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Resumo

Baseado na construcao dos entrelacamentos aleatérios bidimensionais (Comets, F.; Popov,
S.; Vachkovskaia, M., 2016), definimos a versao unidimensional do processo. Para isso,
consideramos passeios aleatorios condicionados a nao entrar na origem. Nos comparamos
esse processo com o passeio aleatorio condicionado no grafo anel. Nossos resultados sao
a convergéncia do conjunto vacante do passeio no grafo anel em lei para o conjunto
vacante dos entrelacamentos, um teorema central do limite para os tempos locais dos
entrelacamentos e a convergéncia em lei dos tempos locais do passeio no grafo anel para

os tempos locais dos entrelacamentos.

Palavras-chave: entrelacamentos aleatérios. tempos locais. passeio aleatorio em uma

faixa. passeio aleatorio condicional. transformada h de Doob.



Abstract

Based on the construction of the two-dimensional random interlacements (Comets, F.;
Popov, S.; Vachkovskaia, M., 2016), we define the one-dimensional version of the process.
For this, we consider simple random walks conditioned on never hitting the origin. We
compare this process to the conditional random walk on the ring graph. Our results are
the convergence of the vacant set on the ring graph to the vacant set of one-dimensional
random interlacements, a central limit theorem for the interlacements’ local time and the
convergence in law of the local times of the conditional walk on the ring graph to the

interlacements’ local times.

Keywords: random interlacements. local times. random walk on a stripe. conditional

random walk. Doob’s h-transform.
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1 Introduction

1.1 The original random interlacements process

The process of random interlacements was initially introduced by Alain Sol
Sznitman in (Sznitman, A. S., 2010). The original problem that motivates its definition
comes from the fragmentation of a d-dimensional torus (with d > 3) by a random
walk. Let Z% = (Z/nZ)" be the d dimensional torus of size n and let X, be the simple
symmetric random walk on ZZ. If we denote the range of the random walk at time
t by X = {Xo,X1,..., Xy}, then the vacant set of the torus by time ¢ is defined by
V, = Z0\X [0,]- It turns out that one can find non-trivial fractal properties on V; considering
times of the form ¢, = un?, which includes a phase transition on u about the fragmentation

of the torus.

Roughly speaking, the random interlacements process can be viewed as a
Poissonian soup of (transient) doubly infinite trajectories of simple random walks in Z¢ for

d = 3. To be defined rigorously, consider the following space of doubly-infinite trajectories
W={w:Z—->7Z": |wk+1)—wk)| =1and |w({z})| < oo for all k € Z and = € Z}.

This space has an issue, where different elements represent the same trajectory in Z2, to

solve this we consider an equivalence relation ~, where

w~w e wl)=w(-+ k) for some k € Z.

We denote the space of trajectories modulo the equivalence relations by W* =
W\ ~ and denote the o-algebra generated by the canonical projections of this space by
W*. There is a positive parameter u entering the intensity measure of the corresponding
Poisson process on the space of such trajectories. The process is then defined as a Poisson
point process on the space (W* x RT, W* x B¥). The use of the space R is a coupling to
construct the process for all parameters at once. If we denote each point of the Poisson
point process by (w,v), then the process at level u is the restriction of the points where

v < U.

In this definition we are intentionally omitting the intensity measure of the
Poisson point process due to the complexity of its definition. We refer to equation (3.9) of
(Teixeira, A.; Cerny, J., 2012) to the definition of the measure and for Theorem 3.1 of

(Teixeira, A.; Cerny, J., 2012) to a proof of existence and uniqueness of such measure.

The process is then almost-surely characterized by the law of its vacant set by

P[A c V"] = exp{ —uCap(A)},
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where Cap stands for the classical capacity for the simple random walk.

The main initial questions about the process were about percolative properties
of the vacant set (i.e. the set of unvisited sites), where Theorem 3.4 of (Sznitman, A. S.;
Sidoravicius, V., 2009) says that for d > 3 we have a non-trivial phase transition for the

vacant set percolation, i.e. there exist a positive finite u* such that

If u <wu®, then Q“[there is a infinite connected component inside V*] = 1;

If u> wu*, then Q“[there is a infinite connected component inside V*| < 1,
where Q" stands for the probability measure of the random interlacements at level u.

We give the full definition of the process in Section 2.1.

1.2 The two-dimensional random interlacements process

In (Comets, F.; Popov, S.; Vachkovskaia, M., 2016; Comets, F.; Popov, S.,
2017) the model of random interlacements in two dimensions was introduced and studied.
This process could not be defined using the classical approach, as the simple random walk
in two dimensions is recurrent and so just one trajectory would cover the entire discrete
plane Z?, leaving nothing to be seen. Therefore, in order to construct the process, one uses
simple random walks conditioned to never hitting the origin. This conditioning makes the
walk transient and the construction of the process becomes possible, at cost of losing the
stationarity (there is, however, a so-called conditional stationarity, see Theorem 2.3 (i)
of (Comets, F.; Popov, S.; Vachkovskaia, M., 2016)). In its construction a parameter
change was made to make the formulas cleaner, so the law of the vacant set is characterized
by
P[Ac V] =e " Cap(Au{0}) (1.1)

Later we will introduce this model properties with more details.

1.3 Introduction to the model and objectives

Here we base ourselves on the approach of (Comets, F.; Popov, S.; Vachkovskaia,
M., 2016) to construct the one-dimensional random interlacements process. Analogously to
the two-dimensional case, we define the process making use of conditional random walks

in this construction. It turns out that for any A < Z an analogous to (2.3) formula holds:

P[A ¢ Vo] = ¢~ Cap(Au{oh) — p—aDiam(Au{0})/2, (1.2)

where Diam(A) stands for the diameter of the set.

As usual in dimension 1, percolation questions are not of interest, since our

vacant set is an interval containing the origin; so, we focus on other problems, mainly
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about the relation to random walks on the ring graph (the “one-dimensional torus”) and

the local times of the process.

A well studied problem about random interlacements is how it represents the
local picture of a random walk on a torus, when it is left to run for a certain fixed time.
Consider the d-dimensional torus Z?/nZ? and denote the trace left for a random walk
until time ¢ for Xpo 4. In Theorem 1.1 of (Teixeira, A.; Windisch, D., 2011) it was shown
that for any u > 0, 6 > 0 and ¢ € (0, 1) one can construct a coupling between the random
interlacements and the random walk on this torus in such a way that for a constant ¢

depending on u, d, € we have
P[Iu(l_s) NAC X[O,[undj] NAC IU(H_E) N A] >1- CTL_(s7 (13)

where A is a “mesoscopic” d-dimensional box of size n8= (i.e., of volume n{!=5%). More
recently in Theorem 4.1 of (Cerny, J.; Teixeira, A., 2016) this result was improved for a
box of size (1 — &)n and success probability 1 — C exp{—Cyn*}, where Cy, Cy and Cs are
constants. From now on we will work with weak convergence between random subsets of
the torus and Z%. To be precise, let 7 : Zfl — 7% be the canonical projection between the
torus and Z?. We will say that a random set A, < Z% converges weakly to A c Z* and
denote this by A4, 2 A iff for every fixed B c Z2 (with n large enough to contain B) it
holds
lim P[B c A,] = P[x(B) c A].

n—aoo
Denoting the vacant set left by the random walk on the torus by V% = (Z/nZ)"\ X[ for
d = 3, it holds that

d law 5 4y,
und] = Vd’

i
where V¥ stands for the vacant set for the random interlacements in Z%.

In Theorem 2.6 of (Comets, F.; Popov, S.; Vachkovskaia, M., 2016) this result
was extended to the random interlacements in two dimensions and a simple random walk
on the torus conditioned to never hitting the origin. For d = 2 we use an analogous
notation for the multidimensional version of vacant set, only with conditional random
walks. So, let {Xt}t>0 be the random walk on the two-dimensional torus conditioned to
never hitting the origin and X[O,t] its trajectory until time t. Denoting V; = ZQ\X[Ovt],
Theorem 2.6 of (Comets, F.; Popov, S.; Vachkovskaia, M., 2016) states that

n2ln’n

Vi 2 ye (1.4)

1.3.1 Main Theorems

The first result we prove is the one-dimensional random interlacements version
of this theorem. The one-dimensional discrete torus Z, := Z/nZ with n sites is in fact a

“ring” graph with n vertices; we usually identify Z,, with {0,...,n — 1}, remembering that
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the sites 0 and n — 1 are neighbors as well. In the following, we will consider a simple

random walk conditioned to never hitting the origin (i.e., the site 0 € Z,,).

