞✉③ ❛ s❡❣✉✐♥t❡ ❛♣❧✐❝❛çã♦✿

F̃∇ : X(M)× X(M) −→ Γ(EndE)

❞❛❞❛ ♣♦r F̃∇(X, Y )(s) = (F∇s)(X, Y ) ∈ Γ(E)✱ ♦♥❞❡ s ∈ Γ(E)✳ P❛r❛ t❡r♠♦s F̃∇(X, Y ) ∈

Γ(EndE)✱ ♣r❡❝✐s❛♠♦s ♠♦str❛r q✉❡✱ s❡ f ∈ C∞(M)✱ F̃∇(X, Y )(fs) = fF̃∇(X, Y )(s) ✭♦✉ s❡❥❛✱

F∇(fs) = fF∇(s)✮✳

F∇(fs) = d∇(df ∧ s+ fd∇s) = −df ∧ d∇s+ df ∧ d∇s+ fd2∇s = fd2∇s

❈❧❛r❛♠❡♥t❡✱ F̃∇ é C∞(M)✲❧✐♥❡❛r t❛♠❜é♠ ♥❛s ❡♥tr❛❞❛s ❞❡ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❡ ❛ ❛♣❧✐❝❛çã♦

é ❛❧t❡r♥❛❞❛✳ ❈♦♥❝❧✉í♠♦s ❛ss✐♠✱ ♣❡❧♦s ❝♦♠❡♥tár✐♦s ❢❡✐t♦s ♥♦ ❛♣ê♥❞✐❝❡✱ q✉❡ F̃∇ ∈ Ω2(M ;EndE)✳

❆❜❛♥❞♦♥❛r❡♠♦s ❡st❛ ú❧t✐♠❛ ♥♦t❛çã♦ ❡ ♣❡♥s❛r❡♠♦s ♥❛ ❝✉r✈❛t✉r❛ t❛♠❜é♠ ❝♦♠♦ ❡ss❛ ✷✲❢♦r♠❛ ❞❡

▼ ❝♦♠ ✈❛❧♦r❡s ♥♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❞❡ ❡♥❞♦♠♦r✜s♠♦s ❞❡ ❊✳

■♥✈❡st✐❣✉❡♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❧♦❝❛❧ ❞❛ ❝✉r✈❛t✉r❛✳ ❈♦♥s✐❞❡r❡ ♦ r❡❢❡r❡♥❝✐❛❧ ❧♦❝❛❧ {sα1 , . . . , s
α
r }✱

❝♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡ ✭♣♦r ❤♦r❛ ♦♠✐t✐r❡♠♦s ♣♦r ❝♦♠♦❞✐❞❛❞❡ α✮✳ ❊♥tã♦✱

F∇(sj) =
r∑

i=1

F i
jsi

❡ ❝❤❛♠❛♠♦s F α = (F i
j ) ❞❡ ♠❛tr✐③ ❞❡ ❝✉r✈❛t✉r❛ ❝♦♠ r❡s♣❡✐t♦ ❛♦ r❡❢❡r❡♥❝✐❛❧ ❧♦❝❛❧ {sα1 , . . . , s

α
r }✳

▲❡♠❛ ✶✳✸✳✼✳ ❙❡❥❛ E −→ M ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ♠✉♥✐❞♦ ❞❡ ✉♠❛ ❝♦♥❡①ã♦ ∇✱ ❝♦♠ ♠❛tr✐③ ❞❡
❝♦♥❡①ã♦ Aα ❡ ♠❛tr✐③ ❞❡ ❝✉r✈❛t✉r❛ F α ✭❝♦♠ r❡s♣❡✐t♦ ❛♦ r❡❢❡r❡♥❝✐❛❧ ❧♦❝❛❧ {sα1 , . . . , s

α
r }✮✳ ❊♥tã♦✱

F α = dAα + Aα ∧ Aα

Pr♦✈❛✳ P❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ♦♠✐t✐r❡♠♦s ♥♦✈❛♠❡♥t❡ α✳

F∇(sj) = d∇(d∇(sj)) = d∇(
r∑

i=1

Aijsi) =
r∑

i=1

d∇(A
i
jsi) =

r∑

i=1

dAij ∧ si − Aij ∧ d∇(si) =
r∑

i=1

dAij ∧ si − Aij ∧ (
r∑

k=1

Aki ∧ sk) =
r∑

i=1

(dAij +
r∑

i=1

Aik ∧ A
k
j ) ∧ si

♦♥❞❡ ✉s❛♠♦s q✉❡ −Akj ∧ A
i
k = Aik ∧ A

k
j ✳ �

✷✾



✶✳✸✳✸ ❉❡r✐✈❛❞❛ ❈♦✈❛r✐❛♥t❡ ♥♦ ❋✐❜r❛❞♦ ❆ss♦❝✐❛❞♦

❙❡❥❛ ω ∈ A ✉♠❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦ ❡♠ ♥♦ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ P✭▼✱●✮ ❡ Dω : Ω1(P, g) −→

Ω2(P, g)✱ ❝♦♠♦ ❞❡✜♥✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡✳ ❈♦♥s✐❞❡r❡ t❛♠❜é♠ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ρ : G −→

GL(V )✱ ♦♥❞❡ ❱ é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ❡ E = P ×ρ V ♦ ✜❜r❛❞♦ ❛ss♦❝✐❛❞♦✳ P♦r ❝♦♠♦❞✐✲

❞❛❞❡✱ ❞❡♥♦t❛r❡♠♦s ♣♦r H ♦ ♦♣❡r❛❞♦r ❞❡✜♥✐❞♦ ♣♦r (Hα)(X1, . . . , Xk) = α(XH
1 , . . . , X

H
k )✱ ♦♥❞❡

α ∈ Ωk(P ;V )✳ ❉❡ss❛ ❢♦r♠❛✱ Dω = Hdα✳ ❱❡r❡♠♦s q✉❡ ω ❞❡✜♥❡ ✉♠❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡

dω : Ωk(M ;E) −→ Ωk+1(M ;E) ♥♦ ✜❜r❛❞♦ ❛ss♦❝✐❛❞♦✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ♥♦t❡ q✉❡ Dω|Ωk
G
(P,V ) : Ω

k
G(P, V ) −→ Ωk+1

G (P, V ) ✭✈❡r ❞❡✜♥✐çã♦ ❆✳✵✳✶ ♣❛r❛ ♦

❝♦♥❝❡✐t♦ ❞❡ ❢♦r♠❛s ❜ás✐❝❛s✮✳ ❈❧❛r❛♠❡♥t❡✱ s❡ α ∈ Ωk
G(P, V )✱ Dωα s❡ ❛♥✉❧❛ ❡♠ ✈❡t♦r❡s ✈❡rt✐❝❛✐s✳

❆❣♦r❛✱

ψ∗
gDωα = ψ∗

gHdα = Hψ∗
gdα (distrib.horizontal G− invariante)

= Hdψ∗
gα = Hd(ρ(g−1α)) = ρ(g−1)Hdα (pois d age apenas nas formas)

= ρ(g−1)Dωα

Pr♦♣♦s✐çã♦ ✶✳✸✳✶✵✳ ❙❡❥❛ α ∈ Ωk
G(P ;V )✳

❛✮ Dωα = dα + (dρ(e)ω) ∧ α

❜✮ D2
ωα = (dρ(e)Ω) ∧ α

Pr♦✈❛✳ ❆♥t❡s ❞❡ ❞❡♠♦♥str❛r♠♦s ❛ ♣r♦♣♦s✐çã♦✱ ♥♦t❡ q✉❡ dρ(e)ω ∈ Ω1(P ;End(V )) ❡ ✉t✐❧✐③❛✲

♠♦s ❛ ❛çã♦ ❞❡ ❊♥❞✭❱✮ ❡♠ ❱ ♣❛r❛ ❞❡♥✐✜r ♦ ♣r♦❞✉t♦ ❡①t❡r✐♦r ✭❝✉❥❛ ❞❡s❝r✐çã♦ ❡stá ♣r❡s❡♥t❡ ♥♦

❆♣ê♥❞✐❝❡ ❆✮✳

❛✮ ❈♦♥s✐❞❡r❡ ❛❣♦r❛ X1, . . . , Xk+1 ∈ X(P )✳ ❊♥tã♦

Dωα(X1, . . . , Xk+1) = dα(XH
1 , . . . , X

H
k+1) =

k+1∑

i=1

(−1)i+1XH
i (α(XH

1 , . . . , X̂
H
i , . . . , X

H
k+1))

+
∑

i<j

(−1)i+jα([XH
i , X

H
j ], XH

1 , . . . , X̂
H
i , . . . , X̂

H
j , . . . , X

H
k+1)

❈♦♠♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥♦ ✈❛❧♦r ❞❡ ❝❛❞❛ ✉♠ ❞❡ss❡s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ♥✉♠ ♣♦♥t♦ p ∈ P ✱

♣♦❞❡♠♦s s✉♣♦r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ ♦s ❝❛♠♣♦s ❤♦r✐③♦♥t❛✐s XH
i sã♦ ❞❛❞♦s ♣❡❧♦

❧❡✈❛♥t❛♠❡♥t♦ ❤♦r✐③♦♥t❛❧ ❞❡ ❝❛♠♣♦s ❡♠ ▼ ❡ ❛✐♥❞❛ q✉❡ ♦s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ✈❡rt✐❝❛✐s sã♦ ❞❛❞♦s

♣♦r XV
i = σ(ω(Xi))✱ i = 1, . . . , k + 1✳ ❉❡ss❛ ❢♦r♠❛✱ ✈❛❧❡ q✉❡ [XH

i , X
V
j ] = [XV

i , X
H
j ] = 0✱ ♣♦✐s

ωp([X
V
i , X

H
j ]p) = lim

t→0

1

t
(dψexp(−tω(Xi))(X

H
j )p·exp(tω(Xi))−(XH

j )p) ❡ dψexp(−tω(Xi))(X
H
j )p·exp(tω(Xi)) =

dψexp(−tω(Xi))dψexp(tω(Xi))(X
H
j )p = (XH

j )p✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ❛ ❞✐str✐❜✉✐çã♦ ✈❡rt✐❝❛❧ é ✐♥t❡❣rá✈❡❧

❡ α s❡ ❛♥✉❛ ❡♠ ✈❡t♦r❡s ✈❡rt✐❝❛✐s✱ t❡♠♦s

✸✵



Dωα(X1, . . . , Xk+1) =
k+1∑

i=1

(−1)i+1(Xi −XV
i )(α(X1, . . . , X̂i, . . . , Xk+1))

+
∑

i<j

(−1)i+jα([Xi, Xj], X1, . . . , X̂i, . . . , X̂j, . . . , Xk+1) =

dα(X1, . . . , Xk+1)−
k+1∑

i=1

(−1)i+1XV
i (α(X1, . . . , X̂i, . . . , Xk+1))

❈❤❛♠❡♠♦s ❢✉♥çã♦ α(X1, . . . , X̂i, . . . , Xk+1) = α(XH
1 , . . . , X̂

H
i , . . . , X

H
k+1) ❞❡ fi ❡ gi(t) = tω(Xi)✳

❆ss✐♠✱XV
i (fi) = LXV

i
fi =

d
dt

∣∣
t=0

ψ∗
exp(gi(t))

fi =
d
dt

∣∣
t=0

fi◦ψexp(gi(t))✳ ◆♦ ❡♥t❛♥t♦✱ (XH
j )p·exp(gi(t)) =

dψexp(gi(t))(X
H
j )p✳ ❊♥tã♦✱

XV
i (fi) =

d
dt

∣∣
t=0

(ψ∗
exp(gi(t))

α)(X1, . . . , X̂i, . . . , Xk+1) =
d
dt

∣∣
t=0

ρ(gi(t)
−1)fi = −dρ(e)(ω(Xi))fi

❝♦♥❝❧✉í♠♦s ❡♥tã♦ q✉❡

Dωα(X1, . . . , Xk+1) = dα(X1, . . . , Xk+1) +
k+1∑

i=1

(−1)i+1ρ(ω(Xi))(α(X1, . . . , X̂i, . . . , Xk+1))

◆♦t❡ q✉❡

1

k!

∑

θ∈Sk+1

(−1)θρ(ω(X∴(1)))(α(Xθ2 , . . . , X̂θ1 , . . . , Xθk+1
)) =

k+1∑

i=1

(−1)i+1ρ(ω(Xi))(α(X1, . . . , X̂i, . . . , Xk+1))

❉❡ ❢❛t♦✱ #{θ ∈ Sk+1; θ(1) = i} = #Sk = k!✳ ❆❧é♠ ❞✐ss♦✱ r❡♦r❞❡♥❛♠♦s ♦s θ(i) ❡♠ ♦r✲

❞❡♠ ❝r❡s❝❡♥t❡ ♠✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r (−1)θ ❡ ❝♦❧♦❝❛♠♦s ♦ ✐✲és✐♠♦ ❝❛♠♣♦ ♥❛ ♣r✐♠❡✐r❛ ❡♥tr❛❞❛ ❝♦♠

(−1)i−1 = (−1)i+1✳ ❖✉ s❡❥❛✱

ρ(ω(Xi))(α(X1, . . . , X̂i, . . . , Xk+1)) = (−1)θ(−1)i+1ρ(ω(Xθ(1)))(α(Xθ(2), . . . , X̂θ(1), . . . , Xθ(k+1)))

❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❜✮ D2
ωα = Dω(dα + (dρ(e)ω) ∧ α) = Hd(dα + (dρ(e)ω) ∧ α)✳ ❆❣♦r❛ d2 = 0 ❡ ♣❡❧♦ ✐t❡♠ ✸ ❞♦

▲❡♠❛ ❆✳✵✳✶✱ t❡♠♦s q✉❡ d((dρ(e)ω)∧ α) = (dρ(e)dω)∧ α− (dρ(e)ω)∧ dα✳ ❈♦♠♦ α s❡ ❛♥✉❧❛ ❡♠

✈❡t♦r❡s ✈❡rt✐❝❛✐s✱ H((dρ(e)dω) ∧ α) = (dρ(e)Hdω) ∧ α✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ✈❡t♦r❡s ❤♦r✐③♦♥t❛✐s

sã♦ ❛q✉❡❧❡s q✉❡ s❡ ❛♥✉❧❛♠ ❡♠ ω✱ H((dρ(e)ω) ∧ dα) = 0✳ ❉❡ss❛ ❢♦r♠❛✱

D2
ωα = (dρ(e)Hdω) ∧ α = (dρ(e)Ω) ∧ α

✸✶



�

◆♦t❡ q✉❡✱ ♣❛r❛ E = gP ✱ t❡♠♦s q✉❡ Dωα = dα + [ω, α]✱ ♦♥❞❡ α ∈ ΩK
G (P ; g)✳ ❊♠ ♣❛rt✐❝✉❧❛r✱

✈❛❧❡✿

Pr♦♣♦s✐çã♦ ✶✳✸✳✶✶✳ ✭■❞❡♥t✐❞❛❞❡ ❞❡ ❇✐❛♥❝❤✐✮ ❙❡❥❛ ω ✉♠❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦ ❡ Ω ❛ ✷✲❢♦r♠❛
❞❡ ❝✉r✈❛t✉r❛ ❛ss♦❝✐❛❞❛✳ ❊♥tã♦

DωΩ = 0

♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱
dΩ = [Ω, ω]

Pr♦✈❛✳ ❈❧❛r❛♠❡♥t❡ ❛ ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✱ ♣♦✐s

DωΩ = dΩ + [ω,Ω] = dΩ− [Ω, ω]

P❛r❛ ♣r♦✈❛r ❛ ❛✜r♠❛çã♦✱ ❧❡♠❜r❡ q✉❡ Ω = dω +
1

2
[ω, ω] ✭Pr♦♣✳ ✶✳✸✳✺✮✳ ❆ss✐♠✱ ✉t✐❧✐③❛♥❞♦

♥♦✈❛♠❡♥t❡ ♦ ▲❡♠❛ ❆✳✵✳✶

dΩ =
1

2
d[ω, ω] =

1

2
([dω, ω]− [ω, dω]) = [dω, ω]

▼❛s✱ ♣❡❧♦ ✐t❡♠ ✸ ❞♦ ▲❡♠❛ ❆✳✵✳✶✱ [ω, [ω, ω]] = 0✱ ❞❡ ♠♦❞♦ q✉❡

[Ω, ω] = [dω +
1

2
[ω, ω], ω] = [dω, ω]

�

◆♦ss♦ ♦❜❥❡t✐✈♦ ❡r❛ ❞❡✜♥✐r✱ ❛ ♣❛rt✐r ❞❡ ω ∈ A✱ ✉♠❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❡①t❡r✐♦r ♥♦ ✜❜r❛❞♦

❛ss♦❝✐❛❞♦ E = P ×ρ V ✳ P❡❧❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ Ωk
G(P, V ) ↔ Ωk(M,E) ✭Pr♦♣✳ ❆✳✵✳✸✮✱ ♣♦❞❡♠♦s

❝♦♥s✐❞❡r❛r ♦ ♠❛♣❛

dω : Ωk(M,E) −→ Ωk+1(M,E)

❖✉ s❡❥❛✱ α ∈ Ωk(M,E) 7→ α̃ ∈ Ωk
G(P, V ) 7→ Dωα̃ ∈ Ωk+1

G (P, V ) 7→ dωα = D̂ωα̃ ∈ Ωk+1(M,E)✳

❱❛♠♦s ❡♥t❡♥❞❡r ♠❡❧❤♦r ❡ss❡ ♠❛♣❛✳ ❈♦♠♦ ❞✐s❝✉t✐❞♦ ♥♦ ❛♣ê♥❞✐❝❡✱ ✉♠❛ ❢♦r♠❛ ζ ∈ Ωk(M ;E)

♣♦❞❡ s❡r ❞❛❞❛ ♣♦r ✉♠❛ ❝♦❧❡çã♦ {ζα ∈ Ωk(Uα;V )}✱ s❛t✐s❢❛③❡♥❞♦ ζα = ρ(gαβ)ζβ ✭❡♠ ♣❛rt✐❝✉❧❛r✱

ζα = s∗αζ̃)✱ ♦♥❞❡ ζ̃ é ❛ ❢♦r♠❛ ❜ás✐❝❛ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ζ✮✳ ❈♦♠♦ ✈✐♠♦s✱ Dω ζ̃ ∈ Ωk+1
G (P ;V ) ❡

❛ss✐♠✱ dωζ é ❞❛❞♦ ♣♦r {(dωζ)α ∈ ΩK+1(Uα;V )}✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✶✷✳ ❚❡♠♦s q✉❡
❛✮ (dωζ)α = dζα + dρ(e)(Aα) ∧ ζα

❜✮ (d2ωζ)α = dρ(e)(Fα) ∧ ζα

✸✷



Pr♦✈❛✳
❛✮

s∗α(Dω ζ̃) = s∗α(dζ̃ + dρ(e)(ω) ∧ ζ̃) = ds∗αζ̃ + dρ(e)(s∗αω) ∧ s
∗
αζ̃ = dζα + dρ(e)(Aα) ∧ ζα

❜✮

(d2ωζ)α = d(dωζ)α + dρ(e)(Aα ∧ (dωζ)α) =

dρ(e)(dAα) ∧ ζα − dρ(e)(Aα) ∧ dζα + dρ(e)(Aα) ∧ dζα + dρ(e)(Aα) ∧ dρ(e)(Aα) ∧ ζα =

dρ(e)(dAα +
1

2
[Aα,Aα]) ∧ ζα

�

◆♦t❡ q✉❡ ❡ss❛ é ❡①❛t❛♠❡♥t❡ ❛ ❝♦♥❡①ã♦ ∇ ✭❡♠ k = 0✮ ❡♥❝♦♥tr❛❞❛ ♥❛ Pr♦♣✳ ✶✳✸✳✽✳ ❆❧é♠

❞✐ss♦✱ ❛ ❝✉r✈❛t✉r❛ Fω ♥♦s ❞á ♦ q✉❛♥t♦ dω ❞❡✐①❛ ❞❡ s❡r ✉♠ ❝♦♠♣❧❡①♦✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ♦ ✜❜r❛❞♦ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ ❞❡s❡♠♣❡♥❤❛ ✉♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ ♥❛ t❡♦r✐❛ ❞❡

❝❛❧✐❜r❡✳ ◆❡ss❡ ❝❛s♦✱ ❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ ♥♦s ❞á q✉❡

(dωζ)α = dζα + [Aα, ζα] ❡

(d2ωζ)α = [Fα, ζα]

❖❜s❡r✈❛çã♦ ✶✳✸✳✻✳ ❈❧❛r❛♠❡♥t❡✱ ♣❡❧♦ q✉❡ ❢♦✐ ❞✐s❝✉t✐❞♦✱ ✈❛❧❡ q✉❡ dωFω = 0 ✭♦✉✱ ❧♦❝❛❧♠❡♥t❡✱
(dωFω)α = dFα + [Aα,Fα] = 0✱ ♣❛r❛ t♦❞♦ α✮✳

✶✳✹ ●r✉♣♦ ❞❡ ❚r❛♥s❢♦r♠❛çõ❡s ❞❡ ❈❛❧✐❜r❡

❊♠ ❣❡♦♠❡tr✐❛ ❞✐❢❡r❡♥❝✐❛❧ t❡♠♦s ❛ ♥♦çã♦ ❞❡ ♠✉❞❛♥ç❛ ❧♦❝❛❧ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ♦r✐✉♥❞❛ ❞❡ ❝❛r✲

t❛s ❧♦❝❛✐s ❞❛ ✈❛r✐❡❞❛❞❡ q✉❡ s❡ ✐♥t❡rs❡❝t❛♠✱ ❡ ❞❡ ♠✉❞❛♥ç❛ ❣❧♦❜❛❧ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ r❡s✉❧t❛♥t❡

❞❡ ❞✐❢❡♦♠♦r✜s♠♦s✳ ❊♠ t❡♦r✐❛ ❞❡ ❝❛❧✐❜r❡✱ t❡♠♦s ✉♠❛ ❛♥❛❧♦❣✐❛ ❡♥tr❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❝❛❧✐✲

❜r❡ ❧♦❝❛✐s ✭❡s❝♦❧❤❛ ❞❡ s❡çã♦ ❧♦❝❛❧✱ ♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ tr✐✈✐❛❧✐③❛çã♦ ❞♦ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✮ ❡

tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❝❛❧✐❜r❡ ❣❧♦❜❛✐s ❞❛❞❛s ♣❡❧♦ ❣r✉♣♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❝❛❧✐❜r❡✳

❉❡✜♥✐çã♦ ✶✳✹✳✶✳ ❙❡❥❛ π : P −→ M ✉♠ ●✲✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✳ ❯♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❝❛❧✐❜r❡
❞❡ P é ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞♦ ✜❜r❛❞♦✱ φ ∈ Aut(P )✳ ❖✉ s❡❥❛✱ φ : P −→ P é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✱
s❛t✐s❢❛③❡♥❞♦✿

✶✳ π ◦ φ = π

✸✸



✷✳ φ(p · g) = φ(p) · g

❈❧❛r❛♠❡♥t❡✱ ❆✉t✭P✮ é ✉♠ ❣r✉♣♦ ❝♦♠ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ♠❛♣❛s✳ ❊①✐st❡♠ ♦✉tr❛s ❝❛r❛❝t❡r✐③❛✲

çõ❡s ♣❛r❛ ♦ ❣r✉♣♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❝❛❧✐❜r❡✳ ❆♥t❡s ❞❡ ❡①✐❜✐✲❧❛s✱ ✉♠❛ ♦❜s❡r✈❛çã♦✳ ❖ ❣r✉♣♦

❞❡ ▲✐❡ ● ❛❣❡ ♥❡❧❡ ♠❡s♠♦ ✭à ❡sq✉❡r❞❛✮ ♣♦r ❝♦♥❥✉❣❛çã♦✳ P♦❞❡♠♦s ❡♥tã♦ ✐♠✐t❛r ❛ ❝♦♥str✉çã♦ ❞♦

✜❜r❛❞♦ ❛ss♦❝✐❛❞♦ ♣❛r❛ ❛ ❝♦♥❥✉❣❛çã♦✳ ❖ ✜❜r❛❞♦ ❝♦♥str✉í❞♦✱ P ×C G✱ ♥ã♦ é ❡♠ ❣❡r❛❧ ✉♠ ✜❜r❛❞♦

✈❡t♦r✐❛❧✱ ♦✉ ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✱ ♣♦ré♠ ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ tr✐✈✐❛❧✐❞❛❞❡ ❧♦❝❛❧ ❡ s✉❛s ✜❜r❛s

sã♦ ❝ó♣✐❛s ❞❡ ●✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✶✳ ❖s ❣r✉♣♦s ❛❜❛✐①♦ sã♦ ✐s♦♠♦r❢♦s✿

✶✳ ❆✉t✭P✮

✷✳ C∞
C (P ;G) = {f : P

C∞

−→ G; f(p · g) = g−1f(p)g}

✸✳ Γ(P ×C G)

Pr♦✈❛✳ ✭1 ↔ 2✮ ❙❡❥❛ φ ∈ Aut(P )✳ ❈♦♠♦ ♣✱ φ(p) ∈ π−1(π(p))✱ s❡❣✉❡ q✉❡ φ(p) = p · f(p)✳

❈♦♠♦ φ é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✱ ❢ ❞❡✈❡ é s✉❛✈❡ ❡ φ(p · g) = φ(p)g = p · f(p)g✳ P♦r ♦✉tr♦ ❧❛❞♦✱

φ(p ·g) = (p ·g) ·f(p ·g) = p ·gf(p ·g) ❡✱ ❝♦♠♦ ❛ ❛çã♦ ❞❡ ● ❡♠ P é ❧✐✈r❡✱ ❝♦♥❝❧✉í♠♦s q✉❡ f(p ·g) =

g−1f(p)g✳ ❆❣♦r❛✱ ❞❛❞♦ f ∈ C∞
C (P ;G)✱ ❞❡✜♥❛ φ(p) = p ·f(p)✳ ❈❧❛r❛♠❡♥t❡ φ ∈ Aut(P )✱ ✉♠❛ ✈❡③

q✉❡ φ(p·g) = (p·g)·f(p·g) = (p·g)·g−1f(p)g = (p·f(p))·g = φ(p)·g✳ ❙❡❥❛ φ = φ1◦φ2 ∈ Aut(P )

❡ s✉♣♦♥❤❛ q✉❡ φ 7→ f ✱ φ1 7→ f1 ❡ φ2 7→ f2✱ f, f1, f2 ∈ C∞
C (P ;G)✳ ❖ ♣r♦❞✉t♦ ❡♠ C∞

C (P ;G) é

❞❛❞♦ ♣❡❧♦ ♣r♦❞✉t♦ ❡♠ ●✱ ✐✳❡✳✱ (f1f2)(p) = f1(p)f2(p)✱ ❡♥tã♦ f = f1f2 ❡ t❡♠♦s ✉♠ ✐s♦♠♦r✜s♠♦

❞❡ ❣r✉♣♦s✳ ❉❡ ❢❛t♦✱ p · f(p) = φ(p) = φ1(φ2(p)) = φ1(p · f2(p)) = φ1(p) · f2(p) = p · f1(p)f2(p)✳

▲♦❣♦✱ f = f1f2✳

✭2 ↔ 3✮ ❙❡❥❛ f ∈ C∞
C (P ;G)✳ ❉❛❞♦ m ∈ Uα✱ ❞❡✜♥❛ s(m) = [sα(m), f(sα(m))]✳ ❊st❛ s❡✲

çã♦ ❞❡ P ×C G ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ✉♠❛ ✈❡③ q✉❡✱ s❡ m ∈ Uαβ✱ sβ(m) = sα(m) · gαβ(m) ❡

[sβ(m), f(sβ(m))] = [sα(m) · gαβ(m), gαβ(m)−1f(sα(m))gαβ(m)] = [sα(m), f(sα(m))]✳ ❉❛❞❛

✉♠❛ s❡çã♦ s ∈ Γ(P ×C G)✱ t❡♠♦s q✉❡ s(π(p)) = [p, f(p)]✱ ♣❛r❛ ❛❧❣✉♠❛ f : P −→ G s✉❛✈❡✳ ❉❛í✱

s(π(p · g)) = [p · g, f(p · g)] = [p, gf(p · g)g−1]✳ ❈♦♠♦ s(π(p · g)) = s(π(p))✱ s❡❣✉❡ q✉❡ f(p · g) =

g−1f(p)g✳ ◆♦✈❛♠❡♥t❡ t❡♠♦s ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱ ♣♦✐s✱ s❡ f = f1f2 ✭❝♦♠ f 7→ s✱ f1 7→ s1

❡ f2 7→ s2✮✱ t❡♠♦s q✉❡ s(m) = [sα(m), f(sα(m))] = [sα(m), f1(sα(m))f2(sα(m))] = (s1s2)(m)✳

�

❖ ❣r✉♣♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❝❛❧✐❜r❡ s❡rá ❞❡♥♦t❛❞♦ ♣♦r G s❡♠♣r❡ q✉❡ ♥ã♦ ❡s♣❡❝✐✜❝❛r♠♦s

q✉❛❧ ❞❛s ✸ ✈❡rsõ❡s ❡st❛♠♦s ✉t✐❧✐③❛♥❞♦✳

✸✹



◆♦t❡ q✉❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡①♣♦♥❡♥❝✐❛❧ ✜❜r❛ ❛ ✜❜r❛ ♥❛t✉r❛❧✿

exp : Γ(gP ) −→ Γ(P ×C G)

❞❛❞❛ ♣♦r exp(σ)(m) = exp(σ(m))✱ ♦♥❞❡ σ ∈ Γ(gP )✳ ❖✉ s❡❥❛✱ s❡ σ(m) = [p, x] ✭x ∈ g ❡ π(p) =

m✮✱ ❡♥tã♦ exp(σ)(m) = [p, exp(x)]✳ ❊ss❛ ❛♣❧✐❝❛çã♦ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐s [p, x] = [p ·g, Adg−1x]

❡ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ ❝♦♠✉t❛

g

exp

��

Ad
g−1

// g

exp

��

G
C

g−1
// G

❖✉ s❡❥❛✱ [p · g, exp(Adg−1x)] = [p · g, Cg−1(exp(x))] = [p, exp(x)]✳

❆s s❡çõ❡s ❞❡ P ×C G ♣♦❞❡♠ s❡r ❞♦t❛❞❛s ❞❡ ✉♠❛ ❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ✭❞❡

❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✮ ♠♦❞❡❧❛❞❛s ❡♠ ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt✳ ◆❡ss❡ ❝♦♥t❡①t♦✱ G ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦

✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ ❡ ♠♦str❛✲s❡ ❬✸✸❪ q✉❡ ♦ ♠❛♣❛ ❡①♣♦♥❡♥❝✐❛❧ ❞❡✜♥✐❞♦ ❛❝✐♠❛

✐❞❡♥t✐✜❝❛ Γ(gP ) ❝♦♠ ♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ♥❛ s❡çã♦ ✐❞❡♥t✐❞❛❞❡ ✭e(m) = [p, e]✱ ♦♥❞❡ π(p) = m✮ ❞❡

Γ(P ×C G)✳ ❉❡ss❡ ♠♦❞♦✱ ♣♦❞❡♠♦s ♣❡♥s❛r ❡♠ Γ(gP ) ❝♦♠♦ ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡ Γ(P ×C G)✳

✶✳✹✳✶ ❆çã♦ ❞♦ ●r✉♣♦ ❞❡ ❚r❛♥s❢♦r♠❛çõ❡s ❞❡ ❈❛❧✐❜r❡

❙❡❥❛ ω ∈ Ω1(P, g) ✉♠❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦ ❞♦ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ P✭▼✱●✮✳

• ❉❛❞♦ φ ∈ Aut(P )✱ φ∗ω ∈ Ω1(P, g) é ✉♠❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦✿

✐✮ (φ∗ω)p(dψp(e)ξ) = ωφ(p(dφ(p)dψp(e)ξ = ωφ(pd(φ ◦ ψg)(e)ξ✳ ❈♦♠♦ φ ◦ ψg = ψφ(p)✱

(φ∗ω)p(dψp(e)ξ) = ξ✱ ♣❛r❛ t♦❞♦ p ∈ P ❡ ξ ∈ g✳

✐✐✮ ψ∗
gφ

∗ω = (φ ◦ ψg)
∗ω✳ ▼❛s φ ◦ ψg = ψg ◦ φ✱ ❧♦❣♦✱ ψ∗

gφ
∗ω = (ψg ◦ φ)

∗ω = φ∗ψ∗
gω =

φ∗(Adg−1ω) = Adg−1(φ∗ω)✳

❚❡♠♦s ❡♥tã♦ ♦ s❡❣✉✐♥t❡ ♠❛♣❛✿

Aut(P )×A −→ A

(φ, ω) 7−→ φ · ω
.
= φ∗ω

❝♦♠♦ (IdP )
∗ω = ω ❡ (ω · φ1) · φ2 = φ∗

2φ
∗
1ω = (φ1 ◦ φ2)

∗ω = ω · φ1φ2✱ t❡♠♦s q✉❡ ♦ ❣r✉♣♦

❞❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❝❛❧✐❜r❡ ❛❣❡ à ❞✐r❡✐t❛ ♥♦ ❡s♣❛ç♦ ❞❡ ❝♦♥❡①õ❡s ✈✐❛ ♣✉❧❧✲❜❛❝❦✳ ❉❡♥♦t❛r❡♠♦s

t❛♠❜é♠ ♣♦r ωφ
.
= φ∗ω ∈ A ❡ ❛ ❝✉r✈❛t✉r❛ ❛ss♦❝✐❛❞❛ ♣♦r Ωφ✳

✸✺



▲❡♠❛ ✶✳✹✳✶✳ ❙❡❥❛ ω ∈ A✱ ❝♦♠ ✷✲❢♦r♠❛ ❞❡ ❝✉r✈❛t✉r❛ Ω✱ ❡♥tã♦ ❛ ✷✲❢♦r♠❛ ❞❡ ❝✉r✈❛t✉r❛ Ωφ

❛ss♦❝✐❛❞❛ ❛ ωφ = φ∗ω✱ ♦♥❞❡ φ ∈ Aut(P )✱ é φ∗Ω✳

Pr♦✈❛✳ ❉❡♥♦t❡ ♣♦r ❍ ❡ Ĥ ❛s ❞✐str✐❜✉✐çõ❡s ❤♦r✐③♦♥t❛✐s ❛ss♦❝✐❛❞❛s ❛ ω ❡ ωφ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❊♥tã♦✱ Ωφ(p)(u, v) = dωφ(p)(uĤ , vĤ)✱ ♦♥❞❡ u = uV + uĤ , v = vV + vĤ ∈ Vp ⊕ Ĥp = TpP

✭✐✳❡✳✱ uĤ , vĤ ∈ Ker(φ∗ω)p ❡ uV = dψp(e)ξ✱ vV = dψp(e)η✱ ♣❛r❛ ❛❧❣✉♠ ξ, η ∈ g✮✳ ❉❛í✱

ω(φ(p))(dφ(p)uĤ) = 0 ❡ dφ(p)uĤ ∈ Hφ(p) ✭♦ ♠❡s♠♦ ✈❛❧❡ ♣❛r❛ vĤ✮✳ ❆❧é♠ ❞✐ss♦✱ dφ(p)uV =

d(φ ◦ ψp)(e)ξ✱ ❡ ❝♦♠♦ φ ◦ ψp = ψφ(p)✱ t❡♠♦s q✉❡ dφ(p)uV ∈ Vφ(p)✳ ❈♦♥❝❧✉í♠♦s ❡♥tã♦ q✉❡

(dφ(p)u)H = dφ(p)uĤ ✳ ❆❣♦r❛✱ ❝♦♠♦ ❛ ❞❡r✐✈❛❞❛ ❡①t❡r✐♦r ❝♦♠✉t❛ ❝♦♠ ♦ ♣✉❧❧✲❜❛❝❦✱ ♦❜t❡♠♦s q✉❡

Ωφ(p)(u, v) = dω(φ(p))(dφ(p)uĤ , dφ(p)vĤ) = dω(φ(p))((dφ(p)u)H , (dφ(p)v)H) = (φ∗Ω)(p)(u, v)

�

➱ út✐❧ ❝❛r❛❝t❡r✐③❛r ❛ ❛çã♦ ❞❡ ❆✉t✭P✮ ❡♠ A ❛ ♣❛rt✐r ❞❛ ❢✉♥çã♦ ❡♠ C∞
C (P ;G) ❝♦rr❡s♣♦♥❞❡♥t❡✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✷✳ ❙❡❥❛ ω ∈ A✱ φ ∈ Aut(P ) ❡ f ∈ C∞
C (P ;G) ❝♦rr❡s♣♦♥❞❡♥t❡ ✭✐✳❡✳✱ φ(p) =

p · f(p)✳ ❊♥tã♦✱

✶✳ φ∗ω = Adf−1ω + f ∗θ

✷✳ φ∗Ω = Adf−1Ω

Pr♦✈❛✳ ✐✮ φ é ❞❛❞♦ ♣❡❧❛ ❝♦♠♣♦s✐çã♦ ❞♦s ♠❛♣❛s p
(id,f)
7−→ (p, f(p))

σ
7−→ p·f(p)✱ ✐✳❡✳✱ φ = σ◦(id, f)

❡ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r s✉❛ ❞❡r✐✈❛❞❛ ✉t✐❧✐③❛♥❞♦ ❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛ ❡ ♦ ▲❡♠❛ ✶✳✸✳✹✿

dφ(p)v = dσ(p, f(p))d(id, f)(p)v = dσ(p, f(p))(v, df(p)v) = dψp(f(p))df(p)v + dψf(p)(p)v

❆ss✐♠✱

(φ∗ω)(p)v = ωp·f(p)(dψp(f(p))df(p)v + dψf(p)(p)v) = ωp·f(p)(dψp(f(p))df(p)v) +Adf(p)−1(ω(p)v)

❆❣♦r❛✱ ♥♦t❡ q✉❡ ψp : h ∈ G 7→ p · h = (p · f(p)) · (f(p)−1h)✳ ❖✉ s❡❥❛✱ ψp = ψp·f(p) ◦ Lf(p)−1 ✳

❉❛í✱

ωp·f(p)(dψp(f(p))df(p)v) = ωp·f(p)(dψp·f(p)(e)dLf(p)−1(f(p))df(p)v) =

ωp·f(p)(dψp·f(p)(e)(f
∗θ)(p)v) = (f ∗θ)(p)v

✐✐✮ ❱✐st♦ q✉❡ φ∗Ω = dωφ +
1

2
[ωφ, ωφ] ❡ t❡♠♦s q✉❡ ωφ = Adf−1ω + f ∗θ✱ ❛ ❞❡♠♦♥str❛çã♦ ✭✉s❛♥❞♦

♦ ▲❡♠❛ ❆✳✵✳✼✮ é ❝♦♠♣❧❡t❛♠❡♥t❡ ❛♥á❧♦❣❛ à ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣✳ ✶✳✸✳✼✳ �

✸✻



❱✐♠♦s q✉❡ ✉♠❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦ ω ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r {Aα = s∗αω ∈ Ω1(Uα; g)}✱

♣♦✐s ❡♠ P |Uα
✱ ω é ❞❛❞❛ ♣♦r Aα ✭Pr♦♣✳ ✶✳✸✳✹✮✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ✉♠ ❝♦♥❥✉♥t♦ {Aα ∈ Ω1(Uα; g)}

s❛t✐s❢❛③❡♥❞♦ ❛ r❡❧❛çã♦ ❞❛ Pr♦♣✳ ✶✳✸✳✸✱ ♥♦s ♣♦ss✐❜✐❧✐t❛ ❞❡✜♥✐r ✉♠❛ ❢♦r♠❛ ❣❧♦❜❛❧ ω ∈ Ω1(P ; g)✱ t❛❧

q✉❡ s∗αω = Aα✳ ❱❛♠♦s ❡♥t❡♥❞❡r ❝♦♠♦ ♦ ❣r✉♣♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❝❛❧✐❜r❡ ❛❣❡ ♥❡ss❛s ✶✲❢♦r♠❛s

❧♦❝❛✐s Aα✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✸✳ ❙❡❥❛ ω ∈ A ❡ Aα = s∗αω ∈ Ω1(Uα; g)✳ ❈♦♥s✐❞❡r❡ t❛♠❜é♠ φ ∈ Aut(P )

❝♦♠ f ∈ C∞
C (P ;G) ❝♦rr❡s♣♦♥❞❡♥t❡ ❡ ❞❡✜♥❛ φα = f ◦ sα : Uα −→ G✳ ❊♥tã♦✱ s❡ Aφ

α = s∗αω
φ ❡

Fφ
α = s∗αΩ

φ✱ t❡♠♦s

✶✳ Aφ
α = Adφ−1

α
Aα + φ∗

αθ

✷✳ Fφ
α = Adφ−1

α
(Fα)

Pr♦✈❛✳
✶✳ ❉❛ Pr♦♣✳ ✶✱✹✱✷✱ t❡♠♦s q✉❡ ωφ = Adf−1ω + f ∗θ✳ ❉❡♥♦t❡✱ t❡♠♣♦r❛r✐❛♠❡♥t❡✱ ♣♦r η = Adf−1ω✳

❊♥tã♦✱ (s∗αη)(m)u = η(sα(m))(dsα(m)u) = Adf(sα(m))−1(ω(sα(m))dsα(m)u) = Adφα(m)−1((s∗αω)(m)u)✱

♦✉ s❡❥❛✱ s∗α(Adf−1ω) = Adφ−1
α
Aα✳ ❈❧❛r❛♠❡♥t❡✱ s∗αf

∗θ = (f ◦ sα)
∗θ = φ∗

αθ ❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

✷✳ ❈♦♠♦ φ∗Ω = Adf−1Ω✱ ❛♣❧✐❝❛♥❞♦ s∗α ♦ r❡s✉❧t❛❞♦ é ✐♠❡❞✐❛t♦✳ �

❖❜s❡r✈❛çã♦ ✶✳✹✳✶✳ ◆♦t❡ q✉❡ φα✱ ❞❡✜♥✐❞♦ ♥❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛✱ ♥❛❞❛ ♠❛✐s é q✉❡ ♦ ❝♦rr❡s✲
♣♦♥❞❡♥t❡ ❧♦❝❛❧ ❞❡ φ ∈ Aut(P ) ↔ f ∈ C∞

C (P ;G) ❡♠ Γ(P ×C G)✳ ❉❡ ❢❛t♦✱ s❡ σ ∈ Γ(P ×C

G) é ❡st❡ ❡❧❡♠❡♥t♦ ❝♦rr❡s♣♦♥❞❡♥t❡✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✶✳✹✳✶✱ t❡♠♦s q✉❡✱ s❡ m ∈ Uα✱ σ(m) =

[sα(m), f(sα(m))] = [sα(m), φα(m)]✳

✶✳✺ ■♥st❛♥t♦♥s

❈♦♠♦ ❞❡s❝r✐t♦ ♥♦ ❛♣ê♥❞✐❝❡ ❇✱ ❛ ❡str❡❧❛ ❞❡ ❍♦❞❣❡ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ♦r✐❡♥t❛❞❛

(M, g)✱ é ✉♠❛ ❛♣❧✐❝❛çã♦ C∞(M)✲❧✐♥❡❛r ∗ : Ωk(M) −→ Ωn−k(M)✱ q✉❡ s❛t✐s❢❛③ ∗2 = (−1)k(n−k)✳

P♦❞❡♠♦s ❡st❡♥❞❡r ❛ ❡str❡❧❛ ❞❡ ❍♦❞❣❡ ♣❛r❛ ❢♦r♠❛s ❝♦♠ ✈❛❧♦r❡s ❡♠ ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❊ ❞❡

♠❛♥❡✐r❛ ♥❛t✉r❛❧

∗ : Ωk(M ;E) −→ Ωn−k(M ;E)

❞❡✜♥✐♥❞♦ ∗(α⊗ s) = ∗α⊗ s✱ ♦♥❞❡ α ∈ Ωk(M) ❡ s ∈ Γ(E) ✭❡ ❡st❡♥❞❡♥❞♦ ♣♦r ❧✐♥❡❛r✐❞❛❞❡✮✳

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ ▼ t❡♠ ❞✐♠❡♥sã♦ ✐❣✉❛❧ ❛ n = 4✱ ❡♠ k = 2✱ ∗ : Ω2(M) −→ Ω2(M) ❡ ∗2 = 1✳

P♦rt❛♥t♦✱ ♦ ❡s♣❛ç♦ ❞❡ ✷✲❢♦r♠❛s s❡ ❞❡❝♦♠♣õ❡ ❝♦♠♦ Ω2(M) = Ω2
+(M) ⊕ Ω2

−(M)✱ ♦♥❞❡ Ω2
±(M)

r❡♣r❡s❡♥t❛ ♦ ❛✉t♦❡s♣❛ç♦ ❝✉❥♦ ❛✉t♦✈❛❧♦r é ±1✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ α ∈ Ω2(M)✱

α = α+ + α−

✸✼



♦♥❞❡✱ α+ =
1

2
(α + ∗α) ❡ α− =

1

2
(α− ∗α)✳

❉❛❞❛ ✉♠❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦ ω ∈ A ❞♦ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ P✭▼✱●✮✱ ✈✐♠♦s q✉❡ ❛ ✷✲❢♦r♠❛

❞❡ ❝✉r✈❛t✉r❛ ❝♦rr❡s♣♦♥❞❡ ❛ Fω ∈ Ω2(M ; gP )✳ ❊st❡♥❞❡♥❞♦✱ ♣♦rt❛♥t♦✱ ❛ ❡str❡❧❛ ❞❡ ❍♦❞❣❡ ♣❛r❛

❢♦r♠❛s ❝♦♠ ✈❛❧♦r❡s ♥♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✶✳✺✳✶✳ ❙❡❥❛ P✭▼✱●✮ ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✱ ♦♥❞❡ ▼ é ✉♠❛ ✹✲✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛
♦r✐❡♥t❛❞❛✳ ❯♠❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦ ω ❡♠ P é ❞✐t❛ ❛♥t✐✲❛✉t♦✲❞✉❛❧✱ ♦✉ ✐♥st❛♥t♦♥✱ s❡ ∗Fω = −Fω✳
◆♦ ❝❛s♦ ❡♠ q✉❡ ∗Fω = Fω✱ ❛ ❝♦♥❡①ã♦ é ❞✐t❛ ❛✉t♦✲❞✉❛❧✳

❖❜s❡r✈❛çã♦ ✶✳✺✳✶✳ ❚r♦❝❛♥❞♦ ❛ ♦r✐❡♥t❛çã♦ ❞❡ ▼✱ ❝♦♥❡①õ❡s ❛♥t✐✲❛✉t♦✲❞✉❛✐s ✈✐r❛♠ ❞✉❛✐s✱ ❡ ✈✐❝❡✲
✈❡rs❛✱ ❞❡ ♠♦❞♦ q✉❡ ❛s t❡♦r✐❛s ♦❜t✐❞❛s ❛tr❛✈és ❞❛ ❡s❝♦❧❤❛ ❡♥tr❡ ❛✉t♦✲❞✉❛❧ ❡ ❛♥t✐✲❛✉t♦✲❞✉❛❧ sã♦
❡q✉✐✈❛❧❡♥t❡s✳ ❈♦♠♦ ♦❜s❡r✈❛❞♦ ❡♠ ❬✸✸❪✱ s✉♣❡r❢í❝✐❡s ❝♦♠♣❧❡①❛s tê♠ ✉♠❛ ♦r✐❡♥t❛çã♦ ♥❛t✉r❛❧ ❡
❝♦♥❡①õ❡s ❛♥t✐✲❛✉t♦✲❞✉❛✐s ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s ❤♦❧♦♠♦r❢♦s
✭❡♥q✉❛♥t♦ ❝♦♥❡①õ❡s ❛✉t♦✲❞✉❛✐s s❡ r❡❧❛❝✐♦♥❛♠ ❝♦♠ ✜❜r❛❞♦s ❛♥t✐✲❤♦❧♦♠♦r❢♦s✮✳ P♦r ❡ss❡ ♠♦t✐✈♦✱
❡s❝♦❧❤❡r❡♠♦s ♦ s✐♥❛❧ ♥❡❣❛t✐✈♦ ❡ tr❛❜❛❧❤❛r❡♠♦s ❝♦♠ ✐♥st❛♥t♦♥s✳