Theorem 1.3.1. Let X, be the conditional random walk on 7, started at |n/2| and
Vi={x€Z,| Xy # x for all k < t}. Then

V[ZT@JM:?V{", as n — 0.

Our next results are about the local times (sometimes called occupation times)
of the random walk. For random interlacements, the local time in x is the total number
of visits to = of all particles. Some previous results regarding local times of random
interlacements, such as a Ray-Knight-type theorems and large deviations, can be found
in (Sznitman, A.S.; 2012) and (Li, X; Sznitman, A.S., 2015).

Theorem 1.3.2. Let {(x) be the local time of the one-dimensional random interlacements

for x € Z%, and let Z be a Standard Normal random variable. Then, as x — oo

Ux) — az?

ra/a(dr — 1)

Our last result is about the local times convergence for the random walk on

I
= 7.

the ring graph. Our approach in the proof is to construct a coupling of local times with

independent trajectories of the conditional random walk in Z™.

Theorem 1.3.3. Let {(z) be the local time in x of the one-dimensional random interlace-
ments, and Ly, (x) the local time in x for the random walk in Z,, started at |n/2| up to time

|an®/(27?)| conditioned on not hitting the origin. Then as n — oo

law

L,(x) = ((x).

Observe that Theorem 1.3.1 is, in fact, a corollary of Theorem 1.3.3. We opted
to state the former one separately because the proof of Theorem 1.3.1 is much more simple
and straightforward than that of Theorem 1.3.3.
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2 Preliminaries

2.1 Random Interlacements

Now we will give the rigorous definition of the original random interlacements

process. As before, we first consider the space of doubly-infinite trajectories

W={w:Z—->Z": |wlk+1)—wk)| =1 for every k € Z

and |w ' ({z})] < oo for every z € Z%}.

Where w™!(+) stands for the inverse image of the function w. We will also consider the
space W7 which is the space of trajectories with a initial point (therefore they are not
doubly-infinite).

W ={w:N—-Z": |wk+1)—wk)|, =1 for every ke N

and |w™ ({x})| < oo for every z € Z}.

Observe that here we have a space of functions, but the graph of each of those
functions represents a trajectory of a simple random walk in Z¢ , and it also also replicates
the random walk behavior of only visiting finite subsets for a finite amount of time. Using
these spaces we consider the o-algebras generated by the canonical projections, W and

W respectively.

For A ¢ Z% we define the space Wy of trajectories that visits A at some point,
ie.

Wy ={weW:w(k)e A for some k € Z.

We also denote by 6, the time-shift operator, i.e.
Or(w)(-) = w(-+ k), for k e Z.

The shift operator points out to a representation problem in the space W, where multiple
different functions represent the same trajectory, and to solve this problem we consider an

equivalence relation ~ defined as
w~w e wl)=w(-+ k) for some k € Z.

With this we can consider the space W* = W/ ~ of trajectories modulo time shifts. In
this space we consider elements in which we have the same trajectory and order of visits

to be the same.
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If 7* denotes the canonical projection from W to W*, i.e. the mapping that
takes each element w € W to its corresponding equivalence class in W*. Using 7* we

induce a sigma algebra on W* by
W ={AcW*: (7)1 (A) e W}

Which is the largest o-algebra such that the mapping 7* from (W, W) to (W* W*) is
measurable. Analogously to the definition of Wy, for A  Z? we can define the space Wi

of trajectories that visit A modulo time-shifts
Wi =m*(Wa).

The random interlacements process will then be a Poisson point process on the space
(W* x R, W* ® B(R")) with intensity measure 7 x A, where A stands for the Lebesgue

measure and 1 will be a suitable measure, which we will define now.

Consider the coordinate mapping X,, = X, (w) = w(n) for the elements of W.
To define the measure 7 first we define the measure Q4 on ((W, W) by

Qa[(X om0 € F, Xo = 2, (Xn)nso € G] = PL[F7a < 0lea(z)P.[G].

The intensity measure of the Poisson point process defining the random interlacements, 7,
is then defined as the unique o-finite measure on the space (W*, W*) satisfying, for every

finite set A = Z? the following relation
Tys-n= T o Qa.
Consider the space €2 of finite point measures on W

2= {p - Z(S(wi,“i) FWi & W*aui eR*

i1

and p(W x [0,u]) < oo for all finite G < Z? and u > 0}.

We endow this space with the o-algebra A generated by the evaluation maps p — p(D)
for D e W* ® B(R™).

2.2 Capacity in one dimension

To work with capacity in lower dimensions we need to make use of the potential
kernel of the random walk. The potential kernel a(z) for any random walk X; in Z¢ is
defined in section 4.4 of (Lawler, G.; Limic, V., 2010) by

o0

k=0
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If the random walk is transient, then we can relate a(x) to the Green function G(x) by
a(x) = G(0) — G(x), but if the random walk is recurrent, the Green function does not
exist. Theorem 4.4.8 of (Lawler, G.; Limic, V., 2010) states that for the simple random

walk in one dimension the potential kernel is given by a(z) = |z|.

Now we define the capacity for one dimension, this definition is analogous to
the one of section 6.6 of (Lawler, G.; Limic, V., 2010) for two dimensions and also used
in (Comets, F.; Popov, S.; Vachkovskaia, M., 2016). The capacity of a set A < Z containing

the origin is defined for any z € A as

Cap(A4) := Z hmy(z)a(z — 2)
1

=3 (a(max A) + a(min A))
and for any other subset B the capacity is given by the capacity of any translation of B

that contains the origin.

As the harmonic measure can only be non null on the extremal points of a set,
we have that Cap(A) = Cap(|min A; max A]). The explicit form of the harmonic measure
and the translation invariance of capacity then imply that for any finite subset A of Z we

have

Cap(A) = Diar;l(A) :

2.3  The conditional random walk

Here we construct random walks conditioned on never hitting 0; since such a
walk never changes its sign, let us consider it only on Z". Let = 1 be a positive integer,
and let us figure out the “right” way to define a simple random walk (X});>o started at
and conditioned on not hitting 0. To define the law of X;, let us condition it on hitting N

before 0 and take a limit in law. So for < N we have the following transition probabilities

Deg+1 = 1 — Do
=P, [X1 =2+ 1|10 > 7]
P.[X1 =2z + 1|Puq[10 > 7n]
P.[m0 > 7n]

z+1
= ) 2.1
5 (2.1)

We then send N to infinity to take the restriction on z off, thus obtaining transition
probabilities from any site x > 1. Now, the “canonical” way to define this kind of
conditioned random walk is to apply the Doob’s h-transform, using the potential kernel
for one dimension a(z) = |z|. The Doob’s h-transform with a non-negative function h

defined on the state space S and a Markov chain with transitions P(x,y), such that h is



Chapter 2. Preliminaries 18

P-harmonic outside the set {z : h(x) = 0}, is defined in the following way. For all sites x

with A(x) # 0 the new transition probabilities P*(x,y) are

P(x,y)h(y)

P*(z,y) = O

(2.2)

note that P*(-,-) are indeed transition probabilities due to the harmonicity condition

h(z) = Y P(e,9)h(y).

So, when we apply the Doob’s h-transform for the simple random walk S; with
constant transition probabilities P(x,x + 1) = 1/2 we get a new random walk X; with
transition probabilities given by
r+1D)Px,z+1) x+1

P*(z,x+1) = o o(2) -

The same walk could also be seen as a random walk with conductances on Z", where the

conductances are given by ¢, .41 = a(x)a(r + 1) = z(x + 1).

The following lemma is a standard fact, which is usually very useful for calcu-

lating exit probabilities and alike for the conditioned walk.

Lema 2.1. Let (X;);=0 be a Markov chain in a countable state space S with transition
probabilities P(x,y). Let (X[ )i=0 be the Doob’s h-transform of (X;)i=o with respect to a

function h, which is non-negative and harmonic outside the set {x : h(z) = 0}. Let
S*={x €S there exists y with P(z,y) > 0 and h(y) = 0}.

Then the process ((h(X

t/\’?’s*

))_1)t>0 with h(Xo) # 0 is a martingale.

Proof. Recall the definition (2.2). The following is just a straightforward calculation; being
{Fi}i=0 the associated filtration for the process ((A(Xiarg,)) " )iz0, we have

E[(h(X(ﬂ:‘Arl)/\Ts*))il | 'Ft] - Z (h(y))ilp*(Xt*/\TS* ! y)
yeS:h(y)#0
_ Z 1 P(Xt*/\rs* ) y)h(y)
h(Xt*/\Ts*)

ses o M)
Ly P

ye€S:h(y)#0 h(Xt*ATs*)
= (h(Xt*/\TS*))_I]P)[h(X(t-‘rl)/\Ts*) # 0 | ]:t]
= (MXF\ )7

and this completes the proof. O

For the conditional random walk X;, Lemma 2.1 implies that the process

{(Xiar,) '}iso is a martingale. This fact will help us with calculations.
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From now on P will stand for the probability measure of the conditional walk

on Z*. Next, we need

Lema 2.2. Let X, be the conditional random walk on Z% started at y with N >y > x > 1.
Then

S _ (N —y)
(1) Pylre < 7n] = SN 1)
(it) Py[1, < 0] = o

(iii) Py[7, = 0] = 213:

Proof. These are also very straightforward calculations using the optional stopping theorem.

The first result comes from using the martingale (X, )~" with the stopping time 7(N) A

T(z):

L1 b < o] 4 (1= By < 7))

)z x N ylTe )
and then isolating the probability in the expression give us the desired result. For the
second relation we just need to take limit in N, as clearly 7y will diverge. For the last

expression we observe that the first step should be to x + 1 and then

END:):[?I = OO] = P(i[),fﬂ + 1)]P)m+1[?x = OO]
_x—l—l(l T )_1
Y rt+1/) 2z

This concludes the proof. O

An important consequence of Lemma 2.2 (iii) is that the random walk condi-

tioned on never hitting the origin is transient.

2.4 The two dimensional random interlacements

Most definition we use here, as potential kernel and capacity are analogous
to the one-dimensional versions previously defined and therefore we will not define them

again unless necessary.

Differently from the original version of the random interlacements, which is
based on what is left of the torus when corroded by a random walk for some time such
that this set have fractal properties, the two dimensional version of the process is defined
based on another problem, which is: what does the last particle to be covered by a random
walk in the two dimensional torus see around her? not only this model has a different
construction than the original one, but the percolative properties and overall behavior are

completely unexpected. This model is more interesting when defining the one dimensional
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version of the interlacements, since they share the problem keeping the original definition

of working at all: recurrence.

We cannot define the random interlacements in dimension d = 2 directly
because of the recurrence of the random walk, which means that each trajectory covers the
entire plane and therefore the vacant set and interlacements set are trivial. One simple way
to solve this would be to consider conditional random walks, which are basically simple
random walks conditioned on never hitting the origin. Although it is intuitive what we
mean when we say "define the random interlacements using conditional random walks", to
rigorously define it we use (Teixeira, A., 2009), which defines the interlacements for any

weighted graph in which the random walk is transient.

This definition is possible because the conditional random walk is the same
as the simple random walk transformed by Doob’s h-transform using as the h function
the two dimensional potential kernel a(x), later we will see the same holds for the one
dimensional process. Observing the transition probabilities we can tell that the conditional
random walk is then the same as a random walk on the weighted lattice Z2, where each

edge e, has weight a(x)a(y).

Using this random walk with the construction of (Teixeira, A., 2009) we have
the two dimensional version of the process, which analogously to the original process is

characterized by its vacant set law by
P[A < V§] = emom Cap(Aui0)) (2.3)

As stated before, the constant m was introduced to simplify all formulas and expressions,
and being just a scaling of the parameter «, it makes no difference for the process behavior,

but only to the parameter related to such behaviors.

The first meaningful difference between the behavior of the two dimensional
version of the process and the original one is the fact that the two dimensional version
has two phase-transitions, while in the original process both phase transitions coincide.
The following theorem of (Comets, F.; Popov, S.; Vachkovskaia, M., 2016) shows these

phase-transitions.

Theorem 2.4.1. e Let B(r) be the two dimensional ball with radius r, then it holds

2rC*
27T x ¥ fora < 2,

—«
EVY n B(r)| ~ 1 270 « Inr,  fora=2,
Constant, for a > 2.

e For a > 1 it holds that V' is finite almost surely. Moreover P[Vs' = {0}] > 0 and
PVS = {0}] - 0 as a — o0.



Chapter 2. Preliminaries 21

o For ae (0,1), we have |V5'| = o0 almost surely. Moreover,

P[Vg n (B(r)\B(r/2))] < r~20=ve)te),

This shows that we have an interval for the parameter a where the process’s
vacant set is almost surely finite, but the expectation of its size is infinite. More recently
it was shown in (Comets, F.; Popov, S., 2017) that for & = 1 the vacant set of the two

dimensional random interlacements is infinite.

Another result worth mentioning is part (iii) of Theorem 2.3 from (Comets,
F.; Popov, S.; Vachkovskaia, M., 2016), which states that for A such that 0 € A < B(r)
and x € Z? such hat ||z|| = 2r it holds

o 1 +O(Tlnﬁh“1”w“)
P[Ac Vs |ze V5] =exp | —— Cap(a = .
[ 2 | 2] ( 4 ( )1 . C2aap((xz;l) + O(rlnr)

[

With this, if we consider any finite A and take the limit with|z| — o we get

lim P[Ac Vs |z e V5] =exp ( — % Cap(a)).

| —00

So conditioned on a infinitely far point being vacant, the rate of the process in some fixed
set A get reduced to 1/4 of the original process, this is not only interesting but it also

shows that we do not have asymptotic independence between sites.

2.5 Definition of the process

Even though there is a rigorous way to define the process that uses the Poisson
process of trajectories, we first will present a constructive approach which also works
in higher dimensions (substituting the conditioned random walks by its unconditioned

version) and heuristically make it easier to understand the process behavior.

Recall that « is a parameter that rules over the number of trajectories in our

process. Consider the following procedure depending on N:

Consider p(a, N) ~ Poisson(aN) independent particles.

Each particle choose a starting point at random from N and —N.

Each particle realize an independent conditional random walk, which is transient.

Taking limit in N and then we have the random interlacements process.

Now to define rigorously the process, we will use the construction of (Teixeira, A.,

2009), where the process of random interlacements is constructed for any weighted transient
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graph (i.e., a graph on which the random walk is transient). The graph considered here is
Z, so our weights (or conductances) ¢, , are only positive if |z —y| = 1. The conductances
that generate the conditional random walk defined in (2.1) are
z(r + 1)
Coa+l = Cp4la = — 5 -
2

Then, the random walk on the graph with conductances is reversible with reversible
measure fly := Cy 41 + Cpp1 = :1:2, and its transition probabilities are

P(:v,$+1)zc’+1=$ ,
o 2z

as it should be. In accordance to (Teixeira, A., 2009), the capacity (denoted here by
Cap(A)) with respect to the conditional walk is defined by

Cap(4) = ) ea(w), (2.4)

€A

where e4(z) is the equilibrium measure defined by
ea(z) = 1z € AIP,[74 = o0]pte.

This definition uses the equilibrium measure of the conditional random walk, so its
straightforward to see that for any finite A < Z we have Cap(A) = Cap(A u {0}).

We now show that for any set A containing the origin we have
Cap(A) = Cap(A).

Since the capacity of any finite set A is the same as the capacity of the shortest interval
containing it, we can assume without loss of generality that A = [a,b]. In the definition
of Cap(A) we consider a set containing the origin, and for any other set we consider a
translation of it containing the origin (this capacity is translation invariant). So we consider

here a < 0 and b > 0, and then by Lemma 2.2 we have

Cap([a,b]) = D efas (@)

= e[ajb](a) + €[a,b] (b)
= P,[7, = ©0]a® + B,[7, = o0]b?

= Cap([a, b]).

_b—a
D)

With this we can relate both capacities by
Cap(A) = Cap(A U {0}).

Let W™ be the space of doubly infinite trajectories that spend a finite time in each finite

set, the random interlacements process is defined as a Poisson point process on the space



Chapter 2. Preliminaries 23

W* x R* with intensity by a measure v - A\, where ) is the Lebesgue measure on R and

v is a measure on W™ characterized by
v({w* e W* 1 w*(Z) n A # &}) = Cap(A).
With this we can characterize the law of the process as

PlA c V| = exp{—v({w* e W* : w(Z) n A # &}) x A([0, a])}
= exp{—a Cap(A)}.