❈♦♠❡♥tár✐♦s s♦❜r❡ ♦ ❢✉♥❝✐♦♥❛❧ ❞❡ ❨❛♥❣✲▼✐❧❧s

❙❡❥❛ P✭▼✱●✮ ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ s♦❜r❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ✹✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❛❝t❛

❡ ♦r✐❡♥t❛❞❛ ✭▼✱❣✮✳ ❱❛♠♦s ❞❡✜♥✐r ✉♠❛ ♥♦r♠❛ ❡♠ Ω2(M ; gP )✱ ♦♥❞❡ ♠♦r❛♠ ❛s ❝✉r✈❛t✉r❛s Fω✱

❛ss♦❝✐❛❞❛s às ❝♦♥❡①õ❡s ω ∈ A ❞❡ P✭▼✱●✮✳

❙❡❥❛ ζ ∈ Ω2(M ; gP )✳ ❈♦♠♦ ♦❜s❡r✈❛❞♦ ♥♦ ❛♣ê♥❞✐❝❡ ❆✱ ζ é ❞❛❞♦ ❧♦❝❛❧♠❡♥t❡ ♣♦r {ζα ∈

Ω2(Uα; g)}✱ s❛t✐s❢❛③❡♥❞♦ ζα = Ad(gαβ)(ζβ) ❡♠ Uαβ✳ P♦rt❛♥t♦✱ s❡ ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡ ● ❛❞♠✐t❡

✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❆❞✲✐♥✈❛r✐❛♥t❡ < ·, · >✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ♣❛r❡❛♠❡♥t♦ ❡♥tr❡ ❡ss❡ ♣r♦❞✉t♦

✐♥t❡r♥♦ ❡♠ g ❝♦♠ ζα 7→ ζα ∧ ∗ζα✳ ❈♦♠♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ g é ❆❞✲✐♥✈❛r✐❛♥t❡ ♦ ♣❛r❡❛♠❡♥t♦

❝✐t❛❞♦ ❝♦♥❝♦r❞❛ ♥❛s ✐♥t❡rs❡çõ❡s Uαβ ❡ ❡stá ❣❧♦❜❛❧♠❡♥t❡ ❞❡✜♥✐❞♦✳ ❊st❡ s❡rá ❞❡♥♦t❛❞♦ ♣♦r

< ζ ∧ ∗ζ >g✳

❉❡✜♥✐çã♦ ✶✳✺✳✷✳ ❖ ❢✉♥❝✐♦♥❛❧ ❞❡ ❨❛♥❞✲▼✐❧❧s é ❞❡✜♥✐❞♦ ♣♦r

YM : A −→ R

ω 7→ ‖ω‖2L2 =
∫
M
< Fω ∧ ∗Fω >g

❖❜s❡r✈❛çã♦ ✶✳✺✳✷✳ ✶✳ ❙❡ ▼ ♥ã♦ é ❝♦♠♣❛❝t❛✱ ❛✐♥❞❛ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦ ❢✉♥❝✐♦♥❛❧ ❞❡ ❨❛♥❣✲
▼✐❧❧s ♣❛r❛ ❛s ❝♦♥❡①õ❡s ❝♦♠

∫
M
< Fω ∧ ∗Fω >g<∞✳

✸✽



✷✳ ❆ Pr♦♣✳ ✶✳✹✳✸ ♥♦s ❞á q✉❡ ❛ ❛çã♦ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ ❞♦ ❣r✉♣♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❝❛❧✐❜r❡
❡♠ Fα é ❞❛❞❛ ♣♦r Fφ

α = Adφ−1
α
(Fα)✳ P♦rt❛♥t♦✱ ♣❡❧❛ ❆❞✲✐♥✈❛r✐â♥❝✐❛ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

❡♠ g✱ t❡♠♦s q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ ❞❡ ❨❛♥❣✲▼✐❧❧s é ✐♥✈❛r✐❛♥t❡ ♣❡❧❛ ❛çã♦ ❞❡ G ❡ ❛ss✐♠ ✜❝❛ ❜❡♠
❞❡✜♥✐❞♦

YM :
A

G
−→ R

✸✳ ●❡r❛❧♠❡♥t❡✱ ❡♠ t❡♦r✐❛ ❞❡ ❝❛❧✐❜r❡✱ ❝♦♥s✐❞❡r❛✲s❡ ❣r✉♣♦s ❞❡ ▲✐❡ ❞❡ ♠❛tr✐③❡s ❝♦♥❡①♦s✱ ❝♦♠✲
♣❛❝t♦s ❡ s❡♠✐✲s✐♠♣❧❡s ✭❙❯✭♥✮✱ ❙❖✭♥✮✱ ❙♣✭♥✮✮✳ ◆❡st❡ ❝❛s♦✱ ❛ ❢♦r♠❛ ❞❡ ❑✐❧❧✐♥❣ k(x, y) =
tr(ad(x) ◦ ad(y))✱ x, y ∈ g✱ é ♥❡❣❛t✐✈❛ ❞❡✜♥✐❞❛ ❡ < x, y >= −tr(ad(x) ◦ ad(y)) ❞❡✜♥❡
✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❆❞✲✐♥✈❛r✐❛♥t❡✳ P♦r ✐ss♦✱ ♠✉✐t❛s ✈❡③❡s✱ ❡♥❝♦♥tr❛✲s❡ ♥❛ ❧✐t❡r❛t✉r❛ ❛
s❡❣✉✐♥t❡ ♥♦t❛çã♦ ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ ❞❡ ❨❛♥❣✲▼✐❧❧s −

∫
M
tr(Fω ∧ ∗Fω) ✭♦✉ ❛❧❣✉♠❛ ♥♦r♠❛✲

❧✐③❛çã♦ ❞♦ ♠❡s♠♦✮✳

✹✳ ▼♦str❛✲s❡ q✉❡✱ s❡ ❛ s❡❣✉♥❞❛ ❝❧❛ss❡ ❞❡ ❈❤❡r♥ ❞♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❝♦♠♣❧❡①♦ ❛ss♦❝✐❛❞♦ ❛♦
♣r✐♥❝✐♣❛❧ ♣❡❧❛ r❡♣r❡s❡♥t❛çã♦ ♥❛t✉r❛❧ ✭s✉♣õ❡✲s❡ ● ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ❞❡ ♠❛tr✐③❡s✱ ❡♠ ❣❡✲
r❛❧ ❝♦♠♣❛❝t♦✱ ❝♦♥❡①♦ ❡ s❡♠✐✲s✐♠♣❧❡s✮ ❢♦r ♣♦s✐t✐✈❛✱ ✐♥st❛♥t♦♥s sã♦ ♠í♥✐♠♦s ❣❧♦❜❛✐s ❞❡ss❡
❢✉♥❝✐♦♥❛❧ ✭s✐♠✐❧❛r♠❡♥t❡✱ ♠í♥✐♠♦s ❣❧♦❜❛✐s q✉❛♥❞♦ ❛ s❡❣✉♥❞❛ ❝❧❛ss❡ ❞❡ ❈❤❡r♥ é ♥❡❣❛t✐✈❛
sã♦ ❛s ❝♦♥❡①õ❡s ❛✉t♦✲❞✉❛✐s✮✳ ❉♦ ❢✉♥❝✐♦♥❛❧ ❞❡ ❨❛♥❣✲▼✐❧❧s✱ ♦❜t❡♠♦s ❛s ❡q✉❛çõ❡s ❞❡ ❨❛♥❣✲
▼✐❧❧s ✭dω ∗ Fω = 0✮ ❡ s♦❧✉çõ❡s ❞❡st❛ sã♦ ♦s ♠í♥✐♠♦s ❧♦❝❛✐s ❞♦ ❢✉♥❝✐♦♥❛❧✳ ◆♦t❡ q✉❡✱ ♣❡❧❛
✐❞❡♥t✐❞❛❞❡ ❞❡ ❇✐❛♥❝❤✐✱ ✐♥st❛♥t♦♥s ❡ ❢♦r♠❛s ❛✉t♦✲❞✉❛✐s sã♦ ✐♠❡❞✐❛t❛♠❡♥t❡ s♦❧✉çõ❡s ♣❛r❛ ❛
❡q✉❛çã♦✳ ❊①✐st❡♠✱ ♥♦ ❡♥t❛♥t♦✱ s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦ ❞❡ ❨❛♥❣✲▼✐❧❧s q✉❡ ♥ã♦ sã♦ ✐♥st❛♥t♦♥s
♥❡♠ ❝♦♥❡①õ❡s ❛✉t♦✲❞✉❛✐s ✭✈❡r✱ ♣♦r ❡①❡♠♣❧♦✱ ❬✸✾❪✮✳

✶✳✻ ❊s♣❛ç♦ ❞❡ ▼♦❞✉❧✐ ❞❡ ■♥st❛♥t♦♥s

❈♦♠❡♥tár✐♦s

❊st❛ s❡çã♦ ❢♦✐ ✐♥❝❧✉í❞❛ ❛♣❡♥❛s à tít✉❧♦ ❞❡ ❝♦♠♣❧❡t✉❞❡✳ ❖s r❡s✉❧t❛❞♦s ♥ã♦ s❡rã♦ ❞❡♠♦♥str❛❞♦s

✭❡ ♠✉✐t♦s ❞❡❧❡s ❞❡♣❡♥❞❡♠ ❞❡ ❢❡rr❛♠❡♥t❛s ❞❡ ❛♥á❧✐s❡ ❡ ❝♦♥s✐❞❡r❛çõ❡s té❝♥✐❝❛s s♦❜r❡ t❡♦r✐❛ ❞❡

✈❛r✐❡❞❛❞❡s ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✮✳ ❇♦❛s r❡❢❡rê♥❝✐❛s ♣❛r❛ ❛ t❡♦r✐❛ ❞❡ ❝❛❧✐❜r❡ sã♦ ❬✸❪✱ ❬✶✶❪✱ ❬✶✹❪ ❡

❬✸✸❪✳

❙❡❥❛ (M4, g) ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ ❡ ♦r✐❡♥tá✈❡❧✱ ● ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ❞❡

♠❛tr✐③❡s ❝♦♠♣❛❝t♦✱ ❝♦♥❡①♦ ❡ s❡♠✐✲s✐♠♣❧❡s ✭SU(r)✱ ♣♦r ❡①❡♠♣❧♦✮ ❡ P✭▼✱●✮ ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✳

✸✾



❉❛❞♦ ✉♠ ✐♥st❛♥t♦♥ ω ∈ A− ✭✐✳❡✳ Fω = − ∗ Fω✮✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ ❝♦♠♣❧❡①♦

0 −→ Ω0(M ; gP )
dω−→ Ω1(M ; gP )

d+ω−→ Ω2
+(M ; gP ) −→ 0

♦♥❞❡ d+ω ❞❡♥♦t❛ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ dω ❝♦♠ ❛ ♣r♦❥❡çã♦ ♥♦ ❡s♣❛ç♦ ❞❛s ❢♦r♠❛s ❛✉t♦✲❞✉❛✐s ✭❡✱ ❞❡ ❢❛t♦

t❡♠♦s ✉♠ ❝♦♠♣❧❡①♦✱ ♣♦✐s F+
ω = 0✮✳

❏á ✈✐♠♦s q✉❡ Ω0(M ; gP ) = Γ(gP ) = Lie(G) ❡ t❛♠❜é♠ q✉❡ Ω1(M ; gP ) ≃ TωA✱ ♣♦✐s ♦

❡s♣❛ç♦ ❞❛s ❝♦♥❡①õ❡s é ✉♠ ❡s♣❛ç♦ ❛✜♠ ♠♦❞❡❧❛❞♦ ❡♠ Ω1(M ; gP )✳ ❯t✐❧✐③❛♥❞♦ ❛s ❢❡rr❛♠❡♥t❛s

❞❡s❡♥✈♦❧✈✐❞❛s ♥♦ t❡①t♦ é ♣♦ssí✈❡❧ ♠♦str❛r q✉❡ Imdω = Tω(ω · G) ❡ q✉❡ Kerd+ω = TωA
−✳

➱ ✐♠♣♦rt❛♥t❡ ✭❡ ♥❛t✉r❛❧✮ ❡①❝❧✉✐r ❝♦♥❡①õ❡s ❝✉❥♦s ❣r✉♣♦s ❞❡ ✐s♦tr♦♣✐❛ sã♦ ✧❣r❛♥❞❡s✧✳ P❛r❛

✐ss♦✱ ✈❛♠♦s ❞❡✜♥✐r ✐♥❢♦r♠❛❧♠❡♥t❡ ❛ ❤♦❧♦♥♦♠✐❛ ❞❡ ✉♠❛ ❝♦♥❡①ã♦✳

❉❡✜♥✐çã♦ ✶✳✻✳✶✳ ❙❡❥❛ ω ∈ A

✶✳ ❯♠❛ ❝✉r✈❛ s✉❛✈❡ γ : [0, 1] −→ P é ❞✐t❛ ❤♦r✐③♦♥t❛❧✱ s❡ ω(γ(t)(γ′(t)) = 0 ♣❛r❛ t♦❞♦ t ∈ [0, 1]

✭♦✉ s❡❥❛✱ ♦s ✈❡t♦r❡s t❛♥❣❡♥t❡s à ❝✉r✈❛ ❡stã♦ ♥❛ ❞✐str✐❜✉✐çã♦ ❤♦r✐③♦♥t❛❧ ❞❡t❡r♠✐♥❛❞❛ ♣❡❧❛
✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦ ω✮

✷✳ ❉❛❞♦s p, q ∈ P ✳ ❉❡✜♥✐♠♦s ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♠ P ♣❡❞✐♥❞♦ q✉❡ p ∼ q s❡ ❡①✐st✐r
✉♠❛ ❝✉r✈❛ ❤♦r✐③♦♥t❛❧ ✭s✉❛✈❡ ♣♦r ❝❛♠✐♥❤♦s✮✳

✸✳ Holp(ω)
.
= {g ∈ G ; p · g ∼ p}

▼♦str❛✲s❡ q✉❡ ∼ é ❞❡ ❢❛t♦ ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✱ ❡ q✉❡ Holp(ω) ❢♦r♠❛ ✉♠ ❣r✉♣♦✱

❝❤❛♠❛❞♦ ❣r✉♣♦ ❞❡ ❤♦❧♦♥♦♠✐❛ ❞❡ ω ❡♠ ♣✳ P❛r❛ ♣♦♥t♦s q✉❡ ♣♦❞❡♠ s❡r ❧✐❣❛❞♦s ♣♦r ✉♠ ❝❛♠✐♥❤♦✱

❡ss❡s ❣r✉♣♦s sã♦ ❝♦♥❥✉❣❛❞♦s ✭❡ ♣♦rt❛♥t♦ ✐s♦♠♦r❢♦s✮✳ ❆ss✐♠✱ ❝♦♠♦ P é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♥❡①❛✱

♣♦❞❡♠♦s ❢❛❧❛r ♥♦ ❣r✉♣♦ ❞❡ ❤♦❧♦♥♦♠✐❛ ❍♦❧✭ω✮✳

❉❡✜♥✐çã♦ ✶✳✻✳✷✳ ❯♠❛ ❝♦♥❡①ã♦ é ❞✐t❛ ✐rr❡❞✉tí✈❡❧✱ s❡ Hol(ω) = G ❡ r❡❞✉tí✈❡❧ ❝❛s♦ ❝♦♥trár✐♦✳

❈♦♥s✐❞❡r❛r ❛♣❡♥❛s ❝♦♥❡①õ❡s ✐rr❡❞✉tí✈❡✐s é ♥❛t✉r❛❧✱ ♣♦✐s s❡ ❛ ❤♦❧♦♥♦♠✐❛ H = Hol(ω) é

✉♠ s✉❜❣r✉♣♦ ♣ró♣r✐♦ ❞❡ ● é ♣♦ssí✈❡❧ r❡❞✉③✐r ♦ ❣r✉♣♦ ❞❡ ❡str✉t✉r❛ ❞♦ ✜❜r❛❞♦ ♣❛r❛ ❍✳ ❆❧é♠

❞✐ss♦✱ é ♣♦ssí✈❡❧ ♣r♦✈❛r ✭♣❛r❛ ♦s ❣r✉♣♦s ❞❡ ▲✐❡ ❝♦♥s✐❞❡r❛❞♦s ♥♦ ✐♥í❝✐♦ ❞❛ s❡çã♦✮ q✉❡ ♦ ❣r✉♣♦

❞❡ ✐s♦tr♦♣✐❛ ❞❡ ❝♦♥❡①õ❡s ✐rr❡❞✉tí✈❡✐s ❝♦rr❡s♣♦♥❞❡ ❛♦ ❝❡♥tr♦ ❞♦ ❣r✉♣♦✳ ❉❛í✱ ♠♦str❛✲s❡ q✉❡

H0
ω(M ; gP ) = Kerdω = Lie(Γω) = Lie(Z(G)) = Z(g) q✉❡✱ ♣♦r s✉❛ ✈❡③✱ é ✉♠ ✐❞❡❛❧ ❛❜❡❧✐❛♥♦ ❞❡

g ❡ ❞❡✈❡ s❡r ③❡r♦ s❡ ❛ á❧❣❡❜r❛ é s❡♠✐✲s✐♠♣❧❡s✳

❙❡❥❛♠ H i(M ; gP )✱ i = 0, 1, 2✱ ♦s ❣r✉♣♦s ❞❡ ❝♦❤♦♠♦❧♦❣✐❛ ❞♦ ❝♦♠♣❧❡①♦ ❡ ❞❡♥♦t❡ ♣♦r hi s✉❛s

❞✐♠❡♥sõ❡s✳ ❙❡ ♥♦s r❡str✐♥❣✐r♠♦s ❛♦s ✐♥st❛♥t♦♥s ❝♦♠ h0 = h2 = 0✱ é ♣♦ssí✈❡❧ ✉s❛r ✉♠ t❡♦r❡♠❛
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❞❡ ❆t✐②❛❤✱ ❍✐t❝❤✐♥ ❡ ❙✐♥❣❡r✱ q✉❡ ❣❛r❛♥t❡ q✉❡ ♦ q✉♦❝✐❡♥t❡ M
.
=

{ω ∈ A− ; h0 = h2 = 0}

G
é ✉♠❛

✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❝✉❥❛ ❞✐♠❡♥sã♦ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ❛tr❛✈és ❞❡ ✐♥✈❛r✐❛♥t❡s t♦♣♦❧ó❣✐❝♦s✳

❖ t❡♦r❡♠❛ ❞♦ í♥❞✐❝❡ é ✉t✐❧✐③❛❞♦ q✉❛♥❞♦ s❡ ❞❡♠♦♥str❛ q✉❡ ♦ ♦♣❡r❛❞♦r ❞❡ ❞❡❢♦r♠❛çã♦ δω :

Ω1(M ; gP ) −→ Ω0(M ; gP ) ⊕ Ω2(M ; gP )✱ ❞❛❞♦ ♣♦r δω = d∗ω ⊕ dω é ❡❧í♣t✐❝♦ ❡ ❛ss✐♠ ❋r❡❡❞❤♦♠

✭✐✳❡✳✱ t❡♠ ♥ú❝❧❡♦ ❡ ❝♦♥ú❝❧❡♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✮✳ ❉❛í✱ ✐❞❡♥t✐✜❝❛✲s❡ ♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❞❡ ✉♠❛

❝❧❛ss❡ ❞❡ ❝♦♥❡①ã♦ ♥♦ ❡s♣❛ç♦ ❞❡ ♠♦❞✉❧✐ ❞❡ ✐♥st❛♥t♦♥s ❝♦♠ ♦ ♥ú❝❧❡♦ ❞❡ss❡ ♦♣❡r❛❞♦r✱ ❞❡ ♠♦❞♦

q✉❡ ❛ ❞✐♠❡♥sã♦ ❞❡ M é ♦ í♥❞✐❝❡ ❞♦ ♦♣❡r❛❞♦r δ ✭❝❛❧❝✉❧❛❞♦ ♣❡❧♦ t❡♦r❡♠❛ ❞♦ í♥❞✐❝❡✮✳ ❈❤❛♠❛♠♦s

❡ss❡ ❡s♣❛ç♦ ❞❡ ❡s♣❛ç♦ ❞❡ ♠♦❞✉❧✐ ❞❡ ✐♥st❛♥t♦♥s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ✜①❛❞❛ ❛ ❝❧❛ss❡ ❞❡ ❈❤❡r♥ ❞♦

✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❝♦♠♣❧❡①♦ ❛ss♦❝✐❛❞♦ c2(E) = n ❡ s❡✉ ♣♦st♦✱ rank(E) = r✱ ❞❡♥♦t❛✲s❡ t❛❧ ❡s♣❛ç♦

❞❡ ♠♦❞✉❧✐ ♣♦r M(r, n)✳

❈❛❜❡ r❡ss❛❧t❛r q✉❡ ♣r♦❜❧❡♠❛s ✭❞❛ ❛♥á❧✐s❡✮ s✉r❣❡♠ r❛♣✐❞❛♠❡♥t❡ q✉❛♥❞♦ s❡ s❡ ❝♦♥s✐❞❡r❛ ❡s✲

♣❛ç♦s ❞❡ ♠♦❞✉❧✐ ❞❡ ✐♥st❛♥t♦♥s✱ ✉♠❛ ✈❡③ q✉❡ t❛♥t♦ ♦ ❣r✉♣♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❝❛❧✐❜r❡ q✉❛♥t♦

♦ ❡s♣❛ç♦ ❞❡ ❝♦♥❡①õ❡s tê♠ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✳ ❙❡ ❢❛③ ♥❡❝❡ssár✐♦✱ ♣♦rt❛♥t♦✱ ✐♥tr♦❞✉③✐r ❢❡rr❛♠❡♥t❛s

♣❡s❛❞❛s ♣❛r❛ s❡ ♦❜t❡r ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❡ss❡s q✉♦❝✐❡♥t❡s✳
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❈❛♣ít✉❧♦ ✷

▼❛♣❛s ▼♦♠❡♥t♦ ❡ ❘❡❞✉çã♦

✷✳✶ ●❡♦♠❡tr✐❛ ❙✐♠♣❧ét✐❝❛

❉❡✜♥✐çã♦ ✷✳✶✳✶✳ ❙❡❥❛ ▼ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ ω ∈ Ω2(M)✳ ❉✐③❡♠♦s q✉❡ ♦ ♣❛r (M,ω)

é ✉♠❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛✱ s❡

✶✳ dω = 0 ✭✐✳❡✳✱ ω é ✉♠❛ ❞♦✐s ❢♦r♠❛ ❢❡❝❤❛❞❛✮

✷✳ ω é ♥ã♦✲❞❡❣❡♥❡r❛❞❛ ✭✐✳❡✳✱ ❞❛❞♦ p ∈ M ❡ v1 ∈ TpM ✱ v1 6= 0✱ ❡①✐st❡ v2 ∈ TpM ❝♦♠
ωp(v1, v2) 6= 0✮

❙❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❛❧❣✉♠❛s ❝♦♥s❡q✉ê♥❝✐❛s ✐♠❡❞✐❛t❛s

✶✳ ❈♦♠♦ ωp : TpM×TpM −→ R é ❜✐❧✐♥❡❛r ❡ ❛♥t✐✲s✐♠étr✐❝♦✱ p ∈M ✱ t❡♠♦s✱ ♣❡❧❛ á❧❣❡❜r❛ ❧✐♥❡❛r✱

q✉❡ ❡①✐st❡ ✉♠❛ ❜❛s❡ ❞❡ TpM ✱ {o1, . . . , ok, u1, . . . , un, v1, . . . , vn}✱ t❛❧ q✉❡✱ ❝♦♠ r❡❧❛çã♦ à

❡ss❛ ❜❛s❡✱ ωp é r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ s❡❣✉✐♥t❡ ♠❛tr✐③ q✉❛❞r❛❞❛ ❛♥t✐✲s✐♠étr✐❝❛




0k 0 0

0 0 1n

0 −1n 0




♦♥❞❡ 0k é ❛ ♠❛tr✐③ ♥✉❧❛ k×k✱ 1n ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ n×n✱ k = dim{u ∈ TpM | ωp(u, v) =

0 ♣❛r❛ t♦❞♦ v ∈ TpM} ❡ k + 2n = dimTpM ✳ ❈♦♠♦ ω é ♥ã♦✲❞❡❣❡♥❡r❛❞❛✱ k = 0 ❡

✈❛r✐❡❞❛❞❡s s✐♠♣❧ét✐❝❛ tê♠ ♦❜r✐❣❛t♦r✐❛♠❡♥t❡ ❞✐♠❡♥sã♦ ♣❛r✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❝❤❛♠❛✲s❡ t❛❧

❜❛s❡✱ {u1, . . . , un, v1, . . . , vn}✱ ❞❡ ❜❛s❡ s✐♠♣❧ét✐❝❛✳
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✷✳ ❆ ♥ã♦✲❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞❡ ω ❞á ✉♠ ✐s♦♠♦r✜s♠♦ ♥❛t✉r❛❧ ❡♥tr❡ ♦s ✜❜r❛❞♦s t❛♥❣❡♥t❡ ❡ ❝♦✲

t❛♥❣❡♥t❡ ❞❡ ▼✳ ❉❡♥♦t❛r❡♠♦s t❛♠❜é♠ ♣♦r ω ♦ s❡❣✉✐♥t❡ ♠❛♣❛

ω : TM −→ T ∗M

v ∈ TpM 7−→ ωp(v, ·) ∈ T ∗
pM

❊st❡ é ❝❧❛r❛♠❡♥t❡ ✉♠ ♠❛♣❛ ✭❞✐❢❡r❡♥❝✐á✈❡❧✮ ❡♥tr❡ ♦s ✜❜r❛❞♦s ✈❡t♦r✐❛✐s✳ ❈♦♠♦ dimTpM =

dimT ∗
pM ✱ ♣❡❧♦ t❡♦r❡♠❛ ❞♦ ♥ú❝❧❡♦ ❡ ✐♠❛❣❡♠✱ ❜❛st❛ ♠♦str❛r q✉❡ ω|TpM é ✐♥❥❡t✐✈♦✳ ▼❛s✱ s❡

ω(v1) = 0✱ v1 ∈ TpM ✱ ❞❡✈❡♠♦s t❡r v1 = 0 ✭❝❛s♦ ❝♦♥trár✐♦✱ ♣❡❧❛ ♥ã♦✲❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞❡ ω✱

∃ v2 ∈ TpM ❝♦♠ ωp(v1, v2) 6= 0✮✳

❊♠ ♣❛rt✐❝✉❧❛r ω ❞á ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ ❛s s❡çõ❡s ❞♦s ✜❜r❛❞♦s t❛♥❣❡♥t❡ ❡ ❝♦✲

t❛♥❣❡♥t❡✱ ❛ s❛❜❡r✱ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❡ ✶✲❢♦r♠❛s ❞❡ ▼✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ✭X ∈ X(M)
.
=

Γ(TM) 7−→ iXω ∈ Ω1(M)✱ ♦♥❞❡ iX é ❛ ❝♦♥tr❛çã♦ ❞❡ ω ♣❡❧♦ ❝❛♠♣♦ ❳✮✳

✸✳ ❙❡ (M2n, ω) é ✉♠❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛✱ ▼ é ♦r✐❡♥tá✈❡❧ ❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ωn
.
= ω∧ . . .∧ω

✭♥ ✈❡③❡s✮ é ✉♠❛ ❢♦r♠❛ ✈♦❧✉♠❡✳ ❉❡ ❢❛t♦✱ ❞❛❞♦ p ∈M ✱ t♦♠❡ ✉♠❛ ❜❛s❡ s✐♠♣❧ét✐❝❛ ❞❡ TpM

❝♦♠♦ ❞❡s❝r✐t❛ ❛♥t❡r✐♦r♠❡♥t❡✳ ❙❡❣✉❡ q✉❡ ωn(u1, . . . , un, v1, . . . , vn) 6= 0✳ ❊♠ ♣❛rt✐❝✉❧❛r✱
1

n!
ωn é ❝❤❛♠❛❞❛ ❢♦r♠❛ ❞❡ ▲✐♦✉✈✐❧❧❡✳

❆ ♥♦çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♠ ❣❡♦♠❡tr✐❛ s✐♠♣❧ét✐❝❛ s❡ ❞á ❛tr❛✈és ❞♦s s✐♠♣❧❡❝t♦♠♦r✜s♠♦s✱

❞❡✜♥✐❞♦s ❛❜❛✐①♦✳

❉❡✜♥✐çã♦ ✷✳✶✳✷✳ ❙❡❥❛♠ (M2n
1 , ω1) ❡ (M2n

2 , ω2) ✈❛r✐❡❞❛❞❡s s✐♠♣❧ét✐❝❛s✳ ❯♠ s✐♠♣❧❡❝t♦♠♦r✜s♠♦
❡♥tr❡ t❛✐s ✈❛r✐❡❞❛❞❡s é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ϕ : M1 −→ M2✱ t❛❧ q✉❡ ϕ∗ω2 = ω1✳ ❊♠ ♣❛rt✐❝✉❧❛r✱
❞❡♥♦t❛♠♦s ♣♦r ❙②♠♣❧✭▼✱ ω✮ ♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠♣❧❡❝t♦♠♦r✜s♠♦s ❞❡ ✭▼✱ ω✮✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✶✳ Sympl(M,ω) ⊆ Diff(M) é ❝❧❛r❛♠❡♥t❡ ✉♠ ❣r✉♣♦ ❝♦♠ ❝♦♠♣♦s✐çã♦✱ ♣♦✐s
s❡ ϕ1, ϕ2 ∈ Symp(M,ω)✱ (ϕ1◦ϕ2)

∗ω = ϕ∗
2◦ϕ

∗
1ω = ω ❡✱ s❡ ϕ ∈ Sympl(M,ω)✱ ω = (ϕ◦ϕ−1)∗ω =

(ϕ−1)∗(ϕ∗ω) = (ϕ−1)∗ω✱ ❧♦❣♦ ϕ−1 ∈ Sympl(M,ω)✳ ❊st❡ ❣r✉♣♦ é ✉♠ ♦❜❥❡t♦ ♠✉✐t♦ ✐♥t❡r❡ss❛♥t❡
❡♠ ❣❡♦♠❡tr✐❛ s✐♠♣❧ét✐❝❛✳ ❆♣❡s❛r ❞❡ ♥ã♦ s❡r❡♠ ✉t✐❧✐③❛❞❛s ♥❡st❛ ❞✐ss❡rt❛çã♦✱ ❝❛❜❡♠ ❛❧❣✉♠❛s
♦❜s❡r✈❛çõ❡s ❛ tít✉❧♦ ❞❡ ❝✉r✐♦s✐❞❛❞❡ ❛❝❡r❝❛ ❞❡st❡ ❣r✉♣♦✳ P♦❞❡♠♦s ❞♦tá✲❧♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❝♦♠ ❛
t♦♣♦❧♦❣✐❛ Ck✱ 0 ≤ k ≤ ∞✱ ❡ ❢♦✐ ♣r♦✈❛❞♦ ♣♦r ●r♦♠♦✈ ❡ ❊❧✐❛s❤❜❡r❣ q✉❡ Symp(M,ω) é C0✲❢❡❝❤❛❞♦
❡♠ ❉✐✛✭▼✮ ✭✐✳❡✳ t♦❞♦ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ▼ q✉❡ é ❧✐♠✐t❡ ❞❡ s✐♠♣❧❡❝t♦♠♦r✜s♠♦s ♥❛ t♦♣♦❧♦❣✐❛ C0✱
é ✉♠ s✐♠♣❧❡❝t♦♠♦r✜s♠♦✮✳ ❆❧é♠ ❞✐ss♦✱ s✐♠♣❧❡❝t♦♠♦r✜s♠♦s sã♦ ❞✐❢❡♦♠♦r✜s♠♦s q✉❡ ♣r❡s❡r✈❛♠
✈♦❧✉♠❡ ✭ϕ∗(ωn) = (ϕ∗ω)n✮✳ ❯♠❛ ♣❡r❣✉♥t❛ ♥❛t✉r❛❧ é ❛ r❡❧❛çã♦ ❡♥tr❡ ♦s ❡s♣❛ç♦s ❞♦s s✐♠♣❧❡❝t♦✲
♠♦r✜s♠♦s ❡ ❞♦s ❞✐❢❡♦♠♦r✜s♠♦s q✉❡ ♣r❡s❡r✈❛♠ ✈♦❧✉♠❡✳ ❉❛❝♦r♦❣♥❛ ❡ ▼♦s❡r ♠♦str❛r❛♠ q✉❡ é
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s❡♠♣r❡ ♣♦ssí✈❡❧ ❝♦♠♣r✐♠✐r ✉♠❛ ❜♦❧❛ ❞❡ r❛✐♦ ❣r❛♥❞❡ ♥✉♠ ❝✐❧✐♥❞r♦ ❛r❜✐tr❛r✐❛♠❡♥t❡ ♣❡q✉❡♥♦ ❛tr❛✲
✈és ❞❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ q✉❡ ♣r❡s❡r✈❛ ✈♦❧✉♠❡✳ ❚❛❧ r❡s✉❧t❛❞♦✱ ❝♦♠♦ ❞❡♠♦♥str❛❞♦ ♣♦r ▼✐❦❤❛✐❧
●r♦♠♦✈✱ ❡♠ s❡✉ tr❛❜❛❧❤♦ ❝♦♠ ❝✉r✈❛s ❤♦❧♦♠♦r❢❛s✱ ♥ã♦ ✈❛❧❡ ♥❛ ❝❛t❡❣♦r✐❛ s✐♠♣❧ét✐❝❛✱ ❞❡ ♠♦❞♦
q✉❡ s✐♠♣❧❡❝t♦♠♦r✜s♠♦s sã♦ ♠❛✐s r❡str✐t✐✈♦s q✉❡ ❞✐❢❡♦♠♦r✜s♠♦s q✉❡ ♣r❡s❡r✈❛♠ ✈♦❧✉♠❡✳

❊①❡♠♣❧♦ ✷✳✶✳✷✳ ❙❡❥❛ M = R2n ❝♦♠ ❝♦♦r❞❡♥❛❞❛s (x1, . . . , xn, y1, . . . , yn) ❡ ❝♦♥s✐❞❡r❡

ω0 =
n∑

i=1

dxi ∧ dyi

ω0 é ❝❧❛r❛♠❡♥t❡ ❢❡❝❤❛❞❛✳ ❆❧é♠ ❞✐ss♦✱ s❡ ωp(v, )̇ = 0✱ ♣❛r❛ ❛❧❣✉♠

v =
n∑

i=1

ai
∂

∂xi

∣∣∣∣
p

+ bi
∂

∂yi

∣∣∣∣
p

∈ TpM ✱ ωp(v, ∂
∂xi

∣∣
p
) = −bi = 0 ❡ ωp(v, ∂

∂yi

∣∣∣
p
) = ai = 0 ❡ v = 0✳

▲♦❣♦✱ ω0 é ♥ã♦✲❞❡❣❡♥❡r❛❞❛ ❡ (R2n, ω0) ✉♠❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✸✳ P♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r R2n ≡ Cn ❛tr❛✈és ❞❡ zj = xj + iyj✱ j = 1, . . . , n✳
❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ω0 ❛ ♣❛rt✐r ❞❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ Cn

ω0 =
i

2

n∑

j=1

dzj ∧ dzj

♣♦✐s dzj ∧dzj = (dxj+ idyj)∧ (dxj− idyj) = −2idxj ∧dyj✳ ❆ss✐♠✱ (Cn, ω0) é t❛♠❜é♠ ✈❛r✐❡❞❛❞❡
s✐♠♣❧ét✐❝❛✳

❉✐❢❡r❡♥t❡ ❞❡ ✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s✱ ♣♦r ❡①❡♠♣❧♦✱ q✉❡ ♣♦ss✉❡♠ ❡str✉t✉r❛ ❧♦❝❛❧ r✐❝❛✱ ✈❛✲

r✐❡❞❛❞❡s s✐♠♣❧ét✐❝❛s ❞❡ ♠❡s♠❛ ❞✐♠❡sã♦ sã♦ ♠♦❞❡❧❛❞❛s ❧♦❝❛❧♠❡♥t❡ ♣❡❧♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✱ ✐✳❡✳

t♦❞❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛ (M2n, ω) é ❧♦❝❛❧♠❡♥t❡ s✐♠♣❧❡❝t♦♠♦r❢❛ ❛ (R2n, ω0)✳ ❊st❡ é ♦ ❡♥✉♥❝✐❛❞♦

❞♦ t❡♦r❡♠❛ ❞❡ ❉❛r❜♦✉①✱ ❝✉❥❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✾❪✳

❚❡♦r❡♠❛ ✷✳✶✳✶✳ ✭❉❛r❜♦✉①✮ ❙❡❥❛ (M2n, ω) ✉♠❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛✳ ❊♥tã♦✱ ❞❛❞♦ p ∈M ❡①✐st❡
✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s (U, (x1, . . . , xn, y1, . . . , yn))✱ ❝❡♥tr❛❞♦ ❡♠ ♣✱ t❛❧ q✉❡

ω =
n∑

i=1

dxi ∧ dyi✱ ❡♠ ❯

❆♥t❡s ❞❡ ❞❡s❡♥✈♦❧✈❡r ✉♠ ♣♦✉❝♦ ♠❛✐s ❛ t❡♦r✐❛✱ é ✐♥str✉t✐✈♦ ♥♦s ❢❛♠✐❧✐❛r✐③❛r♠♦s ❝♦♠ ♠❛✐s

❡①❡♠♣❧♦s✳

❊①❡♠♣❧♦ ✷✳✶✳✹✳ ❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ ❡ π : T ∗M −→M s❡✉ ✜❜r❛❞♦ ❝♦t❛♥❣❡♥t❡✳ ❉❛❞♦ ✉♠
s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s (U, φ = (x1, . . . , xn)) ❞❡ ▼✱ ❝♦♥s✐❞❡r❡
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π−1(U) −→ φ(U)× Rn ⊆ R2n

ξ 7−→ (x1(π(ξ)), . . . , xn(π(ξ)), ξ(
∂
∂x1

∣∣
π(ξ)

), . . . , ξ( ∂
∂xn

∣∣
π(ξ)

))

(Ũ
.
= π−1(U), φ̃ = (x1, . . . , xn, a1, . . . , an)) é ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ❞❡ T ∗M ✱ ♦♥❞❡

ai ∈ C∞(Ũ)✱ ai(ξ) = ξ( ∂
∂xn

∣∣
π(ξ)

) ✭♦✉ s❡❥❛✱ ξ =
n∑

i=1

ai(ξ)dxi|π(ξ)✮ ❡✱ ♣♦r ❛❜✉s♦ ❞❡ ♥♦t❛çã♦✱

❞❡♥♦t❛♠♦s xi ◦ π ∈ C∞(Ũ) ♣♦r xi ∈ C∞(U)✳ ❈♦♥s✐❞❡r❡✱ ❡♥tã♦✱ ❛ s❡❣✉✐♥t❡ ✷✲❢♦r♠❛ ❡♠ Ũ

ω =
n∑

i=1

dxi ∧ dai

P❛r❛ ♠♦str❛r q✉❡ ❡ss❛ ✷✲❢♦r♠❛ ✐♥❞❡♣❡♥❞❡ ❞♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ❡s❝♦❧❤✐❞♦✱ ♦❜s❡r✈❛✲
♠♦s q✉❡

ω = −dα✱ ♦♥❞❡ α =
n∑

i=1

aidxi é ✉♠❛ ✶✲❢♦r♠❛ ❞❡ Ũ

❡ ✈❡r✐✜❝❛✲s❡ q✉❡ α ❡st❛ ✐♥tr✐♥s❡❝❛♠❡♥t❡ ❞❡✜♥✐❞❛✳ P❛r❛ ✐ss♦✱ s❡❥❛♠ (Ũ , x1, . . . , xn, a1, . . . , an)

❡ (Ṽ , y1, . . . , yn, b1, . . . , bn) s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ❞❡ T ∗M ✭❝♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✮✱ ❝♦♠
ξ ∈ T ∗

pM ❡♠ Ũ ∩ Ṽ ✳

ξ =
n∑

i=1

ai(ξ)dxi|p =
n∑

i=1

bi(ξ)dyi|p✱ ♦♥❞❡ bj =
n∑

i=1

ai(ξ)dxi|p(
∂

∂yj

∣∣∣∣
p

) =
n∑

i=1

ai(ξ)(
∂xi
∂yj

∣∣∣∣
p

)

❈❛❧❝✉❧❛♥❞♦ α ♥♦ s❡❣✉♥❞♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ♦❜t❡♠♦s

α =
n∑

j=1

bjdyj =
n∑

i,j=1

ai(
∂xi
∂yj

∣∣∣∣
π(·)

)dyj =
n∑

i=1

ai(
n∑

j=1

(
∂xi
∂yj

∣∣∣∣
π(·)

)dyj) =
n∑

i=1

aidxi

❉❡ss❛ ❢♦r♠❛✱ (T ∗M,ω) é ✉♠❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛ ✭❡♠ ♣❛rt✐❝✉❧❛r✱ ❞❡♠♦s ♦s s✐st❡♠❛s ❞❡ ❝♦♦r✲
❞❡♥❛❞❛s ❧♦❝❛✐s ❞♦ t❡♦r❡♠❛ ❞❡ ❉❛r❜♦✉①✮✳

❊①❡♠♣❧♦ ✷✳✶✳✺✳ ❙❡❥❛♠ (M1, ω1) ❡ (M2, ω2) ✈❛r✐❡❞❛❞❡s s✐♠♣❧ét✐❝❛s✱ ❡♥tã♦ ♦ ♣r♦❞✉t♦ M1 ×M2

é ♥❛t✉r❛❧♠❡♥t❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛✳ ❙❡❥❛♠ π1 ❡ π2 ❛s ♣r♦❥❡çõ❡s ❞❡ M1 ×M2 ❡♠ M1 ❡
M2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ ❝♦♥s✐❞❡r❡ ❛ ✷✲❢♦r♠❛ ❡♠ M1 ×M2 ❞❛❞❛ ♣♦r

ω = π∗
1ω1 + π∗

2ω2

◆♦t❡ q✉❡ ω é ❢❡❝❤❛❞❛✱ ♣♦✐s dω = dπ∗
1ω1 + dπ∗

2ω2 = π∗
1dω1 + π∗

2dω2 = 0✳ ❆❧é♠ ❞✐ss♦✱ ❛ss✉✲
♠✐♥❞♦ ♦ ✐s♦♠♦r✜s♠♦ T(p1,p2)(M1 × M2) ∼= Tp1M1 × Tp2M2✱ s❡❥❛ (u1, v1) ∈ Tp1M1 × Tp2M2
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t❛❧ q✉❡ ω(p1,p2)((u1, v1), (u2, v2)) = 0✱ ♣❛r❛ t♦❞♦ (u2, v2) ∈ Tp1M1 × Tp2M2✳ ❊♥tã♦✱ ❝♦♠♦
dπ1(p1, p2)(u, v) = u ✭✈✱ ♣❛r❛ π2✮✱ t❡♠♦s q✉❡

ω(p1,p2)((u1, v1), (u2, v2)) = ω1(p1)(u1, u2) + ω2(p2)(v1, v2)

❋❛③❡♥❞♦ v2 = 0✱ ♦❜t❡♠♦s q✉❡ ω1(p1)(u1, u2) = 0✱ ♣❛r❛ t♦❞♦ u2 ∈ Tp1M1✱ ❧♦❣♦✱ ♣❡❧❛ ♥ã♦✲
❞❡❣❡♥❡r❡s❝ê♥❝✐❛ ❞❡ ω1✱ ❞❡✈❡♠♦s t❡r u1 = 0 ✭❛♥❛❧♦❣❛♠❡♥t❡✱ ❝♦♥❝❧✉í♠♦s q✉❡ v1 = 0✮✳ ❆ss✐♠✱ ω
é ♥ã♦✲❞❡❣❡♥❡r❛❞❛✱ ♣♦rt❛♥t♦ ✉♠❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✻✳ ❙✉♣❡r❢í❝✐❡s ✭✐✳❡✳ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❞❡ ❞✐♠❡♥sã♦ ✷✮ ♦r✐❡♥tá✈❡✐s sã♦
tr✐✈✐❛❧♠❡♥t❡ ✈❛r✐❡❞❛❞❡s s✐♠♣❧ét✐❝❛s ✭t♦♠❡ ✉♠❛ ❢♦r♠❛ ✈♦❧✉♠❡✮✳ ❊♥tã♦✱ ♣r♦❞✉t♦s ❞❡ ♥ s✉♣❡r❢í❝✐❡s
❞❡ ❘✐❡♠❛♥♥ ✭q✉❡ sã♦ ✈❛r✐❡❞❛❞❡s ❝♦♠♣❧❡①❛s✱ ❧♦❣♦ ♦r✐❡♥tá✈❡✐s✮✱ ♣♦r ❡①❡♠♣❧♦✱ ❞ã♦ ❡①❡♠♣❧♦s ❞❡
✈❛r✐❡❞❛❞❡s s✐♠♣❧ét✐❝❛s ❞❡ ❞✐♠❡♥sã♦ ✷♥✳

❊①❡♠♣❧♦ ✷✳✶✳✼✳ ❙❡❥❛ M = S2 = {p = (a, b, c) ∈ R3|a2 + b2 + c2 = 1} ❡ ❞❡✜♥❛

ωp(u, v) = 〈p, u× v〉

♦♥❞❡ u, v ∈ TpS
2 = {q ∈ R3| 〈p, q〉 = 0} ✭× ❡ 〈·, ·〉 sã♦ ♦ ♣r♦❞✉t♦ ❡①t❡r✐♦r ❡ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

✉s✉❛❧ ❞❡ R3✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮✳ ❚❡♠♦s q✉❡ ωp é ❜✐❧✐♥❡❛r ❡ ❛❧t❡r♥❛❞♦✱ ♣♦✐s ♦ ♣r♦❞✉t♦ ❡①t❡r✐♦r
♦ é ✭❡ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ é ❜✐❧✐♥❡❛r✮✱ ❧♦❣♦ ω ∈ Ω2(S2)✳ ❈♦♠♦ ❞✐♠❡♥sã♦ ❞❡ S2 é ✷✱ s❡❣✉❡ q✉❡
ω é ❢❡❝❤❛❞❛✳ ❆❧é♠ ❞✐ss♦✱ ❡❧❛ t❛♠❜é♠ é ♥ã♦✲❞❡❣❡♥❡r❛❞❛✳ ❉❡ ❢❛t♦✱ s❡ u 6= 0✱ u ∈ TpS

2✱ t♦♠❡
v = u× p✳ ❈♦♠♦✱ 〈p, u× (u× p)〉 = 〈u× p, u× p〉 6= 0✱ s❡❣✉❡ q✉❡ ω é ♥ã♦ ❞❡❣❡♥❡r❛❞❛ ❡ t❡♠♦s
q✉❡ (S2, ω) é ✉♠❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛✳

❊①✐st❡ ✉♠❛ ♦❜str✉çã♦✱ ❛ ♥í✈❡❧ ❞❡ ❝♦❤♦♠♦❧♦❣✐❛✱ q✉❡ ✐♠♣❡❞❡ q✉❡ ❡s❢❡r❛s S2n✱ ❝♦♠ n > 2✱

♣♦ss✉❛♠ ❡str✉t✉r❛ s✐♠♣❧ét✐❝❛✳ ❱❡❥❛♠♦s ❝♦♠♦ s❡ ❞á ❡ss❛ ♦❜str✉çã♦✳ ❙❡❥❛ (M2n, ω) ✉♠❛ ✈❛r✐❡❞❛❞❡

s✐♠♣❧ét✐❝❛ ❡ ❛ss✉♠❛ ▼ ❢❡❝❤❛❞❛ ✭✐✳❡✳ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ ❡ s❡♠ ❜♦r❞♦✮✳ ❈♦♠♦ dω = 0✱ [ω] ∈

H2
dR(M,R)✳ ❆❧é♠ ❞✐ss♦✱ 0 6= [ω]n = [ωn] ∈ H2n

dR(M,R) ✭♦♥❞❡ [ω]n é ♦ ♣r♦❞✉t♦ ❞❡ [ω] ♥ ✈❡③❡s

♥❛ ❝♦❤♦♠♦❧♦❣✐❛ ❞❡ ❞❡ ❘❤❛♠✮✱ ♣♦✐s✱ ❝❛s♦ ❝♦♥trár✐♦✱ ωn s❡r✐❛ ✉♠❛ ❢♦r♠❛ ❡①❛t❛ ❡✱ ❝♦♠♦ ▼ é s❡♠

❜♦r❞♦✱ ♣❡❧♦ t❡♦r❡♠❛ ❞❡ ❙t♦❦❡s ♦❜t❡rí❛♠♦s q✉❡ ❛ ✐♥t❡❣r❛❧ ❞❡ ωn s♦❜r❡ ▼ é ③❡r♦✱ ♦ q✉❡ ❝♦♥tr❛❞✐③

♦ ❢❛t♦ ❞❡ ωn s❡r ❢♦r♠❛ ✈♦❧✉♠❡✳ P♦rt❛♥t♦✱ ❞❡✈❡♠♦s t❡r H2j
dR(M,R) 6= 0✱ j = 1, . . . , n✳ ❈♦♠♦

Hk
dR(S

n,R) é ♥ã♦ tr✐✈✐❛❧ ❛♣❡♥❛s ♣❛r❛ k = 0, n ❬✽❪✱ ♥❡♥❤✉♠❛ ❡s❢❡r❛ ❞❡ ❞✐♠❡♥sã♦ ♠❛✐♦r q✉❡ ❞♦✐s

♣♦❞❡ s❡r ❞♦t❛❞❛ ❞❡ ❡str✉t✉r❛ s✐♠♣❧ét✐❝❛✳
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✷✳✶✳✶ ▼❛♣❛ ▼♦♠❡♥t♦

❙❡❥❛ (M,ω) ✉♠❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛✳ ❉❛❞♦✱ H ∈ C∞(M)✱ dH ∈ Ω1(M)✱ ❡ ❝♦♥s✐❞❡r❡ ♦

❝❛♠♣♦ XH ❞❛❞♦ ♣❡❧♦ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ X(M) ❡ Ω1(M)✱ ✐✳❡✳

iXH
ω = dH

t❛❧ ❝❛♠♣♦ é ❝❤❛♠❛❞♦ ❝❛♠♣♦ ❤❛♠✐❧t♦♥✐❛♥♦✳

◆♦t❡ q✉❡ XH ❞❡✐①❛ ❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ✐♥✈❛r✐❛♥t❡ ✭✐✳❡✳ LXH
ω = 0✱ ♦♥❞❡ L é ❛ ❞❡r✐✈❛❞❛ ❞❡

▲✐❡✮✳ ❉❡ ❢❛t♦✱ ♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ❈❛rt❛♥ t❡♠♦s q✉❡✿

LXH
ω = diXH

ω + iXh
dω = 0

♣♦✐s iXH
ω = dH ✭❡ d2 = 0✮ ❡ dω = 0 ✭❢♦r♠❛ s✐♠♣❧ét✐❝❛✮✳

❈♦♠❡❝❡♠♦s ❛❣♦r❛ ❝♦♠ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X ∈ X(M) q✉❡ ❞❡✐①❛ ❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ✐♥✲

✈❛r✐❛♥t❡✳ ❊♥tã♦✱ ♥♦✈❛♠❡♥t❡ ♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ❈❛rt❛♥✿

0 = LXω = diXω + iXdω = diXω

❖✉ s❡❥❛✱ iXω é ❢❡❝❤❛❞❛✳ ❙❡ ♣❡❞✐r♠♦s H1
dR(M) = 0✱ iXω é t❛♠❜é♠ ❡①❛t❛ ❡ ❡①✐st❡ H ∈ C∞(M)

s❛t✐s❢❛③❡♥❞♦ iXω = dH ✭❝❧❛r❛♠❡♥t❡ ♥ã♦ ❤á ✉♥✐❝✐❞❛❞❡✱ ♣♦✐s H + constante t❛♠❜é♠ s❛t✐s❢❛③

❛ ❝♦♥❞✐çã♦✮✳ ❆ss✐♠✱ s❡ H1
dR(M) = 0 ✭▼ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛✱ ♣♦r ❡①❡♠♣❧♦✮✱ t♦❞♦ ❝❛♠♣♦ ❞❡

✈❡t♦r❡s q✉❡ ❞❡✐①❛ ω ✐♥✈❛r✐❛♥t❡ é ❝❛♠♣♦ ❤❛♠✐❧t♦♥✐❛♥♦✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✽✳ ❈❛♠♣♦s ❤❛♠✐❧t♦♥✐❛♥♦s ♥♦s ♣❡r♠✐t❡♠ ❞❡✜♥✐r ✉♠ ❝♦❧❝❤❡t❡ ❞❡ P♦✐ss♦♥ ❡♠
C∞(M)✱ ❛ s❛❜❡r

{f, g} = Xf (g) = ω(Xg, Xf )

♦♥❞❡ ❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ✈❡♠ ❞❡ Xf (g) = dg(Xf ) = iXg
ω(Xf ) = ω(Xg, Xf ) ✭❛q✉✐✱ ❝♦♠♦ ❛♥t❡✲

r✐♦r♠❡♥t❡✱ df = iXf
ω ❡ dg = iXg

ω✮✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦ ❝♦❧❝❤❡t❡ ❞❡ P♦✐ss♦♥ t♦r♥❛ C∞(M) ✉♠❛
á❧❣❡❜r❛ ❞❡ ▲✐❡ ✭❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✮✳

❈❛♠♣♦s q✉❡ ❞❡✐①❛♠ ❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ✐♥✈❛r✐❛♥t❡ ♣♦❞❡♠ s❡r ♦❜t✐❞♦s✱ ❝♦♠♦ ✈❡r❡♠♦s ❛

s❡❣✉✐r✱ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ❛çã♦ s✐♠♣❧ét✐❝❛ ❞❡ ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ● ❡♠ (M,ω)✱ ♦♥❞❡ (M,ω) é

✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛✳ ● ❛❣❡ s✐♠♣❧❡t✐❝❛♠❡♥t❡ ❡♠ (M,ω) s❡ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s

ψ : G −→ Diff(M)✱ t❛❧ q✉❡ ψ∗
gω = ω✱ ♣❛r❛ t♦❞♦ g ∈ G✳ ❖✉ s❡❥❛✱

ψ : G −→ Sympl(M,ω)
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❉❛❞♦✱ ξ ∈ g✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❛ss♦❝✐❛❞♦✱ Xξ ∈ X(M)✱ ❞❛❞♦ ♣♦r

(Xξ)p =
d

dt

∣∣∣∣
t=0

(exp(tξ) · p)

❙♦❜r❡ ❛ ♥♦t❛çã♦✿ ❊♠ ❣❡r❛❧ ✱ ❝♦♥❢✉♥❞✐r❡♠♦s ❛çõ❡s ✭à ❡sq✉❡r❞❛✮ ❞❡ ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ● ♥✉♠❛

✈❛r✐❡❞❛❞❡ ▼✱ G×M −→ M ✱ ❝♦♠ ❤♦♠♦♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s ψ : G −→ Diff(M)✳ ❉❡ ❢❛t♦✱ ❛s

♥♦çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s ❡ ❛ ❛çã♦ ✭q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r ·✮ ❡stá r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ♦ ❤♦♠♦♠♦r✜s♠♦

ψ ♣♦r ψg(p) = g · p✳ P♦r ❛❜✉s♦ ❞❡ ♥♦t❛çã♦✱ ✜①❛❞♦ ✉♠ p ∈M ✱ ❛ ❛♣❧✐❝❛çã♦ G −→M ✱ g 7−→ g · p✱

s❡rá ❞❡♥♦t❛❞❛ ♣♦r ψp✳

❉✐t♦ ✐ss♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r (Xξ)p = d
dt

∣∣
t=0

(exp(tξ) · p) = d
dt

∣∣
t=0

ψp(exp(tξ)) = dψp(e)ξ✱ ♦♥❞❡

❢❛③❡♠♦s ❛ ✐❞❡♥t✐✜❝❛çã♦ ✉s✉❛❧ ❞❡ g ❝♦♠ TeG✳

❆♥t❡s ❞❡ ♠♦str❛r q✉❡ ♦s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❞❡✜♥✐❞♦s ❛❝✐♠❛✱ Xξ ∈ X(M)✱ ❞❡✐①❛♠ ❛ ❢♦r♠❛

s✐♠♣❧ét✐❝❛ ✐♥✈❛r✐❛♥t❡✱ ✈❛♠♦s r❡❧❡♠❜r❛r ✐♥❢♦r♠❛❧ ❡ ❜r❡✈❡♠❡♥t❡ ❛ ♥♦çã♦ ❞❡ ✢✉①♦ ❞❡ ✉♠ ❝❛♠♣♦✳

❉❛❞♦ X ∈ X(M)✱ ❞✐③❡♠♦s q✉❡ ✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ γ : I ⊆ R −→ M é ✉♠❛ ❝✉r✈❛ ✐♥t❡❣r❛❧

❞❡ ❳✱ s❡ γ′(t) = Xγ(t)✱ ♣❛r❛ t♦❞♦ t ∈ I✳ ❚♦♠❛♥❞♦ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s✱ ♦❜t❡♠♦s ✉♠ s✐st❡♠❛ ❞❡

❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s ❡ ❝♦♥❝❧✉✐✲s❡✱ ♣❡❧♦s t❡♦r❡♠❛s ♣❛❞rõ❡s ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡

❊❉❖s✱ q✉❡ ❞❛❞♦ p ∈M ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ γp : (ap, bp) −→M ✱ ap, bp ∈ R∪{±∞}✱

❝♦♠ 0 ∈ (ap, bp) ✭✐✮✱ γp(0) = p ✭✐✐✮ ❡ t❛❧ q✉❡✱ s❡ η : (c, d) −→ M é ♦✉tr❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ s❛t✐s❢❛✲

③❡♥❞♦ ✭✐✮ ❡ ✭✐✐✮✱ ❡♥tã♦ (c, d) ⊆ (ap, bp) ❡ (γp)|(c,d) = η✳ ❈❤❛♠❛♠♦s t❛❧ ❝✉r✈❛ ❞❡ ❝✉r✈❛ ✐♥t❡❣r❛❧
♠❛①✐♠❛❧ ❞❡ ❳ ♣♦r ♣✳ ❉❛❞♦ p ∈ M ✱ ♠♦str❛✲s❡ q✉❡ ❡①✐st❡ ǫ > 0✱ ❡ ✉♠ ❛❜❡rt♦ ❯ ❝♦♥t❡♥❞♦ ♣✱ t❛❧

q✉❡ ♦ ♠❛♣❛ (−ǫ, ǫ)×U −→M ✱ ❞❛❞♦ ♣♦r (t, q) 7−→ φtX(q)
.
= γq(t)✱ é ❜❡♠ ❞❡✜♥✐❞♦ ❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳

❈❤❛♠❛♠♦s φtX ❞❡✢✉①♦ ❞♦ ❝❛♠♣♦ ❳ ✭✈❡r✱ ♣♦r ❡①❡♠♣❧♦✱ ❬✷✼❪ ♣❛r❛ ✉♠❛ ❞✐s❝✉ssã♦ ♠❛✐s ❞❡t❛❧❤❛❞❛✮✳

❱♦❧t❛♥❞♦ ❛♦ ♥♦ss♦ ❝❛s♦✱ ❞❛❞♦ ξ ∈ g✱ ❝♦♥s✐❞❡r❡ ❛ ❝✉r✈❛ γ(t) = exp(tξ) · p✱ q✉❡ ❡stá ❞❡✜♥✐❞❛

♥✉♠ ❛❜❡rt♦ ❝♦♥t❡♥❞♦ ✵✱ γ(0) = p ❡ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❞❡✜♥✐çã♦ q✉❡ γ′(0) = (Xξ)p✳ ▼❛✐s

❛✐♥❞❛✱ γ é ❝✉r✈❛ ✐♥t❡❣r❛❧ ❞❡ Xξ ♣♦r ♣✳ ❉❡ ❢❛t♦✱ (Xξ)γ(s) = d
dt

∣∣
t=0

exp(tξ) · (exp(sξ) · p) =
d
dt

∣∣
t=0

(exp(tξ)exp(sξ)) · p = d
dt

∣∣
t=0

exp(t+ s)ξ · p = γ′(s)✳

❉❛❞♦ ✉♠ ❝❛♠♣♦ X ∈ X(M)✱ (LXω)p = d
dt

∣∣
t=0

((φtX)
∗ω)p✱ ♦♥❞❡ φtX ❞❡♥♦t❛ ♦ ✢✉①♦ ❞♦ ❝❛♠♣♦

❳✳ P♦rt❛♥t♦✱ ❝♦♠♦ ♣❛r❛ ♦ ❝❛♠♣♦ X = Xξ✱ φtX = ψexp(tξ) ❡ ❛ ❛çã♦ é s✐♠♣❧ét✐❝❛ ✭ψ∗
gω = ω✱ ♣❛r❛

t♦❞♦ g ∈ G✮✱ t❡♠♦s q✉❡ LXξ
ω = 0✳

❆ss✐♠✱ s❡ H1
dR(M) = 0✱ Xξ é ❝❛♠♣♦ ❤❛♠✐❧t♦♥✐❛♥♦✳ ❊s❝♦❧❤❡♥❞♦✱ Hξ ∈ C∞(M)✱ ♣❛r❛ ❝❛❞❛

✹✾



ξ ∈ g✱ ❝♦♠ dHξ = iXξω✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ ♠❛♣❛

g −→ C∞(M)

ξ 7−→ Hξ

❊ss❡ ♠❛♣❛ ♣♦❞❡ s❡r t♦♠❛❞♦ ❧✐♥❡❛r✳ P❛r❛ ✐ss♦✱ ✜①❡ ✉♠❛ ❜❛s❡ {ξ1, . . . , ξk} ❞❡ g✱ ❡s❝♦❧❤❛ Hξj ∈

C∞(M) s❛t✐s❢❛③❡♥❞♦ dHξj = iXξj
ω✱ j = 1, . . . , k✱ ❡ ❡st❡♥❞❛ ♣♦r ❧✐♥❡❛r✐❞❛❞❡✳ ❉❛❞♦ ξ ∈ g✱

ξ =
k∑

j=1

ajξj ❡ (Xξ)p = dψp(e)ξ =
k∑

j=1

ajdψp(e)ξj =
k∑

j=1

aj(Xξj)p✱ ❧♦❣♦ Xξ =
k∑

j=1

ajXξj ✳

❆❣♦r❛✱ ❝♦♠♦ ❡st❡♥❞❡♠♦s ♦ ♠❛♣❛ g −→ C∞(M) ♣♦r ❧✐♥❡❛r✐❞❛❞❡✱ Hξ =
k∑

j=1

ajHξj ⇒ dHξ =

k∑

j=1

ajdHξj =
k∑

j=1

ajiXξj
ω = ω(

k∑

j=1

ajXξj , ·) = iXξ
ω✱ ❝♦♠♦ ❣♦st❛rí❛♠♦s✳

◆♦t❡ q✉❡✱ ♠❡s♠♦ ♣❡❞✐♥❞♦ q✉❡ ♦ ♠❛♣❛ g −→ C∞(M) s❡❥❛ ❧✐♥❡❛r✱ ❛✐♥❞❛ ❤á ✉♠❛ ❡s❝♦❧❤❛ ❞❡

❝♦♥st❛♥t❡s✳ P❛r❛ t❡♥t❛r r❡♠❡❞✐❛r ❡ss❛ s✐t✉❛çã♦ ✈❛♠♦s ♣❡♥s❛r ♥❡ss❡ ♠❛♣❛ ❝♦♠♦✿

µ :M −→ g∗

µ(p)(ξ) = Hξ(p)

♦♥❞❡ p ∈ M ❡ ξ ∈ g✳ ❖❜s❡r✈❡ q✉❡✱ ❛♦ ♣❡❞✐r♠♦s ❧✐♥❡❛r✐❞❛❞❡ ❞❡ g −→ C∞(M)✱ ❣❛r❛♥t✐♠♦s q✉❡

♦ ♠❛♣❛ ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ✭✐✳❡✳ µ(p) ∈ g∗✮✳

❆❣♦r❛✱ ● ❛❣❡ ♥♦ ❞♦♠í♥✐♦ ❡ ♥♦ ❝♦♥tr❛✲❞♦♠í♥✐♦ ❞♦ ♠❛♣❛ µ✳ ❆ ❛çã♦ ❡♠ g∗ é ❞❛❞❛ ♣❡❧❛ r❡✲

♣r❡s❡♥t❛çã♦ ❝♦❛❞❥✉♥t❛✱ q✉❡ r❡❧❡♠❜r❛r❡♠♦s ❛❜❛✐①♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❛ss♦❝✐❛❞♦ ❛♦ ❣r✉♣♦ ❞❡ ▲✐❡

●✱ t❡♠♦s✱ ♣❛r❛ ❝❛❞❛ g ∈ G✱ ♦s ❞✐❢❡♦♠♦r✜s♠♦s Lg, Rg : G −→ G ✭♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❣ à ❡sq✉❡r❞❛

❡ à ❞✐r❡✐t❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮✳ ❉❡♥♦t❛♠♦s ♣♦r Cg = Lg ◦Rg−1 ✭❝♦♥❥✉❣❛çã♦✮✳ ❉❡✜♥✐♠♦s ❡♥tã♦ ❛

r❡♣r❡s❡♥t❛çã♦ ❛❞❥✉♥t❛ ♣♦r

Ad : G −→ Aut(g)

Ad(g) = dCg(e)

❆ ❛çã♦ ❝♦❛❞❥✉♥t❛ ❞❡✜♥❡✲s❡ ❝♦♠♦

Ad∗ : G −→ Aut(g∗)

Ad∗g(δ)(ξ) = δ(Adg−1ξ)

✺✵



❖❜s❡r✈❛çã♦ ✷✳✶✳✾✳ ❆ ♣r❡s❡♥ç❛ ❞❡ g−1 ♥❛ ❞❡✜♥✐çã♦ ❞❛ r❡♣r❡s❡♥t❛çã♦ ❝♦❛❞❥✉♥t❛ é ♥❡❝❡ssár✐❛
♣❛r❛ t❡r♠♦s ❞❡ ❢❛t♦ ✉♠❛ r❡♣r❡s❡♥t❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ Cgh(x) = ghxh−1g−1 = Cg ◦ Ch(x)✱
❧♦❣♦✱ t♦♠❛♥❞♦ ❛ ❞❡r✐✈❛❞❛ ♥♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ e ∈ G✱ ♦❜t❡♠♦s Adgh = AdgAdh✳ ❆❣♦r❛✱
Ad∗gh(δ)(ξ) = δ(Adh−1g−1(ξ)) = δ(Adh−1(Adg−1) = Ad∗h(δ)(Adg−1ξ) = Ad∗g(Ad

∗
h(δ))(ξ) = Ad∗gAd

∗
h(δ)(ξ)✳

▲♦❣♦✱ ✈❛❧❡ Ad∗gh = Ad∗gAd
∗
h✳

P♦❞❡♠♦s ♣❡❞✐r✱ ❡♥tã♦✱ q✉❡ ♦ ♠❛♣❛ µ s❡❥❛ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛s ❛çõ❡s ❞❡ ● ❡♠ ▼ ❡ ❡♠ g∗✳ ❖✉

s❡❥❛✱

Ad∗g ◦ µ = µ ◦ ψg

♣❛r❛ t♦❞♦ g ∈ G✳

❱❛♠♦s r❡s✉♠✐r ❡ss❛ ❞✐s❝✉ssã♦ ♥❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✷✳✶✳✸✳ ❙❡❥❛ (M,ω) ✉♠❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛✱ ● ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ❡ ψ : G −→

Sympl(M,ω) ✉♠❛ ❛çã♦ s✐♠♣❧ét✐❝❛✳ ❉✐③❡♠♦s q✉❡ ψ é ✉♠❛ ❛çã♦ ❤❛♠✐❧t♦♥✐❛♥❛ s❡ ❡①✐st❡ ✉♠
♠❛♣❛

µ :M −→ g∗

s❛t✐s❢❛③❡♥❞♦✱

✶✳ dµξ = iXξ
ω✱ ♣❛r❛ t♦❞♦ ξ ∈ g ✭♦♥❞❡ µξ ∈ C∞(M)✱ µξ(p) .= µ(p)(ξ)✮

✷✳ Ad∗g ◦ µ = µ ◦ ψg✱ ♣❛r❛ t♦❞♦ g ∈ G

❖ ♠❛♣❛ µ é ❝❤❛♠❛❞♦ ♠❛♣❛ ♠♦♠❡♥t♦✳

▲❡♠❛ ✷✳✶✳✶✳ ❙❡❥❛ (M,ω) ✉♠❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛ ❡ ● ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ❛❣✐♥❞♦ ❞❡ ❢♦r♠❛
s✐♠♣❧ét✐❝❛ ❡♠ (M,ω)✳ ❙❡ ❛ ✷✲❢♦r♠❛ é ❡①❛t❛✱ ω = dθ✱ ❡ ❛ ❛çã♦ ♣r❡s❡r✈❛ t❛♠❜é♠ ❛ ✶✲❢♦r♠❛ θ
✭✐✳❡✳ ψ∗

gθ = θ✱ ♣❛r❛ t♦❞♦ g ∈ G✮✱ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ µ : M −→ g∗✱ ❞❡✜♥✐❞❛ ♣♦r µ(m)(ξ) =

−θ(m)(Xξ)m é ✉♠ ♠❛♣❛ ♠♦♠❡♥t♦ ♣❛r❛ ❛ ❛çã♦ ❞❡ ● ❡♠ ▼✳

Pr♦✈❛✳ ❈♦♠♦ ❛ ❛çã♦ ♣r❡s❡r✈❛ θ✱ LXξ
θ = 0 ❡ ♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ❈❛rt❛♥✱ ♦❜t❡♠♦s iXξ

dθ =

−diXξ
θ✳ ❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ iXξ

ω = −dµξ✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ♠♦str❛r ❛ ●✲❡q✉✐✈❛r✐â♥❝✐❛✱ ♣r❡❝✐s❛✲

♠♦s ♠♦str❛r q✉❡ θp(XAd
g−1ξ)p = θg·p(Xξ)g·p✳ ▼❛s✱ dψg(p)(XAd

g−1ξ)p = dψg(p)dψp(e)dCg−1(e)ξ =

d(ψg ◦ ψp ◦ Cg−1)(e)ξ ❡ ❝♦♠♦ ψg ◦ ψp ◦ Cg−1 = ψg·p✱ t❡♠♦s dψg(p)(XAd
g−1ξ)p = (Xξ)g·p✳ ❙❡♥❞♦

❛ss✐♠✱ θg·p(Xξ)g·p = θg·p(dψg(p)(XAd
g−1ξ)p) = (ψ∗

gθ)p(XAd
g−1ξ)p = θp(XAd

g−1ξ)p �

✺✶



◆❡♠ t♦❞♦ ❛çã♦ s✐♠♣❧ét✐❝❛ é ❤❛♠✐❧t♦♥✐❛♥❛ ✭♦✉ s❡❥❛✱ ♠❛♣❛s ♠♦♠❡♥t♦ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡

❡①✐st❡♠✮✳ ❆❧é♠ ❞✐ss♦✱ ❝❛s♦ ❛ ❛çã♦ s❡❥❛ ❤❛♠✐❧t♦♥✐❛♥❛✱ ♣♦❞❡♠ ❡①✐st✐r ♠❛✐s ❞❡ ✉♠ ♠❛♣❛ ♠♦✲

♠❡♥t♦✳ ▼❛✐s à ❢r❡♥t❡ t❡r❡♠♦s ♠❛✐s ❛ ❞✐③❡r s♦❜r❡ ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ss❡s ♠❛♣❛s✳ ◆♦

♠♦♠❡♥t♦✱ ♥♦s ❝♦♥t❡♥t❛r❡♠♦s ❝♦♠ ❛ s❡❣✉✐♥t❡ ♦❜s❡r✈❛çã♦✳ ❙❡❥❛♠ µ1 ❡ µ2 ♠❛♣❛s ♠♦♠❡♥t♦

♣❛r❛ ❛ ❛çã♦ s✐♠♣❧ét✐❝❛ ψ : G −→ Sympl(M,ω)✱ ♦♥❞❡ ▼ é ❝♦♥❡①❛✳ ❊♥tã♦✱ ❞❛❞♦ ξ ∈ g✱

d(µξ1 − µξ2) = iXξ
ω − iXξ

ω = 0✱ ❧♦❣♦✱ ❝♦♠♦ ▼ é ❝♦♥❡①❛✱ µξ1 − µξ2 = c(ξ) ∈ R✳ ❈♦♠♦ ❛ ❛♣❧✐❝❛çã♦

ξ ∈ g 7−→ µξ ∈ C∞(M) é ❧✐♥❡❛r✱ ♦❜t❡♠♦s (µ1 − µ2)(p) = c ∈ g∗✱ ♣❛r❛ t♦❞♦ p ∈ M ✳ ❚❛♠✲

❜é♠ t❡♠♦s q✉❡ (µ1 − µ2) ◦ ψg = Ad∗g(µ1 − µ2)✱ ❧♦❣♦ Ad∗g(c) = c✱ ♣❛r❛ t♦❞♦ g ∈ G✳ ❈♦♥❝❧✉í♠♦s

q✉❡ ❞❛❞♦s ❞♦✐s ♠❛♣❛s ♠♦♠❡♥t♦✱ ❡❧❡s ❞✐❢❡r❡♠ ♣♦r ✉♠ ❡❧❡♠❡♥t♦ ❞❡ g∗ ✜①❛❞♦ ♣❡❧❛ ❛çã♦ ❝♦❛❞❥✉♥t❛✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ❞❛❞♦ ✉♠ ♠❛♣❛ ♠♦♠❡♥t♦ µ ♣❛r❛ ❛ ❛çã♦ ψ✱ ❝♦♥s✐❞❡r❡ δ ∈ g∗ ✜①❛❞♦ ♣❡❧❛ ❛çã♦

❝♦❛❞❥✉♥t❛✳ ❆ss✐♠✱ µ̃ : M −→ g∗✱ ❞❛❞♦ ♣♦r p 7−→ µ(p) + δ é ❝❧❛r❛♠❡♥t❡ ♠❛♣❛ ♠♦♠❡♥t♦ ♣❛r❛

ψ ❡ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♠❛♣❛s ♠♦♠❡♥t♦ ♣❛r❛ ❛ ❛çã♦ ❞❛❞❛ é ♣❛r❛♠❡tr✐③❛❞♦

♣❡❧♦s ❡❧❡♠❡♥t♦s ❞❡ g∗ ✜①❛❞♦s ♣❡❧❛ ❛çã♦ ❝♦❛❞❥✉♥t❛✳

❊①❡♠♣❧♦ ✷✳✶✳✶✵✳ ❙❡❥❛ M = R6 ❝♦♠ ❝♦♦r❞❡♥❛❞❛s x1, x2, x3, y1, y2, y3 ❡ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ❝❛♥ô✲
♥✐❝❛ ω = dx1 ∧ dy1 + dx2 ∧ dy

2 + dx3 ∧ dy3✳ ❈♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ❛çã♦ ❞❡ G = R3

ψ : g ×M −→M

g · (a1, a2) = (g + a1, a2)

♦♥❞❡ a1, a2, g ∈ R3✳
❆ ❛çã♦ é ❝❧❛r❛♠❡♥t❡ s✐♠♣❧ét✐❝❛✱ ✉♠❛ ✈❡③ q✉❡ dψg(p) = Id✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞♦ ξ ∈ g = R3 ❡

a = (a1, a2) ∈M

(Xξ)a = dψa(0)ξ = (ξ, 0)

❉❡✜♥❛ ❡♥tã♦ ❛ ❢✉♥çã♦ µξ : (a1, a2) ∈ M 7→ ξ · a2 ✭♦♥❞❡ · é ♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r ❞❡ R3✮✳ ❈♦♠♦ µξ

é ❧✐♥❡❛r✱ ❞❛❞♦ v = (v1, v2) ∈ TaM = R6✱

dµξ(a)v = µξ · v2

❈♦♠♦ (Xξ)a = (ξ, 0)✱ ω((ξ, 0), (v1, v2) = µξ · v2 = dµξ(a)v

❈♦♠♦ Ad∗g = Idg∗✱ t❡♠♦s q✉❡ µ : R6 −→ (R3)∗✱ ❞❛❞♦ ♣♦r (µ(a))ξ = µξ(a)✱ é ✉♠ ♠❛♣❛
♠♦♠❡♥t♦ ♣❛r❛ ❛ ❛çã♦ ❞❡s❝r✐t❛ ✭µ(g + a1, a2) = µ(a1, a2)✮✳

❊♠ ❣❡r❛❧✱ ✐❞❡♥t✐✜❝❛✲s❡ (R3)∗ ≃ R3 ❛tr❛✈és ❞♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r ❞❡ R3 ❡ ❛ss✐♠ ♦ ♠❛♣❛ ♠♦♠❡♥t♦
é ❛ ♣r♦❥❡çã♦ (a1, a2) 7→ a2✳ ❙❡ ♣❡♥s❛r♠♦s ❡♠ R6 ❝♦♠♦ ♦ ✜❜r❛❞♦ ❝♦t❛♥❣❡♥t❡ ❞❡ R3✱ t❡♠♦s q✉❡ ♦
♠❛♣❛ ♠♦♠❡♥t♦ é ♦ ♠♦♠❡♥t♦ ❧✐♥❡❛r ❞❛ ❢ís✐❝❛✳

✺✷



❊①❡♠♣❧♦ ✷✳✶✳✶✶✳ ❙❡❥❛ M = Cn ❡ G = U(n) ❛❣✐♥❞♦ ♣♦r ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ♠❛tr✐③ ❡♠ ▼ ✭❧♦❣♦✱
❛ ❛çã♦ é s✐♠♣❧ét✐❝❛✱ ♣♦✐s ❧✐♥❡❛r✮✳ ❉❡♥♦t❡♠♦s ♣♦r (·, ·) ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❤❡r♠✐t✐❛♥♦ ✉s✉❛❧ ❞❡
Cn✳ ❉❛❞♦s z ∈ Cn ✭✈✐st♦ ❝♦♠♦ ✈❡t♦r ❝♦❧✉♥❛✮ ❡ ξ ∈ u(n) ✭✐✳❡✳✱ ξ + ξ† = 0✮✱ ❞❡✜♥❛

µξ(z) = −
i

2
(ξz, z)

◆♦t❡ q✉❡✱ (ξz1, z2) = (ξz1)
tz2 = zt1ξ

tz2 = −zt1ξz2 = −(z1, ξz2) = −(ξz2, z1)✳ ❊♠ ♣❛rt✐❝✉❧❛r✱

−
i

2
(ξz, z) ∈ R✳ ❆❣♦r❛✱ ♣❛r❛ ζ ∈ TzC

n = Cn

dµξ(z)ζ = −
i

2
((ξζ, z) + (ξz, ζ)) = −

i

2
(2iIm(ξz, ζ)) = Im(ξz, ζ)

♦♥❞❡ ■♠ ❞❡♥♦t❛ ❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛✳
❚❡♠♦s q✉❡ (Xξ)z =

d
dt

∣∣
t=0

etξz = ξz✳ ◆♦t❡ ❛✐♥❞❛ q✉❡ ❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦
❤❡r♠✐t✐❛♥♦ ♥♦s ❞á ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r ❛❧t❡r♥❛❞❛ ✭r❡❛❧✮ ❡ ❡st❛ ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ❛ ✉♠❛ ❢♦r♠❛
s✐♠♣❧ét✐❝❛ ❡♠ Cn ✭s❡ zα = xα+ iyα sã♦ ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ Cn✱ ♣❡♥s❛♥❞♦ ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ R2n

❝♦♠♦ x1, . . . , xn, y1, . . . , yn✱ ❛ ❢♦r♠❛ ❛❝❤❛❞❛ Im(·, ·) ❡q✉✐✈❛❧❡ ❛ dy1 ∧ dx1 + . . .+ dyn ∧ dxn✮✳
P♦rt❛♥t♦✱ ✈❛❧❡ q✉❡ dµξ(z)ζ = ω((Xξ)z, ζ)✳ ❉❛❞♦ g ∈ U(n)✱ ❛ ❡q✉✐✈❛r✐â♥❝✐❛ ❡q✉✐✈❛❧❡ ❛

♠♦str❛r q✉❡ µg
−1ξg(z) = µξ(gz)✱ ♠❛s ✐ss♦ é ✐♠❡❞✐❛t♦ ♣♦✐s (g−1ξgz, z) = (ξgz, gz)✳

❖❜s❡r✈❛çã♦✳ (ξz, z) = tr(zz†ξ)✳ ❉❡ ❢❛t♦✱ s❡ ξ = (ξij) ❡ z = (z1, . . . , zn)✱ t❡♠♦s q✉❡ ❛ ❡♥tr❛❞❛

✭✐✱❥✮ ❞❡ zz† é zizj✳ P♦rt❛♥t♦✱ tr(zz†ξ) =
∑

i,j

zizjξji =
∑

j

(
∑

i

ξjizi)zj = (ξz, z)✳ ❉❛í✱ ✉s❛✲s❡ ♦

♣r♦❞✉t♦ ✐♥t❡r♥♦ ✐♥✈❛r✐❛♥t❡ ❞❡ u(n)✱ (ξ1, ξ2) = −tr(ξ1ξ2) ❡ ♣♦❞❡♠♦s ♣❡♥s❛r ♥♦ ♠❛♣❛ ♠♦♠❡♥t♦
❝♦♠♦

µ : Cn −→ u(n)

z 7→
i

2
zz†

◆♦t❡ q✉❡ ❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ t♦♠❛❞❛ é ♠❡♥♦s ❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ❝❛♥ô♥✐❝❛ ❞❡ Cn✳ ❙❡ q✉✐s❡r♠♦s
tr❛❜❛❧❤❛r ❝♦♠ ω = x1 ∧ y1 + . . .+ xn ∧ yn✱ ❞❡✈❡♠♦s t♦♠❛r ♦ ♠❛♣❛ ♠♦♠❡♥t♦ ❝♦♠ s✐♥❛❧ tr♦❝❛❞♦✱

✐✳❡✳✱ µ(z) =
1

2i
zz†✳

▲❡♠❛ ✷✳✶✳✷✳ ❙✉♣♦♥❤❛ q✉❡ ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ● ❛❣❡ ❤❛♠✐❧t♦♥✐❛♠❡♥t❡ ♥❛s ✈❛r✐❡❞❛❞❡s s✐♠♣❧ét✐❝❛s
(M1, ω1) ❡ (M2, ω2) ✭❝♦♠ ♠❛♣❛s ♠♦♠❡♥t♦ µ1 ❡ µ2✮✳ ❚♦♠❡ ❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ❡♠ M1×M2 ❞❛❞❛
♣♦r ω = π∗

1ω1+π
∗
2ω2 ✭✈❡r ❡①❡♠♣❧♦ ✷✳✶✳✺✮ ❡ ❝♦♥s✐❞❡r❡ ❛ ❛çã♦ ♥❛t✉r❛❧ ❞❡ ● ❡♠M1×M2✳ P❛r❛ ❡st❛

❛çã♦✱ t❡♠♦s ✉♠ ♠❛♣❛ ♠♦♠❡♥t♦ µ :M1×M2 −→ g∗✱ ❞❡✜♥✐❞♦ ♣♦r µ(m1,m2) = µ1(m1)+µ2(m2)✳

Pr♦✈❛✳ ❆ ❞❡♠♦♥str❛çã♦ é ó❜✈✐❛ ✉♠❛ ✈❡③ q✉❡✱ ❞❛❞♦ ξ ∈ g✱ (Xξ)(m1,m2) = ((Xξ)m1 , (Xξ)m2) ❡

dµξ(m1,m2)(a1, a2) = dµξ1(m1)(a1) + dµξ2(m2)(a2)✳ �
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❊①❡♠♣❧♦ ✷✳✶✳✶✷✳ ❚❡♠♦s q✉❡ U(1) = S1 ❛❣❡ ♣♦r ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ✉♠ ♥ú♠❡r♦ ❝♦♠♣❧❡①♦ ❡♠
❝❛❞❛ ❡♥tr❛❞❛ ❞❡ (Ck, ω0)✳ ❊st❛✱ ♥❛❞❛ ♠❛✐s é q✉❡ ❛ ❛çã♦ ❞✐❛❣♦♥❛❧✱ ❝♦♠♦ ♥♦ ❧❡♠❛ ❛❝✐♠❛✱ ❞♦
❡①❡♠♣❧♦ ❛♥t❡r✐♦r✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ n = 1✳ P❡❧♦ ❧❡♠❛✱ ♦ ♠❛♣❛ ♠♦♠❡♥t♦ ❝♦rr❡s♣♦♥❞❡♥❞♦ ❛ ❡st❛

❛çã♦ é ❞❛❞♦ ♣♦r µ : Ck −→ iR✱ µ(z) =
1

2i
(z1z1 + . . . zkzk) =

1

2i
|z|2✱ ♦♥❞❡ z = (z1, . . . , zk)✳

❈♦♠♦ ❢♦✐ ❝♦♠❡♥t❛❞♦✱ ♥❡♠ t♦❞❛ ❛çã♦ s✐♠♣❧ét✐❝❛ é ❤❛♠✐❧t♦♥✐❛♥❛ ❡ ❞❛❞❛ ✉♠❛ ❛çã♦ ❤❛♠✐❧t♦✲

♥✐❛♥❛✱ ♦ ♠❛♣❛ ♠♦♠❡♥t♦ ♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ú♥✐❝♦✳ ◗✉❡stõ❡s ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞♦

♠❛♣❛ ♠♦♠❡♥t♦ ♣♦❞❡♠ s❡r r❡s♣♦♥❞✐❞❛ ❛tr❛✈és ❞❛ ✐♥tr♦❞✉çã♦ ❞❡ ✉♠❛ t❡♦r✐❛ ❞❡ ❝♦❤♦♠♦❧♦❣✐❛ ❞❡

á❧❣❡❜r❛s ❞❡ ▲✐❡✳ P❛r❛ ♠❛✐♦r❡s ✐♥❢♦r♠❛çõ❡s✱ ❝♦♥s✉❧t❡ ❬✾❪ ✭❝❛♣ít✉❧♦ ❳✱ s❡çã♦ ✷✻✮✳ ❊♠ ♣❛rt✐❝✉❧❛r✱

t❡♠♦s q✉❡✱ s❡ ● é ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ❝♦♠♣❛❝t♦✱ ❝♦♥❡①♦ ❡ s❡♠✐✲s✐♠♣❧❡s✱ t♦❞❛ ❛çã♦ s✐♠♣❧ét✐❝❛ é

❤❛♠✐❧t♦♥✐❛♥❛ ❡ ❛❞♠✐t❡ ú♥✐❝♦ ♠❛♣❛ ♠♦♠❡♥t♦✳

✷✳✶✳✷ ❘❡❞✉çã♦

❙❡❥❛ ● ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ❝♦♠♣❛❝t♦✱ (M,ω) ✉♠❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛ ❡ ψ :M −→ Sympl(M,ω)

✉♠❛ ❛çã♦ ❤❛♠✐❧t♦♥✐❛♥❛ ❝♦♠ ♠❛♣❛ ♠♦♠❡♥t♦ µ :M −→ g∗✳

❙❡ δ ∈ g∗ é ✈❛❧♦r r❡❣✉❧❛r✱ µ−1(δ) é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ♠❡r❣✉❧❤❛❞❛ ❞❡ ▼✱ ❝✉❥❛ ❞✐♠❡♥sã♦ é

dimM − dimG ✭♣♦✐s dimg∗ = dimg = dimG✮✳ ❙❡ ❞❡♥♦t❛r♠♦s ♣♦r Gδ = {g ∈ G ; Ad∗gδ = δ}

✭♦✉ s❡❥❛✱ ♦ ❣r✉♣♦ ❞❡ ✐s♦tr♦♣✐❛ ❞❡ δ ❝♦♠ r❡s♣❡✐t♦ à ❛çã♦ ❝♦✲❛❞❥✉♥t❛✮✱ ✜❝❛ ❜❡♠ ❞❡✜♥✐❞❛ ❛ ❛çã♦

q✉❛♥❞♦ ♥♦s r❡str✐♥❣✐♠♦s ❛

Gδ × µ−1(δ) −→ µ−1(δ)

❉❡ ❢❛t♦✱ s❡ p ∈ µ−1(δ) ❡ g ∈ Gδ✱ µ(g · p) = Ad∗gµ(p) = Ad∗gδ = δ✳ ❊♥tã♦✱ s❡ ❛ss✉♠✐r♠♦s q✉❡

Gδ ❛❣❡ ❧✐✈r❡♠❡♥t❡ ❡♠ µ−1(δ)✱ ❝♦♠♦ ● é ❝♦♠♣❛❝t♦ Mδ
.
= µ−1(0)/Gδ é ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡

πδ : µ
−1(δ) −→Mδ é ✉♠❛ s✉❜♠❡rsã♦✳

❚❡♦r❡♠❛ ✷✳✶✳✶✸✳ ✭▼❛rs❞❡♥✲❲❡✐♥st❡✐♥✮ ◆❛s ❝♦♥❞✐çõ❡s ❞❛❞❛s ❛❝✐♠❛✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❢♦r♠❛
s✐♠♣❧ét✐❝❛ ωred ❡♠ Mδ t❛❧ q✉❡ i∗ω = π∗

δωred✱ ♦♥❞❡

µ−1(δ)

πδ

��

�

� i
//M

Mδ

Pr♦✈❛✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶❪✭♣á❣✐♥❛s ✷✾✾✲✸✵✵✮✳ �

❖❜s❡r✈❛çã♦ ✷✳✶✳✶✹✳ ❖ t❡♦r❡♠❛ ❞❛ r❡❞✉çã♦ s✐♠♣❧ét✐❝❛ ✭▼❛rs❞❡♥✲❲❡✐♥st❡✐♥✮ ♣♦❞❡ s❡r ❡♥✉♥❝✐✲
❛❞♦ ❞❡ ❢♦r♠❛ ♠❛✐s ❣❡r❛❧ ✭s❡♠♣r❡ q✉❡ Mδ t❡♠ ❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡ ❡ ωred ❡stá ❜❡♠ ❞❡✜♥✐❞♦✮✳

✺✹



❆ ❝♦♠♣❛❝✐❞❛❞❡ ❞♦ ❣r✉♣♦ ❞❡ ▲✐❡✱ ♣♦r ❡①❡♠♣❧♦✱ ♣♦❞❡ s❡r s✉❜st✐t✉í❞❛ ♣❡❧❛ ❤✐♣ót❡s❡ ❞❛ ❛çã♦ s❡r
♣ró♣r✐❛✱ ❞❡ ♠♦❞♦ q✉❡ Mδ ❛✐♥❞❛ ♣♦ss✉✐ ❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡ ✭t❛❧ q✉❡ ❛ ♣r♦❥❡çã♦ é ✉♠❛ s✉❜✲
♠❡rsã♦✮✳ ▼❛✐s ❣❡r❛❧♠❡♥t❡✱ ♣♦❞❡✲s❡ t❛♠❜é♠ ❝♦♥s✐❞❡r❛r ❛ r❡❞✉çã♦ s✐♠♣❧ét✐❝❛ ♥♦ ❝♦♥t❡①t♦ ❞❡
❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ ✭✈❡r ❞❡t❛❧❤❡s ❡♠ ❬✷✺❪✱ ♣á❣✐♥❛ ✷✻✾✱ ❡ ❬✶❪✱ ♣á❣✐♥❛s ✷✾✾✲✸✵✵✮✳

❊①❡♠♣❧♦ ✷✳✶✳✶✺✳ ❈♦♥s✐❞❡r❡ ❛ ❛çã♦ ❞❡ U(1) = S1 ❡♠ Ck✱ ❝♦♠♦ ♥♦ ❡①❡♠♣❧♦ ✷✳✶✳✶✷✳ ❆ss✐♠✱

µ−1(
1

2i
) = S2k−1

❈♦♠♦ ● é ❝♦♠♣❛❝t♦✱ ❛ ❛çã♦ é ❧✐✈r❡ ❡
1

2i
é ✈❛❧♦r r❡❣✉❧❛r s❡❣✉❡ q✉❡ Pk−1 ≃ S2k−1/S1 t❡♠ ✉♠❛

❢♦r♠❛ s✐♠♣❧ét✐❝❛ s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞♦ t❡♦r❡♠❛ ❞❡ ▼❛rs❞❡♥✲❲❡✐♥st❡✐♥✳ ❖ ❡s♣❛ç♦ ♣r♦❥❡t✐✈♦
❝♦♠♣❧❡①♦ s❡rá ❛❜♦r❞❛❞♦ ♠❛✐s à ❢r❡♥t❡✳ ❊st❡ ❡s♣❛ç♦ é✱ ♥❛ ✈❡r❞❛❞❡✱ ❑ä❤❧❡r ❡ é ♣♦ssí✈❡❧ ✈❡r✐✜❝❛r
q✉❡ ❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ q✉❡ s❛t✐s❢❛③ ♦ t❡♦r❡♠❛ ✷✳✶✳✶✸ é ❡①❛t❛♠❡♥t❡ ❛ ❢♦r♠❛ ❞❡ ❋✉❜✐♥✐✲❙t✉❞②
✭❞❡✜♥✐❞❛ ♥♦ ❡①❡♠♣❧♦ ✷✳✷✳✶✵✮✳

✷✳✷ ●❡♦♠❡tr✐❛ ❑ä❤❧❡r

❈♦♥s✐❞❡r❛çõ❡s ✐♥✐❝✐❛✐s ✲ ➪❧❣❡❜r❛ ▲✐♥❡❛r

❙❡❥❛ ❱ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧✱ ❝♦♠ dimRV = n✱ ❡ ❝♦♥s✐❞❡r❡ VC
.
= V ⊗R C✳ ❉❡ss❛ ❢♦r♠❛✱

VC t❡♠ ✉♠❛ ❡str✉t✉r❛ ♥❛t✉r❛❧ ❞❡ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠♣❧❡①♦✱ ❞❛❞❛ ♣♦r λ1 · v ⊗ λ2
.
= v ⊗ (λ1λ2)✱

♦♥❞❡ λ1, λ2 ∈ C ❡ v ∈ V ✭❡ ❛ ❝♦♥❥✉❣❛çã♦ ❡♠ VC é ❞❡✜♥✐❞❛ ♣♦r v ⊗ λ = v ⊗ λ✮✳ ❈❧❛r❛♠❡♥t❡✱

s❡ {v1, . . . , vn} é ✉♠❛ ❜❛s❡ ❞❡ ❱✱ {v1 ⊗ 1, . . . , vn ⊗ 1} é ✉♠❛ ❜❛s❡ ❝♦♠♣❧❡①❛ ❞❡ VC ❡ t❡♠♦s

dimRV = dimCVC✳

❙❡ ❲ é ♦✉tr♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ T ∈ HomR(V,W )✱ ♣❡❞✐♥❞♦ ❧✐♥❡❛r✐❞❛❞❡

❡♠ C ♦❜t❡♠♦s ✉♠ ♠❛♣❛ TC ∈ HomC(VC,WC)✱ ❞❡✜♥✐❞♦ ♣♦r TC(v⊗λ) = Tv⊗λ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱

t❡♠♦s ✉♠ ✐s♦♠♦r✜s♠♦ (V ∗)C ≃ (VC)
∗✱ ❞❛❞♦ ♣♦r φ⊗ λ 7→ λφC ✭❡st❡ ♠❛♣❛ é ❧✐♥❡❛r✱ ✐♥❥❡t✐✈♦ ❡ ❛s