For a complete description of the construction see (Teixeira, A., 2009).

One property of the construction that will be useful is that the number of
trajectories that hit a set A (we will denote it by N4) in the random interlacements process

at level « is such that

N, ~ Poisson(a Cap(A u {0})) ~ Poisson(&Diam(g1 - {0}))

2.6 Local times

The local time or occupation time of a transient random walk in site x can be
defined as the time the random walk spends at site x. By the symmetry of the process
around 0, we will consider = > 0 in this section. The local time of the random interlacements
process is the sum of the local times of each trajectory. We know we have Poisson (ax/ 2)
trajectories that hit x. For each of those trajectories, at each visit to x a particle has
a constant probability of escaping, making the local time of each particle a geometric
random variable with success probability (2z)™! (see Lemma 2.2). Therefore, the random

interlacements local time at z is a compound Poisson variable

Nz}

l(z) = > W,

1 1.,-
where V}, are i.i.d. Geometric((2z) '), i.e., P[V} = j] = 2—(1 — 2—)] g
T x

Lema 2.3. For any x > 0 the characteristic function of ¢(x) is

NG }

2r — (2x — 1)e'

Qo) (t) = exp {ax

Proof. This follows from a straightforward calculation of the characteristic function of a
compound Poisson of geometric random variables with Ny, being a Poisson variable with

parameter a Cap({0,z}) = ax/2. The characteristic function of geometric variables is also
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well-known, so we have

1 it

oz Le

Pu(a)(t) = exp 5 2 -—1
1= (1= % )er
it

2 (" —1)
= — . 2.5
P {aaj 2z — (22 — 1)6”} (2:5)

2.7 Random walk on the ring graph

In higher dimensions it is known that we can approximate the trace left by the
random walk in a torus by the random interlacements process, main results about this
can be found in (Teixeira, A.; Windisch, D., 2011) and more recently for two-dimensional
random interlacements in (Comets, F.; Popov, S.; Vachkovskaia, M., 2016). Here we wish

to establish the same fact in dimension one.

For the simple random walk (on the ring) conditioned on not hitting the origin
until time ¢, we denote its law by P and its respective vacant set by V;. This random walk
can be seen as a random walk on Z conditioned to not hitting 0 and n. Let us define the
quantity

ho(2,t) = Pyl 7m0,y > 1]
Then the law for the walk conditioned on not hitting 0 € Z,, until time s is given by
PX,=a4+1]=1-P[X, =2 —1]
=P,[ X1 =z + 1750,y > 5]
. Pz[Xl =x+ 1,7’{0’”} > S]
Px[T{O,n} > S]
~ hp(r+1,8 1)
2h,(x,s)

and then the probability of a path ~ of size m starting at x when the remaining time is ¢

is given by (note that -, is the last site of that path)

B (Yims t —m)
2mh,(x,t)
Observe also that the conditional random walk law for the same path (as it is always a

valid path in Z7") is

Pily] = (2.6)

B.[y] = o (2.7)

Now we need to understand better the asymptotic behavior of h,(z,t), this

will be crucial in all the results we will prove.

We now analyze h,(x,t). First we present an application of result 5.7 from
chapter XIV of (Feller, W., 1968).
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Lema 2.4. Consider the simple random walk in Z, if 0 < x <n it holds that

n—1

By [7o < 7y 7o = K] = Z o1 (M) i (m) i (@)

n n n

The utility of this comes from the fact that it includes the symmetric case

P.[m0 > To, T = k] = Pp_2[70 < 70, 7o = k] and so we can write

Po[riomy = k] = Pol0 < 7o, 0 = k] + Pp[10 > 70, 7 = K] (2.8)

With this we can obtain an expression for h,(z,t):

Lema 2.5. For any integer x € [0,n] it holds

hp(x,t) = i l%ij cos' <7T(2‘7_1)> cot (7T(2‘;_1)> sin (7m(2j_1)) (2.9)

= n n
Proof. Observe that

P70 > 7oy, T = k] = Pp_2|m0 < T, 70 = k]

LS () o () (2

=1
1 o TJ TJ x]

=— Z(—l)J+ cos” ( ) sin ( ) sin (—)
n o n n n

So when we sum the probabilities in (2.8) and use Lemma 2.4, all terms with even j’s

H

disappear and we get

Pol70n = k] = Py [7'0 < Tny, To = k]| + Py[10 > Ty 7o = k]
2 Z cost ( 2j — 1)) sin (W(2j - 1)) <in (mz(2j - 1))’

and then finally

R D) lﬁ ot (P g (FRIZ D)) (7ot = 1)

5 n/2l  sin (@)

n j=1 1 — cos (@)
-2 5 et (T o (T i ()

This concludes the proof. O

N (wx(2j = 1)) cost (w(2j = 1))

n n
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Our main concern now is to turn the expression in Lemma 2.5 into something
tractable. In order to do this we first need to show that the only term asymptotically

relevant in the sum is the first one.

Lema 2.6. Ift = t(n) satisfies

t 4
lim inf —

= 2.10
n—0 n2lnn = 7 ( )

then the asymptotic behavior of hy,(x,t) as n — oo is
4
hn(x,t) = (1 + O(n’z))— cos' (z) sin <E>
m n n
oot (D) ()
~ —cos' [ —)sin{—).
m n n

Proof. First we get an upper bound for (2.9) without the first term. Let us denote the first

term of (2.9) by T}; using the fact that cos and cot are decreasing functions on [0, 7/2] we

have
(5] _ _
2N —1 2j — 1 2j —1
‘hn(x’t) a Tl‘ . Z Cos ( 2 )) cot (W(j)) sin (mg(]))
n Jj=2 2n n
15)
2 (2 = 1 ‘ ‘ (2 — 1) ‘
< — CoS <7 7)
n j=2 2n
2 n 2 T
<f({ J ) cos' ( ) ‘cot(—)‘
n 2 n n
t 2w T
< |cos —) ‘cot (—)‘
n n

Dividing both sides by 77 we get

t{2m s
h,(z,t cos (7) cot <g) 1
(z.8) _ 1‘ < . (2.11)
T cos’ (%) cot (%) ‘sin (”—f)‘

Let us study the asymptotic behavior of the right-hand side of (2.11). We have that
cos(z) = e~*2(1+ O(2*)) and cot(z) = 27 (1 + O(z?)) as « — 0. Using this in the above
display

[

7C08t (%> =1+ O(tn_4))6_3t”2/(2”2) and 7C0t (%> = —

cost () (p) 2O
So, we obtain
et ] < o (%) |t (7) |
T e () oo (35 [sn ()
= (1+O(tn ™) + O(a?*n2)) —— e 3w/

no
/\H
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If 2 ~ cn, then our bound is O(e ™/} and if z = o(n) then our bound is O (nz e 37/,

As we do not need really sharp estimates at this point, we will just work with the worst

case bound, so

hn ;t _ 2 2
%) — 1‘ = O(ne 37/,
2 2 2
Since for sufficiently large n we have o2 > 31nn, then ne 3™ /") < n=2 Therefore
n
ho(z,t) = (1 + O(ne /)T, (2.12)
2 T m ™
= (14 0 ) ot (1) cot (5 )sin ()
(1+O(n ))ncos ot (o) sin (=),

and again using the asymptotic expression of cot x, we obtain

gcot (1) = 2(271 + O(n‘l))

n 2n n\mw

10+ 0m).

™

and this gives us the asymptotic relation for h,(x,t). ]

This concludes the preliminaries we need in order to prove our main results.
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3 Convergence of vacant set law

We want to show that the random walk on the torus conditioned on not hitting
the origin for a fixed time has as a limit the random interlacements process when we look
at a fixed subset around the origin. The main question here is about how much time the
conditional walk on the ring graph (the one-dimensional discrete torus) needs in order to
match the random interlacements behavior. It turns out that here the time for the random

interlacements convergence will be

an?

ta’n - ﬁ (3]‘>

Now let us begin the proof.

Proof of Theorem 1.3.1. Although we already specified the value of ¢, ,, here we will work
with a generic ¢ and then find the “right” value. The only assumption we have here is that

t should satisfy the condition of Lemma 2.6.

Our aim here is to find a time ¢ such that for any fixed interval [—a, b] with
a,b > 0 we have for a starting point = = |n/2| outside the interval

~ afa+b
B [-atl < ] exp {20
The choice of z = |n/2] is to keep the walk starting sufficiently away from the limit points
of the interval so that the initial points do not affect the law of the vacant set. For this
consider the conditional random walk on the ring graph as a random walk on Z conditioned
on not hitting 0 or n for time ¢, so the site —a will be equivalent of point n — a in this

walk.

With this we have

I’[S)tm[[—a, b] C ‘/t] = Px[T{bm,a} >t | T{0,n} > t]

_ ]P)x [T{b,nfa} > t]

; 3.2
P, [T{O,n} > t] ( )

here we used that the simple random walk necessarily needs to hit {b,n —a} in order to hit
{0,n}. Now that we are working with the simple random walk, we can use its symmetry

to rewrite the probability in the numerator of (3.2):

Pa: [T{b,nfa} > t] = ]Par—b[T{O,nfafb} > t]
Using this in (3.2), we obtain

hn—a—b(x _ b> t)
hp(x,t)

@i[[_a’b] — Vt] -
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Now using Lemma 2.6 we have

PL[[-a,b] © Vi] ~ oot (i) oin (22) .

cost (3) sin (ﬂ)
n n

As x = |n/2|, both sines in the above expression are asymptotic to 1. Then,
—z2/2

using again the asymptotic relation cosz ~ e asz — 0

—tm2
exXp { 2(n—a—b)2 }

exp { 55 |
tm?(a +b) }

n3

PL[[~a,b] = V] ~

~exp{—

So, by continuity of the exponential function we need this exponent to be asymptotic to

a(a + b)/2, this means

an?

t~—. 3.3
= (3.3)
Now, we just need to observe that this value of ¢ of (3.3) satisfies the condition on

Lemma 2.6:

t
lim inf
n—o np2lnn

= Q0.

This concludes the proof of Theorem 1.3.1, as for any fixed interval [—a, b]

) b
P/ [[~a, b] < Vians(ant)) ] ~ €xp {_a(a;)} '

Therefore,
law

Van3/(ar2)) = VY,
as desired. ]
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4 Central Limit Theorem

Now we prove the central limit theorem for the local times. This will be done

using the characteristic function of the local time together with Lévy’s continuity theorem.

Proof of Theorem 1.5.2. By Lemma 2.3, the characteristic function of the local time is

S

2r — (22 — 1)e'

Qo) (t) = exp {am

We need to study the asymptotic behavior of the exponent when ¢ — 0 and © — 0. Here
we need not only the main term, but also the error to see under which conditions the

convergence holds. Write

it _
Pia)—az2(t) = exp ax? (e D — — ax’it
20 — (2x — 1)et

:mp%mQani;jgd{%Q}. (4.1)

Next, we obtain

(e —1) e (e —1) —it(2x — (2x — 1)e™)
2r — (2 — 1)e 2r — (2 — 1)e
(it — £ + O@t%) — it(2x — 2z — 1) (1 + it — £ + O(t%)))
B 1 — O(xt)

2
- —t2(49c —1) + 0%,

and using the asymptotic expansion

. +2
&—1=ﬁ—§+OW%

together with

21 — (2z — 1)e = 1+ (22 — 1)(1 — ™)
=1— O(xt),

therefore

(" — 1) —it(2r — 2w — 1)e") _ (it = 5 + O(F")) —it(2x — (22 = 1)(1 +it = 5 + O(t)))

20 — (2 — 1)e' B 1 —O(xt)
2

= —7;(4x — 1)+ O(z*?),



Chapter 4. Central Limit Theorem 31

and then, coming back to (4.1),

Pt -2 () = exp {ax2 (—t;(ém —1)+ O(x2t3)) }
= exp {—W + O(x4t3)} : (4.2)

So,
t? t3 . U(z) — ax?
@[*(m) (t) = exp {—2 + @ (\/E) } y where /¢ (l') = m

Then, as © — o0 this characteristic function converges to the one of the standard normal
distribution, and, by the continuity theorem (see e.g. Theorem 9.5.2 of (Resnick, S., 2013)),

we conclude our proof. n
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5 Convergence of Local Times

5.1 Lemmas

In order to prove Theorem 1.3.3 we need more preliminaries. Again we will
represent the conditional random walk in the ring graph as the simple random walk in
Z conditioned to the event 7y, > t*, where t* = an®/(27?) is the random interlacements

convergence time.

Lema 5.1. Consider the conditional random walk on the ring graph with n sites. Let
t =t(n) and A = A(n) be such that t, A and t — A satisfy condition (2.10). For any
1 < x < |n/2| the time until the conditional random walk hits the site |n/2| satisfies

]/I\Dtx[Tln/QJ > Al < (1+ O(An_3))§ cos (B) exp{ — M}

T n 2n?

Proof. Splitting the above probability into the sum of the probabilities of each path, we
consider the set I' of paths which does not include the sites 0 or |n/2| and have length A.
Then by (2.6) we have

]/I\D T|n/2| > A Z ]P)t

~yel

Jt_
_Z 212 )

~yell

As t and t — A satisfy condition (2.10), we can use Lemma 2.6 to obtain that

P [l > A] = (1 4+ O(n Z cos™ (—) Sm(TFZLA)

Jer 248 sin ( )
“uroun <§3) [0 (22t o]
<(14+0(n Aﬂgg) inj2) (2, A).

sin (

Now, as A also satisfies condition (2.10), we again use Lemma 2.6 and get

Bl > A] < (1 4+ O(n-) ) = ()

/2]
7 sin (7) cos? (%)
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Using the asymptotic expansion of cosine cos(z) = e */2(1 + O(z*)) we have

B lr, > A] < (1+0m™))(1 + 0(An~)) cos () et - m(l R 1>}

T n 2 \|n/2]? n?
8 T 3m2A
- o S () - 2}
(1+ O(An ))7T cos ( —= ) exp 52
This concludes the proof. O

Lema 5.2. Let {Xi}iez+ be a simple random walk on Z. Consider A = A(n) satisfying
condition (2.10). Then for any a € {1,...,n — 1} we have

Ea[sin (?) | Tio,n} > A} = (1+ O(n_Q))%.

Proof. Consider a quantity ¢ > A such that t — A satisfies (2.10). Then we have

hn(a,t) = Po[T(ony > t]

= Po[1i0,ny > AlPa[T0,ny > t | Tio.y > Al
Using the Markov property we obtain
Palriomy >t | Tiomy > A] = Ea[Px, [Ti0.0) >t = A] | 7oy > A]
= Eo[hn(Xa, t — A) | Tiony > Al

That gives the relation

ho(a,t) = hp(a, A) - Eq[hn(Xa,t = A) | 70,0y > A
or, equivalently

hp(a,t
]Ea[hn(XA,t — A) | T{Om} > A] = h((aA))

Here, as t, A and t — A satisfy (2.10), we can use Lemma 2.6 and obtain

w2 -] s )

Rearranging the terms, we obtain

X
Ea[sin (L A) | Tion} > A} =(1+ O(n_Q))g,
n
which concludes the proof of Lemma 5.2. O

Lema 5.3. Consider the conditional random walk on the ring graph with n sites, Z,,.
Assume x € 27 is fized, t = t(n) and A = A(n) are such that both A and t — A satisfy

(2.10). Then as n — oo we have

Pt oy [7e > Al = (1+ O ) + O(n*A)) exp{ _ Ao }

n3



Chapter 5. Convergence of Local Times 34

Proof. First we calculate the probability that there will be no visits to a fixed site x in

this interval by the random walk with initial site n:

A~

Pfﬂ/ﬂ [Tm > A] = ]P)[n/QJ [Tx > A | T{0,n} > t]
_ Plpay[miemy > AlPpnsy[Tomy >t | Tomy > Al
Plunjoi[Ti0.m) > ]
_ Plupai—almiom—ay > APy [Ti0my > | Tamy > A
Plnjoi[Tio.n} > 1]

_ hoa(ln/2] — 2, A)
- hn(|n/2],t) Plojo[momy >t | Tamy > Al

_ hyn—2(|n/2] — 2, A)
ha([n/2],1)
We can use Lemma 2.6 to obtain
hp—s(|n/2] — 2, A)
ha([n/2],1)