❞✐♠❡♥sõ❡s ❝♦✐♥❝✐❞❡♠✮✳

●❡r❛❧♠❡♥t❡✱ ♣❡♥s❛r❡♠♦s ❡♠ VC ❝♦♠♦ ❞✉❛s ❝ó♣✐❛s ❞❡ ❱✱ ❛tr❛✈és ❞♦ ✐s♦♠♦r✜s♠♦

VC −→ V ⊕ iV

v ⊗ (a+ ib) 7→ av + ibv

❝♦♠ a, b ∈ R✳

❉❡✜♥✐çã♦ ✷✳✷✳✶✳ ❈❤❛♠❛♠♦s J ∈ End(V ) ❞❡ ❡str✉t✉r❛ q✉❛s❡✲❝♦♠♣❧❡①❛ ❞❡ ❱ s❡ J2 = −IdV ✳

✺✺



❖❜s❡r✈❛çã♦ ✷✳✷✳✶✳ ❙❡ ❏ é ✉♠❛ ❡str✉t✉r❛ q✉❛s❡✲❝♦♠♣❧❡①❛ ❡♠ ❱✱ ❞❡✈❡♠♦s t❡r q✉❡ dimRV = m

é ♣❛r✳ ❉❡ ❢❛t♦✱ J ∈ End(V ) ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ♣♦r ✉♠❛ ♠❛tr✐③ r❡❛❧ ❞❡ ♠♦❞♦ q✉❡ (detJ)2 =

det(J2) = det(−IdV ) = (−1)m✳ P♦rt❛♥t♦✱ ♠ ❞❡✈❡ s❡r ♣❛r✳

❈❛❜❡ ♦❜s❡r✈❛r q✉❡ ♥❛ ❧✐t❡r❛t✉r❛✱ ♠✉✐t❛s ✈❡③❡s✱ ✉♠❛ ❡str✉t✉r❛ q✉❛s❡✲❝♦♠♣❧❡①❛ ❏ ♥✉♠ ❡s♣❛ç♦
❡s♣❛ç♦ ✈❡t♦r✐❛❧ é ❝❤❛♠❛❞❛ ❞❡ ❡str✉t✉r❛ ❝♦♠♣❧❡①❛✳ ■ss♦ s❡ ❞❡✈❡ ❛♦ ❢❛t♦ ❞❡✱ ♥♦ ❝❛s♦ ❞❡ ❡s♣❛ç♦s
✈❡t♦r✐❛✐s✱ ♥ã♦ t❡♠♦s ♣r♦❜❧❡♠❛s ❞❡ ✐♥t❡❣r❛❜✐❧✐❞❛❞❡✳

❙❡ ❏ é ✉♠❛ ❡str✉t✉r❛ q✉❛s❡✲❝♦♠♣❧❡①❛ ❞❡ ❱✱ ❝♦♥s✐❞❡r❡ JC : VC −→ VC✳

❉❛í✱ J2
C = −IdVC ✱ ♣♦✐s J

2
C(v1 + iv2) = JC(Jv1 + iJv2) = −v1 − iv2✳ ❉❡✜♥❛ ❡♥tã♦

V 1,0 = {x ∈ VC ; JCx = ix} ✭❛✉t♦❡s♣❛ç♦ ❞❡ ❛✉t♦✈❛❧♦r ✐✮

V 0,1 = {x ∈ VC ; JCx = −ix} ✭❛✉t♦❡s♣❛ç♦ ❞❡ ❛✉t♦✈❛❧♦r ✲✐✮

❆ss✐♠✱ VC = V 1,0 ⊕ V 0,1✱ ♦♥❞❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ é ❞❛❞❛ ♣♦r

x =
1

2
(x− iJCx) +

1

2
(x+ iJCx)

❡ ❛ ❝♦♥❥✉❣❛çã♦ ❡♠ VC ♥♦s ❞á ♦ ✐s♦♠♦r✜s♠♦ V 1,0 ≃ V 0,1✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ 2n = dimRV =

dimCVC✱ ❡♥tã♦ dimCV
1,0 = dimCV

0,1 = n✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✷✳ ❈❛❜❡ r❡ss❛❧t❛r q✉❡ ✉♠❛ ❡str✉t✉r❛ q✉❛s❡✲❝♦♠♣❧❡①❛ ❞❡✜♥❡ ♥❛t✉r❛❧♠❡♥t❡ ✉♠❛
❡str✉t✉r❛ ❝♦♠♣❧❡①❛ ❡♠ ❱✱ ♣♦r (a+ bi) ·v = av+ bJv✳ ❉❡♥♦t❛r❡♠♦s ❱ ❝♦♠ ❛ ❡str✉t✉r❛ ❝♦♠♣❧❡①❛
❞❛❞❛ ♣♦r ❏ ♣♦r VJ ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ {v1, . . . , vn} é ✉♠❛ ❜❛s❡ ❞❡ VJ ✱ {v1, Jv1, . . . , vn, Jvn} é ✉♠❛
❜❛s❡ ❞❡ ❱✳ ❉❡ ❢❛t♦✱ s❡ t❡♠♦s a1v1+b1Jv1+. . .+anvn+bnJvn = 0✱ ♦♥❞❡ ♦s ❝♦❡✜❝✐❡♥t❡s sã♦ r❡❛✐s✱
❡♥tã♦ ❡ss❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r✱ ❡♠ VJ ✱ é (a1+b1i)v1+. . .+(an+bni)vn = 0✱ ❞❡ ♠♦❞♦ q✉❡ ❝❛❞❛ ✉♠
❞♦s ❝♦❡✜❝✐❡♥t❡s é ③❡r♦ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ {v1, Jv1, . . . , vn, Jvn} é ▲■ ✭❡♠ ❱✮✳ ❈♦♠♦ q✉❛❧q✉❡r
❡❧❡♠❡♥t♦ ❞❡ ❱ é ❞❛❞♦ ♣♦r (a1 + b1i)v1 + . . .+ (an+ bni)vn = a1v1 + b1Jv1 + . . .+ anvn+ bnJvn✱
t❡♠♦s ❞❡ ❢❛t♦ ✉♠❛ ❜❛s❡ ❡♠ ❱✳ ◆♦t❡ ❛✐♥❞❛ q✉❡

ϕ : VJ −→ V 1,0

v 7→
1

2
(v − iJv)

é ✉♠ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r✳ Pr✐♠❡✐r❛♠❡♥t❡✱ JC(
1

2
(v − iJv)) =

1

2
(Jv + iv) =

i

2
(v − iJv)✱ ❧♦❣♦

ϕ(v) ∈ V 1,0✳ ❖ ♠❛♣❛ é ❧✐♥❡❛r✱ ♣♦✐s ϕ(Jv) =
1

2
(Jv + iv) =

i

2
(v − iJv)✳ ❈♦♠♦ ϕ é ❝❧❛r❛♠❡♥t❡

✐♥❥❡t♦r ❡ ❛s ❞✐♠❡♥sõ❡s sã♦ ✐❣✉❛✐s✱ t❡♠♦s ♦ ✐s♦♠♦r✜s♠♦✳
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❙❛❜❡✲s❡ ❞❛ á❧❣❡❜r❛ ❧✐♥❡❛r q✉❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡♠ s♦♠❛ ❞✐r❡t❛ ✐♥❞✉③

✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ s♦♠❛ ❞✐r❡t❛ ♥❛s ♣♦tê♥❝✐❛s ❡①t❡r✐♦r❡s ❬✶✻❪✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ VC = V 1,0⊕V 0,1

⇒ ΛkVC =
⊕

r+s=k

(ΛrV 1,0 ⊗C ΛsV 0,1)✳ ❉❡✜♥✐♠♦s ❡♥tã♦✱

Λr,sVC
.
= ΛrV 1,0 ⊗C ΛsV 0,1

❉❡ ♠♦❞♦ q✉❡✱ ♠❛✐s s✉❝✐♥t❛♠❡♥t❡✱ ΛkVC =
⊕

r+s=k

Λr,sVC✳

❱❛r✐❡❞❛❞❡s ❈♦♠♣❧❡①❛s ❡ ◗✉❛s❡✲❈♦♠♣❧❡①❛s

❙❡❥❛ ▼ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳

❉❡✜♥✐çã♦ ✷✳✷✳✷✳ ❙❡ ▼ ❛❞♠✐t❡ ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ J : TM −→ TM ✱ t❛❧
q✉❡ J2 = −Id✱ ❞✐③❡♠♦s q✉❡ ▼ é ✉♠❛ ✈❛r✐❡❞❛❞❡ q✉❛s❡✲❝♦♠♣❧❡①❛ ❡ ❝❤❛♠❛♠♦s ❏ ❞❡ ❡str✉t✉r❛
q✉❛s❡✲❝♦♠♣❧❡①❛✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✸✳ ❯♠❛ ❡str✉t✉r❛ q✉❛s❡✲❝♦♠♣❧❡①❛ ❏ ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ✉♠ ✭✶✱✶✮ ❝❛♠♣♦
t❡♥s♦r✐❛❧✳ ❉❡ss❛ ❢♦r♠❛✱ t♦♠❛♥❞♦ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s (U, (x1, . . . , xm)) ❞❡ ▼✱ J =∑

i,j

J ij
∂

∂xi
⊗ dxj ❡♠ ❯ ✭♦♥❞❡ J ij ∈ C∞(U)✮✳ ❉❛í✱ J( ∂

∂xk
) =

∑

i

J ik
∂

∂xi
❡ − ∂

∂xk
= J2( ∂

∂xk
) =

∑

i

J ik(
∑

r

Jri
∂

∂xr
) =

∑

r

(
∑

i

J ikJ
r
i )

∂

∂xk
✳ ❉❡ ♠♦❞♦ q✉❡✱ ❧♦❝❛❧♠❡♥t❡✱ ❛ ❝♦♥❞✐çã♦ J2 = −Id✱ ♥♦s

❞á q✉❡
∑

i

J ik(p)J
r
i (p) = −δrk✱ ♣❛r❛ t♦❞♦ p ∈ U ✳

▲❡♠❛ ✷✳✷✳✶✳ ❚♦❞❛ ✈❛r✐❡❞❛❞❡ q✉❛s❡✲❝♦♠♣❧❡①❛ t❡♠ ❞✐♠❡♥sã♦ ♣❛r

Pr♦✈❛✳ ❉❡ ❢❛t♦✱ s❡❥❛ (Mm, J) t❛❧ ✈❛r✐❡❞❛❞❡ ❡ p ∈ M ✳ ❊♥tã♦✱ Jp ∈ End(TpM) ♣♦❞❡ s❡r

r❡♣r❡s❡♥t❛❞♦ ♣♦r ✉♠❛ ♠❛tr✐③ r❡❛❧ ❞❡ ♠♦❞♦ q✉❡ (detJp)
2 = det(J2

p ) = det(−IdTpM) = (−1)m✳

P♦rt❛♥t♦✱ ♠ ❞❡✈❡ s❡r ♣❛r✳ �

❱❛r✐❡❞❛❞❡s ❝♦♠♣❧❡①❛s sã♦ ♦ ❛♥á❧♦❣♦ ❝♦♠♣❧❡①♦ ❞❛s ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❖✉ s❡❥❛✱ ❡s♣❛✲

ç♦s t♦♣♦❧ó❣✐❝♦s ♠♦❞❡❧❛❞♦s ❧♦❝❛❧♠❡♥t❡ ♣♦r ❛❜❡rt♦s ❡♠ Cn ✭♣♦r ❤♦♠❡♦♠♦r✜s♠♦s✮ ❞❡ ♠♦❞♦ q✉❡

❛s tr❛♥s✐çõ❡s sã♦ ❜✐❤♦❧♦♠♦r✜s♠♦s✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✶✳ ❚♦❞❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❧❡①❛ é q✉❛s❡✲❝♦♠♣❧❡①❛✳

✺✼



Pr♦✈❛✳ ❙❡❥❛ ▼ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❧❡①❛ ❡ (U, (z1, . . . , zn)) ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s✱

♦♥❞❡ zα = xα+iyα✳ ❈❧❛r❛♠❡♥t❡✱ ▼ é t❛♠❜é♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❞❡ ❞✐♠❡♥sã♦ ✷♥✱ ❝♦♠

s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s (U, (x1, . . . , xn, y1, . . . , yn)) ✭❞❡♥♦t❡♠♦s ❡st❛✱ ♣r♦✈✐s♦r✐❛♠❡♥t❡ ♣♦r

MR✮✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❞❛❞♦ p ∈ U

TpMR = spanR{
∂

∂xα

∣∣∣∣
p

,
∂

∂yα

∣∣∣∣
p

; α = 1, . . . , n}

❉❡✜♥❛ ❡♥tã♦ ♣❛r❛ p ∈ U

Jp : TpMR −→ TpMR

∂
∂xα

∣∣
p
7→ ∂

∂yα

∣∣∣
p

∂
∂yα

∣∣∣
p
7→ − ∂

∂xα

∣∣
p

❡ ❡st❡♥❞❛ ♣♦r ❧✐♥❡❛r✐❞❛❞❡✳ ❈❧❛r❛♠❡♥t❡✱ Jp é ✉♠❛ ❡str✉t✉r❛ q✉❛s❡✲❝♦♠♣❧❡①❛ ❡♠ R✱ ✉♠❛ ✈❡③

♠♦str❛❞♦ q✉❡ ♥♦ss❛ ❞❡✜♥✐çã♦ ✐♥❞❡♣❡♥❞❡ ❞❛ ❝❛rt❛ t♦♠❛❞❛✳

❙❡❥❛ p ∈ U ∩ V ✱ ♦♥❞❡ (V, (u1 + iv1, . . . , un + ivn)) é ♦✉tr♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ❞❡

▼✳ ❊♥tã♦✱

∂
∂uβ

=
∑

α

∂xα
∂uβ

∂

∂xα
+
∂yα
∂uβ

∂

∂yα
❡ ∂

∂vβ
=
∑

α

∂xα
∂vβ

∂

∂xα
+
∂yα
∂vβ

∂

∂yα

▲♦❣♦✱

Jp(
∂

∂uβ
) =

∑

α

∂xα
∂uβ

∂

∂yα
−
∂yα
∂uβ

∂

∂xα

❈♦♠♦ ❛ tr❛♥s✐çã♦ é ❜✐❤♦❧♦♠♦r❢❛✱ s❡❣✉❡ q✉❡

{
∂xα
∂uβ

= ∂yα
∂vβ

∂xα
∂vβ

= − ∂yα
∂uβ

❡ ❛ss✐♠✱ Jp( ∂
∂uβ

) = ∂
∂vβ

✳

❆♥❛❧♦❣❛♠❡♥t❡✱ Jp( ∂
∂vβ

) = − ∂
∂uβ

❡ ❏ ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳ �

❆♣❡s❛r ❞❡ ♥ã♦ ♥♦s ❛♣r♦❢✉♥❞❛r♠♦s ♥♦ ❛ss✉♥t♦✱ ❡①✐st❡♠ ✈❛r✐❡❞❛❞❡s q✉❛s❡✲❝♦♠♣❧❡①❛s q✉❡ ♥ã♦

❛❞♠✐t❡♠ ❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❧❡①❛✳ ❆ q✉❡stã♦ ❞❡ q✉❛♥❞♦ ✉♠❛ ❡str✉t✉r❛ q✉❛s❡✲❝♦♠♣❧❡①❛

✈❡♠ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❧❡①❛ ✭❝♦♠♦ ♥❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛✮✱ ♣♦❞❡ r❡s♣♦♥❞✐❞❛ ❛tr❛✈és ❞♦

❛♥✉❧❛♠❡♥t♦ ❞❡ ✉♠ t❡♥s♦r NJ ✱ ❝❤❛♠❛❞♦ t❡♥s♦r ❞❡ ◆✐❥❡♥❤✉✐s✳ ❊st❡ é ♦ t❡♦r❡♠❛ ❞❡ ◆❡✇❧❛♥❞❡r✲

◆✐r❡♠❜❡r❣✱ q✉❡ ❛✜r♠❛ q✉❡ ✉♠❛ ❡str✉t✉r❛ q✉❛s❡✲❝♦♠♣❧❡①❛ ✈❡♠ ❞❡ ✉♠❛ ❡str✉t✉r❛ ❝♦♠♣❧❡①❛ s❡✱
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❡ s♦♠❡♥t❡ s❡✱ NJ(X, Y )
.
= [X, Y ] + J [JX, Y ] + J [X, JY ] − [JX, JY ] ≡ 0✳ ❆ ❡s❢❡r❛ S6✱ ♣♦r

❡①❡♠♣❧♦✱ ♣♦ss✉✐ ✉♠❛ ❡str✉t✉r❛ q✉❛s❡✲❝♦♠♣❧❡①❛✱ ❝✉❥❛ ❢♦r♠✉❧❛çã♦ s❡ ❞á ❛tr❛✈és ❞♦s ♦❝tô♥✐♦s ❬✹✷❪✱

♠❛s s❡✉ t❡♥s♦r ❞❡ ◆✐❥❡♥❤✉✐s ♥ã♦ é ♥✉❧♦✳ ➱✱ ♥❛ ✈❡r❞❛❞❡✱ ✉♠ ♣r♦❜❧❡♠❛ ❡♠ ❛❜❡rt♦ s❛❜❡r s❡ ❛

❡s❢❡r❛ ✻✲❞✐♠❡♥s✐♦♥❛❧ ♣♦❞❡ s❡r ♠✉♥✐❞❛ ❞❡ ✉♠❛ ❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❧❡①❛✳

❙❡❥❛ ❛❣♦r❛ M2n ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❧❡①❛ ✭❝♦♠ ❛ ❡str✉t✉r❛ q✉❛s❡✲❝♦♠♣❧❡①❛ ❞❡✜♥✐❞❛ ❛♥t❡r✐✲

♦r♠❡♥t❡✮✳ ❋✐①❛❞❛ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s (U, (z1, . . . , zn))✱ ❝♦♠ zα = xα + iyα✱ t❡♠♦s q✉❡ ♦ ❡s♣❛ç♦

t❛♥❣❡♥t❡ ✭r❡❛❧✮ ❞❛ ✈❛r✐❡❞❛❞❡ s✉❜❥❛❝❡♥t❡✱ ♣❛r❛ p ∈ U ✱ é ❞❛❞♦ ♣♦r

TpM = spanR{
∂

∂xα

∣∣∣∣
p

,
∂

∂yα

∣∣∣∣
p

; α = 1, . . . , n}

❈♦♠♣❧❡①✐✜❝❛♥❞♦ ♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡✱ ♦❜t❡♠♦s ✭❝♦♠♦ ❡①♣❧✐❝❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✮ ❛ ❞❡❝♦♠♣♦s✐çã♦

(TpM)C = T 1,0
p M ⊕ T 0,1

p M

❡ ❞❡♥♦t❡♠♦s ♣♦r TMC✱ T 1,0M ✱ T 0,1M ♦s ✜❜r❛❞♦s ❝♦♠♣❧❡①♦s ❝✉❥❛s ✜❜r❛s sã♦ (TpM)C✱ T 1,0
p M

❡ T 0,1
p M ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ✭♦s ❝❤❛♠❛❞♦s ✜❜r❛❞♦ t❛♥❣❡♥t❡ ❝♦♠♣❧❡①✐✜❝❛❞♦✱ ❤♦❧♦♠♦r❢♦ ❡ ❛♥t✐✲

❤♦❧♦♠♦r❢♦✮✳ ❚❡♠♦s q✉❡ { ∂
∂xα

∣∣
p
; α = 1, . . . , n} é ✉♠❛ ❜❛s❡ ❞❡ (TpM)J ✱ ✐✳❡✳✱ TpM ❝♦♠ ❡s✲

tr✉t✉r❛ ❞❡ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠♣❧❡①♦ ❞❛❞❛ ♣♦r ❏ ❡✱ s❡ ❞❡♥♦t❛r♠♦s ♣♦r TMJ ❡ss❡ ✜❜r❛❞♦ ✈❡t♦r✐❛❧

❝♦♠♣❧❡①♦✱ t❡♠♦s q✉❡ ❡st❡ é ✐s♦♠♦r❢♦ ❛♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ ❤♦❧♦♠♦r❢♦✳ ❈♦♥s✐❞❡r❛♥❞♦ ♦ ✐s♦♠♦r✲

✜s♠♦ ϕp : (TpM)J −→ T 1,0
p M ❡ ❧❡♠❜r❛♥❞♦ q✉❡✱ ✈✐❛ ❝♦♥❥✉❣❛çã♦✱ T 0,1

p M ≃ T 1,0
p M ✱ t❡♠♦s q✉❡

{ϕp(
∂
∂xα

∣∣
p
), ϕp(

∂
∂xα

∣∣
p
) ; α = 1, . . . , n} é ✉♠❛ ❜❛s❡ ❞❡ (TpM)C✳ ❉❡✜♥❛





∂
∂zα

.
= ϕ( ∂

∂xα
) =

1

2
( ∂
∂xα

− i ∂
∂yα

)

∂
∂zα

.
= ϕ( ∂

∂xα
) =

1

2
( ∂
∂xα

+ i ∂
∂yα

)

◆❡ss❛ ♥♦t❛çã♦✱

T 1,0
p M = spanC{

∂
∂zα

∣∣
p
, α = 1, . . . , n}

T 0,1
p M = spanC{

∂
∂zα

∣∣
p
, α = 1, . . . , n}

❈♦♠♦ ♦❜s❡r✈❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ (T ∗
pM)C = ((TpM)C)

∗ ❡ é ✉♠❛ ❝♦♥t❛ s✐♠♣❧❡s ✈❡r✐✜❝❛r q✉❡

{dzα(p), dzα(p) , α = 1, . . . , n} ❢♦r♠❛ ✉♠❛ ❜❛s❡ ❞❡ ((TpM)C)
∗ ❞✉❛❧ à ❜❛s❡ { ∂

∂zα

∣∣
p
, ∂
∂zα

∣∣
p
, α =

1, . . . , n} ❞❡ (TpM)C✱ ♦♥❞❡

✺✾



{
dzα

.
= dxα + idyα

dzα
.
= dxα − idyα

❉❡✜♥✐♠♦s ♦ ✜❜r❛❞♦ Λr,s(TMC)
∗ .
= Λr(T 1,0M)∗ ⊗ Λr(T 0,1M)∗ ❡ ❝❤❛♠❛♠♦s ❞❡ ✭r✱s✮✲❢♦r♠❛s

❞✐❢❡r❡♥❝✐❛✐s ❛s s❡çõ❡s ❞❡st❡ ✜❜r❛❞♦✳ ❉❡♥♦t❛r❡♠♦s ♦ ❡s♣❛ç♦ ❞❡ss❛s s❡çõ❡s ♣♦r Ωr,s(M)
.
=

Γ(Λr,s(TMC)
∗)✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✹✳ ▲♦❝❛❧♠❡♥t❡ ✭❡♠ ❯✮✱ ❝♦♠♦ ✈✐♠♦s✱ ❛ ❡str✉t✉r❛ q✉❛s❡✲❝♦♠♣❧❡①❛ ❏ ❝♦♥s✐❞❡r❛❞❛
❧❡✈❛ ∂

∂xα
7→ ∂

∂yα
❡ ∂

∂yα
7→ − ∂

∂xα
✳ ❚❡♠♦s ❡♥tã♦ ✉♠❛ ❡str✉t✉r❛ q✉❛s❡✲❝♦♠♣❧❡①❛ J̃ ❡♠ ❝❛❞❛ T ∗

pM ✱
♣❛r❛ p ∈ U ✱ ❞❛❞❛ ♣♦r (J̃δ)v

.
= δ(Jv)✱ ♦♥❞❡ δ ∈ T ∗

pM ❡ v ∈ TpM ✳ P♦rt❛♥t♦✱ (J̃dxα)( ∂
∂xα

) =

dxα( ∂
∂yα

) = 0 ❡ (J̃dxα)( ∂
∂yα

) = dxα(− ∂
∂xα

) = −1✱ ❞❡ ♠♦❞♦ q✉❡ J̃dxα = −dyα✳ ❆♥❛❧♦❣❛♠❡♥t❡✱
❛❝❤❛♠♦s q✉❡ J̃dyα = dxα✳ ❙❡❣✉❡ ❡♥tã♦ q✉❡ J̃Cdzα = idzα ❡ J̃Cdzα = −idzα ❡ ❛ss✐♠✱ ♦❜t❡♠♦s
(T ∗

pM)1,0 ≃ (T 1,0
p M)∗ ❡ (T ∗

pM)0,1 ≃ (T 0,1
p M)∗✳

P❡❧♦s ❝♦♠❡♥tár✐♦s ❞❛ s❡çã♦ ❛♥t❡r✐♦r ❡ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ❛❝✐♠❛✱ ✈❛❧❡ q✉❡Ωk(M)C =
⊕

r+s=k

Ωr,s(M)✳

❚❡♠♦s ❡♥tã♦ ✉♠❛ ♣r♦❥❡çã♦ ♥❛t✉r❛❧

πr,s : Ω
r+s(M) −→ Ωr,s(M)

❈♦♥s✐❞❡r❡ ❛ ❞❡r✐✈❛❞❛ ❡①t❡r✐♦r d : Ωk(M)C −→ Ωk+1(M)C ❡ ❞❡♥♦t❡ ♣♦r

∂ = πr+1,s ◦ d : Ωr,s(M) −→ Ωr+1,s(M)

∂ = πr,s+1 ◦ d : Ωr,s(M) −→ Ωr,s+1(M)

❊st❡s sã♦ ♦s ❝❤❛♠❛❞♦s ♦♣❡r❛❞♦r❡s ❞❡ ❉♦❧❜❡❛✉t✳

❉❛❞❛ θ ∈ Ωr,s(M)✱ ♣♦❞❡♠♦s ❡①♣r❡ssá✲❧❛ ❧♦❝❛❧♠❡♥t❡ ❝♦♠♦

θ =
∑

1≤α1<...<αr≤n

1≤β1<...<βs≤n

θα1...αrβ1...βsdz
α1 ∧ . . . ∧ dzαr ∧ dzβ1 ∧ . . . ∧ dzβs

♦♥❞❡✱ θα1...αrβ1...βs

.
= θ( ∂

∂zα1
, . . . , ∂

∂zαr
, ∂
∂zβ1

, . . . , ∂
∂zβs

)✳ P♦r ❝♦♠♦❞✐❞❛❞❡✱ ❞❡♥♦t❛r❡♠♦s ♣♦r A =

{1 ≤ α1 < . . . < αr ≤ n} ❡ B = {1 ≤ β1 < . . . < βs ≤ n}✱ ❞❡ ♠♦❞♦ q✉❡ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ s❡rá

s✐♠♣❧✐✜❝❛❞❛ ♣❡❧❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦✿

θ =
∑

A,B

θABdz
A ∧ dzB
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❉❛í✱

dθ =
∑

A,B

dθAB ∧ dzA ∧ dzB

♠❛s✱ dθAB =
r∑

i=1

∂θAB
∂zαi

dzαi +
s∑

i=1

∂θAB
∂zβi

dzβi P♦rt❛♥t♦✱ d = ∂ + ∂ ❡ ♦ ❢❛t♦ ❞❡ d2 = 0✱ ♥♦s ❞✐③

q✉❡

0 = ∂2 + (∂∂ + ∂∂) + ∂
2

❈♦♠♦ ❡ss❛s três ♣❛r❝❡❧❛s ❞❛ s♦♠❛ ♠♦r❛♠ ❡♠ ✜❜r❛❞♦s ❞✐st✐♥t♦s✱ ♦❜t❡♠♦s

∂2 = ∂∂ + ∂∂ = ∂
2
= 0

❖ ❢❛t♦ ❞❡ ∂
2
= 0 ♥♦s ♣❡r♠✐t❡ ✐♥tr♦❞✉③✐r ✉♠❛ t❡♦r✐❛ ❞❡ ❝♦❤♦♠♦❧♦❣✐❛✱ ❛ ❝♦❤♦♠♦❧♦❣✐❛ ❞❡

❉♦❧❜❡❛✉t✳ P❛r❛ ❝❛❞❛ r ≥ 0✱ t❡♠♦s ✉♠ ❝♦♠♣❧❡①♦

Ωr,0(M)
∂

−→ . . .
∂

−→ Ωr,s−1(M)
∂

−→ Ωr,s(M)
∂

−→ Ωr,s+1(M)
∂

−→ . . .

❡ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦ s❡❣✉✐♥t❡ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠♣❧❡①♦

Hr,s

∂
(M) =

ker{∂ : Ωr,s(M) −→ Ωr,s+1(M)}

Im{∂ : Ωr,s−1(M) −→ Ωr,s(M)}

❊①✐st❡ ✉♠ r❡s✉❧t❛❞♦ ❛♥á❧♦❣♦ ❛♦ ❧❡♠❛ ❞❡ P♦✐♥❝❛ré ♣❛r❛ ❛ ❝♦❤♦♠♦❧♦❣✐❛ ❞❡ ❉♦❧❜❡❛✉t✱ q✉❡ ❛✜r♠❛

q✉❡ ❧♦❝❛❧♠❡♥t❡ t♦❞❛ ❢♦r♠❛ ∂✲❢❡❝❤❛❞❛ é ∂✲❡①❛t❛✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✷✳ ✭∂✲▲❡♠❛ ❞❡ P♦✐♥❝❛ré✮ ❙❡❥❛ ❯ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❞♦ ❢❡❝❤♦ ❞♦ ♣♦❧✐❞✐s❝♦
B ⊆ B ⊆ U ⊆ Cn✳ ❊♥tã♦✱ s❡ s > 0✱ ❞❛❞♦ α ∈ Ωr,s(U)✱ ❡①✐st❡ β ∈ Ωr,s−1(B)✱ t❛❧ q✉❡✱ ∂β = α

❡♠ ❇✳

❆ ❞❡♠♦♥sr❛çã♦ ❞❡ss❛ ♣r♦♣♦s✐çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✷✷❪ ✭♣r♦♣ ✶✳✸✳✽✮✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✺✳ ◆♦ ❝♦♥t❡①t♦ ❞❡ ✈❛r✐❡❞❛❞❡s q✉❛s❡✲❝♦♠♣❧❡①❛s✱ ✭r✱s✮✲❢♦r♠❛s ❞✐❢❡r❡♥❝✐❛✐s ❡
♦s ♦♣❡r❛❞♦r❡s ∂ ❡ ∂ ♣♦❞❡♠ s❡r ❞❡✜♥✐❞♦s✳ ◆♦ ❡♥t❛♥t♦✱ q✉❛♥❞♦ ❛ ✈❛r✐❡❞❛❞❡ ♥ã♦ é ❝♦♠♣❧❡①❛✱

d =
∑

l+m=r+s+1

πl,m ◦d = ∂+∂+ . . . ◆❛ ✈❡r❞❛❞❡✱ ✉♠❛ ❡str✉t✉r❛ q✉❛s❡✲❝♦♠♣❧❡①❛ é ❞✐t❛ ✐♥t❡❣rá✈❡❧

q✉❛♥❞♦ d = ∂+∂✳ ▼♦str❛✲s❡ ❡♠ ❬✷✷❪✱ q✉❡ s❡r ✐♥t❡❣rá✈❡❧ é ❡q✉✐✈❛❧❡♥t❡ ❛✱ ♣♦r ❡①❡♠♣❧♦✱ π0,2◦d = 0

❡♠ Ω1,0(M)✱ ♦✉ [T 0,1M,T 0,1M ] ⊆ T 0,1M ✭♦♥❞❡✱ [·, ·] é ♦ ❝♦❧❝❤❡t❡ ❞❡ ▲✐❡ ❞❡ ❝❛♠♣♦s✮✱ ♦✉ ❛✐♥❞❛
∂
2
= 0✳ ❈♦♠♦ ❝✐t❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ✈❛❧❡ t❛♠❜é♠ q✉❡ ♦ ❛♥✉❧❛♠❡♥t♦ ❞♦ t❡♥s♦r ❞❡ ◆✐❥❡♥❤✉✐s

❡q✉✐✈❛❧❡ à ✐♥t❡❣r❛❜✐❧✐❞❛❞❡ ❞❛ ❡str✉t✉r❛ q✉❛s❡✲❝♦♠♣❧❡①❛✳
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❱❛r✐❡❞❛❞❡s ❍❡r♠✐t✐❛♥❛s ❡ ❑ä❤❧❡r

❙❡❥❛ (M,J) ✉♠❛ ✈❛r✐❡❞❛❞❡ q✉❛s❡✲❝♦♠♣❧❡①❛✳

❉❡✜♥✐çã♦ ✷✳✷✳✸✳ ❯♠❛ ♠étr✐❝❛ r✐❡♠❛♥♥✐❛♥❛ ❣ é ❞✐t❛ ♠étr✐❝❛ ❤❡r♠✐t✐❛♥❛ ❞❡ ✭▼✱❏✮ s❡ ❝♦♠♣❛tí✈❡❧
❝♦♠ ❛ ❡str✉t✉r❛ q✉❛s❡✲❝♦♠♣❧❡①❛✱ ✐✳❡✳✱

gp(Jpu, Jpv) = gp(u, v)

♣❛r❛ t♦❞♦ p ∈ M ❡ u, v ∈ TpM ✳ ◆❡st❡ ❝❛s♦✱ ❝❤❛♠❛r❡♠♦s ❛ tr✐♣❧❛ (M,J, g) ❞❡ ✈❛r✐❡❞❛❞❡
❤❡r♠✐t✐❛♥❛✳

❈❧❛r❛♠❡♥t❡✱ t♦❞❛ ✈❛r✐❡❞❛❞❡ q✉❛s❡✲❝♦♠♣❧❡①❛ ❛❞♠✐t❡ ✉♠❛ ♠étr✐❝❛ ❤❡r♠✐t✐❛♥❛✳ ❉❡ ❢❛t♦✱ t♦❞❛

✈❛r✐❡❞❛❞❡ ❛❞♠✐t❡ ♠étr✐❝❛ r✐❡♠❛♥♥✐❛♥❛ ❣ ❡✱ ❛ ♣❛rt✐r ❞❡st❛✱ ♣♦❞❡♠♦s ❞❡✜♥✐r g̃(u, v)
.
=

1

2
(g(u, v)+

g(Ju, Jv))✱ ♦♥❞❡ ♦ t❡r♠♦
1

2
♣♦❞❡r✐❛ s❡r s✉❜st✐t✉í❞♦ ♣♦r q✉❛❧q✉❡r ♦✉tr❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ✭♠❛s✱

♥❡ss❡ ❝❛s♦✱ s❡ ❣ ❥á é ❤❡r♠✐t✐❛♥❛✱ g = g̃✮✳

▲❡♠❛ ✷✳✷✳✷✳ ❙❡❥❛ ✭▼✱❏✱❣✮ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❤❡r♠✐t✐❛♥❛✳ ❊♥tã♦✱ s❡ u ∈ TM ✱ ✉ ❡ ❏✉ sã♦ ♦rt♦❣♦♥❛✐s
❝♦♠ r❡❧❛çã♦ ❛ ❣✳

Pr♦✈❛✳ ❉❡ ❢❛t♦✱ g(u, Ju) = g(Ju,−u) = −g(u, Ju) ⇒ g(u, Ju) = 0 �

❉❡✜♥✐çã♦ ✷✳✷✳✹✳ ❙❡ ✭▼✱❏✱❣✮ é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❤❡r♠✐t✐❛♥❛✱ ❞❡✜♥✐♠♦s ❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ω
♣♦r

ω(·, ·) = g(J ·, ·)

◆♦t❡ q✉❡ ❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ω ∈ Ω2(M)✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❞❛❞♦s u, v ∈ TpM ✱ ωp(u, v) =

gp(Jpu, v) é ❝❧❛r❛♠❡♥t❡ ❜✐❧✐♥❡❛r ♣❛r❛ ❝❛❞❛ p ∈ M ✭❡♠ ❣❡r❛❧✱ ♦♠✐t✐r❡♠♦s ♦ ♣♦♥t♦ ♣♦r ❝♦♠♦❞✐✲

❞❛❞❡✮✳ ❆❣♦r❛ ω é ❛♥t✐✲s✐♠étr✐❝❛

ω(u, v) = g(Ju, v) = −g(u, Jv) = −g(Jv, u) = ω(v, u)

❉❛❞❛ ✉♠❛ ♠étr✐❝❛ ❤❡r♠✐t✐❛♥❛ ❣ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❤❡r♠✐t✐❛♥♦ ❡♠ TMJ

✭✐✳❡✳ ❝❛❞❛ TpM t❡♠ ❡str✉t✉r❛ ❞❡ C✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❛❞❛ ♣♦r Jp✮

h : TpM × TpM −→ C

❉❛❞♦ ♣♦r h(u, v)
.
= g(u, v) + ig(u, Jv) ✭♦✉ s❡❥❛✱ h = g − iω✮✳

❉❡ ❢❛t♦✱ ❤ é ❝❧❛r❛♠❡♥t❡ ❜✐❧✐♥❡❛r ❡ h(u, u) = g(u, u)+ ig(u, Ju) = g(u, u) ✭❛ss✐♠✱ h(u, u) ≥ 0✱

❝♦♠ ❛ ✐❣✉❛❧❞❛❞❡ ♦❝♦rr❡♥❞♦ s❡✱ ❡ só s❡✱ u = 0✮✳ ❆❧é♠ ❞✐ss♦✱

✻✷



h(Ju, v) = g(Ju, v) + ig(Ju, Jv) = i(g(u, v) + ig(u, Jv)) = ih(u, v)

h(u, Jv) = g(u, Jv)− ig(u, v) = −i(g(u, v) + ig(u, Jv)) = −ih(u, v)

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❤❡r♠✐t✐❛♥❛ (M, g)✱ ♦♥❞❡ ▼ é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❧❡①❛ ✭❡

❛ss✐♠✱ ❛ ❡str✉t✉r❛ q✉❛s❡✲❝♦♠♣❧❡①❛ é ❛ ❞❡✜♥✐❞❛ ❛♥t❡r✐♦r♠❡♥t❡✮✳ ❱❛♠♦s ❡①♣r❡ss❛r ❛ ❢♦r♠❛

❢✉♥❞❛♠❡♥t❛❧ ❡♠ t❡r♠♦s ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ❞❡ ▼ (U, (z1, . . . , zn))✱ ♦♥❞❡

zα = xα + iyα✳

Pr✐♠❡✐r❛♠❡♥t❡ ❡st❡♥❞❛ ❏ ♣♦r C✲❧✐♥❡❛r✐❞❛❞❡ ✭JC✮ ❡ ❣ ♣♦r C✲❜✐❧✐♥❡❛r✐❞❛❞❡ ✭gC✮✳ ❙✉♣r✐♠✐r❡♠♦s✱

♣♦r ❝♦♠♦❞✐❞❛❞❡✱ ♦ í♥❞✐❝❡ C ❞❛ ❡①t❡♥sã♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱

g(u+ iv, u′ + iv′) = g(u, u′)−g(v, v′)−i(g(u, v′)+g(v, u′)) = g(u−iv, u′−iv′) = g(u+ iv, u′ + iv′)

❈♦♠♦ {dzα, dzα , α = 1, . . . , n} ❢♦r♥❡❝❡ ✉♠❛ ❜❛s❡ ❧♦❝❛❧ ♣❛r❛ ♦ ✜❜r❛❞♦ ❝♦t❛♥❣❡♥t❡ ❝♦♠♣❧❡①✐✜✲

❝❛❞♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

g =
∑

gαβdz
α ⊗ dzβ + gαβdz

α ⊗ dzβ + gαβdz
α ⊗ dzβ + gαβdz

α ⊗ dzβ

♦♥❞❡ gαβ = g( ∂
∂zα

, ∂

∂zβ
) ∈ C∞(U,C)✱ ❡t❝✳

▲❡♠❛ ✷✳✷✳✸✳ ❚❡♠♦s q✉❡

✶✳ gαβ = gαβ = 0

✷✳ gαβ = gαβ

✸✳ hαβ = hαβ = hαβ = 0

✹✳ hαβ = 2gαβ

Pr♦✈❛✳
✶✳

gαβ = g( ∂
∂zα

, ∂

∂zβ
) = g( ∂

∂zα
, ∂
∂zβ

) = gαβ

▼❛s✱

gαβ = g(
∂

∂zα
,
∂

∂zβ
) = g(J

∂

∂zα
, J

∂

∂zβ
) = g(i

∂

∂zα
, i

∂

∂zβ
) = −g(

∂

∂zα
,
∂

∂zβ
)− gαβ

P♦rt❛♥t♦✱ gαβ = gαβ = 0✳

✷✳

gαβ = g(
∂

∂zα
,
∂

∂zβ
) = g(

∂

∂zα
,
∂

∂zβ
) = gαβ

✸✳

✻✸



hαβ = gαβ + ig( ∂
∂zα

, J ∂
∂zβ

) = gαβ − gαβ = 0

hαβ = gαβ + ig( ∂
∂zα

, J ∂

∂zβ
) = 2gαβ = 0

hαβ = gαβ + ig( ∂
∂zα

, J ∂
∂zβ

) = gαβ − gαβ = 0

✹✳

hαβ = gαβ + ig(
∂

∂zα
, J

∂

∂zβ
) = 2gαβ

�

❆ss✐♠✱

g =
∑

α,β

gαβdz
α ⊗ dzβ + gαβdz

α ⊗ dzβ

h =
∑

α,β

hαβdz
α ⊗ dzβ = 2

∑

α,β

gαβdz
α ⊗ dzβ

❉❡ss❛ ❢♦r♠❛✱ ωC
.
= gC(JC·, ·) ∈ Ω2(M)C ✭❞❡♥♦t❛r❡♠♦s ❡st❛ t❛♠❜é♠ ♣♦r ω✮ ❡ ♣♦❞❡♠♦s

✈❡r✐✜❝❛r ❛ s✉❛ ❡①♣r❡ssã♦ ❧♦❝❛❧✳ ❈♦♠♦ ω = i(h− g)✱ t❡♠♦s q✉❡

ω = i
∑

α,β

gαβdz
α ⊗ dzβ − gαβdz

α ⊗ dzβ

= i
∑

α,β

gαβdz
α ⊗ dzβ − gβαdz

β ⊗ dzα

= i
∑

α,β

gαβ(dz
α ⊗ dzβ − dzα ⊗ dzβ)

= i
∑

α,β

gαβdz
α ∧ dzβ

❆❧é♠ ❞✐ss♦✱

ω = −i
∑

α,β

gαβdz
α ∧ dzβ

= −i
∑

α,β

gαβdz
α ∧ dzβ

= i
∑

α,β

gβαdz
β ∧ dzα

= ω

❈♦♥❝❧✉í♠♦s ❛ss✐♠ q✉❡ ω ∈ Ω1,1(M) ∩ Ω2(M) ✭✐✳❡✳✱ ✉♠❛ ✭✶✱✶✮✲❢♦r♠❛ r❡❛❧ ❞❡ ▼✮✳

✻✹



❉❡✜♥✐çã♦ ✷✳✷✳✺✳ ❙❡❥❛ ▼ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❧❡①❛✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ ❑ä❤❧❡r é ✉♠❛ ✈❛r✐❡❞❛❞❡
❤❡r♠✐t✐❛♥❛ ✭▼✱❣✮ ❝✉❥❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ é ❢❡❝❤❛❞❛ ✭✐✳❡✳✱ dω = 0✮✳ ◆❡ss❡ ❝❛s♦✱ ❝❤❛♠❛♠♦s ❣
❞❡ ♠étr✐❝❛ ❑ä❤❧❡r ❡ ω ❞❡ ❢♦r♠❛ ❞❡ ❑ä❤❧❡r✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✻✳ ◆♦t❡ q✉❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❑ä❤❧❡r é✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ✉♠❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛✱
♣♦✐s ❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ é ♥ã♦✲❞❡❣❡♥❡r❛❞❛✳ ❉❡ ❢❛t♦✱ s❡ u ∈ TpM é t❛❧ q✉❡ ω(u, v) = 0 ♣❛r❛
t♦❞♦ v ∈ TpM ✱ ❝♦❧♦❝❛♥❞♦ v = Ju✱ ♦❜t❡♠♦s q✉❡ g(Ju, Ju) = g(u, u) = 0 ❡ ❛ss✐♠✱ u = 0✳

❊①❡♠♣❧♦ ✷✳✷✳✼✳ ❈♦♥s✐❞❡r❡ Cn ❝♦♠ ❛ ♠étr✐❝❛ ❤❡r♠✐t✐❛♥❛ ❝❛♥ô♥✐❝❛ h =
∑

dzα ⊗ dzα✳ ❖✉

s❡❥❛✱ hαβ = 2gαβ = δαβ ❡ ❛ss✐♠ ❛ ❢♦r♠❛ ❑❛❤❧❡r é ❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ❝❛♥ô♥✐❝❛ ❡♠ Cn ≃ R2n

ω0 =
i

2

∑
dzα ∧ dzα

❊①❡♠♣❧♦ ✷✳✷✳✽✳ ❙❡❥❛ Σ ✉♠❛ s✉♣❡r❢í❝✐❡s ❞❡ ❘✐❡♠❛♥♥✱ ✐✳❡✳✱ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❧❡①❛ ❞❡ ❞✐♠❡♥✲
sã♦ ✭❝♦♠♣❧❡①❛✮ ✐❣✉❛❧ ❛ ✶✳ P♦rt❛♥t♦✱ ❞❛❞❛ ✉♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❡♠ Σ é s❡♠♣r❡ ♣♦ssí✈❡❧
❡♥❝♦♥tr❛r ✉♠❛ ♠étr✐❝❛ ❤❡r♠✐t✐❛♥❛✳ ❆ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧✱ ♥❡ss❡ ❝❛s♦✱ s❡rá ❢❡❝❤❛❞❛✱ ♣♦r s❡r
✉♠❛ ✷✲❢♦r♠❛ ♥✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❞✐♠❡♥sã♦ ✷✳ P♦rt❛♥t♦✱ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❑❛❤❧❡r✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✾✳ ❱✐♠♦s q✉❡✱ s❡ ▼ é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❧❡①❛ ❡ ❣ ✉♠❛ ♠étr✐❝❛ ❤❡r♠✐t✐❛♥❛✱
❡♥tã♦ ❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ω ∈ Ω1,1(M) ∩ Ω2(M) é ❞❛❞❛ ♣♦r ✉♠❛ ♠❛tr✐③ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛ ❡
❤❡r♠✐t✐❛♥❛✱ ❝✉❥❛ ❡♥tr❛❞❛ (α, β) é gαβ✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ❞❛❞❛ ✉♠❛ ❢♦r♠❛ ω ∈ Ω1,1(M)∩Ω2(M)✱

❧♦❝❛❧♠❡♥t❡ ❞❛ ❢♦r♠❛ ω = i
∑

α,β

aαβdz
α ∧ dzβ✱ ❝♦♠ (aαβ) ✉♠❛ ♠❛tr✐③ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✱ ♣♦❞❡♠♦s

❞❡✜♥✐r ✉♠❛ ♠étr✐❝❛ ❤❡r♠✐t✐❛♥❛ g = ω(·, J ·)✱ ❝✉❥❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❛ss♦❝✐❛❞❛ é ❝❧❛r❛♠❡♥t❡
ω✳

❊①❡♠♣❧♦ ✷✳✷✳✶✵✳ ✭❊s♣❛ç♦ Pr♦❥❡t✐✈♦ ❈♦♠♣❧❡①❛✮ ❈♦♥s✐❞❡r❡ ❛ ❛çã♦ ♥❛t✉r❛❧ ❞❡ C−{0} ❡♠ Cn+1−

{0}✳ ❖ q✉♦❝✐❡♥t❡ é ♦ ❝❤❛♠❛❞♦ ❡s♣❛ç♦ ♣r♦❥❡t✐✈♦ ❝♦♠♣❧❡①♦✱ ❡ ❞❡♥♦t❛❞♦ CPn ✭♦✉✱ s✐♠♣❧❡s♠❡♥t❡
Pn✱ ❝❛s♦ ♥ã♦ ❤❛❥❛ ❞ú✈✐❞❛ q✉❡ ❡st❛♠♦s tr❛❜❛❧❤❛♥❞♦ s♦❜r❡ ♦s ❝♦♠♣❧❡①♦s✮✳ ➱ ❝♦♠✉♠ ❞❡♥♦t❛r ♦s
♣♦♥t♦s ❞❡ Pn ♣♦r [z0 : . . . : zn]

.
= π(z0, . . . , zn)✱ ♦♥❞❡ π : Cn+1−{0} −→ Pn é ❛ ♣r♦❥❡çã♦ ♥❛t✉r❛❧✳

❈❧❛r❛♠❡♥t❡✱ [z0 : . . . : zn] = [λz0 : . . . : λzn]✱ ♣❛r❛ t♦❞♦ λ ∈ C − {0} ❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦s
❛❜❡rt♦s ✭t♦♣♦❧♦❣✐❛ q✉♦❝✐❡♥t❡✮ Uj ⊆ Pn✱ j = 0, . . . , n✱ ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦s ♣♦♥t♦s ❝✉❥❛ ❥✲és✐♠❛

❡♥tr❛❞❛ é ♥ã♦✲♥✉❧❛✳ ❚❡♠♦s ❡♥tã♦ ❛s ❝❛rt❛s ϕUj
: [z0 : . . . : zn] ∈ Uj 7→

1

zj
(z0, . . . , ẑj, . . . , zn) ∈

Cn✱ q✉❡ ❞ã♦ ✉♠❛ ❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❧❡①❛ ❡♠ Pn ✭♣♦✐s✱ ❛s tr❛♥s✐çõ❡s sã♦ ❤♦❧♦♠♦r❢❛s✮✳
P❛r❛ ❝❛❞❛ ❛❜❡rt♦ Uj ❞❡✜♥✐♠♦s ❛ s❡❣✉✐♥t❡ ✭✶✱✶✮✲❢♦r♠❛

ωj
.
=

i

2π
∂∂log(

n∑

r=0

|zrz
−1
j |2)

✻✺



❊♠ Uj ∩ Uk✱ t❡♠♦s

log(
n∑

r=0

|zrz
−1
j |2) = log(|zkz

−1
j |2

n∑

r=0

|zrz
−1
k |2) = log(|zkz

−1
j |2) + log(

n∑

r=0

|zrz
−1
k |2)

❈♦♠♦ zkz−1
j é ❛ ❦✲és✐♠❛ ❝♦♦r❞❡♥❛❞❛ ❞❡ ϕj✱ ❝❤❛♠❛♥❞♦ ❞❡ wk = zkz

−1
j ✱

∂∂log(|wk|
2) = ∂(

1

wkwk
∂(wkwk)) = ∂(

wkdwk
wkwk

) = ∂(
dwk
wk

) = 0

❡ ωj = ωk ❡♠ Uj ∩Uk✳ ◆♦t❡ q✉❡ ❡st❛ ❢♦r♠❛ é ❢❡❝❤❛❞❛✱ ♣♦✐s d∂∂ = ∂2∂ − ∂∂
2
= 0 ❡ é r❡❛❧✱ ✉♠❛

✈❡③ q✉❡ ∂∂ = ∂∂ = −∂∂✳ ❉❡♥♦t❛♠♦s ❡ss❛ ❢♦r♠❛ ✭❣❧♦❜❛❧✮ ♣♦r ωFS✳ ❊ss❛ é ❛ ❝❤❛♠❛❞❛ ❢♦r♠❛
❞❡ ❋✉❜✐♥②✲❙t✉❞② ❡ ♣r♦✈❛✲s❡ q✉❡ ❡st❛ é ❞❛❞❛ ♣♦r ✉♠❛ ♠❛tr✐③ ❤❡r♠✐t✐❛♥❛ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛ ❬✷✷❪
✭❡①❡♠♣❧♦ ✸✳✶✳✾✮✱ q✉❡ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ❛♥t❡r✐♦r ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ♠étr✐❝❛ ❤❡r♠✐t✐❛♥❛✱ q✉❡✱ ❡♠
♣❛rt✐❝✉❧❛r é ❑❛❤❧❡r✱ ❥á q✉❡ ωFS é ❢❡❝❤❛❞❛✳ ❈❤❛♠❛♠♦s t❛❧ ♠étr✐❝❛ ❞❡ ♠étr✐❝❛ ❞❡ ❋✉❜✐♥✐✲❙t✉❞②✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✶✶✳ ❙❡ ▼ é ❑❛❤❧❡r✱ q✉❛❧q✉❡r s✉❜✈❛r✐❡❞❛❞❡ ❝♦♠♣❧❡①❛ é t❛♠❜é♠ ❑❛❤❧❡r✱ q✉❛♥❞♦
r❡str✐♥❣✐♠♦s ❛ ❢♦r♠❛ ❞❡ ❑❛❤❧❡r ❞❡ ▼ à s✉❜✈❛r✐❡❞❛❞❡✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❡❧♦ ❡①❡♠♣❧♦ ❛❝✐♠❛✱
q✉❛❧q✉❡r ✈❛r✐❡❞❛❞❡ ♣r♦❥❡t✐✈❛ s❡rá t❛♠❜é♠ ❑❛❤❧❡r✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✸✳ ❙❡❥❛ ▼ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❧❡①❛ ❡ ω ∈ Ω1,1(M) ∩ Ω2(M)✳ ❊♥tã♦✱ dω = 0

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ ❝❛❞❛ p ∈M ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❯ ✭p ∈ U✮✱ t❛❧ q✉❡ ω|U = i∂∂u✱
♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦ r❡❛❧ u ∈ C∞(U)✳

Pr♦✈❛✳ ❯♠❛ ❞❛s ✐♠♣❧✐❝❛çõ❡s s❡❣✉❡ ❞♦ ❢❛t♦ ❞❡ d∂∂ = (∂ + ∂)(∂∂) = ∂2∂ + ∂∂∂ = −∂(∂∂) =

−∂
2
∂ = 0✳

❆❣♦r❛ s✉♣♦♥❤❛ dω = 0✳ ❉❛❞♦ p ∈M ✱ ♣❡❧♦ ❧❡♠❛ ❞❡ P♦✐♥❝❛ré✱ ❡①✐st❡ ✉♠❛ ✶✲❢♦r♠❛ ❞✐❢❡r❡♥❝✐á✈❡❧

❞❡ ▼✱ τ ✱ ❞❡✜♥✐❞❛ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ♣✱ t❛❧ q✉❡ ω = dτ ♥❡ss❡ ❛❜❡rt♦✳ ❈♦♠♦ Ω1(M) ⊆

Ω1(M)C = Ω1,0(M) ⊕ Ω0,1(M)✱ τ = τ 1,0 + τ 0,1✱ ♦♥❞❡ τ 1,0 ∈ Ω1,0(M) ❡ τ 0,1 ∈ Ω0,1(M)✳ ❆❧é♠

❞✐ss♦✱ ❞❡✈❡♠♦s t❡r τ = τ ⇒ τ 1,0 = τ 0,1✳ ▼❛s✱

dτ = (∂ + ∂)(τ 1,0 + τ 0,1) = ∂τ 1,0︸︷︷︸
∈Ω2,0(M)

+ ∂τ 0,1 + ∂τ 1,0︸ ︷︷ ︸
∈Ω1,1(M)

+ ∂τ 0,1︸︷︷︸
∈Ω0,2(M)

= ω ∈ Ω1,1(M)

❊♠ ♣❛rt✐❝✉❧❛r✱ ∂τ 0,1 = 0 ❡ ♣❡❧♦ ∂✲❧❡♠❛ ❞❡ P♦✐♥❝❛ré✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠ ✈❛❧♦r❡s

❡♠ C ✭❞❡✜♥✐❞❛ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❞❡ ♣ ♣♦ss✐✈❡❧♠❡♥t❡ ❛✐♥❞❛ ♠❡♥♦r✮✱ ❝♦♠ τ 0,1 = ∂f ✳

❆ss✐♠✱ τ 1,0 = τ 0,1 = ∂f = ∂f ✳

❱❛♠♦s ♠♦str❛r q✉❡✱ ❞❡ ❢❛t♦✱ ∂f = ∂f ✳ ❙❡ s é ✉♠❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ r❡❛❧✱ ∂s =
∑

α

∂s

∂zα
dzα

✻✻



❡ ❛ss✐♠✱ ∂s =
∑

α

∂s

∂zα
dzα =

∑

α

∂s

∂zα
dzα = ∂s✳ ❙❡♥❞♦ f = s1 + is2✱ ❝♦♠ s1, s2 ❢✉♥çõ❡s

❞✐❢❡r❡♥❝✐á✈❡✐s r❡❛✐s✱ t❡♠♦s q✉❡ ∂f = ∂s1 − i∂s2 = ∂s1 − i∂s2 = ∂f ✳

P♦rt❛♥t♦✱

ω = dτ = ∂τ 0,1 + ∂τ 1,0 = ∂∂f + ∂∂f = ∂∂(f − f) = ∂∂(2iIm(f)) = i∂∂(2s2)

❡ ❞❡✜♥✐♠♦s u
.
= 2Im(f) = 2s2 �

❖❜s❡r✈❛çã♦ ✷✳✷✳✶✷✳ ❈❤❛♠❛♠♦s t❛✐s ❢✉♥çõ❡s r❡❛✐s✱ r❡❢❡r❡♥t❡s ❛ ✉♠❛ ❢♦r♠❛ ❞❡ ❑ä❤❧❡r✱ ❞❡
♣♦t❡♥❝✐❛✐s ❞❡ ❑ä❤❧❡r✳

❱❛r✐❡❞❛❞❡s ❑ä❤❧❡r ✲ ❈❛r❛❝t❡r✐③❛çõ❡s

▲❡♠❜r❡ q✉❡✱ ❞❛❞❛ ✉♠❛ ♠étr✐❝❛ r✐❡♠❛♥♥✐❛♥❛ ❣ ❡♠ ▼✱ ❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ é ❛ ú♥✐❝❛

❝♦♥❡①ã♦ ♥♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ s❡♠ t♦rçã♦ ✭✐✳❡✳✱ [X, Y ] = ∇XY − ∇YX✱ ♦♥❞❡ X, Y ∈ X(M)✮

❡ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ♠étr✐❝❛ ✭✐✳❡✳✱ X(g(Y, Z)) = g(∇XY, Z) + g(Y,∇XZ)✱ X, Y, Z ∈ X(M)✱ ♦

q✉❡ ❡q✉✐✈❛❧❡ ❛ ❞✐③❡r q✉❡ ❛ ♠étr✐❝❛ é ♣❛r❛❧❡❧❛ ❝♦♠ r❡s♣❡✐t♦ à ❝♦♥❡①ã♦✮✳ ▼❛✐s ❞❡t❛❧❤❡s s♦❜r❡

❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ♥♦ ❛♣ê♥❞✐❝❡ ❈✳ ❯s❛r❡♠♦s ♥❡st❛ s❡çã♦ ❡st❛

❝♦♥❡①ã♦ ♣❛r❛ ❞❡♠♦♥str❛r ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✹✳ ❙❡❥❛ ✭▼✱❏✱❣✮ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❤❡r♠✐t✐❛♥❛✱ ω ❛ ✷✲❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❡ ∇ ❛
❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛✳ ❙ã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✶✳ ❣ é ♠étr✐❝❛ ❞❡ ❑ä❤❧❡r ✭✐✳❡✳✱ NJ = 0 ❡ dω = 0✮

✷✳ ∇ω = 0

✸✳ ∇J = 0

▲❡♠❛ ✷✳✷✳✹✳ ❙❡ X, Y, Z ∈ X(M ✱

∇Xω(Y, Z) = g((∇XJ)Y, Z)

Pr♦✈❛✳

∇Xω(Y, Z) = X(ω(Y, Z))− ω(∇XY, Z)− ω(Y,∇XZ) =

X(g(JY, Z))− g(J∇XY, Z)− g(JY,∇XZ)

♠❛s✱ ♣❡❧❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❝♦♠ ❛ ♠étr✐❝❛✱ X(g(JY, Z)) = g(∇X(JY ), Z) + g(JY,∇XZ)✳

❆❧é♠ ❞✐ss♦✱ g(∇X(JY ), Z) = g((∇XJ)Y, Z) + g(J∇XY, Z) ❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ �

✻✼



❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❧❡♠❛ ❛❝✐♠❛✱ s❡❣✉❡ q✉❡ ∇ω = 0 ⇔ ∇J = 0✳ ❉❡ ❢❛t♦✱ ∇ω = 0 ⇒

(∇Xω)(Y, Z) = 0✱ ♣❛r❛ t♦❞♦ X, Y, Z ∈ X(M)✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ t♦♠❛♥❞♦ Z = (∇XJ)Y ✱ ♦❜t❡♠♦s

q✉❡ (∇XJ)Y = 0✱ ♣❛r❛ t♦❞♦ X, Y ∈ X(M)✱ ♦✉ s❡❥❛✱ ∇J = 0✳ ❙❡ ∇J = 0✱ t❡♠♦s ✐♠❡❞✐❛t❛♠❡♥t❡

q✉❡ ∇ω = 0✳

Pr♦✈❛r❡♠♦s ❛❣♦r❛ 1 ⇔ 3✳ P❛r❛ ✐ss♦✱ ♣r❡❝✐s❛r❡♠♦s ❞♦s s❡❣✉✐♥t❡s ❧❡♠❛s✳

▲❡♠❛ ✷✳✷✳✺✳ ❙❡❥❛ X ∈ X(M)✱ ❡♥tã♦

∇XJ ◦ J = −J ◦ ∇XJ

Pr♦✈❛✳ ❙❡❥❛♠ Y, Z ∈ X(M)

✐✮ P❡❧❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❞❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❝♦♠ ❣✱ t❡♠♦s q✉❡ g(Y, Z) = g(JY, JZ) ♥♦s

❞á q✉❡✿

g(∇XY, Z)+g(Y,∇XZ) = g(∇X(JY ), JZ)+g(JY,∇X(JZ)) = g((∇XJ)Y, JZ)+g(J(∇XY ), JZ)+

g(JY, (∇XJ)Z) + g(JY, J(∇XZ))✳ ❈♦♠♦ ❣ é ♠étr✐❝❛ ❤❡r♠✐t✐❛♥❛✱ ♦❜t❡♠♦s

g((∇XJ)Y, JZ) = −g(JY, J(∇XZ)) ✭✯✮

✐✐✮ ❋❛ç❛♠♦s ♦ ♠❡s♠♦ ♣❛r❛ g(Y, JZ) = −g(JY, Z)✿

g(∇XY, JZ) + g(Y,∇X(JZ)) = −g(∇X(JY ), Z)− g(JY,∇X(Z))

▲♦❣♦✱

g(∇XY, JZ)+g(Y, (∇XJ)Z)+g(Y, J(∇XZ)) = −g((∇XJ)Y, Z)−g(J(∇XY ), Z)−g(JY,∇XZ)

♥♦✈❛♠❡♥t❡ ♣❡❧❛ ♠étr✐❝❛ s❡r ❤❡r♠✐t✐❛♥❛✱ ❡ s✉❜st✐t✉✐♥❞♦ ❨ ♣♦r ❩ ✭❡ ✈✐❝❡✲✈❡rs❛✮ ♦❜t❡♠♦s✿

g((∇XJ)Y, Z) = −g(Y, (∇XJ)Z) ✭✯✯✮

❆ss✐♠✱ s✉❜st✐t✉✐♥❞♦ ❩ ♣♦r ❏❩ ❡♠ ✭✯✯✮✱ t❡♠♦s✿

g(Y, ((∇XJ) ◦ J)Z) = −g((∇XJ)Y, JZ)
(∗)
= g(JY, (∇XJ)Z) = −g(Y, (J ◦ ∇XJ)Z)

P♦rt❛♥t♦✱ ❪

g(Y, (∇XJ ◦ J + J ◦ ∇XJ)Z) = 0

♣❛r❛ t♦❞♦ Y, Z ∈ X(M)✳ ❉❛í✱ ❝♦❧♦❝❛♥❞♦ Y = (∇XJ ◦ J + J ◦ ∇XJ)Z✱ ❝♦♥❝❧✉í♠♦s q✉❡ ∇XJ ◦

J + J ◦ ∇XJ = 0✳ �

▲❡♠❛ ✷✳✷✳✻✳ ❙❡❥❛ X ∈ X(M)✱ ❡♥tã♦

NJ = 0 ⇔ ∇JXJ = J∇XJ

✻✽



Pr♦✈❛✳ ❙❡❥❛ Y ∈ X(M)

NJ(X, Y ) = [X, Y ] + J [JX, Y ] + J [X, JY ]− [JX, JY ]

= ∇XY −∇YX + J(∇JXY −∇Y (JX)) + J(∇X(JY )−∇JYX)

−∇JX(JY ) +∇JY (JX)

= ∇XY −∇YX + J(∇JXY − (∇Y J)X − J(∇YX))

+J((∇XJ)Y + J∇XY −∇JYX)− (∇JXJ)Y − J(∇JXY ) + (∇JY J)X + J(∇JYX)

= J(∇XJ)Y − (∇JXJ)Y − (J(∇Y J)X − (∇JY J)X)

✭⇐✮ P❡❧❛ ❡①♣r❡ssã♦ ❛❝✐♠❛✱ t❡♠♦s NJ = 0

✭⇒✮ ❉❡✜♥❛ ♦ t❡♥s♦r

A(X, Y, Z)
.
= g(J(∇XJ)Y − (∇JXJ)Y, Z)

❚❡♠♦s ❡♥tã♦ q✉❡ NJ = 0 ⇔ A(X, Y, Z) = A(Y,X, Z)✳

❆♣❧✐❝❛♥❞♦ ❏ ❡♠ ✭✯✮ ❡ s✉❜st✐t✉✐♥❞♦ ❳ ♣♦r ❏❳ ❡♠ ✭✯✯✮ ✭❞♦ ❧❡♠❛ ❛♥t❡r✐♦r✮✱ ✈❛❧❡
A(X, Y, Z) = g(JY, (∇XJ)Z) + g(Y, (∇JXJ)Z)

= g((∇JXJ)Z − J(∇XJ)Z, Y )

= −A(X,Z, Y )
❆ss✐♠✱

A(X, Y, Z) = A(Y,X, Z) = −A(Y, Z,X) = −A(Z, Y,X) =

A(Z,X, Y ) = A(X,Z, Y ) = −A(X, Y, Z) ⇒ A(X, Y, Z) = 0

♣❛r❛ t♦❞♦ X, Y, Z ∈ X(M)✳

❈♦♠♦ ❣ é ♣r♦❞✉t♦ ✐♥t❡r♥♦✱ J(∇XJ) = ∇JXJ ✱ ♣❛r❛ t♦❞♦ X ∈ X(M)✳ �

❱❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡

❣ é ❑ä❤❧❡r ⇔ ∇J = 0

Pr♦✈❛✳
✭⇐✮ ❙❡ ∇J = 0✱ ∇JXJ = J∇XJ ❡✱ ♣❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ NJ = 0✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✷✳✸✱

t❡♠♦s q✉❡ ∇ω = 0 ❡ ❝♦♠♦✿

dω(X0, X1, X2) = (∇X0ω)(X1, X2)− (∇X1ω)(X0, X2) + (∇X2ω)(X0, X1)

♦❜t❡♠♦s q✉❡ dω = 0✳

✭⇒✮ ❉❡✜♥❛✱ ♣❛r❛ X, Y, Z ∈ X(M)✱ ♦ s❡❣✉✐♥t❡ t❡♥s♦r

B(X, Y, Z)
.
= g((∇XJ)Y, Z)

✻✾



◆♦t❡ q✉❡

B(X, Y, JZ) = g((∇XJ)Y, JZ)

= −g(J(∇XJ)Y, Z)

= −g((∇JXJ)Y, Z) (pois,NJ = 0)

= −B(JX, Y, Z)

P♦r ♦✉tr♦ ❧❛❞♦✱ ✈❛❧❡

B(X, Y, JZ) = g((∇XJ)Y, JZ)

= −g(J(∇XJ)Y, Z)

= g((∇XJ)JY, Z) (pois,∇XJ ◦ J = −J ◦ ∇XJ)

= B(X, JY, Z)

❉❡ss❛ ❢♦r♠❛✱ B(X, JY, Z) + B(JX, Y, Z) = 0✳

❆❣♦r❛✱ ♣❡❧♦ ▲❡♠❛ ✶✳✷✳✸✱

0 = dω(X, Y, Z)

= ∇Xω(Y, Z)−∇Y ω(X,Z) +∇Zω(X, Y )

= g((∇XJ)Y, Z)− g((∇Y J)X,Z) + g((∇ZJ)X, Y )

❈♦❧♦❝❛♥❞♦X, Y, JZ ♥❛ ❡q✉❛çã♦ ❛♥t❡r✐♦r✱ ❝♦♠♦ g((∇JZJ)X, Y ) = B(JZ,X, Y ) = −B(Z,X, JY )✱

♦❜t❡♠♦s

B(X, Y, JZ)− B(Y,X, JZ)− B(Z,X, JY ) = 0 ✭†✮

❈♦❧♦❝❛♥❞♦ X, JY, Z✱ t❡♠♦s

g((∇XJ)JY, Z) = −B(JX, Y, Z) = B(X, Y, JZ)✱

g((∇JY J)X,Z) = B(JY,X, Z) = −B(Y,X, JZ)

♦❜t❡♠♦s✱

B(X, Y, JZ) + B(Y,X, JZ) + B(Z,X, JY ) = 0 ✭††✮

❋❛③❡♥❞♦ (†) + (††)✱ ❛❝❤❛♠♦s B(X, Y, JZ) = 0✱ ♣❛r❛ t♦❞♦ X, Y, Z ∈ X(M)✳ ❋❛③❡♥❞♦ Z =

−J(∇XJ)Y ✱ ♦❜t❡♠♦s (∇XJ)Y = 0✱ ♣❛r❛ t♦❞♦ X, Y ∈ X(M) ❡ ❛ss✐♠ ∇J = 0 �
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✷✳✸ ●❡♦♠❡tr✐❛ ❍②♣❡r❦ä❤❧❡r

❉❡✜♥✐çã♦ ✷✳✸✳✶✳ ❙❡❥❛ Mm ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❯♠❛ ❡str✉t✉r❛ q✉❛s❡✲❤②♣❡r❦ä❤❧❡r é
✉♠❛ q✉á❞r✉♣❧❛ (g, J1, J2, J3)✱ ♦♥❞❡ Jk sã♦ ❡str✉t✉r❛s q✉❛s❡✲❝♦♠♣❧❡①❛s✱ k = 1, 2, 3✱ s❛t✐s❢❛③❡♥❞♦
J1J2J3 = −Id ❡ ❣ ✉♠❛ ♠étr✐❝❛ r✐❡♠❛♥♥✐❛♥❛ ❡♠ ▼✱ ❤❡r♠✐t✐❛♥❛ ❝♦♠ r❡s♣❡✐t♦ ❛ ❝❛❞❛ Jk✳

❖❜s❡r✈❛çã♦ ✷✳✸✳✶✳ ❙❡ (g, J1, J2, J3) é ✉♠❛ ❡str✉t✉r❛ q✉❛s❡✲❝♦♠♣❧❡①❛ ❡♠Mm✱ ❡♥tã♦ dimRM =

m = 4n✱ ♣❛r❛ ❛❧❣✉♠ ♥✳ ❉❡ ❢❛t♦✱ t♦♠❡ v ∈ TpM ✱ p ∈ M ✳ ❙❡ v 6= 0✱ {v, J1v, J2v, J3v} é ✉♠
❝♦♥❥✉♥t♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✱ ♣♦✐s é ♦rt♦❣♦♥❛❧ ❡♥tr❡ s✐✳ ❉❡ ❢❛t♦✱ ❞❛❞❛ ✉♠❛ ❝♦♠❜✐♥❛çã♦
❧✐♥❡❛r

a0v + a1J1v + a2J2v + a3J3v = 0

♣❛r❛ k = 0, 1, 2, 3✱ 0 = akg(Jkv, Jkv) = akg(v, v)✱ ❧♦❣♦ ak = 0 ✭♦♥❞❡✱ ♣♦r ❝♦♠♦❞✐❞❛❞❡✱ ❝♦❧♦❝❛♠♦s
J0

.
= Id✮✳ Pr♦ss❡❣✉✐♥❞♦✱ ✭♦✉ s❡❥❛✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠ ❡❧❡♠❡♥t♦ ♥♦ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧ ❞♦

s✉❜❡s♣❛ç♦ ❞❡ TpM ❣❡r❛❞♦ ♣♦r {v, J1v, J2v, J3v}✮✱ ❝♦♠♦ t❡♠♦s ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❛ ❞✐♠❡♥sã♦ ❞❡
TpM ✭❡ ♣♦r ❝♦♥s❡q✉ê♥❝✐❛✱ ❞❡ ▼✮ ❞❡✈❡ s❡r ♠ú❧t✐♣❧❛ ❞❡ ✹✳

❖❜s❡r✈❛çã♦ ✷✳✸✳✷✳ ◆♦t❡ q✉❡✱ J1, J2, J3 s❡r❡♠ ❡str✉t✉r❛s q✉❛s❡✲❝♦♠♣❧❡①❛s ❝♦♠ J1J2J3 = −Id

❡q✉✐✈❛❧❡ ❛ ♣❡❞✐r q✉❡ ❡ss❛s ❛♣❧✐❝❛çõ❡s s❛t✐s❢❛ç❛♠ ❛s r❡❧❛çõ❡s ❞❛ á❧❣❡❜r❛ ❞♦s q✉❛tér♥✐♦s✳ ◆♦t❡
❛✐♥❞❛ q✉❡✱ ❞❛❞❛s (J1, J2, J3) s❛t✐s❢❛③❡♥❞♦ ❡ss❛s ❝♦♥❞✐çõ❡s✱ é s❡♠♣r❡ ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✉♠❛
♠étr✐❝❛ ❤❡r♠✐t✐❛♥❛ ❝♦♠ r❡s♣❡✐t♦ ❛ t♦❞❛s ❛s ❡str✉t✉r❛s✳ ❉❡ ❢❛t♦✱ ❞❛❞❛ ✉♠❛ ♠étr✐❝❛ r✐❡♠❛♥♥✐❛♥❛
❣ ❡♠ ▼✱ ❝♦❧♦q✉❡

g̃(u, v)
.
=

1

4
(g(u, v) + g(J1u, J2v) + g(J2u, J2v) + g(J3u, J3v))

❡st❛ ♠étr✐❝❛ ❝❧❛r❛♠❡♥t❡ s❛t✐s❢❛③ ♦ q✉❡ q✉❡r❡♠♦s✳

❉❡✜♥✐çã♦ ✷✳✸✳✷✳ ❯♠❛ ❡str✉t✉r❛ q✉❛s❡✲❤②♣❡r❦ä❤❧❡r (g, J1, J2, J3) ❡♠ ▼ é ❞✐t❛ ✉♠❛ ❡str✉t✉r❛
❤②♣❡r❦ä❤❧❡r✱ s❡ ❛s ❡str✉t✉r❛s q✉❛s❡✲❝♦♠♣❧❡①❛s ❢♦r❡♠ ♣❛r❛❧❡❧❛s ❝♦♠ r❡s♣❡✐t♦ à ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲
❈✐✈✐t❛✱ ✐✳❡✳✱

∇Jk = 0 ✭k = 1, 2, 3✮

◆❡st❡ ❝❛s♦✱ ❝❤❛♠❛♠♦s (M, g, J1, J2, J3) ❞❡ ✈❛r✐❡❞❛❞❡ ❤②♣❡r❦ä❤❧❡r ❡ ❣ ❞❡ ♠étr✐❝❛ ❤②♣❡r❦ä❤❧❡r✳

◆♦t❡ q✉❡✱ ♥✉♠❛ ✈❛r✐❡❞❛❞❡ ❤②♣❡r❦ä❤❧❡r (M, g, J1, J2, J3)✱ ❝❛❞❛ Jk✱ k = 1, 2, 3✱ é ✐♥t❡❣rá✈❡❧

❡ ❣ é ❑❛❤❧❡r ❝♦♠ r❡s♣❡✐t♦ ❛ ❝❛❞❛ Jk✳ ❊ss❡ ❢❛t♦ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✹✳ ▼❛✐s q✉❡ ✐ss♦✱

♣♦❞❡♠♦s ❞✐③❡r q✉❡ ❣ é ❑❛❤❧❡r ❝♦♠ r❡s♣❡✐t♦ à ✉♠❛ ✷✲❡s❢❡r❛ ❞❡ ❡str✉t✉r❛s ❝♦♠♣❧❡①❛s✳ ❖✉ s❡❥❛✱

✼✶



s❡ a = (a1, a2, a3) ∈ S2✱ ❞❡✜♥✐♠♦s Ja
.
= a1J1 + a2J2 + a3J3✳ ❈❧❛r❛♠❡♥t❡ Ja é ✉♠❛ ❡str✉t✉r❛

q✉❛s❡✲❝♦♠♣❧❡①❛✱ ♣♦✐s

J2
a = a21J

2
1 + a1a2J1J2 + a1a3J1J3 + a2a1J2J1 + a22J

2
2 + a2a3J2J3 + a3a1J3J1 + a3a2J3J2 + a23J

2
3

= −(a21 + a22 + a23)

= −1

❆ ♠étr✐❝❛ ❣ é ❝❧❛r❛♠❡♥t❡ ❤❡r♠✐t✐❛♥❛ ❝♦♠ r❡s♣❡✐t♦ ❛ Ja ❡ ∇Ja = 0✱ ✉♠❛ ✈❡③ q✉❡ ∇Jk = 0✱

k = 1, 2, 3✳ P♦rt❛♥t♦✱ ❣ é ❞❡ ❢❛t♦ ❑❛❤❧❡r ❝♦♠ r❡s♣❡✐t♦ ❛ Ja✱ ❝♦♠ ❢♦r♠❛ ❞❡ ❑❛❤❧❡r

ωa = a1ω1 + a2ω2 + a3ω3✱ ♦♥❞❡ ωk sã♦ ❛s ❢♦r♠❛s ❞❡ ❑❛❤❧❡r ❞❡ Jk✱ k = 1, 2, 3✳

❖❜s❡r✈❛çã♦ ✷✳✸✳✸✳ ❖ ❡s♣❛ç♦ Hn é tr✐✈✐❛❧♠❡♥t❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❤②♣❡r❦ä❤❧❡r✳ ❊str✉t✉r❛s ❤②✲
♣❡r❦ä❤❧❡r✱ ❞✐❢❡r❡♥t❡♠❡♥t❡ ❞❡ ❡str✉t✉r❛s ❑❛❤❧❡r✱ sã♦ ❞✐❢í❝❡✐s ❞❡ ❝♦♥str✉✐r✳ ❊♠ ❞✐♠❡♥sã♦ ✹✱ ♣♦r
❡①❡♠♣❧♦✱ ❛s ú♥✐❝❛s ✈❛r✐❡❞❛❞❡s ❝♦♠♣❛❝t❛s q✉❡ ❛❞♠✐t❡♠ ❡str✉t✉r❛ ❤②♣❡r❦ä❤❧❡r sã♦ t♦r♦s ❡ ❛s ❑✸
✭s✉♣❡r❢í❝✐❡s ❝♦♠♣❧❡①❛s✱ ❝♦♠♣❛❝t❛s✱ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛s✱ ❝♦♠ ✜❜r❛❞♦ tr✐✈✐❛❧ ❝❛♥ô♥✐❝♦✮

❋✐①❡ ✉♠❛ ❞❛s ❡str✉t✉r❛s ❝♦♠♣❧❡①❛s✱ ❞✐❣❛♠♦s J1✱ ❡ ❞❡✜♥❛ ωC
.
= ω2 + iω3 ∈ Ω2(M)C✳ ❈❧❛r❛✲

♠❡♥t❡✱ ωC é ♥ã♦✲❞❡❣❡♥❡r❛❞❛ ✭♣♦✐s ω2 ❡ ω3 ♦ sã♦✮ ❡ ❢❡❝❤❛❞❛ ✭♣♦✐s✱ dωC = dω2+ idω3 = 0✮✳ ❆❧é♠

❞✐ss♦✱
ωC(J1u, v) = ω2(J1u, v) + iω3(J1u, v)

= g(J2J1u, v) + ig(J3J1u, v)

= −g(J3u, v) + ig(J2u, v)

= i(g(J2u, v) + ig(g(J3u, v)

= iωC(u, v)

❖✉ s❡❥❛✱ J1 ♥♦s ❞á ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ TMC = T (1,0)J1M ⊕ T (0,1)J1M ✳ ❉❛í✱ s❡ ❡st❡♥❞❡r♠♦s

♣♦r C ❧✐♥❡❛r✐❞❛❞❡ J1✱ ω2 ❡ ω3✱ t♦♠❛♥❞♦ u ∈ T (0,1)J1M ✭✐✳❡✳ J1u = −iu✮✱ ♦❜t❡♠♦s q✉❡

iωC(u, v) = ωC(J1u, v) = −iωC(u, v)

P♦rt❛♥t♦✱ ωC é ✉♠❛ ✭✷✱✵✮✲❢♦r♠❛ ❝♦♠ r❡s♣❡✐t♦ ❛ J1✳ ❚❛❧ ❢♦r♠❛ é ❝♦♠✉♠❡♥t❡ ❝❤❛♠❛❞❛ ❞❡ ❢♦r♠❛
❤♦❧♦♠♦r❢♦✲s✐♠♣❧ét✐❝❛✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✶✳ ❙❡❥❛ (g, J1, J2, J3) ✉♠❛ ❡str✉t✉r❛ q✉❛s❡✲❤②♣❡r❦ä❤❧❡r ❡♠ M4n✱ ωk ❛s ❢♦r♠❛s
❢✉♥❞❛♠❡♥t❛✐s ❞❡ Jk✱ k = 1, 2, 3✱ ❡ ∇ ❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❞❡ ✭▼✱❣✮✳ ❙ã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✶✳ (g, J1, J2, J3) é ✉♠❛ ❡str✉t✉r❛ ❤②♣❡r❦ä❤❧❡r

✷✳ ∇ωk = 0✱ k = 1, 2, 3
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✸✳ dωk = 0✱ k = 1, 2, 3

Pr♦✈❛✳
✭1 ⇔ 2✮ ❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✹

✭1 ⇒ 3✮ ❚r✐✈✐❛❧✱ ♣♦✐s dωk(X, Y, Z) = ∇Xωk(Y, Z)−∇Y ωk(X,Z) +∇Zωk(X, Y )

✭3 ⇒ 1✮ ❇❛st❛ ♠♦str❛r ❛ ✐♥t❡❣r❛❜✐❧✐❞❛❞❡ ❞❡ ❝❛❞❛ Jk✱ k = 1, 2, 3✱ ♣♦✐s ♣♦❞❡♠♦s ✉t✐❧✐③❛r ♥♦✈❛♠❡♥t❡

❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✹ ♣❛r❛ ❝♦♥❝❧✉✐r q✉❡ ∇Jk = 0✳ ❉❛❞♦s u, v ∈ X(M)C ❡ ❡st❡♥❞❡♥❞♦ ❛s ❢♦r♠❛s

❢✉♥❞❛♠❡♥t❛✐s

ω2(u, v) = g(J2u, v) = g(J3J1u, v) = ω3(J1u, v) ✭✯✮

❈♦❧♦❝❛♥❞♦ ωC = ω2 + iω3✱ ✈❛❧❡ q✉❡

J1u = iu ⇔ iuωC

❖✉ s❡❥❛✱

✉ é ✉♠ ✭✶✱✵✮✲❝❛♠♣♦ ❝♦♠ r❡s♣❡✐t♦ ❛ J1 ⇔ ω2(u, ·) = iω3(u, ·)

❉❡ ❢❛t♦✱ s❡ J1u = iu✱ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ✭✯✮✱

ω2(u, v) = ω3(J1u, v) = ω3(iu, v) ⇒ ω2(u, v)− iω3(u, v) = 0✱

♣❛r❛ t♦❞♦ v ∈ X(M)C✱ ✐✳❡✳✱ ωC(u, ·) = 0✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ iuωC = 0✱

0 = ω2(u, v)− iω3(u, v) = ω3(J1u, v)− ω3(iu, v) = ω3(J1u− iu, v)✱ ♣❛r❛ t♦❞♦ v ∈ X(M)C✳

❙✉♣♦♥❤❛ ❛❣♦r❛ u, v ∈ X(M)1,0J1 ✭♦✉ s❡❥❛✱ J1u = iu ❡ J1v = iv✮

i[u,v]ωC = [Lu, iv]ωC

= Lu(ivωC)− ivLuωC

= −iv(d(iuωC) + iu(dωC))

= 0

P♦rt❛♥t♦✱ [u, v] ∈ X(M)1,0J1 ❡ J1 é ✐♥t❡❣rá✈❡❧ ✭✈❡r ♦❜s❡r✈❛çã♦ ✷✳✷✳✺✮✳ �

✷✳✸✳✶ ▼❛♣❛ ▼♦♠❡♥t♦ ❡ ❘❡❞✉çã♦

❱❛r✐❡❞❛❞❡s ❤②♣❡r❦ä❤❧❡r sã♦ ❜❛st❛♥t❡ ✐♥✢❡①í✈❡✐s ❡ ❞✐❢í❝❡✐s ❞❡ ❝♦♥str✉✐r✳ ❯♠❛ ❞❛s ❢♦r♠❛s ♠❛✐s

❜❡♠ s✉❝❡❞✐❞❛s ❞❡ ❞❛r ❡①❡♠♣❧♦s ❞❡ ✈❛r✐❡❞❛❞❡s ❤②♣❡r❦ä❤❧❡r é ❛tr❛✈és ❞♦ q✉♦❝✐❡♥t❡ ❤②♣❡r❦ä❤❧❡r✱

q✉❡ ❣❡♥❡r❛❧✐③❛ ♦ t❡♦r❡♠❛ ❞❡ ▼❛rs❞❡♥✲❲❡✐♥st❡✐♥ ✭❞❡ r❡❞✉çã♦ s✐♠♣❧ét✐❝❛✮✳ ❱❛♠♦s ❡st✉❞❛r ♥❡ss❛

✼✸



s❡çã♦ ❡ss❛ ❝♦♥str✉çã♦✳

❙❡❥❛ (M4n, g, J1, J2, J3) ✉♠❛ ✈❛r✐❡❞❛❞❡ ❤②♣❡r❦ä❤❧❡r ❡ ω1 = g(J1·, ·)✱ ω2 = g(J2·, ·)✱ ω3 =

g(J3·, ·) ❛s ❢♦r♠❛s ❑❛❤❧❡r ❛ss♦❝✐❛❞❛s✳

❙✉♣♦♥❤❛ q✉❡ ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ● ❝♦♠♣❛❝t♦ ❛❣❡ ❡♠ ▼ ♣r❡s❡r✈❛♥❞♦ ❛ ♠étr✐❝❛ ❡ ❛s ❡str✉t✉r❛s

❝♦♠♣❧❡①❛s✳ ❖✉ s❡❥❛✱ s❡ ❞❡♥♦t❛r♠♦s ❛ ❛çã♦ ♣♦r ψ : G −→ Diff(M)✱ ♣❛r❛ t♦❞♦ h ∈ G ✈❛❧❡✿

ψ∗
hg = g

Iψh(p)(dψh(p)v) = dψh(p)(Ipv)

♦♥❞❡✱ I ∈ {J1, J2, J3}✱ p ∈M ❡ v ∈ TpM ✳

◆♦t❡ q✉❡✱ ♥❡ss❡ ❝❛s♦✱ ● t❛♠❜é♠ ♣r❡s❡r✈❛ ❛s ❢♦r♠❛s ❑❛❤❧❡r ❛ss♦❝✐❛❞❛s✳ ❋❛ç❛♠♦s ♣❛r❛ ω1

✭♣❛r❛ ω2 ❡ ω3 é t♦t❛❧♠❡♥t❡ ❛♥á❧♦❣♦✮✿

(ψ∗
hω1)p(u, v) = ω1(ψh(p))(dψh(p)u, dψh(p)v) = gψh(p)(J1(ψh(p))dψh(p)u, dψh(p)v) =

gψh(p)(dψh(p)(J1(p)u), dψh(p)v) = gp(J1(p)u, v) = ω1(p)(u, v)

❉❛❞♦ ξ ∈ g✱ ♦❜t❡♠♦s ♦ ❝❛♠♣♦ Xξ ∈ X(M)✱ ❝✉❥♦ ✢✉①♦ é ❞❛❞♦ ♣♦r ψexp(tξ)✳ ❯♠❛ ✈❡③ q✉❡

❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ ❞❡ ✉♠ t❡♥s♦r q✉❛❧q✉❡r ❚ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ❝❛♠♣♦ Xξ é ❞❛❞♦ ♣♦r (LXξ
)p =

d
dt

∣∣
t=0

(ψ∗
exp(tξ)T )p✱ ♦ ❢❛t♦ ❞❛ ❛çã♦ ♣r❡s❡r✈❛r ❛ ♠étr✐❝❛ ❡ ❛s ❡str✉t✉r❛s ❝♦♠♣❧❡①❛s ♥♦s ❞á q✉❡✿

LXξ
g = 0✱ LXξ

J1 = LXξ
J2 = LXξ

J3 = 0 ❡ LXξ
ω1 = LXξ

ω2 = LXξ
ω3 = 0

❉❡✜♥❛ ω = ω1i+ω2j+ω3k ∈ Ω2(M ; ImH)✳ ❆ss✐♠✱ LXξ
ω
.
= LXξ

ω1i+LXξ
ω2j+LXξ

ω3k = 0

❡ dω
.
= dω1i+ dω2j + dω3k = 0✳ ❙❡ µα :M −→ g∗ é ✉♠ ♠❛♣❛ ♠♦♠❡♥t♦ ♣❛r❛ ❛ ❛çã♦ s✐♠♣❧ét✐❝❛

❞❡ ● ♥❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛ (M,ωα)✱ α ∈ {1, 2, 3}✱ ♣♦❞❡♠♦s ❝♦♥❞❡♥sá✲❧♦s ♥✉♠ ú♥✐❝♦ ♠❛♣❛✳

❊st❡ é ♦ ❝❤❛♠❛❞♦ ♠❛♣❛ ♠♦♠❡♥t♦ ❤②♣❡r❦ä❤❧❡r✳

❉❡✜♥✐çã♦ ✷✳✸✳✸✳ ❯♠ ♠❛♣❛

µ = µ1i+ µ2j + µ3k :M −→ g∗ ⊗ ImH

é ❞✐t♦ ♠❛♣❛ ♠♦♠❡♥t♦ ❤②♣❡r❦ä❤❧❡r✱ s❡✿

✶✳ dµξ = iXξ
ω✱ ♦♥❞❡ µξ : p ∈M −→ µ(p)(ξ)

✷✳ µ ◦ ψh = Ad∗h ◦ µ✱ ♣❛r❛ t♦❞♦ h ∈ G

❖❜s❡r✈❛çã♦ ✷✳✸✳✹✳ ◆♦t❡ q✉❡ ImH é s✐♠♣❧❡s♠❡♥t❡ R3 ❡ ✐♠♣❧✐❝✐t❛♠❡♥t❡ ❢❛③❡♠♦s ❛ ✐❞❡♥t✐✜❝❛çã♦
g∗ ⊗ ImH ≃ Hom(g, Im(H))✳
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❈♦♥s✐❞❡r❡ ✉♠ ♠❛♣❛ ♠♦♠❡♥t♦ ❤②♣❡❦❛❤❧❡r µ ❡ t♦♠❡ ζ ∈ g∗ ⊗ ImH ✐♥✈❛r✐❛♥t❡ ♣❡❧❛ ❛çã♦

❝♦❛❞❥✉♥t❛ ✭✐✳❡✳✱ ζ = ζ1i+ ζ2j + ζ3k✱ ❝♦♠ Ad∗hζα = ζα✱ α = 1, 2, 3✱ ♣❛r❛ t♦❞♦ h ∈ G✮✳

❙❡ ζ é ✈❛❧♦r r❡❣✉❧❛r✱ µ−1(ζ) é ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❞✐♠❡♥sã♦ dimµ−1(ζ) = 4n − 3k✱

♦♥❞❡ k = dimG = dim(g) = dim(g∗)✳ ❆❧é♠ ❞✐ss♦ µ−1(ζ) é ✐♥✈❛r✐❛♥t❡ ♣♦r ●✿ s❡ p ∈ µ−1(ζ)✱

µ ◦ ψh(p) = Ad∗h ◦ µ(p) = Ad∗h(ζ) = ζ✳ ▲♦❣♦✱

G× µ−1(ζ) −→ µ−1(ζ)

❙✉♣♦♥❞♦ q✉❡ ● ❛❣❡ ❧✐✈r❡♠❡♥t❡ ❡♠ µ−1(ζ)✱ t❡♠♦s q✉❡ Mζ
.
= µ−1(ζ)/G é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥✲

❝✐á✈❡❧ ❞❡ ❞✐♠❡♥sã♦ dimMζ = 4n− 4k✳

❚❡♦r❡♠❛ ✷✳✸✳✺✳ ❙❡❥❛ ● ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ❝♦♠♣❛❝t♦ q✉❡ ❛❣❡ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❤②♣❡r❦ä❤❧❡r
(M4n, g, J1, J2, J3)✳ ❚♦♠❡ ζ ∈ g∗ ⊗ ImH ✐♥✈❛r✐❛♥t❡ ♣❡❧❛ ❛çã♦ ❝♦❛❞❥✉♥t❛ ❡ s✉♣♦♥❤❛ q✉❡ ● ❛❣❡
❧✐✈r❡♠❡♥t❡ ❡♠ µ−1(ζ)✳ ❊♥tã♦✱ Mζ = µ−1(ζ)/G é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ ❤❡r❞❛ ✉♠❛
❡str✉t✉r❛ ❤②♣❡r❦ä❤❧❡r ❞❡ ▼✳ ❊st❡ é ♦ q✉♦❝✐❡♥t❡ ❤②♣❡r❦ä❤❧❡r✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱

µ−1(ζ)

π

��

�

� i
//M

Mζ

❆s ❢♦r♠❛s ❑❛❤❧❡r ω′
α ❞❡ Mζ✱ sã♦ t❛✐s q✉❡ φ∗ω′

α = i∗ωα✱ α ∈ {1, 2, 3}✳

❆♥t❡s ❞❡ ❞❡♠♦str❛r♠♦s ♦ t❡♦r❡♠❛✱ ✈❛♠♦s ❡♥t❡♥❞❡r ❛ ♠étr✐❝❛ ✐♥❞✉③✐❞❛ ❡♠ Mζ ✳ ◆♦t❡ q✉❡

π : µ−1(ζ) −→ Mζ é ✉♠ ●✲✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ❡ ❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ✐♥❞✉③✐❞❛ ❡♠ µ−1(ζ)✱

g0
.
= i∗g é ●✲✐♥✈❛r✐❛♥t❡✱ ❧♦❣♦ ❞❡✜♥❡ ✉♠❛ ❝♦♥❡①ã♦ Hp

.
= V ⊥

p ✳ ❈♦♠♦ ✈✐♠♦s✱ dφp : Hp −→ Tπ(p)Mζ

é ✉♠ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r ❡ ❛ss✐♠✱ ❞❛❞♦s v1, v2 ∈ Tπ(p)Mζ ✱ ❡①✐st❡♠ ú♥✐❝♦s ṽ1, ṽ2 ∈ Hp ❝♦♠

dπp(ṽα) = vα✱ α = 1, 2✳ ❉❡✜♥❛ ❡♥tã♦✱

g̃(v1, v2) = g0(ṽ1, ṽ2)

❊st❛ ♠étr✐❝❛ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐s s❡ q ∈ π−1(π(p))✱ q = ψa(p)✱ ♣❛r❛ ❛❧❣✉♠ a ∈ G✳ ❉❛í✱ s❡

v̂α ∈ Hq✱ t❛❧ q✉❡ dπq(v̂α) = vα✱ ❝♦♠♦ Hq = dψa(p)Hp✱ ❞❡✈❡♠♦s t❡r v̂α = dψa(p)(ṽα)✱ α = 1, 2✳