4 ool (L) sin (M)
_ (1 n O(n_2)) T n—x n—x 4 —A <7T) sin (’ﬂ'XA

Epnjol[hn(Xast = A) | Tpny > Al

E[n/QJ [hn(XA7t - A) | 7—{3;771} > A]

22
Again using cosx = e~z (1 + O(z*)) we have

- A
(1+0(n )= o () By sin (722 [ ray > 4]

n cos (E)
n

4 2 —2 -2 X
=(1+ (’)(An_‘l));e_A7T (n=2)™=n )/2E[n/21[81ﬂ (WTA) | Tgemy > A]
4 X
= (1 + O(ATL*A‘));eiAm-Q/(n?))]E[n/QJ [sin (WTA) | T{an} = A] (51)

An important point here is that this probability asymptotically does not depend on t,
just on n, A and z. Now, to work with the expectation, we will show that its value is
asymptotically equal to m/4, using Lemma 5.2 for this. Consider the set I';, o of all paths

started in |n/2| and of length A, so we can write the following expectation in terms of a
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sum of probabilities of paths and use translation invariance of simple random walk:

. 7I'X X T
iy [Sm (*A> | Tieny > A] = ), sin (LA)PM v [ Ty > Al
n ’Yern,A n
o Z Sin (ﬂ-fyA) ]P)[n/QJ [/Y) Tz} > A]
n /Pl > Al

’VEFn,A

= Z sin (W(‘T + 7A)) Pln/2)—a 2 T{on—z} > Al
n Pln/QJ*I [T{O,nf:c} > A]

) | T{o.n—2} > A] (5.2)

'YEF[7L/2J7:L',A

X
= Eln/QJ—x[Sin (W(x + Xa)

n

We can write

. (mx+ X
E[n/gj,x[SIH ((nA)) | T{On—a} = A]

. /T X
= sin (?)E[n/gj_x[cos (TA) | T{0,n—a} =~ A]

X
+ cos (Lx)E[n/QJ,I[SiH (u> | T{0n—a} = A] (53)
n n

— Om™) + (1 — O ™))Eppsya[sin (WfA) | Tomsy > Al (5.4)

Now working with the sine in the expectation

. (TXA
Eln/zj,x[sm <T> | T{On—a} = A]

) 7 X T
= E[n/gj_x[SHl ( = (1 — f)) | T{0,n—z} =~ A}

n—x n

X X
— E[n/QJ,x[sin (%_i) cos <n7(r7f—Ax)) | Tion—a} > A]
7TXA . WZEXA
o fen (22 () ]
In/2|—= | COS sin Y p— | Tion—a} >
As 0 < XA < n —x we have the following asymptotic behavior,
X XA)?
CcOS (771.% A ) =1 O(M)
n(n —x) 2(n(n — x))?

=1- O(n72)7

n—x

and
(i) =0l =)

=0(n1).

So with this we get

. (X
E[n/QJ,I[SIH (TA) | T{on—a} = A]

= (1~ O(n ) By | sin (722

n—x

) | Tiom_s) > A] +OmY). (5.5)



Chapter 5. Convergence of Local Times 36

By Lemma 5.2 we have

TXA
n_

]E[n/QJ—J: [ sin (

Then using this in (5.5) we get

) | rono = A] = T+ 0 ).

E[n/gj,x[sin (WfA) | T{on—a} > A] = %(1 +0m™h).

Finally, using this in (5.4) and then in (5.2) we get

. (XA ~
E[n/QJ [Sln ( " ) | Ti{zn} > A] 1 (1 + (’)(n 1)) (5.6)
Using this in (5.1), we conclude the proof of Lemma 5.3. O

Lema 5.4. Suppose x > 1 is fized and y* = o(A). It holds that

~ 2 3
Po[Xa <y| =Pu[Xa <y|70=00] = \/73A3/2( L+0(y*A™).

Proof. Let us calculate this probability by splitting it according to the endpoints of the
paths:

" Y

P.[Xa <yl =), 2A|{7 Yo =1, 7% # 0, 7a =y}, (5.7)
k=1

where |A] stands for the cardinality of the set A. We need to estimate Ny := |{7 : 7 =
x, v # 0, ya = k}|. In this sum we have some problems with parity. If A is even, then
both x and ya need to have the same parity. Otherwise they need to have opposite parity.
As we are mostly interested in asymptotic results, let us assume that A is even and so x

and k are of the same parity.

Let us consider paths from (0, ) to (A, y) that do not touch the line y = 0.
The value of N}, can be explicitly calculated using the reflection principle (see section 1 of
chapter III of (Feller, W.,; 1968)), so we have:

A A
Ny = <A+k—x> - <A ac—k)
2

() o ()
() (B

We have two fractions to work with, so as A + k goes to infinity, we use the asymptotic

expansions valid for any real constant a:

I'(n+a+1)

I'n—a+1) - n2a<1 - % - (’)(n_Q)).



Chapter 5. Convergence of Local Times 37

Then

v () (- G0 (- s v o)
- (A@‘x) (1 (- AQlj—xk LOwA™) (1 g O(A_2))>

Using the Stirling approximation n! = v2mn(n/e)*(1 + O(n')) we can work with the
asymptotic expression of the remaining binomial term:
A Al
Atk—s | = Aik A Fiz)
2 2 2 -
A
2V, QWA(%)

- —z ——(1+0(A™)
T A2_(k_$)2(m)(A+k: )/2<W)(A kta)/2

2e 2e

= 22, /:Au + O(K*A™Y).

Now using this in (5.8) we get

N; = QA\/EMG + O(K*A™Y). (5.9)

We want to use (5.9) in (5.7), but we need to worry about the parity before. First, if z is

even we get
N 9 ly/2] )
B[ XA <y] = \Em kZl 2k(4k + 1)(1 + O(K*A™Y)

— \/zziw(l + O@*A™Y). (5.10)

It is straightforward to see that IF’x [ XA < y] is decreasing in . This monotonicity property
allow us to extend (5.10) to any value of z. The same argument can be used for A, as
the positive drift makes P, [Xa < y] also decreasing in A. This makes this asymptotic
expression valid for all z, y, and A satisfying the condition in the hypothesis, which

concludes the proof of Lemma 5.4. O]

Corollary 5.1.1. Consider the conditional random walk on the ring graph of size n. For
a fived x > 0, consider quantities A and y possibly depending on n such that A = o(n?),
y* = o(A), y = o(n) and t satisfy Condition (2.10). Then

3

. _ - 2y
Pi[Xa <yl = (1+0(An %) + O(*A 1))\53&»/2'
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Proof. Consider the set I' of paths v of length A with the property: vy = x, 7; ¢ {0, n} for
all 2 and yao < y. Then, using Lemma 5.4

<yl=> P[]

'yel"
. f}/Av t - )
- cos™® (%) sin (%)
=1+ 0@ sin (ff) Nel 24
= (1+ O(y*n"?))cos™* (%) . xéAA

= (1+ O(An72) + O(y*n )P, [ Xa < y]

= (14+0(An2) + O(yQAl))\/z3ig/2'

This concludes the proof of Corollary 5.1.1. [

5.2 Proof

Now we prove the convergence of the local time for a fixed z. First we present
a sketch of the proof: Let X; be our conditional random walk on the ring. We will define a
second walk Y; such that with high probability X; = Y; for all ¢ and for Y; we can prove

that its local times converge to these of the random interlacements.

e The particle Y; will follow X; until the time X; hits x.

e When Y; hits z, Y; will follow the law of the conditional random walk on Z* for a

fixed time 7' (that will depend on n and will be specified later).

e During this time T" we will consider this pieces of trajectory as random elements and

couple the walks X; and Y; using the maximal coupling.

e After T, if X; and Y; are on the same site (i.e. the maximal coupling worked), they

will continue moving together afterwards. Otherwise we say our coupling procedure
failed.

To make our calculations work, we will also impose a condition on the number
of pieces of trajectories of length 7. For this we split our time interval (from 0 to
t* = an®/(27?)) in m = |Ilnn| intervals, and only allow at most one “initial” visit to
(and therefore at most one alteration of Y; for each interval). If this does not hold, we will

also say our procedure failed.
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As we are only interested in the situation where the procedure worked (which
we will prove that have a high probability), we will refer to any particle as X; during the

proof.

Now in the proof of Theorem 1.3.3 we will rigorously define the terms used in
the sketch.