❉❡ ❢❛t♦✱ s❡ v̂α = dψa(p)( ˜̃vα)✱ ˜̃vα ∈ Hp✱ vα = dπq(v̂α) = dπqdψa(p)( ˜̃vα) = dπp( ˜̃vα)✳ ▲♦❣♦✱ ˜̃vα = ṽα✳

❆❣♦r❛✱

g̃(v1, v2) = g0(dψg(p)ṽ1, dψg(p)ṽ2) = g0(ṽ1, ṽ2)
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❖❜s❡r✈❛çã♦ ✷✳✸✳✻✳ ❆ ❝♦♥str✉çã♦ ❞❡ss❛ ♠étr✐❝❛ ♣❡r♠✐t❡ ❣❡♥❡r❛❧✐③❛r ♥❛t✉r❛❧♠❡♥t❡ ❛ r❡❞✉çã♦
❞❡ ▼❛rs❞❡♥✲❲❡✐♥st❡✐♥ ♣❛r❛ ✈❛r✐❡❞❛❞❡s ❑ä❤❧❡r✳ ➱ ♣r❡❝✐s♦ s✉♣♦r ❛❞✐❝✐♦♥❛❧♠❡♥t❡ q✉❡ ❛ ❛çã♦
♣r❡s❡r✈❛ ❛ ♠étr✐❝❛ ❑ä❤❧❡r ❞❛ ✈❛r✐❡❞❛❞❡✳

Pr♦✈❛✳ ✭❚❡♦r❡♠❛ ✷✳✸✳✷✮ ❚♦♠❡ ζ ❝♦♠♦ ♥♦ ❡♥✉♥❝✐❛❞♦ ❡ s❡❥❛ p ∈ µ−1(ζ)✳

✶✳ Vp, J1Vp, J2Vp, J3Vp sã♦ ♦rt♦❣♦♥❛✐s ❡♥tr❡ s✐✿

❉❛❞♦s ξ, η ∈ g✱

g(J1(Xξ)p, (Xη)p)i+ g(J2(Xξ)p, (Xη)p)j + g(J3(Xξ)p, (Xη)p) =

ωp((Xξ)p, (Xη)p) = (dµξ)p(Xη)p

▼❛s✱ ✈❛❧❡ µ ◦ ψh = Ad∗h ◦ µ ❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ µ(ψp(exp(tη))) = ζ✱ ♣❛r❛ t♦❞♦ t✳ ❉❛í✱

dµp(Xη)p = 0✳ ❈♦♠♦✱ dµξp(Xη)p = (dµp(Xη)p)(ξ)✱ ♦❜t❡♠♦s q✉❡

g(J1(Xξ)p, (Xη)p)i+ g(J2(Xξ)p, (Xη)p)j + g(J3(Xξ)p, (Xη)p) = 0

❖✉ s❡❥❛✱ J1Vp ⊥ Vp✱ J2Vp ⊥ Vp ❡ J3Vp ⊥ Vp✳ ❖ r❡st❛♥t❡ s❡❣✉❡ ❞❛s r❡❧❛çõ❡s ❞♦s q✉❛tér♥✐♦s

❡ ❞♦ ❢❛t♦ ❞❛ ♠étr✐❝❛ s❡r ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛s ❡str✉t✉r❛s ❝♦♠♣❧❡①❛s✱ ❡✳❣✳✱ J3Vp ⊥ J1Vp✱ ♣♦✐s

g(J3·, J1·) = g(J2·, ·)✳

✷✳ µ−1(ζ) é s✉❜✈❛r✐❡❞❛❞❡ ❞❡ ▼✿

❱❛♠♦s ♠♦str❛r q✉❡ ζ é ✈❛❧♦r r❡❣✉❧❛r✳ ❙❡❥❛ p ∈ µ−1(ζ)✱ ❡♥tã♦ dµp : TpM −→ g∗ ⊗

Im(H) ❡ (dµp(J1(Xξ)p))(η) = dµη(p)(J1(Xξ)p) = ωp((Xη)p, J1(Xξ)p) ❡ ♣❡❧♦ ✐t❡♠ ❛♥t❡r✐♦r✱

✐ss♦ ✈❛❧❡ g(J1(Xη)p, J1(Xξ)p))i = g((Xη)p, (Xξ)p)))i✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ (dµp(J2(Xξ)p))(η) =

g((Xη)p, (Xξ)p)j ❡ (dµp(J3(Xξ)p))(η) = g((Xη)p, (Xξ)p)k✳ ❉❡ss❛ ❢♦r♠❛✱ dµp é s♦❜r❡❥❡t♦r❛✳

✸✳ ❈♦♠♦ (dµpv)(ξ) = g(J1(Xξ)p, v)i+ g(J2(Xξ)p, v)j + g(J3(Xξ)p, v)k✱ ♦❜t❡♠♦s q✉❡

Ker(dµp) = (J1Vp)
⊥ ∩ (J2Vp)

⊥ ∩ (J3Vp)
⊥ = (J1Vp ⊕ J2Vp ⊕ J3Vp)

⊥

✹✳ ❈♦♠♦ µ−1(ζ) é ✐♥✈❛r✐❛♥t❡ ♣❡❧❛ ❛çã♦ ❞❡ ●✱ ❞❡✈❡♠♦s t❡r q✉❡ ψh : µ−1(ζ) −→ µ−1(ζ) é

✉♠ ❞✐❢❡♦♠♦r✜s♠♦✱ ♣❛r❛ t♦❞♦ h ∈ G✳ ❆❣♦r❛✱ ❞❛❞♦s h ∈ G ❡ p ∈ µ−1(ζ)✱ µ(ψh(p)) = ζ

⇒ dµ|µ−1(ζ)(ψh(p))d(ψh|µ−1(ζ))(p) = 0 ⇒ dµ|µ−1(ζ)(ψh(p)) = 0✳ ▲♦❣♦✱ dµ(p)|Tpµ−1(ζ) ≡ 0✳

❙❡♥❞♦ ❛ss✐♠✿

✐✮ Jα(Tpµ−1(ζ)) ⊥ Vp✱ α = 1, 2, 3✿

❋❛ç❛♠♦s ♣❛r❛ α = 1 ✭♦s ♦✉tr♦s ❝❛s♦s sã♦ ❛♥á❧♦❣♦s✮✳

✼✻



g(J1v, (Xξ)p) = ω1(v, (Xξ)p) = −ω1((Xξ)p, v) = −dµξ1(p)v = −(dµ1(p)v)(ξ) = 0✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ♦❜t❡♠♦s J1Vp ⊕ J2Vp ⊕ J3Vp ⊆ (Tpµ
−1(ζ))⊥ ⊆ TpM ✳

✐✐✮ JαHp ⊆ ker(dµp)✱ α = 1, 2, 3✿

❚♦♠❡ v ∈ Hp✳ ❋❛ç❛♠♦s ♦ ❝❛s♦ α = 1 ✭♦s ♦✉tr♦s sã♦ ❛♥á❧♦❣♦s✮✳

(dµ1(p)J1v, ξ) = dµξ1(p)(J1v) = ω1((Xξ)p, J1v) = g(J1(Xξ)p, J1v) = g((Xξ)p, v) = 0

(dµ2(p)J1v, ξ) = dµξ2(p)(J1v) = ω2((Xξ)p, J1v) = g(J2(Xξ)p, J1v) = g((Xξ)p, J3v) = 0

(dµ3(p)J1v, ξ) = dµξ3(p)(J1v) = ω3((Xξ)p, J1v) = g(J3(Xξ)p, J1v) = −g((Xξ)p, J2v) = 0

✺✳ ❚❡♠♦s q✉❡ TpM = Tpµ
−1(ζ)⊕ (Tpµ

−1(ζ))⊥ = Vp ⊕Hp ⊕ (Tpµ
−1(ζ))⊥

♠❛s✱ J1Vp ⊕ J2Vp ⊕ J3Vp ⊆ (Tpµ
−1(ζ))⊥ ❡ ❝♦♠♦ dimVp + dimHp + dimJ1Vp + dimJ2Vp +

dimJ3Vp = k + (4n− 4k) + k + k + k = 4n = dimTpM ✱ ✈❛❧❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ ♦rt♦❣♦♥❛❧✿

TpM = Vp ⊕Hp ⊕ J1Vp ⊕ J2Vp ⊕ J3Vp

◆♦t❡ q✉❡✱ ❞❡ ❢❛t♦✱ dimHp = 4n− 4k ♣❡❧♦ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r dπ : Hp −→ Tπ(p)Mζ ✳

✻✳ P♦r ✐✮ ❡ ✐✐✮ ❞♦ ✐t❡♠ ✹✱ ♣❛r❛ α = 1, 2, 3✱ JαHp ⊥ Vp ❡ JαHp ⊆ kerdµp✳ ❊♥tã♦✱ ♣❡❧♦ ✐t❡♠ ✸✱

❝♦♥❝❧✉í♠♦s q✉❡ JαHp ⊆ Hp✳

✼✳ ❱❛♠♦s ✉s❛r ♦ ✐s♦♠♦r✜s♠♦ dπ : Hp −→ Tπ(p)Mζ ❡ ♦ ❢❛t♦ ❞❡ q✉❡ JαHp ⊆ Hp ❡ q✉❡ Jα é

✐♥✈❛r✐❛♥t❡ ♣♦r ● ♣❛r❛ ❞❡✜♥✐r ❛s ❡str✉t✉r❛s q✉❛s❡✲❝♦♠♣❧❡①❛s ❡♠ Mζ ✿

J̃απ(p)(ṽ)
.
= dπp(Jαv)

♣❛r❛ α = 1, 2, 3✱ ♦♥❞❡ ṽ = dπpv✱ ❝♦♠ v ∈ Hp✳

❇❡♠ ❞❡✜♥✐❞♦✿ ❙❡ ❝♦♥s✐❞❡r❛r♠♦s ♦ ✐s♦♠♦r✜s♠♦ dπψh(p) : Hψh(p) −→ Tπ(p)Mζ ✱ ❝♦♠♦

Hψh(p) = dψh(p)Hp✱ ♦❜t❡♠♦s q✉❡ J̃απ(p(ṽ) = dπψh(p)(Jαdψh(p)v) = dπψh(p)dψh(p)Jαv =

d(π ◦ ψh)p(Jαv) = dπp(Jαv)✳

❈❧❛r❛♠❡♥t❡✱ J̃α✱ ♣❛r❛ α = 1, 2, 3✱ s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s ❞♦s q✉❛tér♥✐♦s ✭♣♦✐s Jα s❛✲

t✐s❢❛③❡♠ t❛✐s ❝♦♥❞✐çõ❡s✮ ❡ sã♦ ❡str✉t✉r❛s q✉❛s❡✲❝♦♠♣❧❡①❛s✳ ❆❧é♠ ❞✐ss♦✱ ❞❡✜♥❛ ω̃α(·, ·)
.
=

g̃(J̃α·, ·)✳ ❖✉ s❡❥❛✱ s❡ p ∈ µ−1(ζ) ❡ ṽl = dπpvl ∈ Tπ(p)Mζ ✱ ❝♦♠ vl ∈ Hp✱ l = 1, 2✱ t❡♠♦s✿

ω̃α(π(p))(ṽ1, ṽ2) = g̃π(p)(J̃αṽ1, ṽ2) = (i∗g)p(Jαv1, v2) = gp(Jαv1, v2)

❱❛❧❡ i∗ωα = π∗ω̃α✳ ❉❡ ❢❛t♦✱ s❡ µ−1(ζ) ❡ v1, v2 ∈ Tpµ
−1(ζ) ✭❞❡❝♦♠♣♦♥❤❛ ❝❛❞❛ ✉♠ ♥❛ ♣❛rt❡

✈❡rt✐❝❛❧ ❡ ❤♦r✐③♦♥t❛❧✱ v = vV + vH✮✿

✼✼



(i∗ωα)p(v1, v2) = ωα(p)(v1, v2) = g(Jαv1, v2) =

g(Jαv
H
1 , v

H
2 ) + g(Jαv

H
1 , v

V
2 ) + g(Jαv

V
1 , v

H
2 ) + g(Jαv

V
1 , v

V
2 ) = g(Jαv

H
1 , v

H
2 ) =

ωα(p)(v
H
1 , v

H
2 ) = ω̃α(π(p))(dπpv

H
1 , dπpv

H
2 ) = ω̃α(π(p))(dπpv1, dπpv2) = (π∗ωα)p(v1, v2)

♦♥❞❡✱ ♥❛ q✉❛rt❛ ✐❣✉❛❧❞❛❞❡✱ ❢♦✐ ✉s❛❞♦ ✐✮ ❞♦ ✐t❡♠ ✹ ❡ ❛ ✐♥✈❛r✐â♥❝✐❛ ❞❛ ♠étr✐❝❛ ♣❡❧❛s ❡str✉t✉r❛s

❝♦♠♣❧❡①❛s✳

P♦r ✜♠✱ ✈❛♠♦s ♠♦str❛r q✉❡ ❡ss❛s ✷✲❢♦r♠❛s ❞❡✜♥✐❞❛s ❡♠ Mζ sã♦ ❢❡❝❤❛❞❛s✳

π∗(dω̃α) = dπ∗ω̃α = d(i∗ωα) = i∗dωα = 0

▼❛s✱ π∗(dω̃α) = 0 ⇒ dω̃απ(p)(dπpv1, dπpv2, dπpv3) = 0✳ ❈♦♠♦ π : µ−1(ζ) −→ Mζ é

s✉❜♠❡rsã♦ s♦❜r❡❥❡t✐✈❛✱ s❡❣✉❡ q✉❡ dω̃α = 0✳

�

❖❜s❡r✈❛çã♦ ✷✳✸✳✼✳ ❆ss✐♠ ❝♦♠♦ ♥❛ r❡❞✉çã♦ s✐♠♣❧ét✐❝❛✱ ♦ q✉♦❝✐❡♥t❡ ❤②♣❡r❦ä❤❧❡r ♣♦❞❡ s❡r ❢♦r✲
♠✉❧❛❞♦ ♠❛✐s ❣❡r❛❧♠❡♥t❡ q✉❛♥❞♦ ♦ q✉♦❝✐❡♥t❡ ♣♦ss✉✐ ❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡ ✭✐♥❝❧✉s✐✈❡ q✉❛♥❞♦ ♦
❣r✉♣♦ ♥ã♦ é ❝♦♠♣❛❝t♦ ❡ ♥♦ ❝♦♥t❡①t♦ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✱ ❝♦♠♦ ♦❜s❡r✈❛❞♦ ❡♠ ❬✸✼❪✱ ♣á❣✐♥❛ ✻✽✮✳

✼✽



❈❛♣ít✉❧♦ ✸

❆♣❧✐❝❛çõ❡s

✸✳✶ ❊q✉❛çõ❡s ❆❉❍▼

❙❡❥❛♠ ❱ ❡ ❲ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❝♦♠♣❧❡①♦s ❝♦♠ ♠étr✐❝❛ ✭♣r♦❞✉t♦ ✐♥t❡r♥♦✮ ❤❡r♠✐t✐❛♥❛ ❡

s✉♣♦♥❤❛ dimCV = n ❡ dimCW = r✳

❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✿

▼ = End(V )⊕ End(V )⊕Hom(W,V )⊕Hom(V,W )

❯♠❛ ✈❡③ ❡s❝♦❧❤✐❞❛s ❜❛s❡s ♦rt♦♥♦r♠❛✐s ♣❛r❛ ❱ ❡ ❲✱ ♣♦❞❡♠♦s ♣❡♥s❛r ❡♠ V = Cn ❡ W = Cr

❝♦♠ ❛s ♠étr✐❝❛s ❤❡r♠✐t✐❛♥❛s ❝❛♥ô♥✐❝❛s✳ ❉❛í✱▼ =Mn(C)⊕Mn(C)⊕Mn×r(C)⊕Mr×n(C)✳

❉❛❞♦ x = (B1, B2, I, J) ∈▼✱ ❛s ❡q✉❛çõ❡s ❆❉❍▼ sã♦✿
{

❬B1, B
†
1❪+ ❬B2, B

†
2❪+ II† − J†J = 0

❬B1, B2❪+ IJ = 0

❱❛♠♦s ♠♦str❛r q✉❡ ▼ é ✉♠❛ ✈❛r✐❡❞❛❞❡ ✭♥♦ ❝❛s♦✱ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✮ ❤②♣❡r❦ä❤❧❡r✿

✶✳ ▲❡♠❜r❡♠♦s ❞♦✐s ❢❛t♦s ❜ás✐❝♦s ❞❛ á❧❣❡❜r❛ ❧✐♥❡❛r✿

✐✮ ❙❡ ❯ é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠♣❧❡①♦ ❡ ❤ ✉♠❛ ♠étr✐❝❛ ❤❡r♠✐t✐❛♥❛✱ ❛ ♣❛rt❡ r❡❛❧ ❞❡ ❤ é

✉♠❛ ♠étr✐❝❛ ✭♣r♦❞✉t♦ ✐♥t❡r♥♦✮ ♥♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧ s✉❜❥❛❝❡♥t❡✳

✐✐✮ ❙❡❥❛♠ (U1, h1) ❡ (U2, h2) ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❤❡r♠✐t✐❛♥♦s✳ ❊♥tã♦✱ U1⊕U2 é ♥❛t✉r❛❧♠❡♥t❡

✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠♣❧❡①♦ ❡ h((u1, u2), (u′1, u
′
2)) = h1(u1, u

′
1)+h2(u2, u

′
2) é ✉♠❛ ♠étr✐❝❛

✼✾



❤❡r♠✐t✐❛♥❛ ❡♠ U1 ⊕ U2✳

❈♦♠♦ Re(z) =
1

2
(z+z) ❡ h(α, β) = tr(αβ†) é ✉♠❛ ♠étr✐❝❛ ❤❡r♠✐t✐❛♥❛ ❡♠Ms×t(C)✱ ❞❛❞♦s

x = (B1, B2, I, J)✱ y = (B̃1, B̃2, Ĩ , J̃) ∈▼✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ♠étr✐❝❛ ❡♠ ▼✿

g(x, y) =
1

2
tr(B1B̃1

†
+ B̃1B

†
1 +B2B̃2

†
+ B̃2B

†
2 + IĨ† + ĨI† + JJ̃† + J̃J†)

❖✉✱ ❝♦♠♦ ♦ tr❛ç♦ é ✉♠ ♦♣❡r❛❞♦r ❝♦♠✉t❛t✐✈♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ♦s ú❧t✐♠♦s ❞♦✐s t❡r♠♦s

❝♦♠♦ J̃†J + J†J̃ ✱ ❞❡ ♠♦❞♦ q✉❡ ❛s s♦♠❛s ❞❡♥tr♦ ❞♦ tr❛ç♦ s❡ ❢❛③❡♠ ♣♦r ♠❛tr✐③❡s ♥ ♣♦r ♥

✭✉s❛r❡♠♦s ❡st❛ ❢♦r♠❛ ♣❛r❛ ❛ ♠étr✐❝❛ ❞❛q✉✐ ♣❛r❛ ❢r❡♥t❡✮✳

✷✳ ❚❡♠♦s ✸ ❡str✉t✉r❛s ❝♦♠♣❧❡①❛s ❡♠ ▼✱ î, ĵ, k̂✿




î(B1, B2, I, J) = (iB1, iB2, iI, iJ)

ĵ(B1, B2, I, J) = (−B†
2, B

†
1,−J

†, I†)

k̂ = îĵ

◆♦t❡ q✉❡ î, ĵ, k̂ s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s ❞♦s q✉❛tér♥✐♦s ✭̂i2 = ĵ2 = k̂2 = îĵk̂ = −1✮✳

❈♦♠♦ k̂ = îĵ✱ ❜❛st❛ ♠♦str❛r q✉❡ î2 = ĵ2 = −1 ❡ q✉❡ îĵ = −ĵ î✳ ➱ ❝❧❛r♦ q✉❡ î2 = −1✱

ĵ2(B1, B2, I, J) = ĵ(−B†
2, B

†
1,−J

†, I†) = −(B1, B2, I, J) ❡ îĵ(B1, B2, I, J) = (−iB†
2, iB

†
1,−iJ

†, iI†)✱

❡♥q✉❛♥t♦ ĵ î(B1, B2, I, J) = (iB†
2,−iB

†
1, iJ

†,−iI†)✳

✸✳ ❆ ♠étr✐❝❛ ❣ é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛s ❡str✉t✉r❛s ❝♦♠♣❧❡①❛s ❛❝✐♠❛ ❞❡✜♥✐❞❛s✿

g(x, y) = g(̂ix, îy) = g(ĵx, ĵy) = g(k̂x, k̂y)

❆ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❞❡ î é ❝❧❛r❛✱ ❡♥q✉❛♥t♦ ❛ ❞❡ ĵ é ✉♠❛ ❝♦♥t❛ s✐♠♣❧❡s ❧❡✈❛♥❞♦ ❡♠ ❝♦♥✲

s✐❞❡r❛çã♦ ❛ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞♦ tr❛ç♦✳ ❆ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❞❡ k̂ é ❝♦♥s❡q✉ê♥❝✐❛ ❞✐r❡t❛ ❞❛s

♦✉tr❛s ❞✉❛s✳

✹✳ ❈♦♥s✐❞❡r❡ ❛s ❢♦r♠❛s ω1(x, y) = g(̂ix, y)✱ ω2(x, y) = g(ĵx, y) ❡ ω3(x, y) = g(k̂x, y)✳ ❱✐st♦

q✉❡ ❣ é ♠étr✐❝❛✱ s❡❣✉❡ q✉❡ ❛s ❢♦r♠❛s sã♦ ♥ã♦✲❞❡❣❡♥❡r❛❞❛s✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ î, ĵ, k̂ sã♦

❡str✉t✉r❛s ❝♦♠♣❧❡①❛s ❡ t❡♠♦s ❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❝♦♠ ❛ ♠étr✐❝❛✱ t❛✐s ❢♦r♠❛s sã♦ ❛♥t✐✲

s✐♠étr✐❝❛s ✭♣♦r ❡①❡♠♣❧♦✱ ω1(x, y) = g(̂ix, y) = g(−x, îy) = −g(̂iy, x) = −ω1(y, x)✮✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❛ ❛çã♦ ❞❡ ❯✭♥✮ ❡♠ ▼✿

h · (B1, B2, I, J) = (hB1h
−1, hB2h

−1, hI, Jh−1)

❊st❛ ❛çã♦ ♣r❡s❡r✈❛ ❛s ❡str✉t✉r❛s ❝♦♠♣❧❡①❛s✿

✽✵







î(h · x) = h · (̂ix)

ĵ(h · x) = h · (ĵx)

k̂(h · x) = h · (k̂x)

❆ ♣r✐♠❡✐r❛ r❡❧❛çã♦ é ó❜✈✐❛✳ P❛r❛ ❛ s❡❣✉♥❞❛✱ ♣r❡❝✐s❛♠♦s ✉s❛r q✉❡ h ∈ U(n) ⇒ h−1 = h†✿

ĵ(h · (B1, B2, I, J)) = ĵ(hB1h
−1, hB2h

−1, hI, Jh−1) = ĵ(hB1h
†, hB2h

†, hI, Jh†) =

(−hB†
2h

†, hB†
1h

†,−hJ†, I†h†) = (h(−B2)
†h−1, hB†

1h
−1, h(−J†), I†h−1) =

h · (−B†
2, B

†
1,−J

†, I†) = h · (ĵ(B1, B2, I, J))

❆ t❡r❝❡✐r❛ r❡❧❛çã♦ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛s ❞✉❛s ❛♥t❡r✐♦r❡s✳

◆♦t❡ q✉❡ ❛ ❛çã♦ t❛♠❜é♠ ♣r❡s❡r✈❛ ❛ ♠étr✐❝❛ ♣❡❧❛ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞♦ tr❛ç♦ ✭❡ ✉s❛♥❞♦ ♦ ❢❛t♦

q✉❡ h−1 = h†✱ ♣❛r❛ h ∈ U(n)✮✿

g(h · x, h · y) = g((hB1h
−1, hB2h

−1, hI, Jh−1), (hB̃1h
−1, hB̃2h

−1, hĨ, J̃h−1)) =
1

2
tr(hB1B̃1

†
h−1 + hB̃1B

†
1h

−1 + hB2B̃2
†
h−1 + hB̃2B

†
2h

−1 + hIĨ†h−1 + hĨI†h−1 + hJdagJ̃h−1 +

hJ̃†Jh−1) = g(x, y)

❉❛❞♦ ξ ∈ u(n) ✭✐✳❡✳ ξ ∈ Mn(C)✱ t❛❧ q✉❡ ξ + ξ† = 0✮✱ ✈❛♠♦s ❝❛❧❝✉❧❛r ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s

❢✉♥❞❛♠❡♥t❛❧ Xξ✿

❙❡❥❛ x ∈▼✱ (Xξ)x = dψx(1n)ξ✱ ♦♥❞❡ ψx : h ∈ U(n) 7→ h · x ∈▼✳

❈♦♥s✐❞❡r❡ γ : (−ε, ε) −→ U(n) ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❝♦♠ γ(0) = 1n ❡ γ′(0) = ξ✳ ❊♥tã♦✱

(Xξ)x = (ψx ◦ γ)
′(0)✳ ❈♦♠♦ γ(t)† = γ(t)−1✱ ψx ◦ γ(t) = (γ(t)B1γ(t)

†, γ(t)B2γ(t)
†, γ(t)I, Jγ(t)†)✳

P♦rt❛♥t♦✱ ❞❡r✐✈❛♥❞♦ ❡♠ t❂✵ ❡ ✉s❛♥❞♦ q✉❡ γ′(t) ∈ u(n)✱ ♦❜t❡♠♦s✿

(Xξ)x = ([ξ, B1], [ξ, B2], ξI,−Jξ)

♦♥❞❡ x = (B1, B2, I, J) ∈▼ ❡ [·, ·] é ♦ ❝♦❧❝❤❡t❡ ❞❡ ▲✐❡ ❞❡ ♠❛tr✐③❡s ✭❝♦♠✉t❛❞♦r✮✳

❈❛❧❝✉❧❛♥❞♦ ω1 ♦❜t❡♠♦s✿

ω1(x, y) = g(̂ix, y) =
i

2
tr(B1B̃1

†
− B̃1B

†
1 +B2B̃2

†
− B̃2B

†
2 + IĨ† − ĨI† − J†J̃ + J̃†J)

P♦❞❡♠♦s ♣❡♥s❛r ❡♠ B1 ❝♦♠♦ ❛ ❢✉♥çã♦ q✉❡ ♣r♦❥❡t❛▼ ❡♠ s❡✉ ♣r✐♠❡✐r♦ ❢❛t♦r ✭✐✳❡✳✱ Mn(C)✮ ❡ s❡✲

❣✉✐♥❞♦ ❡ss❛ ❧✐♥❤❛✱ ♣♦❞❡♠♦s ✐♥tr♦❞✉③✐r ❛ s❡❣✉✐♥t❡ ✷✲❢♦r♠❛ dB1∧dB
†
1((B1, B2, I, J), (B̃1, B̃2, Ĩ , J̃)) =

B1B̃1
†
− B̃1B

†
1✳ ❙❡❣✉✐♥❞♦ ❡ss❡ r❛❝✐♦❝í♥✐♦✱ ❛ ❢♦r♠❛ ω1 s❡ ❡s❝r❡✈❡ ❝♦♠♦✿

ω1 =
i

2
tr(dB1 ∧ dB

†
1 + dB2 ∧ dB

†
2 + dI ∧ dI† − dJ† ∧ dJ) = dθ1

✽✶



♦♥❞❡ θ1 =
i

2
tr(B1dB

†
1 +B2dB

†
2 + IdI† − J† ∧ dJ)✳

❱❛♠♦s ❝❛❧❝✉❧❛r (Xξ)x = ([ξ, B1], [ξ, B2], ξI,−Jξ) ❡♠ θ1✿

θ1(Xξ)x =
i

2
tr(B1[ξ, B1]

† +B2[ξ, B2]
† + II†ξ† + J†Jξ)

▼❛s✱ ξ† = −ξ ❡ [ξ, B1]
† = (ξB1)

† − (B1ξ)
† = −B†

1ξ + ξB†
1 = [ξ, B†

1]✱ ❧♦❣♦✿

θ1(Xξ)x =
i

2
tr(−B1B

†
1ξ +B1ξB

†
1 − B2B

†
2ξ +B2ξB

†
2 − II†ξ + J†Jξ) =

i

2
tr(−B1B

†
1ξ +B†

1B1ξ − B2B
†
2ξ +B†

2B2ξ − II†ξ + J†Jξ) =

i

2
tr(([B1, B

†
1] + [B2, B

†
2] + II† − J†J)ξ†)

◆♦t❡ q✉❡✱ s❡ ❞❡♥♦t❛r♠♦s ♣♦r ψh : x ∈▼ 7→ h · x✱ t❡♠♦s q✉❡ ψ∗
hθ = θ ✭✉♠❛ ✈❡③ q✉❡ dψh = ψh✮

❡ ❛ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✷✳✶✳✶✱ t❡♠♦s ✉♠ ♠❛♣❛ ♠♦♠❡♥t♦ µ1 :▼ −→ g∗ ♣❛r❛ ❛ ❛çã♦ ❞❡ ❯✭♥✮

♥❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛ (▼, ω1)✱ ❞❛❞♦ ♣♦r✿

µ1(x)(ξ) = −θ1(Xξ)x =
i

2
tr(([B1, B

†
1] + [B2, B

†
2] + II† − J†J)ξ)

❱❛♠♦s ✐❞❡♥t✐✜❝❛r u(n) ≃ u(n)∗ ✈✐❛ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ (A,B) = tr(AB†)✳ ❖❜t❡♠♦s ❛ss✐♠✱

µ1(x) =
1

2i
([B1, B

†
1] + [B2, B

†
2] + II† − J†J)

❈❛❧❝✉❧❡♠♦s ❛❣♦r❛ ω2✿

ω2(x, y) = g(ĵx, y) =
−1

2
tr(B̃1B2 +B†

2B̃1
†
− B̃2B1 − B†

1B̃2
†
+ ĨJ + J†ĨI† − IJ̃ − J̃†I†)

❊ ❛ss✐♠✱

ω2 =
−1

2
tr(dB2 ∧ dB1 + dB†

2 ∧ dB
†
1 + dJ ∧ dI + dJ† ∧ dI†) = dθ2

♦♥❞❡ θ2 =
1

2
tr(B1dB2 +B†

1dB
†
2 + IdJ − J†dI†)✳

❚❡♠♦s q✉❡✿

θ2(Xξ)x =
1

2
tr(B1dB2 +B†

1dB
†
2 + IdJ − J†dI†)([ξ, B1], [ξ, B2], ξI,−Jξ) =

1

2
tr(B1[ξ, B2] + B†

2[ξ, B2]
† − IJξ + J†I†ξ) =

1

2
tr(B1ξB2 − B1B2ξ − B†

1B2†ξ +B†
1B

†
1ξB

†
2 −

IJξ + J†I†ξ +B2B1ξ − B2B1ξ +B†
2B

†
1ξ − B†

2B
†
1ξ) =

−1

2
tr(([B1, B2] + [B†

1, B
†
2] + IJ − J†I†)ξ)

✽✷



❯t✐❧✐③❛♥❞♦ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ❛♥t❡r✐♦r✱ ♦ ♠❛♣❛ ♠♦♠❡♥t♦ ❛ss♦❝✐❛❞♦ à ❛çã♦ ❞❡ ❯✭♥✮ ♥❛ ✈❛r✐❡❞❛❞❡

s✐♠♣❧ét✐❝❛ (▼, ω2) é✿

µ2(x) =
−1

2
([B1, B2] + [B†

1, B
†
2] + IJ − J†I†)

P❛r❛ ω3✿

ω3(x, y) = g(k̂x, y) = g((−iB†
2, iB

†
1,−iJ

†, iI†), (B̃1, B̃2, Ĩ , J̃)) =
1

2
tr(−iB†

2B̃1
†
+ iB̃1B2 + iB†

1B̃2
†
− iB̃2B1 − iJ†Ĩ† + iĨJ + iJ̃†I† − iIJ̃) =

1

2i
tr(B̃1

†
B†

2 − B̃1B2 − B†
1B̃2

†
+B1B̃2 + J†Ĩ† − ĨJ − J̃†I† + IJ̃)

❉❛í✱ ω3 = dθ3✱ ♦♥❞❡ θ3 =
1

2i
tr(B1dB2 − B†

1dB
†
2 + IdJ + J†dI†)✳

❆❧é♠ ❞✐ss♦✿

θ3(Xξ)x =
1

2i
tr(B1dB2 − B†

1dB
†
2 + IdJ + J†dI†)([ξ, B1], [ξ, B2], ξI,−Jξ) =

1

2i
tr(B1[ξ, B2]− B†

1[ξ, B2]
† − IJξ − J†I†ξ) =

1

2i
tr(B1ξB2 − B1B2ξ +B†

1B
†
2ξ − B†

1ξB
†
2 − IJξ − J†I†ξ) =

1

2i
tr(B2B1ξ − B1B2ξ +B†

1B
†
2ξ − B†

2B
†
1ξ − IJξ − J†I†ξ) =

−1

2i
tr(([B1, B2]− [B†

1, B
†
2] + IJ + J†I†)ξ)

❖ ♠❛♣❛ ♠♦♠❡♥t♦ ❛ss♦❝✐❛❞♦ à ❛çã♦ ❞❡ ❯✭♥✮ ♥❛ ✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛ (▼, ω3) é✿

µ3(x) =
−1

2i
([B1, B2]− [B†

1, B
†
2] + IJ + J†I†)

➱ ❝♦♥✈❡♥✐❡♥t❡ ✐♥tr♦❞✉③✐r ❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ❝♦♠♣❧❡①❛✿

ωC = ω2 + iω3 = dtr(B1dB2 + IdJ) = dθC

♦♥❞❡ θC = θ2 + iθ3✳ ❆ss✐♠✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ ♠❛♣❛ ♠♦♠❡♥t♦ ❝♦♠♣❧❡①♦✿

µC(x) = (µ2 + iµ3)(x) = −([B1, B2] + IJ)

❊ss❡s ✸ ♠❛♣❛s ♠♦♠❡♥t♦ ❝♦♥st✐t✉❡♠ ✉♠ ♠❛♣❛ ♠♦♠❡♥t♦ ❤②♣❡r❦ä❤❧❡r (µ = (µ1, µ2, µ3)) ❡

♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ s❡❣✉✐♥t❡ q✉♦❝✐❡♥t❡

M(r, n)
.
=
µ−1
1 (0) ∩ µ−1

C (0)

U(n)

✽✸



❈♦♠♦ ❡st❡ ❡s♣❛ç♦ ♣♦ss✉✐ s✐♥❣✉❧❛r✐❞❛❞❡s✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ s✉❜❝♦♥❥✉♥t♦ ♥♦ q✉❛❧ ❡❧❡ é ✉♠❛

✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ✭q✉❡✱ ❝♦♠♦ ✈✐♠♦s✱ ❝♦rr❡s♣♦♥❞❡ ❛♦s ♣♦♥t♦s ♦♥❞❡ ❛ ❛çã♦ é ❧✐✈r❡✮✳ ❉❡✜♥❛

❡♥tã♦

Mreg(r, n) = {[(B1, B2, I, J)] ∈ M(r, n) ; (B1, B2, I, J) tem estabilizador trivial em U(n)}

◆♦t❡ q✉❡ dimRM
reg(r, n) = 4(n2 + nr) − 4n2 = 4nr ✭♣♦✐s dimRG = dimRU(n) = n2✮ ❡ ❡st❡

❡s♣❛ç♦ é ❤②♣❡r❦ä❤❧❡r✳ ❈❡rt♦s s✉❜❡s♣❛ç♦s ❞❡ M(r, n) ❞❡s❡♠♣❡♥❤❛♠ ✉♠ ♣❛♣❡❧ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡

♥❛ t❡♦r✐❛ ❞❡ ❝❛❧✐❜r❡✱ ❝♦♠♦ s❡rá ❡①♣❧✐❝❛❞♦ ♥❛ ♣ró①✐♠❛ s❡çã♦✳

✸✳✶✳✶ ❈♦♥s✐❞❡r❛çõ❡s s♦❜r❡ ❛ ❝♦♥str✉çã♦ ❆❉❍▼ ❞❡ ✐♥st❛♥t♦♥s

❆ ❡q✉❛çã♦ ❞❡ ❛♥t✐✲❛✉t♦✲❞✉❛❧✐❞❛❞❡ ✭Fω = −∗Fω✮ é ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❝✐❛❧ ♥ã♦✲❧✐♥❡❛r

❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ q✉❡✱ ♣❡❧♦ ♠❡♥♦s ❧♦❝❛❧♠❡♥t❡✱ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛ ❡❧í♣t✐❝❛✳ ❆♣❡s❛r ❞❡✱ ❡♠

❣❡r❛❧✱ s♦❧✉çõ❡s s❡r❡♠ ❜❛st❛♥t❡ ❞✐❢í❝❡✐s ❞❡ ❡♥❝♦♥tr❛r✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ ❛ ✈❛r✐❡❞❛❞❡ ❜❛s❡ é R4✱ t♦❞❛s

s♦❧✉çõ❡s ♣♦❞❡♠ s❡r ❞❛❞❛s ❛ ♣❛rt✐r ❞❡ ♠ét♦❞♦s ❞❡ á❧❣❡❜r❛ ❧✐♥❡❛r✳ ❊st❛ é ❛ ❝❤❛♠❛❞❛ ❝♦♥str✉çã♦

❆❉❍▼ ❞❡ ✐♥st❛♥t♦♥s ❡ s✉❛ ❢♦r♠✉❧❛çã♦ é ❞❡✈✐❞❛ ❛ ▼✳ ❆t✐②❛❤✱ ❱✳ ❉r✐♥❢❡❧❞✱ ◆✳ ❍✐t❝❤✐♥ ❡ ❨✳

▼❛♥✐♥ ❬✷❪✳

❱❛♠♦s ❡s❜♦ç❛r ❛ ✐❞é✐❛ ❞❡ ❝♦♠♦✱ ❛ ♣❛rt✐r ❞❡ ♠❛tr✐③❡s s❛t✐s❢❛③❡♥❞♦ ❛s ❡q✉❛çõ❡s ❆❉❍▼✱ é

♣♦ssí✈❡❧ s❡ ♦❜t❡r ✉♠ ✐♥st❛♥t♦♥✳ ❯♠ tr❛t❛♠❡♥t♦ ♣r❡❝✐s♦ ❞❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦

❡♠ ❬✶✶❪✱ ❬✷❪✱ ❬✶✵❪✳

❙❡❥❛ (B1, B2, I, J) ∈ µ−1(0) ⊆ ▼ ✭✐✳❡✳✱ s❛t✐s❢❛③❡♥❞♦ ❛s ❡q✉❛çõ❡s ❆❉❍▼✮✳ ■❞❡♥t✐✜q✉❡♠♦s

R4 ≃ C2✱ ♣♦r (x1, x2, x3, x4) 7→ (z1, z2)✱ ♦♥❞❡ z1 = x1 + ix2 ❡ z2 = x3 + ix4✳ ❉❡✜♥❛ ♣❛r❛ ❝❛❞❛

z = (z1, z2) ∈ C2

αz : V −→ V ⊕ V ⊕W

αz =




B1 + z11

B2 + z21

J




βz : V ⊕ V ⊕W −→ V

βz =
(

−B2 − z21 B1 + z11 I
)

♦♥❞❡ ✶ r❡♣r❡s❡♥t❛ ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ♥①♥ ✭IdV ✮✳ ❙❡ ♣❡❞✐r♠♦s q✉❡ ❡ss❛ ❛ss♦❝✐❛çã♦ ✈❛r✐❡ ❞❡

♠❛♥❡✐r❛ s✉❛✈❡✱ ♦✉ s❡❥❛✱ s❡ t❡♠♦s ♠❛♣❛s s✉❛✈❡s α : C2 −→ Hom(V, V ⊕ V ⊕W ) ❡

✽✹



β : C2 −→ Hom(V ⊕ V ⊕W,V )✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ ♠❛♣❛ ❡♥tr❡ ✜❜r❛❞♦s tr✐✈✐❛✐s s♦❜r❡ R4

V
α

−→ V ⊕ V ⊕W
β

−→ V

❚❡♠♦s q✉❡ [B1, B2] + IJ = 0 ⇒ β ◦ α = 0✳ ❉❡ ❢❛t♦✱

βz ◦ αz = (−B2 − z21)(B1 + z11) + (B1 + z11)(B2 + z21) + IJ =

−B2B1 − z1B2 − z2B1 − z1z21 + B1B2 + z2B1 + z1B2 + z1z21 + IJ = B1B2 − B2B1 + IJ = 0

P♦rt❛♥t♦✱ Imαz ⊆ Kerβz✱ ♣❛r❛ t♦❞♦ z ∈ R4✳ ❉❡✜♥❛ ❡♥tã♦✱ Ez
.
=
Kerβz
Imαz

✳

❖❜s❡r✈❛çã♦ ✸✳✶✳✶✳ ❈♦♠♦ ♦s ❡s♣❛ç♦s ✈❡t♦r✐❛✐s t❡♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❤❡r♠✐t✐❛♥♦✱
Imαz ⊕ (Imαz)

⊥ = V ⊕ V ⊕W ❡ ❛ss✐♠✱ kerβz = Imαz ⊕ ((Kerβz ⊕ (Imαz)
⊥))✳

P♦rt❛♥t♦✱ Ez ≃ (Kerβz ⊕ (Imαz)
⊥) →֒ (V ⊕ V ⊕W )× {z}✳

❙❡ αz é ✐♥❥❡t♦r❛ ❡ βz é s♦❜r❡❥❡t♦r❛✱ ♣❛r❛ t♦❞♦ z ∈ R4 ✭❝♦♥❞✐çã♦ ❞❡ r❡❣✉❧❛r✐❞❛❞❡✮✱ ♦s ❡s♣❛ç♦s

✈❡t♦r✐❛✐s Ez ❢♦r♠❛♠ ✉♠ ✜❜r❛❞♦ s♦❜r❡ R4✱ ♦ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r ❊ ✭q✉❛♥❞♦ ❛s ❛♣❧✐❝❛çõ❡s α

❡ β sã♦ ❤♦❧♦♠♦r❢❛s✱ ♦ ✜❜r❛❞♦ ❊ é ✉♠ ✜❜r❛❞♦ ❤♦❧♦♠♦r❢♦✱ ❣❡r❛❧♠❡♥t❡ ❞❡♥♦♠✐♥❛❞♦ ❝♦❤♦♠♦❧♦❣✐❛

❞❛ ♠ô♥❛❞❛ ❞❛❞❛ ♣♦r α ❡ β✮✳ ❊st❡ t❡♠ ♣♦st♦ ✐❣✉❛❧ ❛ rank(E) = dimKerβz − dimImαz =

n+ r − n = r✳

◆♦t❡ ❛✐♥❞❛ q✉❡✱ s❡ ✐♥tr♦❞✉③✐r♠♦s ♦ ♠❛♣❛ R : V ⊕ V ⊕W −→ V ⊕ V

Rz =

(
βz

α†
z

)

t❡♠♦s q✉❡ KerRz = Kerβz ∩Kerα
†
z✳ ▼❛s✱ α†

z = (Imαz)
⊥ ❡ ❛ss✐♠✱ KerRz = Ez✳

❆ ✐❞é✐❛ ❛❣♦r❛ é ❛❝❤❛r ❛ ♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧ P : V ⊕ V ⊕W −→ E✳ ❈♦♠ ✐ss♦✱ ♣♦❞❡♠♦s

❞❡✜♥✐r ✉♠❛ ❝♦♥❡①ã♦ ❡♠ ❊ ♣r♦❥❡t❛♥❞♦ ♣♦r P ❛ ❝♦♥❡①ã♦ tr✐✈✐❛❧ ❞♦ ✜❜r❛❞♦ V ⊕ V ⊕W ❡ ✈❡r✐✜❝❛✲

s❡ q✉❡ ❡st❛ é ✉♠ ✐♥st❛♥t♦♥✳ ❖ ♠❛♣❛ ❘ é ✉s❛❞♦ ♣❛r❛ ♠♦str❛r q✉❡ ❛s ✜❜r❛s ❞❡ ❊ s❛t✐s❢❛③❡♠ ❛

♣r♦♣r✐❡❞❛❞❡ E(z1,z2) = E(z1q,z2q)✱ ♦♥❞❡ q ∈ H✱ ✈✐st♦ ❛tr❛✈és ❞❛ ✐❞❡♥t✐✜❝❛çã♦ q =

(
q2 −q1

q1 q2

)
✱

❝♦♠ q1, q2 ∈ C✳ P♦rt❛♥t♦✱ ♣♦❞❡✲s❡ ❝♦♥s✐❞❡r❛r ❊ ❝♦♠♦ ✉♠ ✜❜r❛❞♦ s♦❜r❡ ❛ ✈❛r✐❡❞❛❞❡ HP1 ≃ S4

❡ ❝❛❧❝✉❧❛✲s❡ ❛ ❝❛r❣❛ t♦♣♦❧ó❣✐❝❛ ✭q✉❡ é s✐♠♣❧❡s♠❡♥t❡ ❛ s❡❣✉♥❞❛ ❝❧❛ss❡ ❞❡ ❈❤❡r♥ ❞♦ ✜❜r❛❞♦✱ ♣❛r❛

G = SU(r)✱ ♣♦r ❡①❡♠♣❧♦✮✳ ❆ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ♣r❡❝✐s❛ é✿

❚❡♦r❡♠❛ ✸✳✶✳✷✳ ❊①✐st❡ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ✶✲✶ ❡♥tr❡ ♦ ❡s♣❛ç♦ ❞❡ ♠♦❞✉❧✐ ❞❡ ❙❯✭r✮✲✐♥st❛♥t♦♥s
❢r❛♠❡❞ ❝♦♠ s❡❣✉♥❞❛ ❝❧❛ss❡ ❞❡ ❈❤❡r♥ ✐❣✉❛❧ ❛ ♥ ❡ s♦❧✉çõ❡s r❡❣✉❧❛r❡s ❞❛ ❡q✉❛çã♦ ❆❉❍▼ ♠ó❞✉❧♦
❯✭❱✮✱ ♦♥❞❡ dimV = n ❡ dimW = r✳

✽✺



❖❜s❡r✈❛çã♦ ✸✳✶✳✸✳ ❈♦♥s✐❞❡r❛♥❞♦ ✉♠ ❙❯✭r✮✲✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ P s♦❜r❡ S4 ❡ ✜①❛♥❞♦ ✉♠ ♣♦♥t♦
m0 ∈ S4✱ ✉♠ ✐♥st❛♥t♦♥ ❢r❛♠❡❞ é ✉♠ ♣❛r (ω, φ)✱ ♦♥❞❡ φ ∈ Pm0 é ✉♠ ♣♦♥t♦ ♥❛ ✜❜r❛ ❞❡ m0 ❡
ω ✉♠ ✐♥st❛♥t♦♥✳ ◗✉♦❝✐❡♥t❛✲s❡ ♦ ❡s♣❛ç♦ ❞♦s ✐♥st❛♥t♦♥s ❢r❛♠❡❞ ♣❡❧♦ ❣r✉♣♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s
❞❡ ❝❛❧✐❜r❡ q✉❡ ✜①❛♠ m0✳ ❊st❡ é ♦ ❡s♣❛ç♦ ❞❡ ♠♦❞✉❧✐ ❞♦ ❡♥✉♥❝✐❛❞♦ ❞♦ t❡♦r❡♠❛✳ ◆❡st❡ ❝❛s♦✱
❝♦st✉♠❛✲s❡ ♣❡♥s❛r ❡♠ S4 = C2 ∪ {∞} ✭✐✳❡✳✱ ❛ ❝♦♠♣❛❝t✐✜❝❛çã♦ ❛ ✉♠ ♣♦♥t♦ ❞❡ C2✮✳

✸✳✷ ❊s♣❛ç♦ ❞❡ ▼♦❞✉❧✐ ❞❡ ❈♦♥❡①õ❡s P❧❛♥❛s

❙❡❥❛ Σ ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡ ❘✐❡♠❛♥♥ ❝♦♥❡①❛ ❡ ❢❡❝❤❛❞❛ ✭✐✳❡✳✱ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❧❡①❛ ❞❡ ❞✐✲

♠❡♥sã♦ ✶✱ ❝♦♠♣❛❝t❛ ❡ s❡♠ ❜♦r❞♦✮✱ ● ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ❝♦♠♣❛❝t♦ ❡ ❝♦♥❡①♦✱ ❡ π : P −→ Σ ✉♠

●✲✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧✳

❱✐♠♦s q✉❡ ♦ ❣r✉♣♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❝❛❧✐❜r❡ G✱ q✉❡ ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ C∞
C (P ;G)✱

❛❣❡ à ❞✐r❡✐t❛ ♥♦ ❡s♣❛ç♦ ❞❡ ❝♦♥❡①õ❡s A ❞♦ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ P (Σ, G)✳ ❉❛❞❛ A ∈ A ⊆ Ω1(P ; g)

✭r❡s❡r✈❛♠♦s ❛ ❧❡tr❛ ω ♣❛r❛ ❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ❞❡✜♥✐❞❛ ♠❛✐s à ❢r❡♥t❡✮✱ ❝♦♥s✐❞❡r❡ ❛ ✷✲❢♦r♠❛ ❞❡

❝✉r✈❛t✉r❛ ❛ss♦❝✐❛❞❛ ΩA ∈ Ω2
G(P ; g) ✭❞❛❞❛✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✺✱ ♣♦r ΩA = dA +

1

2
[A,A]✮✳

❚❡♠♦s ❡♥tã♦ q✉❡ f ∈ C∞
C (P ;G) ❛❣❡ ❡♠ ❆ ❡ ΩA ✭Pr♦♣♦s✐çã♦ ✶✳✹✳✷✮ ♣♦r

A · f = Adf−1(A) + f ∗θ

ΩA·f = ΩA · f = Adf−1(ΩA)

❙❡♥❞♦ ● ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ❝♦♠♣❛❝t♦✱ ❡①✐st❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❆❞✲✐♥✈❛r✐❛♥t❡ ♥❛ á❧❣❡❜r❛ ❞❡ ▲✐❡

g ❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ♣❛r❡❛♠❡♥t♦ ✐♥❞✉③✐❞♦

< · ∧ · >g : Ωr(Σ; gP )× Ωs(Σ; gP ) −→ Ωr+s(Σ)

❆❧é♠ ❞✐ss♦✱ ❞❛❞❛ ✉♠❛ ✶✲❢♦r♠❛ ❞❡ ❝♦♥❡①ã♦ A ∈ A ⊆ Ω1(P ; g) ❡ α, β ∈ TAA ≃ Ω1(Σ; gP )✱ ❛

❝♦♠♣❛❝✐❞❛❞❡ ❞❛ s✉♣❡r❢í❝✐❡ ♥♦s ♣❡r♠✐t❡ ❞❡✜♥✐r

ωA(α, β) =

∫

Σ

< α ∧ β >g

❖❜s❡r✈❛çã♦ ✸✳✷✳✶✳ ❉❡♥♦t❡♠♦s ♣♦r < ·, · > ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❆❞✲✐♥✈❛r✐❛♥t❡ ❞❡ g✳ ❊♥tã♦✱
❞❛❞♦s x, y, z ∈ g✱ t❡♠♦s q✉❡ < Ad(exp(tx))y, Ad(exp(tx)z >=< y, z >✱ ♣❛r❛ t♦❞♦ t ∈ R✳ ❯♠❛
✈❡③ q✉❡ Ad(exp(tx)) = exp(ad(tx))✱ ❞❡r✐✈❛♥❞♦ ❡♠ t = 0✱ t❡♠♦s q✉❡

< [x, y], z > + < y, [x, z] >= 0

✽✻



❱✐♠♦s q✉❡✱ ❞❛❞❛ A ∈ A✱ t❡♠♦s ✉♠❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ dA : Ωq(M ; gP ) −→ Ωq+1(M ; gP )✳

❱❛♠♦s ♠♦str❛r ♦ s❡❣✉✐♥t❡ ❧❡♠❛ té❝♥✐❝♦✱ q✉❡ s❡rá ✉t✐❧✐③❛❞♦ ♠❛✐s à ❢r❡♥t❡ ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛

Pr♦♣♦s✐çã♦ ✸✳✹✳✶✳

▲❡♠❛ ✸✳✷✳✶✳ ❙❡❥❛ A ∈ A ❡ ❝♦♥s✐❞❡r❡ φ ∈ Ωr(Σ; gP )✱ η ∈ Ωs(Σ; gP )✱ ❡♥tã♦

d < φ ∧ η >g = < dAφ ∧ η >g + (−1)r < φ ∧ dAη >g

Pr♦✈❛✳ ❆s ❢♦r♠❛s φ ❡ η sã♦ ❞❡s❝r✐t❛s ❧♦❝❛❧♠❡♥t❡ ✭❡♠ Uα✮ ♣♦r ❢♦r♠❛s φα ∈ Ωr(Uα; g) ❡

ηα ∈ Ωs(Uα; g)✳ ❱❛♠♦s s✉♣r✐♠✐r ♦ í♥❞✐❝❡ α ♣❛r❛ ♥ã♦ ❞❡✐①❛r ❛ ♥♦t❛çã♦ tã♦ ❝❛rr❡❣❛❞❛✱ ❞❡ ♠♦❞♦

q✉❡✱ s❡ {ξ1, . . . , ξk} é ✉♠❛ ❜❛s❡ ❞❡ g✱ ❡s❝r❡✈❡♠♦s

φ = φi ⊗ ξi

η = ηi ⊗ ξi

♦♥❞❡✱ φi ∈ Ωr(Uα) ❡ ηi ∈ Ωs(Uα)✳ ◆♦t❡ q✉❡ ❡st❛♠♦s ✉s❛♥❞♦ ❛ ♥♦t❛çã♦ ❞❡ ❊✐♥st❡✐♥✱ ♦✉ s❡❥❛✱

s✉❜❡♥t❡♥❞❡♠♦s ♦ s♦♠❛tór✐♦ s❡♠♣r❡ q✉❡ t✐✈❡r♠♦s í♥❞✐❝❡s ✐❣✉❛✐s ❡♠ ♣♦s✐çõ❡s ❞✐❢❡r❡♥t❡ ✭✐✳❡✳✱ ✉♠

❡♠ ❝✐♠❛ ♦✉tr♦ ❡♠❜❛✐①♦✮✳ ❉❡ss❛ ❢♦r♠❛✱ < φ ∧ η >g∈ Ωr+s(M) é ❞❛❞♦ ❡♠ Uα ♣♦r

φi ∧ ηj < ξi, ξj >

❡ ❛ss✐♠✱ d < φ ∧ η >g é ❞❛❞♦ ♣♦r

d(φi ∧ ηj) < ξi, ξj >= (dφi ∧ ηj + (−1)rφi ∧ dηj) < ξi, ξj >

❆❣♦r❛✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✶✶✱ (dωζ)α = dζα + [s∗αA, ζα]✱ ♦♥❞❡ ζ ∈ Ωq(M ; gP )✳ ❈♦❧♦q✉❡♠♦s

❡♥tã♦ s∗αA = ai ⊗ ξi✱ ♦♥❞❡ ai ∈ Ω1(Uα)✳ P♦rt❛♥t♦✱

(< dAφ ∧ η >g)α = dφi ∧ ηs < ξi, ξs > +ai ∧ φr ∧ ηs < [ξj, ξr], ξs >

❡

(< φ ∧ dAη >g)α = φi ∧ dηs < ξi, ξs > +φr ∧ ai ∧ ηs < ξr, [ξi, ξs] >

▼❛s✱ φr ∧ ai ∧ ηs = (−1)rai ∧ φr ∧ ηs ❡✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✸✳✹✳✶✱

t❡♠♦s q✉❡ < ξr, [ξi, ξs] >= − < [ξj, ξr], ξs >✳ P♦rt❛♥t♦✱♦s t❡r♠♦s ❝♦♠ ai✬s ❝❛♥❝❡❧❛♠ ❡ ♦❜t❡♠♦s

(< dAφ ∧ η >g +(−1)r < φ ∧ dAη >g)α = (dφi ∧ ηs + (−1)rφi ∧ dηs) < ξi, ξs >

�

▲❡♠❛ ✸✳✷✳✷✳ ω é ✉♠❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ❡♠ A✳
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Pr♦✈❛✳ ❈❧❛r❛♠❡♥t❡ ωA é ❜✐❧✐♥❡❛r✱ ♣❡❧❛ ❧✐♥❡❛r✐❞❛❞❡ ❞❛ ✐♥t❡❣r❛❧ ❡ ❜✐❧✐♥❡❛r✐❞❛❞❡ ❞♦ ♣r♦❞✉t♦

❡①t❡r✐♦r ❞❡ ❢♦r♠❛s ❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦✳ ❈♦♠♦ ♦ ♣r♦❞✉t♦ ❡①t❡r✐♦r ❞❡ ❢♦r♠❛s é ❛♥t✐✲s✐♠étr✐❝♦✱ ♦

♣❛r❡❛♠❡♥t♦ ❝♦♥s✐❞❡r❛❞♦ t❛♠❜é♠ s❡rá ❡ t❡♠♦s ω ∈ Ω2(A)✳

❈♦♠♦ ♦ ❡s♣❛ç♦ ❞❛s ✶✲❢♦r♠❛s ❞❡ ❝♦♥❡①ã♦ A é ✉♠ ❡s♣❛ç♦ ❛✜♠✱ ♠♦❞❡❧❛❞♦ ❡♠ Ω1(Σ; gP )✱

♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ❝❛❞❛ TAA ≃ Ω1(Σ; gP ) ❡✱ ❝♦♠♦ ωA ✐♥❞❡♣❡♥❞❡ ❞❡ A✱ ❝♦♥❝❧✉í♠♦s q✉❡ dω = 0✳

❆❧é♠ ❞✐ss♦✱ ω é ♥ã♦✲❞❡❣❡♥❡r❛❞❛✳ ❉❡ ❢❛t♦✱ ❞❛❞❛ A ∈ A ❡ α ∈ TAA✱ t❡♠♦s q✉❡

ωA(α, ∗α) =

∫

Σ

< α ∧ ∗α >g= ‖α‖2L2(Λ2(T ∗Σ)⊗gP )

❆ss✐♠✱ ωA(α, ∗α) ≥ 0✱ ❝♦♠ ✐❣✉❛❧❞❛❞❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ α = 0✳ �

❖❜s❡r✈❛çã♦ ✸✳✷✳✷✳ ❉❛❞♦ ξ ∈ Lie(G) ≃ Γ(gP )✱ ξ(m) = [p, ϕ(p)]✱ ♣❛r❛ ❛❧❣✉♠ ♠❛♣❛ ❞✐❢❡r❡♥❝✐á✈❡❧
ϕ : Pm −→ g✱ s❛t✐s❢❛③❡♥❞♦ ϕ(p · g) = Adg−1(ϕ(p))✳ ❉❡✜♥✐♠♦s✱ ❡♠ ✶✳✹✱ exp(ξ) ∈ Γ(P ×C G)

♣♦r exp(ξ)(m) = [p, exp(ϕ(p))]✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ à ❢✉♥çã♦ fξ(p) = exp(ϕ(p))✱ ✉♠❛ ✈❡③ q✉❡
fξ(p · g) = exp(Adg−1(ϕ(p))) = Cg−1exp(ϕ(p)) = g−1fξ(p)g✳ ◆♦ q✉❡ s❡❣✉❡✱ ❝♦♥❢✉♥❞✐r❡♠♦s
exp(ξ) ❡ fξ✱ s❡♠♣r❡ q✉❡ ❡st✐✈❡r ❝❧❛r♦ q✉❛❧ ❞♦s ❞♦✐s ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦✳

▲❡♠❛ ✸✳✷✳✸✳ ❙❡❥❛ ξ ∈ Lie(G) ≃ Γ(gP )✳ ❖ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❢✉♥❞❛♠❡♥t❛❧ Xξ ∈ X(A)✱ ✐♥❞✉③✐❞♦
♣❡❧❛ ❛çã♦ ❞❡ G ❡♠ A é ❞❛❞♦ ♣♦r

(Xξ)A = dAξ

♣❛r❛ ❝❛❞❛ A ∈ A✳

Pr♦✈❛✳ ❚❡♠♦s q✉❡ P❡❧❛ ❞❡✜♥✐çã♦✱

(Xξ)A = d
dt

∣∣
t=0

A · exp(tξ)

= d
dt

∣∣
t=0

(Adexp(−tξ)A+ exp(tξ)∗θ

= ad−ξ(A) +
d
dt

∣∣
t=0

dLexp(−tξ)dexp(tξ)

= −[ξ, A] + dξ

= dξ + [A, ξ]

= dAξ

♦♥❞❡ ❢♦✐ ✉s❛❞♦ q✉❡ dLexp(0) = Id ❡ dexp(0) = 0 ✭❛❧é♠ ❞❛ ♣r♦♣♦s✐çã♦ ✶✳✸✳✶✶ ♣❛r❛ E = gP ✮✳ �

❉❛❞♦ f ∈ C∞
C (P ;G)✱ ❞❡♥♦t❡

ψf : A −→ A

A 7→ A · f

✽✽



❱❛♠♦s ♠♦str❛r q✉❡ ❡ss❛ ❛çã♦ é s✐♠♣❧ét✐❝❛ ✭✐✳❡✳✱ ψ∗
fω = ω✮✳ P❛r❛ ✐ss♦ ♣r❡❝✐s❛♠♦s ❞♦ s❡❣✉✐♥t❡

❧❡♠❛✳

▲❡♠❛ ✸✳✷✳✹✳ ❙❡❥❛ α ∈ TAA✱ ❡♥tã♦

dψf (A)α = Adf−1(α)

Pr♦✈❛✳ ❙❡❥❛ γ(t) = A + tα✳ ❈♦♠♦ A é ❡s♣❛ç♦ ❛✜♠ ♠♦❞❡❧❛❞♦ ❡♠ Ω1(Σ; gP )✱ ❛ ❝✉r✈❛ γ é

✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ A✱ ❝♦♠ γ(0) = A ❡ γ′(0) = α✱ ❞❡ ♠♦❞♦ q✉❡ dψf (A)α = (ψf ◦γ)
′(0)✳

▲❡♠❜r❛♥❞♦ q✉❡ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ g é ❆❞✲✐♥✈❛r✐❛♥t❡✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞♦ s❡❣✉✐♥t❡ ❝á❧❝✉❧♦

❞✐r❡t♦
dψf (A)α = d

dt

∣∣
t=0

(A+ tα) · f

= d
dt

∣∣
t=0

Adf−1(A) + tAdf−1(α) + f ∗θ)

= Adf−1(α)

�

▲❡♠❛ ✸✳✷✳✺✳ G ❛❣❡ s✐♠♣❧❡t✐❝❛♠❡♥t❡ ❡♠ (A, ω)✳

Pr♦✈❛✳ ❉❛❞♦s A ∈ A✱ α, β ∈ TAA ❡ f ∈ C∞
C (P ;G)✱

(ψ∗
fω)A(α, β) = ωA·f (dψf (A)α, dψf (A)β)

= ωA·f (Adf−1(A), Adf−1(B))

=
∫
Σ
< Adf−1α ∧ Adf−1β >g

=
∫
Σ
< α ∧ β >g

= ωA(α, β)

�

❱✐♠♦s q✉❡✱ ❞❛❞❛ A ∈ A✱ ❛ ✷✲❢♦r♠❛ ❞❡ ❝✉r✈❛t✉r❛ ΩA ❝♦rr❡s♣♦♥❞✐❛ à ✉♠❛ ✷✲❢♦r♠❛ FA ∈

Ω2(M ; gP )✳ P♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❡♥tã♦ ♦ ♠❛♣❛

F : A −→ Ω2(Σ; gP ) ≃ (Ω0(Σ; gP ))
∗ ≃ (Lie(G))∗

♦♥❞❡ ♦ ✐s♦♠♦r✜s♠♦ Ω2(Σ; gP ) ≃ (Ω0(Σ; gP ))
∗ é ❞❛❞♦ ♣❡❧♦ ♣❛r❡❛♠♥❡t♦ ❞❡✜♥✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱

♦✉ s❡❥❛✱ η ∈ Ω2(Σ; gP ) ❝♦rr❡s♣♦♥❞❡ ❛
∫
σ
< η ∧ · >g∈ (Ω0(Σ; gP ))

∗✳

❖❜s❡r✈❛çã♦ ✸✳✷✳✸✳ ❉❛❞♦ A ∈ A✱ FA é ❞❛❞❛ ❧♦❝❛❧♠❡♥t❡ ✭❡♠ Uα✮ ♣♦r (FA)α = s∗αΩA ∈

Ω2(Uα; g)✱ ❡ ✈❛❧❡ (FA)α = d(s∗αA) +
1

2
[s∗αA, s

∗
αA]✳ ❚♦♠❛♥❞♦ ν ∈ TAA✱

(FA+tν)α = d(s∗αA) +
1

2
[s∗αA, s

∗
αA] + t(d(s∗αν) +

1

2
([s∗αν, s

∗
αA] + [s∗αA, s

∗
αν])) +

t2

2
[s∗αν, s

∗
αν]

✽✾



❈♦♠♦ [s∗αA, s
∗
αν] = (−1)1.1+1[s∗αν, s

∗
αA] ❡ (dAν)α = d(s∗αν) + [s∗αA, s

∗
αν]✱ ♦❜t❡♠♦s q✉❡

(FA+tν)α = (FA)α + t(dAν)α +
t2

2
[s∗αν, s

∗
αν]

❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱
d

dt

∣∣∣∣
t=0

(FA+tν)α = (dAν)α

Pr♦♣♦s✐çã♦ ✸✳✷✳✶✳ ❆ ❛♣❧✐❝❛çã♦

µ = −F : A −→ (Lie(G))∗

é ✉♠ ♠❛♣❛ ♠♦♠❡♥t♦ ♣❛r❛ ❛ ❛çã♦ ❞♦ ❣r✉♣♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❝❛❧✐❜r❡ ♥♦ ❡s♣❛ç♦ ❞❡ ❝♦♥❡①õ❡s
❞❡ P (Σ, G)✳

Pr♦✈❛✳ ❱❛♠♦s ♠♦str❛r q✉❡

✐✮ ❉❛❞♦s f ∈ C∞
C (P ;G)✱ A ∈ A ❡ σ ∈ Lie(G)

(µ(ψf (A)))(σ) = −
∫
Σ
< FA·f ∧ σ >g

♠❛s✱ FA·f = Adf−1(FA)✳ ❆q✉✐ ❤á ✉♠ ♣♦✉❝♦ ❞❡ ❛❜✉s♦ ❞❡ ♥♦t❛çã♦✳ ❈♦♠♦ ✈✐♠♦s FA é ❞❛❞❛

♣♦r {(FA)α = s∗αFA ∈ Ω2(Uα, g)}✳ ❉❛í✱ s❡ m ∈ Uα✱ FA(m)(u, v) = [sα(m), Fα(m)(u, v)]✳ ▼❛s✱

ΩA·f = ΩA · f = Adf−1(ΩA) ❡ ❛♣❧✐❝❛♥❞♦ ♦ ♣✉❧❧❜❛❝❦ ❞❡ sα✱ ♦❜t❡♠♦s q✉❡ (FA·f )α = Adf−1((FA)α)

❡ ❛ss✐♠✱ ♣❡❧❛ ❆❞✲✐♥✈❛r✐â♥❝✐❛ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ g✱ ♦❜t❡♠♦s

(µ(ψf (A)))(σ) = −
∫
Σ
< Adf−1(FA) ∧ σ >g=

−
∫
Σ
< (FA) ∧ Adf−1(σ) >g= µ(A)(Adf−1σ) = ((Ad∗f ◦ µ)(A))(σ)

✐✐✮ ❉❛❞♦ σ ∈ Lie(G)✱ µσ(A)
.
= (µ(A))(σ) =

∫
Σ
< −FA ∧ σ >✱ t❡♠♦s ❛ss✐♠ q✉❡✱ ❞❛❞♦ ν ∈ TAA✱

dµσ(A)ν = d(
∫
Σ
< −F ∧ σ >g>)(A)ν

= d
dt

∣∣
t=0

∫
Σ
< −FA+tν ∧ σ >g

Obs3.4.3
= −

∫
Σ
< dAν ∧ σ >g

Lema3.4.1
=

∫
Σ
−
∫
Σ
d < ν ∧ σ >g −

∫
Σ
< ν ∧ dAσ >g

Stokes
= −

∫
Σ
< ν ∧ dAσ >g

= −
∫
Σ
< ν ∧ (Xσ)A >g

=
∫
Σ
< (Xσ)A ∧ ν >g

= ωA((Xσ)A, ν)

�

✾✵



◆♦t❡ q✉❡✱ ❛ ❡str❡❧❛ ❞❡ ❍♦❞❣❡ ✭❡st❡♥❞✐❞❛ ♣❛r❛ ❢♦r♠❛s ❝♦♠ ✈❛❧♦r❡s ♥♦ ✜❜r❛❞♦ gP ✮ ❡♠ ✶✲

❢♦r♠❛s ∗Ω1(M ; gP ) −→ Ω1(M ; gP ) s❛t✐s❢❛③ ∗2 = −Id✳ ▲♦❣♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ ❡str✉t✉r❛

q✉❛s❡✲❝♦♠♣❧❡①❛ ❡♠ A

JA(α)
.
= ∗α

♦♥❞❡ α ∈ TAA✱ a ∈ A✳ ❆ ❡str❡❧❛ ❞❡ ❍♦❞❣❡ t❛♠❜é♠ ♥♦s ❞á ✉♠❛ ♠étr✐❝❛ ♥♦ ❡s♣❛ç♦ ❞❡ ❝♦♥❡①õ❡s

gA(α, β)
.
=

∫

Σ

< α ∧ ∗β >g

α, β ∈ TAA✳ ❈❧❛r❛♠❡♥t❡ ❡st❛ ♠étr✐❝❛ é ❤❡r♠✐t✐❛♥❛✱ ♣♦✐s

g(Jα, Jβ) = −

∫

Σ

< ∗α ∧ β >g=

∫

Σ

< α ∧ ∗β >g

♦♥❞❡ ✉s❛♠♦s q✉❡ ∗α ∧ β = ∗2α ∧ ∗β = −α ∧ ∗β✳

◆♦t❡ ❛✐♥❞❛ q✉❡ ♥♦ss❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ω(α, β) = g(Jα, β)

ω(α, β) =

∫

Σ

< α ∧ β >g=

∫

Σ

< ∗α ∧ ∗β >g= g(Jα, β)

P♦rt❛♥t♦✱ t❡♠♦s ✉♠❛ ❡str✉t✉r❛ ❑❛❤❧❡r ❡♠ A✳

❊ss❛ ❞✐s❝✉ssã♦ ♣♦❞❡ s❡r ❢❛❝✐❧♠❡♥t❡ ❣❡♥❡r❛❧✐③❛❞❛ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ❛ ❜❛s❡ ❞♦ ✜❜r❛❞♦ é ✉♠❛

✈❛r✐❡❞❛❞❡ s✐♠♣❧ét✐❝❛ ❝♦♠♣❛❝t❛ X2n ✭♦✉ ❑ä❤❧❡r✮✳ ❈♦♠♦ ❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ é ❢❡❝❤❛❞❛✱ t❡♠♦s

✉♠❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ♥♦ ❡s♣❛ç♦ ❞❡ ❝♦♥❡①õ❡s

ω(α, β) =

∫

X

< α ∧ β >g ∧ ωn−1

❊ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ❛ ❛çã♦ ❞♦ ❣r✉♣♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❝❛❧✐❜r❡ G ❡♠ A ♥♦s ❢♦r♥❡❝❡ ♦

♠❛♣❛ ♠♦♠❡♥t♦

µ(A) = −FA ∧ ωn−1

❊st❡ ❛ss✉♥t♦ é tr❛t❛❞♦ ❝♦♠ ❞❡t❛❧❤❡s ❡♠ ❬✶✶❪ ✭❝❛♣ít✉❧♦ ✻✮✳

◆♦t❡ ❛✐♥❞❛ q✉❡✱ s❡ X é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❤②♣❡r❦ä❤❧❡r ❞❡ ❞✐♠❡♥sã♦ q✉❛tr♦✱ t❡♠♦s ♣❛r❛ ❝❛❞❛

❢♦r♠❛ ❑ä❤❧❡r ωj✱ j = 1, 2, 3✱ ❞❡ ❳✱ ✉♠❛ ❢♦r♠❛ s✐♠♣❧ét✐❝❛ ✭❑ä❤❧❡r✱ ✉♠❛ ✈❡③ ✜①❛❞❛ ❛ ♠étr✐❝❛

g(α, β) =
∫
X
< α ∧ ∗β >g ❡♠ A✮ ♥♦ ❡s♣❛ç♦ ❞❡ ❝♦♥❡①õ❡s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❛s ❡str✉t✉r❛s

❝♦♠♣❧❡①❛s ❞❡ ❳ ✐♥❞✉③❡♠ ❡str✉t✉r❛s ❝♦♠♣❧❡①❛s ♥♦ ❡s♣❛ç♦ ❞❡ ❝♦♥❡①õ❡s✱ q✉❡ ❤❡r❞❛ ✉♠❛ ❡str✉t✉r❛

❤②♣❡r❦ä❤❧❡r✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s ♠❛♣❛s ♠♦♠❡♥t♦ ❞❛❞♦s ♣♦r µj(A) = −FA ∧ ωj ❡ ♣♦❞❡♠♦s

❝♦♥❞❡♥sá✲❧♦s ♥✉♠ ♠❛♣❛ ♠♦♠❡♥t♦ ❤②♣❡r❦ä❤❧❡r µ = (µ1, µ2, µ3)✳

✾✶



❈♦♠♦ ♦❜s❡r✈❛❞♦ ❡♠ ❬✸✼❪ ✭s❡çã♦ ✸✳✷✮✱ ❛s ❢♦r♠❛s ω1, ω2, ω3 ❣❡r❛♠ ♦ ❡s♣❛ç♦ ❞❛s ✷✲❢♦r♠❛s

❛✉t♦✲❞✉❛✐s✱ ❞❡ ♠♦❞♦ q✉❡
µ−1(0)

G
≃

{A ∈ A ; F+
A = 0}

G

❖✉ s❡❥❛✱ ♦ ❡s♣❛ç♦ ❞❡ ♠♦❞✉❧✐ ❞❡ ✐♥st❛♥t♦♥s ✭❝♦♠ s✐♥❣✉❧❛r✐❞❛❞❡s✮✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❡❧✐♠✐♥❛♥❞♦

♣♦♥t♦s r✉✐♥s✱ tê♠✲s❡ ✉♠❛ ❡str✉t✉r❛ ❤②♣❡r❦ä❤❧❡r ♥❡ss❡ ❡s♣❛ç♦✳

❆♣❡s❛r ❞❡ ❡st❛r♠♦s tr❛❜❛❧❤❛♥❞♦ ❡♠ ❡s♣❛ç♦s ❝♦♠♣❛❝t♦s✱ é ♣♦ssí✈❡❧ ❡♥t❡♥❞❡r ❡ss❛ ❝♦♥str✉✲

çã♦ ❡♠ ❡s♣❛ç♦s ♥ã♦✲❝♦♠♣❛❝t♦s✱ ❝♦♠♦ R4 ✭q✉❡ é ❤②♣❡r❦ä❤❧❡r✮✳ ❈♦♠ ❛s ❢❡rr❛♠❡♥t❛s ❞❡ ❛♥á❧✐s❡

❛♣r♦♣r✐❛❞❛s ♦❜té♠✲s❡ ✉♠❛ ❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡ ❤②♣❡r❦ä❤❧❡r ♥♦ ❡s♣❛ç♦ ❞❡ ♠♦❞✉❧✐ ❞❡ ❙❯✭r✮✲

✐♥st❛♥t♦♥s ❢r❛♠❡❞ ✭❝♦♠ s❡❣✉♥❞❛ ❝❧❛ss❡ ❞❡ ❈❤❡r♥ ✜①❛❞❛✮✳

P❛r❛ ✜♥❛❧✐③❛r✱ ❝❛❜❡ ❝♦♠❡♥t❛r q✉❡ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❞❛❞❛ ♣❡❧❛ ❝♦♥str✉çã♦ ❆❉❍▼ ❞❡ ✐♥s✲

t❛♥t♦♥s ✭t❡♦r❡♠❛ ✸✳✶✳✷✮ é✱ ♥❛ ✈❡r❞❛❞❡✱ ✉♠❛ ✐s♦♠❡tr✐❛ ❤②♣❡r❦ä❤❧❡r✳ ❚❛❧ ❢❛t♦ ❡stá ♣r♦✈❛❞♦ ❡♠

❬✸✵❪✳

✾✷



❆♣ê♥❞✐❝❡ ❆

❋♦r♠❛s ❉✐❢❡r❡♥❝✐❛✐s

❈♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❡st❛❜❡❧❡❝❡r ♥♦t❛çã♦ ❡ ❡♥✉♥❝✐❛r ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❝❧áss✐❝♦s ✉s❛❞♦s ♥♦ t❡①t♦✱

✈❛♠♦s ❞✐s❝✉t✐r ❛❧❣✉♥s ❛s♣❡❝t♦s ❞❛ t❡♦r✐❛ ❞❡ ❢♦r♠❛s ❞✐❢❡r❡♥❝✐❛✐s ✉s✉❛✐s ❡ ❝♦♠ ✈❛❧♦r❡s ❡♠ ✜❜r❛❞♦s

✈❡t♦r✐❛✐s✳ ❊st❛ s❡çã♦ é ❜❛s❡❛❞❛ ❡♠ ❬✷✽❪✱ ❬✸✹❪✳

❙❡ ▼ é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ✉♠❛ ❦✲❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧ α ∈ Ωk(M) é ✉♠❛ s❡çã♦ ❞♦

✜❜r❛❞♦ ✈❡t♦r✐❛❧ ΛkT ∗M −→M ✱ ❡ ❞❛❞♦ p ∈M ✱

αp : TpM × . . .× TpM −→ R

é ✉♠❛ ❛♣❧✐❝❛çã♦ ❦✲❧✐♥❡❛r ❛❧t❡r♥❛❞❛✳ ❆❧t❡r♥❛t✐✈❛♠❡♥t❡✱ é ♣♦ssí✈❡❧ ♣❡♥s❛r ❡♠ α ❝♦♠♦ ✉♠❛ ❛♣❧✐✲

❝❛çã♦ C∞(M)✲❧✐♥❡❛r ❡♠ ❝❛❞❛ ✉♠❛ ❞❛s ❦ ❡♥tr❛❞❛s ❡ ❛❧t❡r♥❛❞❛

α : X(M)× . . .× X(M) −→ C∞(M)

❞❡✜♥✐❞❛ ❞❛ ♠❛♥❡✐r❛ ♥❛t✉r❛❧ ✭✐✳❡✳✱ α(X1, . . . , Xk)(p) = αp((X1)p, . . . , (Xk)p)✱ ♦♥❞❡ X1, . . . , Xk ∈

X(M) ❡✱ ♣♦r ❛❜✉s♦ ❞❡ ♥♦t❛çã♦✱ ❞❡♥♦t❛♠♦s ❛s ❞✉❛s ❛♣❧✐❝❛çõ❡s ♣♦r α✮✳

❈♦♠ ❡ss❛ ✐❞❡♥t✐✜❝❛çã♦✱ ❛ ❞❡r✐✈❛❞❛ ❡①t❡r✐♦r s❡ ❞á ♣♦r✿

dα(X1, . . . , Xk+1) =
k+1∑

i=1

(−1)i+1Xi(α(X1, . . . , X̂i, . . . , Xk+1))

+
∑

i<j

(−1)i+jα([Xi, Xj], X1, . . . , X̂i, . . . , X̂j, . . . , Xk+1)

♦♥❞❡ X̂i s✐❣♥✐✜❝❛ q✉❡ ♦ ❝❛♠♣♦Xi ❢♦✐ ♦♠✐t✐❞♦ ❡✱ ❞❛❞❛ f ∈ C∞(M) ❡ X ∈ X(M)✱ X(f) ∈ C∞(M)

é ❞❡✜♥✐❞❛ ♣♦r X(f)(p) = Xp(f) = dfp(Xp)✳ ❆❧é♠ ❞✐ss♦✱ [Xi, Xj] ∈ X(M) é ♦ ❝♦❧❝❤❡t❡ ❞❡ ▲✐❡ ❞❡

❞♦✐s ❝❛♠♣♦s ✭✐✳❡✳✱ [Xi, Xj](f) = X1(X2(f))−X2(X1(f))✱ ♦♥❞❡ f ∈ C∞(M)✮✳

✾✸



❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ α é ✉♠❛ ✶✲❢♦r♠❛✱ ✈❛❧❡ q✉❡✿

dα(X1, X2) = X1(α(X2))−X2(α(X1))− α([X1, X2])

❉❡ ✉♠❛ ❢♦r♠❛ ♠❛✐s ❣❡r❛❧✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ ❦✲❢♦r♠❛ ❞❡ ▼ ❝♦♠ ✈❛❧♦r❡s ♥✉♠ ✜❜r❛❞♦

✈❡t♦r✐❛❧ E −→ M ❝♦♠♦ ✉♠❛ s❡çã♦ ❞♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞♦s ✜❜r❛❞♦s ❡♠ q✉❡stã♦✱ ✐✳❡✳✱ α ∈

Γ(ΛkT ∗M ⊗ E) ❡ ❞❡♥♦t❛r❡♠♦s ❡ss❡ ❡s♣❛ç♦ ♣♦r Ωk(M ;E)✳ ❆ss✐♠✱ ❞❛❞♦ p ∈M ✿

αp : TpM × . . .× TpM −→ Ep

é ✉♠❛ ❛♣❧✐❝❛çã♦ ❦✲❧✐♥❡❛r ❛❧t❡r♥❛❞❛✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ ❱ é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ V =M×V −→

M é ♦ ✜❜r❛❞♦ tr✐✈✐❛❧✱ ❞❡♥♦t❛♠♦s ♣♦r Ωk(M ;V )
.
= Ωk(M ;V )✳

❆❧é♠ ❞✐ss♦✱ ❛ ♥♦ss❛ ✐❞❡♥t✐✜❝❛çã♦ ♣❛r❛ ❢♦r♠❛s ✉s✉❛✐s s❡ tr❛❞✉③✱ ♥❡ss❡ ❝♦♥t❡①t♦✱ ❡♠ ✉♠❛

❛♣❧✐❝❛çã♦ C∞(M)✲❧✐♥❡❛r ❡♠ ❝❛❞❛ ✉♠❛ ❞❛s ❦ ❡♥tr❛❞❛s ❡ ❛❧t❡r♥❛❞❛

α : X(M)× . . .× X(M) −→ Γ(E)

❉❡♥♦t❡♠♦s ♣♦r

Ω(M ;E) =
⊕

Ωk(M ;E)

❊st❡ é ♥❛t✉r❛❧♠❡♥t❡ ✉♠ ♠ó❞✉❧♦ ❣r❛❞✉❛❞♦ s♦❜r❡ ❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ Ω(M)✱ ♦♥❞❡ ❛ ❛çã♦ ✭à

❡sq✉❡r❞❛✮

∧ : Ωk(M)× Ωl(M ;E) −→ Ωl+k(M ;E)

é ❞❡✜♥✐❞❛ ❡st❡♥❞♦ ♣♦r ❧✐♥❡❛r✐❞❛❞❡

α ∧ (β ⊗ s)
.
= (α ∧ β)⊗ s

♦♥❞❡ α ∈ Ωk(M)✱ Ωl(M) ❡ s ∈ Γ(E)✳ ❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ t❡♠♦s ✉♠❛ ❛çã♦ à ❡sq✉❡r❞❛ ❡ ✈❛❧❡

α ∧ γ = (−1)klγ ∧ α✱ ♦♥❞❡ α ∈ Ωk(M) ❡ γ ∈ Ωl(M ;E)✳

❱❛♠♦s ✈♦❧t❛r ♥♦ss❛ ❛t❡♥çã♦ ♣❛r❛ Ωk(M ;V )✳ ❙❡❥❛ α ∈ Ωk(M ;V )✳ ❋✐①❛❞❛ ✉♠❛ ❜❛s❡ ❞❡ ❱

{v1, . . . , vr}✱ t❡♠♦s q✉❡

α =
r∑

i=1

αivi

♦♥❞❡ vi ∈ Ωk(M)✳ P♦❞❡♠♦s ❡♥tã♦ ❞❡✜♥✐r

dα =
r∑

i=1

dαivi

✾✹



❡ ❝❧❛r❛♠❡♥t❡ ❡ss❛ ❞❡✜♥✐çã♦ ✐♥❞❡♣❡♥❞❡ ❞❛ ❜❛s❡ ❞❡ ❱ t♦♠❛❞❛✳ ❖ ♣r♦❞✉t♦ ❡①t❡r✐♦r✱ ♥♦ ❡♥t❛♥t♦✱

♥ã♦ s❡ ❣❡♥❡r❛❧✐③❛ tã♦ ❢❛❝✐❧♠❡♥t❡✳ ❚❡♠♦s ✉♠ ♠❛♣❛ ♥❛t✉r❛❧

∧ : Ωp(M ;V )× Ωq(M ;V ) −→ Ωp+q(M ;V ⊗ V )

q✉❡ ❛ss♦❝✐❛ (α, β) ∈ Ωp(M ;V ) × Ωq(M ;V )✱ ♦♥❞❡ α =
r∑

i=1

αivi ❡ β =
r∑

i=1

βivi✱ ❛♦ ❡❧❡♠❡♥t♦

α ∧ β
.
=

r∑

i,j=1

(αi ∧ βj)vi ⊗ vj✳ ❙❡ ❱ é ❞♦t❛❞♦ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ✭✐✳❡✳ ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r

V ⊗ V −→ V ✮✱ ♦❜t❡♠♦s✱ ♣♦r ❝♦♠♣♦s✐çã♦✱ ✉♠ ♠❛♣❛ Ωp(M ;V ) × Ωq(M ;V ) −→ Ωp+q(M ;V )✳

◆♦t❡ q✉❡✱ s❡ ❲ é ♦✉tr♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ t❡♠♦s ✉♠❛ ❛çã♦ W × V −→ V ✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❞❡

♠❛♥❡✐r❛ ❛♥á❧♦❣❛ Ωp(M ;W )×Ωq(M ;V ) −→ Ωp+q(M ;V ) ✭❡♠ ♣❛rt✐❝✉❧❛r✱ W = End(V ) ❢♦r♥❡❝❡

✉♠ ❡①❡♠♣❧♦ ❞❡ss❛ s✐t✉❛çã♦✮✳

❯♠ ❝❛s♦ ❞❡ ❡①tr❡♠❛ ✐♠♣♦rtâ♥❝✐❛ ♦❝♦rr❡ q✉❛♥❞♦ ❱ é ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡ ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡

●✳ ◆❡st❡ ❝❛s♦✱ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ é ♦ ❝♦❧❝❤❡t❡ ❞❡ ▲✐❡ ❡ ❞❡♥♦t❛♠♦s t❛♠❜é♠ ♣♦r ❝♦❧❝❤❡t❡s ♦ ♠❛♣❛

[·, ·] : Ωp(M ; g)× Ωq(M ; g) −→ Ωp+q(M ; g)✳

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ α ∈ Ω1(M ; g)✱

[α, α](X, Y ) = [α(X), α(Y )]− [α(Y ), α(X)] = 2[α(X), α(Y )]

▲❡♠❛ ❆✳✵✳✻✳ ❙❡❥❛♠ α, β, γ ∈ Ω(M ; g) ❢♦r♠❛s ❝✉❥♦s ❣r❛✉s sã♦ ♣✱ q ❡ r✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥tã♦

✶✳ [β, α] = (−1)pq+1[α, β]

✷✳ (−1)rq[γ, [α, β]] + (−1)qp[β, [γ, α]] + (−1)pr[α, [β, γ]] = 0

✸✳ d[α, β] = [dα, β] + (−1)p[α, dβ]

❖ ❧❡♠❛ ❛❝✐♠❛ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s ❢♦r♠❛s ❞✐❢❡r❡♥❝✐❛✐s ✉s✉❛✐s ❡ ❞♦ ❢❛t♦

❞♦ ❝♦❧❝❤❡t❡ ❞❡ ▲✐❡ s❡r ❛♥t✐✲s✐♠étr✐❝♦ ❡ s❛t✐s❢❛③❡r ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❏❛❝♦❜✐✳

◆♦t❡ q✉❡✱ t♦❞♦ ❣r✉♣♦ ❞❡ ▲✐❡ ● ✈❡♠ ❡q✉✐♣❛❞♦ ❝♦♠ ✉♠❛ ✶✲❢♦r♠❛ ❝♦♠ ✈❛❧♦r❡s ♥❛ á❧❣❡❜r❛ ❞❡

▲✐❡✱ ❛ ❢♦r♠❛ ❞❡ ▼❛✉r❡r✲❈❛rt❛♥ θ✳ ❉❛❞♦ g ∈ G✱ ❡st❛ ❢♦r♠❛ é ❞❡✜♥✐❞❛ ♣♦r θ(g) = dLg−1(g) :

TgG −→ g✳

Pr♦♣♦s✐çã♦ ❆✳✵✳✷✳ ❆ ❢♦r♠❛ ❞❡ ▼❛✉r❡r✲❈❛rt❛♥ s❛t✐s❢❛③✿

✶✳ L∗
gθ = θ

✷✳ R∗
gθ = Adg−1θ

✾✺



✸✳ dθ +
1

2
[θ, θ] = 0 ✭❡q✉❛çã♦ ❡str✉t✉r❛❧✮

▲❡♠❛ ❆✳✵✳✼✳ ❙❡❥❛ P ✉♠❛ ✈❛r✐❡❞❛❞❡ ❡ ● ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡✳ ❙❡ α ∈ Ω1(P ; g) ❡ f : P −→ G✱
❡♥tã♦ Adf−1α ∈ Ω1(P ; g) ❡ t❡♠♦s

d(Adf−1α) = Adf−1dα− [f ∗θ, Adf−1α]

Pr♦✈❛✳ P♦❞❡♠♦s ✈❡r Adf−1 ∈ Ω0(P ;GL(g)) ❡ t❡♠♦s ♦ ♣❛r❡❛♠❡♥t♦ ♥❛t✉r❛❧ ❝♦♠ ❢♦r♠❛s ❝♦♠

✈❛❧♦r❡s ♥❛ á❧❣❡❜r❛ ❞❡ ▲✐❡✳ ❆ss✐♠✱

d(Adf−1α) = d(Adf−1) ∧ α + Adf−1dα

❱❛♠♦s ❝❛❧❝✉❧❛r d(Adf−1) ∈ Ω1(P ;GL(g)✳ ❙❡❥❛ ❡♥tã♦ γ ✉♠❛ ❝✉r✈❛ s✉❛✈❡ ❡♠ P ❝♦♠ γ(0) = p ❡

γ′(0) = v✳ ❆ss✐♠✱ d(Adf−1)pv = d
dt

∣∣
t=0

Adf−1(γ(t))✳

❊s❝r❡✈❛✱ f−1(γ(t)) = f−1(p)h(t)✱ ♦♥❞❡ h(t) = Lf(p)f
−1(γ(t))✳ ❖✉ s❡❥❛✱ h(0) = e ∈ G ❡

h′(0) = ((f−1)∗θ)pv✳

❚❡♠♦s ❡♥tã♦ q✉❡ Adf−1(γ(t)) = Adf−1(p)Adh(t)✳ P♦rt❛♥t♦✱

d(Adf−1)pv = Adf−1(p)adh′(0) = Adf−1(p)[((f
−1)∗θ)pv, ·]

❉❡ss❛ ❢♦r♠❛✱

(d(Adf−1) ∧ α)p = Adf−1(p)[(f
−1)∗θ, α]p = [Adf−1(p)(f

−1)∗θ, Adf−1(p)αp] = −[(f ∗θ)p, Adf−1(p)αp]

◆❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ❢♦✐ ✉s❛❞♦ ✐♠♣❧✐❝✐t❛♠❡♥t❡ q✉❡ s❡ a : P −→ G✱ aa−1 : P −→ {e} ⊆ G ❡

❛ss✐♠ (da)a−1 + a(da−1) = 0✳ �

▼♦str❛r❡♠♦s ❛ s❡❣✉✐r q✉❡ ❞❛❞♦ ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ P✭▼✱●✮ ❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ρ :

G −→ GL(V )✱ ♦♥❞❡ ❱ é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ❛s ❢♦r♠❛s ❞❡ ▼ ❝♦♠ ✈❛❧♦r❡s ♥♦ ✜❜r❛❞♦ ❛ss♦❝✐❛❞♦

E = P ×ρ V ❝♦rr❡s♣♦♥❞❡♠ ❛ ❝❡rt❛s ❢♦r♠❛s ❡♠ P ❝♦♠ ✈❛❧♦r❡s ❡♠ ❱✳

❉❡✜♥✐çã♦ ❆✳✵✳✶✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❢♦r♠❛ α ∈ Ωk(P, V ) é ❜ás✐❝❛✱ s❡

✶✳ ψ∗
gα = ρ(g−1)α✱ ♣❛r❛ t♦❞♦ g ∈ G

✷✳ ❆ ❢♦r♠❛ s❡ ❛♥✉❧❛ q✉❛♥❞♦ ❛♣❧✐❝❛❞❛ ❡♠ ✈❡t♦r❡s ✈❡rt✐❝❛✐s ✭❡♠ q✉❛❧q✉❡r ✉♠❛ ❞❡ s✉❛s ❡♥tr❛✲
❞❛s✮

❉❡♥♦t❛r❡♠♦s ♦ ❡s♣❛ç♦ ❞❛s ❦✲❢♦r♠❛s ❜ás✐❝❛s ♣♦r Ωk
G(P, V )✳

Pr♦♣♦s✐çã♦ ❆✳✵✳✸✳ ❊①✐st❡ ✉♠❛ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ Ωk
G(P, V ) ❡ Ωk(M,E)✱ ♦♥❞❡ E = P ×ρ V ✳

✾✻



Pr♦✈❛✳ ❙❡❥❛ α ∈ Ωk
G(P, V )✳ ❱❛♠♦s ❞❡✜♥✐r α̃ ∈ Ωk(M,E)✳ ❉❛❞♦s m ∈ M ✱ τj ∈ TmM ✱

j = 1, . . . , k✱ ❡ p ∈ π−1(m) ⊆ P ✱ ❝♦♠♦ π é s✉❜♠❡rsã♦✱ ❡①✐st❡♠ τ̃j ∈ TpP t❛✐s q✉❡ dπ(p)τ̃j = τj✳

❉❡✜♥✐♠♦s ❡♥tã♦

α̃(m)(τ1, . . . , τk) = [p, α(p)(τ̃1, . . . , τ̃k)]

Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡ q✉❡ s❡ dπ(p) ˜̃τj = τj✱ ˜̃τj − τ̃j ∈ Vp = ker(dπp) ❡ ❝♦♠♦ α é ✉♠❛ ❢♦r♠❛

❜ás✐❝❛✱ α(p)(τ̃1, . . . , ˜̃τj, . . . , τ̃k) = α(p)(τ̃1, . . . , τ̃j, . . . , τ̃k)✳ P♦rt❛♥t♦✱ ♥ã♦ ❤á ♣r♦❜❧❡♠❛s ♥❛ ❡s❝♦❧❤❛

❞♦s ✈❡t♦r❡s τ̃j✳ P❛r❛ ♠♦str❛r q✉❡ α̃ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❛✐♥❞❛ ♣r❡❝✐s❛♠♦s ♠♦str❛r q✉❡ ♥ã♦ ✐♠♣♦rt❛