Proof of Theorem 1.3.3. We begin by considering the ring graph of size n with the condi-
tional random walk started at site [n/2]. The vacant set convergence time is t* = an®/(27?)
by Theorem 1.3.1. We will split this interval in m = |lnn| random intervals. For this
purpose let us define the sequence of points A; in the following way: Let n = |¢*/Inn| and
with it define

Ap = 0;
Ajpg =inf{t = A; +n: X, = [n/2]}, ifj<m;
Am+1 - t*

Then, the interval I; for j < m is defined as

I :=[Aj 1, 4j), (5.11)
and the remaining time interval R is defined as

R :=[An, Ami1]- (5.12)

Now we want to show that, almost surely, the lengths of all above intervals are asymptotic
to n; by definition of I; we can say that its length can be represented as I; = 1+ T}, where

T; satisfies
At*fAjf — *
P[T; = a] = Bpupay [Py, ™" "2 = @] [ 700y > 17 = Aja]. (5-13)

This is because from the moment A;_; on, the process still has t* — A;_; steps to run
without hitting the origin. Also, we want the first time where X; = |n/2] after 7, so the
starting point is X,, and from there we are considering the hitting time of |n/2|, which

justifies the expression for the probability inside the expectation.
Consider 7 < m, then, for any € > 0 we have

PlL;] > (1 +&)n] = P[T; > en]

St*—Aj_1-n

= Ejnyg [Py, (70 > en) | Tromy > t* — Aj4]. (5.14)
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Observe also that en, t* — A;_; — n, and the difference t* — A, 1 — (1 + ¢)n all satisfy

condition (2.10), so we use Lemma 5.1 and get

8 3me X
P[] > (1+&)n] < (1+ 0(1)); exp ( - ”)JEWQJ [cos (T") | Tiomy > t* — AH}

2n2
8 _ 3m’en
(1+ 7T exp 2n2
8 3aen
- 1 T ( ) ’
( 7T eXp 41Inn

So, we have a summable bound (in n) for the tail probability, and therefore this shows
that I; ~ n a.s..

Before constructing the coupling, let us discuss the probability of a successful
coupling between trajectories of conditional random walks on the ring graph up to time
t and on Z'. Assume that ¢ is of order n® and let = be a fixed value, we are interested
in coupling the paths of both processes up to a time 7' = n* (where p < 1), using the
maximal coupling. Then the coupling event probability P[C] can be estimated using the
expressions for the laws (2.6) and (2.7). Let I be the set of all paths started in = and with
length T

We have the following expression for the coupling event probability

— 5 DBl - Bl

'\/GF

We use Lemma 2.6, but we have the stronger condition that ¢ is of order n?; so, instead

we use expression (2.12) inside the proof and for each term in the sum we have

s hn(VTvt_T)‘

0T 9Th,(x,1)

B[] — PL[]| =

I o sin (%27
= o7 % — (1 4+ O(ne 3™ /Yy cos ™ (z) — .

m
As cos™T (—) =1- O(n_QT), the error term in the cosine asymptotic approximation
n

dominates the error term in expression (2.12) and then

(1 4+ O(ne=m/Cm)Y) cog™T (z) =1-0(n°T).
n

So, we have

Bl - Bl = o |22 - (- O T))r;((;
sin { =T B sin { =T
< 21T ZCTM(@)) +0(n 2T)2TSIE?>. (5.15)
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Next, we sum the second terms in (5.15) in vy € I to obtain
sin (% Ex[sin (%) I > T]]
Jer 27 sin ”—f) sin (%)
E, sin (%)
< — > 7
sin (’;L—“)
As the sine is concave on the interval [0, 7] we can use Jensen’s inequality and get
E, sin (%) E, sin (%)
<
sin (%) sin (%)
sin (LE“”XT>
-~ " 7o (5.16)

<
sin (—”)
n

Now we sum the first term of (5.15) in I" to get

st ()| e ()
Ser 20z gin (%’”) x sin (%’”)

As the maximum value that X can achieve starting at  is « + 7, we have that X7 = o(n)

and then we can use the asymptotic expression for the sine and get

X, sin ()

Xr  Xp—O(Xin™
Exi—iz]}le— T O( il )

sin (”—f) x r—O0(n2)
=E, ﬁO(X%n—Q)
x
= O HE, | Xr|. (5.17)

By the fact that X7 is a simple random walk, we can represent the steps as a sequence
of i.i.d. random variables Y;, where Y; take values +1 and —1 with probability 1/2, so
X, =x+ 85, where S; =Y, + Y, + ... +Y;. We will use this to bound E, |XT|3.

E,| X7 = Elz + S
< E|Sy + 32E, |Sr|> + O(T'?)
— E|Sr|> + O(T)

Theorem 7.1.1 of (Matousek, J.; Vondrak, J., 2001) shows that for the simple random
walk S; started at 0 and positive z it holds
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For any constant § > 0 we have

P[|Sr[®> = BT?] = 2P[Sr = B3T3 ]

<2exp{—

a stretched exponential bound in 7.
With this we can finally estimate E, |S7|°. Let D be the event {|Sp|* = 5T7},

then, since |Sr| < T, we have

E|Sr|* = P[DIE[|Sr[" | D] +P[DC|E[|Sr[* | D]
62/3T1/3

< 2exp{ - }T3 + BT? = O(T?).

Finally,
E. | X% <E|Sr|’ + O(T) = O(T?). (5.18)

Then we can bound the coupling event probability. Using (5.16), (5.17) and (5.18) together

we have

2P[C°] = D [B.[y] - BL[H]|

~yel'

— O A)O(T?) + O(n>T) = O(n"*T?). (5.19)

We still have to estimate the probability that our procedure fails because the

random walk has at least two excursions in at least one of the intervals.
Let us consider excursions of length 7" starting at x. The initial times of the
first and (possibly) second excursion starting in = are denoted by

Tl(k) = inf{t e I} : X; = x},

T

2(k) = inf{t > 7}(k) + T : X; = x}.

Observe that we do not necessarily have 72(k) € Iy, so the event that two or more excursions
happen during I is {72(k) € I}. We want to calculate the probability of this event. The
initial point of interval I, is Aj_1, so the process still has time t* — A;_; to run. So, using

the Markov property, we have

T

Bl 7 (k) € 1]
pt*—Ag_1 E*—Ag_1

=Py 7 (k) € L] - Pl 72 (R) € T | 73 (k) € L. (5.20)
Now let us work with each term of (5.20) separately. As both |I}| and t* — Ay 1 — |I]

satisfy almost surely condition (2.10), we can use Lemma 5.3 and the fact that |Ix| is of
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order n*(Inn)~"!, then we get

PI[ZQ]% Hra(k) € I] = Plojo[me < [Ik] | Tromy > t* — Ak
- E[E[PW (7o < 1Tkl | 7oy > t* — Ap_a] | a([k)]]
=1 —E[E[(1 + O(n7Y) + O(|Iy|n))e elm*e/ | o(1)]]
= 1— (1 + O(n 1)) Re~lxlm*a/n’
=1—(1+O(n"))e s/ Ee~Tre/n,

Using Lemma 5.1 in the same way as we did in (5.14), we have

Ee~57°%/7" = P[T}, > n® Inn/m2|E[e" T %" | T}, > n®Inn/x%]
+ P[T), < n®Inn/m?|E[e" T/ | T}, < n®Inn/7°]
=0 ) + (1 — 0 2)]E[e " | T, < n?lnn/r?
— O 2)+(1—0n )1 —0(n "nn))
=1-0(n 'lnn),

and therefore

I/P\)t:l/_jfkfl [T;(k}) (<] Ik] =1-— (]_ + O(nfl In n))e,nﬂlz/ns
=1—(1+ O(n tlnn))e oe/@nmn),

axr

Ag e—0o/(2Imn) _ 1 _ + O((Inn)™?), we obtain

2lnn

ax

Bt (k) e I = 1 - (1 + O(nﬂlnn))@ — 51—+ O((lnn)” ))

= +O(n '1nn). (5.21)

2lnn

Now we work with the second probability of (5.20):

T

= B APy, [1, < L] = 72(k) = T'| Tjomy > t* — Po1 — 72(K)].