♦ ❡❧❡♠❡♥t♦ ❞❡ Pm t♦♠❛❞♦✳ ❈♦♠♦ q✉❛❧q✉❡r ♦✉tr♦ ❡❧❡♠❡♥t♦ ❞❛ ✜❜r❛ é ❞❛ ❢♦r♠❛ p · g✱ ♣❛r❛ ❛❧❣✉♠

g ∈ G✱ ❡ dπ(p · g)dψg(p)τ̃j = dπ(p)τ̃j = τj✱ ✜❝❛♠♦s ❝♦♠ ❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦

[p · g, α(p · g)(dψg(p)τ̃1, . . . , dψg(p)τ̃k)] = [p · g, (ψ∗
gα)(p)(τ̃1, . . . , τ̃k)] =

[p · g, ρ(g−1)(α(p)(τ̃1, . . . , τ̃k))] = [p, α(p)(τ̃1, . . . , τ̃k)]

❊ss❛ ❛ss♦❝✐❛çã♦ é ❝❧❛r❛♠❡♥t❡ ❧✐♥❡❛r✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛❞♦ β ∈ Ωk(M,E)✱ ❞❡✜♥✐♠♦s β̃(p)(τ1, . . . , τk) =

v✱ ♦♥❞❡ ♦ ❡❧❡♠❡♥t♦ ❞❡ ❱ é ❞❛❞♦ ♣♦r β(π(p))(dπ(p)τ1, . . . , dπ(p)τk) = [p, v]✳ ❈❧❛r❛♠❡♥t❡✱ β̃ ∈

Ωk
(P, V ) ❡ ❡st❛ s❡ ❛♥✉❧❛ ❡♠ ✈❡t♦r❡s ✈❡rt✐❝❛✐s✳ ❆❣♦r❛✱ β(π(p·g))(dπ(p)dψg(p)τ1, . . . , dπ(p)dψg(p)τk) =

β(π(p))(dπ(p)τ1, . . . , dπ(p)τk) = [p, v] = [p · g, ρ(g−1)v]✳ P♦rt❛♥t♦✱

(ψ∗
g β̃)(p)(τ1, . . . , τk) = β̃(p · g)(dψg(p)τ1, . . . , dψg(p)τk) = ρ(g−1)v = ρ(g−1)(β̃(p)(τ1, . . . , τk))

❡ ❛ss✐♠✱ β̃ ∈ Ωk
G(P, V )✳

❊st❛ é ✉♠❛ ❜✐❥❡çã♦✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ α ∈ Ωk
G(P, V ) 7→ α̃ ∈ Ωk(M,E) 7→ ˜̃α ∈ Ωk

G(P, V )✳

❆ss✐♠✱ α̃(π(p))(dπ(p)τ1, . . . , dπ(p)τk) = [p, α(p)(τ1, . . . , τk)] ❡ ❛ss✐♠✱ α = ˜̃α✳ ❈♦♥s✐❞❡r❡ ❛❣♦r❛

β ∈ Ωk(M,E) 7→ β̃ ∈ Ωk
G(P, V ) 7→ ˜̃β ∈ Ωk(M,E)✳ ❙❡ dπ(p)τ̃j = τj✱ j = 1, . . . , k✱ ❝♦♠

π(p) = m✱ t❡♠♦s q✉❡ ˜̃β(m)(τ1, . . . , τk) = [p, β̃(p)(τ̃1, . . . , τ̃k))] = β(m)(dπ(p)τ̃1, . . . , dπ(p)τ̃k) =

β(m)(τ1, . . . , τk)✳ �

P❛r❛ ✜♥❛❧✐③❛r ❡ss❛ s❡çã♦ ✈❛♠♦s ❢❛③❡r ✉♠ ❝♦♠❡♥tár✐♦ s♦❜r❡ ❢♦r♠❛s ❝♦♠ ✈❛❧♦r❡s ♥♦ ✜❜r❛❞♦

❛ss♦❝✐❛❞♦ E = P ×ρ V ✱ ♦♥❞❡ sα : Uα −→ P |Uα
sã♦ ❛s s❡çõ❡s q✉❡ ❝♦rr❡s♣♦♥❞❡♠ às tr✐✈✐❛❧✐③❛çõ❡s

❞♦ ✜❜r❛❞♦ P✭▼✱●✮✳ ❉❛❞❛ ζ ∈ Ωk(M,E)✱ ❡♠ Uα✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ζα ∈ Ωk(Uα, V ) ♣♦r ζ =

[sα, ζα]✳ ◆♦t❡ q✉❡ ❡♠ Uαβ ❛s ❞❡✜♥✐çõ❡s ❞❡✈❡♠ ❝♦✐♥❝✐❞✐r✱ ❞❡ ♠♦❞♦ q✉❡✱ ❝♦♠♦ sβ = sα · gαβ✱

❞❡✈❡♠♦s t❡r q✉❡✱ ♥♦s ♣♦♥t♦s ❞❛ ✐♥t❡rs❡çã♦✱ [sα, ζα] = [sβ, ζβ] = [sα, ρ(gαβ)ζβ]✳ ❖✉ s❡❥❛✱ ζα =

ρ(gαβ)ζβ✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ❞❛❞❛s ❦✲❢♦r♠❛s ζα ∈ Ωk(Uα, V ) s❛t✐s❢❛③❡♥❞♦ ζα = ρ(gαβ)ζβ ❡♠ Uαβ✱

♦❜t❡♠♦s ✉♠❛ ❢♦r♠❛ ❣❧♦❜❛❧ ζ ∈ Ωk(M,E) ❞❛❞❛ ❧♦❝❛❧♠❡♥t❡ ✭❡♠ Uα✮ ♣♦r [sα, ζα]✳

❙❡❥❛ ζ̃ ∈ Ωk
G(P, V ) ❛ ❢♦r♠❛ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ζ✳ ❚❡♠♦s ❡♥tã♦ q✉❡ ζα = s∗αζ̃✳ ❉❡ ❢❛t♦✱

(s∗αζ̃)m(τ1, . . . , τk) = ζ̃(sα(m))(dsα(m)τ1, . . . , dsα(m)τk)✳ ❈♦♠♦ π◦sα = IdUα
✱ ✈❛❧❡ dπ(p)dsα(m)τj =

τj✱ ♣❛r❛ ❝❛❞❛ ❥✱ ❡ ❛ss✐♠ ζ(m)(τ1, . . . , τk) = [sα(m), ζ̃(sα(m))(dsα(m)τ1, . . . , dsα(m)τk)]✳

✾✼



❋♦r♠❛s ❉✐❢❡r❡♥❝✐❛✐s ❈♦♠♣❧❡①❛s

❙❡❥❛ ▼ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❈♦♠♦ ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❢♦r♠❛s

❞✐❢❡r❡♥❝✐❛✐s ❡♠ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❱✳ ❙❡ V = C✱ ❝❤❛♠❛♠♦s α ∈ Ωk(M ;C) ❞❡ ❦✲❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧

❝♦♠♣❧❡①❛✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❝♦♠♦ C é ✉♠ ❝♦r♣♦✱ ♦ ♣r♦❞✉t♦ ❡①t❡r✐♦r s❡ ❣❡♥❡r❛❧✐③❛ ♥❛t✉r❛❧♠❡♥t❡✳

●❡r❛❧♠❡♥t❡✱ ❞❡♥♦t❛r❡♠♦s Ωk(M ;C) ♣♦r Ωk(M)C ❡ ♣❡♥s❛r❡♠♦s ♥✉♠ ❡❧❡♠❡♥t♦ α ∈ Ωk(M)C✱

❝♦♠♦ α = α1 + iα2✱ ♦♥❞❡ α1, α2 ∈ Ωk(M)❀ ♦ q✉❡ ❝♦♥❞✐③ ❝♦♠ ♦ ❢❛t♦ ❞❡ t❛❧ ❢♦r♠❛ ♣♦❞❡r s❡r ✈✐st❛

❝♦♠♦ ✉♠❛ s❡çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❝♦♠♣❧❡①♦ ❝✉❥❛s ✜❜r❛s sã♦ Λk((TpM)C)
∗✳

❙❡❥❛♠ α = α1 + iα2 ∈ Ωr(M)C ❡ β = β1 + iβ2 ∈ Ωs(M)C✳ ❊♥tã♦✱

α ∧ β = α1 ∧ β1 − α2 ∧ β2 + i(α1 ∧ β2 + α2 ∧ β1)

dα = dα1 + idα2

❡ ❛ss✐♠ t❡♠♦s✱
α ∧ β = (−1)rsβ ∧ α

d2 = 0

α ∧ β = α ∧ β

❆ ú❧t✐♠❛ ❛✜r♠❛çã♦ s❡❣✉❡ ❞♦ s❡❣✉✐♥t❡ ❝á❧❝✉❧♦ α ∧ β = α1 ∧β1−α2 ∧β2− i(α1 ∧β2+α2 ∧β1) =

(α1 − iα2) ∧ (β1 − iβ2)✳

✾✽



❆♣ê♥❞✐❝❡ ❇

❋♦r♠❛ ✈♦❧✉♠❡ ❡ ❊str❡❧❛ ❞❡ ❍♦❞❣❡

❙❡❥❛ ❱ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

T rs (V ) = V ⊗ . . .⊗ V︸ ︷︷ ︸
r

⊗V ∗ ⊗ . . . V ∗

︸ ︷︷ ︸
s

❚❡♠♦s ❞❛ á❧❣❡❜r❛ ❧✐♥❡❛r ♦s s❡❣✉✐♥t❡s ✐s♦♠♦r✜s♠♦s✿

Pr♦♣♦s✐çã♦ ❇✳✵✳✹✳ ❙❡ ❱ é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧✱ ❡♥tã♦

Ts(V )
.
= T 0

s (V ) ≃ {f : V × . . .× V︸ ︷︷ ︸
s

−→ R s− lineares}

T r(V )
.
= T r0 (V ) ≃ {f : V ∗ × . . .× V ∗

︸ ︷︷ ︸
r

−→ R r − lineares}

❉❡✜♥✐çã♦ ❇✳✵✳✷✳ ❙❡❥❛ ▼ ✉♠❛ ✈❛r✐❡❞❛❞❡✳ T rs (M)
.
=
⋃

p∈M

T rs (TpM) é ♥❛t✉r❛❧♠❡♥t❡ ✉♠ ✜❜r❛❞♦

✈❡t♦r✐❛❧ s♦❜r❡ ▼✳ ❈❤❛♠❛♠♦s ❞❡ ❝❛♠♣♦ t❡♥s♦r✐❛❧ ❞❡ ❣r❛✉ ✭r✱ s✮ ✉♠❛ s❡çã♦ ❞❡st❡ ✜❜r❛❞♦✳

❉❡✜♥✐çã♦ ❇✳✵✳✸✳ ❯♠❛ ♠étr✐❝❛ r✐❡♠❛♥♥✐❛♥❛ ♥✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ▼ é ✉♠ ❝❛♠♣♦
t❡♥s♦r✐❛❧ ❣ s✐♠étr✐❝♦ ❞❡ ❣r❛✉ ✭✵✱✷✮ ♣♦s✐t✐✈♦ ❞❡✜♥✐❞♦✳

❉❡ss❛ ❢♦r♠❛✱ gp : TpM × TpM −→ R é ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦✱ ♣❛r❛ ❝❛❞❛ p ∈ M ✳ ❆❧é♠ ❞✐ss♦✱

❞❛❞❛ ✉♠❛ ❝❛rt❛ ❧♦❝❛❧ {U, (x1, . . . , xn)} ❞❡ ▼✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛♠étr✐❝❛ ❝♦♠♦

g|U =
n∑

i,j=1

gijdx
i ⊗ dxj

♦♥❞❡ gij(p) = gp(
∂
∂xi

∣∣
p
, ∂
∂xj

∣∣
p
)✱ gij ∈ C∞(U)✱ ❡ (gij(p)) é ✉♠❛ ♠❛tr✐③ s✐♠étr✐❝❛ ❡ ♣♦s✐t✐✈❛ ❞❡✜✲

♥✐❞❛✳

✾✾



❖ ❢❛t♦ ❞❡ gp : TpM × TpM −→ R s❡r ♣♦s✐t✐✈♦ ❞❡✜♥✐❞♦✱ ♥♦s ❞á✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ q✉❡ ❡st❛

❢♦r♠❛ ❜✐❧✐♥❡❛r é ♥ã♦✲❞❡❣❡♥❡r❛❞❛✳ ❉❡ ❢❛t♦✱ s❡ gp(u, v) = 0✱ ♣❛r❛ t♦❞♦ v ∈ TpM ✱ t♦♠❛♥❞♦ v = u✱

♦❜t❡♠♦s q✉❡ u = 0✳ ❆ss✐♠✱ ❛ ♠étr✐❝❛ ♥♦s ❞á ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ TpM ❡ T ∗
pM ✱ q✉❡ s❡ ❡st❡♥❞❡

❛ ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❡ ✶✲❢♦r♠❛s ❞❡ ▼✳

P♦❞❡♠♦s ❡♥tã♦✱ ❛tr❛✈és ❞❡ss❡ ✐s♦♠♦r✜s♠♦✱ ♣r♦❞✉③✐r ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ ❝❛❞❛ T ∗
pM ❡

❛ss✐♠ ✉♠❛ ♠étr✐❝❛ ✭❝♦♠♦ ♥❛ ❞❡✜♥✐çã♦ ✶✳✷✳✸✮ ♥♦ ✜❜r❛❞♦ ❝♦t❛♥❣❡♥t❡✳

❖ ✐s♦♠♦r✜s♠♦ ĝp : TpM −→ T ∗
pM ✱ u 7→ gp(·, u)✱ ♥♦s ❞á q✉❡ {g(·, ∂

∂xj

∣∣
p
)} é ✉♠❛ ❜❛s❡ ❞❡

TpM ✱ ♣❛r❛ ❝❛❞❛ p ∈ U ✳ ❆ss✐♠✱

dxi =
n∑

j=1

ajig(·,
∂

∂xj
)

P♦rt❛♥t♦✱
n∑

j=1

gkjaji = δki ✳ ❖✉ s❡❥❛✱ (aij) é ❛ ♠❛tr✐③ ✐♥✈❡rs❛ ❞❡ (gij) ❡ ❞❡♥♦t❛r❡♠♦s aij ♣♦r gij✳

❉❡ss❛ ❢♦r♠❛✱ ❛ ✶✲❢♦r♠❛ ❧♦❝❛❧ dxi ❝♦rr❡s♣♦♥❞❡ ❛♦ ❝❛♠♣♦ ❧♦❝❛❧
n∑

j=1

gji
∂

∂xj
✳ ❉❡✜♥❛ ❛ss✐♠

g̃ij = g̃(dxi, dxj) = g(
n∑

r=1

gri
∂

∂xr
,

n∑

s=1

gsj
∂

∂xs
)

n∑

r,s=1

grigrsg
sj =

n∑

r,s=1

grigsrg
sj =

n∑

s=1

δsi g
sj = gij

❡♠ ❯✱ ❡ ❡st❡♥❞❛ ♣♦r ❜✐❧✐♥❡❛r✐❞❛❞❡✳

P♦❞❡♠♦s ❣❡♥❡r❛❧✐③❛r ❡ss❛ ♠étr✐❝❛ ♣❛r❛ ♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❞❛s ❦✲❢♦r♠❛s ❛tr❛✈és ❞♦ ❞❡t❡r♠✐✲

♥❛♥t❡✳ ❙❡ αi, βi ∈ Ω1(M)✱ i = 1, . . . , k

(α1 ∧ . . . ∧ αn, β1 ∧ . . . βn)
.
= det((g̃(αi, βj)))

❡ ♥♦✈❛♠❡♥t❡ ❡st❡♥❞❛ ♣♦r ❜✐❧✐♥❡❛r✐❞❛❞❡✳

◆♦t❡ q✉❡✱ ❞❛❞❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ✭▼✱❣✮ ❡①✐st❡ ✉♠❛ ❢♦r♠❛ ✈♦❧✉♠❡ ♣r✐✈✐❧❡❣✐❛❞❛✱ ❛

q✉❛❧ ❞❡♥♦t❛r❡♠♦s ❞✈♦❧✳ ❊st❛ t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ q✉❡✱ s❡ {u1, . . . , un} é ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧

♦r✐❡♥t❛❞❛ ❞❡ TpM ✱ ❡♥tã♦ dvol(u1, . . . , un) = 1✳ ❉❡ ❢❛t♦✱ s❡❥❛ (U, (x1, . . . , xn)) ✉♠❛ ❝❛rt❛ ❧♦❝❛❧

❞❡ ▼✳ ❊♥tã♦✱ ❛♣❧✐❝❛♥❞♦ ♦ ♣r♦❝❡ss♦ ❞❡ ●r❛♠✲❙❝❤♠✐❞t ♣❛r❛ ♦s ❝❛♠♣♦s ❧♦❝❛✐s ∂
∂xi

✱ i = 1, . . . , n✱

♦❜t❡♠♦s ✉♠ r❡❢❡r❡♥❝✐❛❧ ❧♦❝❛❧ ♦rt♦♥♦r♠❛❧ ❝✉❥♦ ❞✉❛❧ ω1, . . . , ωn✱ ❝♦♠♦ ✈✐♠♦s✱ ❢♦r♥❡❝❡ ✉♠❛ ❜❛s❡

♦rt♦♥♦r♠❛❧ ♣❛r❛ T ∗U ✳ ❙❡ ω′
1, . . . , ω

′
n é ♦✉tr❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧✱ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ❛❜❡rt♦ U ′✱ t❡♠♦s

q✉❡ Aωi = ω′
i ❡♠ U ∩ U ′✱ ♣❛r❛ ❛❧❣✉♠❛ A ∈ O(n) ❡

Aω1 ∧ . . . ∧ Aωn = det(A)ω1 ∧ . . . ∧ ωn = ±ω1 ∧ . . . ∧ ωn

✶✵✵



❞❛í✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ {ω1, . . . , ωn} ❡ {ω′
1, . . . , ω

′
n} ♣❡rt❡♥❝❡♠ à ♠❡s♠❛ ♦r✐❡♥t❛çã♦✱ det(A) = 1 ❡

❡st❛s ❢♦r♠❛s ❞❡✜♥❡♠ ✉♠❛ ♥✲❢♦r♠❛ ❣❧♦❜❛❧ ❡♠ ▼✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ (U, (x1, . . . , xn)) é ✉♠❛ ❝❛rt❛

❧♦❝❛❧ q✉❡ ❞❡✜♥❡ ❛ ♦r✐❡♥t❛çã♦✱

(dx1 ∧ . . . ∧ dxn, dx1 ∧ . . . ∧ dxn) = det(gij) =
1

det(gij)

❡ ❛ss✐♠✱

dvol|U =
√
detgijdx1 ∧ . . . ∧ dxn

❙❡ ▼ é ❝♦♠♣❛❝t♦✱ ❞❡✜♥✐♠♦s ♦ ✈♦❧✉♠❡ ❞❡ ▼ ♣♦r

vol(M) =

∫

M

dvol

❊♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ♦r✐❡♥t❛❞❛ (Mn, g)✱ t❡♠♦s ✉♠ ✐s♦♠♦r✜s♠♦ ♥❛t✉r❛❧ ❡♥tr❡

ΛkT ∗
pM ≃ Λn−kT ∗

pM ✱ ♣❛r❛ ❝❛❞❛ p ∈ M ✳ ❉❡ ❢❛t♦✱ s❡ {ω1, . . . , ωn} é ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡

T ∗
pM ✱ ❡♥tã♦ ❞❡✜♥✐♠♦s ∗ : ΛkT ∗

pM −→ Λn−kT ∗
pM ♣♦r

∗(ω1 ∧ . . . ∧ ωk) = ±ωk+1 ∧ . . . ωn

♦♥❞❡ ♦ s✐♥❛❧ ♣♦s✐t✐✈♦ é t♦♠❛❞♦ s❡ ❛ ❜❛s❡ ♦r❞❡♥❛❞❛ {ω1, . . . , ωn} ❡stá ♥❛ ♠❡s♠❛ ❝❧❛ss❡ ❞❛ ♦r✐❡✲

t❛çã♦✱ ✐✳❡✳✱ ❞❛ ❢♦r♠❛ ❞❡ ✈♦❧✉♠❡ ✭❝❛s♦ ❝♦♥trár✐♦✱ t♦♠❛✲s❡ ♦ s✐♥❛❧ ♥❡❣❛t✐✈♦✮✳

◆♦t❡ q✉❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ s❡ {ω1, . . . , ωn} é ♦r✐❡♥t❛❞♦ ♣♦s✐t✐✈❛♠❡♥t❡✱

∗1 = ω1 ∧ . . . ∧ ωn ❡ ∗(ω1 ∧ . . . ∧ ωn) = 1

❆ ❡str❡❧❛ ❞❡ ❍♦❞❣❡ s❡rá ♦ ♦♣❡r❛❞♦r ❞❡✜♥✐❞♦ ❣❧♦❜❛❧♠❡♥t❡ ∗ : Ωk(M) −→ Ωn−k(M)✳ ❈♦♥❝❧✉í✲

♠♦s q✉❡ ❛ ✐♠❛❣❡♠ ❞❡ ✉♠❛ ❦✲❢♦r♠❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ♣♦r ✯ é✱ ❞❡ ❢❛t♦✱ ✉♠❛ ✭♥✲❦✮✲❢♦r♠❛ ❞✐❢❡r❡♥❝✐á✈❡❧

❝♦♥s✐❞❡r❛♥❞♦ s✉❛ ❡①♣r❡ssã♦ ❧♦❝❛❧ ♣♦r ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ♣♦s✐t✐✈♦✳ ❱❛♠♦s r❡s✉♠✐r ❛s

♣r♦♣r✐❡❞❛❞❡s ❞❛ ❡str❡❧❛ ❞❡ ❍♦❞❣❡ ❛❜❛✐①♦✳

Pr♦♣♦s✐çã♦ ❇✳✵✳✺✳ ❙❡❥❛♠ f, g ∈ C∞(M) ❡ α, β ∈ Ωk(M)✳ ❊♥tã♦✱

✶✳ ∗(fα + gβ) = f ∗ α + g ∗ β

✷✳ ∗ ∗ α = (−1)k(n−k)α

✸✳ α ∧ ∗β = (α, β)dvol

✹✳ ∗(α ∧ ∗β) = (α, β)

✺✳ (∗α, ∗β) = (α, β)

✶✵✶



❆ ❞❡♠♦str❛çã♦ ❞❛ ♣r♦♣♦s✐çã♦ ✭✈❡r ❬✸✹❪ ✱ ♣á❣✐♥❛ ✶✺✷✱ ♣♦r ❡①❡♠♣❧♦✮ é s✐♠♣❧❡s✱ ✉♠❛ ✈❡③ q✉❡

é s✉✜❝✐❡♥t❡ ♣r♦✈❛r ❝❛❞❛ ✐❞❡♥t✐❞❛❞❡ ♥♦ ❝❛s♦ ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s t♦♠❛♥❞♦ ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧

♣♦s✐t✐✈❛ ❡ ❛♥❛❧✐s❛♥❞♦ ♦s s✐♥❛✐s✳

❙❡❥❛♠ α, β ∈ Ωk
c (M) ❦✲❢♦r♠❛s ❝♦♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦ ✭♦✉✱ s✐♠♣❧❡s♠❡♥t❡✱ ❦✲❢♦r♠❛s✱ s✉♣♦♥❞♦

▼ ❝♦♠♣❛❝t♦✮✳ ❉❡✜♥✐♠♦s ❡♥tã♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ L2 ♣♦r

< α, β > =
∫
M
(α, β)dvol

=
∫
M
α ∧ ∗β

❊♠ ♣❛rt✐❝❧❛r✱ ❛ ♥♦r♠❛ L2 s❡rá ❞❡♥♦t❛❞❛ ♣♦r ‖α‖2L2 =
∫
M
α ∧ ∗α✳

✶✵✷



❆♣ê♥❞✐❝❡ ❈

●❡♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛

❙❡❥❛ ▼ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❡ E −→ M ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧✳ ❈♦♠♦ ✈✐♠♦s✱ ✉♠❛ ❝♦♥❡①ã♦ ❡♠ ❊ é

✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r

∇ : Γ(E) −→ Ω1(M ;E)

s❛t✐s❢❛③❡♥❞♦ ❛ r❡❣r❛ ❞❡ ▲❡✐❜♥✐③✳ ❈♦♠♦ ✈✐♠♦s ♥♦ ❛♣ê♥❞✐❝❡ ❆✱ Ω1(M ;E) ❝♦rr❡s♣♦♥❞❡ às ❛♣❧✐✲

❝❛çõ❡s C∞(M)✲❧✐♥❡r❛❡s X(M) −→ Γ(E) ✭❛ ❝♦♥❞✐çã♦ ❞❛ ❛♣❧✐❝❛çã♦ s❡r ❛❧t❡r♥❛❞❛ é ✈á❝✉❛ ♥❡ss❡

❝❛s♦✮✳ ❊♥tã♦✱ ❞❛❞♦s s ∈ Γ(E) ❡ X ∈ X(M)✱ t❡♠♦s q✉❡ ∇̃Xs
.
= (∇s)X ∈ Γ(E) ❡ ∇̃fXs = f∇̃Xs✱

♦♥❞❡ f ∈ C∞(M)✳ ❆❧é♠ ❞✐ss♦✱ ❛ r❡❣r❛ ❞❡ ▲❡✐❜♥✐③ ♥♦s ❞á q✉❡

(∇fs)X = df(X)s+ f(∇s)X

❖✉ s❡❥❛✱ ❝♦♠♦ X(f) = df(X) ∈ C∞(M)✱ ♦❜t❡♠♦s

∇̃Xfs = X(f)s+ f∇̃Xs

◆❛ ❧✐t❡r❛t✉r❛✱ ♠✉✐t❛s ✈❡③❡s✱ ✉♠❛ ❝♦♥❡①ã♦ ♥♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ é ❛♣r❡s❡♥t❛❞❛ ❝♦♠♦ ✉♠ ♠❛♣❛

∇ : X(M) × Γ(E) −→ Γ(E) ❜✐❧✐♥❡❛r q✉❡ é C∞(M)✲❧✐♥❡❛r ♥❛ ♣r✐♠❡✐r❛ ❡♥tr❛❞❛ ❡ s❛t✐s❢❛③

∇Xfs = X(f)s + f∇Xs ✭❝♦♠♦ ∇̃ ❞❡✜♥✐❞❛ ❛❝✐♠❛✮✳ ❊♠ ♣❛rt✐❝✉❧❛r✳ ❈❧❛r❛♠❡♥t❡ ❡ss❛s ♥♦✲

çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s ❛tr❛✈és ❞❡ ∇̃Xs = (∇s)X✳ ❉❡♥♦t❛r❡♠♦s ❛♠❜❛s ♣❡❧♦ ♠❡s♠♦ sí♠❜♦❧♦ ∇ ❡

♦ ❝♦♥t❡①t♦ ❞❡✐①❛rá ❝❧❛r♦ q✉❛❧ ❞♦s ♠❛♣❛s ❡st❛♠♦s t♦♠❛♥❞♦✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ E = TM ✳ ❯♠❛ ❝♦♥❡①ã♦ ❡♠ ▼ ✭✐✳❡✳✱ ❡♠ ❚▼✮ é ✉♠ ♠❛♣❛

∇ : X(M)× X(M) −→ X(M)

❊♠ ♣❛rt✐❝✉❧❛r✱ é ❝♦♠✉♠ ❝❤❛♠❛r ∇XY ❞❡ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡ ❨ ♥❛ ❞✐r❡çã♦ ❞❡ ❳✳

✶✵✸



❯♠❛ ❝♦♥❡①ã♦ ∇ ❡♠ ▼ ✐♥❞✉③ ✉♠❛ ❝♦♥❡①ã♦ ❡♠ ❝❛❞❛ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ T rs (M) −→ M ✱ q✉❡✱

♣♦r ❛❜✉s♦ ❞❡ ♥♦t❛çã♦✱ ❞❡♥♦t❛r❡♠♦s t❛♠❜é♠ ♣♦r ∇✳ ❊st❛ ❝♦♥❡①ã♦ é ú♥✐❝❛ ❡ ♣♦❞❡ s❡r ♦❜t✐❞❛

♣❡❞✐♥❞♦ q✉❡

✶✳ ❊♠ ❚▼✱ ❛ ❝♦♥❡①ã♦ ❝♦♥❝♦r❞❛ ❝♦♠ ❛ ❝♦♥❡①ã♦ ❞❛❞❛

✷✳ P❛r❛ ❢✉♥çõ❡s f ∈ C∞(M) ✭✐✳❡✳✱ T 0
0 (M)✮✱ ∇Xf = X(f)

✸✳ P❛r❛ ❝❛♠♣♦s t❡♥s♦r✐❛✐s q✉❛✐sq✉❡r✱ ❋ ❡ ●✱ ✈❛❧❡ ❛ r❡❣r❛ ❞♦ ♣r♦❞✉t♦ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ♣r♦❞✉t♦

t❡♥s♦r✐❛❧ ❞❡ss❡s ❝❛♠♣♦s

∇X(F ⊗G) = ∇XF ⊗G+ F ⊗∇XG

✹✳ ∇ ❝♦♠✉t❛ ❝♦♠ ❛ ❝♦♥tr❛çã♦ ❡♥tr❡ ❝❛♠♣♦s ❞❡ t❡♥s♦r❡s✳

P❡❧♦ ✐t❡♠ ✹✱ s❡ ω ∈ Ω1(M) ❡ X, Y ∈ X(M)✱ ❞❡✈❡♠♦s t❡r ∇X(ω(Y )) = (∇Xω)Y + ω(∇XY )

❡ ❝♦♠♦ ω(Y ) ∈ C∞(M)✱ (∇Xω)Y = X(ω(Y )) − ω(∇XY )✳ ❆♣❧✐❝❛♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❛❝✐♠❛✱

❝❤❡❣❛♠♦s q✉❡ ♣❛r❛ ✉♠ ✭r✱s✮✲❝❛♠♣♦ t❡♥s♦r✐❛❧ ❋✱ ❡ X ∈ X(M)✱ t❡♠♦s q✉❡

(∇XF )(ω1, . . . , ωr, Y1, . . . , Ys) = X(F (ω1, . . . , ωr, Y1, . . . , Ys))

−
r∑

i=1

F (ω1, . . . ,∇Xωi, . . . , ωr, Y1, . . . , Ys)

−
s∑

i=1

F (ω1, . . . , ωr, Y1, . . . ,∇XYi, . . . , Ys)

♦♥❞❡✱ ♦s ωi ∈ Ω1(M)✱ Yi ∈ X(M)✳

❆q✉✐✱ ✈❡♠♦s F : Ω1(M)× . . .× Ω1(M)︸ ︷︷ ︸
r

×X(M)× . . .× X(M)︸ ︷︷ ︸
s

−→ C∞(M)✱ C∞(M)✲❧✐♥❡❛r

❡♠ ❝❛❞❛ ✉♠❛ ❞❛s ❡♥tr❛❞❛s✳ ◆♦t❡ q✉❡ ∇ ❡♠ ✶✲❢♦r♠❛s ✭✭✵✱✶✮ ❝❛♠♣♦s t❡♥s♦r✐❛✐s✮ é C∞(M)✲

❧✐♥❡❛r ♥❛ ♣r✐♠❡✐r❛ ❡♥tr❛❞❛ ❡ ❛ss✐♠ ∇ é C∞(M)✲❧✐♥❡❛r ♥❛ ♣r✐♠❡✐r❛ ❡♥tr❛❞❛ ♣❛r❛ ❝❛♠♣♦s ❞❡

t❡♥s♦r❡s ❣❡r❛✐s✱ ♣❡❧❛ ❢ór♠✉❧❛ ❛♥t❡r✐♦r✳ ❆❧é♠ ❞✐ss♦✱ s❡ f, g ∈ C∞(M) ❡ X ∈ X(M)✱ (fX)(g) =

dg(fX) = fdgX = fX(g) ❡ X(fg) = d(fg)X = df(gX) + fdgX = gX(f) + fX(g)✳ P♦rt❛♥t♦✱

∇XfF = X(f)F + f∇XF ❡ ∇✱ ♣❡❧❛ ❢ór♠✉❧❛ ❞❡❞✉③✐❞❛✱ é ❞❡ ❢❛t♦ ✉♠❛ ❝♦♥❡①ã♦ ❡♠ T rs (M)✳

❈♦♠♦ ∇XF ❢♦✐ ✉♥✐❝❛♠❡♥t❡ ❞❡❞✉③✐❞♦ ♣❡❧❛s ❝♦♥❞✐çõ❡s ♣❡❞✐❞❛s✱ t❡♠♦s q✉❡✱ ❡st❛ é ❛ ú♥✐❝❛ ❝♦♥❡✲

①ã♦ s❛t✐s❢❛③❡♥❞♦ ❡ss❛s ♣r♦♣r✐❡❞❛❞❡s✳

❖❜s❡r✈❛çã♦ ❈✳✵✳✹✳ ❙❡ ❋ é ✉♠ ✭r✱s✮ ❝❛♠♣♦ t❡♥s♦r✐❛❧✱ ∇F ∈ Ω1(M ;T rs (M))✳ ❖✉ s❡❥❛✱ ∇F :

X(M) −→ Γ(T rs (M))✱ C∞(M)✲❧✐♥❡❛r✳ ▼❛s✱ Γ(T rs (M)) = X(M)⊗r ⊗ Ω1(M)⊗s ❡ ♦ ❢❛t♦ ❞❛

✶✵✹



❛♣❧✐❝❛çã♦ s❡r C∞(M)✲❧✐♥❡❛r✱ ♥♦s ♣❡r♠✐t❡ ♣❡♥s❛r ❡♠ ∇F ∈ Γ(T rs+1(M))✱ ✐✳❡✳✱ ✉♠ ✭r✱ s✰✶✮
❝❛♠♣♦ t❡♥s♦r✐❛❧✳ ▼❛✐s ❡①♣❧✐❝✐t❛♠❡♥t❡✱

∇F (ω1, . . . , ωr, Y1, . . . , Ys, X) = ∇XF (ω1, . . . , ωr, Y1, . . . , Ys)

♦♥❞❡ ♦s ωi ∈ Ω1(M) ❡ X, Yi ∈ X(M)✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ✉♠❛ ♠étr✐❝❛ r✐❡♠❛♥♥✐❛♥❛ ❣ ❡♠ ▼✳ ❯♠ ❝é❧❡❜r❡ t❡♦r❡♠❛ ❞❡✈✐❞♦ ❛ ❏♦❤♥

◆❛s❤ ❬✸✽❪ ❞✐③ q✉❡✱ ❞❛❞❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥✐❛♥♥❛ ✭▼✱❣✮✱ ❡①✐st❡ ✉♠ ♠❡r❣✉❧❤♦ ✐s♦♠étr✐❝♦

i : (M, g) −→ (RN , g) ✭✐✳❡✳✱ ✐ é ♠❡r❣✉❧❤♦ ❡ g = i∗g✮ ♣❛r❛ ❛❧❣✉♠ ◆✳ ❆q✉✐✱ s❡ (x1, . . . , xN) sã♦ ❛s

❝♦♦r❞❡♥❛❞❛s ❞❡ RN ✱ g = dx1⊗dx1+ . . .+dxN ⊗dxN ✳ ◆♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ t❡♠♦s ✉♠❛ ❝♦♥❡①ã♦

❝❛♥ô♥✐❝❛ ❞❛❞❛ ♣♦r ∇XY =
N∑

i=1

X(Y i)
∂

∂xi
✱ ♦♥❞❡ Y =

N∑

i=1

Y i ∂

∂xi
✳ ■ss♦ ✐♥❞✉③ ✉♠❛ ❝♦♥❡①ã♦ ❡♠

▼ t♦♠❛♥❞♦ ❛s ♣r♦❥❡çõ❡s ♦rt♦❣♦♥❛✐s ❞❡ ∇XY ❡♠ ❚▼✱ ♦♥❞❡ X, Y ∈ X(M) ❢♦r❛♠ ❡st❡♥❞✐❞♦s ❞❡

♠❛♥❡✐r❛ ❛r❜✐trár✐❛ ❛ RN ✳ ❊ss❛ ❝♦♥❡①ã♦ ❡♠ ▼✱ ∇✱ é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ♠étr✐❝❛✱ ♦✉ s❡❥❛✱

X(g(Y, Z)) = g(∇XY, Z) + g(Y,∇XZ)

❡ é s❡♠ t♦rçã♦✱ ♥♦ s❡♥t✐❞♦ q✉❡

∇XY −∇YX = [X, Y ]

➱ ✉♠ r❡s✉❧t❛❞♦ ❝é❧❡❜r❡ ❞❡ ❣❡♦♠❡tr✐❛ r✐❡♠❛♥♥✐❛♥❛ q✉❡✱ ❞❛❞❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛

✭▼✱❣✮✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❝♦♥❡①ã♦ ❡♠ ▼ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ♠étr✐❝❛ ❡ s❡♠ t♦rçã♦✳ ❊st❛ é ❛

❝❤❛♠❛❞❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛✳

❖❜s❡r✈❛çã♦ ❈✳✵✳✺✳ ❈♦♠♦ ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ (∇Xg)(Y, Z) = X(g(Y, Z)) − g(∇XY, Z) −

g(Y,∇XZ)✳ P♦rt❛♥t♦✱ ❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ❝♦♥❡①ã♦ ∇ ❝♦♠ ❛ ♠étr✐❝❛ ❡q✉✐✈❛❧❡ ❛ ∇g = 0

✭✐✳❡✳✱ q✉❡ ♦ t❡♥s♦r ♠étr✐❝❛ s❡❥❛ ♣❛r❛❧❡❧♦ à ❝♦♥❡①ã♦✮✳

❈♦♥s✐❞❡r❡ ❡♥tã♦ ✭▼✱❣✮ ♠✉♥✐❞❛ ❞❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛∇✳ ❆ss✐♠ ❝♦♠♦ ❢❡✐t♦ ♣❛r❛ ✜❜r❛❞♦s

t❡♥s♦r✐❛✐s✱ ✉♠❛ ❝♦♥❡①ã♦ ❡♠ ▼ t❛♠❜é♠ ✐♥❞✉③✱ ❞❡ ♠❛♥❡✐r❛ ♥❛t✉r❛❧✱ ❝♦♥❡①õ❡s ♥♦s ✜❜r❛❞♦s ❞❛s

♣♦tê♥❝✐❛s ❡①t❡r✐♦r❡s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ α ∈ Ωk(M) ❡ X ∈ X(M)

∇Xα(Y1, . . . , Yk) = X(α(Y1, . . . , Yk))−
k∑

i=1

α(Y1, . . . ,∇XYi, . . . , Yk)

▼❛s✱ ❝♦♠♦ ✈✐♠♦s ♥♦ ❛♣ê♥❞✐❝❡ ❆✱

dα(Y0, . . . , Yk) =
k∑

i=0

Yi(α(Y0, . . . , Ŷi, . . . , Yk)) +
∑

i<j

(−1)i+jα([Yi, Yj], Y0, . . . , Ŷi, . . . , Ŷj, . . . , Yk)

✶✵✺



❙❡ ∇ é ❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛✱ t❡♠♦s✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ q✉❡ [Yi, Yj] = ∇YiYj − ∇YjYi✳ ❉❛í✱

♥♦t❛♥❞♦ q✉❡ s❡ i < j✱ ✈❛❧❡

∇Yiα(Y0, . . . , Ŷi, . . . , Yk) = Yi(α(Y0, . . . , Ŷi, . . . , Yk))−
k∑

j=1

α(Y0, . . . , Ŷi, . . . ,∇YiYj, . . . , Yk)

❡ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

dα(Y0, . . . , Yk) =
k∑

i=1

(−1)i∇Yiα(Y0, . . . , Ŷi, . . . , Yk)

✶✵✻



❆♣ê♥❞✐❝❡ ❉

❙♦❜r❡ ♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ gE

❙❡❥❛ P✭▼✱●✮ ✉♠ ✜❜r❛❞♦ ♣r✐♥❝✐♣❛❧ ❡ E = P×ρV ♦ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ ❛ss♦❝✐❛❞♦ à r❡♣r❡s❡♥t❛çã♦

ρ : G −→ GL(V )✳ ❚❡♠♦s ✉♠ ♠❛♣❛ ♥❛t✉r❛❧ ❞❡ ✜❜r❛❞♦s ✭✈❡t♦r✐❛✐s✮

Ξ : gP −→ End(E)

❊st❡ ❞❡✈❡ s❡r ❞❛❞♦✱ ♣❛r❛ ❝❛❞❛ m ∈M ✱ ♣♦r ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r

Ξm : (gP )m −→ End(Em)

❙❡❥❛ ❡♥tã♦✱ [p, ϕ(p)] ∈ (gP )m ✭✐✳❡✳✱ π(p) = m ❡ ϕ(p · g) = Adg−1(ϕ(p))✮✳ ❉❡✜♥❛

Ξm([p, ϕ(p)]) : Em −→ Em

[p, v] 7→ [p, dρ(e)(ϕ(p))v]

◆♦t❡ q✉❡✱ s❡ ❡st❡ ♠❛♣❛ ❡st✐✈❡r ❜❡♠ ❞❡✜♥✐❞♦✱ t❡♠♦s ✐♠❡❞✐❛t❛♠❡♥t❡ q✉❡ Ξm([p, ϕ(p)]) ∈ End(Em)

❡ Ξm ∈ Hom((gP )m, End(Em)) ❡ ❛ss✐♠ Ξ é✱ ❞❡ ❢❛t♦✱ ✉♠ ♠❛♣❛ ❡♥tr❡ ✜❜r❛❞♦s✳ ❱❛♠♦s ✈❡r q✉❡

t❛❧ ❛♣❧✐❝❛çã♦ ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳

❈♦♥s✐❞❡r❡ [p · g, ϕ(p · g)] = [p, ϕ(p)]✳ ❊♥tã♦✱

Ξm([p · g, ϕ(p · g)])([p, v]) = Ξm([p · g, ϕ(p · g)])([p · g, ρ(g
−1)v])

[p · g, dρ(e)(Adg−1ϕ(p))ρ(g−1)v]

[p, ρ(e)dρ(e)(Adg−1ϕ(p))ρ(g−1)v]

▼❛s✱ ρ(e)dρ(e)(Adg−1ϕ(p))ρ(g−1) = Cρ(g)dρ(e)(Adg−1ϕ(p))✳ ❈♦♠♦ ρ(g) ∈ GL(V )✱ t❡♠♦s q✉❡

Cρ(g) = dCρ(g)(e) ❡ ❛ss✐♠✱ ♣❡❧❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛✱ ρ(e)dρ(e)(Adg−1ϕ(p))ρ(g−1)v = d(Cρ(g) ◦ ρ ◦

Cg−1)(e)(ϕ(p))v✳ ❆❣♦r❛✱ Cρ(g) ◦ ρ ◦ Cg−1 : h ∈ G 7→ ρ(g)ρ(g−1hg)ρ(g−1) = ρ(h)✳ P♦rt❛♥t♦✱

Ξm([p · g, ϕ(p · g)]) = Ξm([p, ϕ(p)])✳

✶✵✼



◆❡ss❡ tr❛❜❛❧❤♦✱ ♦♣t❛♠♦s ♣♦r tr❛❜❛❧❤❛r ♥♦ â♠❜✐t♦ ♠❛✐s ❣❡r❛❧ ❞♦s ✜❜r❛❞♦s ♣r✐♥❝✐♣❛✐s✳ ▼✉✐t❛s

✈❡③❡s ♥❛ ❧✐t❡r❛t✉r❛✱ ♥♦ ❡♥t❛♥t♦✱ ❛ t❡♦r✐❛ ❞❡ ❝❛❧✐❜r❡ é ❞❡s❡♥✈♦❧✈✐❞❛ ❡♠ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s✱ ❝✉❥♦s

❣r✉♣♦s ❞❡ ❡str✉t✉r❛ ❢♦r❛♠ r❡❞✉③✐❞♦s ❛ ✉♠ ❣r✉♣♦ ❞❡ ▲✐❡ ❞❡ ♠❛tr✐③❡s ●✳ ◆❡ss❛ ❢♦r♠✉❧❛çã♦✱ ♦

✜❜r❛❞♦ ✈❡t♦r✐❛❧ é ♦ ❛ss♦❝✐❛❞♦ ❛♦ ♣r✐♥❝✐♣❛❧✱ ✈✐❛ ❛ r❡♣r❡s❡♥t❛çã♦ ♥❛t✉r❛❧ ❞❡ ✐♥❝❧✉sã♦✳ ◆❡ss❡ ❝❛s♦✱

❛ ✐♠❛❣❡♠ ❞♦ ✜❜r❛❞♦ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ ✭✐♥❝❧✉sã♦✮ ♣❡❧♦ ♠❛♣❛ ❛❝✐♠❛ é ✉s✉❛❧♠❡♥t❡ ❞❡♥♦t❛❞❛ ♣♦r

gE ✭✐✳❡✳✱ Ξ(gP )
.
= gE✮✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ❝✉r✈❛t✉r❛ Fω ∈ Ω2(M ; gP ) ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ Fω ∈ Ω2(M ; gE)✳ ■ss♦

❝♦♥❞✐③ ❝♦♠ ♦ ❢❛t♦ ❞❛ ❝✉r✈❛t✉r❛ ❡♠ ✜❜r❛❞♦s ✈❡t♦r✐❛✐s ♣♦❞❡r s❡r ✈✐st❛ ❧♦❝❛❧♠❡♥t❡ ❝♦♠♦ ✉♠❛

♠❛tr✐③ ❞❡ ✷✲❢♦r♠❛s ❧♦❝❛✐s✱ ✉♠❛ ✈❡③ q✉❡ gE ⊆ End(E)✳

✶✵✽
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❬✸❪ ▼✳❋✳ ❆t✐②❛❤✱ ●❡♦♠❡tr② ♦❢ ❨❛♥❣✲▼✐❧❧s ❋✐❡❧❞s✱ ❆❝❝❛❞❡♠✐❛ ◆❛③✐♦♥❛❧❡ ❉❡✐ ▲✐♥❝❡✐ ❙❝✉♦❧❛ ◆♦r✲
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❬✼❪ ❏✳ ❇❛❡③✱ ❏✳ ▼✉♥✐❛♥✱ ●❛✉❣❡ ✜❡❧❞s✱ ❦♥♦ts ❛♥❞ ❣r❛✈✐t②✱ ❙✐♥❣❛♣♦r❡✿ ❲♦r❧❞ ❙❝✐❡♥t✐✜❝✱ ✶✾✾✹✳ ✹✻✺

♣✳ ✭❙❡r✐❡s ♦♥ ❦♥♦ts ♦♥ ❡✈❡r②t❤✐♥❣✱ ✹✮✳

❬✽❪ ❘✳ ❇♦tt✱ ▲✳ ❚✉✱ ❉✐✛❡r❡♥t✐❛❧ ❢♦r♠s ✐♥ ❛❧❣❡❜r❛✐❝ t♦♣♦❧♦❣②✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✶✾✾✺✳

❬✾❪ ❆✳ ❈❛♥♥❛s✱ ▲❡❝t✉r❡s ♦♥ ❙②♠♣❧❡❝t✐❝ ●❡♦♠❡tr②✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✷✵✵✶✳

❬✶✵❪ ❇✳ ❈❤❛r❜♦♥♥❡❛✉✱ ❆♥❛❧②t✐❝ ❆s♣❡❝ts ♦❢ P❡r✐♦❞✐❝ ■♥st❛♥t♦♥s✱ t❤❡s✐s✱ ✷✵✵✹✳

❬✶✶❪ ❙✳ ❉♦♥❛❧❞s♦♥✱ P✳ ❑r♦♥❤❡✐♠❡r✱ ❚❤❡ ❣❡♦♠❡tr② ♦❢ ❢♦✉r✲♠❛♥✐❢♦❧❞s✱ ❖①❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✱
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