Bl k) € I mi(k) € L]

Let us abbreviate t** = t* — A;_;. Again we use Corollary 5.1.1 and Lemma 5.3; then, as
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T = n" we get

B Py, [re < L] = 72(k) = T | Tq0.0my > t* — Ap_y — 71 (K)]
=P [Xp < nS|ES™ (Pxp[70 < [T = 72 (K) = T | Ty > t* — Pooy — 71(K)] | Xp < 15)

T

+ B[ Xp > S |EYT (Pxy [ < [T = 7E(k) = T | 7oy > t* — Poct — 72(K)] | X > n%)

= O ) + (1 O(n ) (1= (1 + O )R e Ulrib- Do/
<O )+ (1-0(n ) (1= (1+ O nn) B e 1ein/nt)

= O(n%) + (1= O %)) (1= (1 + O~ mn))e=e/nm)
:0;7;—5)+(1_0(n—5))(1 (1+0@™ ) (1-57-))

- 21nn(1+(9(n 2 Inn)).

So, we can bound the probability that a specific interval /; contains at least two excursions

to x:
Ap—1y,2 ar -1 ar 4
Bl [x(k)e]k]g(annJrO(n lnn))( S+ O(n” ))
2,.2
o OMm E(un)Y).
4ln

Finally we bound the probability that at least one interval contain at least two excursions:

m

Ptn/Q[U{r Je )] < 2 Bl b2y e 1

4 1
(4111 - +O(n 2(lnn)” ))
022
EATN —
= 1mn T O((Inn)?) >0 asn— o0. (5.22)

After this we only need to worry about the remaining time R. We surely have
that it is smaller than any of the intervals, as for any j < m we have |[;| = 7, but
(m + 1)n > t*. Let us bound the probability that the process visits  in the remaining

time.

We want to estimate @ﬁ/QJ [t > R]; consider the function f : Z* — [0,1]
defined by

A~

f(t) =Pl 7 > t]

By definition we have

I@fn/zj [1p > t] = Plos) [Tiony > 1]
P2 [T{o,n} >t

—olln/2] — 1)

ha(In/2],t)
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If t = t(n) satisfies condition (2.10) we have an asymptotic expression in n for f(¢)
, sin (7%([2/34}3—@) cos' (ﬁ)
f#)=(1+0(n7))
sin (—”W 2J> cost (E)

— (1+0(tn™%)) exp{ . ”Tzf”}

n3

So, asymptotically the function is decreasing. We now show that R satisfies condition (2.10).
Fix a constant 3 > 4/7%, then write

P[R > fn*lnn] = P[t* —mn — Z Ty > Bn® lnn]
k=1

=P[2Tk <t* —mn—ﬁnﬂnn]
k=1

2z BTe (5.23)
t* —mpBnn?Inn

A\

1—

To bound the expectations in (5.23) we use (5.13) and Lemma 5.1:

An?lnn ~ _A 4n’lnn
P[Tk > 2 ] = E[n/QJ [PtX ot 77[7_”/2 2 ] | T{on} =~ t* — Akfl]

< (1+0(n 2lnn))iTL_G.

Also, as each T}, is bounded by t*, we have

4n?lnn

4n?lnn
|

]P[Tk >

4n?lnn

ET), = ]E[Tk T, >

T
4n?lnn
|

+E[Tk|Tk < ]P[Tk<

™ ™

4n?lnn

<O(t*n™% + (1-0mn%)

16n?Inn 3

™

Now observe that

t* —mn =t* —|Inn| LItan

= O(t*(lnn) ).

Therefore

Z?:l ET5,
t* —mn— fn?lnn

m(16n2 Inn/m? + O(n*S))
O(t*(Inn)~1)
=1-0((Inn)*n™).

P[R > An’Inn] > 1 —

>1-
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Then with high probability R satisfies condition (2.10), consequently

~

Pl o [m > Rl = Ef(R)

> E[f(R) | R> pn*Inn]P[R > Bn®Inn]

— E[(1 + O(Rn™)))e /" | R > gn?Inn](1 — O((Inn)*n~"))

> e nmie/n(] — O((Inn)*n 1))

=1-0((Inn)’*n1). (5.24)

So, we have that PE[r, < R] = O((Inn)*n"), which is an upper bound for the probability

of a visit in the remaining time.

Now, we construct the coupling. The motivation behind the procedure is that
all visits to x usually happen in “batches”, so when a initial visit to # happens, the walk
visits x again at some moments during a small time interval and then goes away again.
When trying to couple the entire process we get an error of large order that turns the
coupling almost impossible to happen, so, as we are only interested in the visits to x, we

just need to couple then for these small time intervals of the excursions.

As z is fixed and we are working with asymptotic behaviors, these “batches” of
visits are rare and, since we splitted our time in the intervals defined in (5.11) such that
in each of them probability of hitting x is almost the same; this makes our calculations

possible. So, again let us recall our definitions and the coupling procedure:

e Consider a conditional random walk on the ring graph of size n that will run for a
time t* = an®/(27?). We split the time into m intervals as defined in (5.11) and the

remaining time.

e In each interval we have a small chance of visiting x. When the visit happens, from
that moment on we couple the walk on the ring with the conditional random walk

on Z* for a time T = n*.
Our procedure can fail if and only if any of the following happens:

e At least one of the m intervals has 2 or more excursions.
e There is a visit to x in the remaining time.

e The maximal coupling fails for at least one excursion.

Let us denote these three events by F}, Fy and Fj respectively, and the event that the
coupling fails by F', so I' = F| u F5 U F3. Also, denote the local time of this walk in site x

by L (z).
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The probability of F; was already bounded in (5.22) and we bounded the
probability of Fj in (5.24). As for F,, the probability that the coupling of one excursion

fails was dealt with in (5.19); since we have at most m excursions, it holds that

P[Fy] < mO(n™°T?) = O(n_Q(l_“) Inn).

Consequently,
PIF] < P[F1] + P[F] + P[Fy]
o’z 2 2(1—p) 3, —1
_ _o(1—p _
S ton b O((Inn)~=) + O(n Inn) + O((lnn)’n"")
a?z? 5
=T T O((Inn) 7).

Now we have an estimate on the probability that the procedure fails; we need
then to see which is the distribution of the number of visits to x of an excursion. We have
a conditional random walk on Z* running up to time n*. Let us consider each excursion
as a part of a random walk in Z" started in z and denote by V; the number of visits of
1th random walk to z if we let it run indefinitely; also denote by T; ; the time between the
kth and (k + 1)th visits. With this the number of visits of ith excursion W; can be defined

as the number of visits of the walk up to time n* and be represented as

Vi Jj—1
Wi:Zl[ Tz’,kéﬂ“].
=1 Lk=1

V-1
Since Z T; 1, is the time of the last visit; by Lemma 2.2 it is finite as the number of visits
k=1
is finite. This means that W; — V; almost surely, and since |e”Wi

= 1, by the dominated

convergence theorem
pw, (1) = Ee™ — oy, (1)

Each coupled excursion is independent, so if we denote by B; the Bernoulli
random variable indicating if the visit in z at interval I; happened. Then L, (x) can be

written as

Ln(x) = ) BW;,
i—1
where the variables W; and B; are independent. Therefore
P @) (t) = Ee'n(®

- ﬁ[P[Bi = 0] + P[B; = 1w (t)].



Chapter 5. Convergence of Local Times 48

The probability that the interval I; has a visit (and then an excursion) was calculated in

(5.21), so we write

PLn( x) ﬁ ( 2lnn O(n_l) * (Q?ITTL * (’)(n_l)) (pw(t))

- (14 57 (ew () -+ 0 ™))"

= exp {mln (1 + mix(@w(t) — 1)+ O(n_l)) }

As |ow(t) — 1] < 2, we can use the asymptotic expansion In(1 + z) = x + O(2?) and

mio

PLuo) (1) = exp { 1w (t) = 1) + O(m(inn) ) |

and, since m = |Inn|, this becomes

axT

Prot) = exp { S (owlt) = 1) + O((nn) )}
— exp { T lev ()~ 1.

Now, using Lemma 2.2, we have that V is Geometric with P[V = k] =

1 1
2—(1 — —)F ! and, finally,
T T

2 (e = 1) }

»Hit) — { -
Prn((t) = exp ax 2¢ — (2z — 1)et
= Pua)(1)-

Then, since @y, (t) is continuous at 0, one can use the continuity theorem (cf. e.g.

Theorem 9.5.2 of (Resnick, S., 2013)) and obtain that
L) % (),

as desired. This concludes the proof of Theorem 1.3.3. O
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